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Abstract

We prove the existence of competitive equilibrium in the canonical optimal growth
model with elastic labor supply under general conditions. In this model, strong
conditions to rule out corner solutions are often not well justified. We show using
a separation argument that there exist Lagrange multipliers that can be viewed
as a system of competitive prices. Neither Inada conditions, nor strict concavity,
nor homogeneity, nor differentiability are required for existence of a competitive
equilibrium. Thus, we cover important specifications used in the macroeconomics
literature for which existence of a competitive equilibrium is not well understood.
We give examples to illustrate the violation of the conditions used in earlier existence
results but where a competitive equilibrium can be shown to exist following the

approach in this paper.
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1 Introduction

The optimal growth model is one of the main frameworks in macroeconomics. While
variations of the model with inelastic labor supply are used widely in growth theory, the
version with elastic labor supply is the canonical model in business cycle models, both
for exogenous and endogenous fluctuations.! Despite the central place of the model in
dynamic general equilibrium models, existence of competitive equilibrium in general set-
tings has proved to be a challenge. Results of existence of equilibrium for this model use
strong conditions (see Coleman (1997), Datta, et al. (2002), Greenwood and Huffman
(1995), Le Van and Vailakis (2004), and Yano (1989, 1990, 1998)) which are often vio-
lated in models of special interest. This paper establishes existence of equilibrium under
very weak conditions: neither Inada conditions, nor strict concavity, nor differentiabil-
ity, nor constant returns to scale (or more generally, homogeneity), nor restrictions on
cross-partials of the utility functions, nor interiority assumptions. The recent paper by
Kamihigashi (2015) shows that even if we make all the above assumptions (but not Inada
or stronger assumptions) then there may be no interior optimal paths.? Understanding
existence of both optimal and competitive equilibria in this model when we may not have
interior paths still remains an open issue. Our results show that existence of both optimal
and competitive paths can be established under very weak conditions, and whether the

path is interior or not, is not important.

The approach taken in this paper is a direct method based on existence of Lagrange
multipliers to the optimal problem and their representation as a summable sequence. The
price of the good is the multiplier on the resource constraint. Thus, we not only know
there exist equilibrium prices, but we can also calculate them in a given model. This is
important as we would like to be able to characterize the equilibrium prices especially
when we have non-interior equilibrium paths where existing methods do not apply. We
give three examples where we can calculate equilibrium prices where the results in the
literature are inapplicable.

The problem with inelastic labor supply was considered by Le Van and Saglam (2004).
This approach uses a separation argument where the multipliers are represented in the
dual space (£>°) of the space of bounded sequences £>°.> The Le Van and Saglam (2004)
approach uses a separation argument but imposes restrictions on the asymptotic behavior

See the recent papers Iwasa and Sorger (2018) and Sorger (2018).

2The cited paper does not study competitive equilibria.

3While one would like the multipliers and prices to lie in #!, it is not the dual space. In the previous
work on competitive equilibrium following Peleg and Yaari (1970), the representation theorems followed
separation arguments applied to arbitrary vector spaces (See Bewley (1972), Aliprantis, et al. (1997),
Dana and Le Van (1991)).



of the objective functional and constraint functions which are easily shown to be satisfied
in standard models.* There is a difficulty in going from the inelastic labor supply to
the elastic labor supply model: While one may be able to show that the optimal capital
stock is strictly positive, one cannot be sure that the optimal labor supply sequence
is strictly positive. Thus, the paper by Le Van and Vailakis (2004) which took the
approach of decentralizing the optimal solution via prices as marginal utilities had to
make additional strong conditions on the utility function (which fails in homogeneous
utility functions such as those of the Cobb-Douglas class) to ensure that the labor supply
sequence remains strictly positive. We extend Le Van and Saglam (2004) and show
the Lagrange multipliers to the social planners problem are a summable sequence and
one can directly use these to decentralize the optimal solution without having to make
strong assumptions to ensure interiority of the optimal plan.® As the separation theorem
does not require strict concavity or differentiability, these strong assumptions on utility
functions can be dropped. This is of interest as an important specification of preferences
in applied macroeconomics models are quasi-linear utility with linear utility of leisure
where strict concavity and Inada conditions are violated. The linear specification also
results in the planners problem in models with indivisible labor (see Hansen (1985), and
Rogerson (1988)). Furthermore, for CES functions, Inada condition can be violated. In
calibrated models the competitive equilibria essentially result in an interior solution but
the the problem is more fundamental: While for some examples we can calculate the
equilibrium allocation, we still have to show that there always exist equilibrium prices
that are summable. We give the main result on existence of a competitive equilibrium by
showing that the price sequence constructed is an equilibrium one. Furthermore, there
is no need to make any assumption on cross-partial derivatives of the utility function.
Thus, as one would expect, whether labor supply is backward bending or not, and whether
consumption is interior or not plays no role in existence of equilibrium. As only convexity
and not differentiability is required for the separation theorem we are also able to cover
Leontief and more generally linear activity analysis models that are not covered by the
existing results.

4This is related to Dechert (1982).

®Goenka, et al. (2012) in a model with heterogeneous agents also assume Inada conditions. While
there is an interior solution for aggregate variables, the consumption and leisure of the more impatient
consumers converge to zero as time tends to infinity.

6See Aiyagari, et al. (1992), Coleman (1997), Datta, et al. (2002), Greenwood and Huffman (1995),
and Le Van, et al. (2007). These papers essentially show the isomorphism of the dynamic problem with
endogenous leisure to one without endogenous leisure, and the assumptions are used to show monotonicity
of the optimal capital path which combined with the static labor-leisure choice gives existence in the
original problem. Making these assumptions rules out non-linear dynamics and thus, is overly restrictive
(see Twasa and Sorger (2018) and Sorger (2018)).



Yano (1984, 1990, 1998) also studies existence of competitive equilibrium with endoge-
nous labor under general conditions. There are both produced input/consumption goods
(i.e. capital) and non-produced input/consumption goods (which can be interpreted as
labor/leisure). While the conditions in these papers weaken the conditions used in Be-
wley (1982) they do not cover our existence result. Yano (1984) has the most general
specification and is the closest to our assumptions. It does not use differentiability (and
hence, Inada conditions). It also does not use interiority assumptions in Bewley (1982).
However, it makes assumptions A.14-A.17 that we do not have to make. In our results as
we are concerned only with the existence issue we allow for corner solutions. In particu-
lar, we give an example (Example 3) where the consumption of the produced good is zero
(except in the initial period where the initial output is consumed) and the investment in
capital is always zero. This is ruled out by A.14-A.17 in Yano (1984). Yano (1990) as-
sumes continuous differentiability of the production function (A.1), utility function (A.5),
and Inada conditions on the utility function (A.7). There is also an interiority condition
( p-37) that says that all countries (firms) produce a positive output in equilibrium. Our
paper does not use these conditions. In fact, in Example 4.2 we show under these condi-
tions it is possible in a competitive equilibrium while there is positive output it is entirely
consumed. Yano (1998) also assumes continuous differentiability and Inada conditions for
utility (Assumption 1) and production functions (Assumption 2), which are not assumed

in our paper.

There are other abstract proofs for existence of a competitive equilibrium in a neoclassical
growth model, such as Aliprantis, et al. (1997) which, in principle, could be adapted to
show existence in a model with endogenous labor-leisure choice. There are two difficulties
in using their approach for the model with endogenous labor-leisure. First, their approach
prices the consumption good but it does not directly the equilibrium wage sequence.
Second, they assume that the production function is strictly concave and satisfies the
Inada condition, f'(0) = oo (p. 670). Their proof relies on showing that free disposal
trajectory lies in a compact set (in the appropriate topology) (Lemma 3, p. 672). We do
not rely on this argument, thus, we are able to dispense with both of their assumptions.
We give examples where there is a competitive equilibrium where the assumptions of this
paper are violated (see 4.1-4.3).

The organization of the paper is as follows. Section 2 describes the model. In section 3, we
provides the sufficient conditions on the objective function and the constraint functions
so that Lagrangean multipliers can be represented by an (1 sequence of multipliers in
optimal growth model with leisure in the utility function and prove the main result on
existence of competitive equilibrium in a model with a representative agent by using
these multipliers as sequences of prices and wages. Section 4 gives examples with corner



solutions to illustrate that a competitive equilibrium will still exist using the main result
of the paper. Section 5 concludes.

2 The model

We study the optimal growth model with an endogenous labor-leisure choice. Thus, it is
an economy where the representative consumer has preferences defined over processes of

consumption and leisure described by the utility function

Z Blules, ly).
t=0

In each period, the consumer faces two resource constraints given by

Ct + kt+1 < F(l{ft, Lt) + (1 — 5)]{375,

lt+Lt - 17 \V/t

where F' is the production function, 6 € (0,1) is the depreciation rate of capital stock, I
is leisure and L, is labor. These constraints restrict allocations of commodities and time

for the leisure.

Formally, the problem of the representative consumer is stated as follows:

maxi Bru(cs, 1)

t=0

S.t. c + k?t+1 S F(]Ct, 1-— lt) + (1 — 5>kt) Vi Z 0
Ct Z O,ktZO,ltZO,l—ltZO, thO
ko > 0 is given.

We make a set of assumptions on preferences and the production technology. The as-
sumptions on the period utility function wu : Ri — R are:

Assumption Ul: wu is continuous, concave, increasing on Ri and strictly increasing on
2
RZ ..

It is worth discussing this assumption. In the optimal growth model where there is no
labor-leisure choice, the conventional assumption on the one-period utility function is w is
strictly increasing in Ry (Aliprantis, et al (1997), p. 673, and Le Van and Saglam (2004),
Assumption 3, p. 400). This does not extend to our model and thus, we assume u to be



increasing in R%7.

Assumption U2: «(0,0) = 0.
The assumptions on the production function £ : R — R, are as follows:

Assumption F1: F is continuous, concave, increasing on R% and strictly increasing on
2
RZ ..

Assumption F2: F(0,0) = 0,limy_,o Fx(k, 1) > §, limy_, o Fr(k, 1) <.

Note there is an abuse of notation as by Fj we mean the subdifferential of F' with respect
to k. In the rest of the paper, the notation for the partial should be interpreted as the
subdifferential as well.

The assumptions Ul, U2, F1 are standard. Note we do not assume strict concavity,
differentiability or Inada conditions for the utility and production functions. Assumption
F2 is a weak assumption to ensure that there is a maximum sustainable capital stock,
and thus the sequence of capital is bounded.

We have relaxed some important assumptions in the literature. Bewley (1972) assumes
that the production set is a convex cone (Theorem 3). Bewley (1982) assumes the strictly
positiveness of derivatives of utility functions on R (strictly monotonicity assumption).
In our model, the utility functions may not be differentiable in R?.® Le Van, et al. (2007)
assumed the cross-partial derivative u!; has constant sign, u’(z,z) and u}(x, ) are non-
increasing in x, production function F' is homogenous of degree a < 1 and Fy; > 0
(Assumptions U4, F4, U5, F5). We also do not assume Inada conditions (see for example,

Goenka, et al. 2012), or lim, o u(e, <) — 400 as in Le Van and Vailakis (2004). The

assumptions of Aliprantis, et al. (1997) are weakened. In particular, we do not assume

that production function is strictly concave and satisfy Inada condition, f’(0) = oo (p.
670), and do not assume that wu is strictly increasing everywhere. The assumptions of
Yano (1984) A.14-A.17 are dropped that require interior consumption, that consumption
can be decreased by a certain percentage, uniform bounds on marginal products, and

"Let z,y be two vectors of R". We write z < y if x; < y; for all 4, and = < y if 2; < y; for all 4 and
x; < y; for at least one 1.

A function u(z) is said to be increasing if u(z) < u(y) for all z < y. It is said to be strictly increasing
if u(z) < u(y) for all z < y.

Consider the standard function of the Cobb-Douglas class: u(c,l) = Vel. Let z(c,1) = (1,0),y(c, 1) =
(2,0). Obviously, z < y. However, u(z) = u(y) = 0. Thus u(c,!) = V/dl is increasing on R2 and strictly
increasing on Ri 4 but not strictly increasing on Ri.

8Let F(k,L) = k®L'™®, « € (0,1). This function is not differentiable even in the extended real
numbers at (0, L) or (k,0) for L > 0, K > 0. The assumptions in Bewley (1982) that u. >> 0, u; >> 0,
and D?u is negative definite on R? are obviously violated.



substitutability on inputs. The assumptions of Yano (1990, 1998) on continuous differen-
tiability of utility and production, Inada conditions and interiority of the allocation are
dropped. The restrictions on cross-partial derivatives in Aiyagari, et al. (1992), Coleman
(1997), Datta, et al. (2002), Greenwood and Huffman (1995) are also not necessary.

We say that a sequence {ct, kt, i }1—01....00 is feasible from kq if it satisfies the constraints

.....

Ct+kt+1 S F(kt71—lt)+<1—5)kt, VtZO,
Ct > 07 kt207 ltZal_ltzoa Vt207

ko > 0is given.

It is easy to check that, for any initial condition kg > 0, a sequence k = {k;}°, is feasible
iff 0 < kyyy < F(ke, 1)+ (1—0)k; for all ¢t. The class of feasible capital paths is denoted by
II(ko). A pair of consumption-leisure sequences {c,1} = {ct, ;}°, is feasible from ky > 0
if there exists a sequence k € II(ko) that satisfies 0 < ¢; + ke < F(ke, 1 — 1) + (1 — )k
and 0 <[, <1 for all ¢t.

Define f(k¢, L) = F'(kt, Lt) + (1 — 0)k¢. Assumption F2 implies that
fr(#00,1) = Fp(4o0,1)+(1-6) <1
fe(0,1) = F(0,1)+(1—46)>1.

From above, it follows that there exists k& > 0 such that: (i) f(k,1) = k, (ii) k > k
implies f(k,1) < k, (iii) k¥ < k implies f(k,1) > k. Therefore, for any k € II(ky), we have

0 < k; < max(ko, k). Thus, k € £2° which in turn implies ¢ € €%, if {c, k} is feasible from
k.

3 Competitive equilibrium

The definition of a competitive equilibrium is standard.

Definition 1. A competitive equilibrium consists of an allocation {c*, 1", k*, L*} € (5° x

00 x 02 x L2, a price sequence p* € [ for the consumption good, a wage sequence w* € ('

for labor and a price r > 0 for the initial capital stock ko such that:

i) {c*, 1"} is a solution to the problem
max Z Bu(e, ;)
=0
s.t. p‘c <w'L+7"+rko

6



*

where 7 is the maximum profit of the firm.

it) {k*,L*} is a solution to the firm’s problem

T = maXZpZ[f(kt, Ly) — ki) — Zwt*Lt — ko
t=0 t=0

st. 0 < kt+1 S f(kt,Lt), Lt > O,Vt

iit) Markets clear
¢tk = (kL) Vi
F+L; = 1Vt
and ky = ko

In the following, we show that under maintained assumptions, there exist multipliers of
the social planner problem that are summable. We then show that the appropriately
chosen multipliers constitute a system of competitive equilibrium prices. The results on
existence of a competitive equilibrium in the optimal growth model with inelastic labor
supply do not extend immediately to the case of endogenous labor-leisure choice. The
difficulty is that the previous results, e.g. Le Van and Vailakis (2004) rely on showing
that the allocation is interior as the price of the good is the discounted marginal utility of
consumption (See Remark 3 and Theorem 1 in that paper). As we show in the examples
in the next section, under our assumptions, a competitive equilibrium can exist even if
the capital stock is zero or if the consumption is zero so that the price system in Le Van
and Vailakis (2004) is not defined.

We first extend the result of Le Van and Saglam (2004) to the case of endogenous labor to
show existence of multipliers. As in that paper and Dechert (1982), we impose conditions
on the asymptotic properties on the constraint set that are weaker than Mackey continuity
(see conditions T1, T2 and the discussion in Appendix 1).

Proposition 1. If x* = (c¢*, k*,1*) is a solution to the following problem?:

min — Z ﬁtU(Ct, lt) (Q)
t=0

9A solution exists following a standard argument which is sketched for completeness. Observe that
the feasible set is in a fixed ball of ¢>° which is weak*-(¢>°,¢') compact. We show that the function
Yoo Btu(ey, 1) is continuous in this topology on the feasible set. Since the weak* topology is metrizable
on any ball, we can take a feasible sequence (c¢t(n),l;(n)), converging to some (ct,(;) in the feasible set.
Since any feasible consumptions sequence is uniformly bounded by a number depending only on kg, for
any € > 0 there exists Ty such that for any T' > Tp, for any n, we have

> Bluer(n). Li(n)) < e, Y Blulel) <e

t>T t>T



s.t. ¢ + kt+1 — f(kt, 1— lt) S 0,
_Ctéov _ktgoa Ogltgla

then there exists A = (\', N2, X3, X4, N%) € (£ x €59 x 4 X €32 x 4F)" ,(the dual space of
0 X 032 X AT x AT X L), XN # 0 such that: ¥x = (c,k,1) € £ x (T x L

Zﬁt u(cy, ly Z)‘l ¢ + ki — [k, 1=10))

+ Z A2 + Z Nk; + Z ME+Y XN0-1)
=0 =0 =0 t=0

> Z Bru(es, lr) — Z A(er+kipn — fke, 1= 1)
t=0 t=0

HY N+ N AY XL+ Y N1 -1 (1)
t=0 t=0 t=0 t=0

MG+ kL — [k, 1=1))=0, Vt>0 2

Nei=0, Vt>0 3
MNE =0, Vt>0 4
N(1—15)=0, Vt>0
0 € Bou(c,IF) — {\}+{\}, vt>0
0 € BOqu(c, 1) — Moo f(kf, LY) + {N} — {A\2}, V>0

0 NOF(kL L) +{NYT—{\_ 1}, Vt>0 9

(2)

(3)

(4)

M =0, Vt>0 (5)
(6)

(7)

(8)

)

where Oyu(c;, 1Y), 0; f (kf, L}) respectively denote the projection on the it component of the
subdifferential of the function u at (ci,lf) and the function f at (ky, L;).

Moreover,\' € (1 \ {0}.

Proof. See Appendix. m

Hence,
+oo
Zﬁt[u(ct(n),lt( —Uu Ct,lt < Zﬁt|u Ct )) —’U/(Ct,lt)‘ +2€
t=0

Since weak™ convergence implies pointwise convergence, the result is established.



This result, thus, also shows whether an optimal path is interior or not is not important
for the existence of an optimal path (See Kamihigashi (2015)). Once we have the existence
of non-zero multipliers, we give the main result where we define the price system and show

that they are indeed competitive prices.

Theorem 1. Let {c*, k* 1*} solve Problem (Q). Take
pi =\ for anyt and r > 0.

There exists fr(ky, L) € Oof (kr, L}) such that {c*, k*, L*, p*, w*, r} is a competitive equi-
librium with wf = A} fr(kf, L}).

Proof. Consider A = {A', A2, A3 A% A5} of Proposition 1. Conditions (7), (8), (9) in
Proposition 1 show that du(c}, ;) and Of (k;, L}) are nonempty and there exist u.(c;, ;) €
Orulct, I7), wlc,17) € duulcp, ), fulki, L7) € onf(ky, L) and fu(ky, L) € Ouf(ki, L)
such that V¢

Blu (e, 1) — M+ AP =0 (10)
Blu(c; B) = M fu(k, L) + X = Af =0 (11)
Mfr(kD L) + N = A =0 (12)

Define w; = M\ fr(kf, L}) < +oo.
First, we claim that w* € £}
We have

too > Y Blule; 1) Z u(0,0) zz o655 1; ct+Zﬁuzct, ,
t=0

t=
which implies

> Blui(c;, 1)l < +oo, (13)
t=0

and

8

+o0 > Y Nk L) = Y ONF(0,0) > Y N filky, LKy + ZA fulky, L)L
t=0 t=0

t=0 t=0
which implies

> N fulk; L)Ly < +oo. (14)

t=0



Given T', we multiply (11) by L} and sum up from 0 to 7. Observe that

VT, Zﬁul L = Z)\ fo(kr, LY) L*+Z)\5L* ZX*L*. (15)

0<> NL <Y N < +oo. (16)
= t=0
0< Y ML <Y N < +oo. (17)
t=0 t=0
Thus, since L = 1 — [}, from (15), we get

T T T
> Buier, ;) = > Bluer, D+ >N fulky, L)L
t=0 t=0 t=0
T T
+YONL =D ML
t=0 t=0

Using (13), (14), (16), (17) and letting 7" — oo, we obtain

oo

0 < > Bulg.l; Zﬁtulct, l*+ZAka;‘, L

t=0
+ Z oLy — Z MILF < +o0.
t=0 t=0

Consequently, from (11), Y720 A} fr(kf, L}) < +ooie. w* € 1. So, we have {c*, 1", k*,L*} €
00 X L2 x 05 x (5°, with p* € £} and w* € (1.
We now show that (k*, L") is solution to the firm’s problem.

Since pf = N\, wi = N\ fr(kf, L}), we have
T =Y NIF(kL L)) — k] — ZA fo(kf LY L — rkg
=0
Let :

T
Ar = Y NI L) = k] — ZA ok, Ly) L — rko

T
(Z kta Lt kt-ﬁ-l] — Z )\%fL(k‘t; Lt) Lt — 'f’kjo) .
t=0

10



From the concavity of f, we get

T
Ap > ZA Felky L) (kY = k) = Y A (ko — ki)
t=0

- [/\1fk<kf>LD - )‘OKk’T - kl)
+Apfe(Rr L) = Ap (k7 = kr) = Ap(Kfyy — krga).

By (4) and (12), we have: Vt =1,2,...,T
N foller Ly) = N (ky = k) = =N (ky — k) = Xk > 0.

Thus,
Ap > = Ap(Kypy — kry) = —/\1Tk;}+1 + Ak > —/\lTk}H.

Since A!' € (1, supk}, < 400, we have
T

lim Ap > lim — ALk, =0.
T—+o0 = T—+oo T+l

We have proved that the sequences (k*, L") maximize the profit of the firm. We now show
that c¢* solves the consumer’s problem.

Let {c, L} satisfy Z Me < Zwt*Lt + 7 4 rko. (18)

t=0 t=0

By the concavity of u, we have:

A= Zﬂt u(cy, Uy Zﬁuct,lt
ZZ Nown —1—251&1 i, l7) (I — 1)
=0

Combining (3), (6), (10), (11) yields

A=A =)+ Y (N fulky, 1=1) + X = A0 — 1)
t=0 t=0
="M — ) +ZA2ct DN+ (wi + )0 — 1)
t=0 t=0 t=0

- Z NI+ AL
t=0 t=0

11



> D NG =)+ D (w0 ) =
t=0 t=0

SN =)+ D> willy = 1)+ Y N1 - 1)
t=0 t=0 t=0

o0

> ) N =)+ > wi(L - L),
t=0 t=0

Since
o0

= Z)\%CI — Y w; Ly —rky,
=0 =0
it follows from (18) that

A > Zp;‘c:—Zw;‘L:—rk:o—(Zp:ct—waLt—rk:())
t=0 t=0 =0 t=0
> 7t —71"=0

Consequently, A > 0 that means ¢* solves the consumer’s problem.

Finally, the market clears at every period, since Vt,c¢; + ki, = f(k/,L;) and 1 — [} =
L. O

4 Examples

We give three parametric example illustrating generality of our result. In these examples
there are corner solutions that the literature makes assumptions to rule out. In each of the
examples the competitive equilibrium is calculated. They illustrate that the interiority of

an allocation is not necessary for existence of a competitive equilibrium.

In the first example, there is a competitive equilibrium with zero labor supply, the good
being produced through capital alone. As a consumer may choose to enjoy all available
time as leisure, imposing an Inada condition on productivity of labor is not well justified.
As we show in this case we still have existence of competitive equilibria.

In the second example, we show that a competitive equilibrium will exist even if k;, =
0, Vt > 1. Thus, showing that the capital stock is positive is not necessary for existence.
In this example, the good is produced through labor alone, and consumption of both the
good and leisure is positive.

The third example, shows that it can be the case that k, = ¢, = L, = 0, Vt > 1, that is the
consumer just consumes leisure. In this case, the price system as in Le Van and Saglam

12



(2004) and Le Van and Vailakis (2004) is not defined but we can still show existence of a
competitive equilibrium. The conditions of Aliprantis, et al. (1997) also do not apply.

4.1 Example 1: Competitive equilibrium with Ly =0,/ =1

Consider an economy with a good that can either be consumed or invested as capital,
one firm and one consumer. The consumer has preferences defined over processes of
consumption and leisure described by the utility function

Z Btu(ct, ) = Z Bt(Ct +mly),
t=0 t=0

The firm produces capital good by using capital k; and labor L; = 1 —[;. The production

function f(ks, L;) = (k* + L)% 0 < a < 6,0 < B <1<, f is concave and increasing.
a(l —0)

1 o _
Assume that m = — <6—) 0 —a . As we see below, we need impose a condition on kg

0\ 0

which is k§ + 1 — (Gm)% € [0, 1] to guarantee existence of solutions.

The planning problem is

max Z B (c; + mly)
=0

sty < (K4 L)Y vt >0
Lt+lt = 1, VtZO
07kt207lt2071_lt207 \V/tZO

Vv

Ct

ko

v

0 is given.

Inada conditions are not satisfied for both the utility and production functions.!! The
utility function is also not strictly concave. We will check both necessary and sufficient
conditions.

Necessary condition:

0T et us check, for example, a = 1,8 = %,9 =2then m =2 and k§ +1 — (Om)%e = ko + % € [0,1]
for any 0 < kg < i.

HTinearity of the utility function in consumption is not important for the two examples. This, however,
simplifies the calculations.
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Let Ay = (A)?_;, \; # 0 denote the Lagrange multipliers. The Lagrangean is
Moo= > Bulenl) =Y Nle+ ki — flk,1—1,))
t=0 t=0
> N+ Y Nk ML+ N (1)
t=0 t=0 t=0 t—0

It follows from Kuhn-Tucker necessary conditions that, V¢ > 0

0 = B=A\+\

1 1-
0 = ﬁm—gxg(/cgﬂ—zt)%ﬂf—ﬁ (19)
o a—l/10 1-6

O = )\% (Ct + k’t+1 — (kta + Lt)l/o)
Mep = 0,Xk =01, =0,X(1—1)=0.

It is easy to check that, the above system of equation has a solution :

N = BN =R =N = AT =0,

ki = ko,k;:(%‘)‘)e% =k, € (0, 1)Vt > 1,
¢ = (k) —k, >0,

o= 1,

L = 0.

At t =0, we have

No= LAP=NT =N =N =0,

]{8 - ko,
= kX+1—(0m)is €0,1]
Ly = 1-1,

¢ = (k& + L)Y — k>0,

Sufficient condition:
The Euler equations (i.e, equations (19) and (20 )) imply

af(k::—f—l: Lr—f—l) _ l af(k:—&-h L;fk—&-l)
3kt B’ aLt

= m.

14



Because f(k, L;) is concave, we have

Of (ki Lita)
Ok

(kf —ke) +m(Ly — Ly) =

Of (ki Lita)
0L,

(kf — k) —m(1—1,).

FOkf, LY) = ke, Le) (ki — k) + (Li — L)

|~
|~

Let us consider

T T
Ar = Zﬁt(cf +mily) =Y B e+ mly)
=0

= Zﬂt —¢) +m(l—1)]

T

> Zﬁt Fk; L7) = fkay Le) = (kfyy = kegn) +m(1 = 1)]
T

> Zﬂt tc‘;}q Lin (ki — ki) + #’“(Lt — L) — (kfy = Kepr) +m(1 —1,)]
T

= Zﬂt[%uﬂf = k) = (kiyy = k)]

1 T T
= 5k — ko) + D BTN = k) = Y Bkt — kil
t=1 t=0

= —BT(k:}H - kTH) > —ﬁTk;H = _ksﬁT-

Therefore limy_,.o A7 > 0 and

> BUe +mif) = B e+ mly).
t=0 t=0

As we show in section 3, if we define the sequence price p; = A\f! = 3! for the consumption
1-6)

ai-6)
good and w; € A\'Oof (ky,Ly) = A\ fr(ks,0) = B'5ks ©  then p; € €1, w; € (% and
{c*, k*,L*, p*, w*, r} is a competitive equilibrium.
4.2 Example 2: Competitive equilibrium with kf =0, ¢ > 1

Now consider the production function f(k;, L;) = (k; + L&)"? where 0 < a < 0,0 < B <
1 < # and the utility function

a—=6
1 -1
U<Ct, lt) = + 5 (%) lt

15



We obtain the Kuhn-Tucker conditions, Vt > 0

0 = B'— X\ + )\

1
0= 6(5) 5t )\ Lo k4 L) + M = X
0 = —)‘%+1(kt+1 + L?+1) + M1 — A

0
0 = )\tl (Ct + kft+1 — (kt + L?)l/e)

N = 0,Nk = 0,21 =0,\(1—1)=0.

The system of equation has solution Vt > 1,

)\;kl _ ﬁt /\*2 )\*3 )\:4 — )\IB =0

ki =0

P NI

i = (3 )70 = L, € (0,1)
¢ = (Ls)“/9>0

I; = 1-L,.

At t = 0, solutions are determined by

A= LA =AT =N =00 =0
ko = ko co = (ko + Lg™)"",
i = 1-1Lg,

- a—0
where Lg is determined by L5* (ko + Lgo‘)le) = é(%)aw*l)_ 12

The argument for showing the sufficient condition is similar to Example 1.

4.3 Example 3: Competitive equilibrium with L; = ¢ = kj =
0, =1,t>1

In this example, we relax assumption F2 and allow limy_,, F(k,1) > 1. Therefore, the
capital can be unbounded and hence, the free disposal feasible set as in Aliprantis, et
al. (1997) is not compact. We show that the Lagrange multipliers form an equilibrium
sequence of price and wages. Because our theoretical results have not addressed this case

in a general setting, we will prove directly that the sequence is an equilibrium in this

12\We can choose appropriate parameters so that this equation has a solution. For example, let o =
1,8 = %, 0 = 2 then the equation has a solution L§ = 16 — ko € [0, 1] for any kg € [0, 16]
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simplified example. It highlights the methods of using Lagrange multipliers in this paper
can be employed for an extension of literature can potentially be in more general settings
than Aliprantis, et al. (1997).

Consider an economy with a good that can either be consumed or invested as capital,
one firm and one consumer. The consumer has preferences defined over processes of
consumption and leisure described by the utility function

o0

Z Bru(cs, ly) = Z (et + mly),
=0

=0

The firm produces capital good by using capital k; and labor L; = 1 —[;. The production
function f(k;, Ly) = %kt +mLy,0 < B < 1,0 < m. The planning problem is

max Z B (c; + mly)
=0
st g+ ki < %kt +mLs, Yt >0
Li+l, = 1,Vt>0
¢ > 0,k>0,,>0,1—-10,>0,Vt>0
ko > 01is given.

The utility and production functions are both linear and the Inada conditions do not hold.

Let A, = (A2, \; # 0 denote the Lagrange multipliers. The Lagrangean is
t/i=1

o0

Zﬁt(ct + mlt Z Ct + kt+1 — Ekt (1 — lt)]
t=0

=0

+3 M+ Z Aok + Z ML+ N1 —1).
t=0 t=0 t=0 t=0

It follows from Kuhn-Tucker necessary conditions that, V¢ > 0
0 = B'=\+N
0 = B'm—XNm+A =X

1
0 = B)‘%-&-l M A

1
0 = MNlet+ ker — Bkt —m(1 —1)]
)\tQCt = O, )\?k’t = 0, )\?lt = 0, )\f(l — lt) =0.

17



It is easy to check that, the above system of equation has a solution '3

A= Bhvt>0
N2 o= AP =AMt =N =0,V >0
ko
g
¢ = 0,vt>1
ki = 0,vt>1
L = 0,Vt>0
Ir = 1,vt>0.

* *

Let us define the sequence price p; = \! = ' for the consumption good and wage
w; = mp" . We will show that {c*, k* L* p*, w*} is a competitive equilibrium. From
the solutions obtained above, 7* = (% — r)ko so the budget constraint is satisfied as it
becomes %0 < (% —1)ko + rko = %O.We show that {c*,1*} is solution of the consumer’s
problem.

Let us consider

T T

Ar Z (cf + mly) Z (¢t + mly)

= Zﬁt[ﬁ(’f* ki) = (K = Kipa) +m(1 = 1))

T

> Y (87K = k) = By — )]

t=0

= —ﬁ (kTJrl — kri1) = BT]CTH > 0.

13From the first order conditions, we may have another solution

o= 8

A= A== =0,
t

ke = ;kt_lz(;> ko.

¢ = 0,Vt>0

Ly = 0,Vt>0

ik = 1,Vt>0.

Clearly it is not a solution to the planning problem as (¢}, k', L}, [}) gives higher utility. In this solution,
lim; o k¢ = 0o which violates boundedness of the capital stock (Assumption F2).
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As Ap > 0forany T > 0,2 B8 (c;+mly) > 372, B (ci+mly). This implies (¢}, ki, L}, [})
solves the max planning problem.

Similarly, it is easy to check that

T
Ar = Zp?[f(ku‘,L* r41] Zth — ko
t=0

mfty

Zpt kt, Lt kt+1] - Z wy Ly — Tko]
t=0

B /fT+1 > 0.

= 7T* 2 Zp:f(kt, Lt kt-i—l Z U}t Lt — Tlfo
t=0

v

Therefore {k*, L*} is a solution to the firm’s problem. The markets clearing conditions

are also satisfied.

5 Discussion and Conclusion

This paper studies existence of equilibrium in the optimal growth model with elastic
labor supply. This model is the workhorse of dynamic general equilibrium theory for
both endogenous and real business cycles. The results on existence of equilibrium have
assumed strong conditions which are violated in some specifications of applied models.

This paper uses a separation argument to obtain Lagrange multipliers which lie in EL.
As the separation argument relies on convexity, strict convexity can be relaxed; this
also means that assumptions on cross partials of utility functions are not needed (as in
Aiyagari, et al. (1992), Coleman (1997), Datta, et al. (2002), Greenwood and Huffman
(1995) and Le Van, et al. (2007)); and homogeneity of production is not needed. These
above papers assume normality of leisure (rule out backward bending labor supply curves)
to show that the capital path is monotonic but this is inessential to show existence of a
competitive equilibrium. The representation theorem involves assumptions on asymptotic
properties of the constraint set (which are weaker than Mackey continuity (see Bewley
(1972) and Dechert (1982)). The assumptions ensure that the either the optimal sequence
{c, 11332, is either always strictly interior or always equal to zero. Thus, one does not

have to impose strong conditions, either Inada conditions (see for example, Goenka, et

al. 2011), or lim_q u(e,€)

— 400 as in Le Van and Vailakis (2004) to ensure that the
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sequence of labor is strictly interior. This latter condition is not satisfied, for example,
in homogeneous period one utility functions. Assumptions that require compactness of
the set of feasible allocations, such as f'(0) = oo as in Aliprantis, et al. (1997) are
not needed. The existence result also does not employ any differentiability assumptions.
Thus, it covers both Leontief utility and production functions ¥ = min(K /v, L/u) and
Y/L = (1/v)K/L. This implies that the intensive production function, y = f(k) where
y = Y/L and k = K/L is effectively a straight line with slope 1/v up to the capital-
labor ratio k* = K*/L* and is horizontal thereafter. Another well known model where
differentiability is violated is the Intensive Activity Analysis Production Function but

existence follows from our results.

6 Appendix

Proof of Proposition 1

Denote x = {c, k,1} and F(x) = — >_ Blu(cy, lt), PHX) = s+ keoy — f(ke, 1= 1), P(x) =
=0
—er, BI(X) = —hy, DEX) = I, BI(x) = I — 1, VE, By = (B}, B2, &2, &4 &), Vt. The

planning problem can be written as:

min F(x) s.t. ®(x) <0,x € (7 x 1 x (T (P)

where F @ 057 X 037 x I = RU {+00}

D = (Dy)i=0,. 00 €T X LT X AT X AT X AT = LT X AT X AT X AT < L

.....

Let C' = dom(F) = {x € (3 x T x (T|F(x) < 400}
I' = dom(®) = {x € I x (T x 17]|Py(x) < 400, Vt}.

The following Lemma is an extension of Le Van and Saglam (2004) to the case of the

optimal growth model with endogenous labor-leisure choice.

Lemma 1. Let x,y € {3 x {3 x (2, T € N. Define

T _

Suppose that the two following assumptions are satisfied:
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T1:Ifx € C,y € (2 x 2 x (% satisfy VT > Ty, x' (x,y) € C, then F(x(x,y)) = F(x)
when T — oo.

T2: Ifxel,yel and x'(x,y) € I, VI > Ty, then

a) ®y(xT(x,y)) = P(x) as T — oo

b) IM s.t. YT > Ty, ||®:(xT (x,y))|| < M

¢ YN 2 Ty, Jim [@,(x" (x,y)) — @ly)] =0

Let x* be a solution to (P) and x° € C satisfies the Slater condition:

sup ®;(x°) < 0.
t

Suppose xT (x*,x") € CNT. Then, there exists A € (1\{0} such that
F(x) + A®P(x) > F(x*) + AD(x"), Vx € (CNT)
and A®(x*) = 0.

Proof Lemma: It is easy to see that {3 x {3 X £5° 1s isomorphic with (3°, since, for

example, there exists an isomorphism
. o0 00 00 00
IT: 02— 030 x 02 x LT,

H(X) = ((l’o, T3, Xg, . - .)(Il, Ty, T, .. .), (IQ, T5,28, . . ))

and
—1
11 (U, V7S) = (Uoﬂ)o, S0, U1, V1, S1, U2, V2, S2, . . )

Thus, there exists an isomorphism II' @ (£ x £ x () — (). It follows from
Theorem 1 in Le Van and Saglam (2004) that there exists A € (£2° x £° x (). Let
A =TI'(A) € (£)". Then, the results are derived by the analogous arguments where a
standard separation theorem used'! as in the Theorem 2 in Le Van and Saglam (2004).
Note that T1 holds when F' is continuous in the product topology. T2c is satisfied if
there is asymptotically insensitivity, i.e. if x is changed only on a finitely many values
the constraint value for large ¢ does not change that much (Dechert 1982). T2c is the
asymptotically non-anticipatory assumption and requires ®°, (i = 1,..,5), to be weak-*
continuous (Dechert 1982). T2b holds when dom(®*) = ¢ and ®* is continuous (see

14As the Remark 6.1.1 in Le Van and Dana (2003), assumption f,(0,1) > 1 is equivalent to the
Adequacy Assumption in Bewley (1972) and this assumption is crucial to have equilibrium prices in K}F
since it implies that the production set has an interior point. Subsequently, it allows using a separation
theorem in the infinite dimensional space to obtain Lagrange multipliers.

21



Le Van and Saglam (2004)). As each ®' is continuous, ® is continuous in the product

topology.!®

Now, we are in a position to prove Proposition 1. We first check that the Slater condition
holds. Indeed, since f,(0,1) > 1, then for all ky > 0, there exists some 0 < k < ko such
that: 0 < k < f(E, 1) and 0 < k< f(ko, 1). Thus, there exists two small positive numbers
g, €1 such that:

0<E+g<f(@,1—51) and0<E+s<f(k0,1—sl).

Denote x° = (c% k%1°) such that c® = (g,¢,...), k® = (/{:O,E,/k\;, ), 10 = (e1,61,...). We

have

O5(x") = co+ ki — f(ko, 1 —1o)
= €+7€\—f<k0,1—€1)<0
P1(x°) = e+ ky— flhi, 1 - 1)
e+k—flk,1—¢e1)<0
OI(x") = e4+k—f(k,1—e1) <0, Vt>2

PI(x") = - <0, Vt >0, D5(x°)=—ko<0
P}(x%) =—k <0, Vt>1, ®}x") =—c,<0, Vt>0
PP(x") =, —1<0, Vt >0.
Therefore, the Slater condition is satisfied. Now, it is obvious that, VT, x* (x*, x") belongs
to (3 x €32 x (¥ As in Le Van and Saglam (2004), Assumption T2 of Lemmal is satisfied.

We now check Assumption T1. For any x € C, x € (5 x (3° x (3° such that for any T,
xT(X,X) € C we have

T

FET&EX) =Y Bul@.l) - Z Bu(G, 1y).

t=0 t=T+1

AsX € 030 X 0 X L, Sup|gt| < 400 , there exists m > 0, Vt, |é§| < m. Since g € (0,1) we
t
have

Z Bru(m, 1) = u(m, 1) Z Bt —=0as T — oco.

t=T+1 t=T+1

Hence, F(x (X, §)) — F(x) when T' — oo. Taking account of the Lemma, we get (1)-(6).

Finally, we obtain (7)-(9) from the Kuhn-Tucker first-order conditions.

Indeed, if V =1I7_, V' is basic open in £3° x €3 x £ x (5 x (5° then ®~1(V) = Ni_, (®*)~H(V?) is
open.
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