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a series of piled up flat cavities, separated by thin walls and traversed by a perforation
at their centre. A model for absorber effective properties is developed and compared with
experimental data. The model is used to derive simple formulae for the frequency and
the peak value of the absorption coefficient at the lowest frequency resonance, depending

ﬁgvlf:triﬁc’&metamaterials on the geometrical parameters of the structure. Different absorbers have been built with
Dead-end pores several cavity thicknesses to allow comprehensive comparisons with the model. Nonlin-
Low frequency ear properties of the absorbers are investigated experimentally using sine wave excitation
Sound absorption around the resonance frequency with the amplitude of the incident wave up to 250 Pa.
Nonlinear regime Flow resistivity measurements at low flow rates show that the periodic set of cavities

Forchheimer’s nonlinearity does not modify resistivity significantly when compared to a simple perforated cylinder

with same thickness. As flow rate increases, the flow resistivity grows linearly according
to Forchheimer’s law and has a significant dependence on the absorber thickness. A nu-
merical model is developed accounting for the linear growth of flow resistivity with parti-
cle velocity amplitude in the central perforation and compared with the measurements at
high amplitudes of the incident wave.

© 2020 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/)
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w angular sound frequency
p pressure of sound wave
particle velocity of sound wave
c sound speed in air
Po density of air
n viscosity of air
Co = ﬁ compressibility of air
0
k=2 wavenumber of air
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Npr Prandtl number

y adiabatic constant

Re Reynolds number

R outer radius of the absorber

To radius of central perforation

dp plate thickness

dc width of lateral cavity (distance between the plates)

L absorber thickness

p(w), (w) effective density and effective compressibility of air inside the perforation with the lateral cavities

op(w), Cp(w) effective density and effective compressibility of air inside the main perforation without lateral cavi-
ties

pe(w), Ce(w) effective density and effective compressibility of air inside the lateral cavities

ke = w\/Cc(w)pc(w) wavenumber of air in the lateral cavity
q=w,/p(w)C(w) wavenumber of air inside the absorber

¢p = (%0)2 surface porosity of the absorber

dw = dchCdp porosity of the main perforation wall

& Forchheimer’s nonlinearity parameter

Vi flow velocity in the flow resistivity rig tube

U= (‘;f; flow velocity in the main perforation

Op 0 static flow resistivity of the main perforation, cavity and the whole sample, respectively
Ap, ¢ characteristic viscous length for the main perforation and cavity, respectively
Ooop, ¢ high frequency tortuosity for the main perforation and cavity, respectively
Kpe thermal permeability for the main perforation and cavity, respectively

A;,,C thermal characteristic length for the main perforation and cavity, respectively
fr frequency of the first absorber resonance

or peak value of the absorption coefficent at resonance

pi incident pressure amplitude

1. Introduction

In recent work by Dupont et al., [1], a 3D printed microstructure was considered that contains a periodic arrangement
of thin plates with central perforation separated by cavities (Fig. 1), the so-called “pancake absorber”. This absorber is one
of the realizations of the microstructure design suggested earlier in work by Leclaire et al [2] where the additional laterally
arranged pores are coupled with the main perforation. Low value of sound speed through the perforation achieved in these
structures [3] leads to the existence of the absorption peaks at low frequencies. In [1], a transfer matrix model (TMM) is used
to predict the frequency dependence of the absorption coefficient, which gives a good agreement with the measurements.
The pancake absorbers are proven to be effective for low frequency sound absorption at only a few centimetres in thickness.

Metamaterial structures, studied in this work, are similar to pancake absorbers (and for this reason we use the same
name) but made of periodically arranged metallic plates with the central perforation. They are mechanically robust and do
not contain any fibrous materials or foams. This makes them good candidates, alongside with microperforated absorbers, for
the use in hostile environments for attenuation of high amplitude noise [4]. It is known that the dominating nonlinearity in

Structure thickness

Main pore

———————
Diameter

Plate Cavity

Fig. 1. Geometry of the sample.
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rigid porous materials is of Forchheimer’s type, associated with the growth of static flow resistivity with the Reynold’s num-
ber (and consequently pressure amplitude). It was noted by Kuntz and Blackstock, [5] that although the usual manifestation
of acoustic nonlinearity in fluids is harmonics generation, this does not happen in porous materials where the losses are
high. Instead, the losses themselves become amplitude dependent. In the last three decades, the Forchheimer’s nonlinearity
in rigid porous materials has been studied in numerous papers, see for instance [6-13]. Numerical and analytical models
have been developed, based on modifications of the effective material density to include particle velocity dependence of
flow resistivity, and sucessfully compared with the data.

Nonlinear behaviour of absorbers with low surface porosity, single orifices and micro perforated plates (MPP), has been
studied extensively starting from a pioneering work by Sivian [14]. Ingard and Ising [15] measured acoustic resistance and
reactance of an orifice as a function of velocity amplitude in it, demonstrating strong nonlinearity of acoustic resistance
and lower effect of velocity on acoustic reactance. The high values of particle velocity reached at the perforation lead to
the formation of vortices, which, in turn, affect the acoustic resistance. The acoustic nonlinearity of orifices have then been
studied both theoretically and experimentally by Cummings and co authors. In [16] the model was developed for the sound
transmission through the duct termination at high amplitudes in the presence and in the absence of steady flow. It was
compared with the data obtained using broadband signals, and a good agreement has been demonstrated. The model was
then validated for tone bursts by measuring transmission coefficent through the orifice at different sound pressure levels
[17]. The vortices, generated at both sides of the orifice, have been visualised and their translational velocity measured for
different peak velocities inside the orifices. A good agreement of the frequency domain model with both high amplitude
broadband signals and tone bursts can be considered as a confirmation that in the case of strong nonlinear losses, the inter-
actions between different frequency components is weak and Fourier transform could still provide useful results. The simple
model accounting for the nonlinear resistance of the orifice, has been recently used in work of Achilleos et al [18] to study
the nonlinearity of Helmholtz resonators, side loaded to the waveguide. It has been shown that, due to the increase of resis-
tance with incident pressure amplitude, the initially low peak absorption of Helmholtz resonator increases and reaches the
unity at 160 dB. Nonlinearities in microperforated panel (MPP) absorbers have first been studied by Maa in [19] The resis-
tance of the orifice has been expressed as a linear function of the Mach number inside it and of the open area (equivalent
to front surface porosity). The weak nonlinearity of the acoustic reactance of the orifice has also been accounted for. A more
precise, empirical model for the nonlinear resistance has been proposed in [4] based on the data obtained for SPL around
140 dB, characteristic for launcher fairings applications. Tayong et al in [20] studied the dependence of the peak absorption
of the MPP backed by air cavity, both theoretically and numerically. It has been demonstrated that the peak absorption co-
efficient can grow up to a maximum value of 1 as Mach number increases to a critical value, similar results were obtained
for Helmholtz resonators in [18]. When the Mach number is higher than the critical value, the absorption decreases with
it. In subsequent work [21] by Tayong et al the interaction between the multiple holes in MPP in the nonlinear regime has
been studied experimentally. The model which treats the nonlinearity of the MPP absorber using equivalent fluid approach
[22] was developed by Laly et al in [23]. They have shown that the nonlinear correction to the acoustic resistance of MPP
expressed as a linear function of velocity can be interpreted in terms of velocity dependent flow resistivity of the plate, i.e.
Forchheimer’s nonlinearity. Unlike rigid porous material models, they also considered velocity dependence of the tortuosity
due to nonlinear decrease of the end correction.

The pancake absorbers are different from conventional porous materials in two respects. First, the surface porosity, de-
fined as the ratio of the main perforation surface area to the front surface area of the absorber, is much lower than that of
a conventional porous absorber. This means the early onset of nonlinearity, due to large values of Reynolds number inside
the main perforation, similar to MPP absorbers. However, contrary to MPPs, these absorber thickness is much larger than
the size of the perforation. The latter means that the models should account for sound propagation within the structure.
A simple approximation of the surface impedance assuming that the wavelength is much larger than the thickness of the
sample, used for instance in [24], might not be valid.

Second difference with the conventional rigid porous materials is the particular microstructure of the absorber. The pres-
ence of the lateral cavities makes it effectively a double porosity structure as described by Olny and Boutin in [25] with
the first porosity scale associated with the main perforation and the second with the lateral cavities. The interaction of high
amplitude sound with double porosity materials is a new topic to be studied.

The paper is organised as follows. In Section 2, we start with developing a linear model for the effective properties,
density and bulk modulus, of the absorber and use it to predict the dependence of the position of the lowest resonance
frequency and the peak value of the absorption coefficient on the structure geometry. For these, we derive simple analytical
approximations. This model is validated against the experimental results obtained in standard impedance tube using white
noise excitation. The measurements have been done on several samples, with different thicknesses and cavity widths, to in-
vestigate the limitations of the model. In Section 3, the measurements of flow resistivity of the samples are described. These
measurements are necessary to obtain the Forchheimer’'sparameters, to be used in the nonlinear model. To investigate the
effect of lateral cavities on the static flow resistivity values and on Forchheimer’s nonlinearity parameter, the measurements
performed on several absorbers and also on the corresponding solid cylinders with same thickness and central perfora-
tion size (thus eliminating the effect of cavities completely). The samples of different thicknesses have been tested in flow
resistivity rig too. In Section 4, the nonlinear model is described and validated using pure tone signals of different ampli-
tudes. The model does not have any adjustable parameters and uses independently measured Forchheimer’s nonlinearity
parameters, as described in Section 3. The absorption coefficient measurements are performed in specially designed high
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sound pressure level (HSPL) impedance tube. The highest-pressure level of the incident wave achieved in the tube is around
160 dB. The Conclusions summarise the main results of the work.

2. Absorber in the linear regime - model and its experimental validation
2.1. Model

2.1.1. Effective properties

We consider an absorber composed of equally spaced identical rigid plates with radius R and thickness d,, where sub-
script “p” stands for “plate”. Each plate has a central perforation with radius ry. The spacing between the plates is d., where
subscript “c” stands for “cavity”. The cavities are rigidly backed at the outer boundary, R. The geometry is shown in Fig. 1.

To obtain effective properties of the structure, the results derived in a previous publication [2] will represent a starting
point for establishing the model adapted to the new geometry. In the current design, periodically spaced cylindrical dead
end (subscript “de”) pores, as they are referred in [2], are replaced by the annular cavities with the outer radius R, inner
radius rg and thickness d.. Low frequency approximation is considered, meaning that wavelength of sound travelling through
the main perforation is much larger than the period of the structure, Re(kmph) <« 1. Here subscript mp stands for “main
perforation”, kmp is wavenumber of air in the main perforation without cavities present and h = dj, + d. is the period of the
structure. Expressions for the characteristic impedance Z and wavenumber q of air in the pore with the dead ends present
are given by Eqgs. (28) and (32) in [2]:

Znp

7= ()

2
T+ 5

2X
q= ka 1 + lkmph (2)

where time convention is e~i®t .
Parameter X is defined by Eq. (2) in [2]

NAg 1

X=- 3
2Amszcle ()

here N is the number of dead end pores per period, Amp is the cross sectional area of the main pore and Ay, is the cross
section area of the dead end pore opening into the main pore. Z; 4, is the surface (hence subscript “s”) impedance of the
single dead end pore normalised to the characteristic impedance of air in the main pore, Zpy. For the current design, NAge,
which is the total surface area of the cavity opening into the main perforation per period, is equal to 2mryd. (therefore
NAge — 2mrodc). The surface area of the main cylindrical perforation is 7'”‘2 (therefore Amp — nr(Z)). Introducing surface

admittance of the cavity normalised by the characteristic admittance of air G(w) = T 0 Zom pUC Eq. (3) can be rewritten

»0 Poc’ Zmp’
as

1 d.
X=——— G(w) Znp. 4
e C(@) Zmp (4)

Now expressions for the effective density po(w) and effective compressibility C(w) of air within the perforation with the
side cavities can be derived from (1), (2) and (4). Note that to reflect the change in geometry, the subscript p is now used
for the quantities related to “perforation” (mp — p) and subscript c is used for the quantities related to “cavity” (de — c):

p(w)=%—p, (5)

C(w)=—=C+ zcol Gw(®), (6)

1

where k=% is wavenumber of air, (g = —— is compressibility of air, the admittance of the main perforation wall is
C 0= o P y p

Gw(w) =G(w), Pw= Zs - z ¢w and ¢y = df can be treated as porosity of the main perforation wall. It follows from
Eq. (5) that the presence of the lateral cav1t1es does not affect the effective density of air in the main perforation and it
remains equal to that of the perforation without the cavities pp = M The effective compressibility of air inside the struc-
ture is not equal to that of the perforation, Cp = k , and is dependent of the geometry of the cavities.

Surface impedance of the perforation wall Gw(a)) is calculated assuming no angular dependence of pressure inside the
cavities so that it varies only with the polar coordinate r, which is defined as the distance from the centre of the main pore.
Helmholz equation for pressure inside the cavity in this case is

1
p'+ P +kp=0 (7)
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Table 1
Parameters of JCAL model for the perforation and the cavities [27].
Parameter Perforation (subscript p)  Cavity (subscript c)
Opc 8n/r3 12n/d?
Uoop, ¢ 1 1
Ap, c To dc
Ape To dc
Kpe 12/8 d?/12
Wp pc= wl/, b 16n/po T% 36n/po d?

where k.(w) is effective wavenumber of air in the cavity of thickness d. between two rigid plates. The derivatives are with
respect to r.

Relationship between the radial component of particle velocity v(r) and pressure p(r) in the fluid with effective density
pc(w) is followed from the Euler’s equation

_ip/
V= ——. 8
wpe(w) (8)

General solution of Eq. (7) can be written as p =A Jo(kcr) + BHg(kcr), where Jo and Hp are Bessel function and Hankel
function of the first kind respectively, A and B are arbitrary constants. The cavity is rigidly backed at r = R, so boundary
condition p’(R) = 0 is applied. This results in the following expression for pressure and particle velocity in the cavity

_ J1(keR)
p= A(]o(kcr) Hy Gy Ho (ke (9)
Ak, J1(kcR)
V= ker) — Hy (kcr 10
Cl),Oc('h(C) Hl(ch) 1(5) ( )
Normalised surface admittance of the wall of the main perforation is calculated as Gy = pocdw ;gg; giving

i gwpoc (h(kero) — i}f(k;ffR)) Hi (keTo))
Cw="7 HkR) (an

¢ (Jo(kero) — S Ho (kero))

where Z.(w) = £e(@) is characteristic impedance of air in the cavity.

Ce(w)
The model for the effective properties of air inside the structure, p(w) and C(w), defined by Eqgs. (5), (6) and (11) can be
used to calculate the surface impedance Zs of the absorber and its absorption coefficient « using the usual expressions. In
case of rigidly backed absorber of thickness L they are

Zs = i£ cotan(ql), (12)
b
Zs — PoC 2
=1-|77—— 13
* Zs + poc (13)

with ¢ = (%¢)? being the front surface porosity, Z = %, q(w) = wy/p(@)C(w).

For further calculations, expressions for effective density and compressibility of air in straight cylindrical pore and in
the cavity, i.e. slit with thickness d, pp,(w) and Cp, (@), are required. These are obtained using Johnson-Champoux -Allard
-Lafarge (JCAL) equivalent fluid model [22,26,27]:

o —iw
p.c
Pp. c(@)=po 0o pc| 1+ —"—— |1+ (14)
poe o be =1l p,cPo Wp pc
y -1
Cp, c(w)=GCG| y— p — (15)
T+ —iw' pokp T+ wp e
. 2 A2 A2 T
where @’ = @Nyr, Npr is Prandtl number, w, pe= 42‘;(7"211 and a);J pe= 3 ,”2'”7 are characteristic viscous and thermal fre-
’ o p.c PO ’ Kpc Po

quencies of the main pore (p) and lateral cavities (c). The parameters of the model, static air flow resistivity o, characteristic
viscous length A, high frequency tortuosity «, thermal permeability «’ and thermal characteristic length A’ can be calcu-
lated using simple expressions (given in Table 1) for the central perforation (straight cylindrical pore of radius ry) and for
the cavity (slit of thickness d.).
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The model described in this section will be further referred to as “full model”. It is applicable when the wavelength of
sound propagating through the structure is much larger than the period of the microstructure, i.e. Re(q)h « 1.

2.1.2. Estimation of resonance frequency f. and absorption coefficient o at first resonance
To estimate the frequency of the first resonance f; of the hard-backed layer with thickness L the following assumptions
are used. First, it is assumed that

[ke(2m fr)IR < 1 (16)

which allows to use Bessel functions’ expansions for small arguments. This assumption means that at resonance the wave-
length of sound within the lateral cavities is much larger than their radius R. Second, resonance frequency is assumed
to be much higher than characteristic viscous and thermal frequencies for both main perforation and lateral cavities,

/
fr> fope= @ pe and fr>f} pe= wzbn”'f. Using expressions for JCAL model parameters given in Table 1, these conditions

2w
can be rewritten as
36n 1 169
fr > Edz andfr > E pTrg (17)

These assumptions mean that that sound propagates in inertial regime through both main perforation and lateral cavities.
Third, it is required that porosity of the central perforation wall is much higher than the surface porosity of the sample,
@w > ¢p. The validity of these approximations for the measured samples will be checked further in the paper.

Now, the following derivation steps are performed. Bessel functions and their combinations are expanded in Taylor series
for small arguments k.R = O(¢) and k.rq = O(¢), accounting for terms linear in ¢ [28]:

Jo(kero) =~ 1
Ji(kerg) ~ Ko = 0(e)

18
DO by (kero) ~ — (keR)? logkero = o(e) v
ek P (keR) ~ 54§ = O(e)

These expansions are used to obtain approximation for the second term in the Eq. (6) for the effective compressibility:

2 p—
zcok (@) ~ ¢WCO)OOC§E<<1‘0) 1):%’2‘”%@. (19)

This results in a simple expression for the effective compressibility C(w) of the fluid in the structure
1—
cuw~q+i—$ﬂ@q, (20)
D

where it is presented as a weighted sum of fluid compressibilities in the main perforation and in the lateral cavities, C, c.

Second, using expressions for JCAL model parameters given in Table 1 and assumption of the inertial regime achieved in
the pore and in the cavities at resonance (17) effective compressibilities of air in the perforation and in the lateral cavities,
Cp, ¢ are approximated as

Cpe( @) ~ C0<1+(y—1) /_lwzprpo) 1)

where x, =1y and x; = d.. Together with Eq. (20) and approximation of a low porosity ¢p, ¢w > ¢p, this leads to the final
approximation of C(w):

~ $w r=-1D2 | n To Pw
(o)~ CO( ¢p ﬁ ro\ —iwpo <1+ ¢'p>) (222)

Although ¢W > 1 for the designs considered in this work, the first terms in the brackets, are left here to demonstrate

that in the absence of the cavities (¢ = 0), the compressibility of air in the straight cylindrical pore given by Eq. (21) is
recovered from Eq. (22a). In the following, however, this term will be neglected transforming (22a) into

- Dw (y-1)2 n o To
C( w)wcod)p(n = % /_l.wpo dc)’ (22b)

In the inertial regime defined by Eq. (17), effective density (5) is approximated as

p( @)~ p (1+2 il (23)

—iwpo
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Finally, combining Eqs. (22b) and (23) an approximation for the wavenumber q(w) = w,/p(®w)C(w) and characteristic
impedance Z = ,/p(w)/C(w) of air in the pancake absorber are obtained

d)w 1 n y—-1r
q( )~k |~ b <1 + o | "l (1 r dc)) (24a)
[®» [ m _y-1n
Z( ) = poC B (1+ “iwne (1 \/Niprdc>>' (24b)

Condition of a quarter wavelength resonance for the hard backed structure, Re(q)L = %, leads to a quadratic equation for
the square root of the resonance frequency \/ﬁ Its positive solution is

\/17r=\/7E —M+,/M2+4,/% , (25)
. 1 n —1 To
“_Ev —iwpofo< \/7dc> (26)

and fp = 47 is the quarter wavelength resonance frequency of air slab of thickness L. Further approximation is made assum-

ing |u?| >4 Z—‘f’, or, roughly,

¢p fb Jbp
\/;» 0.01 T (27)

where f; , = Z’Jn” = n:” p and the characteristic viscous frequency wy, for the main perforation is given in Table 1
(U]
The validity of this approximation for the experimental designs will be confirmed later. Final estimate for the resonance
frequency is

¢p 1 h Pw y—1rg
g5 2f01/¢p<1+ NM) . (28)

Under the same assumptions, absorption coefficient at resonance is now estimated. First, we note that at the resonance

where

frequency gL = 5 (i+1— % /%";) and, using Eq. (24b), obtain the following estimation of the normalised surface impedance
(12):

LoC 1 n y—1rg 1-e™m
Zs ~ 1+ — - 1- — s 29
s /Sy < + ro\ —iwpo ( /Nor dc>> 1+en (29)

where n~ (1 - j% ¢—W). Then, this is substituted into the expression (13) for the absorption coefficient. Since ,/¢w@p < 1

| < 1, their products are neglected. Finally, the following estimation of the absorption coefficient at resonance

1
and |5 710)'0

o is obtained

N e N
(o) (o~ o)

Estimations given by Eqs. (28) and (30) are convenient to investigate the dependence of the resonance frequency and the
peak value of the absorption coefficient on the geometry of the structure.

(30)

2.2. Experiments and linear model validation

The experiments have been performed on the samples composed of plates with thickness d, =1 mm and spacings be-
tween them dc =1 mm, 3 mm, 6 mm and plates with thickness d, =3 mm with spacings dc =1 mm. The radius of the
central perforation was kept ry =4 mm and the outer radius of all samples was R = 50 mm. This means that for all samples
the surface porosity was ¢p = 6.4 x 1073,
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Table 2

Measured, f{" and ", predicted by the full model, f/* and «®, and predicted by approximations (28) and
(30), £ and «® values of the first resonance frequency f, and peak absorption coefficient o, for all samples.
Dimensions of the samples - columns 2-4, € is relative error between the measured resonance frequency fr(”

and approximation f* given by Eq. (28), in %.

Sample L mm dy, mm d, mm £V Hz f? Hz f® Hze,% oV o o
1 31 1 1 262 265 270 3 0.87 0.97 0.98
2 30 1 3 229 229 2311 0.99 0.96 0.96
3 35 1 6 222 187 189 15 0.99 0.92 0.92
4 60 1 1 146 144 144 2 0.88 0.91 0.92
5 58 1 3 135 125 1257 0.99 1.0 1.0

6 63 1 6 134 108 108 17 1 0.97 0.97
7 33 3 1 337 343 363 8 0.94 0.92 0.94
8 60 3 1 185 202 206 11 0.90 0.86 0.87

The structures are constructed of aluminium alloy for both plates and spacers (thin rings with outer radius equal to R).
The thickness of the spacers was 1 mm and the cavities’ thickness could be varied depending on the number of spacers
used.

Absorption coefficients of the rigidly terminated structures were measured in a standard B&K impedance tube with inner
radius 100 mm, using two microphone method. The working range of the apparatus was 50Hz — 1600 Hz. The frequency
resolution was 1 Hz. The purpose of these measurements was to provide a variety of data for the comparisons with the
model. Fig. 2(a-c) shows comparisons of the impedance tube data for the absorption coefficient with the model based
on Egs. (5), (6), (11), (14), (15) (referred to as “full model” in the following) for samples with thickness close to 30 mm.
Corresponding results for samples with thickness close to 60 mm are shown in Fig. 3(a-c). The range of the thicknesses was
due to the discrete nature of the material structure and imperfections of the plates and the spacers.

Porosity of the main pore walls due to the presence of the cavities were ¢y = 0.5 for dc =1 mm, ¢y = 0.75 for d. =
3 mm and ¢y, = 0.87 for d. = 6 mm.

In addition to the samples constructed of 1 mm plates, we performed impedance tube measurements on the samples
constructed of 3 mm plates with spacings between them equal to 1 mm. The aim of these measurements was to test the
model in the case of a relatively low (¢ = 0.25) porosity of the wall. The results are shown in Fig. 4.

The predictions for Helmholtz resonator absorption coefficient are shown in all figures for comparison. The Helmholtz
resonator was modelled as a single plate (plate thickness was kept the same as those of the absorbers) with 8 mm diameter
perforation backed by a rigidly backed air cavity. The overall thickness of the resonator was in each case equal to that of the
absorber. In calculations for both absorber and Helmholtz resonator the end correction I, = %ro [29] was accounted for. In
case of Helmholtz resonator two end corrections (external and internal) have been added to the thickness of the plate. This
is justified by the fact that Helmholtz resonator cavity size was much larger than l.. For the absorbers only external end
correction has been considered.

Table 2 summarizes the results of the measurements for the first absorption peak frequency. Full model predictions and
those given by the simplified Eqs. (28) and (30) for the frequency of the first resonance and the peak value of the absorption
coefficient. The characteristic frequency for the air in the main pore was the same in all configurations, f, , =2.5 Hz, the
characteristic frequencies f}. for air in the cavities were 39.2,9.8 and 2.5Hz for d. =1, 3 and 6 mm respectively.

To make sure that the approximations given by Eqs. (28) and (30) can be used, the conditions of their applicability given
by Egs. (16), (17) and (27) were checked and proven valid. The only marginal case is the second of conditions (17) for
Sample 4 which results in inequality 39.2<<146. However, a good agreement is still observed between the measurements
and the predictions for the first resonance peak for this sample. The disagreements between the measurement and the
predictions for f- are the strongest ( > 15%) for samples 3 and 6 with wider cavities, d. = 6 mm. However, the full and the
approximate models give nearly identical predictions for these samples, so the disagreement is observed because the model
based on effective properties is only applicable when rq > d.. This has been assumed in our previous work [2] when the
dead-end pore was described by the surface’s impedance Z ;. for the wave travelling through the main pore and is essential
for Egs. (1)-(3) to be valid. The assumption ry > d. implicitly states the existence of “scale separation” [25] between the
main pore and the cavities, and the existence of small parameter % < 1. Indeed, by inspecting Eq. (6) it becomes clear, that
the modification of the compressibility due to the presence of the side cavities (6) is identical to that predicted for a double
porosity material with high permeability contrast, given by Eq. (103) from [25]. The structures we studied could indeed be
described as double porosity material with one porosity scale formed by the main pore and another by the side cavities.

Apart from this case, the difference between the predicted and measured values of the first resonance frequency f; and
peak absorption o are no more than 11% (Sample 8).

The resonance frequency f- depends strongly on the porosity of the central pore wall ¢, decreasing from 337 Hz for
Sample 7 with ¢y = 0.25 to 222 Hz for Sample 3 with ¢, = 0.75 (the samples have close thicknesses of 33 mm and 35 mm
respectively). This is the decrease of more than 30%. The measured peak value of the absorption coefficient, however, grows
only slightly, from 0.94 for Sample 7 to 0.99 for Sample 3. A similar decrease (29%) in the frequency of the first resonance
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thickness is around L = 30 mm. Spacings between the plates are d. = 1 mm (a), d. = 3 mm (b) and d. = 6 mm (c). Absorption coefficient predictions for
Helmholtz resonator of same size as the absorber is shown by dashed lines. Exact thicknesses are given in each figure.
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thickness is around L = 60 mm. Spacings between the plates are dc =1 mm (a), dc =3 mm (b) and d. = 6 mm (c). Absorption coefficient predictions for
Helmholtz resonator of same size as the absorber is shown by dashed lines. Exact thickness value is given in each figure.
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resonator of same size as the absorber is shown by dashed lines.

is observed for thicker samples, where measured f- decreases from 185 Hz (Sample 8, thickness 60 mm, ¢, = 0.25) to 131
Hz (Sample 5, thickness 58 mm, ¢, = 0.75). The increase in the measured peak value of the absorption coefficient is more
substantial in this case, from 0.9 to 0.99. To illustrate this dependence, the frequency of the first peak and the peak value of
the absorption coefficient are plotted against cavity width d. in Fig. 5a and b respectively for the absorbers with thickness
made from the plates with thickness Tmm. The predictions of the full model are close to the approximate expressions
(28) and (30) when the cavity width is not too small. In the latter case the characteristic frequency of air in the cavities f,.
is no longer small compared to the frequency of the first resonance, so the inertial regime assumed in the derivation of the
approximate expressions is no longer valid. The theoretical values are in good agreement with the data for the peak value
of the absorption coefficient. For the frequency of the first resonance, the disagreement is more substantial for Sample 5
and 6. The cause for disagreement for Sample 6 is discussed above. Part of the reason for disagreement between the data
and the predictions for Sample 5 is the sample thickness which was 58 mm, not 60 mm as assumed in the model. If the
comparisons are made for the same sample thicness, the disagreement in the frequency of the first resonance is 7% (see
Table 2).

As demonstrated in Figs. 2-4, the first resonance peak of the pancake absorbers is always much higher than that of the
Helmholtz resonator when the structures are compared with the same thickness. The resonance frequency f; is lower for
the pancake absorbers than that of the Helmholtz resonator for high pore wall porosity, see data for sample 1-6. However,
for sample 7 with low wall porosity, the resonance of the metamaterial structure is observed at higher frequency than that
of the Helmholtz resonator. Due to the presence of multiple cavities and coupling between them, multiple absorption peaks
are achieved in the low frequency range for the metamaterial absorber when the cavity width exceeds the plate thickness
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(dc > dp), as can be seen in Figs. 2¢ and 3c. This makes metamaterial absorber advantageous over the Helmholtz resonator
when multiple frequencies are required to be attenuated.

As follows from Fig. 2-4, the accuracy of the model worsens at higher frequencies, so the predictions of the frequency
of the second resonance peak is inaccurate. This is because the assumption Re(q)h « 1 is only valid at low frequencies.
Calculations of the wave speed for the sample with d, = 1mm and d. = 3mm give 46 m/s at 50 Hz decreasing slowly to
29m/s at 1000 Hz. This means that at Re(q)h = 0.5 at 760Hz and at higher frequencies the model is no longer applicable.

At high frequencies absorption coefficient is low for all samples. This is manifestation of a bandgap occurring due to
quarter wavelength resonance of the cavities. Calculations of the wave speed in cavities show that, for the example con-
sidered above, this resonance happens around 950Hz. However, Re(q)h ~ 1 at 1000Hz, so the model predictions in this
frequency range are not reliable.

Yet another contribution to discrepancies observed at frequencies higher than the first absorption peak can be explained
by the interference of vibrational bandgaps as observed in [1]. According to [30] the first resonance frequency of thin circular
plate with radius R and thickness dp can be calculated as

22d, E
Joae = 50\ 2o = vy (31)

where E, v and p are Young's modulus, Poisson ratio and density of plate material respectively. The value of constant A2 de-
pends on the type of boundary conditions. So, A2 = 10.2158 for clamped circular plate and A% = 4.977 for simply supported
plate. Although the boundary conditions for the plate in the absorber are difficult to identify, we could assume that they
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are between “simply supported” and “clamped”. For the aluminum plate with R = 50 mm and d, =1 mm 4, = 495.9 Hz
for the simply supported plate and fyq = 1011.6 Hz for clamped plate. Moreover the material can also be considered as
a periodic array of vibrating plate, then a second stop band effect (a vibrational bandgap effect) can occur around the first
structural resonance frequency of the plate. This confirms that the plate resonances might contribute to discrepancies be-
tween the model and experiments for frequencies higher than the first absorption peak, as observed in Figs. 2 and 3. For
thicker plates, the resonance frequencies are higher. However, the disagreement between the model and the measurements
for the absorbers comprised of plates with d, =3 mm is still considerable for frequencies above the first resonance, as
shown in Fig. 4. This is apparently due to breaking the low frequency approximation, as explained above.

It could be concluded, that the model developed accurately predicts the absorber behavior at low frequencies. In general,
the first absorption peak frequency for the tested absorbers is much higher than that for the corresponding Helmholtz
resonator. In addition, the tested structures have several absorption peaks in the frequency range below the bandgap and
hence much broader absorption band than the Helmholtz resonators.

3. Flow resistivity measurements and determination of Forchheimer’s nonlineariy parameter

Flow resistivity was measured for samples 1-6 (Table 2) to investigate its dependence on the sizes of the lateral cavities.
In addition, a 30 mm thick sample with 5 mm cavities, i.e. d. =5 mm, was constructed and measured. We also measured
flow resistivity of three solid cylindrical samples with thicknesses L = 30, 60 and 90 mm, an outer radius R = 50 mm, all
having central perforation of radius rg = 4 mm.

The flow resistivity measurements have been performed at low flow rates in the laminar regime (inside the rig tube)
using University of Salford measurement rig described by Turo in [31]. The rig was fitted with a tube having radius 50 mm
in order to fit the samples. According to BS EN29053 [32] a flow rate of 0.5 mm/s is recommended, however the lowest we
could achieve was 10 mm/s. The static flow resistivity oo has been determined measuring pressure drop along the sample
APat several flow rates Vy and using straight line interpolation at zero flow velocity, in accordance with Forchheimer’s law
[33]

o(Vy) = % =oo(1+&Vy) (32)

where £ is Forcheimer’s nonlinearity parameter. Static flow resistivity values for low flow rates were measured for all sam-
ples in the flow range V; < 3cm/s are shown in Fig. 6. Different markers are used for samples with different cavity widths
and solid cylinders with the central perforation, as explained in Fig. 6 caption. Straight lines are the least squares approxi-
mations, according to Eq. (32), for solid cylinder samples. The experimental error was estimated around 2.5% and mostly due
to inaccuracies of flow rate measurements. This resulted in regression error of intercept (static flow resistivity) and slope
(Forchheimer’s pameter) of about 10% for most samples.

The values of static flow resistivity o¢ and Forchheimer’s parameter & for all measured samples are given in Table 3. The
theoretical value for the straight cylindrical pore with ry = 4mm calculated using expression given in Table 1 is 1405 %
The values of static flow resistivity oy for all measured samples were close (within 10% error margin) to that theoretical
value, indicating weak influence of the cavities in V; — 0 limit. The thickness of the sample has little influence on oy.
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Table 3
Measured static flow resistivity oo and Forchheimer’s
parameter & for all samples.

L mm dp, mm d, mm o, g £ =
31 1 1 1482.5 529.8
30 1 3 1471.2 642.6
30 1 5 1505.9 592.1
35 1 6 1414.5 710.6
30 Circular  orifice 1481.0 511.1
60 1 1 1422.5 360.2
58 1 3 1541.6 297.8
63 1 6 1456.2 3271
60 Circular  orifice 1449.4 346.9
90 Circular  orifice 1425.8 154.4

The weak dependence of the static flow resistivity on the presence of the cavities confirms the high permeability contrast
between the two porosity scales mentioned in Section 2.3 and the use of Eq. (5) for the effective density.

Forchheimer’s parameter values for our samples are much higher than those measured before for conventional porous
materials. For instance, the Forchheimer’s parameter value for lead shot and gravel reported in [13] were 3.70 s/m and 4.06
s/m and did not depend on the thickness of the sample. Some values we measured are two orders of magnitude higher
than that. This difference is due to a very low surface porosity ¢, = 6.4 x 103 of our samples and hence high flow velocity

Ve 2rgUpy __ 2T0VYsPo
no T ¢

inside the perforation U = & and the large pore scale Reynolds number Re = achieved even at moderate

flow rates V; inside the rig. In fact, for Vy = 0.01%, pore scale Reynold’s number is Re = 829. For the samples with close
thickness, measured values of Forchheimer’s parameters are also close to each other. However, a clear trend was observed,
that Forchheimer’s parameter values are higher for thinner samples. For samples with the thickness in the range 30 — 35
mm, the range of Forchheimer’s parameter values is 511.1 — 710.6 2. For those with thickness 58 — 63 mm, Forchheimer’s
parameter range is 297.8 —360.2 5. And, finally, for the sample with thickness L = 90 mm, measured Forchheimer’s param-
eter is 154.4 3.

The dependence of the Forchheimer’s parameter on the thickness of the sample could be explained empirically, if we
consider the extra losses at the entrance and the exit of the sample as suggested by Astarita and Greco [34] and Oliveira
and Pinho [35]. Following [34], the pressure drop through the sample AP = pepr — Py, where pens and Py are pressure values
some distance upstream and downstream of the sample, where the end effects are negligible, could be decomposed in the
following way AP = (Pent — Pa) + (Pa — Dp) + (Pp — Po)- Here pq and p;, are pressure at the positions a and b inside the pore,
where the flow is fully developed. The excess pressure drops Ap; = Penr — Pa and Ap, = p, — Py are due to sudden changes
in the tube aperture at the entrance and the exit of the sample. They consist of the reversible pressure decrease and increase
attributable to Bernoulli effects due to change in velocity. As ¢, < 1, it can be assumed that the net effect of these pressure
drops is zero. There are also irreversible pressure drops which happen when the fluid accelerates and decelerates creating
recirculation zone [35]. For large Reynolds numbers the main contribution to these pressure drops is proportional to V2,

(see Fig. 9a in [35] and Fig. 4 in [34], so that the combined effect can be described as (penr — pa) + (pp — Po) =AVf2, where
A is some coefficient.

This means that the contributions of the end effects to the measured flow resistivity value could be approximated as:
Vo) = AP AVy v 3
G(f)—ﬁNT'f‘Utube(f) (32)

pp) o . P 7 I
where oy (Vy) = % is the flow resistivity value in case of infinite tube and no end effects and Tf is the contribution

of the extra losses occurring in the regions of sudden contraction and sudden expansion. Comparisons between (32) and
(32’) allow us to conclude that the excess pressure drops in the flow through sudden contraction and expansion contributes
to the gradient of o(V}), i.e. Forchheimer’s parameter. Moreover, the appearance of the sample thickness L in denominator
of the first term in (32’) explains the stronger influence of the end effects on the Forchheimer’s parameter value of shorter
samples.

A similar trend, showing higher flow resistivity values and higher o (Vy) gradients for shorter samples, is observed for
higher flow rates. Fig. 7, a shows flow resistivity dependence on the flow rate for 0.05% < V; < 0.25% (pore scale Reynolds
number range 4000 < Re < 20718) for samples 1, 2 and 4, 5 from Table 2. According to Landau and Lifshitz [36], p.177 this
corresponds to turbulent flow regime of air in the pore. Flow resistivity of samples 1 and 4 with thicknesses close to 30 mm
are much higher than those of 2 and 5 with thicknesses close to 60 mm in the whole range of flow rates. Alongside with
the measured results, predictions of flow resistivity o yp(Vy) in the turbulent regime is plotted. It is given in the implicit
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form by Eqs. (43.4) and (43.5) from [36]. These equations were combined to give dependence o (V) as

-2
PoVs 1613 oV
Vi) = 044In| —=— Vi) ] —085) . 33
O'tube( f) 47'0(1)1% ( n( ’72 Gtube( f) ( )

This equation does not account for any end effects and considers losses within the pore only. In Fig. 7b these results
are compared with the data for flow resistivity of three cylinders with the central perforation, with thickness 30 mm, 60
mm and 90 mm. For thicker samples the flow resistivity is lower, staying however much higher than predictions of Eq. (33),
presumably due to the end effects. It is also noted by comparing Fig. 7a and b, that for the high flow rates, the flow resis-
tivity of the absorbers is significantly higher than that of the cylinders with central perforation. This means, that although
the presence of cavities has little effect on the flow resistivity measured at conventional i.e. low flow rates (Fig. 6), this is
not the case for high flow rates. However, there is relatively little difference between the data for samples with Tmm and 3
mm cavities (squares and crosses in Fig. 7a) and this difference is more noticeable for longer samples. This is to be expected
as the contribution of end effects to flow resistivity values is stronger for shorter samples (see Eq. (32')) and hence the
difference in flow conditions within the central pore is masked.

4. Absorber in the nonlinear regime - model and its experimental validation
4.1. Model

Here we follow an approach adopted in previous studies of porous absorbers’ interactions with high amplitude sound,
see for example [6,10,13]. This means, that the only source of nonlinearity is the empirically introduced dependence of flow
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frequencies f{’, while numerical results are shown for frequencies f®’ predicted by the model, given in Table 2. Sample dimensions are given in Table 2.

resistivity of particle velocity v of sound in the pores, o(v). In previous studies, this dependence is approximated by the
linear relationship o (v) = 0p(1 + &¢p|v]), which is similar to (32) with V; = ¢pv. It was also postulated that the parameter
of nonlinearity, £, can be measured in static flow resistivity tests. However, the characteristic feature of our samples is that
the Forchheimer’s parameter depends on the thickness of the sample and on the size of the cavities. For this reason, in
the model a measured dependence of the flow resistivity on flow velocity o(¢p|v|]) was used, for each sample, instead of a
single linear approximation. This was combined with Eqs. (5) and (14) to result in the following particle velocity dependent
effective density of fluid in the pore (@e p =1)

o (¢plv])

—iwpo

—4iwpon
A0 (¢p|v])?

p(@, v)=po |1+ (34)

It was shown in the previous section, that for low intensity sound, the inertial regime approximation w > @y, is valid
around the frequency of the first resonance. In the nonlinear regime this assumption is no longer valid as the frequency

2,2
wpp has a quadratic dependence on flow resistivity, w, , = %, and consequently could attain very high values at

high amplitudes. Assuming harmonic excitation, we start with the usual momentum and mass conservation equations for
the equivalent fluid saturated the material

ap

—iwp(w, V)V = X

(35)
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. av
—iwC(w)V = —5—. 36
(@) =7 (36)
Effective compressibility C(w) remains unaffected by the nonlinearity and is defined by Eq. (6). The aim now is to derive
equations which eventually enable us to get the dependence of the surface admittance of the sample as a function of the
incident wave pressure amplitude p;. This approach is similar to that used in [6] and [10]. First, we introduce a dimensionless
spatial variable X = §, where L is the thickness of the sample. This way, the surface of the sample corresponds to X = 0 and

its backing to X = 1. Then the equations for the normalised impedance Z(X) = -L- PX) and the normalised particle velocity

Po¢ v(X)
V(X) = v(X)2E, are derived
1

i = ﬂ _C 2
7 = —HkL(p(a), V,E poc) C(w)Z ) (37)
V' = ikL C(w)VZ (38)
Here
Clw) = &9 (39)

Go
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o —iwpo o2 (gp2e|V]) A2

Prime stands for the derivative with respect to X. The Riccati Eq. (37) for Z(X) is similar to Eq. (20) from [6], while the
scaling function for p(w,V, Epp—o"c) resulting from (34) is different from their Eq. (18).
The boundary conditions relating particle velocity v and the admittance G at the surface of the sample X = 0 is derived
from the conditions of velocity and pressure continuity i.e
p
-2 =gV (0), (41)
Di
1+ % —V(0)Z(0). (42)
i

Eliminating reflected pressure amplitude p;, the dependence of particle velocity v(0) and the normalised surface
impedance of fluid in the pore Z(0) on the incident pressure amplitude p; is obtained

2
V)= —=——. (43)
©= 420
The second boundary condition is applied at the hard backing of the sample
V(1) =0. (44)

Hence, the surface impedance % of the sample and consequently its absorption coefficient could be found from the
solution of Eqs. (37) and (38) with boundary conditions (43) and (44). These values depend on the amplitude of the incident
pressure p;, as it determines the strength of nonlinearity present in Eq. (37). If p; =0, the solution of the linear model
obtained in the previous sections can be recovered.

The equations are solved numerically using the following method. First, the analytical solutions of Eqs. (37) and (38) with
boundary conditions (43) and (44), V1(X) and Z;(X) are found, assuming p; = 0 and hence no nonlinearity. Then, V{(X) is
substituted in Eq. (37) and the next iteration of the impedance, Z,(X) is obtained by numerically solving this equation
with boundary condition (43) in the form Z,(0) = ﬁ — ¢p. Z5(X), in turn, is substituted in Eq. (38), which is solved
numerically to obtain V,(X), with boundary condition (44) V,(1) = 0. The procedure is repeated and stopped only when the
difference between two successive iterations of the absorption coefficient is less than 5% in the whole range of p; values. In
the measured frequency range and for p; < 250250 Pa, 15 or less iterations is enough to achieve the required accuracy.

4.2. Experiments and model validation

The measurements for high amplitude sound have been performed using a specially designed impedance tube at the ISAT,
University of Burgundy, France. Sine wave excitation has been used for a better control over the amplitude of the incident
wave. For the usual white noise excitation, there is no guarantee that each frequency component has the same amplitude.
The measurements have been performed at the frequency of the absorption coefficient peaks for samples 1, 2, 4 and 5
(Table 1). To obtain the dependence of the peak absorption coefficent on the amplitude of incident wave, the following
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procedure has been followed. The surface impedance measurements have been performed for each voltage applied. Two
microphone method has been used with the microphones positioned at the distances 100 mm and 150 mm in front of the
sample. Additionally, the amplitude of pressure |p| = P,(e~do 4 Refkdo) has been measured at the distance dy = 50 mm in
front of the sample. The value of the reflection coefficient R has been calculated from the measured surface impedance and
then incident pressure amplitude has been calculated as p; = W for each measurements. For Samples 1 and 2 the
measurements have been performed for p; values in the range of up to 300 Pa. However, for longer samples the range of
measured p; was lower due to limitations of the equipment.

The comparisons between the measured and predicted by nonlinear model dependence of the absorption coefficient at
the first peak are shown in Fig. 8a, b for Samples 1 and 2 and in Fig. 9a, b for Samples 4 and 5. It should be noted, that the
comparisons have been performed at peak frequencies according to measurements and predictions for low amplitude data,
shown in Table 2. For instance for Sample 5, the data points shown in Fig. 8b correspond to frequency fr(l) = 135 Hz, while
model predictions have been calculated for predicted peak frequency fr(z) =125 Hz

To illustrate how the increase of the incident wave amplitude affects the overall shape of the absorption curve, equations
have been solved for different frequencies assuming that each frequency component has the same amplitude for p; = 0.01 Pa
(linear case) and several increasing values up to p; = 400 Pa. The results are shown in Fig. 10 for Sample 1. The effect of
nonlinearity does not significantly change the frequency of the first resonance, while the peak absorption coefficient values
are strongly decreased.

5. Conclusions

An absorbing structure comprising of periodically arranged metallic plates separated by air cavities and with a central
perforation traversing the periodic structure, was built and tested in both linear and nonlinear regimes.

New models for the linear and the nonlinear acoustic behaviours of this structure were proposed, together with absorp-
tion coefficient measurements in the linear regime, flow resistivity and Forcheimer nonlinearity parameter measurements at
high flow rates and finally absorption coefficient measurements in the nonlinear regime.

The results of measurements were compared with the models - the analytical linear model and a numerical model
accounting for Forchheimer’s type nonlinearity.

A good agreement was demonstrated between the model and the absorption coefficient data in the linear regime, i.e. for
low levels of the incident sound, and at low frequencies. Simple expressions have been derived that adequately describe the
frequency of the first peak and the peak absorption coefficient value.

With carefull choice of parameters for this absorbing structure, an absorption peak at much lower frequency and higher
peak value than that provided by a Helmholtz resonator of same thickness and diameter could be achieved. Furthermore,
this absorber can provide higher frequency absorption peaks and a broader absorption range.

Flow resistivity measurements for a range of flow velocities were carried out for the absorbers. Typical value of the
Forcheimer non linearity parameter were obtained, which is high relative to porous and granular materials so that strong
nonlinear effects could be expected for the absorber.

A dependence of flow resistivity on the sample thickness for high flow rates was observed with higher values achieved
for shorter samples. A qualitative explanation was given for this behaviour. In the nonlinear model, a measured value of
Forcheimer parameter was used for each absorber sample.

It was shown that the absorption peak frequencies weakly depend on the incident pressure amplitude, while the peak
values are strongly attenuated as incident pressure grows. This means, that the linear model will overestimate the absorption
capacity of the structure, if the latter is used for high sound pressure levels. The new numerical model accounting for
Forchheimer’s nonlinearity adequately describes the effects observed.

The results of this work will be useful when designing absorbers of tonal sounds for applications in the environments
where high sound pressure levels are achieved. Future work will concentrate on the optimum design of the pancake struc-
ture allowing perfect absorption at the desired frequency or frequencies. Reducing the number of interstitial walls inside the
pancake absorber will eventually lead to Helmholtz resonator while doing the opposite will lead to a quarter wavelength
circular cavity. The resonance frequencies associated with these structures are well known. The first resonance frequency
of the pancake absorber is lower than that of the Helmholtz resonator (not between that of the Helmholtz and that of the
quarter wavelength cavity as expected). This means that the resonance frequency experiences a minimum depending on the
number of interstitial walls. This observation shows the importance of optimizing the number of cavities and their sizes in
the pancake structure.
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