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Abstract Quantization of the noncommutative geometric
spectral action has so far been performed on the final com-
ponent form of the action where all traces over the Dirac
matrices and symmetry algebra are carried out. In this work,
in order to preserve the noncommutative geometric structure
of the formalism, we derive the quantization rules for propa-
gators and vertices in matrix form. We show that the results in
the case of a product of a four-dimensional Euclidean man-
ifold by a finite space, could be cast in the form of that of
a Yang—Mills theory. We illustrate the procedure for the toy
electroweak model.

1 Introduction

Active research during the last decade on the noncommuta-
tive nature of space-time has enhanced our understanding of
the fundamental particles in nature and their interactions (we
referto[3,4,6,9,10,13] for an overview of the literature). The
emergent picture is that of a space-time which is a product
of continuous four-dimensional manifold with a finite space,
determined uniquely from very few physical requirements
[2]. In particular, when the order one condition is imposed
on the Dirac operator, we obtained all the spectrum of the
Standard Model, in addition to the right-handed neutrinos
and a scalar singlet whose vev generate Majorana mass to the
right-handed neutrinos The fermionic action is of the Dirac
type while the classical bosonic action is determined from
the spectral action principle. As all gauge and Higgs fields
are unified within the same Dirac operator, this resulted in
certain relations between the three gauge couplings and also
the Higgs coupling. These relations were taken to hold only
at some unification scale and the action considered as an
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effective action from the Wilsonian point of view (cf. [6]
and references therein). The renormalization program was
then carried out according to the rules of perturbative quan-
tum field theory to the final derived form of the action. One
immediately recognizes that following this method a vast
amount of information is lost because the action is obtained
after taking all traces of the matrices of the Clifford and sym-
metry algebras. Moreover, looking at the component form of
the propagators of all the dynamical fields it is not possible to
see the unified picture they were derived from. In particular,
it is known [8] that in the traditional framework of the Stan-
dard Model relations among coupling constants are not stable
under renormalization. In contrast, in our formulation all the
fermionic fields are assembled in one spinor, acted on with a
Dirac operator D, which is a 384 x 384 matrix implying that
the fermionic propagator D! is also a matrix of the same
dimension. In order not to lose the noncommutative nature
of the space at the quantum level, especially of the finite
part, it is important to derive all propagators and vertices in
matrix form. In this paper we will achieve this by expressing
the bosonic action in terms of matrix-valued fields, without
taking the traces. For simplicity, and to avoid the compli-
cations of including the gravitational field, we will assume
a flat four-dimensional Euclidean manifold. It is possible to
generalize this work to include gravity by using results from
our previous works on the spectral action (see [6] for more
details and references).

2 Action in matrix form

Consider a noncommutative space (A, H, D, J, y) defined
as the product of a four-dimensional manifold M with
the spectral data (C™ (M), L>(S),iy"d,, C, ys) where
C is the charge conjugation operator, times a finite space
(Ap,HF, DF, Jr, yr). The spectral data is given by
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(A, H, D, J, y) where [1]

A=C*(M)® Af

H=L1L*(S)®Hr

D=iy"3,®1+ys® DF

J=C®JF

Y =V5®YF. e))
The Dirac operator including inner fluctuations is
Dy=iy"d, +A

where

A=Y aa[D.bb]. abeA abeA

and where A° is the opposite algebra formed from elements
Ja*J~' a € A. The connection A, in the general case, takes
the form [5]

A=An +JAnI T + A

Agy=Y alD.bl, Ag =) a[Aq).b].

The Dirac matrices y* satisfy {y*, y"} = 26" and y** =
y*. Squaring D we get

D* = — (3”9, + A"0, + B)
where
At = —i {y“, A}
B=-(iy"8,4 + A%
then D? can be written in the form —V#V,, — E where V,, =
0y + w, and

1.
5! {vu. A}

E=B-3w, —o'w,.

1

Then the covariant quantities are £

1.
E = zl [BMA, ]/M]

1
+Z (y,LAy”A + Ay AyH + yﬂA2y“)

and the curvature €2,

Quy = 0wy — oy + [a)u, a)v]

1, 1,
= _El {yv, BMA} + 51 {V/u BVA}

1
=7 [ A} n AY]

N

@ Springer

We now use the Gilkey formulas used in all our previous
spectral action calculations (in flat space)

LR PP (1)
= — T
40 1672 .
_ 4
ay = @ dxTr (E)
1t d*x Tr (Q,,Q" + 6E2
“=Ter212) 47 o

where the trace Tr is over the Clifford algebra and matrix
algebra of A. The spectral action f (Dz) then gives [1]

I = A* faag + A? rao + foas

where
f4=fuf<u>du, fz=ff<u>du, fo=f(0).
0 0

We will use a cutoff function and truncate all higher order
terms.

The problem to express I in terms of A now becomes
trivial but tedious, eventually resulting in

1 2
Tr(E) = Tr <2A + yMAy“A)
Tr (2,9 +6E2)
= —Tr (Y0, Ay 0" A + 2y,0" Ay, 0" A)
+2i Tr (E)MA)/“A)/,,A)/” — yﬂa"AyUAy"A)
1

+ 1 Tr (y,LAyVAy“Ay”A + 2y,LAy“AyUAy"A) .

All contractions of the Dirac gamma matrices cancel. There

is one set of cubic terms that do not vanish, but combine to
form a total divergence

—id, Tr (y‘“’ (Azy‘,A - AyUAz))
Thus the spectral action is given by
J= 1 d*x(2A% 4T (1)
3272
FA2HTY (2A2 n yMAy"A)

- % Tr (v 00 Ay* 0" A 4 2y,0" Ay, 0" A)
ifo u , u »
+ 3 Tr (8MA)/ Ay, Ay" —y, 0" Ay, Ay A)

+ﬁ Tr (Y A Ay" Ay A + ZVMAy”AyUAy”A)> .

24
(2

An alternative derivation of this Lagrangian could be obtained
based on the functional analytical results of [11,12]. We
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refrain from including it here as this lies beyond the scope of
the present paper. Instead, we now turn our attention to gauge
fixing and the Feynman rules that this Lagrangian gives rise
to.

3 Gauge fixing and Feynman rules

Let us analyze the properties of  with respect to gauge trans-
formations. We already mentioned that the quantities £ and
2., are gauge covariant. To see this we start with the gauge
transformations of A given by [5]

A utAu+u*Su, u*u=1=uu",
where du = iyV0,u, and u has the same matrix structure as

A, then with simple but tedious algebra we can verify that

E— u*Eu

Quv > U™ Qu

transform covariantly. The connection w,, transforms as

wy > urouu 4+ ut,u.

Note that for product of continuous and finite spaces we can
write

A=iy"B, +ys¢

as follows from the form of the Dirac operator (1), then

L,
Wy = _El {Vu’ A} = By

showing in this case that the curvature €2,,,, only depends on
the gauge fields B,. Thus we must add to the action a gauge
fixing term. Let

G =090 = —%i {y*. 0.A}

then we add to the action the term

1A L fo

1672 3¢ 1672 3¢
The Feynman gauge corresponds to the choice § = 1. Adding
a gauge fixing term would then require introducing ghost
fields ¢ and ¢ with the same matrix structure as u. The form is
determined from the infinitesimal transformation of G. Writ-
ing u = 1 4 i where « is Hermitian we get that

G (10" +i [ wpu, a] +i [0, 0pa])

d*xTrG? = — d*x Tr (8,0")° .

and thus the ghost action is

/ d*x Tr (9,cV*c)

= /d4x Tr <aﬂzaﬂc —~ %iaﬂf[{y“, A},c]).

3.1 Feynman rules

We are now ready to give the Feynman rules.

The fermionic propagator corresponds to a massless
fermion and is given by the usual expression obtained from
the (Euclidean) action of the form W7 , (iy“)g 0, VYga, that
18 to say,

BB _ "5 push
aA — p2 .

To find the bosonic propagator we examine the following
quadratic pieces of the action

fo
19272

1 v
+ E{m’ Ay, 0 A})-

Tr (—)/M&,,AJ/“Z)”A —2y,0"Ay,0"A

Note that we do not include the quadratic “mass” terms 24> —
YuAyu A in the propagator; these will be taken into account
using vertices of order two, after which one can rely on the
well-known identity,

k

1 151 1 Mm? 1

P2+P2M P2+'“=P2Z<P2) :P2_M2
k>0

thus re-assembling the pieces to arrive at a propagator that
does include the mass term.

Working in the Feynman gauge & = 1, the kinetic part of
A simplifies, but it would not be easy to find the propagator.
Indeed, one has to invert expressions with gamma matrices.
This can in fact be done, but the expression obtained is rather
involved. The problem at hand is to carry renormalization
program for models such as the Standard Model, and there-
fore it will be useful to restrict ourselves to the case where

B .
AR = (iy"EB, L+ (r)beh
_ pBB BB
= BaA + d>aA.

This should be anti-commuting with the grading ys ® yr
where yr is a grading on the finite, matrix indices. Hence,
with respect to yr the field B 5 4 should be diagonal, while
the ® should be off-diagonal.

The strategy is the following: express the quadratic expres-
sion in terms of B, and ¢, get the propagator for these fields,
then plug back to get the propagator for A.

First we have (in Feynman gauge)

Tr (—yuauAyl‘B”A —2y*9,AyYd,A
+{v" oA} {r", 0,4})
= 4Tr (4B,0° B, — 690°9) .

@ Springer
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Hermiticity of D and of y#* implies that
BZ == _Blj.v ¢* = ¢

We then write

B, =iB (T, ¢5 =¢"0"5

where (T7) ﬁ is a hermitian basis for the block diagonal matri-
ces, and (') f; ahermitian basis for the off-diagonal matrices
satisfying

l 15 msyn 1 mn
To(T'T/) = 81 Tr(x k):E(S .
Thus the quadratic action becomes

fo

1 (01 B, + 60" (3)p™).

The propagators for Bl’l. and ¢ are

o 127 1
<B;‘B‘{>: fo 81]8’”112
872 1
(¢m¢n> fo (Smn p2

We now reassemble the pieces to get
1272

BB psD
<B(XA B)/C> - fO

87T2 m B m D 1
o 96 09y (") (W) -

Thus the free propagator is

(a8 ag2) = ()L i G)

) |
()2 (v), (THETH2—

BB 568D
<q>aA (D)/C>

where we have defined

2
(r)” = 255ty (1)
ad fo H* « A

8712 I B
+ W8§8m(y5)5 (") 4

Note that when an explicit fixed matrix structure is given, it
is possible to simplify the above formula somewhat further,
using orthogonality results on the matrix coefficients when
summing over the 7/ and A"

We have expressed the propagators appearing in the scale-
invariant part of the spectral action diagrammatically using
(ribbon) edges in Fig. 1.

Next we look at the vertices. We will start with the (neg-
ative) mass terms that we will include as vertices of valence
two. The relevant term is

f2

2
503 TT2A% + Ayt A)

@ Springer

aA ~C B

o = (A2 = (0728 ()
—’—

oA 3B (U34s8) = — (V)0 pudh &

A C . B (in D
SERRREELEEEEE (ePeB) = ()] (1) 0 &

Fig. 1 Feynman rules for the edges

which we may write in the form

Y ¢C 28D
(Vu)ﬁ SpAyC (v
so that the contribution to the vertex is

A?
-5 An (287058585 + (n)} 85 (V") 85) - )

The first cubic contribution in the spectral action is

24888785 AOR 585 + ALE )y s

aAyC
VﬂBBD

—i Tr (3, Ay" Ay AyY)
and can be written in the form
B

PuALL (V") 85 ASR (n)L SEATE (v')s 87
which shows that the contribution to the vertex is
pu (V") 85 ()} 85 ()2 o7
The second cubic term is
i Tr (yu 0" Ay, Ay A).
We write it in the form
—p"ALL (R S5 AV ()3 S5 ALE (vi); 85
so that the contribution to the vertex is
-p" (Vv)g 85 (v ")s 35 (r); e

Thus the cubic vertex is

aycne __Jo CGEsA V(1)
BBIDIF = 97 o2 PudESn8E (W)3 (( ),3 (")

— (", 0M)7). s)

The first quartic term
Tr (y Ay Ay" Ay A)
can be written as

BB C 8D oE N 4TF oG rH a
Ayadp (Vv)g AVedp (vu)s AyedE (v ) Ardsy (r" )i
so that the contribution to the vertex is

c E NG K oA o
S5 (Vv)g 85 (vu)s 8% (v"): 8 (V") -
The next quartic term is

2Tr (yu Ay Ay, AyY A)
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aA 7C [
e, 5o (20305088 + (W35 05 93)
aA
BB Y
TF 506E5A VY (At LY (A VY
il A GO (COMCOER COMCREY
~C
5D
aA ANH
BB\/HG
w2y (0G0Bogah (n)y (w5 (03 M7 + 203 7)1
7C TF
0D nk
aA
~C
= 52876568
BB
A
B SN\ P
BF .
o= Pu (") (059505 — 950507)
D

Fig. 2 Feynman rules for the vertices

which can be written as The total quartic vertex is then
BBC 8D sE F AH g A o AyCnExG
24P 85 (VM)/S A 65 (7§ A;E‘SF (v )r Ao (v"); VngyDranKH
so that the contribution to the vertex is 76J§; 5 (BC(SE(SGSH (Vu)i{ (W)7 ((V”)Z (VM);]
n
255 ()} 35 Gl 58 (") 88 (7). £20); (0)7)) ©®

@ Springer
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Now for the ghost part we have
Tr (—E&MBMC) =—c'9%!

. B
where we have written ¢§ = ¢/ (T7) , SO that

<c*icj> = SUL.
p2

We conclude that the ghost propagator is

<c33c5> (T")ﬁ(T")@#. )
The vertex ghost terms are

3T (e [{ 4} <)

which can be written as  p,c§ ((yM)Z Agg) el (5GsEss

—8%858?). Hence the ghost vertex becomes

_p BF 1
(EAPEC) = L (o2 (550508 — s50502) . ®

We have expressed the interaction terms appearing in the
scale-invariant part of the spectral action diagrammatically
using ribbon graphs in Fig. 2.

4 The electroweak toy model

Having used a super-condensed notation for the propagators,
it would be helpful to consider a toy model that captures the
essential points of the noncommutative unification. We thus
consider the simple electroweak model where the fermions
are in the representation

and where the algebra 4 = M, (C) @ H. The connection A
in this case is (ignoring the complication of introducing the
reality operator J ) given by

an (FOMEE ookE N
(v5)a Ha l ()’”)5 (B/,L)’;

with the constraint that TrA = 0 which implies that (B,)§ +
(BM)% = 0. Thus in this notation, when we write

B, P =B (THE. o5 =0¢"0"%

then
1 (-i\b
(T’)§—<7(gl)a8>, i=1,23 A=a,3
__1 sb
()
A 0 L
V3

@ Springer

and

001 00i
aHE=(oo00|, »8=]1 000

100 —i00

000 000
HE=(oo1], »B=100i

010 0—i0
sothat H' = 1 (¢! +i¢?), H?>=1(¢3+i¢*), H =
H! , H, = H?. In this notation, the Dirac action becomes

- 1 1
v, D) =liy* (9, + =~ BPaP——B°>1
( ) Y ( 5 B R

o Lo
+egriy all+ﬁBlt €R

+1lysHeg +erysHI

where [ = (:L> . Comparing with the SU (2) x U (1)
L

Weinberg—Salam leptonic model we have
0

BY =gW?P, B)=gV3B, p=12.3.

However, from the spectral action we have

2‘{2(313231 + ¢ 3%¢™ )
3¢2 6
__fg WPPRWE + 25 B,0°B, + — H,0 H | .
2471 g g

Normalizing of the vector kinetic terms then requires

f082 ) 1 2
= 1, = —
1272 & =38

and thus

2
.2 g 1
9 =5 = —. 9
si” 0w g2 i 2 5 4 ( )
Normalizing the H field kinetic term requires

H— S H

NG

which implies that the electron mass term is

1
mezg\/;(H). (10

The quartic Higgs coupling is

45.[_02 (ﬁl{)2 - 4f02 §6 (ﬁ )

and thus the coupling constant is

g2

gFm
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We also note that this implies for the Higgs mass term the
relation

A2 o A2 2_
ANhgy AREHy (11)
272 1272

From the physical point of view, relations such as (9)—(11),
constitute important consequences of the underlying geomet-
ric structure and we wish to investigate their stability under
renormalization.

5 Conclusions

In this note, we have reconsidered the renormalization pro-
gram of the perturbative quantum field theory resulting from
the spectral action of a noncommutative space formed as a
product of a continuous four-dimensional manifold times a
finite space. The basic fields are the Fermi fields defining the
Hilbert space and the bosonic fields represented as inner fluc-
tuations of the Dirac operator of the noncommutative space.
The bosonic fields include both vector gauge and scalar Higgs
fields. The crucial observation is to realize that the nature of
the finite space determining the matrix structure of the Dirac
operator, and the unification of gauge interactions, gauge and
Higgs coupling constants follows from this property.

As a first step to preserve the matrix structure at the quan-
tum level, we have derived the spectral action in matrix form,
and determined all propagators and vertices corresponding
to matrix-valued fields, both in the Clifford algebra of the
Dirac operator and algebra A of the noncommutative space.
We have also fixed the gauge symmetry and determined
the matrix-valued ghost fields associated with this symme-
try. The Feynman diagrams of the noncommutative spectral
action, are then in one-to-one correspondence with that of
a Yang-Mills non-abelian gauge theory, with a direct mass
term. The main difference is the appearance of the space-
time Dirac matrices y* and y5 not only for fermionic fields,
but also for bosonic fields. The next step is then to carry out
the analysis of the renormalizability of the spectral action,
along the same lines as those of a Yang—Mills theory, by first
determining all the possible Feynman diagrams. The main
complication to do this analysis is the appearance of ribbon
diagrams thus making the computation technically challeng-
ing. Note, however, the striking similarity to the diagrams
that appear in noncommutative quantum field theory, start-
ing with [7]. In any case, itis very promising to have prepared
the ground to engage in the task of performing the full renor-
malizability analysis of the spectral model. We do expect
that the novel procedure where the matrix structure is pre-
served, to shed light on the unification of the gauge and Higgs
interactions. To gain further insight into the quantization of
the noncommutative spectral models, it would be useful to

develop, in particular, the BRST quantization for the ghost
sector [4].
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