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ABSTRACT

Estimation of the extreme-value index of a heavy-tailed distribution is investigated
when some functional random covariate (i.e. valued in some infinite-dimensional
space) information is available and the scalar response variable is right-censored. A
weighted kernel version of Hill’s estimator of the extreme-value index is proposed
and its asymptotic normality is established under mild assumptions. A simulation
study is conducted to assess the finite-sample behavior of the proposed estimator.

KEYWORDS
Kernel estimator; Functional data; Censored data; Conditional extreme value
index; Heavy-tailed distributions

1. Introduction

In this paper, we are interested in nonparametric conditional tail index estimation of
the conditional distribution of the random variable of interest given a covariate. When
some covariate is recorded simultaneously with the quantity of interest Y, the tail
index can depend on the covariate and is referred in the sequel to as conditional tail
index or conditional extreme value-index. This parameter drives the tail heaviness of
the distribution of Y and thus plays a central role in the analysis of extremes, making
its estimation a crucial issue. Then, we consider the situation where some covariate
information X is available to the investigator, and the distribution of Y depends on X.

Specifically, we focus on the problem of estimating a conditional extreme-value index
of a heavy-tailed distribution when some functional covariate information X € E
is available, where E is an infinite dimensional space associated with a semi-metric
d(-,-). The analysis of functional data have been extensively studied for example in
[23] the authors have developed the fundamental theory around the functional data.
Parametric model estimators are developed [3,24] and nonparametric estimators have
been proposed in [10] by establishing the strong consistency of estimators related
to regression function. Despite the greater interest in practice, the study of the
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functional random covariate case have been initiated recently, we refer to the works
in [14] based on the estimation of extreme rainfalls given the geographical location
and also in [12] they studied the extreme temperatures given topological parameters
and the estimation of extreme earthquakes given the location in [22].

Normally, in real-life practical application, the variable of interest may be incomplete.
In classical applications such as the analysis of lifetime data (survival analysis,
reliability theory, insurance), a typical feature which appears is censorship. For
example, in medical follow up, the response variable Y represents the time elapsed
from the entry of a patient in, say, a follow-up study until death. If, at the time that
the data collection is performed, the patient is still alive or has withdrawn from the
study for some reason, the variable of interest Y will not be available. A convenient
way to model this situation is the introduction of a random variable C' (called a
censoring random variable), independent of Y, such that only the pairs (Z;,9;),
1 <4 < n are observed where Z; = min(Y;,C;) and §; = 1yy,<c,y and 1gay is the
indicator function of the event A.

Estimation of the extreme value-index or high quantiles with censored data when
covariate information is not available was the purpose of many investigations.
When there is no covariate information, estimation of the extreme-value index from
censored data is considered by [2,4,7,9,18,19] and [27]. [1] and [9] additionally address
estimation of extreme quantiles. [20] and [21] address estimation of the conditional
extreme-value index and conditional extreme quantiles with fixed and random
covariates.

Some important literature is devoted to the estimation of the conditional quantile
of a scalar response given a functional covariate. [15] dealt with the estimation
of conditional quantiles when the covariate is functional and when the order
of the quantiles converges to one as the sample size increases. [5] investigated
the conditional quantile estimation of a randomly censored scalar response variable
given a functional random covariate whenever a stationary ergodic data are considered.

However, based on the literature and our knowledge, estimation of the functional
conditional extreme value-index of a heavy-tailed distribution under random right
censoring has not yet been addressed, when covariate is a functional random variable.
Our methodology combines a kernel version of Hill?s estimator of the extreme-value
index (such as developed in [17] in the uncensored case) with a weighting term whose
role is to correct for censoring (such as in [9] and [4], who estimate the unconditional
extreme-value index with censoring). This idea is already used in [21]. Following the
same idea, we propose a functional Hill-type estimator depending on a semi-metric

d(.,.).

The remainder of this paper is organized as follows. Some notation and definition are
introduced in Section 2. The construction of our estimator of the functional conditional
extreme value index is summarized in Section 3. Assumptions are introduced and the
asymptotic normality of the proposed estimator is established in Section 4. Section 5
illustrates the finite sample behavior of the proposed estimator via simulations. The
conclusion and some perspectives are presented in Section 6. All proofs are presented
in the Appendix in Section 7.



2. Notation and Definition

Let (X;,Y;) ¢ = 1,--- ,n be the independent copies of the random pairs (X,Y),
where Y is positive real random variable and X be a functional random variable,
X € E is an infinite dimensional space associated to semi-metric. We assume that
the variable Y is randomly right censored by a positive random variable C' defined on
the same probability space (2,C,P) as Y. Therefore, we really observe independent
triplets (X, d;, Z;), where Z; = min(Y;, C;) and 6; = l4y,<c,) for i = 1---,n where
14 is the indicator function of the event A.

We assume that Y and C are independent given X = z, where C1,--- , (), are inde-
pendent each other. Let F(:|z) and G(-|x) be the conditional cumulative distribution
functions of random variables Y and C' given X = x respectively.

Let F(:]x) and G(-|z) be the conditional survival function of random variable Y and
C given X = x respectively.

In this paper, we focus on heavy tails. More specifically, we assume that the condi-
tional survival function satisfies the following condition

(A1).

Fiie) =nwen - [ (15 —abim) 2} 1)

Glthe) = ra(a)exp { - | t (o~ 2l ) 21 )

where 71 (), v2(x) are positive unknown functions of the covariate x, r1, 73 are positive
functions and |eq(u|x)|, |e2(u|x)| are continuous and ultimately decreasing to zero.
From (1) and (2), we can state that the conditional distribution functions of ¥ and C
given X = x are in Fréchet maximal domain of attraction. Thus, v (x) and v2(x) are
taken as the conditional extreme tail index functions. Therefore, for all ¢ > 0, F(-|z)

and G(-|r) are regularly varying functions at infinity with index —#(z) and —

and

1
72 ()
respectively. Thus,

F(ulx) = u_ﬁLl(UM) and G(ul|z) = u_ﬁLg(ukc)

where for x fixed, Li(.|x) and La(.|z) are slowly varying functions at infinity, that is,
for all A > 0,

L;
lim 7()\u]$)

—1, i=1,2
y—oo Lj(u|x) ’

By conditional independence between Y and C, the conditional survival function
H(-|x) of Z given X = x is also a regularly varying function at infinity with index



—ﬁ as expressed as follow:

H(zlr) = 1— H(z|x) = F(t|z)G(t|r)
! du
= r(x)exp —/ <— e(plx )}
@esp{= [ (i~ Culan) &
with v(z) = v (z)p(x) where p(x) = W% is the ultimate proportion of un-
censored observations among Z;,¢ = 1,--- ,n; the proof of this statement is out of

scope of presented paper (see [9,20] for more details) and r(x) = ri(z)ra(x),e(p|z) =
e1(p|z) +e2(p]x). In the sequel, we further assume that L;(u|z), i = 1,2 belong to the
Hall class of slowly-varying functions.

3. Construction of the estimator

Let (X;,0i, Z;),i=1,...,n, be independent realizations of the random vector (X, 9, Z)
where Z; = min(Y;, C;) and §; = lyy,<¢,y fori=1--- ,nand (X,Z) € E x R%.

If Z; were uncensored it means that Z; = Y; for all 4, in [17], the authors proposed a
Hill’s version of the conditional extreme value index when the covariate response is in
RP. Following the same idea, we propose a functional Hill-type estimator depending
on a semi-metric d(.,.):

n

() =) K (hd(x, X,)) (log Zi — 108 Yn) Lz, 5.3/ O K (W d(z, Xi) 17,54}, (3)
=1 =1

where K(.) is a real-valued kernel function on E, h = h,, is a positive non-random
bandwidth sequence such that h — 0 as n — oo and ¥, is non-random threshold
sequence with y, — oo as n — oo.

The estimator (3) is not consistent for v;(x) if it is directly applied to the censored
sample (Xj,0;,7Z;),i = 1,---,n. Indeed, under appropriate regularity assumptions,
estimator (3) will converge to the extreme-value index y(z) of the conditional distri-
bution of Z given X = z. To accommodate censoring, we suggest, like in [21], to divide
(3) by the proportion p,(x) of uncensored observations among the Z;,i = 1,--- ,n that
are larger than y,, in a neighborhood of x:

» (yn2)

)= (o)

<

_ n -1 n
where Hp(yn|z) = Z¢:1 Bi(ﬂf)l{Z»yn}’ H,(ynlz) = Zizl Bi($)1{2i>yn,6i:1} and
B;(x) are the well-known Nadaraya-Watson weights defined by

K(h ld(z, X;))

B = S Ko, X))

The survival functions H,,(y,|z) and ﬁi(yn\x) can be rewritten as follow:
—1 5 . - 2 R .
Hy(ynl®) = Yn(yn, 2)/gn(z) and Hn(ynlr) = Cu(yn,7)/gn(x) respectively,



where &n(ynv ) = <1> Zz 1K( ))1{Z>yn, §;=1} and én(ynvx) =

d(x, X d(x,X;
(TZ”KU ))1{Z>y}andgn():(u(17>211K(( ))
Therefore we propose to estimate 71 (.) by

Al (@) = 2 (4)

This estimator depends on the bandwidth h, the threshold g, and the semi-metric
d(-,-). The choice of the semi-metric is a crucial point in nonparametric functional
data analysis (see [11]). To the best of our knowledge, theoretical advances for
choosing the semi-metric in practical situations have not yet been developed.
Once the semi-metric has been chosen, packages are available in the literature (see
https://cran.r-project.org/web/packages/fda.usc/index.html) to evaluate
proximities between functional data. In the simulation study in Section 5, we will
discussed the impact of the degree of derivatives on the performance of our estimator
when semi-metric based on derivatives are considered for smooth curves as covariates.

Let us introduce the following conditional expectation whose asymptotic expansion
will enable us to study the asymptotic expansion of our proposed estimator (4)

Sn(yn,752) = E [(log Z — log yn) (7531 X = 2] . ()

4. Assumptions and asymptotic results

In this section, we first give some regularity conditions for proving our results. Some
of those assumptions have been adapted from different authors including [5,13,15]; [21].

(A2). The kernel K is classical kernel density function with support [0, 1], and there
exist real number 0 < C' < C’ < oo such that C < K(t) < C’ for all ¢ € [0, 1].

(A3). There exist K, > 0, K. > 0, K, > 0, o > 1 such that for all (z,2’) €¢ ExE
and p > po,

‘logr x) — log r(x '){ < Kpd(z,2'),
e(ulz) - ke )| < Ked(z,2),
’ < Kyd(z,2).

To make everything clearly, we may assume that the integral of K is
equal to one. Under condition (A2), we introduce the new notation that

p(h) = B [KI (hd(z, X))] for j = 1,2.

Let B(t,r) be the ball of center ¢ and radius r then we define the function
wz(h) = P(X € B(z,h)) which is the small ball probability. By condition (AZ2)

and Lemma 7.2 in the Appendix, it is shown that for j > 0, ,ugf )(h) has the same
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asymptotic order as ¢, (h).

(A4). Suppose that there exist a function p(z) < 0 and a regularly varying function
A(+|x) which not changing the sign eventually at infinity with index p(x) and with
limy, 00 A(yn|2) = 0 such that for all z > 0,

wP®@ 1
v A(t|z) p(z)

The aforementioned condition is called second-order condition in classical extreme
value theory.

Considering the condition (A4) which control the behavior of H* (-|x), we need
an additional condition to control the oscillation of H* (u|x) when considered as
a function of the covariate x. That condition is expressed in terms of conditional
expectation Sy (yn,7; x) defined in (5) as defined in [16].

(A5). The conditional expectation S, (yn,r;x) satisfies that, for y, — oco,h — 0 as
n— oo and (z/,2) EEXE

Sn(ym T, .%'/)
Sn(Yn, 75 )

D, (yn, h;x) := sup  sup [ — 1' l{d(w/7$)<h}] =0 ifn — co.
z,h)

re{1,2} 2’eB(

Remark 1. For sake of simplicity, we choose to deal with the naive kernel estimator.
It is easy to construct a smooth version of this naive estimator. To do so, it suffices
to change the basic indicator function into a smooth cumulative distribution function.
For more details, see [11]. However, the theoretical properties stated in Theorem 4.1
can not be considered as valid for the smooth version of our estimator.

We now derive the limiting distribution of the proposed estimator (4) of ;(z). The
proof is given in the Appendix.

Theorem 4.1. Suppose (A1)-(A5) hold. Let y, be non-random threshold sequence
and h be a sequence of bandwidth, such that y, — oo and h — 0, nH (y,|x) — oo,

o1 (x) <A <ﬁ(y1n|x)) V (hlogy,) V gox(h)> — 0 as n — oco. For all x € E, such that
oz (h) >0,

where

(z) = [ nH( I)W
on(x) = | nH(yn|z ug)(h)

The condition o, !(x) (A (F(; |I)> \/(hlogyn)\/gom(h)> — 0 in Theorem 6 is



a combination of three conditions. The first one o, '(z)A (ﬁ(; m) — 0

is similar to the one in [21] and [17] and is classical in extreme value
(n)(h))?
s ()
ing to Lemma 7.2 below, o,'(x)((hlogy,)V ¢z(h)) — 0 is equivalent to
nH (yn| )@ (h) (hlogyn) V ¢z(h))* = 0. It imposes to hlogy, and ¢, (h) to be neg-
ligible compared to the standard deviation o, (z) of the estimator. For practical im-
plementation, we have to choose the bandwidth h and the non-random threshold
sequence such that y, = Z(,_y) is in the ball B(z,h), where Z,_j, is the (n — k) th
order statistic.

theory. Since has the same asymptotic order as ;(h) accord-

5. Simulation studies

In this section, we assess, via simulations, finite-sample performance of our estimator
(4). We also provide comparisons with two simple estimation strategies of the tail
index of a heavy-tailed distribution under random censoring.

5.1. Simulation design

The main goal of this section is to demonstrate the efficiency of the proposed estimator
in terms of consistency. For this purpose, we consider the simulation of N = 500
replications of a sample of size n (n = 200, n = 500) of random triple (X;, d;, Z;) where
Z; = min(Cy,Y;) and X; is a functional covariate X € E which is defined by

X(t) = Q2 —cos(nWt)) + (1 — Q)cos(xWt), forall te]0,1],

where W is normally distributed with mean zero and unit variance and 2 is a random
variable Bernoulli distributed with parameter p = 1/2 as in [5].

Figure 1 below illustrates some realization of random curves of the given functional
random variable X ().

plot of 10 realization curves
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00
|
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\
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Figure 1. Ten realization of the random curves of function X ().

The conditional distribution of Y given X = x is a Burr distribution with parameter



7(z) =2, 1 (z) = 2/(8 || X ||3 —3), which implies that v, (x) = , with

1
(@) (2)

sin(7 )

1 )
1 3= [ X*@)de = 192 - 4020 - 1 L, i),
0 T

+(2Q — 1)? [2 +—

The conditional distribution of C' given X = z is also Burr distribution with parameter
Yo (x) = W, where the parameter v2(x) is chosen to yield various values for the

overall censoring percentage ¢ (¢ = 10%, 20%, 30%, 40%). Since v(x) = v1(x)p(z) with

p(z) = - (:Z)szy)z @ = ;\)f;\)z @ is the ultimate proportion of uncensored observations

among Z; for i = 1,--- ,n then 7 (z) is selected, we choose y2(z) such that 1 — p(z)
is approximately to (10%, 20%, 30%, 40%) as censoring percentage.

In this simulation, we are interested to calculate the conditional tail index estimator
presented in Equation (4). In practice there is some parameters to be fixed. Let K be
an asymmetric linear kernel defined as K(u) = (1.9 — 1.8u)1jg j(u). Our simulation

show that the choice of kernel has no impact. The estimator f?ﬁH(m) depends on the
bandwidth parameter h which is chosen using the cross-validation implemented in [15].

n n
~ 2
hopt: 1 (1 ) ) *F —i(Z; ) )

with F,,_; is the kernel conditional Kaplan-Meier estimator used in [21] which depends
on parameter h. The aforementioned estimator is calculated on the sample (X}, d;, Z;),
forj=1,---,n and i # j.

In case the bandwidth is already been selected then, next step is to determine the non
random threshold y,,. We take y,, as the (n — k)th order statistic Z(n—r), as is classical
in extreme value statistics. Several method have been mentioned in literature and in
this paper we adopted the method used by [21] as described as follow:

(1) we compute the estimate 4%, () with k=1,--- ,n — 1,

(2) we form several successive ”blocks” of estimates 'Ayflflk(:c) (one block for k €
{1,...,15}, a second block for k € {16,...,30} and so on),

(3) we calculate the standard deviation of the estimates within each block,

(4) we determine the k-value to be used (thereafter denoted by k*) from the block
with minimal standard deviation. Precisely, we take the middle value of the
Ek-values in the block (see [16,21])

Finally, we estimate v (z) by 327 (z) with (h, k) = (h*, k*).

Other thing to discuss is the selection of semi-metric whose choice will become an
important stage for the behavior of nonparametric statistics for functional data. Ac-
cording to the literature the semi-metric based on the derivative are used in practice
for the smoothing curve while semi-metric based on functional principal analysis and
partial least squares are adapted for rough curves for more details, refer to [11]. Since
the curves of X (t) are smoothing curves according to [15], the semi-metric distance
based on the derivative will be used to determine the distance between two curves X3



and X5. We consider the semi-metric:

derive (@) (@) 2
ddeTive (X, Xy) = / (x90) - x(1))" . (6)
where ¢ is the degree of derivative and where X (@ denotes the gth derivative of X.

5.2. Results

The performance of our estimator ‘yflfk () defined in (4) is evaluated using Mean

Squared Error (MSE) and Mean Absolute Error (MAE). We also provide the averaged
value (over the N samples) of the number of threshold excesses k*. The accuracy of
our estimator depends on the censoring percentage and on the degree of derivative of
the semi-metric dgm”e(., .) defined in (6).

To illustrate the performance of our estimator, we make a comparison with two
simple estimation strategies. The first one is a complete-case procedure ("CC” for
short): we remove all censored observations from the simulated samples. Then, we
compute the estimator proposed in [17] presented in Equation (3). While, the second
strategy is the ignored case, where, we consider that §; for ¢ = 1,--- ,n equally to
one for all observations. We consider the observations Z;, i = 1,...,n as if they were
uncensored. That kind of strategy is called Ignored case (”CI” for Censoring-Ignored).

In Table 1, we give the different value of empirical MSE and empirical MAE of our
estimators at different sample size with respect to the different censoring percentage
and degree of derivative respectively. As expected, the quality of the estimator
deteriorates as the censoring percentage increases and the sample size decreases.
Our estimator performs well at high level of derivative of semi-metric distance.
This is not surprising since semi-metric distance parameter is known to play a key
role to guaranty the behavior of nonparametric statistic in functional data analy-
sis specially when curves appear to be smooth. The interested reader is referred to [11].

Considering the results in Table 1, CI and CC estimators of v;(x) are quitely biased,
even though when censoring is moderate. As result, our estimator in equation (4)
proved a significant result regarding the issues of estimating the functional conditional
extreme value index under censorship.

As illustrated from Table 1, the Hill’s kernel version estimator under censorship (4)
of v1(z) shows to be well performed in almost simulation cases. As result, it performs
quite better on low censoring percentage for large enough sample size and its quality
becomes worst as the censored rate increases and sample size decreases. As by [11]
advice that in cases of the smoothing curve, the semi-metric based on the derivative
is a better one. After going through we have observed that the high order derivative
gives a better result.

Figure 2 shows the boxplots of the N realizations of our estimator (4) for different
values of the censoring percentage ¢ (10%,20%,30%,40%). This figure illustrates the
distribution of the obtained estimates for N = 500 replications of estimator 4 for
sample size n = 200 and n = 500. One can observed that the proposed estimator



performs quite well especially when the sample size is large enough and the censoring
percentage decreases. This conclusion is expected, since it is confirmed by the results
in Table 1.
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Table 1. Table of MSE and MAE of the estimators value with sample size n = 200 and n = 500 for N = 500
replications and Q2 =1 .

For sample size of n = 200

For sample size of n = 500

MSE((¢) MAEG.(@) k| MSE((x) MAE(.(@)  F*

For censorship case
order=4 10% 0.1082 0.2599 65.152 0.0423 0.1653 161.188
20% 0.2277 0.4072 72.096 0.2054 0.3945 185.388
30% 0.6504 0.7666 77.024 0.6503 0.7585 199.204
40% 1.3434 1.1366 81.700 1.3152 1.1357 207.872
order=3 10% 0.1097 0.2698 63.304 0.0449 0.1716 160.132
20% 0.2392 0.4153 72.684 0.1903 0.4021 179.536
30% 0.6790 0.7847 76.296 0.6542 0.7901 195.024
40% 1.3555 1.1429 82.232 1.3478 1.1399 209.060
order=2 10% 0.1098 0.2714 64.032 0.0484 0.1770 162.200
20% 0.2474 0.4243 75.036 0.1968 0.4029 186.136
30% 0.7083 0.8029 78.760 0.6677 0.8009 197.180
40% 1.3692 1.1591 81.028 1.3401 1.1484 207.652

For Ignored case
order=4 10% 0.1293 0.3010 67.280 0.0933 0.2657 160.836
20% 0.3584 0.5448 67.756 0.3314 0.4586 166.248
30% 0.7708 0.8481 71.116 0.7642 0.8320 171.396
40% 1.3964 1.1642 74.812 1.3918 1.1521 189.216
order=3 10% 0.1351 0.3012 64.256 0.0937 0.2606 162.640
20% 0.3863 0.5737 68.904 0.3352 0.5544 166.996
30% 0.7904 0.8604 69.884 0.7790 0.8499 179.536
40% 1.4184 1.1747 74.756 1.4050 1.1684 191.240
order=2 10% 0.1384 0.3020 66.076 0.0970 0.2638 165.192
20% 0.3872 0.5763 70.024 0.3503 0.5601 172.144
30% 0.8068 0.8704 69.996 0.7839 0.8702 179.052
40% 1.4223 1.1763 75.176 1.3912 1.1699 186.312

For Complete case
order=4 10% 0.1452 0.3096 58.805 0.0973 0.2572 148.662
20% 0.3941 0.5624 54.577 0.3498 0.4650 138.925
30% 0.8326 0.8692 51.255 0.7988 0.8464 128.993
40% 1.4637 1.1811 47.553 1.4191 1.1798 120.135
order=3 10% 0.1526 0.3190 60.603 0.0975 0.2573 144.235
20% 0.3999 0.5773 56.256 0.3472 0.5618 134.688
30% 0.8524 0.8878 52.626 0.7915 0.8746 125.360
40% 1.5323 1.2115 48.851 1.4318 1.1868 116.549
order=2 10% 0.1545 0.3200 58.339 0.0987 0.2652 144.933
20% 0.4043 0.5805 54.242 0.3585 0.5631 135.297
30% 0.8562 0.8899 50.807 0.8078 0.8818 126.054
40% 1.5907 1.2961 47.148 1.4424 1.1895 117.176

11
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Figure 2. Boxplot of the N=500 estimates of 1 (x) for censored rate 10%, 20%, 30%, 40% respectively for
sample size n = 200 left and right n = 500.

6. Conclusion and further work

We considered the estimation of the conditional extreme value-index when some func-
tional random covariate (i.e. valued in some infinite-dimensional space) information
is available and the scalar response variable is right-censored. Its asymptotic proper-
ties were established and its finite sample performance was illustrated on a simulation
study. Also a comparison with two simple estimation strategies has been provided. In
future research, we will focus on a functional Weissman kernel type estimator for high
quantiles and establish its asymptotic behavior. The case where the distribution of the
dependent variable Y is not heavy-tailed will also be addressed.

7. Appendix

7.1. Preliminary

In order to prove our results, we now start by introducing the following notation:
H(y|lx) = P(Z > y|X = x) as the conditional survival function of Z given X = x and
ﬁl(y\x) = P(Z > y,6 = 1|X = x) is a sub-distribution function of Z given X = z.

We further define p,(y,) = %’

12



a 1/2

(0 m) T walen ) (g By
Wosle) = |n <¢n<yn,x> %(yn,x)),

—1
i (h) H' (yalo)
1 2__ /2
W ( ) ('U:(E )(h)> H(yn]:r) Cn(yna ) Egn(ymm)
n¢\X) = n — .
Lemma 7.1. Suppose (A1) and (A3) hold. If y,, — oo and hlogy, — 0 as n — oo,
then
sup M — 1‘ = O(hlogyn).
d(a')<h | H(ynl2')

Proof of Lemma 7.1
From (A1), we have

H(y,
o L)

H (yn|2")

=log(r(x)) — log(r(x')) + /ly" (

Under (A3), we easily get

logM < Kpd(x,2') / {(K, + K.)d xaz}—
H (yna')
< Kd@,) + {(K, + K)d(z,2)) / %“
1
< {(KT + (K'y + K. )d(, x/)} log(yn)
< (Kp + (Ky + Ke)hlog(yn)-
Thus,
sup |log M = O(hlog(yn)) = 0,as n — oo
d(z,x")<h H(yn’:U/)

and considering that log(z + 1) ~ z as z — 0, we get the desired result.

Lemma 7.2. Suppose (A2) holds and let x € E such that p.(h) > 0, there erist
constants 0 < C1 < Cy < 0o such that

My )2
él@x(h) < M < é?@x(h)'
)

13



Proof of Lemma 7.2
Under Lemma 3 in [15], we get,

Similarly, we can write

Cloa(h) < pP(h) < Cpu(h). (8)

Using (7) and (8), we prove the desired result.

Lemma 7.3. Suppose (A1)-(A8) hold, let y, — oo and hlogy, — 0 as n — oo.
Then, Yx € E such that @ (h) > 0.

(1) Elen(yn,)] = H(galr) [1 + O(hlog yn)]
(2) Eln(yn, )] = H (yn|z) [1 + O(hlogyy)].
Proof of Lemma 7.3

(1) Let us first recall that

2 1 d SU,XZ'
Cn(ynax> - TZK( ( h ))1{Zi>yn}'
Iz —

The couple (X;, Z;), i = 1,...,n being identically distributed, using conditional
expectation, we can write

Bl (yn, )]_Mgl)l(h)E[ (hd(w, X)) H (gl X)]
Simple calculations yield
Eléu(yn, @) — Hlyala) = Mg)l B L (070 0) X)) = Hlonle)
- %E (K (h\d(x, X)) (F(ynl X) — B (yal2))]
|E[Gn(yn, )] — Hynlz)| < Iig)’zg)ff {K (h~d(z, X)) ’fé(éjé)) 1'1{d<x,X)<h}]a

14



under Lemma 7.1

H(yn| X
‘H((yn||gc)) B 1‘ 1ia(z,x)<n} < hlogyn
thus,
E[Ca(yn, )] — H(yn|z) = H(yn|z)O(hlog yy). o)

(2) Calculations for ¥, (yn,z) are similar as above and are omitted for conciseness.

Lemma 7.4. Suppose (A1)-(A3) hold, let y, — oo and hlogy, — 0 as n — oo.
Then, Yz € E such that ¢, (h) > 0,

Wiy (2) —2 N (0,1),  Wpe(z) =2 N (0,1).

Therefore the random vector Wy,(z) = (Wpy(2), Wy (2))T converges in distribution
to a bivariate Gaussian vector N'(0, M) where,

1 p(x) )
M= .
( p(x) 1
Proof of Lemma 7.4.

Let us first rewrite W,y (2) and W,,¢(z) as follow:

1/2 5
W”C(x) = ( — ) Z K( )1{Zi>yn} - EK( )1{Zi>yn}
) (WH(yale)) =P h
/2 o,
nul (H(yale) ) S
and
1 V2 d(z, X;) d(z, X;)
€T, Aq €T, Aq
Woy(z) = <nu§c2)(h)H1(yn!a:)> ; K(—— ) z>yasi=1) =~ BE ()1 z:5y, 5=1)
1 1/2 g
*
= —1 Z Qi,n
(nué”(h)H <ynrx>> =
where for all ¢ = 1,--- ,n the random variables an and Q; ,, are defined as follow
d x, Xz d €T, XZ
d Z, X’L d x, XZ
Qun = KOOIy (0 R,

15



Consider that {Q;n, T Vi =1, ,n} are the set of centered, independent identi-
cally distributed random variables. Now let us focus on the calculation of their vari-

ances:

d(z, X)

Var(Qin) = Var(K( )1{Z>y”}) (10)

. [K(d(:s];X))1{Z>yn}]2 - (E [K(d(x};X))l{Z>yn}]>2

= R;-RZ

By determining R, and Ry separately, we get

d(z, X)

2
Rl = K l:K( )1{Z>yn}:|

= E[K* (b 'd(x, X)) H(yn|X)]

= H(y,|2)E [K? (h7'd(z,X))] + H(yn|z)E [KQ (h'd(z, X)) [m — 1” .

Under Lipschitz conditions (A3) and Lemma 7.1,

then

Ri = H(yu|z)E [K? (hld(z, X))] [1 + O(hlogyy)] (11)
H(ynlz)ul? (h) [1+ O(hlogyn)] .

Simple calculations yield

d(x, X
R, = B|k(™M ),

= E[K (h'd(z, X)) H(ya|X)] B

= H(yn|2)E [K (h'd(z,X))] + H(yn|z)E [K (b 'd(z, X)) <H(yn|X) - 1)] .
Using the same arguments as above, we get

Ry = H(yalr)ul" () [1 4+ O(hlogyy)]. (12)

By substituting the result of Equations (12) and (11) in Equation (10), we obtain

Var(Qin) = Hynlr)a@) (1) (1 + O(hlogy)) — (H(walr)ul () (1 + Olhlog )

16



Then, under Lemma 7.2, the variance of W,,¢(x) is given by

Var(Wpe(z)) = ) nVar(Qin)

- (1) H(yalr)p?) (k) (1+ O(hlog y,))

>) (Hlynlo)u®(h) (1 + O(hlogya)))”

1
piz” (P)H (yn |z)

The proof for Var(W,(z)) is similar and is thus omitted. Thus, we have
Var(Wyy(xz)) =1 as n — oo. (13)

Let now determine the covariance of Cov (W (), Wy (z)):

) (F il (1) (1 + O(togy,)))

/2 ,
1 1
Cov (Wyy (), Wye(x)) = Cov(( ) ) ZQi,na( e
i=1

il (W H (ya2)

1 n
= Cov Qi,n) Q*,n
& )\/ﬁl (yn|2)H (ynl|z) <; ; l

Nty

REC) Lol (ZQWZQZ n>

Nz (h)H (Yn|7)

= Vs 1) chov (Qin Qfn)

(2)( yn!:r =1 i=1

Vi ( y -
= o RAtAL ZCOU Qin, Qf )
) (WH (yn)
since Cov (Qim, Zn) = 0 for ¢ # [. Now let us consider the covariance
Cov (Ql,m@in) given by
« d(z, X) d(z, X)
Cov (Qun,Q7,) = Cov (K(h)l{Z>yn,5:1}7K( Y )} BTN (14)
d(z, X
= E (KQ( ( Y ))1{Z>yn,6:1}>

_ B (K(d(x;LX))l{Z>yn,5—1}) E (K(d(xi;X))l{by"})

= R3 - R4.

17
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From the previous result, we obtain

Ry = H (yala)u) (h) (1+ O(hlogyy))
I . 2
Ri = H (yalo)H(yalo) (u (1) (1+ O(hlogyn))) -

Thus, the covariance Cov (QLm an) is given by

. — 2
Cov (Qun @) = 7 (ynla)n® (h) (1 + Ol log yn))~TF (yal) H (yl) () (1) (1 + O(hlog )
(15)
It follows from Equation (15) that

Cov (W (), Wne(z)) = VPSS o (Qi, Q1)

nul (WY H (yal7) S

pw(yn) -1 . (2) o
(ug)(h)Hl(yn\a:)H (ynl@)pg (h) (1 + O(hlogyn))

B Da(Yn) T (o OV () (D) . 2
(M?(h)Hl(yn‘x))H (ke Hunle) (40) 1+ O

From Lemma 7.2, the covariance Cov(Wyy(z), Wye(z)) — p(z), since
limy, o0 Pz (yn) = p(x), as n — oo (see [9,20]).

Now, we can prove that Lyapunov’s condition for asymptotic normality of the sum of
triangular arrays is verified, since we have deduce that Var(W,,(x)) — 1) as n — oo.
Let us consider that Y ", E| \3 =nE|QT, © |3 — 0 as n — oo by assuming that

1/2
; ; ; ook 1 * .
is bounded random variable with Q77 = (n#(z) WG m) it

QT -
Vil () (ya)
* % 2 * %
’ 1,n|3 < B — | ‘2
VP ) H (gl
1/2 2
2 1
s () ( P (nyH' ) Y
\/n,ux (h)H (ynlx) | \TtHz (R)H (ynlz)
2 . 12

(s (W) H (y]))

18



2

S Var(@l,)
(rae? ) )
2

(n W )"
2 (s (1)

- H (yp|lz)—5—— (1 +0(1)).

(nﬂgcz)(h)ﬁl(yn|:z:))l/2 (Ynlz) ,U«gz?)(h) ( (1))

N

(1+0(1))

Since nﬁl(yn\x)ug)(h) — 00, the Lyapunov condition is verified, therefore

Wa (2)/ v/ Var(Woy () —— N (0,1).

Now, we want to show that W,,(z) = (W (2), Wye(z))T converges in distribution
to a Gaussian vector N (0, M) where,

M::<1p<x> p@?)‘

To prove that W, (z) = (W, (z), Wpe(z))” converges in distribution to A/(0, M),

according to Cramér-Wold’s device, it is sufficient to show that e”W,(z) 2,

N(0,eT Me) for all e = (e1, e)”.
We can write that

12 ,
1 d(:):,XZ) =
S = <nu§f><h>ﬂl(yn|x>) > (W [tz Vet

/2 ,
1 d :U,Xi —
_ o) —3 ZE (K( ( . )) |:€11{Zi>yn76i:1} + v px(yn)egl{zi>yn}]>
np (Yn|)

o (h)H

) /2 ,
— f**
(nu9<h>H1<yn|x>) 2:: "

where

ok d Z, Xi —
in = (K( ( N )) [611{2i>yn,a=1} + vpz(yn)621{zi>yn}D
Cl xT, )(Z —
- F <K( ( ; )) |:611{Zi>yn,6i:1} + \/px(yn)621{2i>yn}]> .

Hence the variance is given by

Var(e?W,(z)) = 1—1 >nVar iy
) <nu§f’<h>H (yul) (i)

19



where

Sk d l‘,Xi =
Var( * ) = Var (K( ( ; )) [ell{Z,;>yn,67::1}+\/px(yn)621{Zi>yn}}) (16)
d(z, X; _ 2
= F (K( ( N )) [611{Z¢>yn,5i:1} + pm(yn)egl{zpyn}})
d x,Xi = 2
- [E (K((h)) {611{Z7>yn,5i:1} + \/px(yn)e21{Zi>yn}}):| ,

= R5 — RG.

Now, some simple algebra yields

(17)
d :L’,XZ' po -
R5 = F <K2( ( A )) [6%1{2i>y,”6i:1} + Vp.T(yn)2€1621{Zi>yn75i:1} +p1‘(yn>e%1{zi>yn}:|>
d ﬂf,Xi ~ d $7Xi
= E (KQ( ( . ))6%1{2i>yn,5i:1}> + 2e1e2v/Pu(yn) E <K2((h))1{zi>yn,5i=1}>

~ dIL‘,Xl
+ e (KA, )

TH (yn|2)ul? () (1 + O(hlog yn)) + 2e1627/Fa(Yn) H  (yn|2) P (h) (1 + O(hlog y,))
+ H (yol2)n <2><h><1+0<hlogyn>>
(¢3 + 2e162v/Buln) + €3) H' (yal )P (h) (1 + O(hlog yn))

Similar calculations yield:

R = e (E (K(d(w}LXi))1{zi>yn,ai_1}>>2+ﬁm(yn)e§ E<K(d(x;lXi))1{zi>yn}>>2 (18)

+ 2Vpa(yn)ereall < 1{zi>yn,6i=1}) (K 1{Z>y }>

2 2
= ( (Wale)ul (h ><1+0<mogyn>>) + Ba(yn)e3 (H(y )" (h) (1 + O(hlogyn)))
+ 2VBa(a)eres (H' (ala)n) (1) (14 O(hlog y,)) ) (H(yala)l) (k) (1 + O(hlog y,)))

= (F (k) () (1 + O log ) n) (Lt Ohlog )

1
e3 (H (yn|z)pl!

L (g )

+15:Jc(yn) (H (

+ 2 —eres (A (o)l () (1 -+ O(hlog ) ) (F ()i (1) (1 + O(hlog )
1

V ﬁx(yn)
(e% +2e1e2 ﬁ + p(@e%) (" (al) () (1 + O(hlogn) )

By substituting the final result of Equation (17) and (18) in Equation (16) then,

20



*kk

the variance of Var(Q7,

) is given by
Kok ke ~ -1
Var(Qry) = (€ +2e1eapu(yn) + €3) H (ynlz)ul? (h) (1+ O(hlogyn))

) (F (o 2) (h) (1 4+ O(h o) )

1
+ e% + 2e1e9——= + —

Then,

1

Var(eTWn(a:)) = — nVar( ’f;’[)
s (h)H' (yn2)

et + 2e1e2v/Px(yn) + e%)ﬁ1(

18 (WY H' (ynl2)

ynl2) P (h) (1 4+ O(hlog yn))

2 1 2
el + 2e1e2—~= + = €5
VPe(yn) = Pa(yn) 1 2
+ e (" () () (1 + O 10g ) )
pa (h)H (yn|z)

Using again Lemma 7.2, we deduce that

Var(e?W,(z)) — (e% + 2e1e04/p(z) + e%) = el Me as n — oo. Therefore, for all
e € R? e # 0, e"W,(x) converges in distribution to the univariate normal distribu-
tion NV(0,eT Me). The convergence W,, () PN (0, M) follows from Cramer-Wold
device.
Lemma 7.5. Suppose (A1)-(A4) hold.
If yp — o0, 0, (x) (hlogyn Vg (h) VA (F(ylnlx)>) — 0. Then for all x € E, such
that wz(h) >0

o () (Pu () — p(a)) 2 N (0, p(2)(1 — p(x))) .
Proof of Lemma 7.5

Now, let us focus on the term T (z) defined as follow Ty (x) := o, }(z) (Pn(x) — p()).
This term can be rewritten as

—1 —1
T(z) = o '(z) (ﬁn(m) . Z(Sﬁ?) +ol(@) (Z((jn\g _p(x)> .

Let us deal with the first term of the above summation. Applying uniform Delta

21



method and some algebra, we get

’lﬁ (ymx) H (ynlz) 77 1 1/2 Q&n(ymx)_ﬁl(yn‘x)

n Cn (yn x) (2 ) Cn(yn,z)
H(yn|z) pa (h) H(yn|z)

= H' (yul2) (18 (h)? [ uyn,x)
_ pw(y")\/” B (mes -y
H(ynl) (u” ()2 (Ealynz)
\/n /Jz.gf)(h) (ﬁ(y'ﬂ‘z) 1)

= H (yn‘w)(ﬂg)(h)P Q;n(ymm) _ E&ﬂ(ynvx)
Dz (yn) \/n 1P (h) <—1 —T )

_ H (yale)  H (yalo)
ﬁ(ynm)(llfvl)(h)y én(ynvx) o Ein(ynvx)
\/” i) (h) (ﬁ(ynm H(ynl) )

W es) \/ (u @)) (h)* (Eﬁ@ln(ym _1)

i (ynlz)
(ynl2) (s (R))? ECn(ymx) _
\/n u$ () ( H(yn|z) 1)

Since % — 1= O(hlogy,) and sz(y‘z; 1 = O(hlogyy,) according to Lemma

7.3 and by assumption o, !(x) (hlogy,) — 0, as n — oo, it follows that

Inlyms)  H (yn|2) /= (ynl2) (1t )(h)) fv—i(ymfﬂ) _ Ej;ln(ymr)
_l(x) H(yalw)  H(ya|o) _ Pz(yn) \/ uS (h (H (Ynlz) H (yn|x) )
" Calvn) _ i H(yal2) (" (0))? (@yn,z) _ Eg,(yn,w)

1 () H{(yn|x) H(yn|x)

_ < VD (Yn) Wiy () >+0<1)' (19)

Wi ()

g

H(yn|z)

Using the convergence of W, () LN N (0, M), Delta method and the fact that
Dz(yn) — p(x) , the quantity in Equation (19) converges to bivariate Gaussian vector
N(0,X) where

Let consider a given function ®(wq,ws) = z—; and apply again uniform Delta method
(see [25,26]), we have

1 A A —1
0_,1 T A~ ) — H (yn|33) — 0_—1 T %(ynaa") éi(ynvx) _ -Ei(yn|x>
v )<””( ) H(ym) w )<‘D<H<yn|x> ’ H(yn|x>> @<H<yn|x> 1))

converges in distribution to N(0, ®'(p(z), 1)X(®/(p(x),1))7).
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By adapting the similar idea in [1], we want to show that

=1 —1
o' (@) (Iz((yyj'j)) - p<x>> — o7 (@) (H Ll

— —p(x) | = 0p(1).
H(yn|z) ) :
Let setting that y, € [1, 00|

fyono 2_1/71(x)_l/'V?(m)_lL(z)dZ

oo Hi
—y(z) = Ju. 2 s — ()
ygl/’Yl(ﬂU)*l/’YZ(ff)L(z) (yn]z))
= 5(yn‘x)
By changing variable, we have
e TR > H(yns|x) ds
lim —= = lim — —
oo H(ynlz) — wnooo i H(yalz) s
Since the function H(.|z)) is regular varying,
F( S’HZ’) (yns)_l/'\/(l’)L(ynslm)
H(yale) " Ly, |2)
@ LWnsl®) i@ o
L(yn|z)
Therefore
lim = = v(z).
Yn—ro0 H(yn|$)
Hence,

© H(z|x —
[ b = @l (1+ Ol
Yn

Remark that

=1
H (ynlz) =

P (min(Y,C) > yp,0 = 1|X = x)

P(Y >y, Y —-C<0|X =x)
After some calculations, we can write

T (galt) = / (/ Py (ulo)etu—vie)dv ) du
_ / Fy (ulz) (/ fcwxdw>du

fY(UIl‘) (ul)du

Yn
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Thus,

Fl(yn|x) = / G(u|z)dF (u|z)
y

1(56)

2

= / u~ @)= 1L1(u|:z:)du—/ w7 L (u)z)du
Yn Yn

Set e1(yn|z) = % Under the class of Hall, 1(yn|z) = O (e(ynlz)) and

e(ynlx) = O (A (— L ) |:L') Hence, we can rewrite as

H(yn|x)
. 1 H( uI:L‘ H( U|l’
Tl = o5 [ =
1
= e )fy( ) (ynlz) (1 + O(e(ynlx)))

= p(@)H(ynlz) (1 + O(e(yn|2))).

Thus as result,

' (yo])

Tnlr) p(x) = O(e(ynlz))-

Consequently, we obtain

—1
72 @) (Z(%) p<x>> = 000,

7.2. Proof of main results

Proof of Theorem 4.1
We decompose for any fixed x € E,

SH (o
ol (@) (357 (0) - (@) = on'(@) (”) - m<x>)

pn(x)
_ pntx)g—l(@ (52 (2) = pu(z)m (x))
- pntx)al( ) (3 () = v(z) + () -
1

= L@ [ () — ()] - 2D

p(z)
= L X ’}/1(1‘) X (@)
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From here, we do some decomposition

Ti(z) = o,'(2) [(%{() v(@))]

= o0, () ZK h™td(z, Xi))10g (Zi/yn) 1(z,5y, }/ZK “ld(a, Xi)1z,5y.) —7(@]
i=1
= Uﬁl(ﬂf) ZK 1d (v, X;)) log (Zi/yn) 1{Zi>yn}/§n(ymx) - 7($)]
[t (
— ol ZK B, X)) 108 (Z2 /) 12,53/ oo ) —v(x)f“y"'m)]
_nux Cn(Yn, @)
o @) | — () Enl2) |
n (@) _7( )= )fn(yn,:c)]
Since F(yn|x)/én(yn, xz) = 14 0p(1) (from proof of Lemma 7.5) and using the fact
that w — p(x) under Lemma A1 in [21]
H(yn|z)
/2
() . _
Ti(z) = TNEREIT ZK d(w, X)) 10g (Zi/yn) 1{z,5y,) = 7(@) H (yul2)
H(yn|z)pa (h) [ npl”
1/2
_ ()W [é( )_ﬁ(|)}
T\ APy | LD
Similar calculations give
1) 2 1/2 o
() Hyal) [(; - : _
n@ = | g (h)> o) () = T (gl2)) = p(@) (G s ) = Hgale) )|
) 1

W (gale) (1) (1)
us (h)
/2

8
/2
Hyal2) [ (yul2)
) ¢n<yn,x>[H<yn|x> 4 )]
n(,uggl)(h

(
9 \ 1
- )))) [ (B0 2) = H' @al)) = p(@) (G 2) = Hlyale) )| + 0,(1).

H (yn|z) ) (h

Thus, to prove the asymptotic normality of our estimator, it is sufficient to establish
asymptotic normality of the random vector

. n (Mgrl)(h)>2 1/2 &n(yn,ﬂf) —Fl(ynkﬂ)
h - ﬁ(yﬂx),ug(f)(h) (1> Ez 1K( ld(fvai))lOg (Zi/yn) 1{Z1~>yn} —v(w)ﬁ(ynlw) .
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To prove the asymptotic normality of =,(z), we use Cramér-Wold’s device. Let
e = (e1, ez) be a vector of real numbers, e # 0. Then,

1 172 5
eTEnx = — in(T),
- (nH( %)) 2 X

Yn|T)

where,
Xin(®) = er (K(h'd(@, X)) 17,5y, 5i=13) + €2 (K(h™'d(z, X;)) 108 (Zi/yn) L{z,5y.})
n (100)” [ o) + e (2wl
From Remark 1.2.3 in [6]

lim E(log Z —logyn|Z > yn) = v().

Yn—>00

Let us introduce the new notation

Sn(Ynsr;2) = E [(log Z —10g yn) 175y, 11X = ]

and

Sn(yn,r;z) :=FE (K2 (h_ld(az,X)) log(Z/yn)Tl{ZMn}) .

Consider a rate function B(:|z) with B(t|x) — 0 for t — oo of constant sign for large
values of ¢, such that for all positive wu.

H(ut|x)/H (t|z) — u= /@) wP@)/v(@) _ 1

t—00 B(t|x) v(z)p()
Let’s define
7 ] _ (@) p(@)/v(z) _
T, (s ) = DLeHD)/H () = u g @ =1 (20)

B(t|z) v(z)p(z)

Some algebraic calculation yield here

Sn(Yn,r;z) = / (log z — log yn) "d(H(z|x) integral by part

n

_ 0 B’
= — Jlim (log 2 —logyn)"H(z|z) +7"/ (logz—logyn)r_l(zzmdz

n
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considering that the first term equal to zero, then

- H
Sn(yn,m52) = 7"/ (logZ—logyn)’”’lmdz
o0 _
] H
= (k) [ o~ togyay~ .
" ZH(yn‘x)

= rH(yn|:U)/ (log w)“lde with change of variable z/y, = w.
1

Considering the ratio % from second order condition of extreme value theory

in Equation (20), S, (yn,7;z) can be rewritten as

Sn(ynvr§x) = T’H(yn‘x)/ (logw)r_lw_l/'Y(I)_ldw
1

_wr@/@)

+ rH yanyna:/ log w r—=1,,~1/7(=) dw
(ynlz)B( !)1( ) @)
b A 0Bl [ Goguw) T (i) T
1
= rH(ya|z) (L1 + B(yn|z)(La + L3))
with,
Ll = / (10gw)’r71w71/’7(x)71dw
1
o0 p(x)/v(x) _
L2 o / (logw)rilwil/v(x)flw—ldw
1 v(z)p()
o0
Ly = / (logw)r_l'ﬂ‘n(w;x)d—w
1 w

For Ly, let w= /7% = exp(—v) implies that logw = ~(z)v and w= /7@ ~1dy =
v(z) exp(—v)dv, then

L - /0 " (@) () exp(—v)dv

= ~(z Oovrfl exp(—v)dv
= 7( )/0 p(—v)d
— @)

_1-p(x)

For Lo, let w™ ~@ = exp(—v) implies that logw =

_1—p(x) 1

7() vand w @  Tdw =

1—p(x)
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L, = 28 [(1Z(ng)>r /O T exp(—v)dv — " (x) /0 T exp(—v)dv
B
r—+1

Now, from Theorem B 2.18 [8] in [6], we have from a function By(-|x), possibly
different from the function B(:|z) though with By(y,|z) = B(ys|z), yn — oo and for
each €,8 > 0, such | Ty (w)| < ew?®/ 7@+ Then,

ILs| < 6/ (log w)’"_lwlzfg) 0
1
9] 1—
= e/ v"Lexp <— < p(z) — 6) v> dv
0 v(z)

— O(r) (1 - p(z)(x_) 7(x)é)r

provided 0 < 0 < (1 — p(z))/~v(x), thus L3y = o(1) for y, — oco. Therefore,

cx) =~ (o)['(r A T B(yn|2) L — o
S ri) =7 @G+ DA Gf) (14 2005 [ 1) (14o1)).

The calculation of FE [(logZ — log Yn) L z5y, 6=131X = z] is similar  to
E [(log Z —1ogyn) {75y, 11X = z], then is omitted.
Then,

Sn(yn,r32) = FE (K2 (hild(x,X)) Sn(yn,r;X))
gn(ynﬂ"?w) - ,uf)(h)Sn(ymr;x) = K (K2 (h_ld(a:,X)) Sn(yn,r X) — Sn(ynﬂ"?x)])

Sn(yn, 3 X) _ 1})
Sn(Yn, 75 T)

Sn(ym r; X)
Sn(Yn, 75 7)

Sn(yn, ;) — ,uf)(h)Sn(yn,T;x) = Su(yp,r;z)E <K2 (h_ld(x,X)) [

gn(yn,r;x) — u(ﬁ)(h)Sn(yn,r;x)‘ < Su(yn,rm;2)E <K2 (h_ld(x,X)) [

- 1' 1{d(X,z)<h}:|> -

Thus, Assumption (A5) yields,

Su(yn,ri2) = P (h)Sn(yn, 13 2) (1 + O(Dy (Y, h; 2))) .
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By considering that B(yy|z) — 0 and y,, — 0o as n — oo , we have

E (K* (h™'d(2, X)) 108(Z/yn) 1 25y,y) = V(@) H (yn|2)u? (h) (1 + O(@n(yn, hi )
B (K (b7 d(2, X)) 108(Z/yn) L {25y, 51y) = V(@) H (yla)ul? (h) (1 + O(Pn(yn, h; 7))
E (K? (h™'d(z, X)) 108(Z/yn)) L1 25y,1) = 20 (@) H (ynl2)nl (h) (1 + O(@n(yn, hi 7))

o~ o~

The variance of e’ Z,,(x) is given by,

Var(e'2,(z)) = ! o nVar(xin(z))

nH (yo|2)u$? (h)

where

Var(xin(@)) = eul (WH (yalz) + 2637 (@) () H (yalz) + 261027 (@) () H (yn]2) + o(1)

1 (W) H (ynl2) [€fp(2) + 26377 (2) + 2ereap(z)(2)] + o(1).

Therefore the variance of e =, (x) is given by

Var(el2,(z)) = [elp(z) + 2e37°(x) + 2ereap(z)y(z)] + o(1)
= eITe+0(1)
with
p(z) p(x)y(z)
II:=

The next step is to establish the asymptotic normality of eTE(x), we check that the
Lyapunov’s criterion for triangular arrays of random variables holds:

3

lim "B ! " —0
lim Z waps Xin ()| =0.

yn|-r

The calculation is the same as in proof of Lemma 7.5, therefore it is omitted.

According to Cramér-Wold’s device, for e = (e, e2) € R?, with e # 0 and ¢! 5, ()
converges in distribution to N(0, e’ Tle) which implies that =, (z) converges in distri-
bution N(0,1II). An application of Delta method shows that

T

o, (2) (3" (@) = m(x)) = En ()

converges in distribution to N (0, ﬁ(%) )
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