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Effective Erdos-Wintner theorems

Gérald Tenenbaum & Johann Verwee

Abstract. The classical theorem of Erd6s & Wintner furnishes a criterion for the existence
of a limiting distribution for a real, additive arithmetical function. This work is devoted
to providing an effective estimate for the remainder term under the assumption that
the conditions in the criterion are fulfilled. We also investigate the case of a conditional
distribution.
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1. Introduction and statement of results

The classical theorem of Erdés & Wintner [3], [5], is the analogue in probabilistic
number theory of Kolmogorov’s three series theorem in probability theory. It asserts that
a real, additive arithmetical function f possesses a limiting distribution if, and only if,
the following series converge

(1-1) Z mm(l;)f(p))’ Z fg(op)’
e If(ppe)TQ

where, here and in the sequel, P denotes the set of primes. Moreover it follows from a
theorem of Lévy [8] that the limit law is continuous if, and only if,

(12) Y e

fmzo?

while a well-known theorem of Jessen and Wintner [6] tells us that this limit law is
necessarily pure. See, e.g., [10; ch. II1.4] for proofs and historical comments.

In this work, our first aim is to exploit a recent result of the first author [11] on
mean values of complex multiplicative functions in order to provide an effective version
of the Erd6s—Wintner theorem, or, in other words, to furnish an effective estimate for the
supremum norm

17 = Fllo = sup|Folo) = FO)L (@ 1)
y

where, for each x > 1,

1
F, = — 1 eR
(y) = gg (y €R)
F(n)<y
is the empirical distribution function and F' is the limiting distribution. It is well known
that F' has characteristic function

et f(P")

- 1
(1-3) prr) = [emar@) =[[(1- )X~ (reR)
R » P70 b
We state our results in this direction as two separate theorems, corresponding respec-
tively to the discrete and the continuous case.
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Let us first consider the situation when (1-1) is realised but (1-2) is not. We then define
a multiplicative function uy by its values on prime powers

vy J1 A f(pY) #0,
and, given a prime p € P, write
(15 S0 =500 = X, = ()= (1= 2)5,0),

v>1

so that the convergence of the series on the left-hand side of (1-2) implies the absolute
convergence of Zp wy. We also plainly have

(1:6) =Y 00 ) = /ly“f(”dmo (4 = o).

= logy t
Writing
1-1/p
hy(m) = ug(m) [ | T, (m=1),
plm P

we easily check that

is a distribution function, indeed

> T ) <L ) = Tl

m>1

With these notations, we can state our first result. Here and in the sequel, we let log,
denote the k-fold iterated logarithm.

Theorem 1.1. Let f be a real additive function satisfying (1-1) but not (1-2). Then,
uniformly for x > 2, we have

1

oo T 1/4
17 = Flloe < Rai= g (o110527) + 5y (V) T+

Ezamples. (i) Let kK > 0 be a parameter and consider an additive function f such that
f(p) =1if 2™ < p < 2"(1 4 1/(logn)*) for some n > 3 and f(p) = 0 otherwise. In this
setting, the limit law is atomic—i.e. (1-2) fails—if, and only if, x > 1. We then have

1 1
A Rl o e e e

(ii) Assume now that f(p) = 1if 2" < p < 2"(1+ 1/n") for some n > 1, while f(p) =
otherwise. Then the series (1-2) converges for all k > 0 and we have

1 ( ) - (logQ 3/)61N 1

Oéf(y)x (10gy)'€7 =

= - R, = _ ,
(log y)mln(l,n) ’ (log x)mln(2/3,n)/4

with Kronecker’s notation 1.
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(iii) More generally, when the non-zero values of f(p) are distributed with sufficient
regularity, a simple criterion for the continuity of the limit law may be stated and
subsequent estimates for R, may then be easily computed. Indeed, writing

{pe®: f(p) #0} =PN (Upzilak, bi])
where the ag, by are integers, 2 < ar < by, we first observe that this set is certainly infinite
provided
(1.7) b, > a +a; ° (k>1)
for sufficiently small, positive ¢: it follows from [1] that, with ¢ = 0.475, we have
m(x +y) — w(x) < y/logx for x17¢ < y < z—the sharpest estimate of Hoheisel type
to date. Appealing to this result and to the prime number theorem in the form

Z 1:log<10gb>—i—O(ef\/@> (b=a>3),

oy P loga

it is a simple matter to deduce that, assuming (1-7), condition (1-2) holds if, and only if,

Zlo (logbk)_oo
& log ay, B

k>1

We next turn our attention to the case when (1-1) and (1-2) are both satisfied, which
implies that the limiting distribution F' is continuous. We then let 7;(y) denote any
continuous, non-increasing function tending to 0 at infinity and such that

min V)2
|f€p>)|y<1

For © > 2, we consider a quantity e, such that 1/\/logz < e, = o(1), and assume
henceforth that e, approaches 0 so slowly that

(1-9) ny(z®) = 0(6}/3) (x — 00).

We write furthermore

<15 (y), <nrly)  (y=1).

pY>y

f@)?
B =2+ Y TP oy,
and let £ — Qp(f) := sup,ecg {F(y + ¢) = F(y)} denote the concentration function
associated to F. Since F' is continuous, we know that Qr(¢) — 0 as £ — 0. Effective
upper bounds, depending explicitly on the sequence {f(p)},cp or on pp are available in
the literature: see, e.g., [2], [4], [7], [9], and [10; ch. II1.2]. For instance, the Kolmogorov—-
Rogozin inequality implies

(1-10) Qr( !

0 < :
VI Sl 1/

while a simple computation (see, e.g., [10; lemma I11.2.9]) provides
1/¢

(1-11) Qr(t) <t / lop ()] dr.

—1/¢

Theorem 1.2. Uniformly for all real additive functions f satisfying (1-1) and (1-2), and
allR>3,T > 3, x > 3, such that

(1-12) 2logy R+ 3T (R) + 7 < jlog(1/e,), T?np(a) < ef?,

we have

(113) 15— Flle < Qe (5) + /010 (T2 ),
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Remarks. (1) When, for instance, £ > 1 and f is the strongly additive function defined by
f(p) = 1/(logp)¢, an estimate of Koukoulopoulos [7] sharpening a result of La Bretéche &
Tenenbaum [2] yields Qp(¢) < £/¢ (0 < £ < 1/3). Then, By(R) =< 1, n;(y) =< 1/(logy)S,

the choice 6
g, =2/+/logz, R= eellog2) % — (log $)5/32

is admissible for suitably small ¢ > 0, and we get, ignoring some negative powers of log, x,

Fo — Fllo < 7733
(ii) The general estimate (1-13) may be superseded by specific known results when f(p)
shows rapid and smooth decrease. For instance, if f(p) = 1/p¢ with & > 0, f(p¥) = 0
(v > 2), we have Q(¢) < 1/|log¢| (0 < ¢ < 1/3) by [2; Cor. 1.3]. The optimal choice is
then

ex < 1/4y/logz, R= ec(logm)l/m, log T = (log z)"/?4,

and we only get

172 = Flloo < (log z)t/24”

while the left-hand side is actually < (log, z)/{(logx)logs x}, in view of [2; Cor. 1.5],
which includes the cases of the additive functions log{n/¢(n)} and log{o(n)/n} where ¢
is Euler’s totient and o(n) := }_,,, d. This lack of precision may be traced back to the use
of the general upper bounds (4-5) and (4-6) infra, which only integrate partial information
on the distribution of the f(p): when f(p) is quickly decreasing, a direct bound for the
difference of the characteristic functions furnishes the stated sharpening.

The technique involved in the proofs of the above results is actually fairly flexible. As an
illustration, we present a further effective theorem, describing how the distribution of an
additive function fluctuates when restricting the support to integers with a fixed number
of prime factors. To avoid technicalities we focus on the case of a strongly additive function
with continuous distribution, but a completely general statement could be achieved by
the same method.

Let w(n) denote the number of distinct prime factors of an integer n and, for x > 1, let
7k (x) represent the cardinality of the level set E(x; k) := {n < z : w(n) = k}. We have,
classicaly (see e.g. [10; ch. I1.6])

z(log, z)k—1
T('k(ﬂ?)v ( j25) )

T (k—1)!logx
and we may replace k — 1 by k£ when k < log, x.
Given the strongly additive function f satisfying (1-1), we consider for each r > 0 the
characteristic function

(1-14) o(T;yr) = H (1 + re”f(p)) (1 4+ )71 (r € R),

(1 <k<<log,x),

p—1 p—1

and denote as F,. the corresponding distribution function.
Our estimate depends on the function 7y defined in (1-8). We furthermore introduce
parameters v, T" and R such that

1
(1-15) log,
Tznf(R) < log(1/v), T27]f(:zw) <w (w:=0v%Y),

<v<c, 3<R<eY, T>1,

where ¢y and ¢y denote strictly positive constants, depending at most on k, ¢y being
sufficiently small and ¢; sufficiently large.
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Theorem 1.3. Let k €]0, 1[ and let f be a real, strongly additive function. Assume (1-1)
and (1-2) hold. Then, uniformly for k < r = k/logox < 1/k, y € R, and v, T, R
satistying (1-15), we have

1

(1-16) —— ) 1=F(y)+0(R)
Wk(ﬂf) neé(x;k)
f(n)<y
with
R = Qg, (%) + (v + log%v)) log <TB£(R)> + nf(R)T/(TH).

Due to the generality of the hypotheses, this statement turns out as rather technical.
Indeed an optimal choice of the parameters heavily depends on the sequence {f(p)}peop.
However, an explicit estimate easily follows in non-pathological situations. As an example,
consider the case when f(p) := 1/(log p)¢ with 0 < £ < r. It is then easy to show (see, e.g.,
[12; Exercise 259]) that |o(7;7)| = |7|7"/¢(log |7[)°™") as |7| — oo and hence, by (1-11),
that Qg.(¢) < £ as £ — 0. We may therefore select

v:=1/logyx, R:=logz, T := (logyx)s?
and infer that | < (logz 2)?/+/logy © + 1/ (logy 2)& ™in{1/2,r/(r+1)}

2. The key argument

Our approach rests on the following recent result of the first author [11; th. 1.2], for the
statement of which we introduce further notation. We let M(A, B) designate the class of
those complex-valued multiplicative functions g such that

14 1 4
p pY
p,v=2

and, for b € R, we write

sin(27b/A)
22 =p3(b,A)=1— ——=.
(2:2) 8= B(0, A) R
Moreover, given any complex-valued function g, we put ¢, := 1 if g is real, ¢, := 2

otherwise, and consider

Mzig) =Y gln).  Z(rig) = 3 L2
n<x p<x p
Theorem 2.1 ([11]). Let
a€l0,7], bela, 3], bh:=(1-b)/b, A>26, B>0, [:=p(bA),
W< o<A 222 1/\/logz<e< i},

and let the multiplicative functions g, r, such that r € M(2A, B), |g| < r, satisfy the
conditions

(23) 3 ’“(p)_p%eg(m < 18blog(1/e),
(2:4) > e = %6§(p)}h RBP o et logy (2 <y <),
(2-5) Z (r(p) = o)logp < elogy (z° <y <)

Py p

with & €]0,286/(3¢,)].
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We then have

(2:6) M(x;g) = = ZZ;{H > W) o 5eZ<w%g>)},

p pv<zx

where 7 denotes Euler’s constant. The implicit constant in (2-6) depends at most upon
A, B, a, and b.

3. Proof of Theorem 1.1

Let uy be defined by (1-4) and let vy be the multiplicative function defined of prime
powers by v¢(p”) := 1 — uy(p”). Then any integer n > 1 may be uniquely represented as
a product n = md with us(m) = vs(d) =1, (m,d) =1 and f(n) = f(m). Therefore

1 x
(3:1) BW=5 X s (m)Vin (=)
F(m)<y
with
Vin(t) = Z vf(d)zzvf(d,m) (t=1),
<t d<t
(d,m)=1

say, where, for each m, v¢(d; m) is the multiplicative function of d defined on prime powers
by vs(p¥;m) = ve(p”) if pt m and = 0 otherwise. For ¢ > 3, m < t, we have, by the
convergence of (1-2),

S L) S L o0 < logy 4 0(1)
p<t p plm p

and, similarly,

Z{l—vfp, m)} log p Z{l—vf p)}logp Zlogp

p<t p p<t p

/ Z 1) du » O(logy t) < By(t)logt + O(logy t),

u<p<t

plm

with notation (1-6).
Hence, for e := B;(t)3/* + 1/1/logt, we have, for t* < s < t,

1-— ; 1
Z { Uf(pz;m)} ogp < Bf(t)1/410g5+0(10g2 5) K gl/3 log t.

te<p<s

We may therefore estimate V,(t), uniformly in m < ¢, by applying Theorem 2.1 to
g = vy¢(-;m) with

b=1, o=A=¢=B=b=1 =50 +1/\logt, =1
We get, for 1 < m <,

Vin(t) = {1+O(1 1 )}tzpm( )+O<t5f(t)1/4+ (log;)m)
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with
ool =TT (=) IT (=57 =5+ 0(3)
ptm
- {0 HIL0 - T (=)

where S, w,, are defined in (1-5) and we have taken into account that 1/(1—1/p)—S, > 1.
Since w, < 1/p, we have log(1 —w,) > —2w,,, whence

H (1—wp,) > exp{ - ZZUJP} >1-0(as(t)),

p>t p>t
where oy is defined in (1-6). This yields

up(m) Vi (t) = H(l — wp)thy(m) + O(tu]v(m)Ro(t)) t=m=>=1)
P
with Ro(t) := ay(t) + B;(t)Y* + 1/(log 2t)*/C. Splitting the sum in (3-1) at m = [/z]
and considering that V,,(t) < t, we readily obtain, uniformly for y € R,
Fu(y) = F(y) + O(B1 + E»)

with

El = Uf(m)’ E2 = Ro \/5 M < R[) \/E 5
m;; - ( )mgﬁ - (Ve)
where the last bound follows from the convergence of the series in (1-2).
In order to bound FE;, we introduce a parameter T' > 2 and split the summation
according to whether the largest prime factor of m, say P*(m), exceeds T or not. We

obtain, for any o €0, 5|

1 u(p” ur(m
Be Y LYy

m>\/z p>Tv>1 m>=1
PT(m)KT
1 1 1
< x0/2 H <1+p170>+af(T)+T
p<T

For large T', we select 0 := 4/logT. The last p-product is then < log T, and so

1
El <<x_2/logT10gT+O[f(T)+T.

The required estimate follows by selecting T := /10827

4. Proof of Theorem 1.2
Given R > 3, we define the additive function fgr by

(4-1) Fr(@”) == {f(p”) if p” < Ror [f(pY)] <1,

0 in all other cases.
Denote by F,(y; R) the distribution function of fr on the set of integers not exceeding x
and by F(y; R) that of the limit law. We first observe that, when = € N*,

1
(4-2) Fe(y;R) - Fo(y)l < Y. — <np(R)  (yeR),
v p
p">R
[f(p")1>1

the same bound being valid for |F'(y; R) — F(y)| since the inequality is independent of x.
We may hence restrict to evaluating F,.(y; R) — F'(y; R) with the perspective of ultimately
optimising the parameter R.
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Note that, for 3 < R <

ZfR(p ; )+ Z f;)

(R) V 10g2 R’

pY<x pV R<p’<x
If(p")I<1
2 2 2
Z fr(P") _ Z f(p”) Z f(py) < Bf(R)’,
pY<x pY<R R<p’<zx p
[f(p")I<1

where we used (1-1) to bound the last sum. By the Turan-Kubilius inequality, it follows,
still for 3 < R < z, that

2
ICEREDEES SYABEICS WY
(43) n<ac n<z n<x
< |7|Bf(R)\/logy R+ 72 B (R)? log, R.
Writing
¢ (75 R) 1= é >R p(riR) = /Re”y ar(yR) =] (1- 1) 2

n<x p p v=0

et frR(PY)
P
and considering that the upper bound in (4-3) does not depend on z, we hence see that

©2(T; R) — ¢(7; R)
T

(4-4) < By(R)\/logy R+ |7|Bf(R)?log, R (r € R).

This estimate will be used for dealing with small values of |7|.
Next we evaluate ¢, (7; R) when |7| is not too close to 0, |7| < T, and assuming (1-12).
We have, for large x,

Z 1 — cos TfR Z Z
(4-5) p<z p<r?  R<p<a (r €R)
[f(p)I<1 ’

log(1/ex),

< 2logy R+ 74 £T%np(R) <
(where we used the estimate > . 1/p <log,y +7/2 (y > 2) which follows by partial
summation from Mertens’ first theorem in the form given for instance in [10; th. 1.1.8])
and similarly, for |7| < T, since z, := z°* > R by (1-12)

log p

e (& <y<o).

< T?nf(z) logy < e,

{1 —cos(rfr(p))}logp _ 1 » f
(4-6) ngl';éy p bk Z

1/3 logy

We may hence apply Theorem 2.1 to g :=e'™/# with A=p=1,b=1ph=18=1,
r =1, and € = ;. This yields

it fr(p")
e R) =] (1- ;) > e;p +0(e/°)
psw pY<®
“TI(- )55 ol
p<x v2>20

where we used the inequality |[[ (up +vp) =[], up| < 32, |vp], valid for all u,, v, such
that |u,| <1, |up, + vp| < 1.
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Since
1 irfr (") cifr(®) _ 1 1
M0 -+ +0(3))
iTf zf 2
“en{ T o) o)
[f(p)|<1

R T
(using |7| < 1+ 72) we eventually obtain, for |7| < T
pa(ri R) = o(m {14+ 0(=1°) L + 0(e/9),
and so
(4-7) (T3 R) = (73 R) + O(£}/%).

This enables an appeal to the Berry-Esseen inequality

(3 B) ~ F(: Bl < Q) + /_i

where Q(+; R) is the concentration function associated to F(-; R). Taking (4-2) into
account, we get

1 T
IF: = Flloo < Qr () +/
-T

To bound the last integral, say I, from above, we introduce a parameter u €]0,1[ and
apply (4-4) for || < u, then (4-7) for u < || < T'. This yields

dr,

pa (T R) — (13 R) '

T

pa(7; R) — (73 R) ’

T

dr +n¢(R).

I < uBg(R)\/logy R+ u?Bf(R)?logy R + /% log(T /u)
TBf(R))

< /61og ( :
xr

for the quasi-optimal choice u := 5}/6/{Bf(R)\/log2 R}.

5. Proof of Theorem 1.3

be defined

Let f be strongly additive, satisfying (1-1) and (1-2), and for R > Ir
f(n) for most

3 le
by (4-1). We start with a lemma showing that, for large R, we have fR( )
integers n € &(x; k). We recall the notation r := k/log, z and put

t

of(R) := nf(R)r/(rH) +1/(log :1:)’"/(7’+1).

Lemma 5.1. Let x €]0,1[. Uniformly for k < r:=k/log,x < 1/k, 3 < R < x, we have

(5-1) Y 1< op(R)mi(x).
neé(x;k)
fr(n)#f(n)
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Proof. We may plainly assume z to be large and hence that k£ > 2. Put

Pa=pePip> R M) > 1), Eale)= 3 & <ny(R)

psz
PEPR
The quantity to be bounded does not exceed the number of those integers n € &(x;k)
having at least one prime divisor in Pg.
From the classical Hardy-Ramanujan estimate for m;(y) (see e.g. [10; Ex. 264]) the
left-hand side of (5-1) is, for an absolute constant a,

DS 3 x > a{logy (3z/p”) + a}r?
< 1K ﬂkfl(gf) < :
v v _ | v
nEE(x,k) pV ”n pugz p p'jgm p (k 2) log(2x/p )
pEPR PEPR pEPR

Put v := oy (R)'/". The subsum corresponding to p” < 2!~ is plainly
z(logy ©)*2ERr(z) _ os(R)x(logy x)k—2
v(k —2)!log (k—2)!logx

The complementary subsum may be dealt with by partial summation. By the prime
number theorem, it is

<

L of(R)mp(x).

x k—2 z" k—2
< 1 / x{logy(3z/t) + a} dt = x / (logy 3u + a) du
(k—=2)! J,1ioo  tlog(2z/t)logt (k—2)!ogz J; ulog 2u
z{log, x — log(1/v) + a}*~1 log(1/v)\*
1 — 28 /Y r_ ,
(k—1)!logx < (a?){ logy } < mp(z)v” = oy (R)m(z)

O

Our next lemma consists in obtaining a uniform upper bound for

Sr(z;7,2) = Z ()it fr(n) (x =1, |z| =7).

n<x

Lemma 5.2. Let x €]0,1[. Uniformly for 3 < R<logz, k <r < 1/k, z = re’’, || <,
|7| < T, we have

e9rT?n;s (R) 1
(log z)7%0 * m}
Proof. By [11; cor. 2.1], the left-hand side of (5-2) is
14+ my(z;7) 1 }

ems (@7) Viogz

(5-2) Sr(z;7,2) < x(loga:)T_l{

(5-3) < :c(logx)T_l{

with

1 —cos{ +tlogp+ 7fr(p)}

[t|<logz > p '
p<z

X

Let ||a|| denote the distance of the real number a to the set of integers. The elementary
inequality ||a+b[|> > 1/a||? — b® and the standard lower bound 1 —cosa > 8||a/2x||* yield

(5-4) my(x;T) > 47“‘ lr?lin Ap(x;t) — 8r7277f(R)
t|<log @

with
1|9 +tlogp
Mt =3 pH‘

2
21 ‘
R<p<zx
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Now by [10; lemma II1.4.13], we have, restricting the p-sum to y < p < = with y > R,

log = 1 1+ |t
55 Ap(z:t) > Lo (—)+0( n ) 2 <y <)
(55) (@) > 13 log logy [t[logy = o\losy 2<y<a)

If 1 < |t] < logz, we select y := exp {(log, z)?} to get
Ar(z;t) = 4 logy @ + O(logs ).

Let us then define v := (logz)@*/27)=1 If 1 < |t] < 1, we select y = /¥ in (5-5) and

Finally, if |¢| < v, we have

Z 92 /4% + O(vlogp) <

21_222 1
V4 ( ﬁ/ﬂ)log<og:v
D 472

Ae(xt) >
£(2:1) log, @

(5'6) log z<p<Lel/v

JER

9?2 log x
=2l

) +0).

log,

Carrying back into (5-4) and (5-3) yields the stated estimate since 1/672 > 1/60. 0
We now deduce from Theorem 2.1 an asymptotic formula with remainder for Sg(z; 7, 2)
when z belongs to a neighbourhood of the real point r on the circle |z| = 7.

Lemma 5.3. For suitable constant ¢y €]0,1], arbitrary ¢; > 0, both depending at most
on K, and uniformly under the assumptions

A 1 log(1
z=re”, —— v <, |0] <Oy =y | oY o8(1/v)
(5:7) log, © log,

3<R< M, Tp(R) <log(1/v), Tns(a®) < w (w:=v),

, L+ |7 <T,

we have

(58)  Sp(mmz) = xe_w{ [T(+ Zep_le(m> +0((19] +v*)(10gx)") }

log x
& P<T

Proof. We apply Theorem 2.1 with r(n) := r*( g(n) := 2*(Me™fr() b := L min(1,r),
A :=max(1,7), 0:=r, 6 := b, and ¢ := (|9 + v?)*/?. We select ¢y so small to ensure
that 26h < 1, where h = (1 — b)/b.

Since

r(p) — Re r — Re
T (p) 9(p) _ 3 9(p)

1 — cos (19 + Tf(p))
. ; > +0(1)

b

+r

R<p<zx
If (p)I<1

2rlogy R+ r9% logy o + rT?ns(R) + O(1)
(e1 +3)rlog(1/v) +O(1),

P p<R

<
<

we see that condition (2-3) is satisfied for an appropriate choice of ¢y and ¢y: indeed, this
is clear if v2 > |9 for then 1/v < v/2/e%/2 and, if v < [9], we have €% < 219, whence
log(1/v) < logs z < log1/9, < dlog(1/e).
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Next, since v“* < € provided ¢ > 2/§, we have, for 2° < y < z,

192" 4+ T?n; (2°)) logy < 2" log y,

Z r(1 — cos{d + 7f(p)})" logp < (
z° <p<y P
If(p)I<1

and so condition (2-4) is also satisfied. Considering the fact that (2-5) holds trivially, we
obtain

SR(x; T, Z) _ LUe_'VT{ H (1 + ZeinR(p)) + O(gaez Zpgm eiffR@)/p) }

log x ot p—1
The required estimate hence follows from a trivial estimate for the last sum over p. O

We are now in a position to embark on the final part of the proof.
Define

iTfr(p)
€ — G, (z; 1) = e ?E(m) H (1 +

pP<T p<T

et frR(P)
p—1 )

Under conditions (5-7) for 7, we have

(5.9) |L(0;z) — L(7;x)| < 2logy R+ Ty (R) + %T%f(R) +0(1)
<

4log(1/v) + O(1) < logk,
in particular L(7;x) = log, z+O(log k), while of course L(0; z) = log, x+O(1). Moreover,

G- (z;x) is an entire function of z which is uniformly bounded on any compact subset with
respect to 7 and x, so we have for instance

(5-10) GU(0;2) /5! < 1/(1+7r) (j>0).

We now apply Cauchy’s integral formula to Sg(x; 7, z) for the circle |z| = r = k/log, =,
under hypotheses (1-15). This yields

Z oiTfr(n) _ e (11 — Ir + I3) s

= log
w(n)=k
with
L 1 zL(T;x) . dz . 1 z2L(T;x) . dz
I := 57 |Z‘:Te GT(zm)zkH, Iy = 57 er © GT<Z7x)zk+1’
[F2<|9|<7
k
e 9y dz o 1 ] dz
= %/ = OO+ T, L 27r/ alr SRETZ)
191D 9. <|9]<n

The main term is provided by I, equal to the coefficient of z* in eZL(T?I)GT(z; x). We
thus have

LT;xk_jG(Tj) 0;x L(r;2)k log k
(5-11) L= ), ( ()k—j)!j!( - (k!) {GT(“”)*O( lgf >}

0<j<k
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by (5-9) and (5-10), after a short computation involving truncating the sum at L\/EJ, for
instance, and noting that

(k:—j)!lL(T;J;)j - Z{1+0(W)} (0 <j< V).

The integrals I; (2 < j < 4) are treated as error terms. We first have, by (5-9),

vkl

e~ k9% /7? (log, )k v(cl/ﬂ2_4)r(10g2 )" v(log, )"
oA L] k! L

s k s
I < / eer(O;ac) cos ¥ d¥ < \/E(logQ l’) / 672]6192/7(2 d9
Y Y

<

since ¢; may be taken arbitrarily large in terms of x. Next

ol 0o B0

and finally, by (5-2), still with a suitable choice of ¢y,

k
Iz < i—k{ﬂi + 029, ) <

; acek ,Uclr/GO 1
o < omto)
Y rRloga 9"V + Viogx ok (@)

Gathering our estimates, we arrive at

e )

n<x
w(n)=k

since the error term of (5-11) may be absorbed by the other remainders. Applying this
with 7 = 0, we get

() = e " L(0; 2)*Go(r; ) {1 n O(v n log(l/v))}’

k!llog x Vk

and so, recalling definition (1-14),

1 ,
2(Ti k) = e Ir(n)
ealrik) = >

w?ng)ik
= Loy ol ) oo )
 L(r0)*Ga ) log(1/0)y log(1,/v)
= L(O’gj)kGO(’r,fp) +O<U+T) —QD(T,T')‘FO(’U"‘ \/E >,
in view of (5-9) and since
etTfrR(P) _ 1

1
< Tnp(z) + $T%np(z) + O(;) <L v.

>

p>x

p—1
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It remains to apply the Berry-Esseen inequality, taking into account a variant of (4-3)

conditioned to w(n) = k in order to handle the contribution of small 7. Assuming (1-15),
we get, for 0 < u < T,

(T3 k) —(T357)

1 T
-7, - d
Sup | ng(;.k) (y)‘ < Qs (7)+ /_ ) - 7
fr(n)<y
1 2 2 log(1/v) T
< Qs, () + uBs(R)/1ogy R+ By(R)* + (v + v ) tog

< Qg, (%) + (v + log%v)) log (TB;‘)(R)>’

with the quasi-optimal choice u = v/{Bf(R)+/logy, R}. The required estimate now follows
from (5-1).
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