N

N

Approximation of the invariant distribution for a class of
ergodic SDEs with one-sided Lipschitz continuous drift
coefficient using an explicit tamed Euler scheme
Charles-Edouard Bréhier

» To cite this version:

Charles-Edouard Bréhier. Approximation of the invariant distribution for a class of ergodic SDEs
with one-sided Lipschitz continuous drift coefficient using an explicit tamed Euler scheme. ESAIM:
Probability and Statistics, 2023, 10.1051/ps/2023017 . hal-02955371

HAL Id: hal-02955371
https://hal.science/hal-02955371
Submitted on 1 Oct 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02955371
https://hal.archives-ouvertes.fr

Approximation of the invariant distribution for a class of
ergodic SDEs with one-sided Lipschitz continuous drift
coefficient using an explicit tamed Euler scheme

Charles-Edouard Bréhier

ABSTRACT. We consider the long-time behavior of an explicit tamed FEuler scheme applied
to a class of stochastic differential equations driven by additive noise, under a one-sided
Lipschitz continuity condition. The setting encompasses drift nonlinearities with polynomial
growth. First, we prove that moment bounds for the numerical scheme hold, with at most
polynomial dependence with respect to the time horizon. Second, we apply this result
to obtain error estimates, in the weak sense, in terms of the time-step size and of the
time horizon, to quantify the error to approximate averages with respect to the invariant
distribution of the continuous-time process. We justify the efficiency of using the explicit
tamed Euler scheme to approximate the invariant distribution, since the computational cost
does not suffer from the at most polynomial growth of the moment bounds. To the best
of our knowledge, this is the first result in the literature concerning the approximation of
the invariant distribution for SDEs with non-globally Lipschitz coefficients using an explicit
tamed scheme.

1. Introduction

The long-time behavior of deterministic and stochastic processes and of their discrete-
time approximations has been an active research area, with applications in all field of science.
In this manuscript, we consider Stochastic Differential Equations (SDEs) of the type

dX(t) = f(X(1)dt + Y oxdB* (1),
k=1

where X (t) € RY, o, € R? B* are independent standard real-valued Wiener processes. The
drift f : RY — R is assumed to be non-globally Lipschitz continuous, instead it has poly-
nomial growth and satisfies a one-sided Lipschitz continuous condition, see Assumptions
and 2] Under these conditions, the SDE is globally well-posed and admits a unique invariant
probability u,, such that
Blo(X(T))] =, | wdn.
—00

exponentially fast, for any initial condition X (0) and any real-valued Lipschitz continuous
function ¢. In general, no explicit expression for f is known. We study the question of
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approximating the invariant distribution pu, using a numerical scheme. The main novelty of
this article is to show that an explicit scheme can be used, without loss of computational
efficiency, even if the nonlinearity f is not globally Lipschitz continuous.

Applying an explicit scheme for SDEs with non-globally Lipschitz continuous coefficients
may lead to important issues due to the lack of moment bounds, see for instance [2]. In the
last two decades, many strategies have been explored: see for instance the monograph [1]
and references therein, and the articles [3], [8], [4], [7], among many other contributions.

In this article, we apply the tamed Euler-Maruyama method (see Equation @

ALf(X
XnJrl —X + ]_—I—AtHf ZUkAB

for which for every T', one has moment bounds of the type

1
sup  (E[|X.[™])™ < 0.
0<nAt<T
To the best of our knowledge, the question of the dependence with respect to 7', and the
possibility to have uniform in time moment bounds, has not been studied in the literature yet.
Our first contribution (see Theorem is to prove that, under appropriate assumptions,
one has )
sup  (E[| X)) ™ < C(lao])(1 +TH),
0<nAt<T

where Xy = x¢, for some M > 1. As a consequence, the growth with respect to T is at
most polynomial. We only proved upper bounds, and the question whether uniform moment
bounds (with M = 0) remains open.

Our second contribution is to apply these upper bounds for the analysis of the error
between E[¢(Xy)] and §¢dp., see Theorem . Under appropriate assumptions, one has

[E[o(Xn)] — fsodu*

where v > 0. Contrary to existing works in the literature concerning the numerical ap-
proximation of the invariant distribution for SDEs (this is a classical problem, see for in-
stance [5], [6], [9]), the weak error |[E[p(Xn)] — E[@(X(NAt))] is not of size At uniformly
in time, and one cannot take the limit 7' = NAt — oo in the weak error estimate.

Nevertheless, the fact that the dependence with respect to 7' = NAt is at most poly-
nomial is striking, and analyzing the computational cost (see Corollary shows that, to
have an error less than e, the cost is of size

C(e) < CeHlog(e)|"™M.

Passing from the case with uniform in time moment bounds(M = 0) to the case with
polynomial dependence (M = 1) does not substantially increase the computational cost and
the method is effective. In the numerical experiments that have been performed (and are
not reported here), it has not been possible to exhibit the polynomial growth with respect
to time in the moment bounds or in the weak error estimate.

One of the objectives of this article is to present in a simplified framework the strategy
and the arguments used in a companion paper devoted to the case of semilinear parabolic

Stochastic Partial Differential Equations. The presentation is intended to be pedagogical.
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This manuscript is organized as follows. The setting is presented in Section [2] including
the statement of precise assumptions (Assumptions |1| and , properties of the solutions of
the SDE (3), and the definition of the numerical scheme (Equation (6])). The main results
are stated and discussed in Section [3] The proof of Theorem is provided in Section [}
whereas Section [o] presents the proof of Theorem [3.2]

2. Setting

Let d € N. The standard inner product and norm in the space R? are denoted by (-, )
and | - || respectively.

Let us first state assumptions concerning the nonlinear drift coefficient f: it is assumed
to be of class C%, with at most polynomial growth (Assumption , and to satisfy a one-sided
Lipschitz continuity condition (Assumption .

ASSUMPTION 1. Let f : RY — R? be of class C?, with at most polynomial growth in the

following sense: there exists q € N such that
|f @)+ X5, e | D7 f(z).(h, ..., b))
1yee- <

1 N, = ”J < 0.
(1) o(f) sup T+ |2 o0

The notation D f(x).h and D?f(z).(hy, hy) is used to denote first and second order deriva-
tives of f at point x, in directions h, hi, ho € RY.

ASSUMPTION 2. The following condition is satisfied: there exists v > 0 such that for all
21,22 € R? one has

(2) (f(x2) = fla1), 22 — 21) < —7|w2 — 11|,

Let us now describe the noise. Let o1,...,0x € R? and let (ﬁl(t))t>0, . (BK(t))t>0 be

independent standard real-valued Wiener processes, defined on a probability space (2, F,P)
satisfying the usual conditions. In the sequel, the notation

odB(t) = Y ordB(t)

is used.
In this work, we consider the following SDE with values in R%:

(3) dX (t) = f(X(t))dt + odB(t).

Owing to the locally Lipschitz and the one-sided Lipschitz properties of the function f,
it is straigthforward to check that for any xy, € R?, there exists a unique global solution
(X0 (1)), to (B) with X;,(0) = 2. Moreover, for every m € [1,00), there exists a polyno-
mial function P, : R — R such that

(@) sup E[]Xz, (1)) < o).

Finally, there exists a unique invariant distribution pu,, such that any Lipschitz continuous
function ¢ : R — R, one has for all 7' € (0, 0) and z € R?

(5) (X, (T))] - f pdji] < e TLip(p)(1 + o).
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Moment bounds are obtained by an application of the It6 formula, and the use of the
one-sided Lipschitz continuity condition . Applying the Krylov-Bogoliubov criterion, the
moment bounds yield existence of invariant distributions, and uniqueness follows from
a straightforward coupling argument: if z},x3 € R? are two initial conditions, then almost
surely for all ¢ > 0 one has

| X3 (8) = X (1)) < €772 — g

using the one-sided Lipschitz condition , where the processes X1 and X2 are driven by
the same noise process.

In the sequel, to simplify notation the dependence with respect to zg is omitted: X (¢) =
Xy (t) for all ¢ = 0.

The objective is to define estimators of {@du., using an explicit integrator for the dis-
cretization of the SDE (3). Note that in general, no explicit expression of the invariant
distribution p, is known, and if dimension d is large quadrature rules are not efficient and
Monte-Carlo methods are usually employed.

Let At denote the time-step size, and without loss of generality assume that At € (0, Ato]
for some arbitrarily fixed Aty > 0. Let t, = nAt, and define the Wiener increments as
ABF = Bk (t, 1) — B*(tn), and 0 AB, = o, AtBE, for all n > 0.

In this work, we consider the explicit tamed Euler-Maruyama method

At
1+ aAt]f(X,)|
where « € (0,00) is a given parameter and X, = xy. The parameter a does not play

an important role in the sequel, and the notation M, = «ff(X,)| is used. Introduce a
continuous-time auxiliary process (X (t)) as follows: for all ¢ > 0, set

(6) Xop1 = X + f(X,) + cAB,,

t=0

_ t 1 t
™) X(0) =0+ [ mmgr— X + [ oaBto

where ((t) = n if and only if ¢, < ¢ < t,41, and (X”)n>0

Euler-Maruyama scheme (). Observe that one has X(t,) = X, for all n. > 0.
The process (X”)n>o and (X (t)) 1o depend on the time-step size At and on the initial
condition gy, however the dependence is omitted to simplify notation.

is defined by the tamed explicit

REMARK 2.1. The explicit tamed Euler-Maruyama scheme @ can be interpreted as com-
ing from the application of the standard explicit Fuler-Maruyama scheme for the SDE

AXAHt) = far(X2H(t))dt + 0dB(t)

with modified drift coefficient
I AC))
Fal®) = T el

However, the function f2 does not satisfy a one-sided Lipschitz continuity condition as in
Assumption[d, with v > 0. Indeed, let d = 1 and assume that f is a polynomial function,
for instance f(x) = —x — 23, then one checks that

falz) — 0.

r—=+00
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As a consequence, the long-time behavior (uniform in time moment bounds, existence and

uniqueness of invariant distriutions) of the process X' may be non trivial. It may even be

the case that sup fi,(x) > 0, in which case uniform in time moment bounds are not expected
zeR

to hold. In turn no information on the behavior of the scheme @ s obtained by using the
interpretation of the tamed scheme.

3. Main results

The objective of this section is to state the two main results of this article: Theorem
concerning moment bounds and Theorem concering weak error estimates. The most
striking feature is the polynomial dependence with respect to the time 7' (and with respect
to the norm of the initial condition). The consequences in terms of computational cost for
the approximation of the invariant distributions are also discussed, see Corollary [3.3]

THEOREM 3.1. Let Assumptions[]] and[g be satisfied.
For every m € [1,00), there exists a polynomial function P,, : R* — R, such that for all
T € (0,0) and zo € RY, one has

(8) sup sup  E[|X[7] < Pl o).
Ate(0,Atg] 0<nALST

THEOREM 3.2. Let Assumptions[1] and[g be satisfied.
For every r € N, there ewists polynomial functions P, : R> - R and Q, : R — R, such
that the following holds: if ¢ : R? — R is a function of class C* such that

o) + X2, sup  [DIf(2).(, . By

_ Ry Byl <1
N p) = sup -
T< ) zeR4 1+ |x|r 0,

then for all N € N, g € R? and At € (0, Atg], one has

9 [Elp(xy)] - j o,

where (X”)n>o 1s defined by the tamed Euler-Maruyama scheme @

< Nol) (exp(—7NANQ: (o) + AP, (NAL, [o]) ).

In Theorem , the function ¢ is allowed to have at most polynomial growth (as well as
its derivatives).

To simplify the presentation, the degrees of the polynomial functions P,, in Theorem
and P, and Q, in Theorem are not indicated, however they could be identified by a close
inspection of the proofs. This is left to the interested readers. Since we want to insist on the
polynomial dependence with respect to time 7" or NAt, the exact value of the degrees does
not matter.

Let us now draw consequences of Theorem [3.2)in terms of computational cost. In practice,
the expectation E[p(X,,)] needs to be approximated using Monte-Carlo averages. The total
computational cost may be reduced for instance using the Multilevel Monte-Carlo method.
Since those aspects are not specific to the situation studied in this article, we only consider
the cost per realization. The cost to sample a realization of Xy is proportional to N. Then

one has the following result.
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COROLLARY 3.3. Let 79 € R? and ¢ : R? — R of class C? such that N, (¢) < .
There ezists a constant C = C(zg,¢) € (0,00), such that for all ¢ € (0,1), the error
satisfies

IE[o(Xn)] — fsodu* <e

with a computational cost satisfying

for some R e N.

Since |log(e)|® = e for all R € N, one has C(e) < Cpe™a, for all a € (0,1).

If in Theorems 3.1 and [3.2]the upper bounds were uniform in time, one could choose R = 0
in Corollary The polynomial growth with respect to 7" only introduces a polynomial
factor in |log(e)|, which does not significantly increase the computational cost. Note that
if the dependence with respect to 1" in Theorems and [3.2] had been exponential, an
additional factor which would have been a power of e~ would have appeared in Corollary ,
and in turn the computational cost would have significantly increased.

PROOF OF COROLLARY 3.3l The error estimate of Theorem [3.2] is rewritten as follows:
there exists R € N such that

E[o(Xn)] - f dji] < Clexp(—NAE) + (11 (NADR)AL),

where C' is a constant (depending on zy and ¢). Note that R may depend on ¢ (more
precisely on the value of r such that N, (p) < co.
The parameters N and At are chosen such that

NAt = Cllog(e)|
and
(NAEAL = Ce.
This leads to
At = Ce|log(e)|

and finally
N = C|log(e)|At™ = Ce™log(e)|* T H.
This concludes the proof of Corollary [3.3] O

REMARK 3.4. In [T, the authors propose to use the so-called rejecting exploding trajecto-
ries technique to approzimate ergordic averages § odp., for SDEs with non-globally Lipschitz
coefficients. This technique requires to introduce an auziliary truncation parameter. How-
ever, even if in practice it is effective, this technique does not lead to a clean analysis of the

cost as in Corollary (3.5,

REMARK 3.5. The results can be generalized, under appropriate assumptions, to SDEs
driven by multiplicative noise

dX(t) = f(X(t))dt + o(X(t))dB(t),

where o(x)dB(t) = Zszl or(x)dBk(t). Slight modifications of the proof of Theorem are
sufficient if the functions oy, k € {1,..., K}, are assumed to be bounded. These functions are
6



also to be Lipschitz continuous. The one-sided Lipschitz condition from Assumption
needs to be modified to ensure the uniqueness of the invariant distribution by the coupling
argument providing . The condition also needs to be modified in order to be able to
prove Theorem in particular to prove exponential decrease in time of derivatives of the
solution of the associated Kolmogorov equation.

These modifications and the statements of appropriate conditions would only make the
presentation more complex, so for pedagogical reasons the details are only provided for the
additive noise case.

4. Proof of Theorem [3.1]

Recall that M,, = o f(X,)|, and that the auxiliary process (X(t))t>0 is defined by (7).

Introduce an auxiliary parameter R = At™" where & € (0, 21q) and ¢ is given by Assump-
tion [l
For every n > 0, let Qg,, = { sup |X,|| < R}, and to simplify notation let x,, = lg,,

0<t<n
denote the indicator function of the set {2g,, . Let also x_; = 1.

To prove Theorem [3.1] it suffices to prove the following two auxiliary results.

LEMMA 4.1. For every m € [1,0), there exists a polynomial function P} : R? — R, such
that for all T € (0,00) and xy € R, one has

(10) sup sup  E[xe_1|X.]™] < PL(T, |20]).
Ate(0,Atg] 0<nALT

LEMMA 4.2. For every m € [1,0), there exists a polynomial function P? : R* — R, such
that for all T € (0,0) and zo € R?, one has

(11) sup  sup  E[(1 = xa)[Xa|™] < Pr(T o).
Ate(0,Aty] 0<nAL<T

Theorem [3.1] is then a straightforward consequence of Lemma [4.1] and Lemma [1.2]

PROOF OF THEOREM [3.1] Since Qg;, < Qgry, ,, one has x, < x,—1. Writing

E[Xn[™] = Elxa| Xn]™] + E[(1 - Xn)”X |™] < Elxn-1 [ Xal™] + E[(1 = xa) [ Xa]™],
combining the auxiliary moment bounds and . then concludes the proof. 0

In the proofs, values of constants C,C,, € (0,o0) and polynomial functions P,, may
change from line to line.

PROOF OF LEMMA [ Introduce two auxiliary processes (Y(t))t>0 and (Z(t))t>0 as

follows: for all ¢t > 0, B
t
ﬂw:X@—JﬂXs
0
Z(t)

Y(t):= X(t) —
One obtains the following equality: for all ¢t >

=Lf< ds—ff Z(s))ds,



thus Y solves the differential equation

dY (1)
S = F )+ Z().

Using the one-sided Lipschitz condition satisfied by f (Assumption , one obtains

LT _ vy, sov ) + 2y
<

Y(6), f(Y () + 2(8) = fF(Z2(@0) + [Y DI F(Z@®)]
—NY O + Y @)f(Z®)].

Since v > 0, using Young’s inequality and Gronwall’s lemma, one obtains

e <c [ iz

Multiplying by x,—1 and using Minkowski’s inequality, for every m € [1, ), one obtains

//\ N

(12) (L1 [Y () ) < C [ (BLva A2 s

Since f has at most polymomial growth (Assumption , 00 obtain , it is thus sufficient
to prove that for every m € [1,0), one has an estimate of the type

(13) sup  E[xn-1|Z(0)]"] < P(T, |z0)-

0<t<t,<T

By definition of the auxiliary process Z, one has for all t > 0

¢ b AEMy ' .
= Xo+ J odB(s) — L HA—t;(MS)f(Xe(s))dS + L [ /(X)) — F(X(s))]ds

First, for all 0 <t < t, < T, one has

(Bl | Zo(®)[™) ™ < (E[Zo(t)]™)

for some C,, € (0, ).
Second, recall that M, = «| f(X,)|. Since f has at most polynomial growth (Assump-
tion , one obtains

3=

< || + C T2,

3=

(Bl |Zu(6)]™]) ™ < alt f (B[t | F (Xego))|77]) * ds

< OAt(1 4+ R*) < C(Atg + Aty ),

where we recall that R = At™" with 2gx < 1.
It remains to deal with the term E[x,_1|Z2(¢)||™]. Using the fact that the derivative
of f has at most polynomial growth (Assumption [l|) and Minkowski and Cauchy-Schwarz
8



inequalities, one obtains for all t > 0

(Elxus| Zo(8)|™]) " < f (| F (X — F(X(5)[™) 7 ds

3=

t i N ~ N
< CJ (E[xn1 ] Xees) — X(5)]7™1) 2 (1 + Elxn1] Xowo)| ™) + Elxn_1] X (s)[™4]) 2" ds.

0
The first factor in the integrand above is treated as follows: for s <t < t,,, one obtains
|s — tes) |

[+ MM, ||f( |+ Clo(B(s) = Bltys))|
< CAt(1+ R?) + CHB( ) = By, |-
As a consequence, one obtains
(E[xn-1] Xe(s) — X(S)HQP])ﬁ < Cp(At(1+ RY) + At7) < CAt%(Até’“q +1),

for all At e (0, At], using the definition R = At~ with 2¢x < 1.
To treat the second factor of the integrand above, it suffices to write

[Xn IHXZ Hqu] + ]E[Xn 1HX( )Hqu < C]E[Xn—lHXZ(s Hqu] + CE[Xn—lnX( ) - XZ(S H?mq

and to use the estimate on the first factor above and the inequality E[x,,—1[ X > < R*™4.

X1 Xee) = X ()] < Xt

Finally, using again the inequality Atz RY < Até ™ for all At e (0,Aty], one obtains
1
(E[XmHZz( )Hm]) C(Ato)
Gathering the estimates then yields (13| . ). Inserting (|13]) in the inequality then yields

ElXn—1[Y ()[™] < PlT, Hl’oH)?
if t, < T and At € (0, Ato].

Since X,, = X(t,) = Y(t,) + Z(t,), this concludes the proof of Lemma . O
PrROOF OF LEMMA 4.2l Recall that x,, = 1g,, , with Qg = { sup |X,| < R} and
0<t<n

X_1 = 1. As a consequence, one has
L=xn=Tag, =Tag, +Tlag, x>k
=1—=Xn-1+ Xa—11jx,|>rR-
One thus obtains the equality

L= xn= Z Xe—11x,)>R-
=0

Let m € N. Using Minkowksi, Cauchy-Schwarz and Markov inequalities, one obtains

n

(BL(1 = ) [Xa)™) ™ < S (ElxerTpxe=rl X)) ™

a2 rv, Xl
(BLIX 271) ™ (Elxe-1 )™

T
o

<

NgE

T
o

where 6 € N is chosen below.



On the one hand, by construction of the tamed Euler scheme, one has

1K) < ol + +|f B(s)].

thus T
(MXWWM<CWM+W+AQ
On the other hand, applying Lemma [.1] yields

[Xe_ll\Xell | < Py(T | zol).
Gathering the estimates yields
T
N

(MO—MMXW®%<C%GW%Wﬁ( "

Since R = At™", it suffices to choose 6§ such that " > 2 in order to obtain (11)).
This concludes the proof of Lemma [1.2]

5. Proof of Theorem [3.2]

The objective of this section is to prove Theorem In Section [5.1] some auxiliary
results concerning the solution of the associated Kolmogorov equation. Even if this type of
results is standard, a proof is provided for completeness. Then Theorem follows from the
weak error analysis of Section

Like in Section , the values of constants C' € (0,0) and of polynomial functions P, or
P may change from line to line.

5.1. Auxiliary result: Kolmogorov equation. Let u(t,z) = E,[¢(X;)], forall t =0
and z € R?. Then u is the solution of the Kolmogorov equation

onu(t,x) = Lu(t,z) = Du(t,x).f(x Z D?u(t, z).(o, o)
23
with initial condition u(0,-) = ¢. Set u(t,-) — { @dpu..
The objective of this section is to prove the following lemma.

LEMMA 5.1. Let Assumptions[1] and[] be satisfied.
For any r € N, there exists R € N such that the following holds: for all ¢ : R¢ — R of
class C* which satisfies N,.(¢) < o), for all o/ € [0,7), one has
sup Ng(Ta(t,-))e”t < .
=0
In other words, the function @ and its first and second order spatial derivatives Du(t,-)
and Du(t,-) have at most polynomial growth, and Ng(u(t,-)) decreases exponentially fast
when t — oo. This type of result and the strategy of the proof are standard. A specific
feature of the approach considered in this article is that a weaker result is employed: since
we do not expect to prove uniform in time weak error estimates, and to have polynomial
in time dependence instead, it is sufficient to use uniform in time upper bounds for the
derivatives Du(t,-) and Du(t,-). Thus in the analysis of the weak error due to temporal

discretization, one will use estimates with v/ = 0. Keeping 4’ > 0 would only allow to reduce
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the degree of the polynomial dependence with respect to T, but this does not qualitatively
change the analysis of the cost. The fact that v/ > 0 has a role only to estimate the error

u(t, z) = u(t,x) — { ¢dpu., and as will be clear below for this contribution one can take 7/ = ~
(see also (5])).

PROOF. Recall that, for every x € R?, the solution of (3)) with initial condition X (0) = x
is denoted by (Xx(t))t>0.

First, let 1, x5 € R?, then the one-sided Lipschitz condition implies

LA O _ pxm)) — 00, X720) - X7(0)) < —1|X72(0) - X0

thus | X*2(t) — X“(¢)| < e 7|z — x1| for all ¢ = 0. One obtains for all ¢ > 0
[E[p(X72(t)] = E[p(X ()] < CNL@)E[(1+ [ X7 (O] + [X™2(@0)]) | X**(t) — X™ (1)]]
< ON(@) (1 + Pelfal) + Prlflaa]))) ez — .
Choosing x5 = x and integrating with respect to dpu.(x2) then yields
[a(t, )| < CN(p)e (1 + ||P: (),

using the moment bound for the exact solution.
Next, the first-order derivative of u(t, -) satisfies

Da(t, z).h = E[Dp(X*(t)).n" ()],

where one has

dn"(t .
L0 _ Do) oo
Using the one-sided Lipschitz condition (2) implies
Ld|n"(t)]? .
LT OF _ )t 0) < o)1

thus Gronwall’s lemma yields the inequality |n"(¢)| < ekl for all £ = 0. One obtains
|D(t, z).h| < e " [RIN (@)L + [ X7 ()] < e [RIN () (1 + Pr(l2])),

using the moment bound (§ . ) for the exact solution.
Finally, the second-order derivative of u(t, -) satisfies

D*u(t, x).(hy, ha) = B[Dp(X*(1)).¢""2 ()] + E[D*o(X*(1)).(n" (t), 7" (1))],
where one has

% = DF(XE()).CM2(8) + D2F(XT(E). (0 (1), 2 (1)) . ¢"(0) = 0.

Using the one-sided Lipschitz condition , the at most polynomial growth of f and its
derivatives (Assumption (1)) and Young’s inequality, one has
ldH(hl’hQ ()| _(Df(X® ha ho haha D2 F(X*(t ha ha hi ho
5 g = (DAETR)).CME), ¢ () + (DX (). (8), 0™ (8), R (L))
—(v+ ¢ =) + 4—6/\@(f)2(1 + [ X)) e [ 2| 2|

11



Using Gronwall’s lemma and the moment bound for the exact solution, one obtains
E[| "2 ()] < Ce™ " [ [*[ha]* (1 + Pag([2])).

Finally, this gives the inequalities

N|—=

D2k, ). (1, ho)| < No() (B[(1 + [ X7 (O)]")2)) ? (B[ (1))
+ NA(@E[(L + | X7 ))]e>" || ]
< Ce™ !l | he| N (9) (1 + Pos(||2]))-

Gathering the estimates then concludes the proof.
OJ

2. Weak error analysis. By a linearity argument, without loss of generality one
assumes that NV, (p) < 1.

PROOF OF THEOREM [3.21 The weak error can be written as
Bl(Xo)] ~ [ pdu. = E[u(0. X))
— E[a(0, Xy)] — E[W(NAL, Xo)] + G(NAL, x).
Using Lemma 5.1}, one has
(14) [G(N AL, 20)] < e VN () Qr (o)),
for some polynomial function Q,.

Using successively a telescoping sum argument, [t6’s formula and the fact that u solves
the Kolmogorov equation, one obtains

=

-1

E[u(0, Xy)] — E[a(NAt, Xo)] = >, (E[a(ty — tns1, Xns1)] — E[a(ty — tn, X5,)])
= S (Bt — tns X (o)) — Bty — X (8))])
Z ), s o X0 (g SO

where t,, = nAt, and the auxiliary process (X' (t)) is defined by (7)) and satisfies X (t,) = X,
with M,, = o f(X,)]-
Introduce the following decomposition:

E[w(0, Xn)] — E[@(NAtL, Xo)] = e\ + € + €5,
12



with

ek = —at | " BIMyo Dt — X0 (Xl

f — 1, X0). (F(X0) — F(X (1)) 1dt

2[\3
O

-1

_ Z J [(Dulty —t, X (1) — Dalty —t, X)) (F(X.) — F(X())]dt.
First, using Lemma [5.1) and Theorem [3.1], one obtains

ekl < a | "B+ IR O1IM)LFCX) P

< CtyA(1+ sup (E[IX@OP)*(1+ sup  E[IX,[")3

0<st<tn 0<nAt<T

< CAtP(tn, |xol),

where P is a polynomial function.

Note that the following result has been used above: Theorem gives moment bounds
for X,,, with 0 < nAt < ty, and it is straightforward to deduce moment bounds of the same
type for X (t), with 0 <t < T, i.e.

sup E[|X (1)]™] < Pu(T, [o])-

0<t<T

Second, applying Itd’s formula and a conditional expectation argument gives for all ¢ €
[tnv tn+ 1]

E[Du(ty —t,X,).(f(Xn) — f(X(8)))]dt = E[Du(ty —t, X,,).( t Df(f((s)).%ds)]
+ E[Du(ty —t, Xn).(%f Z D?f(X(s)).(ok, ox)ds)].

This yields

N-1 tn+1 tn+1 ~
&l<cy f f E[(1+ | X)L + | X)L + | Xa| )] dsdt
n t"l

K

+CAL Y fou? 2 L+£ E[(1+ [ X ®)(1 + [ X(5)|*)]dsat.

k=1
Using the Cauchy-Schwarz inequality and moment bounds for X,, and X (s), one then obtains
x| < CALP(ty, |zo),

where P is a polynomial function.
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Finally, using a Taylor expansion, one has

lev] < 2 LW E[(L+ [ X" + [X@I)A(X (D) — f(X0) ]t

N—-1 nt,iq _ -
<O Y[R X RO IR () - X Pt
=0 tn

< CAtP(ty, |zo),
using moment bounds, Cauchy-Schwarz inequality and the inequality
E[|X (1) — Xa|*] < CALE[ F(X,)|*] + E[lo(B(t) — B(t.))|'] < CAPP(ty, o).
Gathering the estimates gives
(15) [E[@(0, Xn)] — E[u(NAL Xo)] < AtP(NAL, ||zol).
Combining the inequalities and then concludes the proof of Theorem . OJ
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