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DISTANCE ESTIMATES TO FEASIBLE CONTROLS
FOR SYSTEMS WITH FINAL POINT CONSTRAINTS AND
SECOND ORDER NECESSARY OPTIMALITY CONDITIONS

H. FRANKOWSKA* AND N. P. OSMOLOVSKII

ABSTRACT. We prove an inverse mapping theorem on a metric space of controls that allows to
“control” final points of trajectories of a nonlinear system. More precisely, our result provides
local distance estimates of arbitrary controls from feasible ones. As an application we derive
second-order necessary optimality conditions for L'-local minima for the Mayer optimal control
problem with a general control constraint U C R™, state constraints described by inequalities
and final point constraints, possibly having empty interior. Thanks to this inverse mapping the-
orem we first get a second-order variational inequality as a necessary optimality condition. Then
the separation theorem leads in a straightforward way to second-order necessary conditions.

Keywords. Optimal control, state constraints, second-order optimality conditions, distance
estimates on feasible controls, inverse mapping theorem on a metric space.

AMS subject classification. 49J53, 49K15

1. INTRODUCTION

Consider the control system

(1.1) z(t) = f(z(t),u(t)), =x(0)=wz9, wu(t)eU ae. in|0,1]
with the final point constraint
(1.2) z(1) € K,

where K C R” is closed and nonempty, U is an arbitrary nonempty compact subset of R™,
f € C?*(R™ x R™,R") and zg € R" is fixed. In particular, K can be described by equalities

(1.3) K={zeR" : hj(x)=0,Vj=1,..,k},

where h; € C?(R™,R). Then (1.2) becomes hj(z(1)) =0 for j =1,..., k.

Below when we say “a trajectory-control pair” without making precise the control system we
always mean a trajectory-control pair of (1.1) with measurable u(-) and absolutely continuous
x(-). Let (Z,u) be a trajectory-control pair satisfying z(1) € K. In this paper we provide a
sufficient condition for the existence of ¢ > 0, € > 0 such that for any trajectory-control pair
(z,u) with |a — u||;1 < e we can find a trajectory-control pair (Z,u) such that

z(1) e K, |Ju—ul <cdg(z(l)),
where dg(-) denotes the distance function to K. This question is of interest on its own, and
is particularly important in problems of optimal control, where to derive optimality conditions

one has to perturb optimal controls, while respecting the final point constraints.
As an application we consider the Mayer optimal control problem

(1.4) Minimize ¢(z(1))
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2 H. FRANKOWSKA* AND N. P. OSMOLOVSKII
over trajectories of (1.1), (1.2) satisfying the additional final point and state constraints

(1.5) gi(x(1)) <0, i=1,...,r

(1.6) Q;(xz(t)) <0 forall te(0,1], j=1,...,s,

where ®; € C?*(R™,R) and ¢ : R" — R, g; : R” — R are twice differentiable.

This paper can be considered as a companion to [7], where we have investigated second-order
optimality conditions for strong local minima in the absence of the constraint (1.2). To derive
these conditions we used a second-order linearization of (1.1), a separation theorem in the space
of continuous functions and some results from [6] on linearizations of differential inclusions.
The advantage of this approach is due to its generality and may be also applied to optimization
problems arising in control of PDEs and stochastic control. The case investigated in [7] is simpler
than the one of the present work, because for every ¢ = 1,...,r the interiors of first and second
tangent sets to the final point constraint (1.5) are nonempty at every point where the gradient
of g; is nontrivial. In contrast, for constraints involving equalities, interiors of tangent sets are
usually empty. In the conference paper [5] final point equality constraints were included, however
only weak minimizers were studied. Here we fill this gap and address, in particular, strong local
minimizers. To handle constraint (1.2) we prove a version of inverse mapping theorem on the
space of controls involving the surjectivity assumption (3.3), which, for final point equality
constraints becomes (3.14). We use here the very same second-order linearization (3.12) of (1.1)
as in [7] and show that not only it allows to approximate some trajectories of (1.1), (1.2), but it
also provides estimates on corresponding controls. Thanks to it we get second-order conditions
for L'-local minima that are valid also for strong local minima. In the difference with [7], a finite
dimensional separation theorem is applied, instead of the infinite dimensional one. This is done
not only for simplification purposes, but permits us to separate an arbitrary convex set from
a point outside of it. Recall that in the finite dimensional spaces this is always possible, while
in the infinite dimensional spaces, when separating two convex sets, one of them has to have
a nonempty interior. We would like to underline that in a recent article by the second author
[12] considering final point equality constraints and in the absence of state constraints (1.6),
assumption (3.14) is not needed. However in [12] the control set U has a particular structure.
Our Corollary 3.12, stated without assumption (3.14) for a general set U is of a different nature.

We do not discuss here the existing literature on this subject, because this was already done
in [7], see also [9], [11], [12] for additional references and comments and also [10], where penal-
ization type techniques, close to the Ekeland variational principle, are applied in the presence of
equality endpoint constraints. Let us just mention that necessary conditions for a strong local
minimum in optimal control problems with equality and inequality endpoint constraints and
mixed state-control constraints were stated by the second author (together with the relevant
sufficient conditions) in [11, Supplement to Chapter VI, S2] when the gradients with respect to
control of active mixed state-control constraints are jointly linearly independent (which excludes
the pure state constraints). Much later, similar results were obtained in [3] for optimal control
problems in the absence of state constraints, with endpoint constraints of equality and inequality
type, as well as control constraints, satisfying the uniform positive independence condition for
gradients of active constraints. The transition to problems with positively independent gradients
of control constraints was an important step forward, but, unlike the results in [11], some addi-
tional, difficult to check and restrictive assumptions, concerning the whole system of constraints
were required, see [3, (61) and (80)]. The same can be said about assumptions in [2], devoted
to problems with mixed and pure state constraints see [2, Assumptions 4, 5 and Remark 4.7].
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The paper is organized as follows. Section 2 is devoted to preliminaries, while in Section 3
we state the main results whose proofs are postponed to Section 5 and the Appendix. Section
4 is concerned with second order tangents to trajectories of (1.1), (1.2).

2. PRELIMINARIES

Let Ry be the set of all reals 7 > 0 and |- |, (-,-) stand for the Euclidean norm and the
scalar product in a finite dimensional space. Below B denotes the closed unit ball in R?, §"~!
the unit sphere in R"™ and B(z,r) the closed ball centered at x € R™ of radius » > 0. Denote
by Wh1([0,1],R"™) the Sobolev space of absolutely continuous functions z : [0,1] — R, by
L(]0,1],R™) the space of Lebesgue integrable functions u : [0,1] — R™ with the norm |jul|; =
fol |u(t)| dt and by L*°([0, 1], R™) the space of measurable, essentially bounded functions with the
norm ||ul|ec = ess-supyepo,1)|u(t)]. Let NBV ([0, 1], R") stand for the set of ¢ : [0, 1] — R" having
bounded total variation, that are continuous from the right on (0,1) and satisfying ¥ (0) = 0.
We also denote by || - ||oo the supremum norm on the space C([0, 1], R™) of continuous functions
x :[0,1] — R™ and shall use the notation = := W11(]0, 1],R™) x L>([0,1],R™).

Any trajectory-control pair (z,u) € = satisfying (1.1), (1.2), (1.5), (1.6) is called admissible.
An admissible (Z, @) is an L'—local minimizer if for some € > 0 we have ¢(z(1)) > ¢(Z(1)) for
any admissible (z,u) € Z such that ||u — @||;1 < e. Recall that (Z,u) is called a strong local
minimizer if for some € > 0 we have ¢(x(1)) > ¢(z(1)) for any admissible (z,u) € = such that
|l — Z|]|jo < . If f is locally Lipschitz and for some v > 0 and all x € R", u € U we have
|f(z,u)] <~(|z|+1), then the Gronwall lemma implies that every strong local minimizer is also
an L'—local minimizer. Define

Ki={zxeR" : gi(x) <0}, i=1,...,r, Kj={recR": ®;x)<0},j=1,..,s.

Then for every x € OK{ we have g;(x) = 0 and similarly for Kj.

Let X be a Banach space and ) # Q C X. Denote by Int(Q) the interior of @, by co @ its
convex hull and by ¢o@ its closed convex hull. The distance from x € X to @ is defined by
dg(z) = infyeg |z’ — z|. For a metric space Y and a family {A(y)}yey of subsets of X the
Peano-Kuratowski upper (resp. lower) set limits when y — z in the space Y are given by

v € Limsup,_,, A(y) <= hin_glf dgy)(v) =0, v € Liminf, ,,A(y) <= 3}1—% dy(y)(v) = 0.
The adjacent tangent cone to @ at T € @ is the closed cone
TYH(z) = {v € X|Z+dv € Q+0(d), Vs> 0}
and the second-order adjacent set to @ at (z,v) € Q x X is the closed set
To? (@,0) = {w € X | T + v+ 8%w € Q + 0(8%), V4 > 0},

where the vectors 0(5) € X are so that lims_,o4 $0(5) = 0. See [1] for further information.
Denote by Cg(z) and Ng(Z) respectively the Clarke tangent and normal cones to @ at z, cf.
[13]. By [6, Lemma 2.4] we have

(2.1) To? (z,0) + Co(z) = Ty (z,v).
We shall need the following two results that follow easily from the separation theorem.

Proposition 2.1. Let My, ..., M} be nonempty convex subsets of R™ and ﬂleMi = (. Then there
exist p; € (R™)* fori=1,....k not all equal to zero with Zle p; =0 and Zle inf p;(M;) > 0.

Proposition 2.2. Let b € R, p,q € (R™)* withp # 0 and M = {z € R" : p(z) +b < 0}. If
inf (M) > —o0, then there exists a > 0 such that ¢ = —ap and inf (M) = ab.
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3. MAIN RESULTS

Throughout the whole paper we assume

(3.1) 3v>0, sup|f(z,u)] <A(z|+1), VoeR™
uelU

Denote by U the set of all measurable w : [0,1] — U. For any wu;, us € U define the distance
d(uy,u2) := |Jur — uz|[1. Then (U,d) is a complete metric space.
Consider the following linearization of (1.1) at (z,u) :

(3.2) {z':(t) = fo[t]z(t) +v(t), v(t) € cof(z(t),U) — f[t], wv(-)is measurable
' 2(0) = 0,

where f, denotes the derivative of f with respect to = and [t] := (Z(t), u(t)). Notice that v(-) is
integrable by (3.1). The reachable set of (3.2) at time 1 is defined by

RE(1) ={z(1) : z(-) is a trajectory of (3.2)}.

Recall that it is equal to the reachable set at time 1 of the very same system even after removing
the convex hull. In the next result we need less than C2—regularity of f.

Theorem 3.1. Let K C R™ be closed. Assume that f is continuous, differentiable with respect
to x and fz(-,-) is continuous. Consider a trajectory-control pair (Z,u) with z(1) € K. If

(3.3) 0 € Int(RE(1) — Cx(z(1))),

then there exist € > 0, ¢ > 0 such that for every trajectory-control pair (x,u) of (1.1) and k € K
with |lu — ull1 + |k — z(1)| < e we can find a trajectory-control pair (Z,u) of (1.1) satisfying

(1) e K, |u—aly+k—21)] <clz(l)— k|

Remark 3.2. (a) The proof provided in Section 5 is based on a more general inverse mapping
theorem [4, Theorem 3.2] in which € and ¢ are defined explicitly.

(b) Under the assumptions of Theorem 3.1 the set R”(1) is convex and compact and, because
(3.2) is linear with respect to the state, it can be expressed explicitly. Therefore (3.3) is an
assumption that can be easily verified, for instance by applying the separation theorem.

Example 3.3. Let K = {(a,b) € Ry xR,: |b| = a®}. Then Ck(0) = R, x{0}, Nx(0) = R_xR.
Consider U = {(0,0), (1,0),(0,1)}, f € C'(R? R?) with f(0) = 0 and having the sublinear
growth. For the control system & = f(z) + u(t), u(t) € U, x(0) = 0 the trajectory-control pair
(z,u) = (0,0) satisfies (1) € K and (3.2) becomes Z = Az + v(t), v(t) € coU, x(0) = 0, where
A = f(0). It is not difficult to check (using the separation theorem, the explicit representation
of the convex reachable set R”(1) and the inclusion 0 € U) that (3.3) holds true if and only if
there exists u € coU such that e*4u € R x (—o0,0) for some t € (0, 1].

From now on we assume that ¢, f, g;, ®;, K, U are as in the introduction, satisfying regularity
assumptions from the introduction. The Hamiltonian is defined by

H(z,u,p) = (p, f(2,u)).
Let H, stand for the derivative of H with respect to x. Then H(x,u,p) = pfe(x,u) for all
(z,u,p). Below ®(2), resp. g;(2), denotes the gradient of ®;, resp. g;, at 2.
Let (Z,u) be an L'—local minimizer for problem (1.4), (1.1), (1.2), (1.5), (1.6). Below we
shall simply write “let (Z,%) be an L'—local minimizer”. Define the set of active indices

I,.={i=1,..,r : (1) € OK;}.
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The first-order necessary optimality condition is as follows: there exist ¢ € Ng(z(1)), o =
(ap, ..., ) € R and positive Borel measures 1 on [0, 1] with

(3.4) a; =0 if i ¢1;, suppp; C{te0,1]:z(t) € 0K;}, j=1,...,s,
not vanishing simultaneously such that for ¢;, ¢» € NBV ([0, 1], R") defined by

(35) wil) == [ @) aE) Ve, v ij
t
the solution p € W11(]0, 1], R") of the adjoint system

(3.6)  —p(t) = Ha(Z(t), u(t), p(t) + ¥ (1), p(1) + (1) = ao'(z(1)) + Zazgz (z(1

satisfies the minimum principle
(3.7) Inf H(2(t), u, p(t) + ¥(t)) = H(z(t),a(t), p(t) +¥(t)) ae. in [0,1].

Below M ([0, 1]) stands for the set of all tuples (y1, ..., its) such that every p; is a positive Borel
measure on [0, 1]. Let A(Z, @) denote the set of all

(a,q,p,, 1) € R x R™ x Wh([0,1], R™) x NBV([0,1],R™) x M([0,1])

satisfying (3.4)-(3.7) such that (a,q, 1) # 0.

Our proof of second-order necessary conditions will also imply the above first-order one. Let
us underline that for the first-order necessary condition alone, less regularity assumptions are
required, because only the first order linearizations of the data have to be performed.

Consider the classical linearization of control system (1.1) at (z,u):

. §(0) = Lly) + fulllu), u(t) € Th(a(0), we 1(0,1,R")
y(0) =0,
where f, denotes the derivative of f with respect to u. For every n > 0 and j =1, ..., s define
My ={t €[0,1] : @;(z(t)) = —n, dox,(2(t)) < n}.

The critical cone Cy(Z,u) is the set of all (y,u) € = solving the linear system (3.8) such that
(' (@(1),y(1)) <0, y(1) € Cx(2(1)), (gi(2(1)),y(1)) <0, Vi€,

(3.9) Jho > 0, ¢ > 0 such that Vh € [0, hg], dy(a(t) + hu(t)) < ch? for a.e. t € [0,1],

(3.10) dn >0 satisfying nax (@5(z(1),y(t) <0, Yji=1,...,q
eEMin

Remark 3.4. In [12] the set U is described by inequality constraints with linearly independent
gradients on OU. The critical cone defined there is larger, because (3.9) concerns there only
times ¢t with @(t) € 9U.

Lemma 3.5. Let (o, q,p, ¥, 1) € A(Z, Then for any (y,u) € Co(Z,u) and all i, j
) )+

).
ao{¢'(2(1)),y(1)) =0, ailg;(2(1)), y(1)) =0, (Hu(2(?), ﬂ() p(t) + (1)), u(®)) = 0 a.e.,
{g,y(1)) =0, (@ (fv(t)) y() =0 pj—ae in [0,1].
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Proof. Since (1;(1 fo t) do;(t) —|—f0 y(t),;(t)) dt, we have

Lip(t), y(1) = —(w(t) +v() L[], y(1)) + <p(t),fx[t]y(t)+fu[t]U(t)>
= =), fo[tly()) + (p(1), fultlu(t)) = =), 4(£)) + (p(t) + (1), fultlu(t)).

Integrating the above relation yields
1
| a0 ate).p0) + wie). ut) at = (1) + Z /0 v (1)

Consequently, by (3.5),

ao(e' (2(1)),y(1))  + 35—y calgi(2(1)), y(1) + (@, y(1)) + 3251 Jio.1) (@5 (@ (1)), y())dp; (1)
1 .
(), 5(0), p() + (1)), u(t)) dt = 0.
All summands in the left-hand-side of this equality being nonpositive, it follows that all of
them are equal to zero. Finally, the conditions fol (Ho(Z(t),u(t),p(t) + ¥(t)),u(t)) dt = 0 and
(Huo(z(t),u(t),p(t) +(t)),u(t)) > 0 a.e. complete the proof. [
For any u(-) : [0,1] - R™ and any («a, ¢, p,v, 1) € A(Z,u) and ¢ € [0, 1], define

T(u(t), p(t) + (1)) = inf { (Hu(2(8), 5(t), p() + (1), 0) v e TP @(e),u(t) },

where, by convention, we set infy = +oo. For a € R, € M([0,1]), p € NBV([0,1],R") and
¢ = (y,u) € = define the quadratic form with respect to &

Q& app) = %D(SD"(f(l))y(l)ay(l»+Z: pai{gy (2(1))y(1),y(1))
+ Jo (" (@(t), a(t), p()E), €(8)) dt + 37511 [y (@7 (@ (1)) y(1), y(2)) dpe (1),
where H"(Z(t), u(t), p(t)) is the Hessian of H(-,-,p(t)) at (Z(t), u(t)) and ®7(Z(t)) is the Hessian
of ®; at z(t). Finally, let

V3 (a,u) = {v :[0,1] — R™ |v is measurable, f,[-]v(-) is integrable, v(t) € Tfj(z) (a(t), u(t)) a.e.}.
The following theorem contains our main second-order necessary condition.
Theorem 3.6. Let (z,4) be an L'—local minimizer satisfying (3.3) and & = (y,u) € Co(Z, 1)

be such that V2(u,u) contains an essentially bounded function. Then for any nonempty convex

subset © C Tb@)( (1),y(1)), there exists (o, q,p, ¢, 1) € AT, ) such that Y (u(-),p(-) + () €
LY([0,1],R) and

1
(3.11) FUE 0w+ ) + ok (<0)+ [ X(t).p(t) + ()t > 0.

Remark 3.7. (a) In the absence of state constraint (1.2), in the proof of Theorem 3.6 the
constraint qualification (3.3) is not needed. However this case was already investigated in [7].

(b) The interested reader can find in [7, 8] several examples, where, for every (y,u) € Co(Z, ),
the condition V?2(@,u) N L>([0,1],R™) # @ is fulfilled. For instance, if U is a polytope, then
0 e TZ@) (u(t),u(t)). If U is given by the system of inequalities ¢;(u) < 0, i = 1,...,q with
C?-functions ¢; : R™ — R, having positively independent gradients of active constraints, then
V2(@,u) contains an essentially bounded function.

(c) We would like to underline that in Theorem 3.6 the set © is an arbitrary nonempty convex
subset Tb(Q)(’( 1),y(1)). Larger it is, more precise necessary optimality conditions are. Using

the Zorn lemma it is possible to show that T' (2)( (1),y(1)) contains maximal convex subsets.
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(d) Though we assumed the twice continuous differentiability of ®; on R", according to the
proof provided below, this assumption is needed only on a neighborhood of 0Kj;. A similar
remark can be made about functions g; and the sets 0K .

(e) Note that in [12], where U has a particular structure, only quadratic forms with respect
to £ are involved to state necessary conditions.

Example 3.8. This example illustrates the novelty of our result even in the absence of state
constraints. Let U = {(a,0), (a,b) : a € [0,1],]b] = a?}, K and f be as in Example 3.3 with
f € C%(R?,R?). Consider the control system from Example 3.3 with this new U. Assume
that (1,0) is an eigenvector of A := f,(0) with a nonnegative eigenvalue. Then the solution of
the system 2z’ = Az + (3,0),2(0) = 0 satisfies 2(t) € Ck(0) for every t € [0,1]. This and the
inclusion (3,0) € Int coU imply (3.3). Let ¢ € C%(R% R) be such that 0 # Ve(0) € {0} x R_
and (©"”(0)(1,0),(1,0)) = 0. We claim that @ = 0 is not locally optimal for the optimal control
problem (1.1), (1. ) (1.4). Indeed (z,u) = 0 and (y,u = (1,0)) € Co(z, u). If the conclusions of
Theorem 3.6 hold true, then ¢ = 0, = 0 and for some 0 # (v, ¢ = (¢1,92)) € Ry x Ng(0),
we have p(1) = (p1,p2) = ao(0,b) + (0,¢2) for some b < 0, g2 € R. Hence p; = 0. By the
minimality condition, p(t) € {(a,b) : a € Ry, |b| < a} for every ¢ € [0,1] and therefore p; = 0
and agb+ g2 = 0. Hence ¢ = (0,7) for some > 0 and p(-) = 0. Due to the choice of ¢ we have
(5, ) 00, + b, ) = 0, Tla,p() + ¥()) = 0. Since (0,1) € T (0, (1,0)), from (2.1) we et
0 =R, x {1} = (0,1) + Ck(0) C Ty?(0,(1,0)). Then infgee(—g,0) = —r < 0 leading to a
contradiction with (3.11). Therefore @ is not a strong local minimizer.

Recall that if ag > 0, then the multiplier rule in Theorem 3.6 is called normal and, by normal-
izing, one can put ag = 1. To know that necessary conditions are normal is important, because
otherwise they do not depend on the cost function. We propose next a sufficient condition for
normality. Denote by f” the Hessian of f. Fix a trajectory-control pair £ = (y,u) of (3.8). We
associate with it a second-order linearization of (1.1) at ((z,u), (y,u)):

w(t) = faltlw(t) + fultlo(t) + €@ fHER) + 7 (t)w ()
(3.12) v(t) € TI @(t), ult)), =(t) >0, k(t) € co f(Z(t),U) — f[t] a.e. in [0,1]
w(0) =0, v(-) € L*=([0,1],R™), m € L*>*([0,1],Ry), £ is measurable.

Below (w, v, k&, 7) denotes a trajectory-controls quadruple of (3.12) and R%(?)(1) the reachable
set of (3.12) at time 1. By the Aumann theorem it is convex. For every z € R™ define

I(2(1), 2) == {i € Iy : gi(2(1)) # 0, (gi(%(1)),2) = 0}.
Theorem 3.9. In Theorem 3.6 suppose that min{(g}(z(1)),y(1)), y(1)*¢/(z(1))y(1)} < 0 for
every i =1,...,r with (1)) € OK{ and that there exists a solution w of (3.12) satisfying

maxieny ((@(F(1)), w(t) + <@%<»<><»)<ovg—1
w(1) € O, (gi(#(1), w(1)) + (Y”((D()<0V16Hﬂwwﬂ»

Then the conclusion of Theorem 3.6 is valid wzth ap = 1.

Example 3.10. Let h = (hy,...,h;) : R — R* be continuously differentiable and z(1) € K
with K given by (1.3). If the derivative h'(Z(1)) is surjective (that is the matrix h’'(Z(1)) has a
full rank), then by [1, p.151], Cx(Z(1)) = ker h'(Z(1)) and therefore for any ¢ € Ni(z(1)) there
exists B = (B1,..., /) € R¥ such that ¢ = Zle Bihl(z(1)). Furthermore, by [1, Proposition
4.7.5] if (y,u) is critical and h € C?, then

(313) T @,p(0) = {v : (@), )+ Sy R E0)Y(1) =0, ¥i=1,. k).
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Note that if 2/(Z(1)) is not surjective, then ¢ := h/(Z(1))*3 = 0 for some 0 # 3 € R*. Setting
(a,p, 1, u) = 0 one could claim, as in [12], that the first and second-order necessary optimality
conditions are verified with 8 # 0 (instead of ¢ # 0). However such necessary conditions do
not distinguish at all between optimal and non-optimal controls. To link Theorem 3.6 to the
frequently considered in the literature final point equality constraints, i.e. when K is as in (1.3)
with h; € C?, we provide next two Corollaries that are immediate consequences of Theorem 3.6.

Corollary 3.11. Assume (1.3), that h € C? and let (Z,%) be an L'—local minimizer satisfying
(3.14) 0 € Int (' (2(1))(R*(1))) .
If ¢ = (y,u) € Co(z,1u) is such that V2(u,u) contains an essentially bounded function, then

there exists (v, q,p, ¥, 1) € Az, u) with q := Zle Bihi(z(1)) and B; € R such that the function
Y (u(-),p(:) + () is integrable and

1
(315) L0 0p+v.p) Zﬂl @) + [T ()0 +00) de >0,

Condition (3.14) was introduced in [5]. For the sake of completeness we also provide a result
not involving (3.14), but with a weaker conclusion involving quadruples (w, v, k, ) of (3.12).

Corollary 3.12. Assume (1.3), that h € C? and let (Z,u) be an L'—local minimizer. If & =
(y,u) € Co(Z,u) is such that V2(u,u) contains an essentially bounded function, then there exists
(o, q,p, 0, 1) € A(Z,u) with q := Zle Bik(z(1)) and B; € R such that for any trajectory-controls
quadruple (w,v, k, ) of (3.12) satisfying

(3.16) (h(z(1)),w(1)) + %y(l)*h;/(j(l))y(l) =0 Vi=1,..,k
and for [t] := (f(t),a( ), p(t) + (t)) we have

Q& a,p+1h,p) Z )" hi (z( ))y(1)+/0 (Hult], v(8)) + (p(t) + ¥ (1), m(t)x(t))) dt = 0.

Proofs of Theorems 3.6, 3.9 and Corollaries 3.11, 3.12 are provided in Section 5.

Remark 3.13. In Example 3.8 consider any h € C?(R? R) such that K = h=1(0) N R, x R.
That is K is represented by an equality and an inequality. Then using the second order tangents,
it is not difficult to check that VA(0) = 0 and (h”(0)(1,0), (1,0)) = 0. Hence (3.15) is satisfied
with p = ¢ =0, a = 0, 8 = 1. This means that when K is described via an equality and an
inequality constraints, (3.15) does not allow to eliminate @ as a candidate for optimality.

4. SECOND ORDER TANGENTS TO TRAJECTORIES OF (1.1), (1.2)

In this section we show that for any trajectory-control pair £ = (y,u) of (3.8) and trajectory-
control quadruple (w, v, k, ) of (3.12) such that w(1) € be(@) (z(1),y(1)), the function w(-) is in
the second order tangent to trajectories of (1.1), (1.2) at ((z, @), (y,u)).

Theorem 4.1. Let (Z,u) be a trajectory-control pair with T(1) € K satisfying (3.3). Consider
a tragectory-control pair & = (y,u) of (3.8) and a trajectory-controls quadruple (w,v, K, 7) of
(8.12) such that w(l) € T;@) ((1),y(1)). Then there exists C > 0 such that for every small
d > 0 we can find a trajectory-control pair (xs,us) satisfying

- _£2
vs(1) € K, |lus—all; <Cs, lim |25 =7 — 0y — 0"wlloo

5—0+ 52 =0
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Proof. By [9, Proposition 4.2] we know that there exists dy > 0 such that for every ¢ € (0, do]

we can find us € U such that the difference quotients vs := ”5_67@2_5“ converge to v a.e. as

d — 04 and ||vs]|co < 2||v||oo + ¢, With ¢ as in (3.9). Then |us — @|js < C6 for some C > 0 and

all small § > 0. By [_1, Theorem 8.2.15] there exist measurable A; : [0,1] — Ry, w; : [0,1] = U
for i =0,...,n such that > A\i(t) =1 and x(t) = > 7 o Mi()(f(&(t), ui(t)) — f[t]) a.e. in [0,1].
Consider the augmented control system

z = f(z,u(®), ult) elU, z(0)==z
(4.1) { o= Ju(t) —us(t), =(0) —0.
Define o( fo o Ai(s)|ui(s) —us(s)|ds and denote by (&5, z5) the solution of
(4.2) { &= f(w U6) +52 () 2oimo M) (f (@, wi(t)) — f (2, us(t)),  =(0) = xo
‘ S Prlt) YA O - us(h)]. 2(0) = 0.

Since that 6%7(t) < 1 whenever § is sufficiently small, the pair (#s, z5) solves the relaxed (con-
vexified) system (4.2) associated to (4.1) for all small 6 > 0. By the relaxation theorem, see
for instance [13], we can find controls u?(-) € U such that the corresponding trajectories (27, 27)
of (4.1) converge uniformly to (#s,6%¢). This implies that lim;_ oo |4/ — us|li = §%0(1) and
therefore there exist trajectory-control pairs (Zs, us) of (1.1) such that for all small § > 0,

H.fg — i‘g”oo <8 & H’L_L5 — U5H1 < ko2

for a constant k£ > 0 independent from §. Since
s (t) — x(t) — y(t) = /0 (f(25(s), us(s)) = fls] = 6.fx[s]y(s) — 0 fulslu(s))ds + 0;(0),

where [ |oy(9)|dt = o(8) and f(&5(s),us(s)) = fls] + fuls](2s(s) — 2(s)) + O fulslu(s) + 0s(s),
with |los||1 = 0(9), for every ¢ € [0, 1] it holds

|25(t) — z(t) = dy(t)] < /0 (IfzsllZs5(s) — 2(s) — oy(s))ds + o(d),

where 0(d) does not depend on time. This and the Gronwall inequality imply that %({i‘g — )
converge to y uniformly on [0, 1]. Let B(t) := |Z5(t) — Z(t) — dy(t) — 62w(t)| and observe that

< Jo 1 (@5(s), us(s)) + 62w (s) iy )\i(S)(f(fa(S)Q ui(s)) = f(Z5(s), us(s))) — fls]
—0fals)(y(s) + dw(s)) — dfuls](u(s) + dv(s)) — FE(s)" f"[s](s) — 0% (s)r(s)|ds
for every t € [0,1]. On the other hand,
f(@5(s), us(s)) = fls] + fals](25(s) — T(s)) + 0 fuls](u(s) + dvs(s))
3(&5(s) — 2(s), (Ou + 6%v5)(s))* f"[s](25(s ) ( ); (5U+5205)(S)) +05(s)
Fls] + fols)(@s(s) = 2(s)) + 6 fuls] (u(s) + dv(s)) + 5 &(s)" f”[8]5(8)+05(8),

where [|os(+)||1 = o(6?). Comblnlng two above expressions, we get G(t) < fo | f2[8]18(s)ds+0(52).
By the Gronwall inequality s> L (25 —  — dy) converge to w uniformly on [0, 1] and therefore

)
_|_

5%(:?5—:7:—53;) converge to w uniformly on [0, 1]. By the choice of y, w there exist zs — w(1) when
§ — 0+ such that ks := (1) +0y(1)+ 6225 € K. This yields |z5(1) —z(1) —y(1) —6225| = 0(52).
Since limg_,04 ||us — /|1 = 0, from Theorem 3.1 we deduce the existence of controls us such that
|lits — ts]|1 = 0(6%) and the corresponding trajectories Zs of (1.1) satisfy Zs(1) € K.

By the Lipschitz continuity of f for a constant ¢; > 0 independent from § we have ||Z5—Zs||c0c <
c1||is — ts||1 = 0(6%) and the result follows with (x5, us) equal to (Zs, us).
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5. PROOFS OF THE MAIN RESULTS

It is not difficult to realise that under assumptions of Theorem 3.1 to every control u € U
corresponds a unique solution z,(-) of control system (1.1) defined on [0, 1] and that the mapping
U>3uw x, € C([0,1],R") is continuous.

Theorem 3.1 is an inverse function like theorem. But, because controls belong to the metric
space U, it is not possible to differentiate the end-point map & > u — x,,(1) and to use a classical
inverse function theorem. Instead we replace derivatives by variations. Observe that U x K is a
complete metric space with the metric D((uy, k1), (u2, ko)) = ||ug — ua||1 + |k1 — k2|. Define the
continuous mapping G : U x K — R" by G(u, k) := x,(1) — k.

For every u € U, k € K, the first-order contingent variation of G at (u, k) is defined by
G(B5(u7 k)) - G(uv k)

6 )
where Bj(u, k) denotes the closed ball in ¢ x K centered at (u, k) of radius 6 > 0.

Though the whole set of variations is difficult to compute, for our purposes we only need a
subset of variations that can be expressed via the reachable set R*(1).

G (u, k) := Limsups_,o4

Lemma 5.1. Consider a trajectory-control pair (Z,u) with (1) € K. Under assumptions of
Theorem 3.1 there exist € > 0, p > 0 such that pB C @G (u, k) for every (u,k) € U x K
satisfying ||u — ull1 + [k — Z(1)| < e.

The proof is postponed to the appendix.

Proof of Theorem 3.1. The proof follows immediately from Lemma 5.1 and the inverse
mapping theorem [4, Theorem 3.2] applied on the metric space U x K.

Proof of Theorem 3.6. Fix { = (y,u) € Z as in Theorem 3.6 and define gy = .

Step 1. If for some i =1,...,r, Z(1) ¢ OKY, then this constraint can be neglected and in the
final result we set o; = 0. From now on we assume that every ¢ is active.

For every i = 0,...,r define Q; := R™ if (¢}(z(1)),y(1)) < 0 and

Qi={neR": (gi(z(1)),n) + %(gé/(i“(l))y(l)vy(m <0} if (gj(2(1)),y(1)) = 0.

Then Q; is open and convex for i = 0,...,r. If there exists ¢ = 0, ...,7 such that Q; = ), then
gi(z(1)) = 0 and y(1)*¢/(z(1))y(1) > 0. Set a; =1 and a; = 0 whenever j # i. Then the claim
of the theorem is verified with (p,q, v, u) = 0.

From now on we assume that Q; # () for every i =0, ..., 7.

Step 2. For any j =1,...,s, consider the open convex subset of C([0, 1]), R™)

7y ={we co )R - max ((®(0),wn) + 3 (@ @)y, u(0)) <0},

tGMJ‘O

If for some j =1, ..., s, Z(t) ¢ 0K for every t € [0,1], then the constraint ®;(x(t)) < 0 can be
neglected and in the final result we set p; = 0. If for some j, the set F; = ) and Mo # 0, then
taking w(-) = —k®;(Z(-)), for every positive integer k we can find ¢, € M such that

1) (1) + 5 (] @0y, (1) = 0.

Let t € Mo be the limit of a subsequence of ;. Since %(@3-’(f(tk))y(tk), y(tg)) > k|<1>;-(:i(tk))|2,

we deduce that ®(Z(t)) = 0 and (®7(zZ(t))y(t),y(t)) > 0. Define u; = 0; (the Dirac measure)

and set p; = 0 for ¢ # j. Then all the conclusions of our theorem are valid with («, ¢, p, %) = 0.
From now on we assume that F; # () for every j =1,...,s.
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Step 3. Define I' : C([0, 1], R™) — R"™ by I'(w) = w(1). Since I is surjective, its adjoint I'* is
injective. By (2.1), ©1 := © + Ck(Z(1)) is a convex subset of T;@) (z(1),y(1)). We claim that
_ _ 1 _
(5.1) (' (@(1)),9(1) =0, (' (2(1)),w(1)) + 5 (" (@(1))y(1), y(1)) = 0
for any w(1) € (Ni_; Qi)N (ﬂjzl F(]:])) NO;NRYZ)(1). Indeed, fix w(1) in this intersection. By

Theorem 4.1, for every d > 0 there exists a trajectory-control pair (zs,us) such that zs(1) € K,
lims o4 |lus — a1 = 0 and lims 04 ||75]|0o = 0, where 75 := (x5 — z — Sy — 62w) /52 Since

gi(s(1) = gi(#(1)) + gl (#(1),y(1) + 8 (gl (1), w(1) + 3 (ol Ey(1), 5(1)) +0(5?),

by the definition of @; for all § > 0 sufficiently small g;(z5(1)) < 0 for every ¢ = 1,...,7.
Similarly to [7, pp. 2368-2369] we verify that max,c(p 1) ®;j(ws(t)) < 0 for all small § > 0 and
any j = 1,...,s. Therefore (x5, us) is admissible whenever § > 0 is small. Furthermore,
_ _ _ 1
p(z5(1)) = (z(1)) + (¢ (2(1)), y(1)) + 8 (¢ (2(1)), w(1)) + (" @M)y(1),9(1)) +0(6?).

But ¢(z(1)) < ¢(x5(1)) for all small 6 > 0. Since (y,w) is critical, we deduce (5.1).
Step 4. Observe next that if for some i = 1, ..., 7 we have g/(Z (1)) =0or (gi(z(1)),y(1)) <0,
then @; = R™. From Step 3 we deduce that

Qo N ( N Qi) N (ﬂ r(fj)) N6, N R (1) = 0.
iE1(2(1).y(1) j=1

By Proposition 2.1 there exist ¢ € (R")* for i € {0} U I(2(1),y(1)), nj € (R")" for j =1,...,s
and ¢*, p; € (R™)* not vanishing simultaneously such that

(5.2) G+ Y, GAHY M+ +pi=0,
iel@1)y() =1
(5.3) 3 inf ¢F(Qi) + Y infy (T(F))) + inf ¢*(©1) + inf p] (RL<2>(1)) > 0.
i€{0}UI(2(1),y(1) =1

If ¢'(Z(1)) = 0, then (§ = 0 and set g = 0. Then inf {5(Qo) = SLy(1)*¢"(#(1))y(1). This and
Proposition 2.2 imply that for every i € {0} U I(Z(1),y(1)) we have

G = —augh(@(1)", f G (Q) = Fy()'g/ (@(1)y(1)

with some «o; > 0. For any i € {1,...,7}\I(Z(1),y(1)) define o;; = 0.

From (5.3) we deduce that inf (*(© + Ck(Z(1))) > —oo. Therefore —¢ € Nk (z(1)). Set
q = —(. Clearly inf (*(01) = inf (*(©) and therefore in (5.3) we may replace ©; by O.

Step 5. Fix j. Define X = C([0,1],R"), z* =I5}, yo = %(@;’(a’:())y(),y(» € X, the linear
operator X > w(-) — A(w()) = ®4(Z(-))w(-) and the convex continuous function F(w) =
maxge pm,, ((Aw)(t) + yo(t)) for w € X. Denote by F™* the Fenchel conjugate of F'. Since (5.3)
yields inf 2*(F;) > —oo, by [7, Lemma 2.3] there exist 27 € Dom F* and § > 0 such that

x* = —fa7 and inf 2*(F;) = —BF*(z}). Consider the convex positively homogeneous function
#(z) = maxienm,, 2(t) for z € C([0,1],R). By [7, Lemma 2.5], there exists z3 € d¢(0) such
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that 7 = A*z5 and F*(z]) = —x5(yo). Finally, [7, Lemma 2.6] implies that z3 is given by a
probability measure jz; with the support contained in M y. Setting p; = Spi; we deduce that

inf a* () = o) = /[0H<<1>;~'<x<t>>y<t>,y<t>>duj<t>.

Define 9, ¢ € NBV([O 1],R"™) by (3.5). Using that I'"n}(w) = 63:1( ) = —BA* Hw) =
—Bai(Aw) f[o W t) dip;(t) for every w € X, we finally obtain 7} (w fo t) dy;(t)

Step 6. From (5. 3) it follows that inf pt (R (1)) is bounded from below. le any trajectory
w of (3.12) and observe that for any trajectory-control pair (z,v) of (3.2) and any A > 0 we
have w(1) + Az(1) € RX?)(1). Therefore (py, (1)) > 0. Consider the solution p(-) of the adjoint
system (3.6) with «, ¢, as defined above. Since by (5.2)

S
pi = aog'( +Zazng )*—Zn}“+q*,

we deduce from (5.3) that for every trajectory-control pair (z,v) of (3.2),

(5.4) agy' (z(1))"(=(1)) + Zaigé(f(l) Z/ t) dip;(t) + (g, 2(1)) = 0.
i=1 [0.1]
Thus from the equality (1;(1),z(1)) = f t) dy;(t) + fo )) dt it follows that

1
_2/01] 2(t) dy;(t /0 ((t), 2(t)) dt — ((1), z(1)).
Using (3.6), from (5.4) we obtain (p( ) + fo ))dt > 0 and therefore

1 1 1
0< /0 (B(1). =(1)) + (p(t), £(2)) dt + /0 (W(t), 2() dt = /0 () + (1), v(t))) .

The measurable selection theorem implies that («, q,p, ¥, 1n) € A(Z, ).
Step 7. Consider a trajectory-controls quadruple (w,v,0,0) of (3.12). Using results of the

above calculations in inequality (5.3) we deduce that
(5.5) icforura) ) 2¥(1)7g (@(1))y(1) + infoco(—q, 0)+
' 3 2521 Jo (@7 (@) y(t), (1)) dpj (t) + pi(w(1)) > 0.

On the other hand,

pi(w(1)) = (p(1 ) w(1)) + (1), w(1)) — 325 1fo (£) dipy (1) = (p(1),w(1)) + f ((t), (1)) dt
= fo p(t) + $(®) fult], w(t)) dt + [ (p(t) + @0( ) w(t)) a
= o () + $(2)), fultlo(t) + 360 f7[1E()) At

This and (5.5) yleld

1
Q6. aup+vup) + jof (=0.0) + [ G o(e) e > 0

where [t] := (a‘c(t) t),p(t) + ¥ (t)). Observe that for every ¥ € V2(u,u) there exist essentially
bounded v; € V2(u,u) such that (H,[-],v;(+)) converge to (H,[],(-)) in L(]0,1],R). Thus

f\ l\D\)—‘

1
SOUE @ p+,0) + juf (—g,0)+ _inf )/O (Halt], 0(8)) dt > 0.

veV2(a,u
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The conclusion (3.11) follows from the measurable selection theorem as in [8, end of Section 5].

Proof of Theorem 3.9. By Step 1 of the proof of Theorem 3.6, if Qo = (), then the
conclusion of Theorem 3.6 holds with oy = 1. Assume next that Qo # 0. Let w(-) be as in our
assumptions. Hence Q; # () for all i =1, ..., and F; # () for j = 1,...,s. By Step 4 of the proof
of Theorem 3.6 we have only to show that ¢(§ # 0. Indeed, otherwise, by (5.3),

Z inf (@ )+ Zlnf n; (T w(l)) +inf ¢* (01 —w(1)) > 0.
i€l (@(1),y(1))
This and the choice of w(1) yield ¢ = 0 for every i € I(z(1),y(1)) and n; = 0 for every
j=1,...,s. Consequently, by (5.2), p1 = —C € Ng(z(1)). This and (5.3) imply that
inf p (RL<2>(1)) = inf (—Cz)>—

2z€RL(?2)
Since R¥?) (1) + ARL(1) ¢ RLA)(1) for any A > 0 we obtain sup ((R%(1)) < 0 contradicting
(3.3).

Proof of Corollary 3.11. By (3.14) A/(z(1)) is surjective. This and the separation theorem
imply (3.3). Let (o, q,p, %, 1) be as in the conclusions of Theorem 3.6 for © = T[b(@) (z(1),y(1)),
see (3.13). Then ¢ = Zle Bihli(Z(1)) for some B € R¥. On the other hand, for any v €
T3 (2(1),y(1)) we have S5 8, (h4(2(1)), 0) + 3 325, Bi(hY/(#(1)y(1), (1)) = 0. Theorem 3.6
implies the result.

Proof of Corollary 3.12. If (3.14) is verified, then, as in the proof of Corollary 3.11, (3.3)
holds true. Let («,q,p, %, 1) be as in the proof of Theorem 3.6. Then ¢ = Zle Bihl(z(1)) for
some 8 € R¥ and (—q,v) = L S 8,(h(2(1))y(1), y(1)) for any v € o2 (2(1),y(1)). Pick any
trajectory-controls quadruple (w,v, k, ) of (3.12) (even not necessarily satisfying (3.16)). The
same arguments as in Step 7 of the proof of Theorem 3.6 imply the inequality of Corollary 3.12
in this case. (In Step 7 we have set k = 0, 7 = 0 because, by the minimum principle (3.7), this
extra term would not have any impact on the final results).

Assume next that 0 is the boundary point of the compact set A'(Z(1))(R%(1)). Then, by the
separation theorem, there exists gy € R¥ different from zero such that

(5.6) zenéifh)@o’ h'(z(1))z) = 0.

Set (v, 1, ) =0, B = qo and consider the solution p of (3.6) with ¢ := Zle Bihi(Z(1)). Then,
as before, (5.6) and the measurable selection theorem imply (3.7). Furthermore, if a trajectory-
controls quadruple (w,v, k,m) of (3.12) satisfies (3.16), then

(p(1) Zﬁz )*hi (z(1))y(1) = 0.
On the other hand, as in Step 7 of the proof of Theorem 3.6,

1
w0 w) = [ (0000) + FOCHED. €0) + G0, m0x(0)) .

Hence
1 ! * // " !
5 | s g Zﬁzy PR + [ (00 + (ple).m(e)x(0) dt = 0

completing the proof.
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6. APPENDIX.

Proof of Lemma 5.1. We claim that
(6.1) 0 € Int(R“(1) — Cx(z(1)) N B).

Indeed, since 0 € R*(1)N(Ck (2(1))NB), if (6.1) does not hold, then, by the separation theorem,
for some 0 # p € R™ we have inf(p, R*(1) — Ck(2(1)) N B) > 0 implying that inf(p, R*(1)) > 0
and sup(p, Cx (Z(1))NB) < 0. The set Cx(Z(1)) being a cone we deduce that sup(p, Cx (z(1))) <
0. Therefore inf(p, R¥(1) — C(Z(1))) > 0 in contradiction with assumption (3.3).

Fix k € K, u € U and the corresponding trajectory x,(-) of (1.1). Let M > 0 be such that
U C B(0,M), t € (0,1] be a Lebesgue point of f(xy(:),u(:)) and pick any ug € U. For any
d € (0,2Mt) define the control

Jou  if s€[t—09/2M,t]
us(s) = { u(s) otherwise.

Observe that d(ug,u) < ¢ and therefore (us, k) € Bjs(u, k). Let 2° be the corresponding trajec-
tory of the control system (1.1). Then the usual well known calculation yields

20(t) — x4
Jim TOZE) (0 w0) — F(ralt),u(0).

Denoting by X, () the fundamental solution of the system X' = f.(z,(t),u(t))X, X(0) = Id,
from the variational equation we deduce that

.1'6 — Ty —
et (1)5(1) - ﬁXu(l)Xu(t) H(f(@ult),u0) — flzu(t),ult))) .

Therefore, X, (1) Xy (t) ™1 (f (@ (t), uo) — f (@ (t), u(t))) € 2M G (u, k). Since ug € U is arbitrary,
Xu(DXu ()7 (f(@a(t),U) = fla(t),u(t)) € 2M G (u, k)
for a.e t € [0, 1]. Hence for every measurable selection v(t) € f(xy(t),U) — f(xy(t),u(t)) and for
a.e. t € [0,1] we have X, (1)X,(t)"'v(t) € 2MGW (u, k). Integrating, we obtain
1
/ Xo(1)Xu(t) ot dt € 20076 GO (u, k).
0

Denote by RE(1) the reachable set at time 1 of the following control system

{é(t) = fo(zu(t),u(t)z(t) +v(t), v(t) € f(zu(t),U) = fzu(t), u(t)) a.e.
z(0) = 0.

We have shown that for any k € K, RE(1) ¢ 2Mco GM (u, k). Let v € T (k) satisfy |v] < 1.
Then there exist 6; — 0+, v; — v such that k + d;v; € K and |v;| < 1 for all i. Therefore
(u,k + 6;v;) € Bs,(u,k) and the very definition of G (u, k) yields —v € G (u, k). We have
shown that —Tx (k)N Int(B) ¢ GW(u,k). Since Tk (k) is a cone and G™M(u, k) is closed,
it follows that —Tx (k) N B € GW(u,k) for any k € K. Consequently, —co (Tx (k) N B) C
@6 G (u, k). Combining with RE(1) ¢ 2Mee G (u, k), we obtain, by the arbitrariness of
u €U and k € K, that

(6.2) RE(1) — co (T (k)N B) € (2M + 1)eo GV (u, k) Vuel, ke K.
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By the separation theorem and (6.1) for some § > 0, sup({p, RF(1) — Cx(Zz(1)) N B)) > 36§
for each p € S"~!. Using the boundedness of sets R(1) and Ck(z(1)) N B, we can find
{b1,...,bs} € R¥(1) and {ay,...,ar} C Cx(Z(1)) N B such that for every p € S"~! we have

(6.3) sup({p, co{b, ..., be} — co{aq, ..., ap})) > 24.

Denote by —f the convergence in K. Recalling that Ck (7(1)) = Liminfy,_,, 51Tk (k), see
for instance [1, Chapter 4], by (6.3), for some € > 0 and every k € K N B(Z(1),¢)

(6.4) sup({p, co{b1,...,bs} —co(Tx (k)N B))) > &
for any p € S™~1. By the separation theorem, this is equivalent
(6.5) 0B C co{by,....,by} —co(Tx(k)NB) Yk € KN B(z(1),¢).

To prove our lemma it remains to show that for some p > 0 and all u € U close to @ in
LY([0,1],R™) and k € K close to (1) we have pB C RL(1) — co(Tx (k) N B). Assume by a
contradiction that we can find u; — @ in L', k; € K converging to Z(1) and z; € R™ con-
verging to zero such that z; ¢ RL (1) — co(Tk (ki) N B). Denote by ; the trajectory of (1.1)
corresponding to the control u;. By our assumptions, x; — Z uniformly on [0,1]. Taking a
subsequence and keeping the same notation we may assume that u; — u almost everywhere.
Then lim;_o0 fo(zi(t),ui(t)) = fz(Z(t),u(t)) and lim; o f(2i(t), ui(t)) = f(Z(t),u(t)) a.e.. This
and the Gronwall inequality imply that X, converge to X uniformly on [0,1]. Consequently
also X converge to X ! uniformly on [0, 1].

Fix 1 < j < ¢ and let v(t) € f(z(t),U) — f[t] be a control such that the corresponding
trajectory z(-) satisfies z(1) = b; (such v(-) does exist because after removing the convex hull
in (3.2) the reachable set remains the same). By the measurable selection theorem, for some
u € U we have v(t) = f(z(t),u(t)) — f[t] a.e. in [0, 1]. Notice next that lim; o f(x;(t), u(t)) =
f(z(t),u(t)) for all t € [0,1] and define

1
yi(1) := ]ﬁ Xy (D)X, ()7 (F(i(t), u(t) — f(@i(t), wi(?))) dt.

Then y;(1) € RE (1) and lim;o0 yi(1) = bj. Since j € {1,...,¢} is arbitrary, the convexity of
RL (1) and (6.5) imply that for all ¢ sufficiently large and all k € K near Z(1) we have

0
;B C RL (1) — @0 (Tk (k)N B).
This contradicts the choice of z; and completes the proof.
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