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ABSTRACT: We study conformal boundary conditions for the theory of a single real scalar to
investigate whether the known Dirichlet and Neumann conditions are the only possibilities.
For this free bulk theory there are strong restrictions on the possible boundary dynamics.
In particular, we find that the bulk-to-boundary operator expansion of the bulk field in-
volves at most a ‘shadow pair’ of boundary fields, irrespective of the conformal boundary
condition. We numerically analyze the four-point crossing equations for this shadow pair in
the case of a three-dimensional boundary (so a four-dimensional scalar field) and find that
large ranges of parameter space are excluded. However a ‘kink’ in the numerical bounds
obeys all our consistency checks and might be an indication of a new conformal boundary

condition.
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1 Introduction and summary

The classification of conformal boundary conditions for a bulk CFT is a difficult problem.
Besides well-known results for rational boundary conditions in rational CFTs (reviewed
in [1]), very little is known even for relatively simple theories. It is natural to ask whether
a systematic approach is feasible — one which does not rely on explicit constructions but
leverages instead the modern conformal bootstrap methods [2] (see [3] for a review and [4]
for a first application to BCFT which relied on results from [5, 6]). A promising methodol-
ogy is to start from theories that are as simple as possible in the bulk. In this work we pursue
precisely such a direction in the case where the bulk theory is a single real free scalar field.

In any spacetime dimension a free scalar can certainly have Dirichlet or Neumann
conformal boundary conditions. The question we try to answer here is whether more
general conformal boundary conditions are possible, for example by coupling the bulk scalar
to new boundary degrees of freedom and flowing to the infrared. These putative boundary
conditions should modify the behavior of the scalar near the boundary and produce non-
trivial boundary correlators, analogous to those of an interacting one lower-dimensional
CFT. We find numerical evidence for at least one such ‘exotic’ boundary condition in four
dimensions, and more generally very strong constraints on the space of potential conformal
boundary conditions.’

In exploring consistent boundary conditions for a free scalar theory we obtained a very
special set of ‘shadow-related’ crossing symmetry equations, as follows. First of all, the
(¢ = 0 equation of motion implies that the bulk-boundary expansion of the bulk field ¢ is
restricted to contain at most two operators that we denote as 61 and 62; their dimensions
are Ay and Ay + 1, respectively. At most one of these two operators can vanish, and if
so then we are in the Dirichlet or Neumann case and the two operators are immediately
recognizable as the restriction of ¢ or ) ¢ to the boundary. If they are both non-vanishing
then the operators can be thought of as a ‘shadow pair’ in the sense of Ferrara, Gatto,
Grillo and Parisi [11-14]. Their dimensions match this observation since 2Ag+1=d — 1,

IThe existence of such strong constraints is remarkable. In some cases, for example Maxwell theory in
four dimensions, it is known that the space of conformal boundary conditions is vast, since the coupling to
a generic CFT with a U(1) symmetry in three dimensions gives rise to a manifold of BCFTs parametrized
by the bulk gauge coupling [7-10]. Note that this is due to the fact that the gauge coupling is associated
to a bulk operator, and as such it cannot get renormalized by boundary interactions. There is no analogue
of this coupling in the case of a free scalar bulk CFT.



the dimension of the boundary, but the picture extends to their three-point functions: for
a generic third defect operator O with dimension A and spin [ we find the relations
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where

and ag2 is the one-point function of the operator #? in the presence of the boundary. This
relation between OPE coefficients agrees with the result obtained from applying a shadow
transformation to the relevant three-point functions. In section 2 we derive this equation
by demanding the absence of unphysical singularities in a three-point functions involving
two bulk operators ¢.? Note that the relations as written are still valid when the dimension
of O is such that the gamma functions have poles; this is precisely when the operators are
of ‘double-twist’ type and the shadow transformation is singular.

The properties of the previous paragraph already lead to a remarkable bootstrap prob-
lem. Indeed, up to the special ‘double-twist’ operators there is one spectrum and set of OPE
coeflicients that needs to solve the five different crossing symmetry equations corresponding
to the possible four-point functions of O, and 62.3 This is intriguing in itself, but in the
numerical analysis we can actually impose three more constraints. The first one is related
to the Ward identity for the displacement operator. The second one is that of locality of the
BCEF'T setup, which translates to the absence of any vector operators of dimension d in the
O1x Oy OPE. Both of these are described in section 2.2.3. The third one is imposed to sepa-
rate local three-dimensional CFTs, which do not interest us here, from boundary conditions:
this requires the scaling dimension of the first spin 2 operator to be strictly greater than 3.

We have numerically explored the system of crossing equations originating from the
(1111), (1122) and (2222) four-point functions in four bulk dimensions subject to all the
above conditions. It might be tempting to conjecture that no non-trivial conformal bound-
ary conditions exist that meet such stringent criteria, but surprisingly this is not quite
what we find. On the one hand, there does exist a large range of possible values of ag:

2In [15] the same analysis was carried out for defects with a higher co-dimension in the free scalar theory,
leading to similar shadow relations and a proof of triviality in many cases. For non-integer dimensions this
setup can also be used to describe the long-range Ising model, where the relations can be found from the
non-local equation of motion [16]. More details can be found in [17, 18] and a first numerical analysis in
this context was done in [19].

3The corresponding four-point functions should be related by the integral transformation that imple-
ments the shadow symmetry. However it is not clear to us whether the conformal block decompositions
of such shadow-transformed four-point functions are automatically consistent. For example, the integral
transformation is sensitive to contact terms and it seems unlikely that it can be swapped with the sum over
conformal blocks.



where the first spin 2 operator must have a dimension less than about 3.1. Since this value
is likely to decrease even further when increasing computational power, it is natural to
conjecture that it must converge to 3, and then no conformal boundary conditions would
be possible in this range. On the other hand, for a2 near its Neumann value we suddenly
find room for interesting physics: as indicated in figure 2, the first spin 2 operator can have
a dimension of nearly four without violating any other constraint. A corresponding kink in
all the numerical plots points towards at least one possible exotic boundary condition for
a free scalar in this neighborhood. We subject this point to a detailed analysis in section 5
and show that it passes all the obvious consistency checks for a proper local boundary con-
dition. Using the ‘extremal functional’ methods of [20, 21] we also estimate the dimensions
of several low-lying operators and in particular conclude that the higher-spin symmetries of
the bulk theory are broken. We leave for the future the interesting question of identifying
a microscopic candidate for such a conformal boundary condition.

The rest of the paper is organized as follows. In section 2 we study the constraints that
any conformal boundary condition of a free scalar field must obey, and in particular derive
the shadow relations (1.1). In section 3 we provide some examples, starting by reviewing
the free boundary conditions and then using conformal perturbation theory to construct
interacting ones (under the assumption that we can appropriately tune the parameters of
the local degrees of freedom on the boundary). In section 4 we derive the set of crossing
equations for the four-point functions involving O and 52, we organize them in a way
that takes advantage of the exact relations, and we explain the approximations of the
resulting ‘superblocks’ that we use in our numerical implementation. In section 5 we
present the numerical results in the case of d = 4, showing plots that involve several different
characteristic observables, and in particular we show the kink that we mentioned above.
We finally discuss possible future directions in section 6. A summary of the conventions
and various technical results that we used along the way are relegated to the appendices.

2 Analytic constraints on the free scalar BCFT

Consider a free massless scalar field ¢ in d > 2 dimensions with a planar boundary. We use
the coordinate y > 0 for the direction orthogonal to the boundary, and & for the directions
parallel to the boundary. We denote the components of = = (Z,y) € R x Ry as z*,
p=1,...,dwith ¢ =y, and those of Z € R¥ ! as 2%, a =1,...,d — 1. We are interested
in unitary boundary conditions that preserve the boundary conformal symmetry SO(d, 1).

2.1 Two-point functions with the scalar field

In this section we discuss the bulk-to-boundary OPE (bOPE) of the scalar field for a generic
conformal boundary condition, and the constraints imposed by crossing symmetry on the
bulk two-point function of the scalar field.

2.1.1 Bulk-boundary two-point functions

In this section we review the existence of two operators with protected scaling dimension
in the bOPE of the free scalar field [4, 22-25]. In a BCFT the bulk-boundary two-point



function of a scalar bulk operator O of scaling dimension A and a scalar boundary operator
O of scaling dimension Aj is [4-6]

(0(#,1)0(0)) = boo 2.1)

Ao—Dn ) - A
Yy~ o (|72 +y?) "o

The bOPE coefficient b05’ which is real for Hermitian operators, is not determined by

symmetry. Specializing O to be a free scalar ¢ of scaling dimension A, = % — 1, the
equation of motion (¢ = 0 gives

~ d -~ d ~ b o
0:¢M@Wmm»=(—aﬂ<—1—AJ S S (2.2)
2 9\2 O RS2 4 2%

Therefore the possible scaling dimensions for boundary primaries with b 40 # 0 are

~ d ~ d
A=21, AR =2 2.
1=5 ; 2=75 (2.3)

Without loss of generality, we can assume there is at most one boundary operator of di-
mension A1 with b 50 # 0, that we denote as O, and similarly for Ay, the corresponding

operator being denoted as 62.4 As observed in [25], the scaling dimensions of these op-
erators add up to d — 1, which suggests that the two operators might be thought of as a
‘shadow pair’. In the next subsection we will show that also their three-point functions are
compatible with such a ‘shadow relation’. The bOPE of the free scalar is [4-6]

$(Ey) = b1 €a_ [y, V] O1(@) + bay Culy, V] Oa(2). (2.4)

where we defined b; = b 50,7 1 = 1, 2. The explicit form of the differential operator N [y, 62]
is given in appendix A. The bOPE can be used to reconstruct bulk correlators starting from
the boundary ones.

2.1.2 Bulk two-point function

Next, we consider the two-point function

((Z1,y1) (T2, y2))- (2.5)

This correlator is not completely fixed by the symmetry as it depends on the cross-ratio

(z1 —22)* _ |#1 =%l + (11 — 12)°
Y1Yy2 B Y1y2 '

13 (2.6)

We can compute (2.5) by plugging twice the bOPE (2.4), using the diagonal and unit-
normalized boundary two-punt functions

(Oi(71)0; (7)) = 61—

- =12 (2.7)
17 ’fl _ f2|2Ai

4When multiple boundary operators with degenerate dimensions 31 or 82 are allowed, we can always
change basis to recover the assumption above.



and resumming the contributions from the descendants. The resulting boundary channel
decomposition of (2.5) is

(0(Z1, y1)P(Z2, y2)) (2.8)
_ (yyl)d—l [bj (51—(1/2 + (£+4)1—d/2) 4 Q(db% ) (£1—d/2 . (£+4)1—d/2>] _
1Y2)2

An alternative way of computing the two-point function (2.5) is to invoke the bulk

OPE ¢ x ¢, namely
__ 1 2 CoOT i v Cool jiy gue it
(2.9)
where T}, is the stress tensor, and the operators J)"'"#¢ with £ > 4 are the tower of higher-
spin conserved currents present in the free scalar CFT. The OPE data involving the stress

tensor are [26]

27Td/2

()

Plugging in (2.5), we write the two-point function as a sum over bulk one-point functions

d(d — 2) _d

T = “3la—1)s,; T [@-nge oa=VollsT)

(2.10)

and their derivatives. Boundary conformal invariance allows only for scalar bulk one-point

functions [4-6], hence from the ¢ x ¢ bulk OPE the only non-trivial contributions are due to
. Qg2

(@7 y) = i (W) =ar =1 (2.11)

Resumming the contribution from bulk descendants we obtain the bulk channel decompo-

sition of (2.5):
gt

d
(y1y2)2

Equating the two different decompositions (2.8) and (2.12) gives the bulk-to-boundary

(6(F1, )02, 12)) = [LHap2eT e+ 1)

crossing equation [4]. Since everything else in the equation is fixed, the only dynamical data
are the one-point function coefficient ay2 on the L.h.s. and the bulk-to-boundary couplings
(b1,b2) on the r.h.s. The solution is [4, 24]

b =1+2"2a,, b5=(d—2)(1—-2"2a,). (2.13)

This result tells us that in any boundary condition for a free scalar the parameter ay2 is
constrained by unitarity to lie in an interval

1 (D) (N) 1

_W:adﬁ §G¢2§G¢2 :2d7—2 (214)

As we indicated above, the boundaries of the interval correspond to the Dirichlet (b; = 0)
and Neumann (be = 0) boundary condition. These elementary boundary conditions will
be discussed in detail in section 3, but in the remainder of this section we will assume
that b1by # 0 because we would like to explore the possibility of more exotic boundary
conditions.



2.2 Three-point functions with the scalar field

In this section we consider three-point functions with two insertions of the free scalar ¢ and
a generic boundary operator O. Note that, by Lorentz invariance, these correlators can be
non-vanishing only if the third operator transforms as a symmetric and traceless tensor of
SO(d — 1). Without loss of generality we can place the boundary operator at infinity and

consider
(6(F1,51) (&2, y2) O (6, 00)). (2.15)

Following the standard procedure [27], in the above expression we contracted the tensor
indices with a boundary polarization vector 6% as follows

@(l) (97 OO) = 90‘1 cte Hal @(11,...,(1[ (00)7 9 . 9 == 0 (216)

We will show that the boundary channel expansion of this correlation function exhibits
unphysical singularities, which can be removed only if special conditions are met. Therefore
these conditions have to be satisfied in any conformal boundary condition of the free scalar.

2.2.1 Boundary channel computation

The bOPE (2.4) allows to completely determine the correlator (2.15) in terms of the three-
point functions between the operators OZ, i =1,2, and OO, Conformal invariance fixes
the latter three-point functions to take the form [26, 27]

A

’L“A
Jijow D) /A
=P (212,06 2.1

(04(71)0;(72)00(8, 00)) =
where A denotes the scaling dimension of the operator O!) which carries SO(d — 1) spin
l. The dependence on the polarization vector is through the following polynomial

:Ea

P (#19,0) = (—d15-0)', 3" = (2.18)

E
By Bose symmetry
fiow =D 60 (2.19)
which implies that only even spins [ are allowed in (2.17) if i = j.
To compute (2.15), we act twice with the bOPE on the boundary three-point func-

tions (2.17). After some algebra to resum the contributions from the descendants, we
obtain the following boundary channel expansion

P(l)($12,9)

(6(Z1,y1)D(T2, y2) OV (8, 00)) = |$”12|512A (2.20)

(blfn@(z) f (w+» w-) + blb2f125(z)}—£l(w+, w-) + b%fm@(z)}%%l(w% w)) .

This expression depends on two cross-ratios w4, which we take as follows:

(y1 £y2)?

- 2.21
Tl (2.21)

w+ =



The functions ]:"g l(w+, w_) are computed in appendix B.1 and their explicit expressions

are given in (B.75. In the next section we will study the analyticity properties of the
correlator (2.20).

2.2.2 Constraints from analyticity of the bulk OPE

Next, we study the same three-point function using the bulk ¢ x ¢ OPE. Since the only
singular term in this OPE is given by the identity operator, which does not contribute
to the three-point function, we conclude that the three-point function must be free of
singularities when the two bulk points coincide. In terms of the cross-ratios w4, this limit
corresponds to w4 — oo with any fixed w_.

As we show in the appendix C, for generic values of their parameters the boundary
blocks on the r.h.s. of (2.20) become singular in this limit. These unphysical singularities
can be removed if the OPE coefficients are related in the following way

I+A dtl—A—2
X e (45 ) 1 (252)

Fiow = 1A D f a0, K1(AD) / )
d+l—A— I+A
261F< e 1>F<+2+1)

I+A dtl—A
() ()

f226(l) :K'Q(Avl)f126(l)7 RQ(AJ) - ~ PN :
d+l—A— +A—
br (#2552 1 (1442)

For certain special values of the parameters (ﬁ, [) some of the blocks on the r.h.s. of (2.20)

(2.22)

are themselves regular. These special values correspond to the poles of the gamma functions
in (2.22) and read (see also table 1)

e A =d+1—2. We have that m(ﬁ, 1) = oo while k2(A, 1) remains finite. This sets

le ow = f22 o0 = 0, while leaving f11 & unconstrained. We denote these operators
as [0101]075.

e A=d+i+2n—2withna positive integer. We have 11172(3, ) — oo and so f126(l> =0
while fn HW- f226<l) remain unconstrained. Given that generically they appear in
both OPEs, we could denote these operators both as [élél]n,l or [6262]71_171. For

definiteness, we choose to denote them as [6161}%,.

e A=d+1+2n—1andn € N. We have ml,g(ﬁ, l) = 0, which sets fn@(l) = fzz@(w =0
while leaving fm@(l) unconstrained. We denote these operators as [Olég]ml. Im-
portantly, all odd-spin operators in O1 x Oy are of this type, as can be seen by

combining (2.22) with Bose symmetry.

The special cases listed above are related to the higher-spin symmetry of the bulk theory,
as we will now explain. We recall that the ¢ x ¢ OPE (2.9) contains infinitely many higher-
spin conserved currents Jy, with even spin ¢ > 2 and scaling dimensions Ay = d+¢—2. The



A—1 conditions independent OPE coeff | operator
d—2 %nl(ﬁ, ) =00 f11(5(l> [6151]0,1
d+2n—2, n>0| Bry(A1), 2ry(A1) = 00 Frusws Fagm [0101]n.
d+2n—1 2—;/@1(3, l), b—f/ﬁg(ﬁ, )=0 f126(l> [6162]71,1

Table 1. Table of special multiplets and their selection rules. Recall that 3 = 1 + 2d_2a¢2 and
b3 = (d—2)(1—292a,2).

conservation of these currents is generically violated by terms localized on the boundary,
leading to the following Ward identities

(@ (&, y) ) = SO (@), (2.23)

In this formula any subset among the ¢ — 1 symmetric traceless indices {p1 ... puy—1} can
be taken to be parallel to the boundary, with the remaining indices being orthogonal, i.e.
in the y direction. Therefore, the BCFT generically contains boundary operators Dél) and
VEZH) of spin [ and [+ 1, respectively, and protected dimensions A=d+/t —2, where [ is an
even integer ranging from 0 to £ — 2. By ‘generically’ we mean that some of these operators
might actually be absent from the spectrum in special cases. The equations (2.23) can be
equivalently rephrased in terms of the bOPE, namely the operators Dél),VélH) have the
correct dimensions and spins to appear in the bOPE of the bulk higher-spin current Jy in a
way that is compatible with its conservation in the bulk. Furthermore, spin selection rules
and bulk conservation imply that Vélﬂ) cannot appear in the bOPE of any Jp with ¢/ # ¢,
while the only other bulk current besides J,; that can contain Dél) in its bOPE is J;.

The relation to the special cases of (2.22) now stems from the observation that when
{ — 1 = 2n, with n non-negative integer, Dgl) has the right dimension to be the special
operator [6161]%1 in table 1. Similarly, when £ — 1 = 2n + 1 with n € N, Vélﬂ)

the right dimension to be the special operator [6162]7%14_1. We show in general in the

has

section C.2 of appendix C, and for the special case £ = 2 in the next subsection, that in
fact whenever the operator Dgl) is present in the bOPE of Jy, then it must appear in at least
one of either the OPE of Oy with itself or the OPE of O, with itself. Similarly, whenever
Vélﬂ) is present in the bOPE of .Jy, it must also appear in the OPE of O, with Os.

2.2.3 Displacement operator, flux operator and bulk-to-boundary crossing

The case £ = 2 deserves special attention because it corresponds to the bulk stress tensor

TH”., Then the scalar operator Dga) = D is the so-called displacement operator, and we

will refer to the spin 1 operator Vgl) = VW as the fluz operator. Their general importance

stems from the conservation of momentum P* along a time coordinate chosen parallel to



the boundary. If we split 2# = (7, Z,y) then

d

—pi(r) = [at2z [T ayo T 2 y)
T 0 (2.24)

_ /de TU(r, 2,y = 0),

where in the second equality we used the conservation to trade the time derivative with
a spatial one, and then rewrote the integral of the spatial derivative as a boundary term.
Choosing 1 = y orthogonal to the boundary we find that the limit y — 0 gives the
displacement operator D, which therefore measures the breaking of translations orthogonal
to the boundary and must be non-zero for any sensible boundary condition. Choosing p
parallel to the boundary, on the other hand, we find the vector operator VD and so we
conclude that it measures the flux of energy into the boundary. Theories with a non-trivial
flux operator v # 0 may still have a conserved boundary-translation charge, if there is
an additional boundary contribution to the charge P%; = P* + P satisfying

d ~

L pa(r)y = — / g2z va(r, 7y, (2.25)
dr

However the flux operator must be absent in any local unitary BCFT setup. To see why,
note that the locality condition on the boundary is that ]3“, if non-trivial, should be

expressible as the integral
Por) = / 42z 717, 7). (2.26)

of a local boundary operator with two indices ¢ *. The condition (2.25) locally takes the
form

Oyt b = —ya, (2.27)

Moreover, by repeating the argument for the other generators of the conformal group on
the boundary, one can easily show that the operator ¢ % has spin 2, i.e. it is symmetric
and traceless. Recalling that V() has scaling dimension d and therefore ¢ has scaling
dimension d — 1, we see that eq. (2.27) with v # 0 is incompatible with the unitarity
bound of a spin 2 operator in d — 1 dimensions. We conclude that indeed in any unitary
BCEFT locality implies that

vl = (2.28)

in which case P is trivial. In practice this means that if we couple a bulk CFT (not
necessarily our free scalar theory) to some local boundary degrees of freedom, perhaps
triggering an RG flow to a new conformal boundary condition, then the flux operator must
never appear.” This is because local boundary degrees of freedom should not be able to
hold a macroscopic amount of energy.

It might be instructive to consider some non-local setups that do feature a flux operator.
The first is a conformal interface, where there is an entire new CFT living on the half space
with y < 0. In that case the stress tensor for each side ‘sees’ a flux operator, but if the

5Tt is curious that the statement of locality, which in the bulk is encoded by the presence of a stress
tensor, corresponds to the absence of a specific vector operator (in the bOPE of T#") in the BCFT setup.



interface setup is local then these two flux operators are in fact the same operator and
the interface cannot act as a simultaneous energy sink for both sides. Such a setup can
be generalized to the case where our d — 1 dimensional boundary is at the same time
a conformal defect in some d’-dimensional auxiliary space in which it is coupled to an
arbitrary d’-dimensional bulk CFT, perhaps even triggering a boundary/defect RG flow
to some new conformal configuration. According to the general structure of the operator
expansion near a defect of dimension d — 1 in a d’-dimensional CFT, the d’-dimensional
stress tensor can always provide a vector operator of precisely the requisite dimension®
(which is d) and unless the two sides decouple we will observe this as a flux operator in the
d-dimensional BCFT.” Lastly one could also try to create a non-local setup by adding a
GFF on the boundary and coupling it, perhaps with other degrees of freedom, to the bulk
field. But this scenario is captured by the previous one, because GFFs are just regular
local fields in an auxiliary higher-dimensional space (albeit with non-integral d’).

The previous discussion applied to any BCF'T, but for the free scalar theory there are
a few additional results that we can derive. To this end we return to the ((b(bé) three-point
function of equation (2.20) and take the third operator to be either the flux operator V)
or the displacement operator D. Let us thererefore first consider:

(3(21, 1) (T2, y2) VD (0, 00)) . (2.29)

The relations (2.22) in this case give that fnv(l) = f22v(1) = (0 and leave f12v(1) undeter-
mined. On the other hand, the bulk channel decomposition of (2.29) receives contribution
only from the bulk stress tensor T#", because — as we explained in the previous subsection
for the general case — spin selection rules and bulk conservation imply that V) cannot
appear in the bOPE of any other operator in the OPE (2.9). We find

(O()olalV (6. 00)) = U |ty (T (waV D .00 + .| (230

where the ellipses represent contributions of bulk descendants, and the OPE data of the
stress tensor are given in (2.10). The two-point function on the r.h.s. is completely fixed
by the boundary conformal symmetry up to a single bOPE coefficient b, [4, 6]. We can
further relate b ;1) to the two-point function coefficient
01 - I() -0 agb
(VO (01, )V (62, 0)) = cvm(l’f'ﬁfl?), (&) = 6% — 22 . (2.31)
z

|72

From the exact correlator (2.20) we find (details in appendix C.2)

Sd(d - 2) Sd(d — 2)

Jrov = BT by = _ch(l) (2.32)

5This simply follows from requiring conservation of the d’-dimensional stress tensor in the allowed bulk-
defect correlators with a vector. For a generic defect CFT these two-point functions were classified in [28, 29].

"Note that a similar statement applies for £ > 2, namely if the operator Vée_l) in the bOPE of J,
vanishes then the BCFT admits a conserved charge of spin ¢, which is given by a bulk spatial integral of
the higher-spin conserved current.
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and we conclude that the flux operator appears in the 01 x O OPE if it also appears in
the bOPE of the stress tensor.®
Next we consider the three-point function involving the displacement operator

(0(Z1, y1) (T2, y2)D(00)) . (2.33)

In this case, the relations (2.22) give that f12D = 0 while leaving fllD and f22D undeter-
mined. Using again the general argument from the previous subsection about spin selection
rules and conservation, we have that the only operators in the OPE (2.9) that contribute
to the bulk channel decomposition of (2.33) are ¢? and the bulk stress tensor. Therefore
we have

CodT
(0@1)6(a2)D(o0)) = |($*(a2)D(oc)) + ... | + LT |ty (T e2)Dloc)) + .. |, (230
where again the ellipses denote contributions of bulk descendants. Using the Ward identities
for the displacement operator [6], the bulk-boundary two-point functions in the r.h.s. are
determined in terms of the parameter ag in (2.14), as well as the coefficient Cp in the
two-point function of the displacement operator

Cp

(D(7)D(0)) = 7R (2.35)

Comparing with the boundary channel correlator (2.20), after some algebra which we
relegate to appendix C.3, we find

A

(d - 2) (ag22! + 2CpS3) (d - 2) (20p5% - ag2?)

fllD 4(d— 1)Sdb% ) f22D 2Sdb% ( )
The unitarity requirement Cp > 0 implies that:
fip > (d—2)2 ag i >7(d—2)2dmﬁ (2.37)
D= gd—1)S, b2 PP es, g ‘

2.2.4 The three-point function with the boundary modes of ¢

Another interesting special case of (2.20) arises when the boundary operator is one of the
boundary modes of ¢, i.e.

o~ o~

(0(T1, y1) (T2, y2)O1(0)),  ((Z1, Y1) P(T2, y2)O2(00)). (2.38)

On general grounds, due to Bose symmetry, there are four independent boundary OPE
coefficients that enter these correlators: fnl, fng, f221, fggg. The latter are further related
to each other, by means of the three independent constraints provided by regularity of the

8These conclusions again have a natural generalization to all the odd-spin protected boundary operators
Vél) defined in (2.23), see appendix C.2 for more details.
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¢ x ¢ OPE (2.22):

2
d
A n (i) X 162 R
f112——26252)2f111, f221:Zb%(d—2)(d—4)f111-
I (T) 2
2

A 163 r(¢) .
fa22 = _ib%’(d_ 2)(d—4)842)2f111- (2.39)

: (%)

Hence, the bulk three-point function (¢¢¢) is completely controlled by a single boundary
OPE coefficient, e.g. f111. The latter can be non-zero only if the boundary condition breaks
the Zs global symmetry ¢ — —¢, under which both O; are odd.

3 Examples

In this section we explore some examples of conformal boundary conditions for a free scalar.
We start by reviewing the free boundary conditions, i.e. Neumann and Dirichlet, and then
construct examples of interacting boundary conditions using conformal perturbation theory
around the free ones. As we will see, these constructions rely on some ad-hoc assumptions
on the spectrum of an additional local 3d sector living on the boundary, which we couple to
the bulk, and therefore they do not prove rigorously the existence of interacting boundary
conditions. On the other hand, they will provide useful benchmarks to compare to our
numerical results in section 5.

3.1 Free boundary conditions

Suppose the theory is fully described by the free bulk action®”

(i [0 2
S_/d mA dy 5(0u9)° (3.1)

without any boundary-localized interaction. In order to have a stationary action, besides
the bulk equation of motion [J¢ = 0 we need to set to zero the boundary term

d—1 =
6S:—/d F 06 06l _o = 0. (3.2)
The two solutions to this condition that preserve boundary conformal invariance are

Neumann: 0y¢|y—0 =0,
or (3.3)
Dirichlet: ¢|y—0 =0.

9Note that using this canonical normalization of the action the operator ¢ has a different normalization

fr(d_
compared to the one in equation (2.9), namely ¢|3.1) = o(s dl) ¢ (2.9). We will specify which normaliza-
472

tion we are using whenever important.

~12 -



We can rephrase these conditions in terms of the bOPE of the scalar field. Namely, in (2.4)
we have by = 0 and ¢|,—p (31 in the case of Neumann boundary condition, and b; = 0
and Oy|y—o O, in the case of Dirichlet boundary condition. In either case, there is only
one boundary operator in the bOPE of ¢, and the full set of boundary correlators can be
simply characterized as the mean-field theory of this operator. This implies that all the
correlation functions of these BCFTs are completely disconnected, i.e. they are computed
by Wick contractions as products of two-point functions. For this reason we call these
boundary conditions ‘free boundary conditions’

We can also consider additional free boundary conditions that are not Neumann and
Dirichlet. Such a boundary condition is obtained requiring both 51 and 62 to appear
in the bOPE (2.4), i.e. biby # 0, and postulating that these operators are two decoupled
generalized free fields.'" However this implies that there is a spin 1 operator of dimension
4 in the spectrum of the boundary theory, namely the vector ‘double-trace’ operator in the
OPE of 51 with 62, schematically Olaaég — 628a51. It is easy to check that this operator
also appears in the bOPE of the bulk stress tensor, hence for these boundary conditions
we have a non-vanishing flux operator v # 0. Therefore, following the discussion in
the previous section, these are non-local boundary conditions. We conclude that the only
local free boundary conditions are the familiar Neumann and Dirichlet boundary conditions
reviewed above.

3.2 Interacting boundary conditions in perturbation theory

In order to look for examples of interacting boundary conditions, a natural strategy is to
couple the bulk scalar to a CFT;_1 living on the boundary. We turn on some relevant inter-
action between the two sectors and then flow to the IR, hoping to reach a non-trivial BCFT
fixed point. Concretely, we add to the free bulk action (3.1) a boundary action of the form

Sa = SCFTd71 + Zg]/ Oddfl.i: al’ (34)
1 y=

where 07 are some scalar composites made of ¢|y—¢ or 9y¢|,—o, depending on whether we
start with Neumann or Dirichlet boundary condition, as well as of local operators of the
CFT4_1. In order to have perturbative control over the resulting RG flow, we will assume
that the operators o7 have scaling dimensions

Ar=d—1—¢, 0<e <1, (3.5)

i.e. the deformations are weakly relevant. Then one can systematically expand observables
of the BCFT at the putative IR fixed point as a series in ¢;.

We will further assume that the boundary degrees of freedom are local. Technically,
this means that in the absence of bulk-boundary couplings, i.e. for g; = 0, the spectrum of
the CFT4_; contains a stress tensor t,,, which is a conserved, spin 2 primary operator, of

10T his includes the case of ‘no boundary’, or more precisely the ‘trivial interface’, where the theory on
the full R? is re-interpreted as a BCFT. In that case ag2 = 0 so according to (2.13) this corresponds to
b =1 and b3 = (d — 2).

~13 -



protected dimension AtA = 3. At the perturbative BCFT fixed point this operator gets a
small anomalous dimension, which must be non-negative by unitarity, and actually strictly
positive if the bulk and the boundary are not decoupled. We refer to this spin 2 operator
at the interacting fixed point as ‘pseudo stress tensor’. In the next subsection we show how
to compute the leading order contribution to this anomalous dimension for a rather generic
interaction of the form (3.4), using multiplet recombination. We will then consider more
specific examples for the perturbation, and compute the leading order corrections to the
observables a4 and Cp, defined in egs. (2.11) and (2.35), respectively.

Typically, when computing (B)CFT observables in perturbation theory, one first com-
putes the corrections as a function of the coupling constants, and then plugs the value of
the coupling constants at the fixed point, obtained by solving for the zeroes of the beta
functions. However, by restricting to the case with a single bulk-boundary coupling, we
can also avoid the computation of the beta function and simply assume that a perturbative
fixed point exists. This is sufficient because we can consider ratios of the leading order cor-
rections to the observables mentioned above, in such a way that the coupling cancels out
from the ratios — see e.g. equations (3.21), (3.27), (3.33), (3.37). It would be interesting,
but much more laborious, to actually compute the beta functions in terms of the data of
the CFT;_1. This would actually be necessary if one wanted to verify the existence of the
fixed point, or consider higher order corrections/multiple bulk-boundary couplings. The
beta function needed in this setup starts at cubic order in the coupling, and the coeffi-
cient of the cubic term is given by a regularized integral of the four-point function of the
deformation, see e.g. [17, 30] and also [31] for the case of 1d CFTs.!!

3.2.1 Anomalous dimension of the pseudo stress tensor

We now consider a slightly more specific bulk-to-boundary interaction, with a single cou-
pling, of the form

Sy = Scrr, | + g/ 107 (3.6)
y=0

In the expression above, ¥ denotes an operator in the CFT;_1 and O is any local boundary
operator built out of ¢|,—¢ or dy¢|,—o, depending on whether we are perturbing a Neumann
or Dirichlet free boundary condition. The assumption (3.5) in this case takes the form

Aﬁ—i-Ag:d—l—e, OD<ex 1. (3.7)

In the presence of the interaction (3.6) the conservation and the tracelessness of the stress
tensor f, of the CFT4_q is violated as follows

0ty =g QO To=gAX. (3.8)

1

Assuming a nearby fixed point with g2 o ¢€,'? we have two seemingly problematic features in

the above equations, namely the divergence is not expressed in terms of a primary operator

' The computation of the beta functions for bulk-boundary couplings in terms of the data of the CFT4_;
was performed in [32] for some examples of perturbations around Dirichlet and Neumann. Some perturbative
constructions of interacting boundary conditions for free theories can also be found in [25, 33, 34].

12This is the correct scaling with e if the three-point function of the operator Q vanishes for the free
boundary conditions, as in the examples we will consider below. One can also consider cases in which the
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of the undeformed theory, and the operator does not have only a spin 2 component because
the trace is non-zero. Both these issues are solved by defining the ‘corrected’ operator

. gAs
Tab = tab — ﬁdabe- (3'9)

Taking the divergence we then obtain

8%y = % ((d=1-2)00% - A;%0,9) . (3.10)
The new operator 7, is a symmetric traceless tensor, and its divergence (3.10) is a primary
spin 1 operator of the undeformed theory, making the recombination of the multiplets
manifest. Note that (3.10) is a manifestation in perturbation theory of the locality condition
that we discussed in 2.2.3. If the boundary degrees of freedom were non-local they would
not have the operator 45 and then the right hand side of (3.10) would be a primary operator
of spin 1 and protected dimension d (it is easily checked that indeed this operator would
appear in the bulk-to-boundary OPE of the bulk stress tensor).

We can exploit the recombination to compute the leading order anomalous dimension
of 7,5 at the interacting fixed point. Let us consider computing the two-point function

<8a’/7—\ab(f> 80’/7'\“1(0)) . (311)

On the one hand, we can take derivatives of the two-point function of 7, which is fixed
by boundary conformal invariance to be [26]

I Iab,cd z
(b (B)7a(0)) = Co(g) D)
|f’2A:(9)
a0,C = 1 ac ( =2 = a = C [ = 1 a Ci
10l () = 1) (&) + 1)1 (F)] - —— 607 (3.12)

The definition of 1%’ was given in (2.18), and we introduced

C=(9) = 0 + 0(¢?),

-
N ~ ~(1
Axg)=d—1+73(g) =d— 1+ g% + O(g*).
The constant C’éo) is the ‘central charge’ of the CFT;_; that the bulk scalar couples to,
i.e. the coefficient appearing the two-point function of the stress tensor t,; before we turn
on the interaction. On the other hand we can compute (3.11) at the leading order in g by
directly using the r.h.s. of (3.10). By comparing the two results, we find

N N (0) ~(0)
T (d+1)(d—2) CS))

, (3.13)

three-point function of Q is non-vanishing, e.g. Q= $?|y=0 for a perturbation of Neumann, in which case
g x € at the fixed point. In any case the precise scaling does not affect any result in this section.
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where O denotes the coefficient of the two-point function of the boundary operator 9]
computed at g = 0. With the canonical normalization (3.1) of the bulk action we have

r(d—1 (4

0 2 0 2

ol = rE-1) . ) . oY = <d> . (3.14)
22 T2

We note that the leading order anomalous dimension is essentially controlled by the central

charge C’éo) of the CFT4_1.

3.2.2 Modified Dirichlet boundary conditions and perturbation theory

We now further specialize to the case in which the free boundary condition is Dirichlet,
and the operator 2 is 0yp|y—o, namely we take a deformation of the form

SéD) = SCFTd_1 + g/

- A7 9,0 . (3.15)

The interaction term leads to the following modified Dirichlet boundary condition®?

Ply=0 = =g X- (3.16)

In this case the condition (3.5) gives AQ = % —1—¢, with 0 < e < 1. As we discussed
above, we assume the existence of a perturbative fixed point with ¢? « e. Plugging in
eq. (3.13) we obtain

r(¢+1)c?

1) X
N (3.17)
Wg(d +1) éo)

Let us now consider the leading order correction to the one-point function coefficient
ag2(9)
age(g) = =227 + dag(g?) = —227 + 6ag® + O(g"). (3.18)

The coefficient 5a$2) must be non-negative as a consequence of the unitarity bound (2.14).
To compute its value, note that the modified Dirichlet boundary condition (3.16) deter-
mines the bOPE coefficient b; to be!*

[NIIo8

47
b1 = —g r(g1)c>(?0) (1+0(sY) - (3.19)

Plugging this result in the crossing relations (2.13), we find
4—d 2 ~(0)
5a$2) _ 2% %2 CQ
d
r(4-1)

13This can be obtained by varying the action (3.15), supplemented by the boundary term f @O0y, with
respect to Oy ¢.

(3.20)

14 This formula is simply obtained by appropriately normalizing the operators involved, namely O1 needs
to have unit-normalized two-point function and the bulk scalar field needs to have unit-normalized contri-
bution of the identity in the bulk OPE, see also footnote 9.
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Having obtained two observables we can form a ratio that does not depend on the value of
the coupling at the putative fixed point, namely

A ;) 2d-4T (4 — 1) T (4 +1
ag2(9) ot} RS e

This quantity depends on the central charge Céo) of the CFT;_; that the bulk scalar
couples to.

Next, we consider the leading order correction to the coefficient Cp in the two-point
function of the displacement operator

Cp =CY +6Cn(g) = O + 501 % + 0(gY), (3.22)

where CI()D) denotes the value at the free Dirichlet boundary condition. The displacement
operator in this theory is [5, 6]

D= (50,00 - 5@u0)* + 3 71 026%) (3.23)

y=0

Note that this formula makes sense even for an interacting boundary condition if we in-
terpret the composite operators on the right hand side as products of ¢|,—o and 9,¢|y—o,
made finite by subtracting all the singular terms in the OPE. This is because D(Z) =
lim, 0 T%¥(Z,y) and the bulk operator T%¥ is always equal to (3.23). (The scaling dimen-
sion of D is guarantueed to come out correctly because ¢|,—o and 0y¢|,—o have protected
dimensions.) This observation allows us to easily compute the two-point function of D in
conformal perturbation theory for the modified Dirichlet condition (3.16). We find that the
contributions from ¢|,—g are O(g*) whereas the two-point function of 9,¢|,—o is corrected
already at O(g?) by the interaction term (3.15) and is given by:

(0,600, 9)9,00,7)

(5 ( (e A S S
A (m ) | =i | e 06
M) 0 Ll

mi 17— *’Id( gr(g—1))+ )

Note that the integrals have a power-law UV divergence for @ ~ Z and @' ~ &’ that we
subtracted. As a check, the result (3.24) implies

[\]IsH

e l\)\&

vl

(3.24)

[\GIIsH

[NJfsH

T2 C/(\)
by = /2(d — 2) (1 - gzr(d_xl)) +0(g"), (3.25)

2
which is in perfect agreement with the correction (3.20) that we computed for a2 and the

crossing relations (2.13). Using (3.24) to compute the two-point function of %(quS)Q‘ .
y:
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and therefore of D, we obtain

o L (8)

(1) _
o2md 00" =~

(d—2)r ()Y | 526)

We can then form another ratio of observables that is independent of the coupling at the
putative perturbative fixed point

2
d—31 (d
dCp(9) 501()1) 2 27T (5) 2
= +0(g°) = ———— + 0(g7). (3.27)
(@)~ 5all =

Note that this ratio does not depend on any data of the CFT;_; and therefore it is a
universal result for deformations of the form (3.15) of the Dirichlet boundary condition.

3.2.3 Modified Neumann boundary conditions and perturbation theory

As a final example, we consider deformations of the Neumann free boundary condition by
the following interaction

SN = Sepr, 4 g / R e (3.28)
y:

The interaction gives rise to the following modified Neumann boundary condition
Oyoly=0 = g X - (3.29)

The condition (3.5) now gives AQ =4 — ¢ with 0 < € < 1, and again we will assume the
existence of a perturbative fixed point with g2 o €. Plugging in eq. (3.13) we obtain

0
o) g QO
d 0) * (330)
T iz d+1cO

T

~(1
-

To compute the variation of the parameter ay: we use the same strategy as in the
previous example, namely it follows from the modified Neumann condition that

d
2

W

4 (0) 2

by=g | ——CY (1+0(g?)) , (3.31)
T (% _ 1) X ( )

and using the crossing relations (2.13) this gives
3—d_2 ~(0)

o _ 2

6a¢2 :—W.

Note that this has an opposite sign compared to eq. (3.20), in agreement with the unitarity

(3.32)

bounds (2.14). The coupling-independent ratio then is

o 1) 2d=4p (d _ 1)1 (¢ +1
5%(9) - 7T(l) +0(g*) = - <2d d ) 1 ) %o) +0(5")- (3.33)
ag(9) (5a¢2 m(d +1) >
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Like in the previous example we now compute the correction to Cp, again using the
definition (3.23) as the starting point. The main difference is that in this case the leading-
order correction comes from the second and third terms in eq. (3.23), namely those involving
¢|y=0, while the first term involving 0,¢|,y—¢ only starts contributing at subleading order
O(g*). We will then only need the two-point function of ¢|,—¢ up to O(g?) corrections,
that is

(6(0,2)$(0,7"))

0
) %% ot w% | 5=awe | Fapamam 0
d )
i cht) ( i ) g") (3.34)
d 7 — 7'd ’
ors  |T x\ (%)

The integrals have a power-law UV divergence for @ ~ @' that we subtracted. As a check,
from (3.24) we obtain

d (0)

7T2C'

bh=v2|1-g? +0(g"), (3.35)
or (g)

which, upon substitution in the crossing equations (2.13), gives a correction to agp2 in

agreement with (3.32). Using (3.34) we obtain

4\’ 4\ o
c) = FQ(;d) sc) = —F(QW)SCX. (3.36)

Comparing with (3.26) we see that the value at the free boundary condition is the same
for Neumann and Dirichlet, while the leading correction differs by a factor of d — 2. Taking
the ratio with 5@3) we get

2
d—3 d
sColg) o o, 2r(g)
= +0(g°) = — +0(g97), (3.37)
5%2(9) 5a((;2)

d

which notably is the same as the one obtained for the deformation of Dirichlet in eq. (3.27).
Like in that example, this ratio is universal for deformations of the form (3.28) of the
Neumann boundary condition, because it does not depend on data of the CFT;_1.

4 Bootstrapping boundary conditions for a free scalar

4.1 Crossing equations

In this section we present the crossing equation for the mixed system of four-point functions
of the boundary modes of ¢, namely

(0:(#1)0;(%2) Oy (¥3) On(#4)) . (4.1)
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The crossing equations for a generic mixed system of scalars, labelled by indices i, j, m,n,
were derived in [35] and read

2 2 O g, 2 OW p
Z[fija(l) Jmn F;j g?(u, V) £ fing fz-n@(Z)Frsz:(ua v)] =0, (4.2)
6(l> b b b b

2 .2 2 .2 ..
75T TH5qT . . . .
where u = 3234 and v = 3244, The functions F7"™ are the following combinations of
13724 13724 [y

)

'szAmn

the ordinary s-channel conformal blocks gél

~

" ) £ us Bt E 0 ). (43)

=

Note that not all equations in this system (4.2) are independent, since!®

Fij’inn(’u,, v) = i (u,v), i (u,v) = g (u, v), [ikk (u,v) = Ui kk (u, v).

+,A, +A, +,A, +,A, +,A, +,A,
(4.4)
Due to Bose symmetry (2.19) we have the OPE selection rule
£ = (1) 507 (45)

If we specialize all these ingredients to our problem where i, j,m,n € {1,2} then we find 7
independent crossing equations:

;oW 11,11
O = Z fl].O fllé\(l)F N (U, U)?

77A7l
ow
r oW g 22,22
O:Zf22 f226(l)F_zl(u7U)7
ow T
p oW g 12,12
OZZf12 f126(l)F_£l(u7/U)7
ow o
p oW 11,12 (4.6)
O:Zfll f126(l>F_£l(u7v)7
oW o
p oW g 12,22
OZZf12 f226(l)F_£l(u7U)7
oW T
17 OO 2 12,21 r oW p 11,22
OZZ(_D fi2 f126(l)F:le(uav)ifll f226(l)F:F£l<u7’U)'
6(1) 9 b bl 9
5Recall that [36, 37]
ga 9 (ufu, 1/v) = (~1)'o 2 B0 (u,0) = (—1)0 T T A1z (u, ),
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In our case the operators must also obey the OPE relations (2.22). Imposing those, the
system of equations can be rewritten as follows (details can be found in appendix D)

o 2 GO
0=V + Z fraow f12 V+,K,z

l=even

A~ A~ 6(1)—»
+ Z fra6w 12 Vf,&z

I=odd,...
B=ssi-tian (4.7)
n=0,1,...
0
. . - f11°
- Z Z (fn@(l) f226<l))vo,£,l o0
(€N even I<f f22
A—dti—2

—

The quantities Vi,z,l’ Vn,Z,l are 7T-component vectors defined in (D.5), (D.6) and ‘70,3,1 are
vectors of 2 x 2 matrices defined in (D.7). Beside the identity, the first line accounts for
‘unprotected’ primaries, i.e. operators of generic scaling dimension away from the poles of
the gamma functions in (2.22). The last two lines take into account the tower of ‘protected’
operators listed in table 1, which can have both odd and even spin. The indices of the

OPE coefficients are contracted according to the conventions of appendix A.

4.2 Implementing the exact relations

We will numerically ‘bootstrap’ a set of crossing equation in the sense of [2]. For most
problems, the fastest program available for this task is the semidefinite program solver
SDPB [38]. We have used the recent version [39] which supports the ‘hotstarting’ algorithm
suggested in [40]. In order to use SDPB efficiently, the ingredients of the crossing equations
must be approximated as rational functions of the scaling dimension such that all poles
of odd order lie at or below the unitarity bound. This is always possible when the basis
functions are conformal blocks and we refer the reader to [35] for details. The complication
in this work is that the vector ‘7+,K,l in (4.7) has several occurences of A which are not in
conformal blocks. In this section we explain how to overcome this technical difficulty, but
the reader can omit it in a first reading.

As shown in appendix D, we must consider linear combinations in which the coeffi-
cients are various products of f@l(ﬁ,l) and mg(ﬁ,l) — the functions from (2.22). While
these types of blocks were first introduced for studying the long-range Ising model, in the
numerical analysis of [19] only the last two components of (D.6) were used. In addition,
k1 (A, Z)IQQ(A, l) was treated as a vector with > 1000 discrete evaluations, thereby eschew-
ing some of the benefits of semidefinite programming. In this work, we do not need to
limit ourselves to those crossing equations that involve only the product m(ﬁ, l)ng(ﬁ, l)
where b; and by cancel out. Thanks to (2.13), the other products only introduce one new
parameter and it has a clear physical meaning in the BCFT context. To remedy the second
problem, we need to discuss the approximation theory of gamma functions.
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To start, it is easily verified that

~ by  ~

k1(Al) = —ﬁ&(A,Z)
~ bll ~ - ~ (4.8)
ko(Al) = —Q—I)Q(A +1—-1)(d+1—-A—-2)k(A,l)

with

k(A1) = ) <l+23) ) (dH_f_Z) (4.9)

o (dri—Ao1 I+A41 )
() r ()

As such, a rational approximation'6 for n(ﬁ, 1)? will cover the cases of m(ﬁ, )2, /ﬁg(ﬁ, 1)?

and ﬁl(ﬁ,l)/ﬁ;g(ﬁ,l). The most expensive step for our purposes will be the Weierstrass

formula
e X 2\ 7!
I(z) = 1+2 z/k 4.10
=" 1(+5) ¢ (410)

which introduces a new series of poles for each gamma function. Unlike [19], which sug-
gested using (4.10) on the full function, we will only apply it to the —A part of n(ﬁ, 1)2.
The +A part, since it is regular, should be approximated with one of the many expres-
sions for the Wallis ratio. This is a quantity which has attracted interest for hundreds of
years due to the application of calculating 7. In particular, we note the asymptotic formula

) 11
el < LU . 411
T (4-11)

It was found in [41] that (4.11) is tlhe n = 1 case in a sequence of approximants that
have the schematic form (2" +...)2». We cannot use these higher radicals due to the
requirement that K(A,Z)Q be a rational function but it is still possible to make (4.11)
arbitrarily accurate. One simply applies the functional equation n times to arrive at

1
I'(z+1) (Z+§) \/ 1 1
S Lylz4+n+ -4+ —————, 2 — 0. 4.12
F(z—i—%) (z+1), 4 32z+32n+8 (412)

We have not found it necessary to choose a large value of n. For example, even when z = %,
Weierstrass does not become better than (4.11) until k£ = 36.

16With infinitely many poles above the unitarity bound it is clear that any rational approximation for
K(g, l)2 is going to have significant errors in the semi-infinite range of allowed values for A. Extremely large
values of A should however be unimportant for the numerical results, and for a finite window of values a
rational approximation is perfectly feasible. We have attempted to account for this in practice by using the
simpler crossing equations (4.6) to cover the ‘tail’ of the more constraining crossing equations. Each time
we approximate K(g, 1)2 with A € [Ag, o), we allow these extra conformal blocks, multiplying independent
fija coeflicients, to have an exchanged scaling dimension in [Ag 4 20, 00).
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We will now quote expressions for the two factors of H(A, 1)2. Using (4.12) with n = 1,

—~ 2 - —~ 2
Atl R N
F(?) A +1+1) F( 2 )

F<z+z+1>2 (£+l)(£+l+2)F<3+21+3)
2 L

(4.13)

[ 2A414+1) ] 8AZ 4820+ 5)A + 812 4 401 + 51

(A+D(A+1+2) 8(2A + 20 + 5) '

The singular part requires a cutoff which we call kpax.
NG 2
+Hl-A— ~
A e [Ler |11 A—d—1—2k+?2

r (d“fl) =L (4.14)

1 Fmec (A —d—1—2k+1)2
Fmax g (A —d—1—2k+2)2

While it is optional to resum the exponent in the second step, the logarithmic behaviour
of the harmonic series makes it convenient.

The expressions (4.13) and (4.14) have been implemented as a patch for the helper
program PyCFTBoot [42]. For the poles exhibited here, which are two units apart, we have
taken kmax = 20. The poles coming from conformal blocks [35] are only one unit apart
so we take kmax = 40 for those. The standard way to account for poles in A is to absorb
them into the OPE coefficients of (4.7) so that crossing symmetry becomes a statement
about polynomials. The most desirable type of problem for SDPB is one in which these
polynomials can be expressed in terms of an orthonormal basis [38]. Recently, [43] gave an
example of a problem which cannot be optimized in this way. In our case, this privileged
basis of polynomials is again unavailable due to the 20 double poles of (4.14) that are above
the unitarity bound. For this reason, we have opted to still use the simple crossing equa-
tions (4.6) for spins above a certain cutoff ly. For most of the bounds in the next section,
this is lg = 4 while some of them have been redone with [y = 6. Seeing almost no difference,
we conclude that the exact relations for [ = 0 and [ = 2 are doing most of the work.

The other limitation of our approach is that the square root in (4.12) can only be
eliminated when the fii(ﬁ,l) appear quadratically. This forces us to drop (61@16162>
which is linear in /@1(3, l) and (62526261> which is linear in HQ(A, [). These two correlation
functions exchange the same operator families as the other three being considered in (4.6).
According to standard lore, in such a case the addition of these extra correlators does not
affect the bounds.

5 Numerical results for 4d/3d systems
Let us collect the constraints used for the numerical bootstrap analysis. First, we take

the crossing equations for <61616161>, for <51616252> and <62626262) given in (4.6).
These apply to any (possibly non-local) CFT containing the operators O, and O,. Second,
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we have the exact OPE relations (4.13) and (4.14) which are necessary for a solution of
these crossing equations to be an admissible boundary condition for a massless free scalar
in d dimensions. These conditions reduce the crossing equations to equation (4.7) at the
cost of introducing a new parameter, ay2, that our bounds will depend on. Notice that
this in particular implies that the odd-spin operators can only have the scaling dimensions
of the generalized free theory. Third, the boundary spectrum cannot have a stress tensor,
so it is natural to demand that the first spin 2 operator has a dimension ﬁ? strictly larger
than d — 1. Fourth, we should demand that the flux operator V) of dimension d is absent
to avoid interfaces and other possible sources of non-locality on the boundary, see the
discussion in 2.2.3. Fifth, we have the Ward identities for the displacement operator (2.36)
which restrict an and f22D to a curve parametrized by Cp.

We will set d = 4 throughout in order to work with a correlator system that involves 3d
conformal blocks.!” As discussed in [44, 45], similar problems with 2d blocks often require
more experimentation with the gaps being imposed. These works are concerned with
maximizing the gap in the scalar sector, and indeed, we can provide a nice preview of our
results by domg the same. Figure 1 bounds the dimension of the hghtest exchanged scalar,
which we call AA as a function of the pseudo stress tensor dimension AA To obtain this plot
we scanned over all the allowed values of ag2. The so obtained blue region is clearly smaller
than the pink region, obtained without imposing the OPE relations, or the single correlator
region delineated by the upper black line. Three further comments are worthwhile.

First, we observed that much of the constraining power came from our fourth con-
straint, i.e. the exclusion of the dimension d vector vl = [6152]0,1 from the spectrum. In
fact, if we were to reinstate just this vector then the blue region would expand to almost
the same size as the pink region. We emphasize that the OPE relations are essential to
meaningfully impose this constraint: they prevent the appearance of vector operators of
dimensions very close to d that would numerically be indistinguishable from V. Fur-
thermore, because of the fake primary effect [46, 47] the block for V) can be mimicked in
our numerical analysis by a spin 2 operator of dimension 3, and therefore the constraint
that A? > 3 (strictly) is also essential to ensure that it is really absent. This latter ar-
gument relies on the observation that, for a spin 2 operator whose dimension A — 3, the
corresponding combination of blocks that enters in the crossing equation (4.7) is

k1(A, 2)ka(A, 2)9%?2(71,, v) — gi}lél(u,v) = 5(34_3)94_&’1(11,1)) +... (5.1)
by virtue of the OPE relations discussed in section 4, whose notation we follow here. There-
foAre we can recover a vector operator if we assume that its overall coefficient fl? 50 fuo(l) X
(A —3).

Second, for the Dirichlet or Neumann boundary conditions either 61 or 62 vanishes
so in some sense they are not within the reach of our numerical analysis. On the other
hand we can find a more general solution including both O, and O, as independent GFFs,
with any value of ay2. This solution does contain the vector V(l)A7 and becauAse of the fake
primary effect we just discussed it corresponds to the point with A~= 2 and A~ = 3, which
is well within the allowed region.

7For the computation of the conformal blocks in three dimensions we have used the ‘rational approxi-
mation’ outlined in [35].
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Figure 1. A plot showing the upper bound on the dimension of &, the first scalar, other than
the identity, seen by any of the OPEs in our correlator system. The unshaded region is the one
that follows from a single correlator <61 51 5151>. The pink region, which is more restrictive, uses
the multi-correlator system but the only inputs it uses from the exact relations are the odd-spin
operator dimensions given in table 1. The blue region, more restrictive again, follows from a genuine
use of the exact relations. Since these depend on a2, we have extremized ﬁ; over a third axis which
is not shown.

Third, one may check that these bounds are saturated by the following two extremal
solutions. The point (AA AA) = (4,2) represents the ‘single GFF’ solution where O is a
GFF and € = Oy = Ol This satisfies our crossing equations because it consists entirely
of protected operators in (4.7). Also, the aforementioned vector is indeed absent from the
spectrum of primaries because [6162]0,1 is a descendant of 511)’ in this theory. Since the
bound in figure 1 can only decrease as a function of A?, we can be confident that it will stop
changing once it hits Ag = 2. In the blue plot, this turns out to happen well before A? =4
We can also understand the point (ﬁ?, Eg) ~ (3,2.95): here the four-point function of O,
can be the extremal solution for a local three-dimensional CFT with A = 1, which according
to [48] has Ag ~ 2.95, and then Oy can be a disconnected GFF. This setup satisfies all of
the constraints we have imposed (we are of course not imposing A? > 3 here) except for
the absence of V(M| which again manifests itself as a spin 2 operator of dimension 3.

We find it plausible that, with infinite computational power, the drop from ﬁg ~ 2.95
becomes infinitely sharp leading to a value of &g = 2 almost everywhere. The remainder

of this section is about what lies below Ag: 2.18

8The bulk has a global reflection symmetry ¢ — —¢ under which 01 and 02 are odd but £ is even. Since
A/\ < 3 always, and AA < 2 seems likely, any non-trivial boundary condition must be (strongly) unstable
even for RG flows that preserve the Zs symmetry. The cases of Dirichlet and Neumann are not included in
this discussion because as we explained in these cases one should remove many operators from the spectrum.
The Neumann condition is also (strongly) unstable due to the operator ¢, while in the Dirichlet case the
leading Z» even deformation is (9,$)* so this boundary condition is stable.
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Figure 2. Bounds on the dimension of the leading spin 2 operator 7 over the range —i <ag < i
with our best estimate for the allowed region shaded in blue. The curves have ny.x = 5,6,7,8 in
the notation of [49, 50]. As for the number of derivative components being kept in each crossing
equation, these correspond to 21,28, 36,45 respectively. The dotted line shows the maximum pos-
sible value for A? from leading order conformal perturbation theory under the assumption that the
Ising model is the 3d CFT with the lowest central charge.

5.1 A universal bound

The next parameter to introduce is ag2, which through (2.13) determines b; and bo, in
order to more fully exploit the exact relations. When scanning over ag2, it is instructive
to first determine its value for the two extremal solutions at (A~, Ac) = (4,2) and at
(ﬁ?, Ag) ~ (3,2.95) discussed above. In the first we found a spin 2 boundary operator
with ﬁ? = 4 corresponding to an unprotected block in the first line of (4.7). Since the
overall coefficient of this combination is f 125(l>f 126<l), which vanishes for this theory, (2.22)
tells us that we must be in a situation where k2(4,2) blows up. As shown in the middle row
of table 1, this can only happen for an O, double-trace if by = 0. Consequently, this solution
sits at ag2 = %. In the other extremal solution, the spin 2 operator with A? = 3 needs to be
absent from Oz x Oa since Oy is a GFF. The only way to make this compatible with (2.22)
is to have ag2 = —%. Proceeding to intermediate values of a2, it is useful to maximize A?
since this can be interpreted as a measure of how non-local a CFT is. Figure 2 presents this
result. The four different lines correspond to four different search spaces, giving a sense
of how close we are to having an optimal bound. Every other plot in this section uses the
number of components corresponding to the second most restrictive region in figure 2.
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Figure 2 enables a comparison with the results of conformal perturbation theory, par-
ticularly around a2 = —i where the bound is very strong and we can make a meaningful
comparison with the deformation of the Dirichlet boundary conditions by a putative 3d
CFT with a scalar operator with ﬁ; = 1 —¢, that we studied in section 3.2.2. Recall that,
according to equation (3.17), the anomalous dimension of the spin 2 operator depends on

the unperturbed central charge C’éo)

. Even though we do not know a theory with an op-
erator that can play the role of X, it is clear that the central charge of a unitary 3d CFT
cannot be arbitrarily small. In fact, we believe that it is not unreasonable to assume that
the 3d Ising CFT with'?

O ~ 0.95C1r (5.2)

is the theory with the lowest possible central charge. An early indication for this conjecture
was the local minimum corresponding to the Ising CFT found in [51, 52], and recently in [53]
a rigorous lower bound was found that, with sufficient numerical precision, is likely to lie
between about O.6Cgee and 0.950266. For us this implies that

0 ~
) > 0.95C 1 oy T < 0460ag (5.3)

as a bound on the anomalous dimension of the first spin 2 operator. In figure 2 it follows
that every such example must lie below the dotted line. The possibilities obeying (5.3)
are all within the allowed region for now, but we will see that many of them are ruled out
when we add more constraints.

5.1.1 The kink and the extremal spectrum

We now come to the most striking feature of figure 2 which is the jump near the right hand
side. Since the convergence appears to be rapid in this vicinity, we can be confident that
the coordinate at which the curve flattens again is not tending towards a4 = i. In other
words, there is a kink at (a4, Az) = (0.215,3.966) which obeys the exact relations and
cannot be one of the free boundary conditions. If it is truly a new boundary condition then
it must obey a further constraint that we have not yet imposed: the Ward identity (2.36)
for the displacement operator. This is one of the reasons we would like to investigate the
spectrum at the kink in more detail.

The extremal spectrum. The extremal functional method [20, 21] allows for the ex-
traction of an approximate spectrum and OPE coefficients for any point on the boundary
of an allowed region. We have done so at two points: the first is the kink in figure 2 and
the second involves a tuning of the displacement central charge Cp using the procedure
that will be explained in the next subsection. The CFT data for operators with A <65
are listed in table 2. The black numbers were obtained from the output of the script in [54]
and the red numbers were computed using the OPE relations. Our OPE coefficients are
defined such that

~

A
4z

TFVi—oP

for the standard cross-ratios z and z approaching zero along the diagonal.

93,(2.2) ~ (—1)! +... (5.4)

19We are using conventions such that CE = 32%

T
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(a2, Az, Cp) = (0.215, 3.966,0.0050) (a2, Az, Cp) = (0.218,3.970,0.0050)
L A fiio fi20 fa20 1| A fiio fi20 fa20
0] 0.561 | —0.2549 | 0.6690 | —2.4365 0| 0.555 | —0.2399 | 0.6625 | —2.5352
0| 1.815 | —2.0305 | 1.0807 | —2.4953 0] 1.826 | —2.0122 | 1.0635 | —2.5603
0] 3.381 | —0.1749 | 0.9209 | 1.6047 0| 3.227 | —0.0973 | 0.9453 | 0.8731
0| 4 See (5.8) 0| 4 See (5.10)—(5.11)
0| 4.466 | 0.1032 | 0.4145 | —1.6912 0| 4.859 | 0.0181 | 0.3998 | —0.3778
0 6 0.1065 0 0.3046 0 6 0.1057 0 0.4466
1 6 0 0.3702 0 1 6 0 0.3707 0
2 13.966 | —0.7775 | 0.2489 | —1.0387 21 3.970 | —0.7799 | 0.2319 | —1.0137
2| 5.188 | —0.0176 | 0.7099 | 1.2956 2| 5.311 | —0.0308 | 0.7837 | 2.8659
2 6 0.2549 0 0.8199 2 6 0.2533 0 0.8633
3 6 0 0.3666 0 3 6 0 0.3652 0
4] 5.791 | —0.0044 | 0.0755 | —1.9929 41 5.960 | —0.0085 | 0.0334 | —0.8782

Table 2. The low-lying spectrum at two points in (a¢z,£¢, Cp) space. The point associated with

the left table is still visible after projecting down to just (ag2, ﬁ?) — it is the kink in figure 2. Due
to our maximization choice, we see every possible operator with odd spin. Protected operators (the
ones with integer scaling dimensions) of even spin have vanishing mixed OPE coefficients and they
start above the leading twist. Unprotected operators have their OPE coefficients related by (2.22)
and thus we have shown calculated values in red.

Notice that the most stable result is obtained after maximizing an OPE coefficient
near the boundary of the plot to make the functional as close to extremal as possible. We

(3)

have chosen to optimize the coefficient of the V, operator, which is a spin 3 operator

of dimension 6. Our reason for doing so is to avoid another interference from the fake

primary effect: much like Vgl)

can be mimicked by a spin 2 operator of dimension almost
3, the Vf’) operator can be mimicked by a spin 4 operator of dimension almost 5. However
this scenario is unnatural, not only because of the existence of an operator very close to

the unitarity bound but also because the absence of Vf’)

would imply that the higher-spin
charge corresponding to the bulk spin 4 current is preserved by the boundary. We do not
expect such an ‘integrable’ boundary, and our optimization minimizes the chances of an
unwanted spin 4 operator taking the place of VEIS).

After going through this maximization, a reassuring feature we observe is that there is
no even spin ! operator with A=d+1— 2, as anticipated in the range of the sum in (4.7).
Such a block, if present, would have to be treated with ‘707d+l_27l because the exact relations
degenerate at this point. But indeed, bulk spin £ currents only have boundary modes up to

[ = f—1 in the bOPE and there is no reason for [ = £ to be present as a protected operator.

The displacement Ward identity. With the spectrum in hand we can investigate
whether the Ward identity (2.36) for the displacement operator is satisfied. However this
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is again a rather subtle business, this time because there might be other scalar operators
of dimension 4. The correct procedure is as follows.

Consider all the scalar operators of dimension 4 in the putative extremal solution at
the kink. One of these operators is the displacement operator, and its coeflicients an and
faop must obey (2.36), i.e. they are constrained to lie on a curve parameterized by Cp.
Every other operator is then not a displacement operator, meaning that it must be absent
from the bulk-to-boundary OPE of the stress tensor: bpps = 0 for any ‘non-displacement’
D’. Repeating the arguments in appendix C.3 this leads to the condition that:

an’ = bl<z>22bD%’ f22D’ = _b;zb]%)' (5.5)
with by arbitrary. So from a physical perspective (2.36) and (5.5) are the equations to
be checked.

On the numerical side of things we do not get these coefficients so cleanly; instead we
are given the elements of the matrix corresponding to?°

A 5\%1}9 5\11}95\22(9 ’ (5.6)
0=D.D' \A110A220 Moo

where j\ijO denotes the OPE coefficient with unit-normalized two-point function of O,
and it is up to us to cook up a series of OPE coefficients 5\1']‘0 for operators D and D’ in
order to fit this data. (The switch from fijO to j\ijO is deliberate: numerically we obtain
OPE coefficients for unit-normalized operators, so the coefficients in (2.36) should really
be scaled by v/Cp.)
For the spectrum on the left hand side of table 2 we numerically obtain a matrix of
rank 1 whose factorization yields
§HD _ (04695) 5.7
A2oD 1.1936
Since we have only one operator this must be the displacement, so we can check com-
patibility with the Ward identity (2.36). Remarkably we find that it is well obeyed with
Cp = 0.0050 — a strong indication that the extremal solution is actually physical! We
also obtain that

f 0.0332
Ji | _ (5.8)
Ja2p 0.0844
for the OPE coeflicients.
For the spectrum on the right hand side of table 2 we find that
326 Anodmo)  (0.2291 0.2397 59)
05D \Miodno A0 0.2397 13.199 ) '

20A priori the sum could feature more than one non-displacement operator. Equation (5.5) however
dictates that all such operators point in the same direction in the two-dimensional OPE space and their
contributions just get added. The correlation functions we analyzed can therefore not distinguish between
one or more non-displacement operators.
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This is a matrix of rank two and we need more than one operator. It is natural to try to
see if we can fit it with one displacement and one non-displacement operator. Notice that
the matrix has three independent entries but for the two operators we only have the two
parameters Cp and byepy. Two simple approaches can be taken at this point. In the first
approach, we demand that a non-displacement is exactly present and extract byopy:

A b 2D/ A~

Mip g A 0.472

DT Ry =177, [P =4 : (5.10)
Aoy — ‘Sb%D A22D 1.088

To fit the rest of the matrix we need the given displacement OPE coeflicients, which lead to

Cp = 0.0053 from A\11p and Cp = 0.0049 from Agop. Alternatively, in the second approach,
we demand that one of the outer products is an exact displacement and extract Cp and
OPE coefficients for the non-displacement:

5 255Cp+16a,2 5 0.085
) = 2525042%71% | = op=00050, [ == : (5.11)
A29D W )‘22D’ —3.452

This leads to byep = 1.914 from ;\11]3/ and byepy = 1.767 from 5\22D/. Although the small
mismatches in both approaches might be due to numerical errors, it seems reasonable to
conclude that this solution is not as physical as the solution on the left hand side of table 2.

5.2 Local boundary conditions

As with numerical bounds on the gap, the exact relations also lead to significant improve-
ments for bounds on OPE coefficients. Consider again the (unit-normalized) displacement
operator which appears with the coefficients 5\1113 and Agop. To constrain them, we set

A . 6
Al U (5.12)
AQQD sin 0

as in [55], then apply standard methods for bounding the magnitude of an OPE-space
vector [56]. Figure 3 shows the results of this exercise for different values of a ..

A first thing to note is once more the importance of the exact OPE relations in (2.22).
Without them the allowed region would certainly be the union of all the regions in figure 3.
However for a4 — % we observe an unbounded growth in the vertical direction (note the
different vertical scales), and therefore ;\QQD is really only bounded by virtue of the OPE
relations.

The dotted line represents the combinations of OPE coefficients that obey the Ward
identity (2.36), parameterized by the displacement central charge Cp. As discussed above,
the non-trivial fact about the kink in figure 2 was that it happened to sit on this line. The
intersection of the dotted line with the allowed region also translates into a lower and upper
bound for Cp for each value of a42. This is shown as the pink region in figure 4. This bound
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Figure 3. Six allowed regions for the OPE-space vector of the unit-normalized displacement. The
dotted line shows the physical locus for :\11D and S\QQD, i.e. (2.36) divided by v/Cp. When this line
becomes vertical (defining a unique 5\11]3 in order for 5\22]3 to be finite), it saturates our bound.
This does not quite happen in the opposite limit of the line becoming horizontal. Note that in
the GFF example there are two candidates for the displacement. Both [O; 61]1,0 and [6262]070 are
compatible with these bounds if we treat them as different operators that satisfy 5\11]35\2213 =0.

is certainly valid but rather crude: it does not take into account the restriction (5.5) on addi-
tional scalar operators of dimension 4 that are not the displacement. To do better we can as-
sume a fixed displacement operator with a certain Cp in the crossing equations by replacing

252Cp+16a 2
o
- — 1 252CpH+16 252CpH—16 - 2
4“D a¢2 4“D a¢2 Gbl
Vi— V1 + SECD Gb% b% VO,4,O ZSZC’D—16Q¢2 (513)
b3

and removing the scalar of dimension 4 from the special operators in the crossing equa-
tion (4.7). We then bisect in Cp to find the allowed region, and this leads to the much
improved blue region in figure 4.

One may wonder if the blue region allows for other scalar operators of dimension 4
that are not the displacement operator. The answer is that it does, because such operators
lie in the allowed continuum of operators. Furthermore,

Faory _ k2(4,0) —Gb%

fup F1(4,0) b’

which implies that the limit of a scalar operator as A — 4 in the continuum is actually
exactly a D’ operator whose OPE coefficients automatically obey (5.5). So fixing Cp not

(5.14)
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Figure 4. An asymmetric plot showing the minimum and maximum Cp as a function of ag2. In
the blue region, all dimension 4 scalars not singled out by (5.13) are constrained to satisfy brp = 0.
No such constraint is made in the pink region which leads to weaker bounds. The dotted lines give
the predictions of conformal perturbation theory which are model-independent at leading order. A
slight kink in the upper right corner looks well positioned to be identified with the kink in figure 2.

only allows one to single out a displacement operator for which the Ward identities (2.36)
are obeyed, it also ensures that (5.5) holds for every other scalar of dimension 4.

We can compare figure 4 to the conformal perturbation theory results (3.27) and (3.37).
The lines corresponding to potential perturbative fixed points saturate the lower bound

on Cp once the proper constraints on dimension 4 scalars are imposed. These emanate
11

4> 274
to meet by the Ward identity. The other point that can be explained analytically is the

from the points (a2, Cp) = (i ) at which the upper and lower bounds are forced
origin which is associated with no boundary at all. This point has to be allowed by the
pink region since it corresponds to adding zero in (5.13). Once we classify dimension 4
scalars into displacements and non-displacements, it appears that there are no longer any
nearby solutions that would allow us to see this point in the blue region. To see that they
cannot arise from a GFF construction, consider the explicit displacement operator (3.23).
We may rewrite it as

C S L
D= \/(d_2)2Db411_|_bz21 ((d —2)b7[0101]10 + b%[0202]0,0) (5.15)

by using the bulk two-point function (2.8) to relate the double-traces of ¢ and dy¢ to those

~32 -



Figure 5. The maximum possible ﬁ;\ for several points in the most interesting region of figure 4.
Planes are inserted below points with the same value of ag2 for visibility. The red point has its
spectrum shown in the left columns in table 2.

involving Oy and Oy. The rules of GFF then allow us to go from (5.15) to

\ b2(d — 2)? Ch R ) 2Cn
= =b5y| ——. 1
fup V2(d— 1)\ (d=2)2F b3 Joap = b, (d—2)2b% + bl (5.16)

For a generic a2, there is no Cp which can make both of these coefficients satisfy the Ward

identity.

After producing universal bounds in the (a2, ﬁ;) and (a42,Cp) planes, it is natural to
try scanning in all three parameters. This means choosing a grid of points in the allowed
blue region of figure 4 and maximing the spin 2 gap at each one. The best feature of
this plot is that every point with A? > 3 is guaranteed to obey all the constraints given
above: exact OPE relations, no stress tensor, no flux operator, and the Ward identity for
the displacement operator. For a2 > 0.20, which is the vicinity of the kink, the results are
shown in figure 5.

Before we discuss this figure, let us comment first on the analysis for more general a2
and for which the data is not shown. This analysis indicated that the maximum spin 2 gap,
so the points on the boundary of figure 2, correspond to the largest possible values of Cp, so
the points near the upper boundary of figure 4. On the other hand, near the lower boundary
of figure 4 the spin 2 gap remains very close to 3. Since the perturbative line in figure 4 is
near this lower boundary, it indicates that the corresponding line in figure 2 must actually
be quite a bit flatter than the slope determined by the Ising model central charge (5.3). In
short, the (non-rigorous!) extrapolation of the one-loop analysis to small but finite values
of dage indicates that the Dirichlet boundary condition can only be driven to a weakly
coupled fixed point if the 3d CFT that triggers the RG flow has a large central charge.
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Let us return to figure 5. Our best candidate for a non-trivial boundary condition,
the left of table 2, may be found by hugging the upper edge of figure 4 and lookmg for
where AA jumps. As suggested by the extremal spectrum, this happens at (a2, A ,Cp) =
(0.215,3.966,0.0050) and corresponds to the red point in the figure. We see that the
two-dimensional kinks in previous figures have become a three-dimensional feature: a cliff
appears to develop around this point.

The spectrum on the right of table 2 corresponds to (%2, ﬁ?, Cp) =
(0.218,3.970,0.0050) which appears to be a more generic point in this three parameter
space. We originally chose this point by hugging the lower edge of pink region in fig-
ure 4, i.e. by bisecting in A? without the constraint (5.5) for non-displacement scalars of
dimension 4. This produces a jump at (%2, Cp) = (0.218,0.0044) in that plot. However,
re-interpreting the extra dimension 4 scalars found in that solution as discussed above
shifted Cp from 0.0044 to 0.0050. (As discussed above, this is under the assumptions that
the Ward identities hold for this point.)

Notice also that A? — 3 rather smoothly as Cp approaches its lowest possible value.
According to the dashed line in figure 4 this is where we could find potential weakly coupled
fixed points from the Neumann end. As for the Dirichlet end discussed above, one might
take this as an indication that the anomalous dimension of the three-dimensional stress
tensor cannot be too big.

6 Outlook

We set out to investigate whether a free real scalar field could have conformal boundary
conditions other than Dirichlet or Neumann. The bulk equation of motion restricted the
two- and three-point functions of ¢ so strongly that we found that all non-trivial boundary
conditions must support a shadow pair of boundary operators of dimensions Ay and Ay +
1. The numerical analysis in four bulk dimensions (so three boundary dimensions) of
correlation functions of this shadow pair yielded interesting results. On the one hand, for
a large range of values of a4 (the one-point function of the bulk $? operator) there must
be a spin 2 operator relatively close to the unitarity bound, providing some evidence for
the absence of interesting boundary conditions. On the other hand, for ay: near its upper
bound of 1/4 this maximal value shoots up and we observed an interesting kink in the data
at about age = 0.215 with a spin 2 operator of dimension 3.966 and Cp approximately
equal to 0.0050. More numerical data is provided in table 2. This could be a new conformal
boundary condition for the free scalar field.

It the future it would be interesting to see whether the shadow relations can be explored
analytically rather than numerically. Indeed, one could ask whether the shadow transform

i 1
O(x) = /ddy(x_y)w_mo(y) (6.1)

can be applied to four-point functions and conformal blocks? As we have seen, the shadow
transformation is singular for three-point functions when the scaling dimension of the third
operator is of double-twist type, so it is not entirely obvious that shadow transforming one
or more operators in a consistent four-point function automatically leads to another con-
sistent four-point function. Our expectation is instead that contact terms will become im-
portant because they get magnified to non-trivial functions by the shadow transformation.
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It would of course also be interesting to understand the possible new conformal bound-
ary condition that corresponds to the kink in our numerical plots. One approach would
be to try to ‘move’ the kink by changing the problem. For example, we could try different
spacetime dimensions d or generalize the problem to N > 1 free scalar fields.?" These
would of course be interesting studies in their own right, but if we can dial a parameter like
d or N to a value where the kink merges with a free boundary condition then that would
provide strong indications for a possible perturbative approach to the problem. Another
approach would be to put the free bulk theory in AdS: then we can add a mass term to
the bulk field which would continuously change the scaling dimensions but which is not
expected to spoil the conformality of the boundary and a conformal bootstrap analysis
should always be possible [57].

An obvious direction for the future is to try to extend the analysis of this paper to
other examples of free theories in the bulk, such as the free scalar in other spacetime
dimensions, the free fermion in any d or the free vector in d = 4. In the latter case it
would be extremely interesting to see if there is any signature of the continuous family of
boundary conditions [10] in the bootstrap approach, perhaps along the lines of the previous
bootstrap study of conformal manifolds in [58].

More generally, the ‘landscape’ of boundary conditions for a given CFT is a wide open
problem. It therefore remains an interesting target for further explorations. The subject
is even richer because, as this paper exemplifies, we need to modify the usual crossing
symmetry equations in surprising ways when defects, boundaries, or interfaces are taken
into account.
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A Conventions

A.1 DbOPE

Consider a scalar bulk operator O, not necessarily free. The bOPE of O is completely
determined by SO(d, 1) symmetry, up to a certain collection of CFT data [5, 6]

(1v'7") O(7). (A1)

) bo®
OFy) =33 %

6 "y on!(&aJr?’gid)

One can check that the expression above reproduces the bulk-to-boundary correlators (2.1),

n

once applied to the boundary two-point functions

~

00>

Al A _ “oo o

Q)

and using that 6055@5 = bo 5 We will take unit-normalized boundary two-point func-
tions, except for the protected operators that can appear in the bOPE of the bulk conserved
currents Jp. Such operators, collectively denoted by fél) (with [ = 0,...¢ — 1) have their
normalization fixed by the Ward identities (2.23), and therefore the coefficients in their
two-point functions are physical

EE

(z1- (%) - 22)!
(iﬁ?)‘d-‘rf—Q

(D(#)D(0))
(A.3)
Tz, 21)TP(0, 22)) = Cu

When the bulk operator O is a free scalar ¢, as we explained in 2.1.1, the scaling
dimensions of its boundary modes O; are completely determined by the bulk equation of
motion. The expression (A.1) becomes (compare to (2.4))

_1292\"
sin-y y b L)

=12 n yRemAinl (AZ’JF?’%d)

0i(). (A.4)

Conventionally, we choose unit normalization for the boundary modes of ¢
(0i(0)0;(c0)) = dij , (A.5)
such that bfﬁ = by = b;.

A.2 Boundary OPE and physical OPE coefficients

We denote generic boundary operators as @k, where the label k indicates collectively all
possible indices of the local operator. The OPE between two boundary operators O; is (up
to boundary descendants)

i

(7)0;(0) Zk:mAﬁAj—Ak k(0) (A.6)

— 36 —



The boundary two-point functions are normalized as in (A.2). We use the Zamolodchikov

metric Cg, to raise and lower indices of fi;*s. Concretely (sum over repeated indices)
s e A .
fii"Chm  _ fijm

O0i(71)0;(Z2) O (00)) = m = o
< z( 1) J( 2) m( )> A=Ay, |x12|Ai+A]'_Am

|212]2

(A7)

With these conventions, we have that the displacement operator, whose normalization is
taken as in (A.3), enters the generic boundary OPE (A.6) as

fijD

0i(2)0;(0) > m&Tj—d

D) +..., (A.8)
and a generic boundary four-point function as

(0i(0)0;(2)Ox(1)Opn(20)) D fis® frm (D(O)D(00)) (1 + ...

s bs AR
= fi> frmp 957" (u,0) (A.9)

_ Jijp femp g&j,ﬁkz (
Ch D

u,v) .

In the equation above we introduced the conformal blocks, which are normalized as (5.4).
Alternatively we can think of D to be unit-normalized, such that the physical boundary
OPE coefficient is

~ o~

o I - fo
O;(0)0,;(2)Or(1)Opm(c0)) D NiiDAem DR (), \iip = 22 A.10
(0i(0)0;(2)Ok(1)Om(0)) D AijpAkmp gp~ " (u, v) D= e (A.10)

Similar remarks apply for other protected operators that can appear in the bOPE of the

bulk conserved currents Jy.

B Three-point function conformal blocks

In this appendix we derive the conformal block decomposition of the free field ¢ three-point
function with a generic boundary operator O®)

(3(T1,91) (T2, y2) OV (8, 00)). (B.1)

We will obtain closed-form expressions for all the conformal blocks exchanged in the bound-
ary channel of this three-point function. We also compute some bulk channel blocks, while
leaving a more complete study for the future.

B.1 Blocks in the boundary channel

We start from the blocks in the boundary channel. As we explained in the main text (see
section 2.2), the expansion of the correlator (B.1) in a basis of boundary conformal blocks
can be obtained by acting twice with the bOPE on the generic three-point functions

A

i
40U p0 (3, 9), (B.2)

5.(210. (3,00 = WO
(0i(21)0;(#2) 0" (6, 00)) Trgl A A |
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and then resumming the contributions from boundary descendants. The polynomials PH(Z)
are defined in (2.18). Applying the bOPE (2.4) and using the identity

2n (_£12 } 9>l n d—1 (_512 i 9)1
v <*Pt> — (1), <1+t—l— ) G (B.3)

w12 |12 n 212

we can rewrite (B.1) as

o = A 0) /A
<¢($1,yl)¢($27y2)0 Z bibj f <z)P||()(371279) (B.4)
4,7=1,2
m+n 12{—A¢+2ny2A A¢+2m
X
Zn mlnl ‘3‘3‘12‘72/{”+2m+2n7l

(—Hij)m(—/ﬂij —i—m)n (—Hij — B—l)m (—Hij —|—m—iL—l>n

(8-h), (8-h),,

X

In the above formula we introduced

d—3
—

1 ~ — ~ .
rij = =5 Qi+ A - A4D), b (B.5)

The infinite sum in the r.h.s. of (B.4) can be explicitly performed, and the result takes the
form

P( )(xlg, 9)

(6(Z1, 1) D(T2, y2) OV (8, 00)) = \96”12\d_2_A (B.6)

. (b 110”)]: (W w-) Jrb1b2flz@<l>}—g,z(wﬁL’w—) +b§f226(l>]:%2,l(w+’w_)) '

The quantities ]t'zzj , are hypergeometric functions of the cross-ratios wy (defined in (2.21))

. 1 l—A—ld 2+Z—A1
fi{l(w+>w):2[2 1( 5 ; 5 -t )+(w+<—>w)],
1 2-A—1ld+I-A—-13
fl(me )= 2[((—1)l—1)w1/22F1< 5 , 5 ;2;—w>
2-1-Ad+l-A-13
+((—1)l+1)w+1/22F1< 7 > ;2;—w+>] , (B.7)

1
2A+1—1)(d—2+1—A)

y l2F1<1—A—l d— 2+Z—A’1 Cw )_(M_HM)] .

2 ’ 2 2’
Note that in terms of two cross-ratios

€= Z12> + (11 — 32)° ¢= (1Z23]* + y3) 11 Y1

Y12 (|Z13]2 + y3)y2 5300 gy
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the cross-ratios w4 can be rewritten as
(1+¢)?
1= (E+2)¢+¢*

We have checked that (B.6) satisfies the Klein-Gordon equation with the correct con-
ditions. As a further consistency check, we note that the defect channel blocks for the

w4+ =

(B.9)

two-point function (2.8) can be recovered from (B.7) by setting A = = 0 and ﬁ-ﬂ = 0jj.

B.2 Scalar blocks in the bulk channel

Next, we will be interested in the bulk conformal block expansion of (B.1). For simplicity
we will consider only the case where the third operator is a boundary scalar, while leaving
the general case for future work. In the bulk channel we plug the ¢ x ¢ OPE (2.9) to
convert (B.1) into an infinite sum over bulk-to-boundary two-point functions

(@@ y1)d(F2,92)0(00)) = D~ o6 (Ok(T2)O(00)) + ... (B.10)
OrChx¢
with the ellipsis denoting contributions from bulk descendants, which are fixed by
SO(d + 1,1) conformal symmetry. As discussed in the main text (see subsection 2.2.2),
spin selection rules and current conservation imply that the bulk operator ¢? is the only
contribution to the r.h.s. of (B.10) for generic A not equal to the scaling dimension of Jj.
In this more generic case we have

(G(Z1,91)9(T2,y2)O(00)) = |(¢*(w2)O(c0)) + ... Eb¢25W$f6(f1z,y1,y2). (B.11)

Note that when A equals the scaling dimension of Jy, we should add to the previous expres-

~

sion an additional contribution proportional to (Jy(z2)O(c0)) (see e.g. the case of the dis-
placement in C.3). It is not difficult to compute W29 by plugging the bulk OPE into (2.15)
and resumming the bulk descendants. Using the explicit form of the differential operator
that controls the scalar exchange (see e.g. [60]), we find the following series expansion

d—1 ~
990 (7 bo & (—g)" T (7) 24y +2n - &)
b¢26w¢2 (x12>y17y2) - 2A _3 Z l — =
28Tl A, - A (n+ 45 (B.12)
X o (A¢+n,d—£+2n—2;2A¢+2n;1_ yl) ’
Y2

where the cross-ratio € is defined in (2.6). There are various interesting special situations
in which the result (B.12) produces simple closed-form formulae. In the ‘cylindrical’
configuration y; = y2 = y the infinite sum gives a simple hypergeometric function

5 1 d—A—-2d-A—-1d-1 %
WO (z = [ : P B.13
> (%12,9,Y) y2A¢_A2 1 5 ) 5 B) 1] ( )
where we introduced a cross-ratio x
= 12
~ T2
X = | 2 (B.14)
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which is nothing but the restriction of ¢ defined in (2.6) to the ‘cylindrical’ configuration.
As explained in appendix C.2, this result can be also derived by ‘inverting’ the boundary
channel expansion (B.6). As a final comment, we note that the series representation (B.12)
yields simple closed-form expressions, some of which will be presented in appendix C.3,

when the third operator is of Dg)) type.

C OPE relations and bulk-to-boundary crossing
In this appendix we discuss in detail the derivation of the main results presented in section 2.

C.1 Derivation of the OPE relations

In this appendix we derive the OPE relations (2.22). The starting point is the boundary
channel expansion for the correlator (B.1), given in (2.20). Away from other operator
insertions, the ¢ x ¢ OPE requires this three-point function to be analytic around z/ = 2§
(recall that the identity in (2.9) decouples). In order to study this limit, it is convenient
to place the two bulk operators at the same transverse distance i.e. y1 = y2 = y, such that

the expression (2.20) simplifies as follows:

DA
. o P (212,0) 2
(6(Z1,9) P (T2, y) OV (0, 00)) = Hd_ﬁx_i(d_%& (C.1)
Yy
1, 1-1-Ad+l-A-21 4
X{2b1f116(l) 1+ 2F1< 2 ) 2 727 A>‘|
\ ho1 2-1-Ad+l-A-13 4
+blb2f126(l) [1+(_1)]X 22F1 ( 9 5 9 7§a_§
b%fm@(l)

+—= 2
2A+1-1)(A-1-d+2)
where Y is the cross-ratio defined in (B.14). In this configuration with y; = yo Bose
symmetry (2.19) implies that this expression vanishes when [ is an odd integer, so we first
consider even [. We then require (C.1) to be analytic around #; = 7, for finite y. For
generic values of d,1, A, the r.h.s. of (C.1) contains unphysical singularities, since

= l
o N0, _ (=T12-0)
(9(@0)0(@ )0 0.00) 1~ S22 (€2)
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up to higher powers of X. Such unphysical singularities cancel from the r.h.s. of (C.1)
precisely when the OPE relations (2.22) are satisfied, such that the analytic result at

Y1 = Y2 is

PV (i12,0)

. L VAl _ ¢ |
((F1,9)p(F2, )0V (0, 00)) = bibaf 50 Ji-2-A

. Nz N (% - l) [1 — cot (%Tr(ﬁ + l)) cot (%ﬂ'(d A+ l))}

- 7~ (C.3)
9d—A+1-1T (1 _ l+2A> r (A—d2—l+4>
d+1-A—2 d+1-A-1d-1 ¥
ol/2 F . A
X X" 2 1( 5 ) 5 T + 4)

When A approaches some special integer dimensions some of the boundary blocks in
the r.h.s. of (C.1) are themselves regular and (C.2) is not valid. This can happen when:

e The dimension of O equals that of a double-twist combination of 61 and @1

A=d+1+2n—2, neN, (C.4)

e The dimension of O equals that of a double-twist combination of 52 and 52

A=d+1+2n, neN, (C.5)

e The dimension of O equals that of a double-twist combination of 61 and 52

A=d+1+2n—1, neN. (C.6)

We then analyse these special cases separately. Requiring the cancellation of any residual
singularity on the r.h.s. of (C.1), will again impose certain relations between the boundary
OPE coefficients. It is reassuring to see that these special cases are captured by the
appropriate limits of the general result (2.22).

We now discuss the case when [ is an odd integer. Starting from (2.20), we need to

A A

set f115(l) = f226(l) = 0 (as dictated by Bose symmetry) so that the three-point function is

A

proportional to f We then study analyticity around & = &5 for finite y12 = y1 — yo.

1200
For generic values of d, [, A this correlator features unphysical singularities, since

(0(F1,1)(T2,32) 0V (0,00)) _~ bibafyy50 (~T12-0)' (C.7)

xr12—
() T ) B i) L i
X —_
7o |d+21-3 ~ ~ ~ ~
T12 +A+1 d+i-A-1 I _ A 4—d=l+A
(e () r(aeg)r ()

2
up to subleading terms. Because of the first term in the above expression, which is singular

+... 1,

for d > 3 (for d = 3 and [ = 0 the singularity is logarithmic), for generic A we must set
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A

f126(l> = 0. On the other hand, the boundary blocks are themselves regular and the (C.7)

is not valid when the dimension of @ equals
A=d+1+2n—1, neN. (C.8)

Again we see that the relations (2.22), together with the constraints from Bose symme-
try (2.19), promptly capture these special cases. The analytic correlator (2.20) on the
special dimensions (C.8) then reads

<¢(£17 y1)¢(527 y2)@(l) (07 OO)) = b1b2f126(l) (_512 ' H)Z
x( ﬁ) F<¥_l) 2n+1F<n1 d_1+l;1>_ (C.9)
r( w

”+%)F(3%d—l—n)yl2 2 F1 5o

2

C.2 DMatching with the bulk

Owing the results from the previous subsection, we are now ready to discuss the conse-
quences of the bulk-boundary crossing symmetry for the three-point functions (B.1).

The first step is to derive the leading terms in the bulk channel expansion of the
correlator (B.1). To this end, recall that the ¢ x ¢ OPE (2.9) contains a scalar ¢? and
infinitely many conserved currents Jp, with ¢ € 2N and Ay = d 4 ¢ — 2. The bulk-boundary
two-point functions between J; and any boundary operator OO are further constrained by
current conservation. The operator OO can appear in the bOPE of J; if

(O™ 1 (#,y) O (0)) = 0. (C.10)

For | < ¢, this condition is satisfied only if A= Ay, so that O is a protected boundary
primary. On the other hand, for [ = ¢, conservation is automatically ensured with no
extra conditions on 3,22 so O is unprotected. This is of course compatible with the Ward
identities (2.23).

We now plug the ¢ x ¢ OPE into (B.1), impose the selection rules from conservation
in order to figure out which bulk primary can couple to OW and finally compare to the
boundary channel expansion. We conclude that:

e When A #d+ /¢ —2 and [ is odd, OO cannot couple to any bulk operator in the
¢ X ¢, and the three-point function must vanish. This perfectly matches with the
expectations from the boundary channel.

e When A % d+ ¢ — 2 and [ is even, OO can only couple to a spin [ bulk current J,
(or to ¢ when [ = 0). This is consistent with what we expect from the boundary

A

channel, where we are left with only one unknown OPE coefficient f,5q). In either
case, from the leading bulk OPE we have
. . ~ C¢¢lb 30 ) ol/2
(6(F1,9)8(T2, )0V (0,00)) _~ AL PO(i, 00—+ . (C11)
T12—0 le yd—Q—A

*Tndeed, ((8J¢) 64) = <Jg,1(5£> must vanish since Jy—1 does not contain any spin ¢ component in its
bOPE.

— 492 —



and, after comparing to (C.3) we find
NZ2 % (% - l) [1 — cot (%ﬂ'(& + l)) cot (%W(d ~A+ l))}

9d—1-A+I] (1 _ HQK) r <312d+4)

Cotby 50 bibof
- O]
C, 120

(C.12)
The result for a scalar (I = 0) operator O is simply obtained from the former by

setting cgp0 = Cj, = 1 and bJ0(5<0) = b¢>26'

We can use the result above in order to re-interpret the expression for (B.1) obtained
using the boundary OPE in terms of the bulk OPE, and compute the corresponding
bulk block. This procedure is unambiguous, since in both channels there is just one
undetermined OPE coefficient. In practice, we solve (C.12) for f125(l) and plug the
result into (C.3). We find

oW,
W?f (l‘lQa Y, y)

)/ A N ~ ~
P, 0% fav1-A-2 dvi-A-1d+a-1 g\ (C13)
= ——————=—2[ B ) B ; 9 ; 4]

y2hs—A

As a consistency check, note that for [ = 0 the above expression reproduces the block

W(ff O(:E'lg,y,y), which was computed explicitly in (B.13). The same logic can be
applied to compute the bulk blocks at generic transverse positions yi, %2, starting
from the boundary channel decomposition (2.20).

When A = d + £ — 2 and [ is even there are two cases. For ¢ > [, the primary oW
can couple to both J; and Jy,. The number of undetermined bulk OPE coeflicients
then matches that of the boundary ones ( fu o and f225(l>)‘ As an example, in
section C.3 we explicitly solve the bulk-to-boundary bootstrap for the case of £ = 2
with [ = 0, but similar results can be obtained for the more general case of Dél). When
¢ = [ the operator OO can only couple to J;, and this matches with the number of

A

undetermined boundary OPE coefficients (f,, 54))-

When A = d+ ¢ —2 and [ is odd the only possible bulk contribution comes from the
spin ¢ currents Jy. From the leading bulk OPE limit at |Z12| = 0 we have

= = 0] . Coot [ PN
(@1, y1)d (T2, 42)Vy (6,00))  ~ o, b @12) ™ (@2 0) 4., (C.14)

where y12 = y1 — y2. So, after comparing to (C.9) (note that £ — [ = 2n + 1) we find

Coped 5 R JAD (34
C:ZVZ = b1bzf12v§z> oT (6?2% 5(4241) . (C.15)

The Ward identity (2.23) further relates the coefficient b to the coefficient in

the two-point function of Vgl) , e.g. for the flux operator Vél) = V() the coefficient

pAYS

in eq. (2.31). In the case of V) upon plugging the value of cper and Cr given
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in eq. (2.10), the result (C.15) gives precisely the first equality of eq. (2.32). The
second equality is obtained upon using that b;,q1) = 26’V(1>, as dictated by the Ward
identity (2.23).

C.3 Displacement Ward identity

In this appendix we derive the displacement Ward identity presented in section 2.2.3. The
starting point is the three-point function of the displacement operator D with the free bulk
scalar. From (2.20) and after imposing the OPE relations (2.22), this reads

(6(F1,31)6(Z2, 12)D(00)) = y192b3 foon + b3 firp [|712 — (d = 1) (1 +43)] . (C.16)

We want to match this expression against the bulk OPE channel expansion. As we discussed
in the main text — see around (2.34) — this receives a contribution from the ¢? as well
as from the stress tensor. The complete expression, i.e. including contributions from bulk
descendants, is
D/ Copg¢T
(0a1)(2)D(o0) = b Wi (Fra. s, 1) + GE sty (Tu(e2)Dlo0)). (CT
The first term in the r.h.s. of the above equation is the (¢?D) bulk block, which is computed

by (B.12)
(d—1)(y1 + y2)? — |Z12)?

$¢D [
= 1
Wi (Z12, Y1, y2) 1d—1) (C.18)
The second term is the contribution from the bulk stress tensor and reads [5, 6]
1 ac
(Tyw(#)D(00)) = brp (5uy5uy - dé/u/> , brp = 7 —]?L' (C.19)

Note bulk descendant operators of 7% do not enter into (C.17), since (C.19) is a constant.
One can further use the Ward identities for the displacement operator [5, 6] to relate the
bOPE coefficient byep, to the one-point function of P

24(d — 2) 2md/2

byep = —age ———2, Sy = Vol(S1) = . C.20
$2D Qg2 Sy ) d o ( ) r (%) ( )
We can now equate (C.16) to (C.17) and solve for an and fQQD. The result is
A . a¢2 QdCT(d - 2) — 4CDC¢¢TSd f . a¢22dCT(d — 2) + 4CDC¢¢TSd
Hp = ACT(d — 1)54b° ’ 2b = 207Sb2 '
(C.21)

The final formula (2.36) is obtained by plugging in the above expression the values (2.10)
of cggr and Cr corresponding to a d-dimensional free scalar field. It is pleasant to see that
the final result (2.36) is consistent with the Ward identity [5]

[ A (00)ow2)D@) = (O + 0) (0l1)(2). (C.22)
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D Crossing equations in a vectorial form

In section 4.1 we derived the system of 7 independent crossing equations (4.6). The latter
can be rewritten in a vectorial form by introducing the 7-component vectors of 3x 3 matrices
VK,Z

fhew
P oW OV p AW A
OZZ(an f1207 f22° )V&l fraw |- (D.1)
o, A
2200

The explicit form of VKZ is given in (D.4). The odd [ terms in the above expression are

subjected to further restrictions. Firstly, Bose symmetry implies that f, 50 = f,,50 = 0

Secondly, the odd-/ primaries must have scaling dimensions A=d+1+2n— 1, withn € N,
as follows from the exact relations (2.22). It is then convenient to rewrite (D.1) as

A

Fhuen
_ P oW p 0o p OWN Y7 P
O—AZ (fno f1297 fa2® )ngl f1a60
O,l=even f ~
2200
(D.2)
0
A~ 6(1) A~ —
+ > e faee (0 1 0) Vau |l
_l=odd
A=d+i+2n—1 0
n=0,1,...

For numerical purposes it is convenient to isolate, in the crossing equations above, the
contributions from the primaries with fixed dimensions from those in the continuum. Such
special primaries are the identity 1 (for which (2.22) implies fi21 = 0 and we choose
the normalization f;‘i]l = fu = 1), as well as the boundary modes of the bulk higher-

spin currents, Dgl) and VEZH) of spin [ and [ + 1 in the notation of section 2.2.2. Upon
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implementing the exact relations (2.22), we rewrite (D.2) as follows

1 Kll(ﬁal)
— A~ A () o~ ~ —
0= (1 0 1) Voo o+ > f125(l)f120 (m(A,l) 1 /iQ(A,l)) N 1
1 O,l=even K,Q(&, l)
=i E‘7‘+,/A\,l
0
2 2 oW -
+ Z FraGw fi2° (0 1 0) ISVIE
I=odd ’
Rediiton—1 0 (D.3)
n=0,1,...
EV*,KJ
Fun 0"
+ Z Z (fn@(l) 0 f226(l>) VE,I 0
Le2N I<l,even RG]
A=dit—2 fo2
r oW
/a . . f®
:(fn(’g‘(z) f225(z)>vo,2,z f225<z)

The first line in the expression above accounts for the identity 1 as well as for the unpro-
tected, even-spin operators. The second line accounts for the odd-spin operators i.e. belong-

) The third line contains even-spin protected operators i.e. belonging

ing to the family V,
to the family D(gl). The 7-component vectors vi,&l’ Vﬂ,ﬁ,l are defined in (D.5), (D.6). The
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quantities ‘7’03 ; are T-component vectors of 2 x 2 matrices defined in (D.7).

F“ﬁll(u,u) 00
0 00
0 00
00 0
00 0
00 F?22(u,v)
N
111,12
0 2F_737l(u, )
111,12
P ) 0 0
0 0 0
0 0
12,22
Ve — 0 %Figl(u,v)
Ao 1 12,22 T
0 3F " (u,v) 0
0 0
12,12
F_y&l(u,v) 0
0 0 0
111,22
0 0 2F—,K,z( ,V)
0 (—D)LF2 (0, v) 0
11,22 -
%Fi’/\,l(u,v) 0 0
1 711,22
0 0 2F+737l(u,v)
] 12,21
0 (—1) FJﬁ&l(u,v) 0
111,22
2FJr 2 l(u, v) 0 0
11,11
F_737l(u, v) 0
FE ’A2l(u, v) 0
0 0
= o = 0
VIL - 0 ) V—,AJ - )
F1212(y o)
0 77£7l ’U
11,22 12,21
F X w) FZRwv)
11,22 12,21
+,K,l(u’ v) FJF’EJ(U, v)
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0

11,22
%F, X l(u,v)

=y

111,22
2F+’&l(u,v)

0 LPM22 (0, 0)

(D.6)

(D.7)
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