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Abstract

The main objective of this paper is to discuss a new approach for the validation

of the fractional mathematical model that describes the erythrocyte sedimen-

tation rate via a Caputo fractional diffusion equation. We discuss the data

obtained in the laboratory and plot their respective graphs via the MATLAB

2010.a. Also, we performed an analysis of the graph plotted in two groups.
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1. Introduction

Sometime ago a mathematical model [1], integer model, to describes the

concentration of nutrients in blood, a factor which influences erythrocyte sed-

imentation rate (ESR) was proposed. Recently, introducing in it a fractional
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derivative, was proposed a new [2], time-fractional mathematical model which

contains, as a particular case, the integer model. This new model uses a Caputo

fractional derivative to build a time-fractional diffusion equation suitable to

predict blood sedimentation rates. An analytic solution of this time-fractional

partial differential equation in terms of Mittag-Leffler and Wright functions was

obtained, and the conclusion was that our model is more realistic than the in-

teger one. More recently, the validation of our fractional mathematical model

for ESR was presented and discussed [3].

This validation was carried out by means of erythrocyte sedimentation tests

in laboratory. Data on sedimentation rates (percentages) were analyzed and

compared with the analytical solution of the time-fractional diffusion equation.

The behavior of the analytical solution related to each blood sample sedimen-

tation data was described.

In 2018, Sousa et al. [3], presented a validation for the fractional mathemat-

ical model that describes the rate of sedimentation of erythrocytes with time

evolution involving the Caputo fractional derivative. At that time, the authors

were not concerned with the various types of pathologies that individuals (8

in total) had. As we know, not only various types of pathology that influence

erythrocyte sedimentation, but also physical factors. Some results obtained in

the analysis of the graphs generated from MATLAB 6.10, were good, others

showed only a behavior similar to analytical solution of the fractional mathe-

matical model. But in general, some of the graph curves, showed a behavior

similar to the behavior of the analytical solution of the fractional model.

However, some questions from the previous article [3], had not yet been

answered. A relevant and interesting question is: What would be the erythro-

cyte sedimentation rate of healthy individuals? This sedimentation rate, what

behavior of the curves in the graphs? Would individuals behave similarly to

the cases studied with individuals with pathologies? In this sense, motivated

by these questions, we take a new approach in the validation of the fractional

mathematical model [2] and discuss what are the consequences obtained when

taking healthy individuals.
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Here we will highlight what are main contributions of this article, namely:

1. We obtained new tests in the laboratory and normalized the erythrocyte

sedimentation data;

2. We present in detail the tables with the rates of the respective individuals;

3. We perform a rigorous analysis of the graphs generated from the data

obtained in the laboratory and present in the tables.

Here, we compare the data considering only healthy individuals. The paper

is organized as follows: in second section we recover our time-fractional math-

ematical model, described with a Caputo fractional derivative, that generalizes

the mathematical model described with an integer derivative. In third section,

our main result, we discuss the analytical solution considering only healthy in-

dividuals. Some graphics are presented and discussed and methods are also

discussed. Concluding remarks close the paper.

2. ESR fractional model

In this section, we will briefly summarize the time-fractional mathematical

model associated with erythrocyte sedimentation, as well as the methodology

used in order to solve the partial differential equation that describes the model.

To this end, we introduce the fractional derivative in the Caputo’s sense in the

time variable in order to write the fractional partial differential equation which

is a generalization of the model involving the integer order derivative. From

the methodology of the Laplace transform, in the time variable, we obtain an

ordinary differential equation. We solve this differential equation and, from

the respective inverse Laplace transform, we obtain the solution of the starting

problem, expressed in terms of the Mittag-Leffler and Wright functions.

So, we started with the idea of ψ-Riemann-Liouville fractional integral with

respect to another function.
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Definition 2.1. Let µ ∈ (0, 1) and ξ ∈ L1 [a, b], [a, b] be a finite or infinite

interval of the real line R (−∞ ≤ a < b ≤ ∞). Also let ψ (·) be an increasing and

positive continuous function on [a, b], having a continuous derivatives ψ′ (x) 6= 0

on (a, b). The left and right-sided fractional integrals of a function f with respect

to another function ψ on [a, b], is defined [4, 5]

Iµ;ψa+,xf (x) =
1

Γ (µ)

∫ x

a

ψ′ (t) (ψ (x)− ψ (t))
µ−1

f (t) dt. (1)

Choosing ψ(x) = x in Eq.(1), we have the Riemann-Liouville fractional

integral given by

Iµa+,xf (x) =
1

Γ (µ)

∫ x

a

(x− t)µ−1 f (t) dt. (2)

Also, we introduce the ψ-Hilfer fractional derivative.

Definition 2.2. Let n − 1 < µ < n, with n ∈ N, I = [a, b] , is the interval

such that −∞ ≤ a < b ≤ ∞ and there exist two function f, ψ ∈ Cn ([a, b] ,R)

such that ψ is increasing and ψ′ (x) 6= 0, for all x ∈ I. The ψ-Hilfer fractional

derivatives left-sided and right-sided HDµ,β;ψa+,x (·) function of order µ and type

0 ≤ β ≤ 1 is defined by [4, 5]

HDµ,β;ψa+,x ξ (x) = I
β(n−µ);ψ
a+,x

(
1

ψ′ (x)

d

dx

)n
I
(1−β)(n−µ);ψ
a+,x ξ (x) . (3)

Also here, choosing ψ(x) = x and taking the limit β → 1 in Eq.(3), we have

the Caputo fractional derivative, given by [4, 5]

Dµa+,xf (x) = I
β(n−µ)
a+,x

(
d

dx

)
f (x) . (4)

The Caputo fractional derivative Eq.(4), will be used for the formulation of

the fractional mathematical model, as we will see below.

In this model, the concentration of nutrients in blood is a function C(x, t)

twice continuously differentiable that satisfies the following non-homogeneous

time-fractional partial differential equation,

DLD2
xC(x, t)−Dµt C(x, t) = φ(x, t) (5)
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with 0 < µ ≤ 1, where Dµt ≡
∂µ

∂tµ
, and DL is a positive constant and φ(x, t)

is a twice continuously differentiable function describing the nutrient rate and

which satisfies the following partial differential equation

DD2
xφ(x, t)− kφ(x, t)−Dtφ(x, t) = 0

with both D and k positive constants.

The initial and boundary conditions imposed on φ(x, t) are given by
φ(x, 0) = exp

(
−
√
k − a
D

x

)
, k ≥ a, D > 0,

φ(0, t) = exp(−at) , t > 0,

φ(∞, t) = 0 , t > 0 ·

On the other hand, we assume that the fractional derivative of order 0 < µ ≤ 1

is considered in the Caputo sense, defined as follow

Dµt C(x, t) :=


1

Γ(1− µ)

∫ t

0

d

dτ
C(x, τ)(t− τ)−µdτ 0 < µ < 1

d

dt
C(x, t) µ = 1

Furthermore, we must impose the initial and boundary conditions for Eq.(5)
C(x, 0) = 0 , x ≥ 0

C(0, t) = 1 , t > 0,

C(∞, t) = 0 , t > 0 ·

As we have already said, we use the methology of the Laplace transform to

obtain the analytic solution of starting problem, then we get

C(x, t) = tµ
∞∑
m=0

(−αxt−µ/2)m

m!

∞∑
k=0

(−at)kEµ,µ+k+1−µm/2(β2tµ)+

+W
(
−µ/2, 1;− αx

tµ/2

)
− exp(−bx)tµ

∞∑
k=0

(−at)kEµ,µ+k+1(β2tµ)

(6)

where we have introduced the parameters α2 = 1/DL, β2 = b2DL, being b2 =

(k − a)/D > 0 and a a constant to be adequately chosen from a know value
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of φ(x, t). Also, Eξ,η(·) and W(γ, δ; ·) are the Mittag-Leffler function with two

parameters and the Wright function, respectively. For a more detailed reading

of the model and the analytical solution, we suggest [3].

The solution given by Eq.(6), valid for t > 0, is absolutely continuous; then,

substituting it into Eq.(5) we can easily verify that it satisfies the initial value

problem and boundary value problem [6]. Also, in reference [2] one can see a

graphical analysis and the solution of the integer case, recovered as the limit

µ→ 1, as a particular case of Eq.(6).

In another recent paper [3] after a brief introduction to a fractional math-

ematical model used to describe the blood concentration of nutrients that in-

fluence the sedimentation rate of blood cells, we have presented the results of

laboratory ESR tests with eight samples, four males and four females, used to

validate that mathematical model.

For this sake, the results of sedimentation tests were compared, through

graphical analysis, with the analytical solution of the mathematical model. Only

eight samples were enough to carry out this comparison and discuss the model.

However, more tests, providing new data, would surely allow a better compre-

hension of the fractional mathematical model, making it more appropriate to

describe reality.

We note that, a remarkable advantage of the fractional mathematical model

is the freedom to choose the order of the derivative in it and, consequently, the

analytical solution of the problem. With the freedom given to the parameter

0 < µ ≤ 1, we were able to analyze the concentration of nutrients on certain

intervals and regions in which the integer mathematical model cannot be used.

Our model can thus provide information on the blood concentration of nutrients

closer to reality. As we also mentioned [3] another possibility was proposed

during the experiments, i.e., to perform the tests with healthy individuals only,

as we will see in the next section, and apply to them the same procedure used

here.

In the next section, we will take a new approach regarding the validation of

the fractional mathematical model Eq.(5).
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3. A new approach on the validation of the fractional model

In this section we discuss a new approach in the validation of the mathe-

matical fractional model which was investigated in 2017 by Sousa et al. [2]. In

order to discuss in more detail the fractional mathematical model validation we

carry out laboratory tests in samples from 28 healthy subjects (14 females and

14 males). Data tables and graphs thus obtained are shown in descriptive result

analysis.

A short review is necessary. The erythrocyte sedimentation rate is a blood

test that assists in the diagnosis of the acute phase of inflammatory diseases

and also enables the monitoring of inflammation. The test is not very reliable,

so further testing is necessary to confirm the accuracy of the results. The need

for further testing is due to the fact that analytical factors influence the results,

leading to false negative and false positive results. Today, since we have more

modern and more accurate devices, ESR (VHS hemosedimentation rate) testing

is restricted to a few cases.

3.1. Materials and Methods

The ESR tests were conducted at the Hematology Laboratory of the Clinical

Hospital, State University of Campinas, state of São Paulo, southeast Brazil.

It was obtained a random sample of 28 healthy subjects (14 females and 14

males) from whom a blood sample was picked up and placed in sedimentation

tubes, the erythrocyte sedimentation rate (ESR) in millimeters being record at

5-minutes interval from 5 up to 70 minutes.

In 2018 Sousa et al.[3] carried out laboratory tests in order to validate the

fractional mathematical model Eq.(5) which was introduced in 2017 by Sousa

et al. [2].

At that time, the authors performed a test with individuals of both sex male

and female, however they were not concerned with the various types of patholo-

gies that influence the ESR test. Factors such as table tilt and room temperature

are considered independent pathological factors. Although we know that these
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physical factors also change the ESR. However, in order to avoid these possible

changes were considered a temperature of 22o C and the platform on which

the tests were carried out, with the support that contained the pipettes, had

an angle of 90o. In this sense, the tests performed for the discussion and data

analysis, were also considered in this context, that is, a temperature of 22o C

and an angle of 90o between the table and the pipette holder.

The first step in carrying out the tests was to choose individuals (female and

male) without any type of pathology, since one of the main objectives is to know

how the erythrocyte sedimentation rate behaves in this group of people. After,

we separated into two groups, each containing 14 people with their respective

tubes containing the blood which we would carry out the tests. In this sense,

we started the tests in two stages. In the first step, we analyzed the erythrocyte

sedimentation rate of 14 individuals, with a time interval of 5 minutes. Then we

converted the height for the sedimentation rate to percentages. The choice of 5

minutes, comes from the fact that in shorter times, sedimentation was very little

and was often not noticeable in the test tube (the scale of the test tube is in

mm). From the notes made every 5 minutes of the 28 individuals, we separated

the sedimentation rates into two tables, explaining the following points: sex (we

denote by M = Male and F = Female), age, time and sedimentation rate. So,

we have the following two tables.

Some points that we can highlight from both tables. First, the maximum

and minimum age for men in the tests performed are Idmax = 67 years and

Idmin = 27, respectively, with an average age Idmed = 41, 64 years. On the

other hand, the maximum and minimum age for women in the tests performed

are Idmax = 34 years and Idmin = 20, respectively, with an average age of

Idmed = 27, 92 years. We can also highlight the average age in general without

considering the type of gender (male and female), which is given by Idmed =

34, 78.

To sketch the graphs using the MATLAB R2010a software, we first normal-

ized the data obtained in the laboratory tests. Further, we normalized the unit

to the value of the sedimentation rate obtained, dividing by its highest sedimen-
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Table 1: Erythrocyte Sedimentation Rate – Male

ID Sex Time/Age 05 10 15 20 25 30 35 40 45 50 55 60 65 70

01 M 35 0 1 1 1 1 1 2 2 3 3 4 5 6 6

02 M 41 1 2 2 2 2 3 3 3 4 5 5 6 8 10

03 M 51 0 1 1 2 2 3 4 4 5 5 7 8 10 12

04 M 27 0 1 1 1 2 3 3 4 5 6 7 8 11 12

05 M 40 0 1 2 2 3 4 5 6 8 11 13 17 20 23

06 M 67 0 1 2 2 4 6 9 13 17 20 24 28 31 34 E

07 M 35 1 1 1 2 2 3 4 5 8 10 13 17 21 23 S

08 M 51 0 1 1 1 1 2 2 2 3 3 3 3 3 4 R

09 M 50 0 0 1 1 1 2 3 3 3 3 4 4 4 4

10 M 41 1 1 1 2 3 3 4 6 8 10 12 14 17 18

11 M 47 1 1 1 2 3 3 5 8 10 13 17 20 23 26

12 M 20 0 0 1 1 1 2 3 4 4 4 5 5 6 7

13 M 43 1 2 2 2 3 3 4 5 6 8 12 16 18 22

14 M 35 1 2 2 3 3 4 5 7 10 13 16 18 21 24

tation value obtained in the tests in order to compare with the graph obtained

from the analytical solution of the fractional partial differential equation. In the

three graphs, the horizontal axis, x, in centimeters, represents the normalized

distance in the pipette while on the vertical axis, y, the sedimented amount

normalized to the unit.

3.2. Discussions and results

In this section, we will perform an analysis of the plotted graphs using the

MATLAB 2010a tool, obtained through laboratory data. Let’s separate the

analyzes into two groups: Group 1, are the individuals whose sedimentation rate

had an interesting and important behavior in comparison with the fractional

mathematical model. Group 2, are the individuals that their sedimentation

rates, had sudden oscillations and thus, their data are not considered good for
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Table 2: Erythrocyte Sedimentation Rate – Female

ID Sex Time/Age 05 10 15 20 25 30 35 40 45 50 55 60 65 70

01 F 31 1 2 3 4 4 5 6 8 11 13 15 17 21 22

02 F 28 0 0 1 1 2 2 3 3 4 5 7 8 10 11

03 F 28 2 3 3 3 4 4 4 6 7 9 12 17 19 21

04 F 20 1 1 2 2 4 8 12 17 23 27 33 42 42 46

05 F 32 0 1 1 2 2 3 4 4 5 7 8 9 10 12

06 F 25 1 1 1 2 2 4 5 6 8 10 12 16 18 19 E

07 F 27 1 1 1 1 2 3 3 4 5 6 6 8 9 10 S

08 F 26 0 1 2 2 4 4 7 9 11 14 17 21 23 26 R

09 F 23 0 0 0 1 2 3 4 5 7 9 12 15 17 20

10 F 30 1 1 2 3 4 8 8 16 19 24 27 33 36 41

11 F 32 1 1 2 2 3 3 4 5 7 8 10 12 14 17

12 F 28 0 0 1 1 3 3 6 10 14 18 22 26 31 35

13 F 34 1 1 1 2 2 3 3 5 7 10 13 15 18 21

14 F 27 1 2 2 2 3 4 4 4 5 5 7 8 8 10

model validation.

At first we can highlight in general that the graphics of this Group 1, its

curves have a behavior similar to family of solutions of the fractional math-

ematical model. An important characteristic is that in this new experiment,

the data obtained for male individuals, had a better performance compared to

female individuals. Although age influences the erythrocyte sedimentation rate,

here are good results for the data collected.

Some graphs deserve special mention, and we will analyze the following

graphs H2, H3, H5, H8, M4 and M12.

The first two graphs are for male individuals and they show better behavior

when compared to the curves of the fractional model. Both individuals are over

40 years old, this factor may have influenced the sedimentation rate. On the

other hand, the two female individuals in which the behavior of the sedimenta-
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tion rate curve that best accompanied the analytical solution of the fractional

model, were M4 and M12, which in turn, unlike the male case, both are under

30 years old. In general, the chart that had the most relevant behavior was the

M4 chart. Another important fact worth mentioning, follows from the article [3]

and the graphs discussed in this article, in both works, the female sedimentation

rate, had better results, when compared with the male.

On the other hand, Group 2, the data obtained in the laboratory and conse-

quently plotted, did not obtain good results in the sense that the graph curves

behave similarly, the solution curves of the fractional mathematical model. Note

that all curves in this second group have a sharp drop. This fact is due to the

sedimentation rate it was parked for several minutes without adding, or when

it is added, it is small and it took a while for this to happen. In particular,

a similar characteristic of this type of graph, is the permanence in the first 20

minutes, with its sedimentation rate stationary at 1. So, having this type of

characteristic, we can already conclude that the graph generated by the sedi-

mentation rate, will not provide a considerable analysis for the validation of the

fractional model. It should be noted that individuals are healthy and that age

is a factor that can also influence sedimentation.

3.3. Casuistic

It was obtained a random sample of 28 healthy subjects (14 females and 14

males) from whom a blood sample was picked up and placed in sedimentation

tubes, the ESR in millimeters being recorded at 5-minutes interval from 5 up

to 70 minutes. The variables age and ESR recorded as stated were tested for

normality according to Kolmogorov-Smirnov test, and with exception to ESR

at times 5, 10, 15, 20 and 30, all others did fit to a normal distribution with

p-value greater than the significant value adopted (p > 0, 05). The mean data

according to gender were compared by either Student’s t test (after Levene’s

test for variance equality) whenever normally distributed, or by Mann-Whitney

test whenever not, as is shown in Table 1. Since female and male samples

significantly differed with respect to age, the influence of the latter on ESR at
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each point recorded was evaluated by Pearson’s correlation method and there

was no significant correlation to age (p > 0, 05) in all cases.

Thus the sample at each measured point recorded can be suitable repre-

sented by its average value, and also joined together to an overall average value

regardless of gender and age.

Table 3: Average values and comparison according to age.

Gender Female Male Overall p value Statistical test

Age 27,9286 41,6429 34,7857 0,001 Student’s t

t5 0,7143 0,4286 0,5714 0,285 Mann-Whitney

t10 1,0714 1,0714 1,0714 0,874 Mann-Whitney

t15 1,5714 1,3571 1,4643 0,511 Mann-Whitney

t20 2,0000 1,7143 1,8571 0,482 Mann-Whitney

t25 2,9286 2,2143 2,5714 0,056 Student’s t

t30 4,0714 3,0000 3,5357 0,077 Mann-Whitney

t35 5,2143 4,0000 4,6071 0,147 Student’s t

t40 7,2857 5,1429 6,2143 0,139 Student’s t

t45 9,5000 6,7143 8,1071 0,140 Student’s t

t50 11,7857 8,1429 9,9643 0,120 Student’s t

t55 14,3571 10,1429 12,2500 0,130 Student’s t

t60 17,6429 12,0714 14,8571 0,109 Student’s t

t65 19,7143 14,2143 16,9643 0,136 Student’s t

t70 22,2143 16,0714 19,1429 0,132 Student’s t
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Figure 1: Graph of the average of the data of Men.

Figure 2: Graph of the average of the data of Woman.

4. Concluding remark and future work

We conclude the paper, with the objectives obtained, that is, the results of

the analysis of the graphs that refer to the erythrocyte sedimentation rate of

male and female individuals, were satisfactory with the tools used here, namely:

laboratory tests, tables, MATLAB 6.10 and graphs. However, as we know, it

is not an easy and trivial task to model natural phenomena via differential, in
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Figure 3: Graph the average of the data of Overall

particular, fractional differential equations. Here we use the non-variable Ca-

puto fractional derivative to model the erythrocyte sedimentation rate. But we

can ask, if in fact Caputo fractional derivative is the best option. For example,

instead of choosing the order of the derivative as a number, and start working

with the order being functions. We could think of finding a function that best

suits the objectives discussed here. Some recent studies have presented new

fractional derivatives, for example, the ψ-Hilfer fractional derivative of non-

variable order and variable order. One way to overcome the above question is

to use more general fractional operators, containing the usual cases as particu-

lar cases. Studies in this sense have been carried out via fractional derivatives

(Sousa, Tenreiro and de Oliveira [7] and Sousa and de Oliveira [8, 4]), namely, a

general problem of fractional space diffusion. After that, we shall carry out the

same sedimentation tests and shall use their results to analyze the capabilities

of that new model for describing real living systems.
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Figure 4: Graph of the data Man 3.

Figure 5: Graph of the data Man 5.
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Figure 6: Graph of the data Man 1.

Figure 7: Graph of the data Man 2.
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Figure 8: Graph of the data Man 4.

Figure 9: Graph of the data Man 6.
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Figure 10: Graph of the data Man 8.

Figure 11: Graph of the data Man 10.
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Figure 12: Graph of the data Man 12.

Figure 13: Graph of the data Man 14.
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Figure 14: Graph of the data Woman 2.

Figure 15: Graph of the data Woman 4.
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Figure 16: Graph of the data Woman 6.

Figure 17: Graph of the data Woman 8.
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Figure 18: Graph of the data Woman 10.

Figure 19: Graph of the data Woman 12.

23



Figure 20: Graph of the data Woman 7.

Figure 21: Graph of the data Woman 9.
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Figure 22: Graph of the data Man 11.

Figure 23: Graph of the data Man 13.

25



Figure 24: Graph of the data Woman 1.

Figure 25: Graph of the data Woman 3.
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Figure 26: Graph of the data Woman 5.

Figure 27: Graph of the data Woman 7.
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Figure 28: Graph of the data Woman 9.

Figure 29: Graph of the data Woman 11.
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Figure 30: Graph of the data Woman 13.

Figure 31: Graph of the data Woman 14.
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