N
N

N

HAL

open science

NEGATIVE RESULTS IN COCONVEX

APPROXIMATION OF PERIODIC FUNCTIONS
German Dzyubenko, Victoria Voloshina, Lyudmyla Yushchenko

» To cite this version:

German Dzyubenko, Victoria Voloshina, Lyudmyla Yushchenko.
CONVEX APPROXIMATION OF PERIODIC FUNCTIONS. Journal of Approximation Theory,

2021, 10.1016/j.jat.2021.105582 . hal-02956219

HAL Id: hal-02956219
https://hal.science/hal-02956219v1
Submitted on 2 Oct 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

NEGATIVE RESULTS IN CO-


https://hal.science/hal-02956219v1
https://hal.archives-ouvertes.fr

NEGATIVE RESULTS IN COCONVEX APPROXIMATION
OF PERIODIC FUNCTIONS

GERMAN DZYUBENKO, VICTORIA VOLOSHINA,
AND LYUDMYLA YUSHCHENKO

ABSTRACT. We prove, that for each » € N, n € N and s € N there are
a collection {yi}?il of points yas < yY2s—1 < -+ < Y1 < Y25 + 27 =: Yo
and a 27 - periodic function f € C°)(R), such that

2s
(1) f//(t) H(t_yi) >0, te [?/257110]:

i=1
and for each trigonometric polynomial T, of degree < n (of order <
2n + 1), satisfying

2s
(2) T/ [ [t —v) >0, t€lyes, w0l

i=1
the inequality

0TS = Tallow 2 el f ™ e

holds, where ¢, > 0 is a constant, depending only on r. Moreover, we
prove, that for each » = 0,1,2 and any such collection {y; 25| there is
a 27 - periodic function f € C)(R), such that (—1)*"!f is convex on
[yi,yi—1], 1 < i < 2s, and, for each sequence {1, }n= of trigonometric
polynomials T,, satisfying (2), we have

n\f = Tullew _

lim sup = o0,

n— oo W4(f(T)a 1/”)
where w4 is the fourth modulus of continuity.

1. INTRODUCTION AND THE MAIN RESULTS

Let s € N and Y := {Y;}, where the collections Vs = {y;}2%; of points
y; € R are such that y2, < --- < y1 < Y25 + 2m =: yop. We say that a
2m-periodic function f € C(R) is piecewise convex with respect to Y, if it is
a convex function on [y, yo] and changes its convexity at the points Y, that
is, if (—1)*~1f is convex on [y;, yi_1], 1 < i < 2s. We denote by A®)(Y;) the
collection of all such piecewise convex functions. Note that if, in addition,
f € CO(R), then f € A®(Y}), if and only if,

2s
) [It—w) =0, t€lyasm0l.
i=1
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Denote by C("), r € N, the space of 27 - periodic functions f € C'(") (R). We
also need the notation W", r € N, for the Sobolev space of 2m-periodic
functions f € ACU~D(R), such that

1F < oo,

where

lgll := esssup;cplg(2)]-

If, in addition, ¢ is continuous, then, of course,
lgll = sup |g(x)].
zeR
Let T,, be the space of trigonometric polynomials of degree < n (of order
2n + 1) and, for the function g € A (Y}), denote by

EX)(g,Ys) = inf lg — Tnll,
T €TRNAR) (Y5)

the error of the best coconvex approximation of the function g. It is known
[10] that if f € A®), then

(1.1) EP(f,Ys) < c(s)ws(f,1/n), n >N,

where ¢(s) is a constant, depending only on s, N is a number, depending
only on Yy, and

k ke
k(1) hsel[l(},)t] ||j:()( D <j>f( Tl +20,

is the modulus of continuity of a function f of order £k € N. For each
f e AP(Y,) (1.1) implies

12)  ED(v) < B am), neN, i fec),

n

13)  ED(Y) < D m), nN, it fec®,
n
and
(1.4) EQ(f,Y;) < C(S;T>\|f(’“)\\, n>N, if feW,
n

1 <r <3, where N is a number, depending only on Y;. Leviatan, Motorna
and Shevchuk [5] conjectured, that (1.4) holds for all » € N.

However it turns out, that all these estimates in general are invalid with
N independent of Y;. In other words, unlike the classical Jackson inequality,
(1.4) cannot be had with N = 1. So, our first result is
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Theorem 1.1. Let r € N and s € N be given. For each n > 1 there are a
collection Yy € Ys and a function [ € A(Q)(YS) NW?T, such that

(1.5) EQ(f,Y5) > S50,

nr—1
where ¢(r) = const > 0 depends only on r.

Moreover, (1.3) cannot be improved by replacing wy with wy, & > 4. Our
second main result is

Theorem 1.2. For each Yy € Y there is a function f € AP (Y,)n C®),
such that @)
2
limsup ———————* = 400
wose wi(f,1/n)
Clearly, f # const in all Theorems in this paper. For the completeness
we formulate an easy corollary of Example 1 in [2].

Theorem 1.3. For each Yy € Y there is a function f € AP (Y,)nCW,
such that

(2)
(1.6) lim sup nEn (1, Ys) (f, Ys)

= +OO7
n—oo w3(f/7 1/”)

whence

(2)
(1.7) lim sup En (1,1s) = +o00.
n—00 W4(f, 1/”)
We believe that Theorems 1.1 — 1.3 cover all negative results in the
question of the validity of Jackson type estimates in the coconvex approx-
imation of periodic functions. In particular, we conjecture, that for each

keN,reNr>3seNand f € A®Y,)NC") we have

c(k,r, s)
n""

(18)  EP(f,Y) < wr(f7,1/n), > N(k,rYs).

In other words, we conjecture, that the truth table of the validity of Jackson
type estimates in the coconvex approximation of periodic functions has the
same form as the truth table of Jackson type estimates in the coconvex
approximation of non-periodic functions by algebraic polynomials, see [6],
Page 114, Fig. 3, or [4], Page 62, Table 24.

Remark 1.4. We do not discuss the comonotone approximation in the In-
troduction, we only note, that in the comonotone approximation of periodic
functions more positive, but less negative results are known, see, [7], [8], [1]
for more details. However in the last Section we formulate the analogs of
Theorems 1.2 and 1.3 for the comonotone (co-1-monotone) approximation.
We do not discuss also co-g-monotone approximation of periodic functions
for ¢ > 2, since, in opposite to coconvex (co-2-monotone) approximation,
the Jackson type estimates are invalid for all parameters, even if we allow
both constants ¢ and N in (1.8) to depend on f. This is recently proved by
Leviatan, Motorna and Shevchuk [5].
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We prove Theorem 1.1 in the next Section, and Theorems 1.2 and 1.3 in
the last Section. In the proofs we apply the ideas from [3] and we have to
overcome the constrains and challenges of periodicity.

2. PROOF OoF THEOREM 1.1

We begin with the following Lemma 2.1

Lemma 2.1. Let an integer n € N and a positive number § < % be given.
If a polynomial T € T,, satisfies

T(£6) =0 and T'(t)>0, for §<|t|<m,
then

(2.1) T'(t) = 0.

Proof. Assume to the contrary, that (2.1) is invalid. Then without loss of
generality we assume that || 7] = 1. Put 7 := T’. By Bernstein inequality,
|7l < n and ||77|| < n? Let ty € [~0,2m — &] be a point, such that
|7(to)| = ||7|| = 1. Since, for t € [0, 4],

B t—29¢ t+6 1,
22) O] =lr(t) + 2w (-0) ~ L6 = 016 - 06+ 1)
<! n2(52 — 2
= 1
sgn(87—17) <1,
where 0 € (—6,0), we conclude, that to ¢ [0, 0], whence 7(tp) = 1. Then,

1—7(t) =7(to) — 7(t) < n|t —to|, thatis 7(t) >1—n|t—to], teR,

that implies
(—5, 5) N (to - 1/71,750 + 1/n) =0

and
t0+1/n 1
/ T(t)dt > —
tofl/n TL
Therefore
27 —0 t0+1/n )
0=TQ2n—6)—-T(=9) = / T(t)dt > / T(t) dt +/ T(t)dt
-4 to—l/n -4

1 1 0 1 2 1
Z—n2/ (6 —t*)dt = — — “n?¢®> > — #0
n 2 _5 n 3 3n

— a contradiction. O

Proof of Theorem 1.1. Let S € C(*®)(R), be a monotone odd function, such
that S(x) =sgnz, |z| > 1, and

Put ‘
§j = 1S9, j € No.
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Take
B 1

=3

Y2s = —3h, y1 = 3h,
and, if s > 2, then let —h < yo5_1 < .. < yo < h, say
17— 2
25 — 3’
We will prove, that the desired 27 periodic function f can be taken in the
form

i=2,...,25—1.

fz) = /0 o

where f’ is a 2m-periodic odd function, defined on [0, 7] by

o [=s(52y, if telo,1],
(2.3) Fit) = {g(twhih) —1, if te[l,n]

Note that f/(t) = —1 for 3h < t < 7 — 2h. Clearly, f € AG(Y,) nW".
Since 3h = 1, Lemma 2.1 yields T/ = 0, if T, € AP(Y,) N'T,, hence (the
periodic function) T;, = const. Therefore

1 1 1 2
ED(£,Y:) 2 5(f(0) = f(m)) = =5 f(m) = 5(m = 5h) > 5.
Thus,
(2) r—1 r—1
Ex (1Y) _ L h 2h 2
||f(7") H " (f7 ) Sp—1 _ 3Sp_1 3rs,_1nr1
Theorem 1.1 is proved with ¢(r) > ﬁ O

3. AUXILIARY RESULTS

Denote by S an even function S € C(*)(R), such that z5'(x) > 0,z € R,
and

- 0, if |z <1,
3.1 $(z) =
(3:1) (@) {1, it |z > 2.

Put §; := |SU)||, j € N. Fix a positive number d < 7/4 and for each
positive b < d/2 denote by g, and g, the 2m-periodic functions, such that

ap(z) = (1 - S(x/d)) (cosb —cosz)sinz, x € [—m, ],

and
g(x) =S (z/b) (x), =€ [-m, 7).
Clearly, g, and gp are odd functions,
(3:2) lgoll <1, lawll <1,
and for each collection Y = {y;}%%,, such that
Y2 +2d < yp =0 < yo — 2d,
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we have
2s

(3.3) g [J(t = wi) =0, t € [yas, 0.
i=1

Now, for a function f € Cfa,b] we denote by

1 llfa) == I Fllclap) = Jnax /()]
and formulate Lemma 3.1, which is a particular case of Privalov Theorem
(see, e.g., [9], pg. 96-98.)

Lemma 3.1. For each polynomial T,, € T,, and any positive number h < T,
we have

(3-4) h| T3 (0)] < en|| Tl (—p,py-

Here and in the sequel ¢ stand for different absolute positive constants.
We conclude the Section with the following

Lemma 3.2. We have
(3.5) wi(ge,t) < e1(b® + (t/d)*),

and for each polynomial T, € T,, satisfying T),(0) > 0, and a positive
number h < d,

W,
(3.6) gy — Tull{=n,n = e 3b°.

where c¢1 and co < 1 are positive absolute constants.
Proof. First we show, that
(3.7) lgs — vl < 30°.
Indeed, if |z| < 2b, then

lgp(z) — qp(x)| = (1 - S (x/b)) |(cosb — cos x) sin x|
—b

. T
sin

b 1
< 9sin 2 sin]| < Zla(a® - 8)] < 3"

If otherwise 2b < |z| < 7, then gy(z) = g»(x), so (3.7) holds.

To prove (3.5) we note, that the equality ||SU)(-/d)|| = §;d~7 yields
1g$V|| < ed*. Therefore
wi(gbs t) < walgy = b, £) + walas,t) < 28lgo — o]l + 2*llg5” 1| < 486" + ed e,

that implies (3.5).
Finally, to prove (3.6), we apply Lemma 3.1. Since gy(x) = (cosb —
cosx)sinz for x € [—d, d|, we get

.o b cn
2 sin’ 3= —q,(0) < T;,(0) — ,(0) < %HTn = @ll-n.n)

cn cn
< F(”Tn = gll=nn + llao — goll) < Z(HT — Gbllj—nn) + 3b°),
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that yields (3.6). O

4. NEGATIVE RESULT IN COPOSITIVE APPROXIMATION

For each collection Yy = {y; ?il € Y, denote by A(O)(Yg) the set of all
2m-periodic functions f € C'(R), such that

2s

f(t) H(t —¥i) >0, € [y, y0]-

i=1
For the function g € A (Y}), denote by

EQ)(g,Ys) = inf lg = Tall,
T, €T, NAO) (V)

the error of the best copositive approximation of the function g. We prove

Theorem 4.1. For each Y, € Y, there is a function f € A©) (Ys), such that

B (f.Y,
(4.1) liglj;p W = +o0

and
s
(4.2) f(x)dx =0.
—T
Proof. Without loss of generality assume, that y; = 0. Put d := % min{yo, —y2,7/2},
so that (3.3) implies, for all positive b < d/2,
(4.3) 9 € AV(Y;),

where gp, is defined in the previous Section. Following [3], pg.343-345, we
put

4
1\3
(44) b= (2)" 0 fule) = (o)
and note that (3.5) implies, for all n > (2/d)*/, so that 2b,, < d,
1
(4.5) W4(gb;t) < (1 + d_4) t4, t> E

We are now in a position to define the desired in Theorem 4.1 function f.
First we put ¢ = 0.1 and choose ng > (2/d)3/4, so big that

(4.6) e (1+ d_4) < ng.
Set dy := d and
cﬁb b2

nj—1Yn; .
¥djfla J Z 1’

4. d; =
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where the increasing sequence {n,} is defined by induction as follows. Sup-
pose that {ng,...,n,—1} have been defined, then put

o—1
Foq(z) = Zdj—lfnj (), (Fo(z):=0),
=1

and take n, > ny—_1 so big that

(4.8) |2 < doeam,
and

(4.9) Cgbn071 > 2n;€.
Now put

O, (1) := Z dj—1fn; (),

where the uniform convergence of the series is justified by (3.2) and the
inequality

> 1 1
(4.10) @, < ];djl <dy_1 (1 ot ) < 2dy_1.
So we define
(4.11) f(z):= Z dj-1fn; () = Fo1(z) + 5 (2),
Jj=1

and note, that (4.3) and (4.4) yield
(4.12) feAOy,).

Recall also that gy and, hence, f,, are odd functions. Therefore, f is odd
as well, which implies (4.2).
It remains to verify (4.1). Inequalities (4.5), (4.10), and (4.6) lead to

1 1 &S 1Y\ do_ dy—
(,U4(<I>U,1/’I’Lg)§61 (1—|—d4>n42dj1<261 <1—|—d4> ! <2 !
O'j:o.

as well as (4.8) provides
1 1
w4 (Fo—la - > < 7
No ng
dy—1

1 o
4.13 — ) <3721
( ) wa <f 7’Lo‘> B nél_—e

Finally, let us prove that if T}, € T,, N A (Y;), then

4 4—e”’
o= No

da—l

na—e

FY)|| <

Hence, for all o,

by 3
(414) Hf - TngH > da—l (ntlj_f_s - 3bm,> ;
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(4.15) BO(f,Y,) > gy (ng= 1% = 30,).
Indeed, since by (3.1) F,_; is zero on [—=by,_,, by, ,] =: Jr, we may write

flz) =do1fn, () + Poi1(z), =€ 5.

Let 7, := T}, /dy_1. Since 7,, € AO(Y}), we have 7;,.(0) > 0, therefore
by virtue of (3.6)

b2
(4.16) | fno = g llg = €2 bn, = 303,

o

On the other hand, (3.2), (4.10), and (4.7) yield
C2 b b2
2

No—-1"n
70(,{0—_1.

(o

[Pl < 2dy =

Hence

1f =T | 2 1Ty = fllry 2 1Tny — do—1.fn, [z, = 1Pl

CanU_lb%U 3
=do-1Tny — froll1, = |1®os1ll > do—1 T on. 3bn(; .

g

Now (4.14) follows from (4.9). Thus, (4.13) and (4.15) lead to

LB L 1
ws (fi1/ng) = 3°° ng

for all o, that implies (4.1), since the chosen ¢ is sufficiently small. [l

5. NEGATIVE RESULTS IN COMONOTONE APPROXIMATION, PROOFS OF
THEOREMS 1.2 AND 1.3

We say that a 27-periodic function f € C(R) is piecewise monotone with
respect to Yy € Y, if it is a nondecreasing function on [y1, yo] and it changes
its monotonicity at the points Yj, that is, if (—1)~!f is nondecreasing on
[yi,yi_1], 1 < i < 2s5. We denote by AM(Y;) the collection of all such
piecewise monotone functions. For a function g € AM(Y;) denote by

EW(g,Y,) := inf -
n (ga S) TnGTn}TnA(I)(YS)Hg nH’

the error of the best comonotone approximation of the function g.
First we formulate the well known Lemma 5.1.

Lemma 5.1. For each function g € CY) and every polynomial T,, € T,, the
inequality

(5.1) lg" = Toll < e(k)(wr (g’ 1/n) + nllg = Tall)
holds, where the constant c(k) depends only on k.

Now we prove
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Theorem 5.2. For each Y € Y there is a function F € A(l)(Ys) ncw,
such that

lim s 7nET(L1)(F’YS) =+

oo L g (F Ay
Proof. Let f be a function, guaranteed by Theorem 4.1. Identity (4.2) im-
plies, that the function

F(x) ::/ f(t)dt
0

is also 27 periodic. Then, F' = f and f € A(Y}) yield F € AN (Y;). For
each polynomial T,, € AM(Y,)N'T, (5.1) implies

ED(f,Y) S |F' = Tyl < c(wa(F',1/n) +n|| F = T,)),

whence
nEMN(F,Y,) > cEQ)(f,Ys) — wa(f,1/n).
Therefore
(1) (0)
1 L kA S | — 2 1=
ol o 1jm) = P Gy T T

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let F' be a function, guaranteed by Theorem 5.2.
Since F is a 27-periodic function and F € AW (Y;) N CW, the function

T T 2m
£(z) ;:/O F(t)dt—%/o F(t)dt

is also 27-periodic and f € AP (Y,) N C®. For each polynomial T, €
AP (Y,)N'T, (5.1) implies

EM(FY) < |If' =Tl < ews(f,1/n) +nllf = Tul))

<e(peats 1+l -1 ).

whence
n*ER)(f,Ys) > enBM(F,Ys) — wa(f”,1/n).
Therefore
n2EQ (f,Y,) nEY(F,Y;)
limsup ———~"" "% > climsup —e—""% _ 1 = 400.
mamet wa(f71m) = iy Wi (F /)

O
Our last formulation is

Theorem 5.3 ([2]). For each Y, € Y there is a function f € AV(Yy), such
that M

limsup ————~% = +o0.
nsne” w3(f,1/n)
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Proof of Theorem 1.3. In fact we repeat the previous proof with minor changes.
So, Let F' be a function, guaranteed by Theorem 5.3. Since F'is a 2w-periodic
function and F € AM(Y;), the function

T T 27
f@) = /O F(t)dt — o /O Ft)dt

is also 2m-periodic and f € A®(Y,) N CM. For each polynomial T, €
AP (Y,)N'T, (5.1) implies

ED(EY) < |If =Tl < elws(f',1/n) +nllf = Tull),

whence
nEP(f,Ys) 2 cED(F,Ys) = ws(F,1/n).
Therefore
B L BY(RY,
hgljng > cllﬁsogpw —1 =400,
which is (1.6). Finally, (1.7) follows from (1.6) and the inequality w4 (f, ) <
tws(f',t). O
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