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Abstract

In the transportation domain such as automotive turbochargers and aircraft turbines, the vibrations of on-board
rotors are induced not only by the mass unbalance excitation but also by various movements of their support. The
dynamics of an on-board rotor mounted on hydrodynamic finite-length bearings is investigated in the presence of support
motions which create multi-frequency parametric excitations. The developed on-board rotor model is based on the gyro-
scopic Timoshenko beam finite element with two nodes and six degrees of freedom per node for 3D motions (transverse
and axial displacements as well as rotations due to the bending and to the torsion). The equations of motion highlight
time-varying parametric terms due to the mass unbalance, the support rotations, the coupling between both phenomena
and the combination of mass unbalance and support translations. These parametric terms can yield a dynamic instability
because they contribute as generators of internal excitation. In the presented applications, single-frequency and multi-
frequency parametric excitations are used. Namely, the rotor is excited either by simple and combined sinusoidal support
rotations or by a rotating mass unbalance combined with sinusoidal support translations to examine the stability of the
static equilibrium point through the Floquet theory.

Keywords: Rotordynamics, on-board rotor, finite element method, hydrodynamic journal bearing, support motions,
parametric excitation, dynamic instability.

1. Introduction

In numerous modern industrial applications, the rotating machines possess a major role. Indeed, most of
them can be considered as on-board machines subject to both mass unbalance and several excitations of the support.
The following examples are considered as on-board rotating machines (rotors with a mobile support): a naval ship
turbine subject to the roll or pitch motions due to the sea waves, an automotive turbocharger excited by the road
imperfections, an aircraft turbine engine excited by the wing vibration, etc. The undesirable and unavoidable mass
unbalance is created due to the eccentricity of the mass center all along the rotor axis. It is conventionally caused
by the geometry of the rotating parts (manufacturing defaults), the material non-homogeneities, the assembly of the
rotating parts and the service conditions. The aim of the rotor balancing is to minimize the mass unbalance but the
balancing generally is not able to implement a whole elimination (for example, see Kang et al. [1] and Levecque et
al. [2]). The support movements can increase the vibrations of the rotor and lead to phenomena of dynamic instability.
Therefore the prediction of dynamic behavior of the rotors must be carried out more and more carefully at the design
stage which has to take into account multi-source excitations in order to fabricate rotating machines as reliable as
possible and to avert a disastrous failure during the operation phase.

Rotordynamics has been extensively treated in the case of a fixed support. In this context, the literature involves
several books studying a large assortment of phenomena linked with the dynamic behavior of symmetric/asymmetric
rigid/elastic rotor systems supported by rigid bearings or linear /nonlinear flexible ones. Only few of them can be cited
in the current paper (see Lalanne and Ferraris [3], Genta [4]). Numerous studies contributed to the finite element

* Corresponding author. fax: +33 4 72 43 89 30.
E-mail addresses: yvon.briend@insa-lyon.fr (Y. Briend), mzaki.dakel@gmail.com (M. Dakel).

1

© 2019 published by Elsevier. This manuscript is made available under the CC BY NC user license
https://creativecommons.org/licenses/by-nc/4.0/


https://creativecommons.org/licenses/by-nc/4.0/
https://www.sciencedirect.com/science/article/pii/S0094114X19316295

method and applied it to the rotor modeling. Nelson and McVaugh [5] developed the major breakthrough in the finite
element modeling of a rotor and concentrated on a model called “Rayleigh beam”, which takes into consideration
the gyroscopic effects depending on the speed of rotation of the rotor and the rotatory inertia of the shaft. Some
works were interested by the instability of parametrically excited systems. Dufour and Berlioz [6] established the
time-varying parametric equations of motion of the system and evaluated the stability of pinned-pinned, clamped-
pinned and clamped-clamped beams excited by periodic axial forces and torques by employing the Rayleigh-Ritz
formulation, the Floquet theory and the Friedmann approach [7]. As shown in their paper, the dynamic behavior
instability could occur if the excitation frequency was close to a combination of two natural frequencies of the system,
already formulated by Hsu [8].

Owing to the diverse exploitations of rotors in the daily industries since the past century, on-board rotordynamics
was an attractive scientific subject for a lot of authors and researchers in the last decade. The article of Lin and
Meng [9] is considered as one of the first studies concerning the on-board rotor systems in aircrafts. In their work,
they predicted the influence of the translational motions with a constant speed as well as a constant acceleration
and of the sinusoidal translation of the support on the time history responses of a Jeffcott rotor in the presence of
a mass unbalance excitation. Lee et al. [10] proposed a finite element rotor model based on the Timoshenko beam
theory and subject to a shock excitation of the support and discussed the experimental behavior of a rotor under this
excitation. Duchemin et al. [11] investigated analytically the motion stability of a rotor excited by a periodic rotational
motion of the rigid support using the Rayleigh-Ritz and multiple scales methods. In order to validate the theoretical
results, they provided also experimental tests. Depending on the model presented in [11], the work of Driot et al. [12]
highlighted numerical orbits of the rotor and compared them with an experimental study. El-Saeidy and Sticher [13]
derived the equations of vibratory motion of a rigid rotor-linear/nonlinear bearing system in the presence of a mass
unbalance and harmonic movements of the support around or along transverse directions. They calculated analytical
frequency responses of the rotor mounted on linear bearings, while they interpreted numerical results regarding the
time domain, the fast Fourier transform and the Poincaré map in the presence of a bearing cubic nonlinearity. Using
an electromagnetic actuator, Das et al. [14,15] proposed an active vibration control strategy for a flexible rotor-bearing
system modeled with Rayleigh beam finite elements and subject to a mass unbalance as well as to a sinusoidal rotation
of the support.

In this decade, the utilization of advanced computer softwares and more robust techniques opened effectively the
possibility for more accurate developments to be applied to on-board rotor systems and numerous studies contributed
to this topic. Dakel et al. examined the influence of the rotational and translational motions of the support on the
lateral dynamic behavior of a finite element rotor model based on the Timoshenko beam theory and mounted either
on rigid ones [16] or on linearized /nonlinear hydrodynamic journal ones [17]. In addition, these authors observed
instability regions due to parametric excitations associated with the geometric asymmetry of the rotor [16] and with
the support rotations [17]. On the other hand, they obtained sub-harmonic, quasi-periodic and chaotic responses of the
on-board rotor because of the hydrodynamic bearing nonlinearity [17]. Recently, Han and Chu published some papers
on the support-excited rotor systems. First, the authors studied a finite element cracked rotor model founded on the
Euler beam theory and excited by sinusoidal rotations of the support and introduced an improved harmonic balance
method to obtain the linear stabilized responses and to discuss the influence of the amplitude and the frequency of the
support excitations as well as that of the crack depth [18]. In the second paper [19], they predicted the dynamics of spur
gear-rotor systems subject to sinusoidal rotations of the support around one of the transverse directions and showed
that the corresponding response amplitudes were slightly affected even if the excitation frequencies and their multiples
were found in the responses. Later, Han and Chu [20] applied the discrete state transition matrix method (Floquet
theory) for an on-board rotor system modeled in the same way as in [18] to attain the parametric instability regions
induced by the periodic rotations of the support. Sousa et al. introduced a finite element rotor model depending on
the theoretical approach proposed by Duchemin et al. [11] to discuss some numerical results regarding rotational and
translational excitations of the support [21] and to emphasize an experimental validation of this model regarding the
impact and sinusoidal translations of the support [22].

Very recently, some works were interested by the nonlinear dynamics of on-board rotors mounted on hydrody-
namic journal bearings after the appearance of the study of Dakel et al. [17]. In the case of sinusoidal translations
of the support, time history responses, spectral analysis, Poincaré maps and bifurcation diagrams were the analysis
tools to observe nonlinear phenomena (such as quasi-periodic and chaotic motions) for a centrifugal pump [23], a
turbocharger rotor system [24], a rigid rotor [25], a flexible rotor modeled by Euler beam finite elements [26]. On the
other hand, researchers concentrated on the dynamic behavior of the on-board rotor in the presence of nonlinearities
which were caused by the support rotations [27] or by the highly flexible shaft [28]. On-board rotordynamics under
support excitations was exploited by some works to investigate the vibrations of rotors with fibre reinforced blades
(composite material) [29], to study the transient regime in the presence of a non-stationary speed of rotation [30], to
deal with the geometric asymmetry of disk and shaft [31] and to examine a new control law using active magnetic
bearings [32].

Although most of the researches stated previously deal with support-harmonically excited rotor systems, few
articles focus on the stability analysis of the parametrically excited on-board rotors especially in the case of multi-
frequency parametric excitations. Moreover, these researches focus either on constructing simplified models or on



predicting only the dynamics of on-board rotors in bending. Even if the adoption of simplified models facilitates the
investigation and the understanding of the dynamic behavior of such mechanical systems, it remains restricted in the
practical applications and weakens the ability to produce the desirable accuracy between the theoretical and realistic
rotor models under the operating conditions. Indeed, the most common restrictions and simplifications are relevant
either to the geometric characteristics of the rotor (for example, rigid rotor [13,25]), to the use of the Rayleigh-Ritz
approach (for example, see [11,12]) as well as the finite element method based on four flexural degrees of freedom (for
example, see [16-18,20,21,26]) for the spatial discretization of the rotor model, to the constant damping and stiffness
coefficients of flexible bearings supporting the rotor (for example, see [13,15]) or to the type of rotor support excitation
(single translation or rotation).

In order to enhance the ability of an on-board rotor model, an original contribution is proposed in the current
paper. Namely, a flexible rotor running at a time-varying speed of rotation is discretized using the finite element method
based on the Timoshenko beam theory as well as on six degrees of freedom per node (flexural, axial and torsional
ones), mounted on hydrodynamic finite-length bearings (for which the external forces are computed using the Reynolds
equation [33]), and excited by combined deterministic movements (three rotations and three translations) of the rigid
support. Eulerian angles are utilized to describe the orientation of the disk and the shaft with respect to the moving
support in the case of bending and torsion of the flexible rotor. The kinetic and strain energies as well as the virtual work
of the rotating rotor components are calculated. Timoshenko beam finite elements containing the effects of the rotatory
inertia, the gyroscopic inertia and the shear deformation of shaft due to the bending are considered for the dynamic
modeling of the on-board rotor. Using the finite difference method to treat the Reynolds equation, a linearized model
with damping and stiffness coefficients is considered for the hydrodynamic journal bearings. The linear second-order
differential equations of vibratory motion of the rotor with respect to the rigid support (which constitutes a non-inertial
frame of reference) are established by applying Lagrange’s equations. They include time-varying parametric coefficients
corresponding to the mass unbalance inclination, to the support rotations, to the coupling between both phenomena
and to the combination of mass unbalance and support translations. These time-varying coefficients are a source of
dynamic instability because they create single-frequency and multi-frequency parametric excitations during sinusoidal
movements of the support. In the proposed numerical examples, a symmetric rotor-hydrodynamic journal bearing
system is subject either to simple and combined sinusoidal rotations of the support or to rotating mass unbalance
correlated with sinusoidal translations of the support. Its dynamic behavior is investigated by discussing mainly the
influence of the support motions on the stability charts.

2. Problem formulation and assumptions adopted for the on-board rotor

The basic mechanical components of the on-board rotor are sketched in Fig. 1. The distribution of the mass
unbalance is continuous and arbitrary all along the rotor. Therefore the mass unbalance cannot perfectly be eliminated.
The residual mass unbalance and the different imposed motions of the support represent the excitations taken into
account. The transverse deflections, the axial displacement and the torsional rotation of the shaft are studied and
evaluated here to understand the dynamic behavior of the rotor.

The following assumptions are retained in the current investigation: the symmetric disk is infinitely rigid, the
symmetric shaft is deformable and modeled with elastic isotropic homogeneous Timoshenko beam elements of constant
cross-section, the mass unbalance is modeled as lumped masses, the hydrodynamic journal bearings supporting the
shaft are of finite-length type, the support is absolutely rigid and mobile, the rotor runs at a time-varying speed of
rotation g/)(t) The latter brings additional stiffness matrices in the equations of motion compared to those obtained
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Fig. 1. Basic mechanical components and coordinate systems of the on-board rotor model.



with a constant speed of rotation.

Taking into account the support movement modifies the equations of motion of a rotor when compared to those
produced in the case of a fixed support. The approach proposed by Duchemin et al. [11] is adopted in order to ensure a
straightforward modeling. Three coordinate systems are employed to consider the motion of the support with respect
to the ground and that of the rotor with respect to the support.

The derivation of the equations of motion is inspired from the theory described by Lalanne and Ferraris [3] as
well as Dakel et al. [16]. First of all, the frames of reference necessary to characterize the movement of an on-board
rotor are defined and the vectors expressing the rotations between them are computed. Then, the kinetic energies
for the disk, the shaft element and the concentrated mass unbalance, the strain energy for the shaft element and the
virtual works for the gravity loads due to the disk and to the shaft as well as the hydrodynamic bearing forces are
calculated. Moreover, the rotating flexible rotor is discretized by means of the Timoshenko beam finite elements for
which each node is built with six degrees of freedom (transverse and axial translations as well as rotations due to the
bending and to the torsion). Finally, the differential equations of motion of an on-board rotor-hydrodynamic bearing
system are deduced from Lagrange’s equations applied with respect to the generalized coordinates ¢; by the following
form:

d /oT oTr oU
dt(%i) 75qz‘+37%7Fq“ W)

with ngof (1 <@ < ngop) the number of degrees of freedom, T" and U the kinetic and strain energies respectively and
F,, the external forces corresponding to ¢;. The symbol “e” refers to the differentiation with respect to time ¢.

3. Basic calculations of the kinematics

The utilization of more than one frame of reference requires establishing carefully the relationships between
the different defined coordinate systems. Fig. 1 shows three principal Cartesian frames of reference introduced to take
into account the mobility of the rotor support: R (z9,y9,29) is the Galilean frame of reference fixed to the ground,
R (,y, z) is the non-inertial frame of reference connected to the moving rigid support, R' (2!, 4, 2') is the non-inertial
local frame of reference (moving with the rotor during its operation) attached to the center of mass of the rigid disk
or to the geometric center of a section of the deformable shaft. Let O9, O and O be the origins of the frames of
reference RY, R and R! respectively. The origin O9 of the frame RY represents the center of rotation of the support
R with respect to the ground.

The elastic line of the undeformed shaft is along the Oy axis on which the disk mass center is located. Moreover,
2Oy and yOz are both planes of symmetry for the disk and the undeformed shaft. Thus Oz, Oy and Oz are principal
axes of inertia.

Let us consider an arbitrary point C"" along the elastic line, i.e., it represents the geometric center of the
undeformed shaft. Its coordinates in the frame R are (0,y,0). Let its time-dependent dynamic lateral displacements
along the Oz and Oz axes be u(y,t) and w (y,t), see Fig. 2(a). On the other hand, its coordinate along the Oy
longitudinal axis is not a constant with respect to the rotor support R. Thus the axial displacement v (y,t) along Oy
is taken into account.

According to the classical rotordynamics theory, the transformation between the frames R and R! presented
in Fig. 2(a) and (b) is carried out by the Euler angles ¢ (y,t), 0 (y,t), ¢ (y,t) = ¢ (t) + A(y,t) (where ¥, 6, ¢,
A are respectively the precession, nutation, spinning as well as torsional angles, while ¢ is the nominal rotation
of the shaft without deformation) and two intermediate frames of reference R (z,y™,2) and R (x%2,y%2, 22).
The relationship between the components of any vector V projected in R and those projected in R! is expressed as
follows [16]:

cos ) cosp —sinysinfsing  siny cosp + cosyPsinfsingy — coshsin p
Vig =REV|p with RE = —sint cos 6 cos 1 cos ¢ sin 0
cossiny +sinysinfcosp sinysing —cosypsinfcosp  cosbcosp

(2

where Rgl is the rotation matrix of the rotor R! with respect to its support R.

Introducing the intermediate reference frames R (23,3, 2%) and R% (2%, y™, 2) as well as the Euler angles
a(t), B(t) and ~ (t), see Fig. 3, the relationship between the components of any vector V expressed in R? and those
expressed in R is described by the following [16]:
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Fig. 2. (a) Transformation between the coordinate system linked with the rotor support R and the local coordinate
system R'. (b) Euler angles for the change of basis.

cosacosy —sinasinfsiny sinacosy + cosasinfsiny —cosfsiny
g9 . 9 . .
Vg =RE'V|g, with RE = —sinacos 8 cos a cos 3 sin 3 , (3)
cosasiny 4+ sinasin fcosy sinasiny — cosasin fcosy  cos [ cosy

where Rgg is the rotation matrix of the rotor support R with respect to the ground RY.

The calculation of the energies of the rotor components necessitates establishing the angular velocity vectors
of the frames of reference R as well as R' and the position vector for the origin O of R. The instantaneous angular
velocity vector wgl of the coordinate system R’ with respect to R is defined by

wh = 0x™* + oy + 9z, (4)

where xi1, y! and z represent unit vectors along the O'z*, Oly' and O'z axes. Let the components of the angular

L
velocity vector wg, projected in the local frame R’ be wfl, w{ and wfl. Their expression is written in the following
form [3,16]:

w —1) cos O sin g + 0 cos
. .
wgz = w = - ¢Ysinf+¢ : (5)
wfl . Peostcosp +0sing )

In the same way as previously, the instantaneous angular velocity vector wgg, which achieves the orientation
of the frame linked with the rotor support R with respect to the Galilean frame RY, is described in the frame R by

w® —dvcos Bsiny + B cosy
Wi =Swv )y = drsin B 45 , (6)
w* ) p dcosfcosy + fsiny )
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Fig. 3. Transformation between the Galilean coordinate system RY and the coordinate system attached to the rotor
support R.

where w®, w¥Y and w? are defined as the components of the angular velocity vector wgg projected in the coordinate
system fixed to the support R. Let the components of the angular velocity vector wgg of the rigid support R with

1
respect to the ground RY expressed in the local frame R' be wg"l, wy and wgl. Their expressions are obtained by
Eq. (2) defining the relationship between the reference frames R and R', i.e.,

1
, W%CL w? (w® costp + w¥sin ) cos p — ((w® siny) — wY cos ) sin 6 + w® cos H) sin
wg‘ = wl = Rgl wY = — (w®siny — wY cos ) cos @ + w® sin 6 . (7N
2 w? (w*siny — w? cos ) sinf + w” cos ) cos p + (w* cos P + w?siny)sinp ) o,
Wy R! R

Finally, the instantaneous angular velocity vector wgf of the rotor R' with respect to the ground RY projected
in the local frame of reference R' represents the sum of the vectors wg, and wgg defined in Egs. (5) and (7), then

1
xT xr xT
wll W2l w
RY R RY !
wp =wp twp = qw! + QWi =qw? . (®)
1 l 1
z z z
wi ) W5 ) p w* ) o

The absolute position vector O8O0 of the origin O of the coordinate system attached to the support R projected
in the Galilean coordinate system RY is given as follows:
080 =< v} . (9)

g
20 R9

Inserting Eq. (3) defining the relationship between the frames RY and R, the position vector O8O0 expressed in
the frame R becomes

To zd (2, cos e+ yd sina) cos v — (& sina — v, cos @) sin B + 2, cos 8) siny
g
080 = ¢ yo =RE vo = — (z, sina — yd, cos ) cos B + 22, sin B (10)
20 ) » 25 Ro ((zd sina — y¢, cos ) sin B + 24, cos B) cosy + (zg, cos a + yg sina)siny )

Subsequently, the computations are accomplished by employing the rotational w?® (t), w¥ (¢), w* (t) and trans-
lational zo (t), yo (t), zo (t) components of the support motions (see Fig. 4) as well as their derivatives with respect
to time ¢.
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Fig. 4. Rotational and translational motions of the rotor support.

4. Finite element modeling of the on-board rotor-bearing system

In this section, mechanical formulations for the disk, the shaft, the mass unbalance and the hydrodynamic
journal bearings are proposed. The kinetic and strain energies of the rotor components are measured by an observer
positioned at the ground RY and their terms are written with respect to the coordinate system connected to the mobile
rigid support R. In order to model the on-board rotor, the finite element method based on six degrees of freedom
containing the flexural, axial and torsional motions is chosen.

J.1. Disk

The disk is assumed to be rigid according to the assumptions presented in Section 2. As a consequence, only
its kinetic energy and the virtual work of its weight are computed. The kinetic energy Ty is composed of the scalar
sum of the absolute translational kinetic energy and the absolute rotational kinetic energy about the disk mass center
situated at the arbitrary abscissa yq4 along the Oy axis [10,11,16,17,20], i.e.,

mq ( g\ ge 1 ro\T RY . ; x y 2
T, = > (Vof) Vo + 3 (le> L, wps with L, =diag[I%, 1Y I ], (11)

where the superscript T is the matrix transposition symbol, m is the mass of the disk, vgf is the translational velocity
d

vector of its center OY and I,,,, is its principal inertia tensor. I% , I% and I7?,  are the principal moments of inertia
of the disk mass about the Oz, Oy and Oz axes respectively. In addition, I} is utilized to define the mean moment
of inertia of the disk mass. Since the disk is symmetric according to the assumptions highlighted in Section 2, I},
and [, are equal to the mean moment of inertia ;.

The translational velocity vector vgz is determined by means of the absolute position vector O8O} of the disk

mass center situated at the arbitrary abscissa y4 related to the frame R. The latter is observed from the ground and
expressed in the coordinate system attached to the rotor support R by

To Ud Uug + 2o
0804, =080+ 004 ={yo ¢ +va+tyap =va+va+yop - (12)
20 ) p Wy R wq + 20 R

Employing the transport theorem expressing the relationship between the time derivative of a vector measured
from a fixed frame of reference and that of the same vector but measured from a moving frame of reference, the
derivation of the position vector O8O0, yields the following formulation:

080}  df0s0}
a At

. . . g + %o + (wq + z0) WY — (va + ya + yo) w*
+ wﬁ A O8O0} = Vgl ;  then vgl = Vg + Yo — (wa + zo) w® + (uqg + o) w* (13)
! ¢ Wa + 20 + (va + ya + yo) w” — (ua + o) W)

Let ﬂoé , oold and ”U'fofi represent the three components of the translational velocity vector vgf of the disk center.
d

l
The components of the vector wglg are given by wfi’“’l, wy and wjl. Thus the following expression of the disk kinetic
energy is obtained:
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The assumptions found in Section 2 state that the rotor runs at a time-varying speed of rotation qb(t) Thus
the spinning angle ¢ and its time derivative ¢ are replaced by ¢ + A and ¢ + A respectively. The angles of rotation (6,
) and their time derivatives are very small. The trigonometric functions of these angles are consequently replaced by

. . . - . 03 .
their Taylor serles expansion limited at the order 2 and are expressed as sinfly >~ 04, cosfly ~ 1 — 3, sinpg ~ 4 and

costpg ~ 1 — 7"’ On the other hand, the disk weight (effects of gravity) is taken into account and can be defined by

0 —cos Jsiny
F'" = RE 0 =—mayg sin 8 . (15)
—Md G} p cos [3 cosy R

The above equation confirms that even if the gravity force of the disk is a constant with respect to the Galilean
frame RY, this force becomes time-variable when it is projected in the frame connected to the support R. Such a
change occurs only in the case of rotational motions of the support according to Eq. (15).

The disk is modeled by one-node finite element situated at the geometric center of the shaft cross-sectional area.
The node of nodal interpolation corresponds to that n; of the undeformed shaft ﬁnite element esh; (where ¢ is the shaft
finite element number). It is associated with six degrees of freedom w.i, v, wli, 607 Al and 975, i.e., transverse
and axial translations as well as rotations due to the bending and to the torsion. Thus the nodal displacement vector

of the disk finite element expressed in the coordinate system fixed to the rigid support R is given by
o = [, 00wl 00 Mg ] - (16)

After substituting Eq. (16) into Eq. (14), the application of Lagrange’s equations to the obtained kinetic energy
leads to the following differential equations:

d oT,q4 0T ,q . en n
a 65:d> - 85:d = Med&ed + Ced (t) 6611 + Kea (t) ed — Fé\d (t) - Fed,su (t) ) (17>
with
Mg, = M + Med7 (18)
Ced (t) ed ¢ + Ced su w® + Ced su w? + Ced suW s (19)

w? + K9, w*?
(rb ed uW (20)

ywz’
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Y
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The elementary matrices and vectors of the disk finite element are presented in Appendix A. Finally, the virtual
work for the disk weight is formulated and thus the nodal gravity force is obtained as follows:

Wy = (Fr 56 ; with FVr = —mg g |— cos B siny,sin 3, cos S cos,0,0,0 T 22)
ed ed ed



4.2.  Shaft

The shaft is assumed to be flexible according to the assumptions presented in Section 2. As a consequence,
its kinetic and strain energies and the virtual work of its weight are computed. The kinetic energy of the symmetric
shaft element can be determined by taking a shaft elementary volume which can be considered as a symmetric disk of

very small thickness dy. Let uoi, Do, Wwor be the components of the translational velocity vector vglg and oﬂl wyl,

w® be the components of the instantaneous angular velocity vector wf Rl As a consequence, the expression for the
kinetic energy T, of the shaft element, whose end-points have the abscissas y; and y, along the Oy axis, is written
hereafter [11,16,17]

Sg Y2 ) ) ) shImo Y2 Y2 Y2
Tsh = 7p‘9h2 sh / (UQOL + ’Uéz + wéz) dy + p% / w“"l2dy + 2/ wledy +/ UJZlZdy ) (23)
Y1

Y1 Y1 Y1

where pgp, Séh and lg, = yo — y1 represent respectively the density, the cross-sectional area and the length of the shaft
element. g =I5 = I  is the mean moment of inertia of the cross-sectional area. The rigid support motion with
respect to the ground has no influence on the strain energy of the shaft because the latter is related only to the stresses
and therefore to the bending, axial and torsional deformations of the shaft with respect to the rotor support R. In
addition to the classical linear terms in the strain field due to the bending deformation, another aspect obtained by
the bending is taken into account, i.e., the shear effects highlighted by Timoshenko. Thus the expression of the strain
energy Uy, for the shaft element is of the following form:

EgIge (v (rop\?  [060\° Gonk™Ssn (V2 [ [ Ou 2 ow 2
o () () o [ () ()
2 " Jy oy 2 " oy oy
EaSsn Y2 (00 v2 /9N 2
L / (ay) W+ Gonlsis / (ay) .

where Fqp,, Ggp = % and v, are respectively Young’s modulus, the shear modulus and Poisson’s ratio of the
sh
isotropic homogeneous shaft material. x1;° = k%, = k7, represents the mean shear correction factor of the cross-

sectional area of the shaft. Moreover, the shaft weight can be obtained by considering a shaft elementary volume
equivalent to a disk of very small thickness dy. It is described by

. woo 0 v | —cos Bsin~y
Fm = / Ry 0 dy = _psthhg/ sin 3 dy. (25)
1 —pshSsn 9 ) pe vi | cosfcosy ) p

The shaft is modeled with n.s, two-node beam finite elements and thus possesses negsp + 1 nodes Let us consider
an undeformed shaft finite element esh; which consists of two nodes n; and n;;1 of coordinates y; and y, "+ along
the Oy axis. This finite element is of density pesn,;, cross-sectional area Sesp,, length lesp,, moment of inertia Ig:ghi,
Young’s modulus E.sp,, Poisson’s ratio vesp, as well as shear correction factor s h where i (1 <@ < nggp) is the shaft
finite element number. Considering six degrees of freedom for each node, the nodal displacement vector of this finite
element projected in the reference frame fixed to the rigid support R is given as

n

[ n;g g n; n; Nit1 Mt Nit1 ANit1 it1 i1
v, = |u v 0 Al u v w 0 A" P ] (26)

esh;’ “esh;’ esh’ esh;’ ‘esh;? Tesh;’ “esh; > “esh; ? “esh; * “esh; ? “esh;y1? Tesh;

The dynamic transverse displacements uegp,, Wesn, and the axial displacement vesp,, of any point C* respec-
tively along the Oz, Oz and Oy axes of the frame R as well as the rotations Ocsp,;, Yesh;, Aesh; respectively around the
Oz, Oz and Oy directions due to the bending and to the torsion are formulated as a function of the nodal displacement
vector 0., as follows:

Uesh; = ngh (g) esh;? Wesh; = Fesh (g) esh;> Vesh; = Feshl (g) esh;’

065}7«1‘ = Fesh (g) esh;? weShi = Feshi (g) 6esh7',; )‘63]7«7: = Fesh (g) 5esh ’ (27)
where Fesh , F?Sh , FO. n, and FES », are the shape function vectors of a Timoshenko beam finite element regarding the
flexural motions. They involve the shear effects, are described as a function of the dimensionless variable g (y = )

eshi

along the Oy axis of the frame R and represent third-degree and second-degree polynomial equations (see Chen and



Ku [34]). The shape function vectors f‘;’shi and Fg\shi for the axial and torsional motions are first-degree polynomial
equations (i.e., the classical linear Lagrange shape function vectors).

After inserting Eq. (27) in Egs. (23) and (24), the application of Lagrange’s equations to the resulting kinetic
and strain energies yields the differential equations of motion of the shaft finite element described by

d  OTesn, OTesn,  OUesh, n o .
— hl> hi + hi — Meshi 5eshi + Ceshi (t) 6eshi + Keshi (t) 565,” — Fishi (t) — Feshi,su (t) , (28)

de 85:8,” 66eeh a(sesh
with
CGShi (t) - g,h (rb + Cesh ,SU w + Cesh ,SU w + Ceshhsu wzv (30)
KEShi (t) = Kesh + Kesh ¢ + Kesh ,SU o‘} + Kesh suw + Kesh ,SU w + Kesh ,SU ¢wy
+ Kesh ,SU w” + Kesh ,SU w? + Kesh ,SU w* + esh ,SU w® wY + z)sh‘:isu w” w* (31)
+ :shf,su wY wzv
Fesh ( ) Vesh )
Fesni su () = ~Vini su (jéo +2Z0wY —2g0w” + zo (WY + W' W?) —yo (W —w*wWY) — 20 (wyz + wZQ))
— Vish, su (yo —220W" + 220 w® — 2o (W* — WY W?) + 20 (W + W WY) —yo (wg”2 —|—w22))
— Vi su (2‘0 + 290 w” —2iow’ +yo (W' + wY w?) —zo (WY — W' W?) — 20 (wg”2 —|—wy2)) (32)
- Vlelslzhsu (wz +w’w ) V?;S,U}‘L ,8U (wz —w” wy) stvh ,8U (wx2 + WZQ) Vesh ,SU (wz + w? wz)
VP‘?hu?u Vz}ahl,su (w —W wy) VZaﬁl,su (¢w tw wy) + Ve.sh ,SU <¢w + w? wz) .

As can be seen in Egs. (28)—(32), the only difference with respect to the disk matrices is the stiffness matrix
due to the shaft elasticity. This matrix comprises the effects related to the streching and torsional motions, to the
linear bending deformation as well as to the shear deformation. Finally, the calculations of the elementary matrices
and vectors for the shaft finite element are provided in Appendix A. Lastly, the virtual work for the gravity load due
to the shaft finite element is constructed and thus the nodal gravity force is deduced as follows:

SWop, = /y y (dFZ‘,’;‘)Tééeshi N SWesn, = (th) LI

1
. Cu AT . N N _
with — FV = —pesn, Sesn,lesh, g/ (— (Ft,p,,) cosBsiny + (Fiy,,) sinf+ (F,,) " cospcos fy) dy,  (33)
0

where the displacement vector despn, includes Uesh,, Vesh;s Wesh;, Gesh;s Aesh; and  cgp, respectively.

4.3.  Mass unbalance

The mass unbalance is modeled by a lumped mass m,,, situated at a point P,,, with a distance r,,, from
the geometric center of the cross-sectional area of the shaft. Its initial phase angle with the O'z! axis of the local
coordinate system R’ (which coincides with the Oz axis of the frame of reference R at rest) is 7,,,. In the existing
literature [3,11,15-17], the mass unbalance is assumed to remain in a plane perpendicular to the Oy axis. Therefore
it is not affected by the rotations 6 and 1 around the transverse directions but only by the transverse displacements
u and w. In this work, a more rigorous case is selected and the previous assumption is not kept. When the shaft is
deformed during the operation of the rotor, the angle of the mass unbalance with the O!z! axis remains 7,,,, and its
coordinates expressed in R! are given by the vector [xﬁnu = Ty SN Mg, 0, zmu = T"ymay COS nmu] Rl The mass unbalance
kinetic energy T),, is presented as follows:
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T
T = 20 (VEL) VEL. (34)

The translational velocity vector vgjm is found through the absolute position vector O8P,y,, of the mass
unbalance. The latter is measured from the ground and can be written with respect to the coordinate systems R and

R! by the following expression:

l

Umy + To T
Ongu = OgO}mu + Olnquu = 4 Ymu + Ymu + YO + 0 . (35)
Wmuy + 20 R Zinu R!

The time derivative of the absolute position vector O8Py,, consists of the sum of the derivatives of the vectors
080! as well as Ol Pp,, and is given by

d®¥ 08P, d*¥080., d¥0! Pmu g

a . a T at VP (36)

Using the transport theorem explained previously in Section 4.1, the time derivative of the absolute position
vector O80._ of the shaft geometric center is described by

i ' Y- + Ymu + Yo ) w*
d®’0e0! d20s0! Umu + o + (wmu + ZO) w (Umu Ymu
I == 1 o wgg A Og01ml = Umu + 90 — (Wima + 20) W* + (Umy + To) W* ) (37)

Rl 1
The time derivative of the vector O} P, measured from the local coordinate system R' (i.e., %) is

nil because the coordinates of the mass unbalance are constant with respect to R!. Thus by means of the transport
theorem, the time derivative of the vector Ol Py, measured from the Galilean frame RY and expressed in the local
frame R! is obtained, then

l Yy
20 W
d® ol P mu
mu+- mu _ RY 1 _ l T 1 z
—a YR A OpuPmu =< — (zmuwl — ! w?) . (38)
_‘rmuwy R!

Finally, the translational velocity vector vﬁiu projected in the frame R is calculated by introducing Egs. (2), (37)
and (38) into Eq. (36), i.e.,

. Umy + To + (wmu + ZO) wY — (Umu + Ymu + yO) w? T Zﬁnuwy
ngu = bmu + yO - (wmu + ZO) w® + (umu + Cﬂo) w?® + (Rgl) - (Zinuwz - xinuwz) . (39)
wmu + ZO + (Umu + Ymu + yO) w? — (umu + xO) wY R —xﬁnuwy Rl

The mass unbalance is modeled by one-node finite elements located at the geometric center of the cross-sectional
area of the shaft. The node attached to that n; of the undeformed shaft finite element esh; includes six degrees of
freedom u2i,,,, 02 ., woi 0% AT and Yl associated with lateral and axial translations as well as with rotations
due to the flexural and torsional motions. Thus the nodal displacement vector of the mass unbalance finite element
expressed in the coordinate system fixed to the mobile rigid support R is defined by

Omu = [Uinus Vs W Oinus Mt Viinu - (40)

After substituting Eq. (40) into Eq. (34), the application of Lagrange’s equations to the obtained kinetic energy

leads to the differential equations of motion of the mass unbalance finite element written in the following form:

d (0T oT, n n
14 e - e = Memu 6 7 emu 5 Kemu 5n - Femu t) — Femu su 41
dt (aé-:mu> 36” (t) emu + C (t) emu + (t) emu ( ) 58 (t) ’ ( )

emu

with
Memu (t) = Mgf,w; Cemu (t) = Cg’mu ¢ + Cemu,suv (42)
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Kemu (t) = Kfmu (b + Kffnu ¢52 + Kemu,su, (43)

Femu (t) = ngu (b + ijnu QZSQ; Femu,su (t) = f (w$7 wya wz’ T0O,Y0, ZO) . (44)

It should be clarified that these equations of motion show not only external force vectors (such as centripetal
and centrifugal force vectors obtained classically by the application of Lagrange’s equations to the kinetic energy of the
mass unbalance) but also mass, damping and stiffness matrices. This is because the mass unbalance is not neglected
despite its small value compared to the mass of the disk and the shaft. Furthermore, in the presence of sinusoidal
motions of the support, the excitation due to the mass unbalance combined with the support motions has not only
a frequency equal to the speed of rotation d) of the rotor but also a support motion frequency and a combination of
both frequencies. The original elementary matrices and vectors of the mass unbalance finite element are presented
in Appendix A. They are expressed as a function of #* = 2!, cos¢+ 2!, sin¢ and z* = —a!  sin ¢+ 2., cos ¢ which
represent the coordinates projected in the frame R if the mass unbalance is situated in a plane perpendicular to the
Oy axis.

4.4. Hydrodynamic journal bearing

Fig. 5 shows a schematic diagram of a hydrodynamic journal bearing. The latter is usually composed of a fixed
bronze bush containing a rotating shaft and of a lubricant separating these two components. Let 7y, lpe, Che = The —T'sh
(where g, is the shaft radius) and ppe be the radius, length, clearance and fluid film dynamic viscosity of the bearing
respectively. The bearing center and the shaft geometric center are respectively the points C*"* and O!. For a given
speed of rotation ¢ of the rotor and a static load W, created by the rotor weight, the shaft geometric center O' in the

bearing holds a static equilibrium position Cge described by the displacement vector 626 = [uge,wge]; projected in
0 0

the frame R or equivalently by the relative static eccentricity Ege = Zﬂ — Bucll of the shaft center within the bearing
be Che

and the attitude angle cpge between the load direction and the line relating the centers C** and O'.

In the dynamic regime, the transverse displacement vector d,. = [ube, wbe}; of the shaft geometric center in the

bearing is produced due to the variation of forces applied to the rotor (mass unbalance, fluid film forces and support
excitations). Assuming an isothermal and laminar flow of an isoviscous incompressible fluid, the pressure distribution
Dre in the hydrodynamic bearing is governed by the Reynolds equation which can be found in [33] and given by

0 apb > 0 8}7(, > . . oh be ) g€t
i h'g ‘ h3 - =6 he e -2 be g 2é e COS Zbe 45
Dl ( e asgg> T o5 < ve g ) = Otive | Toe (0= 200e) Goer + 2enecos | T ) ) (45)

be be

AZ
W;

Foe"

Fig. 5. Simple representation of a hydrodynamic journal bearing.
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where Ry, s§° and s{* are respectively the oil film thickness, the circumferential and axial coordinates. In this study,
the hydrodynamic finite-length bearing is considered. The difficulty to obtain a satisfactory solution for this bearing
concerns not only the form of the Reynolds equation to be used but also the boundary conditions. Therefore this
type of bearing has no analytical solution. The classical numerical technique considered as a reference method and
called “finite difference method” [35] is exploited to solve the Reynolds equation and to compute the hydrodynamic
fluid pressure distribution. This technique is a first-order 2D method. The mesh has a discretization with rectangular
elements and a number of nodes equal to 200 and 15 successively in the circumferential and axial directions. The
external hydrodynamic forces Fp. = [F&,Fg‘e’]g acting on the shaft can be deduced from the integration of the
fluid film pressure field over the bearing by employing the Giimbel boundary conditions which reject the negative
pressure from the integral. In [33], the Giimbel conditions utilize the positive pressure involved in the classical interval
Ope € [0; mrad]. In [36], these conditions are improved for hydrodynamic short bearings and the positive pressure
appears all along the interval 0. € [Bpe; Bpe + 7 rad] (where By > 0) instead of the classical one. Here, the positive
pressure may begin to appear at 6, = 0 but the interval length of 7 rad is not ensured. The fluid film forces Fy,
depend nonlinearly on the dynamic transverse displacement and velocity vectors e, Spe.

In the present article, the transverse dynamic displacements of the shaft elastic line are supposed to be small
in the vicinity of the static position. Therefore the linear analysis of bearings can be applied by building a first-order
Taylor expansion of the fluid film forces as follows:

Fpe (6bea Sbe) = Fye (89,,0) — cpe Adpe — kpe Adpe, (46)
with
OF e (e, _ OF e (8. . .
Cphe = b@fsbi); kbe - baEst); A(sbe - (sbe; Aabe = 6be - 525 (47)

The static hydrodynamic force vector Fy, (Jge, 0) is related to the static displacement vector and must equili-
brate the static load W, imposed by the rotor weight. The damping and stiffness matrices cpe, kpe of the linearized
hydrodynamic bearing depend only on the static position 626. Since the bearing contributes to the rotor as external
forces, the virtual work for the bearing finite element has to be established in order to apply Lagrange’s equations

Wepe = F, ( Per 00 )556176; (48)

where d7;,. is the nodal displacement vector of the bearing finite element expressed in the coordinate system attached
to the rigid support R and is similar to that of the disk.

If the short bearing theory is considered (i.e. ’bﬁ < é where dp. = 273,), the circumferential pressure gradient
can be neglected when compared with the axial pressure gradient. This assumption permits obtaining an analytical
solution of the Reynolds equation which yields the fluid film pressure distribution and the nonlinear hydrodynamic
forces (whose formulations can be found in [33]). The hydrodynamic short bearing can be analytically linearized in
order to produce the constant damping and stiffness coefficients as shown in [33].

5. Governing equations and dynamic analysis

5.1.  Equations of motion of the on-board rotor

The resulting elementary matrices and vectors for the disk, shaft, mass unbalance and hydrodynamic journal
bearing finite elements are appropriately assembled. The boundary conditions do not exist because of the presence
of hydrodynamic bearings. Thus the global matrices and vectors have dimensions n, x ny and n, x 1 respectively
where the total number of degrees of freedom n, is usually equal to 6 (nesp, + 1). The governing linear second-order
differential equations describing the dynamic behavior of the on-board rotor-bearing system running at a time-varying
speed of rotation are written with respect to the non-inertial coordinate system fixed to the support R by the following:

M, ()8, + C, (1) 8, + K, (t) 8, = F, (t) + Fy. (62,0) + Kp. 82, (49)
where M,. (t), C, (¢t) and K, (t) are the global mass, damping and stiffness matrices of the rotor with time-varying

parametric terms due to the mass unbalance, to the support rotations, to the coupling between both phenomena and
to the combination of mass unbalance and support translations. 6, 5, and 6, represent the global displacement,
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velocity and acceleration vectors conforming to the connectivity of the finite elements. F,. (¢) is defined as the global
linear external force vector containing the excitations due to the influence of the non-stationary speed of rotation of
the rotor, the mass unbalance as well as to that of the rotational and translational motions of the support. When
there are no support rotations, the hydrodynamic force vector Fy, (52, 0) is a function of the static solution vector 62
caused by the static equilibrium between the rotor weight vector Fg’/;'h and the hydrodynamic bearing reaction. In the
case of rotational motions of the support, the rotor weight vector is no longer a constant with respect to the frame of
reference R and must be projected in this frame. The components of this vector relevant to the translational degrees
of freedom u, v and w comprise (after the projection) the amounts — cos #sin-y, sin 8 and cos /3 cosy respectively. This
result is in agreement with that of the work of Chen et al. [27] regarding the bending degrees of freedom. The matrices
M. (t), C, (t) and K, (¢) involved in Eq. (49) are expressed as follows:

MT (t) = M d,sh + Md sh + Mfsu’ (50)
CT (t) = Cbe qu + Cg sh (b + Cmu ¢ + Cd ;h,su w” + Cg,ih,su wY + Cg;h,su w” + Cmu,su; (51)

o . ) . .z . .1 . .z .
K ( ) Kb€+Ks‘h+Kdéh¢+K¢ ¢+K¢ ¢2+K(:1Jsh euwm+K§)JSh suwy+sz,sh,suwz
Y
+ Kd sh su ¢wy + Kd,sh,su w® + Kd sh su w? + Kd sh su wz2 + K‘(}) 9}‘:} suW w” w? (52)

T,z wY w? z
+Kd,3h78uw w +Kd,sh,suwyw +Kmu,su-

The subscripts “d”, “sh”, “mu”, “be” and “su” are associated respectively with the disk, the shaft, the mass
unbalance, the bearing as well as the support and express the contribution to the phenomena represented by the
corresponding matrix. The superscript “¢r” refers to the translational effects of the disk mass center and the shaft
geometric center, “ro” to the rotatory inertia, “cs” to the time-varying trigonometric functions (cosine and sine)
associated with the mass unbalance, “g” to the rotor gyroscopic effect, “e” to the shaft elasticity corresponding to the
different deformations and “sd” to the structural damping. The latter is an additional damping related to the axial
and torsional degrees of freedom because the hydrodynamic journal bearings produce a damping linked only with the
flexural degrees of freedom. The force vector F,. (¢) included in Eq. (49) is defined as follows:

F ( ) Fll/vsh + Fd sh (t) =+ qu (t) + qu7su (t) + Fd,sh,su (t) 5 (53)
with
ngsh = Vg,/srh Wi F) o)==V, 9, (54)
Fo.(t) = V;éw b+ V?:u % Fousu () = f (W% 0¥, w* 20,90, %0), (55)
Fop o (£) = ~Vi o (B0 + 220 0" 20" + 20 (69 +47 w%) —yo (& — w7 W) — 20 (¥ + 7))
= Vi shosu (o — 220 w” + 20 w* — 20 (W* — wY W) + 20 (W + W’ wY) —yo (wﬂ + w*?))
— Vi sh.su (2’0 + 290 w” =230 wY +yo (W' +wYw?) —x0 (WY — w* W) — 20 (w”’Q —|—wy2)) (56)

- VZ,ILsUh,su (wT + wY wZ) + Vg,zh,su (wz —w” O‘)y) VZZh su (Wz2 + wZQ) - Vfl,sh,su (wT + wY wz)

- Vt)i\,sh,su Vd sh,su (wz —w® wy) Vd sh,su (¢w tw wy) + Vd sh,su ((bwz + w? wz) )

where the load vectors F,,,, Fgsp sy and Fi,, s, stand for the mass unbalance, the inertia force due to support
motions and that due to coupling between both phenomena. The superscripts u, v, w, 8, A and v signify the direction
of the action force components linked with the support motions. Lastly, the superscripts “¢” and “¢2” denote the
components of the mass unbalance forces expressed in terms of the time derivatives of the trigonometric functions
cos ¢ and sin ¢.
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5.2.  Prediction of the stability

Employing the Floquet theory [6,7,37,38] leads to the evaluation of the dynamic behavior stability of the on-
board rotor subject to periodic parametric excitations. In other words, by calculating the so-called “Floquet transition
matrix” (or monodromy matrix) of the system during one period 7, of the parametric excitation and by determining
its eigenvalues, the zones of instability can be identified. First, the utilization of the Floquet theory needs a differential
system represented in the state-space form. Namely, the linear second-order differential equations (i.e., Eq. (49)) of
the rotor should be transformed into a first-order system as follows:

X, = A, X, +B,, (57)

with

5\ [ o ' B 0
X = {ST} P A= [—M;l K, —M-! C,} o Br= {Mrl (F, (1) + Fye (6°,0) + Kbeaﬁ)} S CL)

The state-space vector X, is of dimensions 2n, x 1 where ny is the total number of degrees of freedom of
Eq. (49). Then, the monodromy matrix W, (t = 7p¢) is described by the following:

ve)

(= @, (t=1.)] , 26,
5%, (0) } | (59)

= \IIT» (t = Tpe) = |:(PT (t _ Tpe) with 4’7- = m

Creating the matrices ®, and @, necessary to compute the monodromy matrix may be made by the differen-
tiation of the equations of motion of the rotor with respect to initial condition vector X, (0), then

M, (t) ®, + C, (t) &, + K, (t) &, = 0. (60)

The above equation represents a system of homogeneous linear differential equations, i.e., only the linear
equations of motion with no external forces are exploited in the Floquet theory. In order to obtain the matrices
D, (Tpe), b, (7pe) of dimensions ng x 2ny and thereby the monodromy matrix ¥, (¢ = 7,.), a numerical time integration
method is applied over one period 7, of the parametric excitation with the following initial conditions at time ¢ = 0:

96.(0) [96,(0) 96, (0) .
® 0= 5% 0) ~ |96, ©) 98, (0)) 1 O and @ (0)=

96, (0) _ [94,(0) 93, (0)
~196:0) 95, (0)

As reported in [39], the monodromy matrix can be very efficiently computed using the linear version of the
Newmark time-step integration algorithm. The calculation over one period is accurate in the case of a parametric
excitation which consists of a single frequency. Nevertheless, this calculation is more complicated in the case of
several parametric excitation frequencies especially when one of them cannot be a multiple of the others because it
seems difficult to discover the periodicity of the overall excitation, i.e., it is difficult to find the greatest common
factor of the excitation frequencies. As an illustration, a two-frequency parametric excitation can without a doubt be
analyzed. Also, the principle must be extended to three or more frequencies. In the case of a signal composed of a
linear combination of two frequencies fi; and fo, a periodicity exists certainly when the latters are commensurable,
i.e., when the ratio of the smallest frequency to the other is a rational number % where n1 and ny are respectively
the smallest possible integer numerator and denominator. The inverse of the greatest common factor of two integer
frequencies provides the smallest period of the signal. For a more general case, the latter represents the ratio of the
numerator n; to the smallest frequency and that of the denominator ny to the biggest frequency, i.e., Ty = % =12
In order to exclude any complication in the construction of the stability charts, integer frequencies of the parametrlc
excitations are used to adopt a constant basic period 7, = 1 s. Even if this period is not always the smallest one, it
can be easily executed for the Floquet theory and it accounts for the presence of any linear combinations of the two
integer frequencies which appear, for instance, in the case of combined sinusoidal rotations of the support. Finally,
the criterion stipulates that the static equilibrium point of the linear system is asymptotically stable if the greatest
Floquet exponent (i.e., the natural logarithm of the greatest modulus of the monodromy matrix eigenvalues) is less

than or equal to zero, while it is unstable if this exponent is greater than zero.
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5.3. Validation of the proposed on-board rotor model

When the mass unbalance does not exist, the linear/nonlinear equations of motion of the on-board rotor
demonstrate that only the rotational motions of the support have a parametric influence on them, while its translational
motions have only an influence on the external force vectors (see, for example, [11,14-17]). In this section, the
homogeneous linearized equations of motion are taken into consideration (see Eq. (49)) and the stability of the static
equilibrium position for the on-board rotor is examined through the Floquet theory. The instability comes from the
parametric excitation due to sinusoidal rotations of the rotor support around the Ox axis expressed by the angular
velocity w® = w®®cos Q%t in rad/s (i.e., the corresponding angular displacement is § = 8%sin Q¥t = “’S;;a sin %t in
rad). For a constant speed of rotation (b = ), two factors affect the parametric excitations generated in a symmetric
rotor: the amplitude w®® of the support rotation and its frequency 2*. Therefore the stability analysis covers these

two parameters and utilizes 7, = 22% = gz (2% in rad/s) as the period of the parametric excitation. This period

corresponds to w®? = % (14 cos2Qt) when only the bending degrees of freedom are considered in the on-board
rotor model, see Egs. (52) and (A.4).

For validation purposes, a comparison with a stability chart of a symmetric on-board rotor (with one disk) ob-
tained by Dakel et al. [17] and investigated in the presence of the linearized hydrodynamic short bearings is introduced
in Fig. 6(a) and (b). The speed of rotation of the rotor is = 1200 rpm and the frequency of the support rotation is
contained in the range of interest Q® € [0; 2000 Hz]. In addition, the calculations are performed with AQ* = 10 Hz and
A (%) = 0.0167 rad in Fig. 6(a), while with AQ® =1 Hz and A (WS:) = 0.05 rad in Fig. 6(b). It is noted that the
size of the instability zones increases for increasing values of the amplitude % of the support angular displacement
and there is a wide region of instability because of the anisotropic components of the damping and stiffness matrices
in the hydrodynamic journal bearings. Moreover, no deviation can be observable in Fig. 6(a) and (b) for the case of
flexural degrees of freedom. In conclusion, the finite element on-board rotor model originally based on six degrees of
freedom and developed in the current research is validated regarding the model developed in [17]. The proposed model
can also be validated against some results of Han and Chu [20]. Fig. 7 depicts the stability charts of an on-board rotor
built by Duchemin et al. [11] and adopted in [20]. The rotor runs at a speed of rotation {2 = 250 rad/s and is subject
to pitch sinusoidal rotations w® = —w™®sin %t of the support in the presence of two values of damping coefficient
(¢4 =0 and 5 x 107°) defining a damping proportional to the stiffness matrix of the shaft. The results of Fig. 7 are
mostly similar to those seen in [20]. The modest differences between the results may arise from the use of Timoshenko
beam finite elements in this research, while the Euler beam theory is employed in [20].
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Fig. 6. Comparison of stability charts obtained by: (a) the proposed on-board rotor model, and (b) Dakel et al. [17].
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6. Numerical applications and interpretation of results

6.1. Presentation of an on-board rotor-bearing system with three disks

The investigated symmetric on-board rotor-hydrodynamic bearing system is presented in Fig. 8. It is composed
of a symmetric slender flexible shaft and three identical symmetric rigid disks as well as two identical finite-length
bearings. The flexible shaft of constant circular cross-sectional area is modeled with 12 two-node Timoshenko beam
finite elements. The six degrees of freedom of each node are (u, v, w, 8, A, ¥) where (u, w) are the two lateral translations
due to bending along the Ox and Oz axes respectively, (0,1) are the corresponding rotations around the Oz and Oz
directions, v is the axial translation along the Oy axis and A is the torsional angle around the Oy axis. Thus the
total number of degrees of freedom is n, = 78. The rigid disks 1, 2 and 3 are located at nodes 6, 8, 10 and the mass
unbalance is placed on the disks of nodes 6 and 10. The hydrodynamic finite-length bearings #1 and #2 are located
at nodes 4 and 12 respectively. The material characteristics and geometric properties of the rotor and the bearings
are listed in Tables 1 and 2. The origin O of the frame of reference connected to the rotor rigid support R coincides
with the shaft end-point positioned at the left-hand side, while the origin OY of the Galilean frame of reference RY
(i.e., the center of rotation of the support) coincides with the center of the bearing #1.

Since the hydrodynamic journal bearings provide a damping matrix concerning only the bending degrees of
freedom, an additional damping linked with the axial and torsional degrees of freedom is employed through the
structural damping matrix (Rayleigh damping) defined by C*¢ = ¢vK?, + c*K?2, where ¢V =1x107%, ¢} =1 x 10~*
are constant coefficients, K, and K2, are respectively the parts of the stiffness matrix K¢, due to the shaft elasticity
corresponding to the degrees of freedom v and A. This additional matrix does not modify the original dynamic behavior
of the rotor and prevents any round-off error which can occur in the dynamic analysis if the axial and torsional degrees
of freedom are not damped. Furthermore, a coupling placed at node 2 is taken into consideration to simulate the
connection between the motor and the shaft. Its properties are given in Table 3.

The investigated rotor runs at a constant speed of rotation (b = () for the majority of results presented in
what follows and is subject to sinusoidal rotational motions (simple or combined rotations) of the rigid support or to
mass unbalance excitation combined with sinusoidal translational motions of the support. The combined excitations
are considered as multi-frequency parametric excitations. For a given speed of rotation, the coordinates of the static
equilibrium position CY, of the shaft geometric center in the fluid film bearings created by the rotor weight are calculated
and the corresponding damping and stiffness matrices ¢, kpe are determined by applying the finite difference method
(i.e., numerical procedure), which is considered as a reference one, to solve the Reynolds equation because there are
no reliable analytical formulations for the hydrodynamic finite-length bearings.

Owing to the complexity of the motion of an on-board rotor-bearing system, the first step of its dynamic
analysis is to evaluate the stability of the static equilibrium position for a given set of parameters. Thus the obtained
results are mainly represented by stability charts. The latters provide information about the greatest Floquet exponent
computed with the so-called “monodromy matrix” as a function of the parametric excitation frequencies. The system
under study is stable and there is no dot in the stability chart if the greatest Floquet exponent is negative, while
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Fig. 8. Symmetric on-board flexible rotor system with hydrodynamic finite-length bearings.
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Material density of the disks pa1 = paz = paz = 7778 kg/m®

Radius of the disks rqgl = rae = rqz3 = 0.063 m
Thickness of the disks eq1 = eqo = egqz = 0.0156 m
Location of the disks Ya1 = 0.209 m, y4o = 0.432 m, y43 = 0.655 m

Material density of the shaft psh = T778 kg/m3

Radius of the shaft Ten, = 6.35 x 1073 m

Length of the shaft lsp, = 0.851 m

Young’s modulus of the shaft Eg, = 2.1 x 10 N/m?
Poisson’s ratio of the shaft v=0.3
Shear correction factor of the shaft K%, = K%, = 0.9252 [40]

Table 1. Essential characteristics of the symmetric flexible rotor.

Radius of the bearings The.#1 = The.sto = 6.3925 x 1073 m
Length of the bearings lpe.#t1 = lpe. 2 = 0.0224 m
Locations of the bearings Yoe.#1 = 0.07 m, ype 42 = 0.796 m
Radial clearance of the bearings Che.#1 = Cpe.#2 = 4.25 X 10=° m
Oil film dynamic viscosity Mpe. 1 = Mpe.#2 =0.01 Pas

Table 2. Essential properties of the hydrodynamic finite-length bearings.

Damping coefficients Values Stiffness coefficients Values
cun 2.91 Ns/m kuw 30832 N/m
vy 17.02 Ns/m koY 11147 N/m
cow 2.91 Ns/m kXY 30832 N/m
% 5.7 x 107* Nms/rad k%0 2.36 Nm/rad
e 1 x 103> Nms/rad EM 84.9 Nm/rad
vy 5.7 x 107* Nms/rad kLY 2.36 Nm/rad

Table 3. Measured characteristics of the coupling between the motor and the rotor.

it is unstable if this exponent has a positive value. In this case, a dot indicating the value of the Floquet exponent
(i.e., the instability intensity) is placed in the stability chart. The parametric excitation frequencies are chosen to be
included in the range of interest [0; 200 Hz] with a frequency increment of 1 Hz. In the presence of multi-frequency
parametric excitations, the period 7,. for the Newmark integration scheme is chosen to be equal to 1 s (for the reason
mentionned in Section 5.2) and the time step is set to be At =1 x 10~* s which represents a sufficiently tiny value in
order to account for the linear combinations existing in such a case, while 7, is equal to the inverse of the excitation
frequency and At = g”oe s in the presence of single-frequency parametric excitations. It is reminded that the stability
analysis does not require any external forces in the equations of motion.

6.2. Natural frequencies of the rotor-hydrodynamic bearing for a fixed support

The natural frequencies f, of the rotor without support motions depend on the speed of rotation €2 and can
be deduced from a preliminary modal analysis (linear complex eigenvalue analysis). They are represented by the
Campbell diagram plotted in Fig. 9. The latter illustrates the critical speeds of rotation obtained by the intersection
of the straight line [ = % (€ in rpm), which characterizes the mass unbalance frequency, with the natural frequencies
fr of the rotor. The first ten modes are reported in Table 4 for a speed of rotation 2 = 1200 rpm which is employed
for the majority of next figures. Mode 1 is an axial mode shape (the shaft remains rigid) with a very low frequency
due to the flexibility along the Oy axis provided by the coupling between the motor and the shaft. Modes 2, 5 and
8 are the first three backward whirl (BW) bending modes. Modes 3, 6 and 9 are the first three forward whirl (FW)
bending modes. Mode 4 is a torsion mode composed of mixed suspension and deformed motions since the stiffness
provided by the coupling is of the same order of magnitude as the structural torsional stiffness of the shaft. Modes 7
and 10 are the second and third torsion modes without rigid body component. This spectral content is very useful in
order to interpret finely the results of the dynamic stability analysis. Lastly, it should be mentioned that owing to the
presence of hydrodynamic bearings, the rotor can become unstable when it runs at a speed of rotation greater than

Q = 1940 rpm, i.e., the behavior stability of the on-board rotor is to be examined for speeds of rotation smaller than
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Fig. 9. Campbell diagram for the first ten natural frequencies of the rotor-hydrodynamic bearing system in the case
of a fixed support (dashed-dotted, solid and dotted lines denote axial, bending and torsion modes respectively).

Mode Category Natural frequency f, (Hz)

1 Axial 3! 7.27
2 Flexural f51 17.39
3 Flexural f%! 17.87
4 Torsional fI! 40.45
5 Flexural f5%2 65.33
6 Flexural f[? 66.04
7 Torsional f1? 112.19
8 Flexural fP%3 120.17
9 Flexural f%3 120.51
10 Torsional fI3 159.78

Table 4. First ten modes and natural frequencies of the rotor-bearing system running at a speed of rotation 2 = 1200
rpm for a fixed support (B and F stand for backward and forward whirl modes).

this value in order to evaluate the instability produced purely by support excitations.

6.3. Instability due to simple sinusoidal rotation of the support

6.3.1. Influence of the types of degrees of freedom considered in the on-board rotor model

In the presence of a simple sinusoidal rotation of the rigid support around the O%x axis (pitch rotation) given
by the angular velocity w® = —w™®sin Q”t in rad/s (i.e., the corresponding angular displacement is § = 3% cos Q*t =

w®a

¢+ cos Q%t in rad), a single-frequency parametric excitation is created. This type of excitation can lead to dynamic
instability as stated previously. The two variables for the stabilty analysis are the amplitude w®® and the frequency

* of the parametric excitation. Fig. 10 introduces a comparison between four stability charts of the on-board rotor
running at a constant speed of rotation = 1200 rpm and modeled by taking into account four different sets of

degrees of freedom. The instability frequency fins (in Hz) to be used in what follows for seeking the unstable modes

is described by fins = Q% ~ # (already reported by Hsu [8]) where Q7 (in Hz) is the support rotation frequency,
fi as well as fJ (in Hz) are the i-th and j-th natural frequencies of the rotor and the positive integer k is the order
of the instability. Three narrow tongues of instability corresponding to 17.09 Hz, 63.32 Hz and 119.6 Hz are observed
in Fig. 10(a). This is actually the instabilities of the first three bending modes f!, f*2 and f* (instability of order

bi
k = 2 because the instability frequency corresponds to fins =~ 2’;7' ) due to the presence of w*? in the w and 1 terms

of the stiffness matrix K;‘{fhsu involved in Eq. (52) (for instance, see Eq. (A.4)). The damping matrix C‘j;hsu due
to the support rotation has no influence because its components are nil since only the flexural degrees of freedom are
considered. The anisotropic terms of the damping and stiffness matrices Cp., Kp. of the linearized hydrodynamic
journal bearings lead to the large region of instability seen in Fig. 10(a). In Fig. 10(b), the flexural and torsional
degrees of freedom are taken into consideration and the instability is the same as found in Fig. 10(a), i.e., the wide
zone of instability and the lines of instability at 17.09 Hz, 63.32 Hz and 119.6 Hz do not change mostly. In addition,
two new primary instabilities (k = 1) at 57.29 Hz and 129.6 Hz appear. They are due to the couplings between
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Fig. 10. Stability charts of the on-board rotor running at €2 = 1200 rpm, excited by pitch rotations of the support
and modeled with: (a) flexural degrees of freedom, (b) flexural and torsional degrees of freedom, (c) flexural and axial
degrees of freedom, (d) flexural, axial and torsional degrees of freedom.

flexural and torsional degrees of freedom (i.e., fins = 57.29 Hz ~ f%1 + f!% and f;,, = 129.6 Hz ~ fb! + f'2) which
come from the presence of w? in the stiffness matrix K, of the rotor (see Eq. (A.4)). Fig. 10(c) shows that taking
into account the axial degrees of freedom modifies significantly the stability chart when compared to that presented
in Fig. 10(a). The large region of instability is divided into smaller regions. This is explained by the contribution of the
coupling between the motor and the shaft to the dynamic behavior of the on-board rotor-bearing system. The tongues
corresponding to 16.08 Hz, 63.32 Hz and 118.6 Hz are due to the first three bending modes (see Table 4) and the order
of the instability is k¥ = 2. They are much wider and higher than those in Fig. 10(a) because of the new presence
of w® (in the stiffness matrix K,) which is related to the coupling between flexural and axial degrees of freedom and
which provides parametric excitation amplitudes greater than those of w®? (see Eq. (A.4)) since v also responds, i.e.,
since the first axial mode is also excited. Furthermore, some new tongues of the instability zones appear. The tongue
at 68.34 Hz is relevant to the instability of order k& = 2 expressed by the above formulation and demonstrates the
interaction between the first and third bending modes. On the other hand, the combination of the axial and bending
modes is mostly recognized by means of the tongues at 25.13 Hz and 127.6 Hz, i.e., fins = 25.13 Hz =~ f2* + f%1 and
fins = 127.6 Hz ~ fo! + £3), see Table 4. When the six degrees of freedom expressing the flexural, axial and torsional
motions are taken into consideration, all the tongues found in Fig. 10(b) and (c) are reproduced in Fig. 10(d), i.e.,
the tongues at the frequencies 17.09 Hz, 25.13 Hz, 58.29 Hz, 64.32 Hz, 68.34 Hz, 119.6 Hz and 127.6 Hz. In other
words, the wide zone of instability seen in Fig. 10(a) is divided into narrower zones as mentioned previously and the
stability chart has a wealth of different types of instability including the interaction either between the bending and
axial modes or between the bending and torsion ones. A new narrow tongue of instability can be identified at the
frequency 168.8 Hz which permits detecting the combination of the first axial mode and the third torsion one (i.e.,
fins = 168.8 Hz ~ fo! + f'3 and k = 1) although there is no direct coupling between the axial and torsional degrees
of freedom in the parametric matrices (see Egs. (A.3) and (A.4)).

6.3.2.  Influence of the support rotation axis

Fig. 11 points out the stability charts when the rotor is excited by simple sinusoidal rotations of the support:
the roll rotation around the O9y axis is given by the angular velocity w¥ = —w¥%sin Q¥¢ in rad/s (the corresponding
angular displacement v = % cos Q¥t = % cos Q¥¢ in rad), while the yaw rotation around the O9%z axis is expressed
as w? = —w®%sin %t in rad/s (i.e., @ = a®cosQ*t = “g—: cos %t in rad). In Fig. 11(a), the roll rotation creates
instabilities only for large frequencies and amplitudes. The tongues of the instability zones correspond to 131.7 Hz

and 137.7 Hz. They come from the couplings between the bending degrees of freedom (u, w) and (6, ) in the stiffness
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matrices related to w¥ (see Eq. (A.4)). In Fig. 11(b), the yaw rotation provides regions of instability very similar to
those obtained by the pitch rotation of the support and presented in Fig. 10(d). This is because the dynamic behavior
of the rotor system is almost symmetric even with the resulting asymmetry of the behaviors of the hydrodynamic
bearings and the coupling. Moreover, the little differences between Figs. 10(d) and 11(b) relevant to the tongues of
the instability zones concern the type of whirl bending modes which can be easier to excite for support rotations
around a certain axis but not around the other.

6.3.3.  Influence of the solving method used for the hydrodynamic bearings

Fig. 12(a) presents the stability chart of the rotor excited by sinusoidal rotations of the support around the
pitch axis and mounted on hydrodynamic bearings dealing with the finite difference method (i.e., Figs. 10(d) and 12(a)
are the same), while in Fig. 12(b), the rotor is mounted on hydrodynamic bearings treated as short ones. Namely,
an analytical study is performed in Fig. 12(b) to calculate the damping and stiffness matrices of the bearings (whose
expressions can be found in [33]). The results in this figure are rather similar to those displayed in Fig. 12(a) except
for some additional instabilities associated with the analytical analysis at 179.9 Hz and 184.9 Hz which can be seen
in Fig. 11(b). This similarity is due to the fact that even if the error concerning the position of the shaft geometric
center in the bearings (expressed by the eccentricity and the attitude angle) is relatively high when the analytical
bearing model is considered, the damping and stiffness coefficients still have the same order of magnitude as computed
by the finite difference method. Thus even with an error of 50% or more, the natural frequencies of the rotor, whose
rigid support is fixed, are almost the same because the bearings always represent nodes of vibration and the transverse
deflections of the shaft are slightly modified. This justifies the use of the analytical bearing model for the stability
study.

6.3.4. Influence of the speed of rotation of the rotor

Fig. 13(a)—(d) depicts the stability charts of the on-board rotor running successively at speeds of rotation =
500 rpm, 1000 rpm, 1500 rpm and 1900 rpm in the presence of pitch rotations of the support. This operating speed
range permits getting sufficient restoring forces of the bearings and staying under the threshold of instability due to
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Fig. 11. Stability charts of the rotor for support rotations around: (a) the roll axis, or (b) the yaw axis.
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Fig. 12. Stability charts of the rotor mounted on hydrodynamic journal bearings treated by (a) numerical and (b)
analytical methods for support rotations around the pitch axis.

21



the fluid film bearings. It should be clarified that when the speed of rotation increases, the resulting zones of instability
become greater because of the increasing contribution of the hydrodynamic bearings which lead to an unstable rotor
for Q = 1940 rpm and a fixed support. Looking at the three stability charts highlighted in Figs. 10(d) as well as 13(a)
and (d), a particular point corresponding to the amplitude % = 0.3276 rad and to the frequency Q% = 194 Hz of
the support rotation is found to be unstable at 2 = 1200 rpm but stable at 2 = 500 rpm and 1900 rpm. This point
will be used in the following simulation concerning the transient dynamic analysis.

6.3.5. Interest of the transient regime

Now, it seems legitimate to know what happens in the transient regime if the rotor runs at a time-varying speed
of rotation ¢(t) In this paper, the law of the speed of rotation is assumed to be a linear function of time and varies
from 500 rpm to 1900 rpm. In addition, the transient time integration of the linearized equations of motion with no
external forces except for the rotor weight is performed. Fig. 14(a) exhibits the associated time history response of
the rotor-bearing system at node 13 computed with the Newmark integration scheme for non-zero initial conditions.
According to Fig. 14(b), the displacement tends to increase at the instant ¢ = 10 s (corresponding to ¢ = 1200
rpm) and the rotor can become unstable. Then the displacement tends to decrease at ¢ = 16 s (corresponding to
q.S = 1725 rpm) and the rotor can be stable, see Fig. 14(a). By means of the previous observation, it is concluded
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Fig. 13. Stability charts of the rotor subject to support rotations around the pitch axis and running at four values of
speed of rotation: Q = (a) 500 rpm, (b) 1000 rpm, (c¢) 1500 rpm, (d) 1900 rpm.
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that the transient dynamic analysis of the on-board rotor for a non-stationary speed of rotation and given frequency
and amplitude of the support motion permits one to predict the behavior stability without employing the Floquet
theory for each speed of rotation of the rotor contained in the interval qb = € [500; 1900 rpm] because this procedure
may necessitate a huge computational time when compared to the transient analysis. However, a new calculation of
the damping and stiffness matrices of the hydrodynamic bearings is required for each speed of rotation of the rotor
whatever the considered strategy because these matrices depend on the static equilibrium position of the shaft center
within the bearings which is a function of the speed of rotation.

6.4. Instability due to two combined sinusoidal rotations of the support

When the rotor is subject to multi-frequency excitations such as combined sinusoidal rotations of the support
around two different directions, the parametric excitations become more important than the single-frequency ones and
can make the stability charts more complicated by increasing the instability zones. Since the parametric excitations
are periodic, the dynamic stability is predicted by employing the Floquet theory. In order to make the latter applicable
to this type of excitations, integer frequencies can be used to keep a common period 7, of 1 s which will be used for
the Newmark time integration algorithm. In other words, this period may not be the smallest but it always will be
common for any linear combination of integer frequencies of the parametric excitations. Nevertheless, the associated
computational time can be huge, this motivates the use of a modal reduction technique as developed in [41]. Egs. (49)—
(52) demonstrate that the position of the center of rotation of the support has no influence on the stable and unstable
regions. The stability charts of the on-board rotor excited by two combined rotations of the support around the pitch
and yaw axes are shown in Fig. 15. The support rotations are given by the angular displacements g = ¢ cos Q2*t and
a = a®cos 0%t with ¢ = a® = 0.05 rad, 0.1 rad, 0.2 rad. In this case, the frequencies 2* and 27 are used as the
two parameters for the stability analysis. For increasing values of the support rotation amplitudes, it is demonstrated
that the influence of the multi-frequency excitations on the instability regions no longer remains perfectly horizontal
or vertical especially at the intersections of the regions, which tend to become larger than expected. Furthermore,
the highest intensities of the instability at 8¢ = a®* = 0.2 rad in Figs. 10(d) and 11(b) are equal to 37.18 and 33.62
for O = Q% = 112.6 Hz, while the highest intensity in Fig. 15(c) is 41.46 for almost the same amplitudes and
frequencies. Since the greatest modulus e*'46 of the monodromy matrix eigenvalues is much greater than the sum
e3718 4 £33:62 corresponding to two single-frequency parametric excitations (two simple rotations), it can be deduced
that if the multi-frequency parametric excitations are applied, the associated instability is more significant. This
highlights the importance of consideration of combined support motions. On the other hand, several diagonal zones
of instability characterized by linear functions between Q% and Q* (such as QF = —Q* +b, Q* = Q* +b, Q* =20+
or O = %QZ + b where b is the vertical intercept) are observed, see Fig. 15(c). These diagonal instabilities reflect
well the multi-frequency character of the parametric excitations. From all these results, it is well understood that a
multi-frequency stability chart cannot be obtained by superimposing simply single-frequency ones obtained separately
for each type of support rotations. Lastly, a zoom is needed for more details and information about the diagonal
instabilities.

Fig. 16 presents a zoom on a diagonal instability in Fig. 15(c) described by the linear function Q% = —Q*+b for
the ranges of interest Q% € [0; 30 Hz] and Q € [0; 30 Hz]. At first sight, this diagonal instability seems to start from
the instability due to the coupling between the first axial and bending modes at the frequency 25.13 Hz ~ fa 4 fb1
Hz as stated in Section 6.3 and seen in Fig. 10(d). Depending on the stiffness matrix K, of the rotor involved in

200 1 200 gy g 2000 :
180 180 1 20 180
160 160 i3 160
= 8 o ' =
= 140 = 140 : 15 = 140p
*C'. 120 6 RC: 120 AL RC} 1
2100, 2100 21
g g 10 g ;
Z 80 4 Z 80 z 8o
g g g el -
= 60, = 60, s = ,
40 2 40 40
20| 20|_ ] 20p T TR
G . A\ ; A\ : . L ]
0 20 40 60 80 100120140160180200 0 20 40 60 80 100120140160180200 0 20 40 60 80 10012014016018020
Frequency Q° (Hz) Frequency Q° (Hz) Frequency Q° (Hz)

(a) (b) (c)

Fig. 15. Stability charts of the rotor excited by combined sinusoidal rotations of the support around the pitch and
yaw axes: J = % cos Q7t and o = a® cos Q*t with % = a® = (a) 0.05 rad, (b) 0.1 rad, (c¢) 0.2 rad.
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Eq. (52) (for example, see Eq. (A.4)), the understanding of the origin of different instabilities can be achieved. The
w® w? terms are very small to be responsible for these instabilities as seen with the quadratic term w®? which gives
the results in Fig. 10(a). The main horizontal or vertical zones of instability are generated by the w® and w?* terms
as in the case of single-frequency excitations, see Figs. 10(d) and 11(b). With regard to the diagonal instability, it
comes actually from the w¥ term which couples the degrees of freedom u and w. Indeed, the angular velocity w¥ of
the support is expressed as w¥ = ésin 8 (see Eq. (6)). As a consequence, there are instability frequencies f;,s (in Hz)
defined by the relationship fi,s = |Q2% & (2¢ 4+ 1) Q%] ~ # where f! as well as f/ (in Hz) are the i-th and j-th
natural frequencies of the rotor, the positive integer k is the order of the instability, ¢ is a non-negative integer, Q*
comes from & and (2¢ + 1) Q% comes from sin 8. For instance, in the case where ¢ = 0, an instability corresponding
to the first bending mode f%! can be obtained by the sum of the frequencies 2% and Q? of the support rotations, i.e.,
fins = |15.2 +20.2| = 35.4 Hz ~ 2% (the order of the instability k& = 1). Thus the diagonal instability concerns

only the first bending mode and can be found for all the frequencies produced by the sum Q7 + % such that the
2f2!
1

instability frequencies fi,s ~ are obtained. Namely, this diagonal instability is not the extension of the instability
due to the coupling between the first axial and bending modes at 25.13 Hz, this explains why the intersection between
the diagonal instability and the vertical instability at 25.13 Hz is composed of several stripes. The other diagonal
instabilities of Fig. 15(c), such as Q* = Q* +b, Q* =20%+bor O* = %QZ + b, can also be explained in a similar way.

Fig. 17 highlights the stability charts of the on-board rotor obtained for combined sinusoidal rotational motions
of the support around the pitch and roll axes, i.e., the angular displacements are 8 = 5% cos 0¥t and v = v cos Q¥t
with 8% = v* = 0.05 rad, 0.1 rad, 0.2 rad. Unlike the results presented in Fig. 15, the influence of multi-frequency
excitations is very low this time because the instability zones corresponding to the roll rotations of the support are
much smaller than those due to the rotations around the pitch axis (as can be observed in Section 6.3) even with an
amplitude of 0.2 rad for each rotation.
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6.5. Instability due to mass unbalance combined with sinusoidal translations of the
support

In the presence of the mass unbalance excitation, the parametric influence on the equations of motion of the
on-board rotor-hydrodynamic bearing system is created not only by the rotational motions of the rigid support (as
can be seen in [11,14-17]) but also by its translational motions (see Egs. (49), (52), (A.14)—(A.16)). This parametric
influence is considered as a source of internal excitation and can lead to dynamic instability of the rotor. If the
translational motions of the support are sinusoidal, the parametric influence is represented by periodic time-varying
terms in the equations of motion. This type of equations can be once again treated by the Floquet theory in order to
evaluate the dynamic stability of the rotor. The stiffness matrix of the rotor generated by the rotating mass unbalance
combined with the support translations can show couplings between the flexural and torsional degrees of freedom.
Thus it is expected that during the dynamic stability analysis, tongues due to pure bending and torsion (in the case
of the support translations either along Ox or Oz) as well as to coupling between both phenomena (only in the case
of the support translations along the Oy axis) can be encountered.

6.5.1. Influence of the mass unbalance value

Fig. 18 illustrates the stability charts of the on-board rotor running at a constant speed of rotation 2 = 1200
rpm (= 20 Hz = mass unbalance frequency) and subject to mass unbalance excitations combined with sinusoidal
translations of the rigid support defined by zpo = Zp cos€2;.t in m. The two variables involved in the parametric
excitation generated in the rotor and used for the stabilty analysis are based on the amplitude Zo and the frequency
Q7. In Fig. 18(a), the mass unbalance has a value Muy17mu1l = Mmu2Tme2 = 3150 gmm, while in Fig. 18(b), its
value is Mpmu1Tmul = Mmu2Tmuz = 6300 gmm. Its phases are chosen to be 7,41 = Nmuz = 0°. Qualitatively, it can
be observed that the instability zones become much more important for the mass unbalance of 6300 g mm located
on the external disks 1 and 3 (as expected). As can be deduced quantitatively from Fig. 18, the narrow regions of

instability permit writing the relationship fins = |[Q & Qg | =~ f;inﬁ where fi,s (in Hz) is the instability frequency, Q
(in Hz) is the mass unbalance frequency, 2, (in Hz) is the support motion frequency, f¢ as well as f7 (in Hz) are the
i-th and j-th natural frequencies of the rotor and the positive integer k is the order of the instability. Namely, this
relationship proves the interaction between the frequencies of the mass unbalance excitation and the support motions.
For instance, the stability chart displayed in Fig. 18(b) shows four tongues corresponding to the frequencies 57 Hz,
97 Hz, 175 Hz and 194 Hz. The support motion frequency 2. = 57 Hz can be relevant either to the first bending
mode or to the first torsion mode because the instability frequency fins = [ — QF,.| = |20 — 57| = 37 Hz ~ 2! ~ i1
(see Table 4), i.e., the orders of the instability are & = 1 and 2 respectively. This frequency can also excite either
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Fig. 18. Stability charts of the rotor excited by sinusoidal translations of the support combined with a mass unbalance
excitation: Myu1Tmul = Mmu2Tmu2 = (2) 3150 gmm, (b) 6300 gmm.

Instability frequency fins (Hz) = Unstable modes

37 2f or fil
77 2f7 or £+ f72
117 2 or fb3

Table 5. Unstable modes of the rotor subject to sinusoidal translations of the support combined with a mass unbalance
excitation Mo u1"mul = Mmw2mu2 = 6300 g mm.
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the second torsion mode or the first and second bending modes since fins = |20 + 57| = 77 Hz ~ 2ftt ~ fo1 4 fb2,
i.e., a primary instability (k = 1). On the other hand, an instability of order k¥ = 2 due either to the second torsion
mode or to the third bending mode can be found at the support motion frequency 27, = 97 Hz because the instability
frequency fins = |Q — Q.| = [20 + 97| = 117 Hz ~ f'2 ~ f’3. The frequency 27, = 97 Hz can be associated with
the instability of frequency fins = |20 — 97| = 77 Hz already discussed above. Table 5 presents a summary of the
previous observations. Lastly, in order to determine precisely the unstable modes, the transient dynamic motion of the
rotor should be obtained by solving the equations of motion with an integration algorithm and a modal participation
analysis should be performed.

6.5.2.  Influence of the mass unbalance phases

Now, the effects of the mass unbalance phases on the instability zones are investigated and some explanations
are to be given about these effects when two sets of phases (Mmu1 = Mmuz = 0° and M1 = 0°, Nz = 180°) are
considered. The results provided in Figs. 19-21 concern the stability charts of the on-board rotor excited by the mass
unbalnce (Mpmu1 Tmul = Mmu2Tmu2 = 6300 gmm) combined with sinusoidal translational motions of the support along
the Oz, Oy and Oz axes respectively. The speed of rotation of the rotor is Q@ = 1200 rpm (= 20 Hz = mass unbalance
frequency). The support translations are defined by o = Xo cos Qf.t in m (see Fig. 19), yo = —Ype. 41 + Yo cos Q¢
in m (see Fig. 20) and zp = Zp cos Q¢ in m (see Fig. 21). In the case of support translations along Oy, there is a
constant term —ype %1 which comes from the fact that the origin 09 of the Galilean frame of reference RY is positioned
at the center of the bearing #1 but not at the origin O of the frame linked with the support R which is situated at
the shaft end-point in the left-hand side, see Fig. 8. The stiffness matrix of the rotor system produced by the mass
unbalance excitation combined with rotations and/or translations of the support confirms that only the second-order
time derivatives of the coordinates xo, yo and zp are found if rotational excitations of the support are not taken into
consideration. In other words, the constant terms of the support coordinates zo, yo and zp have no influence on the
stability charts and the determination of the position of the origin 09 of the Galilean frame RY is not necessary only
in the case of translational motions of the support combined with the mass unbalance. Qualitatively, it should be
noticed that the mass unbalance phases play a paramount role in the dynamic analysis by affecting significantly the
instability intensity and the sizes of the unstable zones. The latters increase or decrease with the phase as highlighted
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Fig. 19. Stability charts of the rotor excited by sinusoidal translations of the support along the pitch axis and by a
mass unbalance (Mnu1Tmul = Mmu2Tmuz = 6300 g mm) of phases: (2) Pmu1 = Pmuz = 0%, (D) Nma1 = 0°, Pimwz = 180°.
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Fig. 20. Stability charts of the rotor excited by sinusoidal translations of the support along the roll axis and by a mass
unbalance (Mpu1Tmul = Mmu2me2 = 6300 gmm) of phases: (a) Nmu1 = Nmuz = 0%, (b) Nmu1 = 0°, Nmuz = 180°.

26



0.1 0.1 E E : ' : 1 THT 12
0.09} 0.09 I
20

~0.08F ~0.08 10
Zo0.07 Z0.07
S 15 S 8
N 0.06 N 0.06
< 0.05} < 0.05) ‘ ‘ : : : 6
= 10 =]
£ 0,04t £ 004
£o03f £003 4
<002 5 < 0,02 )

o0.01t 0.01]

0 20 40 60 80 100 120 140 160 180 200 %20 a0 6 80 100 10 140 160 180 200
Frequency Q;, (Hz) Frequency Q}, (Hz)

(a) (b)

Fig. 21. Stability charts of the rotor excited by sinusoidal translations of the support along the yaw axis and by a mass
unbalance (M1 Tmul = Mmu2Tmuz = 6300 gmm) of phases: (a) Nmu1 = Nmuz = 0°, (b) N1 = 0°, Prmuz = 180°.

by Han and Chu [20]. For example, the instability tongues at 57 Hz and 97 Hz in Fig. 19(a) corresponding to equal
phases are still present in Fig. 19(b) corresponding to opposite phases but much narrower and smaller. Quantitatively,

the frequencies at the tongues of the instability regions can satisfy the relationship fi,s = [ £+ Qgy| =~ f;inﬁ already
stated above which reflects certainly the multi-frequency feature of the mass unbalance excitation combined with a
sinusoidal translation of the support. For instance, the stability chart exhibited in Fig. 20(b) points out four narrow
zones of instability associated with the frequencies 76 Hz, 150 Hz, 175 Hz and 192 Hz. The support motion frequency
Q. = 76 Hz can be attached to the coupling between the first bending mode and the first torsion mode because the
instability frequency fins = |Q — Qf.| = |20 — 76| = 56 Hz ~ £’ + f!! (see Table 4), i.e., this result corresponds to a
primary instability (k = 1).

7. Conclusions

A new finite element model is proposed in the current paper in order to assess the role of simple and combined
sinusoidal rotational motions of the support as well as that of a mass unbalance excitation combined with sinusoidal
translations of the support in the behavior stability of an on-board rotor-linearized hydrodynamic journal bearing
system. This model is based on the Timoshenko beam theory and on six degrees of freedom (transverse and axial
translations as well as rotations due to the bending and to the torsion). It involves the effects corresponding to the
time-varying speed of rotation, the rotatory inertia, to the gyroscopic inertia and to the shaft shear deformation due
to the bending as well as six kinds of deterministic movements (rotations and translations) of the rotor support. In
addition, the hydrodynamic finite-length bearings are considered and the finite difference method is employed to solve
the Reynolds equation and thereby to determine the damping and stiffness matrices. The equations of vibratory
motion of the on-board rotor display that in the presence of the mass unbalance excitation, the parametric influence
on them is generated not only by the rotational motions of the support but also by its translational motions. This
parametric influence is considered as a source of internal excitation and can lead to a dynamic instability phenomenon
of the rotor. It is represented by periodic time-varying terms in the equations of motion during sinusoidal motions of
the rigid support. The rotor is examined through the application of the Floquet theory to its homogeneous equations
of motion in order to evaluate its dynamic stability.

In the case of simple sinusoidal rotations of the support, the rotor instability is induced by single-frequency
parametric excitations. The consideration of six degrees of freedom for the finite element model modifies significantly
the stability charts when compared to those obtained with a model based only on the flexural ones. Namely, narrower
regions of instability appear instead of a very wide zone and the instability tongues are produced not only by the pure
bending modes but also by the interaction either between the bending and axial modes or between the bending and
torsion ones. These outcomes can be explained by the low axial stiffness provided by the coupling (between the motor
and the shaft), which permits a high participation of axial motions, and by the low frequencies of the torsion modes,
which arise from the high rotatory inertia relevant to the disks. The pitch and yaw rotations (i.e., around a transverse
axis) lead to instability zones more complex than those due to the roll rotation (i.e., around the longitudinal axis).
The analytical bearing model can yield relatively accurate results for the stability charts because the damping and
stiffness coefficients still have the same order of magnitude and are moderately modified when compared with those
due to the finite difference method. The transient dynamic analysis of the on-board rotor for a non-stationary speed of
rotation and given frequency and amplitude of the support rotation permits predicting the behavior stability without
using the Floquet theory for each speed of rotation of the rotor contained in a certain interval.

In the cases of combined sinusoidal rotations of the support as well as a mass unbalance excitation combined with
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sinusoidal translations of the support, the instability regions of the rotor are created by multi-frequency parametric
excitations which are found to be more important than the single-frequency ones and which can make the stability
charts more complicated by increasing the instability zones. For the combined rotational motions of the support around
the pitch and yaw axes, the stability charts do not show perfectly horizontal or vertical instability zones especially at the
intersections of the zones, which tend to become larger than expected. On the other hand, several diagonal instabilities
characterized by linear functions between the frequencies of the support rotations are observed. Depending on these
results, it is well understood that a multi-frequency stability chart cannot be obtained by superimposing simply single
frequency ones obtained separately for each type of support rotations. For the mass unbalance correlated with support
translations, it is demonstrated that during the dynamic stability analysis, instability tongues due to pure bending
and torsion (in the case of the support translations along a transverse axis) as well as to coupling between both
phenomena (only in the case of the support translations along the longitudinal axis) are encountered. Qualitatively,
the instabilities become much more important for increasing values of the mass unbalance and its phases play a main
role in the dynamic analysis by affecting significantly the instability intensity and the size of the instability zones. In
practice, it can be difficult to meet large values of mass unbalance which have produced the stability charts in this
work.
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Appendix A

The elementary matrices and vectors for the disk finite element are described in Egs. (A.1)—(A.5) as follows:

mgqg 0 0 0 0 O 00 0 O 0 0
0 mg O 0 O O 00 0 O 0 0
w10 0 mg 0 0 0] o 000 0 0 0
Ma=10 0o 0 00 of «“@=10 0 0 Im 0 0|’ (A-1)
0 0 0 0 0 O 000 0 Iy, 0
0 0 0 0 0 O 00 0 O 0 Iy
000 0 0O 0 00 0 0 00
000 0 O 0 00 0 0 0O
000 0 O 0 00 0 0 0O
g g _
Cea = 000 0 0 Iy, |’ Kea = 000 0 0 0| (A.2)
000 0 0 0 00 0 0O 0O
000 1y, O 0 000 1y 00
[0 0 0 0 0 0 0 0 2my 0 0 0
0 O —2mg 0 O 0 0 0 O 0 0 0
w0 2myg 0 0 0 0 w | —2mgq O 0 0 0 0
ed,su — 0 0 0 0 0 0 ’ ed,su 0 0 0 0 0 _(Igzd_2]'nrgdo> 9
0 0 0 0 0 Iy, 0 0 0 0 0 0
0 o 0 0 Iy, 0 0 0 0 Iy —2Im 0 0
[0 —2mg 0 O 0 0]
2mgq 0 0 O 0 0
N O 0 0 0 0
ed,su — 0 0 0 0 _Ing 0l (A 3)
0 0 014, 0 0
Lo 0o 0o 0 0 o0
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o0 0 00 0 0 0 my 0 0 0
0 0 —mg 00 0 0 0 0 0 0 0
oo 0mg 0 00 0 | o |=mg 00 0 0 0
edsu =10 0 0 00 0 |’ edsu = | 0 0 0 0 Ime|’
00 0 00 -IY, 0 0 0 0 0 0
00 0 00 0 0 0 0 Iy, —Im™ 0 0
[0 —mg O 0 0 0 0 00 0 0 0
mg 0O 0 0 0 0 000 0 0 0
s o 0o 0o o o0 o] Koot _ 000 0 0 0
edsu =109 0 0 0 0 0] ecdsu= 10 0 0 14, 0 0|
0O 0 0 Iy 0 0 000 0 0 0
0 0 0 0 00 000 0 0 Iy,
0 0 0 0 0 0 T —mg 0 0 0 0 0
0 —mg 0 0 0 0 0 0 0 0 0 0
2 000 —mg 00 0 et _ | 00 —my 0 0 0 ,
edsu = [ 0 0 0 0 ; edsu= | 0 0 0 Iy —IT 0 0 ’
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 00 —(Iy,—1Im9)] 0 0 0 0 0 Iy —1Ime
(—mg 0 0 0 0 0] [0 mg 0 0 0 O]
0 —mg 0 0 0 0 mg 0 0 0 0 0
w2 |0 0 0 0 0 0 pewrwr_ |0 0 00 0 0f
edsu = | 0 0 —(I%,—1m) 0 of’ edsu = |0 0 00 0 0]’
0 0 0 0 0 0 0 0 00 0 0
0 0 0 0 0 0] (0 0 00 0 0
[0 0 my 0 0 0 0 0 0 0 0 0]
0 0 0 0 0 0 0 0 mg 00 0
wiwr  |ma 00 0 0 0 Cres |0 0mg 0 0 0 0 (A)
cdsu = | g 0 0 0 0 Iy, —1Ime|’ Sedsw T g 0 0 0 0 0|’ :
0 0 0 0 0 0 00 0 00 0
0 0 0 Iy —Im™ 0 0 0 0 0 0 0 0
vy=[0 0 0 0 1z, o; Yisu=[ma 0 0 0 0 0;
s =10 ma 0 0 0 0]"; Y =100 mg 0 0 0;
Vi =ya[0 0 mg 0 0 0], VU =yalma 0 0 0 0 0],
v =val0 ma 0 0 0 0] V=10 00 1m 0 0;
Viw=1[0 00 0 15 0; Vi=1[0 000 0 12"
vl =000 0 o0 5] vl =0 0 o0 1z, o 0. (A.5)

All the expressions calculating the elementary matrices and vectors for the shaft finite element are given in
Egs. (A.6)—(A.11) as follows:

1
_ T - _ T - _ T - _
ML), = pesh, Sesh,lesh, /0 (( vsns) Fean, + (Fian,) Fign, + (Fin,) F:;h,i) dy;

1 T
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The original elementary matrices and vectors for the mass unbalance finite element are detailed hereafter

1 0 0 0 z* 0
0 1 0 —z* 0 x*
0 0 1 0 —x*
cs
Memu Mmu 0 72* O 2*2 O 71‘*2* 5 <A12)
z¢ 0 =z 0 2. 0
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with

K" = 2 4 w2 K" = —d® + wwY;

K" = 0¥ + ww?; K% = 22" w* — 2" Kyp:

K = 2" Ky — 2° (Kuu + 2q3wy) ; K = —2z*q5wz + 2" Kyo;

K% = &% + w¥us K% = W2 4 w2

K" = " + wYw?; K" = 2" Ky — 2" Ky + 20 (20" — 27w?) ;

K" = =Y + w'w?; K" =" + ww?;

K% = w2 4 w¥?; K" = 22w — 2" Kyo;

K" = 2* Koy + 2%0 (Kww + 2wY); K" =220 w” + 2% Koy, (A.15)

Koo =20 — (2" 4+ 20) Kwu — Wmu + Y0) Kwo + 20Ky + 2° (wa - wzz) + 2 (Zow? — gow®) + 22* ¢wY;
Koy = %o + 22" (tow® — Zow”) + 2™ (xow® — zow") + (x*2 - z*2) (wz - 242)(.01)
—22* 2" (W — 2¢wz) — 2% (Ymu + Y0) (W2 + w*?) + (2% (2" + 20) — 2*?) WY
+ " (22" 4+ 20) WYW?;
Kyg = x*jjo + 22" (fow® — 2ow®) + 2% (zow® — 20W") — r2,,00% — & (Ymu + Y0) (w“”2 + oJZQ)
+ (2% (2" + 20) — 2*%) WWY 4+ 2* (22" + 20) WW;
K= —(a%%o +2"20) +2(z"20 — 2" 20) WY + 290 (z¥w® — 2" W) + (Ymu + vo) (z*0* — 2*0")
+ (2"zo —x¥z0) WY + T row? + ¥ 20w — (Ymu + y0) (2*0° + 2" W)WY + (%20 + 2% 20) wY?
— (2*z0 + 2% (20 + 42%)) ww® + (2™ — 2*?) (W" — w?);
Ky = 2o + 22" (Zow® — Zow®) + 2% (xow® — zow®) — r2 0% = 2* (Ymu +Y0) (w”’Q + w22)
+ (2 (2" 4 20) — 2*%) wW¥w® + 2 (22% + 20) W WY;
Kyx = 2"jo + 22" (Tow® — 2ow”) + 2" (xow® — zow”) + (ﬂc*2 — 3*2) (w’” — 2gz5wz)
+ 2% 2" (W + QQZJwI) — 2" Ymu + y0) (W + w™?) + (2% (2" + 20) — *?) ww?
+ 2" (22" 4+ 20) WWY;

Kyy =0 + (2" + 20) Kyw + Ymu + Y0) Kuw — 20Ky + z* (wmz — wyz) + 2 (Zow? — gow®) — 22* duw, (A.16)

meu:_mmu{z* 0 —z* 0 ’I"z,w O}T;
Ve =M {z* 0 z* 0 0 0} ;
Femusu (t) = —Mpy {F* F° Fv FO FA o7 (A.17)

with

F* =i0 +2 (20w¥ — jow®) — (2" + 20) (w*? + w*?) = (Ymu + Yo) (W7 — w w?)
+ (2" 4 20) (WY + W"W?) — 2z* guwY;
FY = jjo + 2 (tow® — 20w”) + (2" + 20) (0% + w*w¥) = (Ymu + yo) (W2 + w*?)
— (2" + 20) (% — WYW®) + 26 (z*W" + 2" W) ;
FY =Z%0 42 (gow”™ — zow?) — (z* + z0) (WY — w*w?®) + (Ymu + y0o) (W' + wYw?)
— (2" + 20) (W + wW¥?) — 22* pw;
F = —2*F";
F*=2%i0 — x50 + 2 (%0 + 2" 20) w¥ — go (z*w® + 2*w?)) + w2 (z* 20 — 2*x0)
+ (2" + 20) (2" (@Y — w*w?) — 2*w*?) + (2" + 20) (2" (WY + W'W?) + 2*W™?)
—= (Ymu +yo) (7 (0" +ww?) + 27 (07 — w'w?));
FY =a2*F". (A.18)
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