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PROBABILISTIC PROPERTIES AND PARAMETRIC INFERENCE OF
SMALL VARIANCE NONLINEAR SELF-STABILIZING STOCHASTIC
DIFFERENTIAL EQUATIONS.

VALENTINE GENON-CATALOT™" AND CATHERINE LAREDO?

ABSTRACT. We consider a process (X;) solution of a one-dimensional nonlinear self-
stabilizing stochastic differential equation, with classical drift term V («, ) depending on
an unknown parameter «, self-stabilizing term ®(3,z) depending on another unknown
parameter 8 and small noise amplitude . Self-Stabilization is the effect of including a
mean-field interaction in addition to the state-dependent drift. Adding this term leads
to a nonlinear or Mac Kean-Vlasov Markov process with transitions depending on the
distribution of X;. We study the probabilistic properties of (X;) as ¢ tends to 0 and
exhibit a Gaussian approximating process for (X;). Next, we study the estimation of
(a, B) from a continuous observation of (X¢,t € [0,T]). We build explicit estimators using
an approximate log-likelihood function obtained from the exact log-likelihood function of
a proxi-model. We prove that, for fixed T, as € tends to 0, a can be consistently estimated
with rate e~ but not 8. Then, considering n i.i.d. sample paths (Xf,i =1,...,n), we
build consistent and asymptotically Gaussian estimators of (c, 8) with rates \/ne™* for
a and /n for 8. Finally, we prove that the statistical experiments generated by (X:)
and the proxi-model are asymptotically equivalent in the sense of the Le Cam A-distance
both for the continuous observation of one path and for n i.i.d. paths under the condition
v/ne — 0, which justifies our statistical method.

Keywords and phrases: Nonlinear diffusion processes, Mac-Kean-Vlasov stochastic differ-
ential equation, Small noise, Asymptotic properties, Parametric inference, Approximate
likelihood.

AMS Classification. 60J60, 60J99, 62F12, 62M05

1. INTRODUCTION

In this paper we study a dynamical system subject to three sources of forcing. First,
there is a potential which describes the geometry of the state space of the dynamical
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system. Second, small random pertubations occur on this dynamical system via Brown-
ian motion with small noise. Third, there is an additional source of forcing called self-
stabilization. Assuming a large population of identical dynamical systems subject to the
same evolution rules, this last term characterizes their influence. They act on the individ-
ual through an attractive potential averaged over the whole population and results in an
additional term in the underlying potential drift.

More precisely, we consider the one-dimensional process

(1) dXt = V(Oé, Xt)dt - b(e, t, g, Xt)dt + Eth, XO =n ~ W,

2) b0, 1,2, 7) = /R (8,2 — y)ul = (dy),

where (W) is a Wiener process, 7 is random variable independent of (W;) with distribu-
tion p, uf’a’“(dy) is the distribution of X; = Xte’a’”, V:RxR—-R,dP:RxR =R
are deterministic Borel functions and 6 = (o, 8) € © = O, x O C R? is an unknown
parameter. A solution of (1) is the couple (X, uf’€7“(dy))t20 composed of the stochastic
process (X;) and the family of distributions (uf’a’“). The function x — b(0,t, e, ) depends
on 6,t,e and the initial distribution through uf’g’“ . When defined, the process (X) is a
time-inhomogeneous Markov process known as self-stabilizing diffusion or nonlinear sto-
chastic differential equation.

The integral term involves the process marginal law uf’a’” . It models the interaction
between X; and a fixed point x in the state space by means of an interaction function
®(3,.). The interaction between the various dynamical systems is of Mean Field type, this
effective additional drift term being a measure of the average force exerted by independent
copies of itself through the potential ®(/3,.). This model was first described by Mac Kean
(1966). These equations arise in the modeling of granular media by interacting particle
systems (see Benedetto et al. 1997 for the issues in Physics; Snitzman,1991 for a survey).
They could also occur when modeling Epidemic Dynamics with two levels of mixing (see
Ball et al., 1997; Ball and Sirl, 2020 and Forien and Pardoux , 2020).

The aim of this paper is to study both the asymptotic properties of the process (X;)
solution of (1) as € tends to 0 and the estimation of  from a continuous observation of
(X;,t € [0,7])) on the fixed time interval [0,T] or from n independent paths ((X},t €
[0,7]),i=1,...,n).

Our plan is as follows. We recall in Section 2 the existing results for these processes
and detail in particular the conditions ensuring existence and unicity of a strong solution
of (1) and illustrate these equations on an explicit example. In Section 3, we extend the
bounds existing for small pertubations of dynamical systems (see e.g. Azencott, 1982,
Freidlin and Wentsell, 2012) to these nonlinear diffusion processes and prove the existence
of a time-dependent Gaussian process approximating the paths of (X;) as ¢ — 0. We
prove the existence of accurate bounds for the remainder terms which are crucial for the
inference. Section 4 is devoted to the estimation of the parameters present in the potential
term V(a,.) and in the interaction term ®(f,.) based on a continuous observation of
(X¢) on [0,7] with T fixed. We build explicit estimators using an approximate likelihood
function obtained from the exact likelihood of a proxi-model consisting in a time dependent
diffusion process derived from the results of Section 3. We obtain that only « can be
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estimated. We build consistent and asymptotically Gaussian estimators at rate ¢! of
« for B known or unknown. Next, we study the case where we observe n independent
trajectories ((X;,0 <t <T),i =1,...,n). This is reminiscent of the situation of particle
systems (see Sznitman (1991)), where, for an infinite number of interacting particles, a
result of Propagation of chaos is proved for the limit, which corresponds to asymptotically
independent self-stabilizing diffusions.

We build consistent and asymptotically Gaussian estimators of («, ) with different
rates of convergence: we prove that « is estimated at rate \/n/e and § at rate \/n as ¢
tends to 0 and n tends to infinity in such a way that y/n tends to 0. Finally, asymptotic
equivalence of the experiments generated by (X;) and the proxi-model in the sense of the
Le Cam distance is proved in Section 5. Asymptotic equivalence also holds in the case of
n 1.1.d. trajectories. Concluding remarks and perspectives are given in Section 7. Proofs
are gathered in the Appendix.

2. RECAP ON NONLINEAR DIFFUSION PROCESSES AND PRELIMINARY RESULTS

2.1. Preliminaries. Let us first present heuristically the situation where these equations
are obtained. They first appear for modeling interacting particle systems.

Consider a system of N equations of IV interacting dynamical systems. Then, equations
such as (1) occur as limits of the interacting dynamical systems, as the number N of
systems in a set of identical ones tends to infinity. Indeed, consider an interaction function
®(4,.) and let (8, x —y) model the force of interaction between to points z and y in the
state space. Suppose that we are given N dynamical systems, with dynamics described
by the stochastic differential equation

N
dx;N = V(a,XZ’N)dt—N S o, XN -xPNydt+edB;, XV =X} with 1 <i < N.
j=1
Here the B’ are independent Brownian motions and (X{) are independent identically
distributed random variables, independent of (B%,i = 1..., N). The self-stabilizing effect
originates in the global action of the system on a particular one in the limit N — co. Under

. . . . 1 N . CY,B,E
suitable assumptions, the empirical measures + > =1 ) XN converge to some law u;

for each time ¢ and noise intensity ¢, and each dynamical system converges in probability
to the solution of

X, = V(o X,)dt — / B(B, X; — 2)u®P* (dw)dt + ed WV,

Moreover, asymptotic independence of the different dynamical systems is obtained in the
sense of the McKean-Vlasov limit (Propagation of Chaos, see Sznitman, 1991 for a review).

2.2. First assumptions. To ensure existence and unicity of a strong solution to (1) for
all 0 = (o, ) € © C R x R, we consider the following assumptions taken from Herrmann
et al. (2008).

e [HO] For all o, 3, the functions x — V (o, z) and  — ®(8, x) are locally Lipschitz.

e [H1] For all g, the function x — ®(f,x) is odd, increasing and grows at most
polynomially: there exist K () > 0 and r(3) € N such that

(8, 2) = (B,y)| < [ —yl(K(B) + |2]"@ + |y|"?)), x,y € R.
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e [H2] For all a, the function x — V (o, ) is continuously differentiable and there
exist Ky (a) > 0 and Ry(«) > 0 such that

oV
Ox
Assumption [H2| ensures that there exists L(a) such that

(o, x) < =Ky (), for |x| > Ro(a).

(3) Vz € R, g‘;(a,x) < L(w).

Under [HOJ-[H1]-[H2], according to Theorem 2.13 in Herrmann et al.(2008), if E(130") <
+oo where ¢ = [(r(8)/2) + 1], then, for all #, there exists a drift term b(0,t,e,2) =

b*(0,t, e, x) such that (1) admits a unique strong solution (X; = Xf’ ) satisfying b(0, t, e, x) =
Jz @B,z — y)u 95’“ (dy) and X is the unique strong solution of (1). Moreover, for all
p € {1,...,4q2}, whenever E(n?P) < +oo, supysoE(X X)) < +oo. In particular, if 7 is
deterministic, for all p € N, sup;>, E(XP) < +o0.

Before dealing with the general case, we illustrate the small variance properties on an
explicit example.

2.3. An explicit example. Consider the model where:
(4) V(a,x) = —ax with a>0; ®(f,z) =Gz with > 0.

We consider successively the case where Xy = 7 is random and the case Xy = zg deter-
ministic. Case Xy random: The value r(5) of Assumption [H1] is r(8) = 1. Therefore,
according to Herrmann et al. (2008), if  satisfies E(n%) < 400, Equation (1) has a unique
strong solution. As b(0,t,e,x) = B(x — Eg(X})), Equation (1) writes:

dX; = —aXdt — B(Xt — Eg(Xt)>dt +edWy, Xo=n.

with 7 independent of (W3). Obviously, EgX; = Eg Xy — « fg EygXds.
Hence Ey(Xy) := mg(t,e) = mg(t) = mg(0) exp (—at). Therefore, we obtain:
(5) dX; = —(a+ B)Xydt + Pmyg(0) exp (—at))dt + edW;, X =1.
This is a time-inhomogeneous Ornstein-Uhlenbeck process. Solving (5) yields
©) t
X; = (Xo — mg(0))e™ @ £ mg(0)e™ + £g,(0) with g,(0) = e @+ / eletDs) quy,.
0

The process (X;) has a unique invariant distribution, the Gaussian law N(0,&2/2(a +
B)). As e — 0, X; converges to z¢(0) = (Xog — my(0)) exp (—(a + 8)t) + my(0) exp (—at)
uniformly on [0, 7, solution of the ordinary differential equation (ODE) corresponding to
e=01n (5).

dxy = —(a + B)zidt + pmg(0) exp (—at)dt, xo = Xp.

Case Xy = z¢ deterministic: In this case mg(0) = zg, mg(t) = zoe™*,

t
(1) m(a) = zoe™ ™ Xy = moe™ ™ + £g4(0) with g(0) = e_(aJrﬁ)t/ eletB9) gy,

0
The process converges uniformly on [0,7] to x4(«). Note that 5 is no longer present in
the limit.
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3. PROPERTIES ON A FIXED TIME INTERVAL.

Let us consider now the general case. We first study the convergence of the process as
€ tends to 0 and prove bounds for its moments which are uniform on a fixed time interval
[0,T] under [HOJ]-[H2] and

o [H3-k] The functions z — V(a, ) and = — ®(S, x) have continuous partial deriva-

tives up to order k and these derivatives have polynomial growth: for all o, 3, and
all 4,7 < k, there exist constants k(a) > 0,k(5) > 0,v(a) > 0,7(5) > 0, such that

v '
Ve e R, |20 (a,2)] < K(@)(1+ @), [T2(8,2)] < KB+ @)
Consider the equation corresponding to e = 0 in (1)
(8) dxi(0) = V(a, z4(0))dt — b(0,t,0,24(0))dt  xo(0) =n, where

(9)  b(6,t,0,2) = /@(ﬂ, x — y)ufp(dy), and ug’o(dy) is the distribution of z(0),

and u?’o(dy) = uf’o’“ (dy). Clearly, Equation (8) is a nonlinear differential equation of the

same type as (1) without noise. Thus, it has a unique solution process (z(6), uf ’O(dy), t>
0). Note that z;(0) is deterministic if x(f) = x is deterministic.

Proposition 3.1. Assume [HOJ-[H2] and [H3-2]. Let x4(0) denote the solution of (8).
Then,

Wp> 1, Eg(Xy - my(6))% < PCu (1) M,

where Ca(t) = t, Cap(t) is a continuous nondecreasing function of t and L(«) is defined in

(3).

Remark 3.1. The previous proposition extends Lemma 3.1 of Hermann et al (2008) where
only the case n = xg deterministic and p =1 is considered.

When n = xg is deterministic, there is no source of randomness in equation (8) and
x¢(0) is deterministic. Therefore, uf (dy) is the Dirac mass at z,(6) and this implies

ZWmmmw»=/¢@@wwww?uw=w@m@—mw»=a

Therefore, the solution of (8), z+(f) = x+(a), does no longer depend on  and becomes
(10) dzy(a) = V(a,ze())dt, zo(a) = .
In this case, we can prove the stronger result.

Corollary 3.1. Assume [HOJ-[H2], [H3-2], Xo = x¢ deterministic. Then, if z;(c) satisfies
(10),

(11) sup < ?[Eq(X; — 21(a))] = O(L)

Moreover, in the special case where V(a,z) = —ax, Eo(X:) = z(a).



6 VALENTINE GENON-CATALOT AND CATHERINE LAREDO

From now on, we assume
[H4] The initial condition of (X;) is non random : Xy = z( deterministic.

As for classical stochastic differential equation with small variance, (X;) possesses a Gauss-
ian diffusion approximation. The expansion relies on regularity properties of b(0,t, ¢, x)
with respect to € and =z at (6,¢,0,x).

Lemma 3.1. Assume [HOJ-[H2], [H3-2] and [H}].Then

(i) For all 0,t >0, (e,z) — b(0,t,e,x) is continuously differentiable on [0, +00) x R.
(1) lim.,0 b(0,t,e,x) = ©(B,x — x(r)).

(iii) At e =0, 22(0,t,0,2) = 0 and 22(6,t,0,2) = 92(8,x — x(a)).

Analogously to the expansions obtained in Azencott (1982), Freidlin and Wenzell (2012)
for small pertubations of dynamical systems, the following holds.

Theorem 3.1. Assume [HO]-[H2], [H3-3] and [H/]]. Then,
(12) X; = () +egi(0) + 2RE(t),
where xy(a) satisfies (10), (g:(0)) is the Ornstein-Uhlenbeck process (recall that g—i(ﬁ, 0) >

0)
1) du0) = (G () - GU6.0)) a0)+ AW w(6) =0,

and R°(t) defined in (12) satisfies

sup  Eg|R°(t)| = O(1) and for all p>1, sup Ey ((R°(t) - EgR:(t))*) = O(1).
t€[0,7],e>0 t€[0,T],e>0

Let us define the two functions,

t
(14) a(,t) = g—g(a,xt(a)) - g—i(ﬂ,O); A(0,t) = /0 a(0,u)du.

Remark 3.2. Under [HO[-[H2], [H3-3] and [H4], Equation (13) can be solved. Using (14),
we get

t t t
(15) a(0) = [ exp ([ alo.winyaw, =400 [ Avqw,
0 s 0

The proof of Theorem 3.1 provides an explicit expression of R°(t) that will be used for
bounding it further, together with bounds detailed in the following corollary which are
crucial for the statistical study. Let

(16) D(G,t,é‘,%) = b(G,t,e,x) - CI)(B,.%' - ZL’t(Oé))-
Corollary 3.2. Assume [HO]-[H2], [H3-3] and [H{]. Then D(0,t,c, X;)satisfies
(17) sup e 2|EgD(6,t,e, X;)| = O(1),

t€[0,T),e>0

(18) Vp > 1, sSup E_GPEH ((D(eat7€aXt) - EHD(97t767Xt))2p) = 0(1)
t€[0,7],e>0
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Remark 3.3. Consider Example (7). The process (X¢) is equal to its Gaussian approzi-
mation, i.e. the remainder term RF(t) of Theorem 3.1 is null. Moreover, D(0,t,e,x) = 0.

4. PARAMETRIC INFERENCE AS € TENDS TO 0.

As it is usual in statistics, we consider the canonical space associated with the observa-
tion of (X¢)ejo,7, (2, F, (Fi,t € [0,T]),Pg), where Q2 = C([0, T1) is the space of continuous
real-valued functions defined on [0, 7] endowed with the Borel o-field associated with the
uniform convergence on [0,7], (X;,t € [0,7]) is the canonical process (X;(w) = w(t)),
(Ft,t € [0,T]) is the canonical filtration and Py is the distribution of (1) on C([0,T7).

We assume that Xy = x¢ is deterministic and known, so that (X;) converges uniformly

n [0,T] to (z¢()), solution of (10). Let us consider the problem of estimating (c«, )
from a continuous observation (X¢,t € [0,77]). In classical stochastic differential equations
with small diffusion coefficient, all drift parameters have rate e~!. Here, the situation is
different since we observe that the parameter /5 is no longer present in the limiting ODE
(10). We show that a can be consistently estimated as € tends to 0, but not 5.

4.1. Approximate likelihood. The exact log-likelihood of (X, t € [0,T]) contains the
term b(6,t,e, X;) which is not explicit. This is why we proceed differently. We have proved
in the previous section that, for small e, D(0,t,e, X;) = b(0,t,¢, Xy) — ®(8, X¢ — () is
small (see Corollary 3.2). Therefore, we consider the process (&)

(19) dée = [V(a, &) — (B, & — zi(a))]dt + edWy,  §o = wo.
This process has already been used by Herrmann et al.(2008) for proving large deviations
results. It is close to (X;) for small €. The euristics is that b(9 te,x) = [®(B,z —

y)uf’a(dy) is close to ®(5,z — x¢(«)) as the distribution of Xy, ut “(dy), converges to the
Dirac mass at z4(«).

So, we define the following approximate likelihood or contrast where we replace the true
drift function by its approximation for small &,

(20) /HesX /H20$Xd, with

(21) H,s,x)=V(a,z) — OB,z — z5(a)).

This contrast is thus explicit and will lead to explicit estimators. The method consisting in
plugging the observed process in the likelihood of a proxi-model has been used in many sit-
uations, for instance in the case of discretization of diffusions (likelihood of the associated
Euler scheme (see e.g. Kessler, 1997, 2000; Kessler et al. 2012, Chapter 1; Genon-Catalot
and Larédo, 2014), or in the case of small variance diffusions (see Genon-Catalot,1990;
Gloter and Sgrensen, 2009; Guy et al., 2014; Larédo, 2020, Part IV in Britton and Par-
doux).

For the statistical study, additional assumptions are needed.

e [SO] The parameter sets O,,0p are compact intervals. The true value of the
parameter, denoted by 6y = (v, 5o), belongs to O, x O3.
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e [S1] There exist two open sets Uy, Us with ©, C Uy, ©g C Ug such that all the
i+J az+
respectively on U, x R (resp. Ug x R) and have polynomial growth with respect

to x.

derivatives (o, x) — ——— (B, x) exist, are continuous

Note that it is not necessary to assume the existence of derivatives of any order but this
simplifies the exposition.

Let us first investigate the asymptotic behaviour of the first and second derivatives of
A 7(0) with respect to the parameters. Using Definitions (20), (21), the following holds.

Proposition 4.1. Assume that [HO]-[H2], [H}] and [SJ/ hold. Then, as ¢ — 0, under Py,

Der) e = [ [Geterdan + S0 @] a

62A57T _ T oV Oz
2 = 0) —p __/0 [(‘)a(a’%( ) + (57 )

This result indicates that a should be consistently estimated with rate
Proposition 4.2. Assume [HOJ-[H2], [H}] and [S1]. Then, as e — 0, under Py,

O 829 T
5550 —r, e (3.0) [ aaw.

O2A..r 2d 2T, Po T
o @) e (0] [ @ - 6.0 [ e,
where gs(0) is defined in (13) or (15).

(a)} s,

-1

Contrary to a, there is no rate of convergence to estimate § in the sense that, as ¢ — 0,
9 aj/\BZT (0) converges to a fixed random variable so that the approximate Fisher informa-

tion associated with 5 does not tend to infinity. Therefore, we cannot estimate 8 as e — 0
with fixed T'.

4.2. Estimation of o with known (5. Assume that 8 = Sy is known and define the
estimator

(22) Ge(Bo) = arg Imax A 7(a, Bo).

Lemma 4.1. Assume [HO]-[H2], [H}] and [S1]. Then, for all a, g, Bo, under Py,, as
e —0,
e* (Acr(a, fo) — Az (0, o)) = K (o, ao; Bo),  where
/ (o, zs(a0)) — V(ao, zs(e0)) — ©(Bo, zs(aw) — zs())]* ds.
Hence, K(o,a0;50) <0 and, if {Vs € [0,T], xs5(a)=zs(ap) = o=}, then,
{K(a,a0; 80) =0} = {a =}

Consequently, we consider the following additional identifiability assumption:
e [S2] {Vs € [0,T], zs(a) =2xs5(cv0)} = {a=ap}.

K(a Qp; BO

l\D\H
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Corollary 4.1. Assume [HO/-[H2], [H}] and [SO]-[S2]. Then, &.(By) is consistent and

under Pg,,

e Y& (Bo) — ) = N(0 ), with

’IT(Q )

ov 0x

T 2
o) = [ | Getaoan(an) + 57 (50,052 @) ds

By standard tools relying the compactness of the parameter set ([S0]), under [S2],
we can prove that the estimator ag(ﬁo) is consistent. Then, we have that, under Py,

e Hae(Bo) — ) =~ —saaa (o, ﬁo)/s 8a2 L (ap, Bp). The proof is achieved using Propo-
sition 4.1 and the consistency result.

Ezxample (7)(continued). Since (X;) is equal to its Gaussian approximation, A.7(0) =
L. 7(8) is the exact log-likelihood and

T T
&yw%:;(é[—m+ﬂﬂg+&mfwm&;—34[%a+@XVH%wﬂﬂP%).

Since 8 = By is known, Condition [S2] is: Vt < T,zg(e” ! — ¢=) = (. It implies either
that xo = 0 or that, if o # 0, & = ap. We deduce that [S2] holds for z¢ # 0.
Some computations show that, as € tends to 0, under Py,

2 0*er g 2 —2as 2 Ole,r g —as
g?—=(0) —p — xge “* (14 Bs)*ds, e——=(0) —=p — xoe  “(1+ Bs)dW,
0 0

Oa? Oa
%0, 1 T Ol T
= (0) = — 2(s)d 2 9_/‘ dW.
o) == [ g S0 = [ )
We obtain with this exact log-likelihood the result that, if zg # 0, there is a rate of

d 8%; (0) are fixed random variables.

82
convergence ! for o and no rate for 3 as 257 L(6) an
Moreover,

T
(23) e ! (ae(Bo) — ap) —=p N(0, 17 (a0, Bo)) where Ir(a, ) = /0 zie 2%(1 + Bs)?ds.

4.3. Estimation of o with 8 unknown. Consider now the estimation of o when 3 in
equation (1) is unknown. The approximate likelihood (20) can no longer be used. We
propose a conditional least squares contrast:

I 1 T,
24 = — X )dXs — — X .
(24) Ue (o) 62/0 Ve, Xs)d X 282/0 Vi (a, Xs)ds
Lemma 4.2. Assume [HO[-[H2], [H{] and [S1]. Then, under P(,, g,
1 (7
e2 (Uer(a) — U.r(ag)) — —2/ (V(a, z5(ap)) — V(ao, zs(ag)))?ds.
0

Hence the identifiability assumption associated with U, r(«) is
e [S3] For all a, v, {V (e, ze(cv0)) = V(avo, x1(cg)) VYVt €0, T} = {a = ap}.
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Note that [S3] is stronger than [S2] in the sense that if [S3] holds, [S2] is satisfied.
Define now the associated estimator

(25) G, = arg max U, ().

aEGa

The proof that, under [S3], the estimator & is consistent follows standard tools and is
omitted.
For the asymptotic normality of é., we need the following result.

Proposition 4.3. Assume [HO]-[H2], [H4}] and [S1], [S2]. Then, under Py, as € — 0,

using definition (13) for g.(0),

ety Ly [
Oa g 0 O«

&*UL. rov
2@ e — [ (Galama)is

T
(s zs(@)d, = 55,0 [ S (0, 2s(a))gn(0)ds,

(26) N

Remark 4.1. Using (14), (15) and interchanging integrals yields that the limit (26) can
be written as f(;[ f(6,s)dWs with

oV o9 Tov
(@0 £0.5) = go(@as@) = 5o (8,07 | F(a,zu(@)eddu.

With standard tools, this leads to the following corollary.

Corollary 4.2. Assume [HO[-[H2], [H}] and [S0], [S1], [S3]. Then, & is consistent and
under P

ao,B0)’

Tov a,z4(a)))?ds ’
B R (Js (B (o)) )
Jr (0, Bo) [y f2(6,s)ds

Ezample (continued). Consider the case of § unknown in Example (7). Then,
F0,8) = = Zrem (1 + B e~ QatB)T=9)) "and e~ (G — ag) —p N(0, J5 (ag, fo)) with

(28) e Hae —ag) »p N(0

2
x%(l + g)Q(fOT 672atdt)2
[T e203(1 + Le(208)(T-))2ds

JT(O[’ ﬁ) =

The comparison of I7(#) defined in (23) and J7(6) is intricate for T fixed, but simpler for
2 2 2
_ % B AL _ gy Py L
large T'. We have that I7(0) = 2a(1 + o + 2a2> + TO(l) and Jr(0) = 2a(1 + 2a) + TO(I).
Hence, we obtained the expected result : For all 0, I7(6) > Jr(0) for large T.

5. CONTINUOUS OBSERVATION OF n PATHS (X}, 0<t<T,i=1,...,n)

Assume now that the observations consist of n paths (X},0 < ¢t < T), which are
independent, identically distributed.

(29) dX} = V(a, X})dt — b'(0,t,e, X})dt + edW}, X =z
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bi(e,t,e,x):/q>(ﬁ,x— y)ugsH (dy),

where (W}) are independent Wiener processes and ut SH is the distribution of X}. Now,

these distributions are identical so that we have for i = 1,...,n, uf S — 1 and
(30) bi(0,t,e,x) =b(0,t,e,x) = / OB,z — y)ut’a’“(dy),
R

5.1. Convergence rates. The approximate loglikelihood is now, using H(.) defined in
(21),

(31) 2 (0 522</ H(f,s, X)dXE - /H2195XZ )

The following holds.

Proposition 5.1. Assume that [HOJ-[H2], [H4], [S1]. Then, as e — 0, n — oo in such a
way that ne? — 0, under Py,

250 s [ S = [ S+ S0 @) aw.

ia;j;% 0) —/0 (25(9 s :Us(oz))> ds——/o [g‘;(a,xs(a)wgi’(ﬁ,())%ﬁ(a)rds,

where W is a Brownian motion.

This result indicates that « should be consistently estimated with rate @

n

Consider now 8/;5 (#). Define, using (14) and (15),

(32) o2 (0) := / Egg2(0)dt = / dt / A0 =AW05)] g,
0
Proposition 5.2. Assume [HOJ-[H2], [H}], [S1].Then, as e — 0, n — oo in such a way
that ne? — 0, under Py, provided that gﬁgx (8,0) #0,
1 OA" 0?®
7 a;T 6) —c —5 e (8,0)Zr in distribution with Zp ~ N(0,0%(0)),

192A7 . 020 2,
LI 0) o, — (580 o0
We may now study the joint estimation of («a, 3). Set

82/\" 82/\"
_E€_ 0 e, T 9 T 0
(33) DET—(ﬁ ) Ta(o) = — | 7 @ gpa ©)
’ O = ’ e, T e, T
vn agoa (0) a5 (0)
We have

ﬁazAfT(e) e O%A, T(G)
DerJer(0)Der = — (naéz)\ | o7 6\ g ) :
=T (0) g5 (0)

In view of Proposition 5.2, we can state the following corollary.
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Corollary 5.1. Assume [HO[-[H2], [H}], [S1] and that 2 BBB:L" $(3,0) #0. Then, ife — 0,
n — +oo with ne? — 0, under Py,

OA”
Jnoa(0)

—r N2(0,7(0))  with

Jo (85 (0 (@) + S2(5,0) 22 (0, 5)) s 0
0 (£2.5.0)) 02(0)

Moreover, the matriz D. 7 J.1(0)Der = J(6) + op(1).

(34) J(0) =

As a consequence of Propositions 5.1, 5.2 and Corollary 5.1, we see that o and 3 should
be estimated at different rates of convergence, @ for a, y/n for 3.

Ezample 7 (continued). Consider again the special case V (o, z) = —ax, ®(8,z) = fz.
Then, for the exact likelihood of this model, as ¢ — 0, n — 400 under Py,

o

e 9%,
Vi o (0 2 551+ 5B %ds 0

—c N2 | 0, 0 ot Tre—2tmT_1 | | .
1 9% (9) 4(a+p)?
Vvn 08

5.2. Asymptotic properties of estimators. Consider the approximate likelihood A7 1.

defined in (31),(21) and let (Ge pn, ﬁgn) the maximum pseudo-likelihood estimator defined
as any solution of

(35) (G, Bem) = arg I AL (o, B).

Consider the additional assumption:
e [S4] Identifiability assumption for g: g—f(ﬁ, 0) = aw ®(8p,0) = B =P}

Define the two functions:

1T 2
M(@san8) = =5 [ (V(a.zalao)) = Vicozu(an) — 8(5,au(an) = as(a))* ds
2
Mo pifo) = 3 (Gr(8.0) = G (60.0)) ot

Lemma 5.1. Assume [H1], [H2], [H{] and [S1]. Then, the following holds, under Py,
(i) e (A?T( ,B)—Ac (o, B)) = Ai(a, oo, B) uniformly with respect to (o, ) € O X Og.
(ii) (A?T(ao,ﬁ) - A;T(Oé(), Bo)) = Aa(ag, B, Bo) uniformly with respect to B € Og.

Theorem 5.1. Assume [HOJ-[H2], [H{] and [SO]-[S2] and that € — 0, n — +o0 in such
a way that ne? — 0. Then, using (35), under Py,
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(1) (Gepm, BE n) converges in IE”@O -probability to (av, Bo).
(ii) Assume moreover that (%ax(ﬁ, 0) # 0, then,

<§%((ééi’; : ;23) — N2(0,771(00)), where T () is defined in (34).

This is an inference problem with different rates of convergence. The proof of (i) requires
several steps detailed in the appendix. The proof of (ii) follows from Lemma 5.1, (i) and
Corollary 5.1.

6. AN ASYMPTOTIC EQUIVALENCE OF EXPERIMENTS PROPERTY.

We have derived the parametric inference from (&) instead of (X;) and a natural ques-
tion that arises is whether we have lost information in this approach. We rely on the Le
Cam theory to answer this question (see e.g. Le Cam,1986, Le Cam and Yang, 2000).

Using the notations introduced in Section 4, let ]P’Z’T denote the distribution of (X%)
satisfying (1) with Xo = x9 on (Q, F, (Fi,t € [0,T])), and QZ’T the distribution of (&)
satisfying (19) with {y = x¢. Let © = O, x ©4 and consider the two statistical experiments

£5T = (U F, (By" Jpeo) and  GT = (Q,F, (QF " Joeo).

Let A(£5T,G5T) be their Le Cam deficiency distance. As the experiments are defined on
the same probability space, we have an upper bound for A:

AEST goT) < Ag(esT, 65T = sup(;e@H[PZ’T—QZ’THTV, with ||.||7y total variation distance.

To study Ag(£57,G5T), we rely on the Pinsker inequality (see e.g. Tsybakov, 2009) for
the total variation distance between two probability measures:

||P - QHTV < V K(]P)a Q)/2a
where K (P, Q) is the Kullback- Leibler divergence of P with respect to Q. We can compute
this quantity by means of the Girsanov formula. Set p(0, s, Xs) = V(«a, X5) —b(6, ¢, s, X5).
Then, using definition (21),
P e
T = exp )
dQy €
Under Q‘;’T, dXs—H(0,s,Xs) =edWs and p(0,s, Xs) —H(0,s,Xs) = D(0,s,e,Xs) := Dg
using (16). Hence, we get that,

1 T 2 1 T
2€2EP5T/0 (p(0,s,Xs) — H(O,s,Xs))*ds = QEQEPZ’T/O Dzds.

! /T(p2(6,s,X5)—H2(0,s,XS)ds).

T
X;)—H X))dXs——
| s x0-m0.s X%~ 55 [

T T

K(Py",Qp") =
Now, we have
2 2 2 T 2

EPET/ Dids < — (/ EIP’Z’T((DS _EIP’Z’TDS) )d8+/() (EIP’Z’TD5> dS) .

: : T
Using Corollary 3.2 yields that under Py",
K(®57,Q57) <2 o(1).
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Hence, the Le Cam deficiency distance A(£57,G5T) between the two experiments con-
verges to 0 as € — 0.
In the case on n independent trajectories, consider the statistical experiments

gs,T,n — (Qn,f®n’ ((]P);T)@n)ee@) and ge,T,n — (Qn’]_-(gm’ ((Q;T)@n)QE@)'

Then,
e, T\® e, T'\® eI e, T n T 2 2
K(P5)™ (Q57)7") = nK (85", Q5") = gigBysr [ DEds = 2n0(1).
Under the condition ne? = o(1), the Le Cam deficiency distance between the product

experiments tends to 0.

7. CONCLUDING REMARKS

In this paper, we consider the process (X;) given by (1), i.e. a one-dimensional nonlinear
self-stabilizing stochastic differential equation, with classical drift term V' (o, x) depending
on an unknown parameter «, self-stabilizing term ®(3, x) depending on another unknown
parameter 8 and small noise amplitude €. Extending and going further the results of Her-
mann et al. (2008), we study the probabilistic properties of (X;) as ¢ tends to 0 concerning
the convergence of (X;) to the solution of the ordinary differential equation corresponding
toe =0in (1). In particular, we exhibit an approximating Gaussian process for (X;) and
study with accuracy the remainder terms of the approximation. The statistical inference
strongly relies on these bounds.

Next, we consider the estimation of («, 5) from a continuous observation of (X, ¢ € [0,T]).
To our knowledge, it is the first paper tackling the problem of statistical inference of such
models. We propose an approximate log-likelihood function which is obtained from the ex-
act log-likelihood function of a proxi-model (&;), solution of a classical time-inhomogeneous
diffusion process. We prove that, for fixed T, as ¢ tends to 0, a but not 5 can be con-
sistently estimated with rate ¢! and study in this framework the asymptotic properties
of estimators of a for § known or unknown. This approximate likelihood is justified by
the fact that we prove that the statistical experiments generated by (X;) and (&) are
asymptotically equivalent in the Le Cam A-distance sense.

Next, we consider n i.i.d. processes distributed as (1) and study the estimation of («, /3)
from continuous observations of (X},t € [0,T],i = 1,...,n). This kind of observations
is consistent with the underlying idea of interacting particles systems and propagation of
chaos. From the statistical point of view, we obtain a two-rate model where « is estimated
at rate y/n/e while § is estimated at rate y/n.

Several natural extensions are relevant in this set-up. We have considered the case of

unidimensional parameters «, 5. The results should be still valid for multidimensional
parameters.
It will be also interesting to study the case of multidimensional non-linear self-stabilizing
stochastic differential equations which may also include a non constant diffusion coefficient.
Finally, this work should be extended to a discretized observation of the sample path either
under high frequency or low frequency setting.
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8. APPENDIX

8.1. Proofs of Section 3.
Proof of Proposition 3.1. Let Z; = X; — z(0). We have, by Ito’s formula,

t t
z: = 25/ ZSdW5+2/ Zs[V(a, Xs) — V(o z5(0)]ds
0

0
2 [ 7 [ denis +2 [ 2 [ 0000 ot s+,
where u¢(dy) = u2“"(dy). Denote by E® the conditional expectation Eg(.|n = z0) and
let v¥0 denote the conditional distribution of X; —x4(0) given n = zp. By the assumptions
on ®(f,.) and using that, given n = x, x(0) is deterministic,
2B (Z.0(6, 5. X)) = 2B (Zb(0,5, 2. + 2.(60))) = 227(Z, [ ©(3. X, ~ )Py (1)
— 287 (2, [ @(6. 2. - )P, ()
= 2//2@(6,2 — 2 (dz)vFo(d2') = //(z —2N®(B,2 — 2 )Wwio(dz)vPo(dZ') > 0.
For the last identity, we use the assumption that z — ®(3,x) is odd, which yields
//—z“l)(ﬂ, 2z — W (dz)vPo(dZ) = //2/@(6, 2 — 2P (dz)vro(d2')
= //z@(ﬁ, 2z — 2P (dz)vPo(d2').
Next consider the fourth term of Z2, noting that given Xo = o, u?? (dy) = 64,(6)(dy),
£ (2, [ 0(6.2.(0) - () ) =B (Z.2(5,0) = o.

It follows that, using (3),

t t
Ey(Z7) < 2/0 Eo(Zs[V(a, Xs) — V(v 25(0))])ds + €%t < 2L(a)/0 EgZ2ds + 2t.

By the Gronwall lemma recalled in Section ??, we conclude that Eg(Z2) < e2te?H()?,
We can proceed analogously to study IE(;(ZE P). By induction, assume that, for k =

2,...,p—1, EgZ%* < Cy,(t)e® exp (2kL()t), where Cai(t) is a non-decreasing function
and Cy(t) = t. Then,

t
s / 22" edW, + [V (@, X,) — V(a, z4(a)lds)
0

t t t
- 2p/ Z2P710(0, 5,6, Xs)ds + 2p/ Z2P710(0, 5,0, 24(0))ds + 2p(2p — 1)/ Z2P72(s.
0 0 0
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Analogously, by the same conditional device, we can write:
t t
ZpEIO/ Z2P710(0, 5,6, X5 )ds = 2p/ //227’_1@(5, z — 2" WP (dz)v¥o(dz)ds
0 0

— p/ot//(ZQP—l Y8,z — Y () (d)ds > 0.
And,
- (Z‘?p_l / (B, 25(0) - y)uﬁ’o(dy)) = E" 72719 (6,0) = 0.
This yields,

t t
Eo(2") < 2pL(a) /0 Ey(Z2)ds + &*p(2p — 1) /0 EoZ2ds.

We apply the Gronwall lemma, and after sone elementary computations get:
Eg(Z77) < e? exp (2pL()t)Cop(t)  with  Cop(t) = p(2p — 1)Cop_a(t).
O

Proof of Corollary 3.1. We have,

Eg( Xy — x(e)) = /0 Eg (V(a,Xs) — V(a,z5())) ds —/O Egb(0, s, e, Xs)ds.

Let (Xs) be an independent copy of (Xs). Then,
(36) Egb(0, s,¢, Xs) = Ee/q)(@Xs — y)ug®(dy) = Ep(®(8, X, — X)) =0,

since ®(3,.) is odd and since the distribution of X; — X is symmetric.
Now, a Taylor expansion at zs(«) yields

Eo(V(a, Xs) — V(a,zs(a)) = Eg(Xg — xs(a))z—‘;(a, zs(a)) + Rg, with

2

1
R, = /0 (1 - u)E <(Xs —ra(0)* % (0, 2(0) (X, acs(a)))) du.
Therefore,
t t
EgX; — zi() = /0 (EgXs — z5(a)) g‘;(a,ms(a))ds + /0 Rsds.
Now, f(t) = EgX; — x(«) satisfies f/(t) = %—Z(a, zi(a)) f(t)+ R, f(0) = 0. Consequently,

(37) F(1) = /O Ryexp( / g—‘;(a,xu(a))du)ds.

Using Proposition 3.1 with p = 1 and Cs(s) = s, we get that, if ‘?T‘Q/(a,x) is bounded by

La(a), |Rs| < La(a)e?sexp (2L(a)s). Using the explicit expression of f(t), we conclude,

|EgX; — x()| < e?Lo(a)t2e?H ),
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If | Vi, 2)| < k(a)(1 + |2["¥)) (Assumption [H3-2]), then
(38) RS B (X = 2(@))2(1 + s (@)@ + X, = ,(a))) S 2K (s),

where K (s) is uniformly bounded on [0,7], < means < up to a constant, so that (11)
follows.

If V(a,z) = —ax, then Eg Xy = zo—« fg EgXds, thus Eg X; = zgexp (—at) = z(a). O

Proof of Lemma 3.1. Only the behaviour at € = 0 is to be studied. Applying the Taylor
formula and integrating w.r.t. ut “(dy), D(0,t,e,z) defined in (16) writes:

DO.te) = [ (@32~ )~ 0B, — () uf“(dy) = Bolar(e)-X0) g (Bra—sle) +hu(t,2),

_ ! %P .
with Ba(t.0) = [ arle) = ([ 0= 05560 a1l0) + ulasla) = ) )l (ay).
0
Under Assumption [H3-2], ]‘g—( z)| < k(B)(1 + |z["®)). Therefore by Proposition 3.1,
0) -

[R(t,2)| S Eo ((@e(@) = X0)2(1+ |z = 2e(a) ") + | X — ax(@)?)) S &%

By Corollary 3.1, Eg(x(a) — Xt)gi(ﬁ,x —x4(a)) = O(e%) and D(0,t,e,2) — 0 as e — 0.

Thus, extending b(0,t,e,x) by continuity at e = 0 yields b(0,¢,0,2) = ®(8,z — x¢()).
Moreover, b(0,t,¢,x) is differentiable w.r.t. ¢ at ¢ = 0 with %(Q,t,a,af)lezo =0.
For the differentiability of b(6,t, €, x) with respect to x at (0,¢,0,x), we proceed as above.

g 0,t,e,x) = gi(/é’,a: — )l (dy) = (;;I:)(ﬂ,x —x4(a)) + Ra(t,z)  with
Ry(t,x) = f((')@ (5,37 y)— M) = (B, v —x4()))u G’a(dy). Therefore, under Assumption [H3-2],
Ro(t,) = [ (i (fo W) L2 (8,2 — wy(a )—i—u(a:t(a) y))du) ul“(dy) = 0 as =
tends to 0 by Corollary 3.1. This yields that 2 (9 t,e :):) = aw (ﬁ, r — xi(a)).

Note that, for e = 0,2 = z(a), ax(ﬁ t,0 IL‘t( ) = ax ®(6,0). O

Proof of Theorem 3.1 . By (12), we have R*(t) = e 2(X; — x4(a) — £g.(0)). Set
(39) B(0,t,e,x) =V (a,x) —b0,t, e, x).
Lemma 3.1 yields that B(6,t,0,x¢(a)) = V(a, (), and using a(6,t) defined in (15),

(40) 9B9.4,0.21(0) = 2 (0, m0(0)) — 22 (5,0) = a(0.).

Therefore using (13

dRa(t) = ! <B 9 t g, Xt dt — (t,O,xt( ))dt—FEth —E(ZB(H t 0 .%'t( )) t(@)dt—f—th))

2
1 0B
= 3 [ — () —eq(0)) 8—(0, t,0,x¢()) | dt +v(0,t,e, Xy)
a(#,

t)R;dt +v(0,t,e, X¢)dt, R(0) =0, where



18 VALENTINE GENON-CATALOT AND CATHERINE LAREDO

v(0,t e, X;) = 6% (B(t,e,Xt) — B(t,0,z¢(a)) — (X; — xt(a))gf(t,o,xt(a))) =T1(t)+T5(t).

with
(41) Ty(t) = <v<a,Xt> V(e i) — (X xt<a>>2¥<a,mt<a>>>
) 10 == ([ 20X - pullan) - SLE.000 - nta)).

The equation satisfied by R°(t) can be solved and we get, using (40) and (15),

t t
(43) Rs(t):/o V(Q,S,S,Xs)exp(/ a(f,u)du)ds.

Inequality (3) yields that a(0,t) < L(«a) — g—f(ﬁ,O) < L(«). Therefore bounds for R°(t)
derive from the bounds satisfied by v(0,t,e, X}).
Let us first study 71(¢). A Taylor expansion at point x¢(«) yields, using Assumption

[H3-2],

) 1 62V
0 61'2

< k(@) (Xp — wo(@)* (1 + |2()") + | Xy — o(@)[1).

Hence, by Proposition 3.1, for all p > 1, Eg|T}(t)|?? = O(1) uniformly on t € [0,T],& > 0.

Let us study T»(¢) defined in (42) and consider first its expectation. Equation (36) yields
0P

_2%(57 0)(Eg X; — ().

Applying Corollary 3.1 yields that |EyT5(t)| = O(1).

Coming back to Ts(t), a Taylor expansion at point 0 yields, noting that 929 (8,0) =0,

Ox2

(44) Ti(t) = e %X —a()) (o, xe () + u( Xt — ze(@)))du

(45) EgTs(t) =€

B(5,X: — ) ~ 5 (8.0)(X ~ m(0)) = 57 (8,0)(z(0) ~v) + 1 (Xi.p),

where

1 3
(16) P = 5 (%= 0)* [ (=0T 58X, )

Therefore we can write, for X; an independent copy of X,
0, 1 =< \3 ! 2 83(1) _
B [ p1(Xe )l “(dy) = 5B (X =X [ (1= 05500, - Ki))du)
0
Under [H3-3], z — 2322 (8, uz) is well defined and odd so that
(47) By [ p1(Xe )l (dy) = Eolp1 (X, 1)) = 0.

This implies that T5(t) — EgT2(t) = 72 [ p1(Xy, y))ul*(dy). Therefore,
Eo(Ta(t) — EgTa(t))™ = e *Eq(p1 (X1, X1)?).
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Now, by [H3-3] and (46)

1 3
Ealpr (X0 X0) = 2780 (06 = ([ (1= 0?5565, u0X, — Xi)auy)

CEg (1X; — X¢|P(1 4 | Xy — X4[))%) .

By splitting X; — X; into Xy — z¢(a) + 2¢(a)) — X; we get that Eg(p1(Xy, X;)?P) <
CEy ((Xy — 2¢(a))®) . Applying Proposition 3.1 yields that, uniformly on [0,77], € > 0,

g (Ty(t) — EgTa(t))* < e%0(1),
Finally,(43) yields that, using the bounds obtained for v(0, s, e, X5) = T1(s) + Ta(s),

IA

t
|EgRE(t)] < / [Egv(0,s,e, X,)|eH@E)ds = O(1) and
0

t

Eo(R(t) — EgRE()% S / By (v(0, 5,2, Xo) — Bgu(6, 5,2, X,))2) e2PH=9g5 — 0(1).
0

O

Proof of Corollary 3.2. Using (16), D(0,t,e, X)) = [(®(8,X; — y) — ®(8,X; —
xt(a)))uf’g(dy). Similarly to the study of T>(t), a Taylor expansion of ®(f,.) yields, using
(46),

B8, X, ) ~ B(5, X, — w1(a) = 2 (8, 0)(wi(0) ~y) + p1 (Xi,p) — p2(Xe), with

1 3
(15) pa(X0) = 5% —aila))® [ (1= 0P TF (BN, — ()i

Therefore, D(97t757Xt) = g%(ﬁv 0)(xt(a) - ]EGXIL) + fpl(Xta y)uf’e(dy) - pQ(Xt) USing
(47),
0P
E@D(G, t, g, Xt) = %(ﬁ, O)(mt(O{) - EgXt) — Egpg (Xt)
By Proposition 3.1, Eg|p2(X;)| < 20(1). Applying Corollary 3.1 yields (17).
Moreover, as for the upper bound of T (t), Eg|p1(Xs, X3)|?P < Eg| Xy — X |7 < 0P,

By Proposition 3.1, uniformly on [0, T, Eg|pa(X¢)|?P < Eg| Xy — 24() [P < €520(1).
Joining these two inequalities, we get (18). O

8.2. Proofs of Section 4. Recall that H(0,s,z) = V(a,z) — ®(8,z — x5(a)). Thus,

OH ov 0P Ox

%(H,S,XS) - %(OZ,XS)—F%(B,XS—I’S(O{)) O (O[,S),

o0H 0P

373(9’8’)(3) = _%(57)(3 —zs())

0’H oV 0P 0 0% Ox
W(G,S,XS) = W(Q,XS)—F%(ﬁ,XS—IES(a)) 92 (a,s)—@(ﬁ,Xs—xS(a)) <8a
0*H 0*® 0*H 0*® O

a—ﬁz(ﬁ,s,Xs) = —a—ﬁz(ﬁ,Xs — z4(a)), W(H,S,XS) = m(ﬁ,Xs — xs(a))a—a(a,s).
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2
8AE T (0)7 0 AE,T

We rely on two lemmas: Lemma 8.1 is for dealing with 9o () (Proposition

4.1), Lemma 8.2 is for ag%T (0), 68/2;2T(6?) (Proposition 4.2). These Lemmas are also be

useful for Section 5.
In proofs, we set for simplicity where there is no ambiguity,

_Dt = D(Q,t,E,Xt) = b(9,t,5,Xt) - (P(B,Xt - .’Et(OZ)).

Lemma 8.1. Assume [HO]- [HQ] an [S1]. For F(0,s,Xs) = g‘;(a X,). % ‘2/(04 X,),
%(Bva - xs(a)), ax (5 X — zs(a)), we have:

(49) sup Eg(F (0,5, X;) — F(0,5,25(a)))* < eCr(6,T),
s<T
(50) supEg |F (0,5, X)D(0, s,¢, X,)| < e2C(6,7T),
s<T

where C(0,T),C'(6,T) do not depend on e.
Proof of Lemma 8.1. Consider first F' = % By the Taylor formula,

1 a2
Z—Z(Q,Xs) - av(a,ms(a)) = (X5 — z5(a)) o

Ba ; m(%%(@ + u(Xs — z5(a))du.

Using that gag (a, .) has polynomial growth, we get that , for some constant c,

ov oV
|87a(a’XS) ~ P

By Proposition 3.1,

(o, z5(a))] S [Xs — zs(a)|(1+ |zs(@)|® + | Xs — 25 ()[).

iggEg(g‘;(a,Xs) - g‘o/[(a,xs(a))% <e?C(a,T).
We proceed analogously for ?927‘2/(04,)( ). For a—q)(ﬂ Xs — z5()), we write
9P o® L5926

5y (B Xs = 2s(@)) = 5-(8,0) = (Xs — zs(e)) (@, u(Xs — x5(a))du.

o 0x?
Th(er)e)fore, we conclude analogouly that (49) holds for g—?(ﬁ, Xs —zs(a)) and ‘Z;g (8, Xs—
zs()).

To prove (50), we write, F'(0,s, Xs)Ds = Zﬁzl Ag(s), where
Ai(s) = F(0,s,zs(a))(Ds — EgDs), Aa(s) = F(0,s,xs(a))EgDs,
As(s) = (F(0,s,Xs)— F(0,s,z5(a)))(Ds — EgDy),
Ay(s) = (F(0,s,Xs)— F(0,s,z5(x)))EgDs.
We now use Corollary 3.2, to obtain:

supEg| A1 (s)| < sup [F(6,s,z5(a))| sup(Eq(Ds — EgD;)*)'/? < £°0(1),
s<T s<T s<T

sup|Aa(s)] < 20(1).
s<T
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Now,
1/2
Eo|As(s)| < [Eg(F (0,5, Xs) — F(0,5,24(c)))2Eg(Ds — EgD4)?] .
Therefore, by the first part of the Lemma and Corollary 3.2,

supEg|A3(s)| < exe0(1), supEgy|As(s)| < e x20(1).
s<T s<T

Hence,
e tsupEg|F(8, s, Xs)Ds| < €O(1).
s<T
O
Proof of Proposition 4.1. Considering the regularity assumptions on V,®, we can
derive under the stochastic and the ordinary integral. Replacing dX; by its expression in
(1), we get (see (20) and (21)):

OAc T B T oH OH
687(0) = ( . Pa —(0,s, X5)dXs — / H(0,s X)8a (9,8,X5)d8>,
OH T oH
1 = - .
(51) /0 D —(0,s, X5)dW, — - ( . Da —(0,s,X )Dsd8>
By Lemma 8.1,
T o OH
el ) — 2% 2
| G650 = S5 Pds =z, 0
and
(52) E /TaH(e X,)Dads ) —p, 0
- , O y Sy As)/sAS Py Y-
Hence, the first limit of Proposition 4.1. Now,
A Toro 0*H T oH
2 e, T 2
= X)dX, H( X X — il
Do (9) . o (0,5, Xs)d / 0, s, )8a2 (0,5, Xs)ds /0 (8a (0,s,Xs))°ds,
2 2
(53)= ¢ i (9 s, Xs)dWs — / 0,5, X )Dsds—/ aH(G s, Xs) | ds.
0 Oa a2 0 Jda
We have, as € tends to 0,
Tom? Tom?

(0,5, Xs)dWy —p, (0,5, xs(a))dWs,

0 80[2 (9 2

/0 (Zf(e s X))st e, /0 (gZ(e s xs)(a)>2d37

and fo B—H s, Xs)Dsds = op(1). Thus, the second limit of Proposition 4.1.

Lemma 8.2. Assume [HO]-[H2] an [S1]. For F(0,s,Xs) = %(B,XS— s(a)), ‘32;2) (8, Xs—

zs(a)), we have:

(54) supEg |F(0, s, X,)D(0,s,e,X,)| < 3C”"(0,T).
s<T

where C"(0,T) does not depend on ¢.
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Proof of Lemma 8.2. Noting that z — g—g(ﬁ, x) is an odd function yields:

9’ ! P
(59) 53 (B0 = (3.0 +a” [ (1) (6w

Thus, we split into four terms as above,

oP 4
530X~ (@)D, = Y Bils)
=1
where
2 2
Bils) = 555-(B:0)(Xe — w(@)(Ds ~ EaD). Bals) = 5 (B.O)(X. - 2.())EaD,
B = (X 2 [ o X du (Dg — EgD
(o) = (K= afe)? [ (=) (5 (X, — au(e))du (D, = BaDy)

1 3
By(s) = (Xs—xs(a))Q/O (1—u)ag;(ﬁ,u(Xs—xs(a))duEgDs.

We have

0’® 1/2
EolB1(5)| < 555, (8: Ol [Eo(Ds — EgDy)Eo(X, — z(a)’]

By Proposition 3.1 and Corollary 3.2, we get
sups<7Bg|B1(s)] e x e20(1) and  sups<7Eg|Ba(s)| < e x €20(1).

Using that z — %(ﬁ ,x) has polynomial growth, we obtain, proceeding as for the first
two terms,

sups<7Bg|B3(s)] < &2 x e30(1) and  sups<rEg|Ba(s)| < e? x 20(1).
Finally, the term Bs is the main one and we get 6_25ups§TE9|g—g(ﬁ,Xs —z5(a))Ds <
e0(1).
We proceed in the same way for %(B,XS —xz5(a)) as 852 ®(B,.) is odd. O

Proof of Proposition 4.2 Analogously, we can write:

Oher ToH N .
5 ) = 52 [ 555X /H9 X,) ﬁ(e LX) ds
(56) - ! 8% X, — () dWu+ = [ 22(8.X, — wu(a)) Dds.

605 goﬂ
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By Lemma 8.2, the second term above tends to 0. Substituting x by X — z4(a)) =
£g9(s) + €2R(s) in (55) yields using Theorem 3.1 and Lemma 8.1

Too *® T .
LG x—ntenaw = 2260 ([t +ersnaw)
T ~au(a))? (! 3¢
oo [ B [l S X, — o)) du aw,

- 22 o ([ Tge(s)dWs>+0P(5)-

So we get the first limit of Proposition 4.2. Now

52/0 (%g(e s X))st
_ _g 0 ?;(@Xs—xs(a))dWﬁ; [ 6., ~ e Dats
(57 5/ (g; (8, X, - <a>>>2ds.
By Lemma 8.2, we have % fT g;% — z5(a))Dsds —p, 0. Using that

3 1 4
59 D) =r e (5.0)+ /0 du(1 — ) 5T (B (X, — a(a),

we can prove by tools previously used that

1 (7o o
Tz . W(ﬁaXs — z5())dWs  —p, 6,82(9 (B
82

T
0 [ aoaw,
L (Bex @) @ o - (2reo) [ e

Thus, the second limit of Proposition 4.2 is obtained.
O

Proof of Lemma 4.1. We have, under Py,, using (21), (16), e?A. r(«a, Bo) = A1(«, Bo) +
As(a, Bo) + As(a, Bo) with

T T
Aq(a, o) = / H(a, By, s, Xs)H (ap, s, Po, Xs)ds — ;/ H2(a,BO,S,XS)ds,
0 0
T T
AQ(O‘MBO) = _/ H(Oé,ﬂ(),S,XS)D(OAO,,@(),S,E,XS)CZS, Ag(@,ﬁo) :6/ H(a750757Xs)dWs-
0 0

By Theorem 3.1, foT H(a, By, s, Xs)dWs —Pg, fOT H(«, By, s, xs(ag))dWs, which is a bounded
random variable. Hence As(«a, 5p) converges in probability to 0.
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Using now Proposition 3.1, D(ayg, 5o, $,&, Xs) = D(ap, Bo, $,0,zs(cp)) = 0 uniformly on
[0,7] and fOT H?(a, By, s, X)ds converges to fOT H?(a, By, s, 25(0))ds. Hence,

T T
A%(a,ﬁo) < / H2(a,ﬂg,s,Xs)ds/ Dz(ao,ﬁo,s,e,Xs)ds — 0.
0

FlnaHY7 Al( 2 fO BO? S, XS)—H(OZ(), 607 S, Xs))2d5+% f(;r H(Oéo, 607 S, Xs)zds'
By Theorem 3 1
1 (T
A o)~ Ar(an, o) = 5 [ (H (@ Bo.5,2.(00)~H(ao, o, 5,2, (a0) s = K, a0 o).
0

Under [S1], (a, 8) — K(a, ap; B) is continuous non positive. Assume now that K («, ag; Bo) =
0. Then, for all By € Og, V(a, z5(a0)) — P(Bo, zs(v0) — xs(v)) — V(o x5(g)) = 0. Then,

VB € O, V(a,zs(a)) — V(aw, v5(0)) = ®(Bo, s() — ws(c)).

Therefore, for all s € [0,7], the function Sy — ®(Bo, xs(w) — xs(a)) is constant. As a
function of z, ® is increasing. So, this is possible only if zs(ap) — zs() is constant. Using
now that zo(a) —zo(ap) = 0 yields the result and Assumption [S2] for the identifiability. O

Proof of Lemma 4.2. We have, under Py,, e2U. r(a) = Bi(a, ap) + Ba(a, 0p) + Bs(a)
with

T 1 T
Bilasa) = [ V(e X)Viao, Xo)ds— 5 [ V¥ X
0 0

T T
By (a,6y) = —/ V(a, X5)b(0o, s,e, Xs)ds, Bs(a) :5/ Ve, Xg)dWs.
0 0

As above B3(«) converges in probability to 0 and Bj (o, ag)—Bi (oo, ) = —35 fo (o, z5(ap))—
V(ag, z5(ap)))?ds.

For By(a, ), we use that, for all s, b(0,s,e,2) - (8,2 — z5(a)) as € — 0. Hence
b(fo, s,e,Xs) = 0 and Ba(w,b0p) = op(1). O

Proof of Proposition 4.3. Let us first study EaUE’T (). We have

U1 1 [Tov Tov
S () = =y 804( Xs)dXs — :), 7a —(a, X5)V(a, Xs)ds
Tov 1 (Tov
= ) %(Oé, Xs)dWS — g ) %(Q,Xs)b(e, S, &, Xs)dS = AI(T) + AQ(T)
First
Tov T ov oV
A(T) = 90 —(a, xs( ))dW8+/() (a—a(a,Xs)dWS—%(a,ws(a)))dWS = A1 (T)+A12(T).

By Theorem 3.1, < Ay >p— 0. Next, we have, using (16),

1 [Tov
Ay (T) = ——

¢/, %(Q,Xs)[D(Q,E,S,XS)—l—‘I’(ﬂ,Xs—xs(a))]ds:A21(T)+A22(T).
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By Lemma 8.1, Ay (T) = O(1).
Let us study

T

An(®) = =2 [ G0 X)B(3,X, — nu()ds = ColT) + CYT), with
T

Cot) = 1 [ (GoteX) - Grlam(@)B(5. X, ~ e
T

ety = 1 [ Gh(am(@)e(s, X, ~ afa))ds

As above, Cy(T) converges to 0. For C4(T'), we use the Taylor expansion of ®(3,z) at
0, i.e. ®(B,x) = x%—i(ﬂ,O) + 23 01 %(1 — u)Q@(B,uaﬁ). Substituting X; — x¢(«) by its

3
expression in Theorem 3.1, and using the notations defined in (12), in C4(T) , we get,

T
Cy(T) = — E;‘Oi(a,a:s(a))gs(G)gZI:(ﬂ,O)ds + R.(T)
0
with
T
R1) = e [ Sl g (5.0
1 [Tov I FaKi
~5 /. a—a(a,ms(a))(Xs - xs(a))3/0 5(1 - u)zﬁ(ﬁ,u(Xs — zs(a)))duds.

By Theorem 3.1, supejo,r)Ee|°(t)| = O(1) and by Proposition 3.1, Ey(X; — zi(a))? =
e2r0O(1).
Joining these results achieves the proof of the first part of the proposition.

Consider now £2 82L;52’T (a) = C1 + Cy + C3 with
T aZV T 82‘/ T oV
= a9 Xs S5 = a9 aXs s € 7XS ) = - a 7Xs 2 .
o 5/0 Gz (X)W, Co = [ S 0 X b0, e, X,)ds, € /0 (O (o, X.))ds

First Eg(C?) = &2 fOT(gQT‘;(OL,XS))dS — 0. Then, using (16), Cy = Cy1 + Cao with

T aQV T aQV
= a5 Xs)D > 7Xs 5 = a9 7Xs ¢ aXs — Ts .
Con= [ Sa(@X)DEO.5.X). On= [ 55 (0.X))0(5.X, - a.(e))is

Using Lemma 8.1, we obtain that Cs; tends to 0. For Cas, we write

T 42 T
(022)2 S/o (g;g(a,Xs))2ds/0 @(B,XS—xs(a))zds:esQOp(l).

Finally, an application of Lemma 8.1 yields that C3 — — fg(g—g(a, zs(a)))?ds.
This achieves the proof of the proposition. [
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8.3. Proofs of Section 5. Now, we deal with the observations of n i.i.d. sample paths.

Proof of Proposition 5.1. We have (see (51))

¢ OA", . . OH .
N 0) = 522<0 (0,s,X2)dX; — / HGSX)aa(G,s,XS)ds>,

1 H
= \FZ/ (0, s, XHdW? — =7 ) g (0,5, X)) Dids,

where D% = D(0,s,e,X!). By Lemma 8.1, (50),

Z/ 3@ 6,s, X\)Dlds

which tends to 0 by the condition e/n = o(1). For the first term,
% ) 1 & 7
IZ/ (0,5, X))dW! / 8a03x5 )n;dWS
H ,
Z/ —(0,s,X!) — %a (0,5, z5())dW?E.

Now, OT 9l (9, s, 24( )ﬁ S dW is distributed as fo 91 (9, s, 25(c)dWy and

< {supE9|(9 s, X5)Ds| x T < ey/nO(1),
s<T

EQZ/ (P g s, xi)— %H(e 5, 24(a ))2ds—E9/O (%H(e 5 Xy)— gZ(Q,s,xS(a))QdS

tends to 0 by Lemma 8.1, (49). Thus, setting B f S AW,

e ONp T oH
59 — () = 0,s,x5(a)dBM™ 1).
(59) =0 = [ G s (@B + o)
The first limit of Proposition 5.1 is obtained. Now, using (53),
g2 32A?7T 1 0’H

z ) azH %
= (g)zf \onéz(GSXdW_Z/ 5 (0,5, X)Dids

_n;/o <(ZZ(0,5,X§)> ds.

We can prove in the same way as above that
1 To2H

902
NG ~Jo O

_ii/g (gH(e s X’)) ds — — / OH (4 . 2.(a)))2ds.

i=1

0,5, X))dW? —m/ 9o -5 (0,5, 25())dW,

and that
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Using again Lemma 8.1, we get that £ >°% | OT 8;;;[ (0,5, X!)Dids tends to 0. Hence, the
second limit of Proposition 5.1. [J

Proof of Proposition 5.2. Using (56), we get

OH
op

18A?,T9 R OH
aap T el <035

_ fez/ (B, X7 — 2y(a))dW! + 522/ (8, X' — z,(a))Dids.

First note that, by Lemma 8.2,

(0,5, XHdXi — /HesX) (esqu)

, n 0P
Z/ (8, X! — z4(a))Dids §£2E9 |85

Therefore, we look at the first term and use again the Taylor expansion (55) and the
development X! = x4(a) + egi(0) + 2R :

(8, X,—4()) Dylds < ey/nO(L).

6
82

. 0% 1 [t :
(60) Xi- dW! = ——(8,0)—= H0)daWi+R)L+RE)
) 2 | G5 X = 2 [ ot nie )
where (g2(6)) is the Ornstein-Uhlenbeck process of the development of X?,

R 1) _ 9*® (B O)gi/TRa,idWi
n,e 8,381’ ) \/51:1 0 S S

n T 1 3
2 _ € —20vi 9 AL ;
Rn,s - \/ﬁ ; /0 € (XS $5(a)) /0 (]' ’LL) 8,88 2 (/87 ( l’s(a)dudws

Applying Lemma 8.1 and Lemma 8.2, we prove that the terms above are op(1). Finally,
we have obtained:

1 OAZp 0% SR ;
(61) s O = g B0 2 [ a0 or(h)

The martingale Mz = 3>, ) T g1 (8)dW has quadratic variation (M™)g = Sy fOT(gi,(H))st
satisfying

1 T
"y B [ (9(0)2ds = o} 0)
0
By the central limit theorem for martingales, we deduce

jﬁw Sz N(0,03(6)).
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This achieves the first part of Proposition 5.2.
Now, we study (see (57))

182A?7T 7 7 7 A
) = Z/ WﬁXS— z(0)) AW + nQZ/ 8525X3—x5(a))Dsds

1 L 2
_%22/0 (85(”8 Xi— (a))> ds.
For the first term, we write:
>’ i i 82‘1’ i i
Z/ g (0 X = . @)V = mfz/ g (05X = . @)V

2%®
th?

This term is analogous to (60) wit instead of 8<I> but it is now multiplied by — Tn and
therefore is op(1).

The second term, # Yoy OT g%%’(ﬁ, X! —x4(a))Dids, is proved to be op(1) using Lemma
8.2.

Using as above the Taylor expansion the Taylor expansion (55) and the development
X! =x5(a) +egi(0) + 2R3, we prove that

ne Z/ ( (8, XZ zs(a ))>2d3_ (aa;ax > Z/ gs 2d8+0p( ).

which tends to —(-2 5 B e 2 (3,0))202(6). Thus we get the second part of Proposition 5.2 whose
proof is now complete. [

Proof of Corollary 5.1. From (59) and (61), to get the joint convergence in distribution,
it remains to study

/ aaems de fZ/ gL(0)dW? >= — Z/ (0,5, 25())gs(0)ds.

This term converges to Ey 0 8a 29 s, x4(a))gs(0)ds = OT %IO{(G s,x5(a))Eggs(0)ds = 0.
Hence, the joint convergence in distribution is proved.
Now, for the second part of the corollary, the only remaining term to study is:

e 2N, 1 i i 02H i
n&aaﬂ() = mz(g Maﬁesx )dX? — /HQSX)aaaﬂ(QsX)d>

1 « Ton ~OH ;
Z( ; 85(9787)(5)%(9787)(5)653)

1 0°H 0*H |
et —_ 0 XZ d 7 o 9 XZ 6 Xl d
n 1/_21/ 80{66( S W Z/ 8068/8 S ) ( 55787 S) S

1 « Ton ~OH ;
(0 %(H,S,X)a (08X)d>
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where
82H 82(1) 8;1,‘8 oH ) 00
5aop 5 K) = gppp B Xe mml@) 5o (en8). g (e Xe) = =550, Xe —as(a).
We can write:
1 n T O’H i _ 1 a?H 1 n i
n = Jo aaaﬁ(ejs,x)dw Nl aaaﬂ(esxs ))\/ﬁ;dWS—FOP( ) =op(1)
We have:

82‘1) 62(13 1 agq)

83:85(5 Xs —zs(a)) = ox 05(5, 0) + (X5 — z5(a)) ; m(ﬁ,u(&f;ﬂs(a)))du

Therefore, the second term satisfies by Lemma 8.1 :

1 ([T o*H o
— Dids ) = 0p(1
m;( i aaaﬁ(ﬁ,s,Xs)Dsds> 0p(1),

There remains the term for which we only give the main terms:

n

Enz( 0 05X)%Z(9,s,X§)ds> _ ;;(/OT(X;—M ));;6 (8, ) (HSXZ)d>

n

0’® 1 T oH
- 6,383:(6’0);/0 95(0) 5o (6: 5, 5(a))ds + op(1)

2 T
= ;;;(570)1@9 (/0 95(9)?32](9,3,338(@))5k> + OP(l)

= 0 + Op(l)
The proof of Corollary 5.1 is now complete. [
Proof of Lemma 5.1. We have'
= An (0, B) = ( [ b X000~ L XD ).
We replace
(62) dX! = edW! + H(ao, Bo, s, Xt)ds — D(a, Bo, s, X')ds

and this yields: %AZT(H) =T+ T» + T3 with
1 T . .
T, = ¢ [Z/ H(o, B, s, 25()))dW? + Z/ (a, 8,8, X2) —H(a,ﬁ,s,ms(a)))) dW;]
n < 0
=1

1 n T . .
n = _nZ/O H(a’B?SaX;)D(O‘OaBOaS7X;)dS
i=1

T3 = n;/o (H((X?B’Squ)H(eOasaXs)_2H2(a76787Xs)>d8:nZT?)
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By the same tools as in Lemma 8.1, we check that 71 = op(1), 72 = op(1) and the main
term

T
T = /0 (Vi(, X7) — (8, X — 4(0))(V (a9, X7) — @ (6o, X! — z4(0))) ds

1 2

T . .
- Ve 2 X )

converges to

Jo (V(a,z(a0)) — (B, z(a0) — zs()V (a0, (a0))) ds
1

T 2
= 5 eman) = B, (00) a0 ds

T T
= —5/0 (V(e,25(00)) = (B, z5(a0) — 24(a)) = V (a0, zs(0))) ds + ;/0 (V(a0, 5(a0))* ds.

Therefore,

(o, Bo) = = / (v, s ao)) ds.

Hence, we have proved the convergence (i). The unformity of this convergence is obtained
without difficulty taking into account our regularity assumptions.
The convergence (ii) is more subtle. We directly write the difference: I (AZ/(ao, 8) —

AQT(aO, Bo)), replace dX! by its expression (62) and develop. In the difference, several
terms cancel and there remains:

Lipn - Ly 1 i i 2
L2200, 8) = An(on. ) =~z 3 [ (B(8.Xi = a:(00) = (f Xi = a:(00))’ ds
=1
1 (7 A , '
- MZ/ (®(8, X, — zs(a0)) — ®(Bo, Xy — w5(a0))) AW
i=1"0

1 &[T ‘ , .
T nEQZ/O (®(8, X — z5(a0)) — ®(Bo, X — z5(0))) D(bo, s, X3)ds

The last term is proved to be op(¢) by the same tools as Lemma 8.2. For the first two
terms, we write as done previously

O(B,X; — z5(a0)) = (Xﬁ—ws(ao))gi(ﬁ,o) —695(90) (57)
©(Bo, X; — zs5(an)) = (X; - fﬂs(ao))%(ﬁo,o) +.= 89@(90)%(50’0) +

Skipping details which have been used repeatly, we obtain:

2 n
L trlan ) - A2glon i) = o (20,0~ 52050.0)) Y [ (o

"o
11

1 [0® o
- n(axw,m 9% (50,0 );/0 i (00)dW + op(c)
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where the first term tends to —3 (22(8,0) — 22(5,0))* By [} (g5(60))2ds = As(ao, B, o)
and the second term tends to 0. We have thus obtained the limit (ii). The uniformity can
be proved without difficulty although after some cumbersome developments. [

Proof of Theorem 5.1. Following Gloter and Sgrensen (2009) and Sgrensen and Uchida
(2003), the proof of consistency for a two-rate model goes in three steps:

step 1: Prove the consistency of ¢, ,: the consistency follows directly from Lemma 5.1,
(i).

step 2: Prove that @(olem — o) is Py, -tight.

As Py, (Gen € ©n) — 1, on the set (Gepn € 6,), we can write:

ONZp )
0= acé (ae,na /Bs,n) = Ve,n + (ae,n - aO)Ne,n
where
OAT,. 1O2AT, ) .
Vz—:,n = 80; (Oé(], ﬁs,n)a Nz—:,n = . 60&5 (Oéo + u(as,n - CYO), Be,n)du
Therefore,
£
- en 0 %N&n .

n

2 . . 8A5,T
We muz;cAprove that ﬁVEn and - N, are tight. This can be done as for ﬁ o (a, )
2 n
and & —5(a, B).
n  Oa? ’

step 3: Prove that Bg,n is consistent. For this, it is enough to prove that, under Py,

(AL (e, 8) — Al (60, o) — As(a, B, o)

uniformly in 8. This follows from the previous steps and the same tools as in Lemma 5.1,
(i1). O
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