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Abstract Quantization of the noncommutative geometric
spectral action has so far been performed on the final com-
ponent form of the action where all traces over the Dirac
matrices and symmetry algebra are carried out. In this work,
in order to preserve the noncommutative geometric structure
of the formalism, we derive the quantization rules for propa-
gators and vertices in matrix form. We show that the results in
the case of a product of a four-dimensional Euclidean man-
ifold by a finite space, could be cast in the form of that of
a Yang–Mills theory. We illustrate the procedure for the toy
electroweak model.

1 Introduction

Active research during the last decade on the noncommuta-
tive nature of space-time has enhanced our understanding of
the fundamental particles in nature and their interactions (we
refer to [3,4,6,9,10,13] for an overview of the literature). The
emergent picture is that of a space-time which is a product
of continuous four-dimensional manifold with a finite space,
determined uniquely from very few physical requirements
[2]. In particular, when the order one condition is imposed
on the Dirac operator, we obtained all the spectrum of the
Standard Model, in addition to the right-handed neutrinos
and a scalar singlet whose vev generate Majorana mass to the
right-handed neutrinos The fermionic action is of the Dirac
type while the classical bosonic action is determined from
the spectral action principle. As all gauge and Higgs fields
are unified within the same Dirac operator, this resulted in
certain relations between the three gauge couplings and also
the Higgs coupling. These relations were taken to hold only
at some unification scale and the action considered as an
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effective action from the Wilsonian point of view (cf. [6]
and references therein). The renormalization program was
then carried out according to the rules of perturbative quan-
tum field theory to the final derived form of the action. One
immediately recognizes that following this method a vast
amount of information is lost because the action is obtained
after taking all traces of the matrices of the Clifford and sym-
metry algebras. Moreover, looking at the component form of
the propagators of all the dynamical fields it is not possible to
see the unified picture they were derived from. In particular,
it is known [8] that in the traditional framework of the Stan-
dard Model relations among coupling constants are not stable
under renormalization. In contrast, in our formulation all the
fermionic fields are assembled in one spinor, acted on with a
Dirac operator D, which is a 384×384 matrix implying that
the fermionic propagator D−1 is also a matrix of the same
dimension. In order not to lose the noncommutative nature
of the space at the quantum level, especially of the finite
part, it is important to derive all propagators and vertices in
matrix form. In this paper we will achieve this by expressing
the bosonic action in terms of matrix-valued fields, without
taking the traces. For simplicity, and to avoid the compli-
cations of including the gravitational field, we will assume
a flat four-dimensional Euclidean manifold. It is possible to
generalize this work to include gravity by using results from
our previous works on the spectral action (see [6] for more
details and references).

2 Action in matrix form

Consider a noncommutative space (A,H, D, J, γ ) defined
as the product of a four-dimensional manifold M with
the spectral data

(
C∞ (M) , L2 (S) , iγ μ∂μ,C, γ5

)
where

C is the charge conjugation operator, times a finite space
(AF ,HF , DF , JF , γF ). The spectral data is given by
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(A,H, D, J, γ ) where [1]

A = C∞ (M) ⊗ AF

H = L2 (S) ⊗ HF

D = iγ μ∂μ ⊗ 1 + γ5 ⊗ DF

J = C ⊗ JF

γ = γ5 ⊗ γF . (1)

The Dirac operator including inner fluctuations is

DA = iγ μ∂μ + A

where

A =
∑

aâ
[
D, bb̂

]
, a, b ∈ A, â, b̂ ∈ A0,

and where A0 is the opposite algebra formed from elements
Ja∗ J−1, a ∈ A. The connection A, in the general case, takes
the form [5]

A = A(1) + J A(1) J
−1 + A(2)

A(1) =
∑

a [D, b] , A(2) =
∑

â
[
A(1), b̂

]
.

The Dirac matrices γ μ satisfy {γ μ, γ ν} = 2δμν and γ μ∗ =
γ μ. Squaring D we get

D2 = − (
∂μ∂μ + Aμ∂μ + B)

where

Aμ = −i
{
γ μ, A

}

B = −
(
iγ μ∂μA + A2

)

then D2 can be written in the form −∇μ∇μ −E where ∇μ =
∂μ + ωμ and

ωμ = 1

2
Aμ = −1

2
i
{
γμ, A

}

E = B − ∂μωμ − ωμωμ.

Then the covariant quantities are E

E = 1

2
i
[
∂μA, γ μ

]

+1

4

(
γμAγ μA + AγμAγ μ + γμA

2γ μ
)

and the curvature �μν

�μν = ∂μων − ∂νωμ + [
ωμ,ων

]

= −1

2
i
{
γν, ∂μA

} + 1

2
i
{
γμ, ∂ν A

}

− 1

4

[{
γμ, A

}
, {γν, A}] .

We now use the Gilkey formulas used in all our previous
spectral action calculations (in flat space)

a0 = 1

16π2

∫
d4x Tr (1)

a2 = 1

16π2

∫
d4x Tr (E)

a4 = 1

16π2

1

12

∫
d4x Tr

(
�μν�

μν + 6E2
)

where the trace Tr is over the Clifford algebra and matrix
algebra of A. The spectral action f

(
D2

)
then gives [1]

I = 	4 f4a0 + 	2 f2a2 + f0a4

where

f4 =
∞∫

0

u f (u) du, f2 =
∞∫

0

f (u) du, f0 = f (0) .

We will use a cutoff function and truncate all higher order
terms.

The problem to express I in terms of A now becomes
trivial but tedious, eventually resulting in

Tr (E) = 1

2
Tr

(
2A2 + γμAγ μA

)

Tr
(
�μν�

μν + 6E2
)

= − Tr
(
γν∂μAγ ν∂μA + 2γμ∂μAγν∂

ν A
)

+ 2i Tr
(
∂μAγ μAγν Aγ ν − γμ∂μAγν Aγ ν A

)

+ 1

4
Tr

(
γμAγν Aγ μAγ ν A + 2γμAγ μAγν Aγ ν A

)
.

All contractions of the Dirac gamma matrices cancel. There
is one set of cubic terms that do not vanish, but combine to
form a total divergence

−i∂μ Tr
(
γ μν

(
A2γν A − Aγν A

2
))

Thus the spectral action is given by

I = 1

32π2

∫
d4x

(
2	4 f4 Tr (1)

+ 	2 f2 Tr
(

2A2 + γμAγ μA
)

− f0
6

Tr
(
γμ∂ν Aγ μ∂ν A + 2γμ∂μAγν∂

ν A
)

+ i f0
3

Tr
(
∂μAγ μAγν Aγ ν − γμ∂μAγν Aγ ν A

)

+ f0
24

Tr
(
γμAγν Aγ μAγ ν A + 2γμAγ μAγν Aγ ν A

))
.

(2)

An alternative derivation of this Lagrangian could be obtained
based on the functional analytical results of [11,12]. We
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refrain from including it here as this lies beyond the scope of
the present paper. Instead, we now turn our attention to gauge
fixing and the Feynman rules that this Lagrangian gives rise
to.

3 Gauge fixing and Feynman rules

Let us analyze the properties of I with respect to gauge trans-
formations. We already mentioned that the quantities E and
�μν are gauge covariant. To see this we start with the gauge
transformations of A given by [5]

A �→ u∗Au + u∗δu, u∗u = 1 = uu∗,

where δu = iγ ν∂νu, and u has the same matrix structure as
A, then with simple but tedious algebra we can verify that

E �→ u∗Eu
�μν �→ u∗�μνu

transform covariantly. The connection ωμ transforms as

ωμ �→ u∗ωμu + u∗∂μu.

Note that for product of continuous and finite spaces we can
write

A = iγ μBμ + γ5φ

as follows from the form of the Dirac operator (1), then

ωμ = −1

2
i
{
γμ, A

} = Bμ

showing in this case that the curvature �μν only depends on
the gauge fields Bμ. Thus we must add to the action a gauge
fixing term. Let

G = ∂μωμ = −1

2
i
{
γ μ, ∂μA

}

then we add to the action the term

− 1

16π2

f0
3ξ

∫
d4x Tr G2 = − 1

16π2

f0
3ξ

∫
d4x Tr

(
∂μωμ

)2
.

The Feynman gauge corresponds to the choice ξ = 1.Adding
a gauge fixing term would then require introducing ghost
fields c and c with the same matrix structure as u. The form is
determined from the infinitesimal transformation of G. Writ-
ing u = 1 + iα where α is Hermitian we get that

G �→ (
i∂μ∂μα + i

[
∂μωμ, α

] + i
[
ωμ, ∂μα

])

and thus the ghost action is
∫

d4x Tr
(
∂μc∇μc

)

=
∫

d4x Tr

(
∂μc∂

μc − 1

2
i∂μc

[{
γ μ, A

}
, c

])
.

3.1 Feynman rules

We are now ready to give the Feynman rules.
The fermionic propagator corresponds to a massless

fermion and is given by the usual expression obtained from
the (Euclidean) action of the form ∗

αA (iγ μ)βα ∂μβA, that
is to say,

SβB
αA = − (γ μ)βα pμδBA

p2 .

To find the bosonic propagator we examine the following
quadratic pieces of the action

f0
192π2 Tr

(
−γμ∂ν Aγ μ∂ν A − 2γμ∂μAγν∂

ν A

+ 1

ξ
{γμ, ∂μA}{γν, ∂

ν A}
)

.

Note that we do not include the quadratic “mass” terms 2A2−
γμAγμA in the propagator; these will be taken into account
using vertices of order two, after which one can rely on the
well-known identity,

1

P2 + 1

P2 M
2 1

P2 + · · · = 1

P2

∑

k≥0

(
M2

P2

)k

= 1

P2 − M2

thus re-assembling the pieces to arrive at a propagator that
does include the mass term.

Working in the Feynman gauge ξ = 1, the kinetic part of
A simplifies, but it would not be easy to find the propagator.
Indeed, one has to invert expressions with gamma matrices.
This can in fact be done, but the expression obtained is rather
involved. The problem at hand is to carry renormalization
program for models such as the Standard Model, and there-
fore it will be useful to restrict ourselves to the case where

AβB
αA = (iγ μ)βαB

B
μA + (γ5)

β
αφB

A

≡ BβB
αA + �

βB
αA .

This should be anti-commuting with the grading γ5 ⊗ γF
where γF is a grading on the finite, matrix indices. Hence,
with respect to γF the field BB

μA should be diagonal, while
the � should be off-diagonal.

The strategy is the following: express the quadratic expres-
sion in terms of Bμ and φ, get the propagator for these fields,
then plug back to get the propagator for A.

First we have (in Feynman gauge)

Tr
(−γμ∂ν Aγ μ∂ν A − 2γ μ∂μAγ ν∂ν A

+ {
γ μ, ∂μA

} {
γ ν, ∂ν A

})

= 4 Tr
(

4Bμ∂2Bμ − 6φ∂2φ
)

.
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Hermiticity of D and of γ μ implies that

B∗
μ = −Bμ, φ∗ = φ

We then write

B B
μA = i Bi

μ(T i )BA, φB
A = φm(λm)BA

where (T i )BA is a hermitian basis for the block diagonal matri-
ces, and (λm)BA a hermitian basis for the off-diagonal matrices
satisfying

Tr(T i T j ) = 1

2
δi j , Tr(λmλn) = 1

2
δmn .

Thus the quadratic action becomes

− f0
96π2 (4Bi

μ(∂2)Bi
μ + 6φm(∂2)φm).

The propagators for Bi
μ and φm are

〈
Bi

μB
j
ν

〉
= 12π2

f0
δi jδμν

1

p2

〈
φmφn 〉 = 8π2

f0
δmn 1

p2 .

We now reassemble the pieces to get

〈
BβB

αA B
δD
γC

〉
= −12π2

f0

(
γ μ

)β

α

(
γμ

)δ

γ
(T i )BA(T i )DC

1

p2

〈
�

βB
αA�δD

γC

〉
= 8π2

f0
(γ5)

β
α (γ5)

δ
γ

(
λm

)B
A

(
λm

)D
C

1

p2 .

Thus the free propagator is
〈
AβB

αA A
δD
γC

〉
=

(
�τ I

)βB

αA
(�τ I )

δD
γC

1

p2 (3)

where we have defined

(
�τ I

)βB

αA
=

√
12π2

f0
δτ
μδ Ii (iγ

μ)βα

(
T i

)B

A

+
√

8π2

f0
δτ

5 δ Im(γ5)
β
α

(
λm

)B
A .

Note that when an explicit fixed matrix structure is given, it
is possible to simplify the above formula somewhat further,
using orthogonality results on the matrix coefficients when
summing over the T i and λm .

We have expressed the propagators appearing in the scale-
invariant part of the spectral action diagrammatically using
(ribbon) edges in Fig. 1.

Next we look at the vertices. We will start with the (neg-
ative) mass terms that we will include as vertices of valence
two. The relevant term is

f2
32π2 Tr(2A2 + γμAγ μA)

Fig. 1 Feynman rules for the edges

which we may write in the form

2AβB
αAδ

γ
β δCB A

δD
γCδα

δ δAD + AβB
αA

(
γμ

)γ

β
δCB A

δD
γC

(
γ μ

)α

δ
δAD

so that the contribution to the vertex is

V αAγC
βBδD = 	2 f2

32π2

(
2δ

γ
β δCB δα

δ δAD + (
γμ

)γ

β
δCB

(
γ μ

)α

δ
δAD

)
. (4)

The first cubic contribution in the spectral action is

−i Tr
(
∂μAγ μAγν Aγ ν

)

and can be written in the form

pμA
βB
αA

(
γ μ

)γ

β
δCB A

δD
γC (γν)

η
δ δED Aτ F

ηE

(
γ ν

)α

τ
δAF

which shows that the contribution to the vertex is

pμ

(
γ μ

)γ

β
δCB (γν)

η
δ δED

(
γ ν

)α

τ
δAF .

The second cubic term is

i Tr
(
γμ∂μAγν Aγ ν A

)
.

We write it in the form

−pμAβB
αA (γν)

γ
β δCB A

δD
γC

(
γ ν

)η

δ
δED Aτ F

ηE

(
γμ

)α

τ
δAF

so that the contribution to the vertex is

−pμ (γν)
γ
β δCB

(
γ ν

)η

δ
δED

(
γμ

)α

τ
δAF .

Thus the cubic vertex is

V αAγCηE
βBδDτ F = f0

96π2 pμδCB δEDδAF (γν)
η
δ

((
γ ν

)γ

β

(
γ μ

)α

τ

− (
γ μ

)γ

β

(
γ ν

)α

τ

)
. (5)

The first quartic term

Tr
(
γμAγν Aγ μAγ ν A

)

can be written as

AβB
αAδCB (γν)

γ
β AδD

γCδED
(
γμ

)η

δ
Aτ F

ηE δGF
(
γ ν

)κ

τ
AλH

κG δAH
(
γ μ

)α

λ

so that the contribution to the vertex is

δCB (γν)
γ
β δED

(
γμ

)η

δ
δGF

(
γ ν

)κ

τ
δAH

(
γ μ

)α

λ
.

The next quartic term is

2 Tr
(
γμAγ μAγν Aγ ν A

)
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Fig. 2 Feynman rules for the vertices

which can be written as

2AβB
αAδCB

(
γμ

)γ

β
AδD

γCδED (γν)
η
δ Aτ F

ηE δGF
(
γ ν

)κ

τ
AλH

κG δAH
(
γ μ

)α

λ

so that the contribution to the vertex is

2δCB
(
γμ

)γ

β
δED (γν)

η
δ δGF

(
γ ν

)κ

τ
δAH

(
γ μ

)α

λ

The total quartic vertex is then

V αAγCηEκG
βBδDτ FλH

= f0
768π2

(
δCB δEDδGF δAH

(
γμ

)α

λ
(γν)

κ
τ

((
γ ν

)γ

β

(
γ μ

)η

δ

+2
(
γ μ

)γ

β

(
γ ν

)η

δ

))
. (6)
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Now for the ghost part we have

Tr
(−c∂μ∂μc

) = −ci∂2ci

where we have written cBA = ci
(
T i

)B
A so that

〈
c∗i c j

〉
= δi j

1

p2 .

We conclude that the ghost propagator is
〈
c∗B
A cDC

〉
= (T i )BA(T i )DC

1

p2 . (7)

The vertex ghost terms are

−1

2
i Tr

(
∂μc

[{
γμ, A

}
, c

])

which can be written as 1
4 pμcBA

((
γμ

)α

β
AβF

αE

)
cDC

(
δCF δEB δAD

−δCB δEDδAF

)
. Hence the ghost vertex becomes

〈
cBA A

βF
αE c

D
C

〉
= 1

4
pμ

(
γ μ

)α

β

(
δCF δEB δAD − δCB δEDδAF

)
. (8)

We have expressed the interaction terms appearing in the
scale-invariant part of the spectral action diagrammatically
using ribbon graphs in Fig. 2.

4 The electroweak toy model

Having used a super-condensed notation for the propagators,
it would be helpful to consider a toy model that captures the
essential points of the noncommutative unification. We thus
consider the simple electroweak model where the fermions
are in the representation

 =
⎛

⎝
νL
eL
eR

⎞

⎠

and where the algebra A = M2 (C) ⊕ H. The connection A
in this case is (ignoring the complication of introducing the
reality operator J ) given by

A =
(
i (γ μ)βα

(
Bμ

)b
a (γ5)

β
α Hb

(γ5)
β
α Ha i (γ μ)βα

(
Bμ

)3
3

)

, a, b = 1, 2

with the constraint that TrA = 0 which implies that (Bμ)aa +
(Bμ)3

3 = 0. Thus in this notation, when we write

B B
μA = Bi

μ(T i )BA, φA
B = φm(λm)BA

then

(T i )BA =
(

1
2

(
σ i

)b
a 0

0 0

)

, i = 1, 2, 3, A = a, 3

(
T 0

)B

A
=

(− 1
2
√

3
δba 0

0 1√
3

)

, i = 0

and

(λ1)BA =
⎛

⎝
0 0 1
0 0 0
1 0 0

⎞

⎠ , (λ2)BA =
⎛

⎝
0 0 i
0 0 0
−i 0 0

⎞

⎠

(λ3)BA =
⎛

⎝
0 0 0
0 0 1
0 1 0

⎞

⎠ , (λ2)BA =
⎛

⎝
0 0 0
0 0 i
0 −i 0

⎞

⎠

so that H1 = 1
2

(
φ1 + iφ2

)
, H2 = 1

2

(
φ3 + iφ4

)
, H1 =

H1, H2 = H2. In this notation, the Dirac action becomes

(, D) = liγ μ

(
∂μ + 1

2
B p

μσ p − 1

2
√

3
B0

μ

)
l

+ eRiγ
μ

(
∂μ + 1√

3
B0

μ

)
eR

+ lγ5HeR + eRγ5Hl

where l =
(

νL
eL

)
. Comparing with the SU (2) × U (1)

Weinberg–Salam leptonic model we have

B p
μ = gW p

μ , B0
μ = g′√3Bμ, p = 1, 2, 3.

However, from the spectral action we have

− f0
24π2

(
Bi

μ∂2Bi
μ + 3

2
φm∂2φm

)

= − f0g2

24π2

(

W p
μ∂2W p

μ + 3g
′2

g2 Bμ∂2Bμ + 6

g2 Ha∂
2Ha

)

.

Normalizing of the vector kinetic terms then requires

f0g2

12π2 = 1, g
′2 = 1

3
g2

and thus

sin2 θW = g
′2

g2 + g′2 = 1

4
. (9)

Normalizing the H field kinetic term requires

H → g√
6
H

which implies that the electron mass term is

me = g

√
1

6
〈H〉 . (10)

The quartic Higgs coupling is

f0
4π2

(
HH

)2 → f0
4π2

g4

36

(
HH

)2 = 1

12
g2 (

HH
)2

and thus the coupling constant is

λ = g2

12
.
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We also note that this implies for the Higgs mass term the
relation

− 	2 f2
2π2 HH → −	2 f2g2

12π2 HH. (11)

From the physical point of view, relations such as (9)–(11),
constitute important consequences of the underlying geomet-
ric structure and we wish to investigate their stability under
renormalization.

5 Conclusions

In this note, we have reconsidered the renormalization pro-
gram of the perturbative quantum field theory resulting from
the spectral action of a noncommutative space formed as a
product of a continuous four-dimensional manifold times a
finite space. The basic fields are the Fermi fields defining the
Hilbert space and the bosonic fields represented as inner fluc-
tuations of the Dirac operator of the noncommutative space.
The bosonic fields include both vector gauge and scalar Higgs
fields. The crucial observation is to realize that the nature of
the finite space determining the matrix structure of the Dirac
operator, and the unification of gauge interactions, gauge and
Higgs coupling constants follows from this property.

As a first step to preserve the matrix structure at the quan-
tum level, we have derived the spectral action in matrix form,
and determined all propagators and vertices corresponding
to matrix-valued fields, both in the Clifford algebra of the
Dirac operator and algebra A of the noncommutative space.
We have also fixed the gauge symmetry and determined
the matrix-valued ghost fields associated with this symme-
try. The Feynman diagrams of the noncommutative spectral
action, are then in one-to-one correspondence with that of
a Yang–Mills non-abelian gauge theory, with a direct mass
term. The main difference is the appearance of the space-
time Dirac matrices γ μ and γ5 not only for fermionic fields,
but also for bosonic fields. The next step is then to carry out
the analysis of the renormalizability of the spectral action,
along the same lines as those of a Yang–Mills theory, by first
determining all the possible Feynman diagrams. The main
complication to do this analysis is the appearance of ribbon
diagrams thus making the computation technically challeng-
ing. Note, however, the striking similarity to the diagrams
that appear in noncommutative quantum field theory, start-
ing with [7]. In any case, it is very promising to have prepared
the ground to engage in the task of performing the full renor-
malizability analysis of the spectral model. We do expect
that the novel procedure where the matrix structure is pre-
served, to shed light on the unification of the gauge and Higgs
interactions. To gain further insight into the quantization of
the noncommutative spectral models, it would be useful to

develop, in particular, the BRST quantization for the ghost
sector [4].
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