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SPECTRAL INEQUALITIES FOR COMBINATIONS OF HERMITE
FUNCTIONS AND NULL-CONTROLLABILITY FOR EVOLUTION
EQUATIONS ENJOYING GELFAND-SHILOV SMOOTHING EFFECTS

JEREMY MARTIN & KAREL PRAVDA-STAROV

ABSTRACT. This work is devoted to the study of uncertainty principles for finite com-
binations of Hermite functions. We establish some spectral inequalities for control sub-
sets that are thick with respect to some unbounded densities growing almost linearly
at infinity, and provide quantitative estimates, with respect to the energy level of the
Hermite functions seen as eigenfunctions of the harmonic oscillator, for the constants
appearing in these spectral estimates. These spectral inequalities allow to derive the
null-controllability in any positive time for evolution equations enjoying specific regular-
izing effects. More precisely, for a given index % < u < 1, we deduce sufficient geometric
conditions on control subsets to ensure the null-controllability of evolution equations en-
joying regularizing effects in the symmetric Gelfand-Shilov space S};(R™). These results
apply in particular to derive the null-controllability in any positive time for evolution
equations associated to certain classes of hypoelliptic non-selfadjoint quadratic opera-
tors, or to fractional harmonic oscillators.

1. INTRODUCTION

The classical uncertainty principle was established by Heisenberg and is linked to the
impossibility to determine precisely the position and the momentum of quantum particles.
Uncertainty principles are mathematical results that give limitations on the simultaneous
concentration of a function and its Fourier transform. There are various uncertainty
principles with formulations of different nature. A formulation of uncertainty principles
is for instance that a non-zero function and its Fourier transform cannot both have small
supports. In particular, a non-zero L?(R)-function whose Fourier transform is compactly
supported extends as a non-zero entire function with full support thanks to the isolated
zeros theorem. Another formulation of uncertainty principles can be illustrated by the
following notions of weak and strong annihilating pairs:

Definition 1.1 (Annihilating pairs). Let S, ¥ be two measurable subsets of R™.

- The pair (S,X) is said to be a weak annihilating pair if the only function f €

L?*(R™) with supp f C S and suppr Y is zero f =0
- The pair (S,X) is said to be a strong annihilating pair if there exists a positive
constant C = C(S,3) > 0 such that for all f € L*(R™),

(1) [ s@par<o( [ ise@ras [ e

It can be readily checked that a pair (S,X) is a strong annihilating one if and only
if there exists a positive constant D = D(S,¥) > 0 such that for all f € L?(R") with
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supp f C 2,
(1.2) 1 fllz2@®ny < DI fll2mm\s)-

As already mentioned above, the pair (S,Y) is a weak annihilating one if S and X are
compact sets. More generally, Benedicks has shown in [9] that (S, X) is a weak annihilating
pair if S and ¥ are sets of finite Lebesgue measure |S|,|X| < +oo. Under this assumption,
the result of Amrein-Berthier [4] actually shows that the pair (S, X)) is a strong annihilating
one. The estimate C(S, %) < ke®SII¥ (which is sharp up to the numerical constant x > 0)
has been established by Nazarov [32] in dimension n = 1. This result was extended in the
multi-dimensional case by Jaming [25], with the quantitative estimate

(8, %) < ger(ISIEDY™

holding if in addition one of the two subsets of finite Lebesgue measure S or ¥ is convex.

An exhaustive description of all strong annihilating pairs seems for now totally out of
reach. We refer the reader for instance to the works [3, 10, 11, 13, 14, 38] for a large variety
of results and techniques available, as well as for examples of weak annihilating pairs that
are not strong annihilating ones. On the other hand, there is an exhaustive description of
all the support sets S forming a strong annihilating pair with any bounded spectral set 3.
This description is given by the Logvinenko-Sereda theorem [29]:

Theorem 1.2 (Logvinenko-Sereda). Let S, C R™ be measurable subsets with ¥ bounded.
The following assertions are equivalent:
- The pair (S,X) is a strong annihilating pair
- The subset R™\ S is thick, that is, there exist a cube K C R™ with sides parallel to
coordinate axes and a positive constant 0 < v < 1 such that

Ve eR", |[(K+z)N(R"\S)|>~|K|>0,

where |A| denotes the Lebesque measure of the measurable set A.

It is noticeable to observe that if (S,X) is a strong annihilating pair for some bounded
subset 3, then S makes up a strong annihilating pair with every bounded subset ¥, but
the above constants C(S,%) > 0 and D(S,X) > 0 do depend on X. In order to be able
to use this result in the control theory of partial differential equations, it is then essential
to understand how the positive constant D(S,¥) > 0 depends on the bounded set .
This question was addressed by Kovrijkine [26] (Theorem 3) who established the following
quantitative estimates:

Theorem 1.3 (Kovrijkine). There exists a universal positive constant C,, > 0 depending
only on the dimension n > 1 such that if w is a y-thick set at scale L > 0, that is,

(1.3) Ve eR", |wn(z+[0,L]") >~L",

with 0 < v < 1, then, for all R > 0 and f € L*(R"™) with Suppr [—R, R]"™, the following
estimate holds

Cn)Cn(l-i-LR)

(1.4) I1Fl2 < (2 11 z20)-

In all this work, the Fourier transform is used with the following normalization
f©) = | faye=tds,  ger™

Given a measurable subset, notice that it is thick in R™ if and only if it is 7-thick at scale
L for some positive constants 0 < v < 1 and L > 0. Thus, the notion of y-thickness at a
positive scale allows to quantify the general thickness property.
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Thanks to this explicit dependence of the constant with respect to the parameter R > 0
in the estimate (1.4), Egidi and Veseli¢ [15], and Wang, Wang, Zhang and Zhang [45] have
independently established that the heat equation

{ (0r — Ap) f(t,z) = 1y(x)u(t, x), xeR™ t>0,
f|t:0 = fO € LQ(Rn)’

is null-controllable in any positive time T° > 0 from a measurable control subset w C R"
if and only if this subset w is thick in R™. The recent work [6] by Beauchard, Egidi and
the second author has shown that this geometric necessary and sufficient condition on
control subsets to ensure null-controllability, extends more generally for hypoelliptic non-
autonomous Ornstein-Uhlenbeck equations when the moving control subsets comply with
the flow associated to the transport part of the Ornstein-Uhlenbeck operators.

The notion of null-controllability is defined as follows:

(1.5)

Definition 1.4 (Null-controllability). Let P be a closed operator on L?>(R™) which is the
infinitesimal generator of a strongly continuous semigroup (e *F);>¢ on L2(R™), T > 0
and w be a measurable subset of R™. The evolution equation

(O + P)f(t,x) = 1,(x)u(t,z), x€R™ t>0,
fli=o = fo € L*(R™),
s said to be null-controllable from the set w in time T > 0 if, for any initial datum

fo € L3(R™), there ewists a control function u € L?((0,T) x R™) supported in (0,T) X w,
such that the mild (or semigroup) solution of (1.6) satisfies f(T,-) = 0.

(1.6)

By the Hilbert Uniqueness Method, see [12] (Theorem 2.44) or [28], the null control-
lability of the evolution equation (1.6) is equivalent to the observability of the adjoint
system

(1.7) { (O + P*)g(t,z) =0, xeR" t>0,
' gli=o = g0 € L*(R"),

where P* denotes the L?(R")-adjoint of P. The notion of observability is defined as follows:

Definition 1.5 (Observability). Let T > 0 and w be a measurable subset of R™. The
evolution equation (1.7) is said to be observable from the set w in time T > 0, if there
exists a positive constant Cp > 0 such that, for any initial datum gy € L*(R™), the mild
(or semigroup) solution of (1.7) satisfies

T

(1.8) /|g(T,x)|2da:§ CT/</|g(t,:c)|2da:>dt.
R™ 0 w

Following [15], the necessity of the thickness condition for control subsets to ensure the
null-controllability of the heat equation is a consequence of a quasimodes construction;
whereas the sufficiency is derived from an abstract observability result based on an adapted
Lebeau-Robbiano method established by Beauchard and the second author with some
contributions of Miller in [8] (Theorem 2.1). This abstract observability result whose
proof is inspired from the works [30, 31], was extended in [6] (Theorem 3.2) to the non-
autonomous case with moving control supports and under weaker dissipation estimates
allowing controlled blow-up for small times in the dissipation estimates. The following
statement is a simplified formulation of Theorem 3.2 in [6] limited to the semigroup case
with fixed control supports and weaker dissipation estimates than in [8] (Theorem 2.1):
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Theorem 1.6 (Beauchard, Egidi & Pravda-Starov). Let §2 be an open subset of R, w be a
measurable subset of Q, (m)x>1 be a family of orthogonal projections on L*(Q), (e=*)1>0
be a strongly continuous contraction semigroup on L*(); c1,ca, ¢}, ch,a,b,to,my > 0 be
positive constants with a < b; mo > 0. If the following spectral inequality

(1.9) Vg€ L*(Q),Vk > 1, |mrgllrz@) < e Imegllr2(w),
and the following dissipation estimate with controlled blow-up

—cot™1kb

_ (&
(1.10) Vge L*(Q),Vk > 1L,Y0 <t <to, [I(1—m)(e " g)llr2@) < WHQHm(Q)a
2

hold, then there exists a positive constant C > 1 such that the following observability
estimate holds

_ C o
(111) VT >0,g € LA(Q), [ g0 < Coxp (o ) /0 e Ag||25 ., dt.

T b—a

Notice that the assumptions in the above statement do not require that the orthog-
onal projections (7x)r>1 are in any manner related to the spectral projections onto the
eigenspaces of the infinitesimal generator A, which is allowed to be non-selfadjoint. Ac-
cording to the above statement, there are two key ingredients to derive a result of observ-
ability, or equivalently a result of null-controllability for the adjoint system, while using
Theorem 1.6, namely a spectral inequality (1.9) and a dissipation estimate (1.10). For the
heat equation, the orthogonal projections used are the frequency cutoff operators given by
the orthogonal projections onto the closed vector subspaces

(1.12) E, = {f € L*(R™) : supp fC [—k,k:]"}, kE>1.
With this choice, the dissipation estimate readily follows from the explicit formula
(1.13) (29)(t,€) =5(©)e 1, >0, ¢ R,

whereas the spectral inequality is given by the sharpened formulation of the Logvinenko-
Sereda theorem established by Kovrijkine (Theorem 1.3). Notice that the power 1 for
the parameter R in the estimate (1.4) and the power 2 for the term |£| in formula (1.13)
account for the fact that Theorem 1.6 can be applied with the parameters a = 1, b = 2
that satisfy the required condition 0 < a < b. It is therefore essential that the power of the
parameter R in the exponent of the estimate (1.4) is strictly less than 2. Let us underline
that Theorem 1.6 does not only apply with the use of frequency cutoff projections and a
dissipation estimate induced by some Gevrey type regularizing effects. Other regularities
than the Gevrey one can be taken into account. In this work, we are interested in obtain-
ing results of null-controllability for evolution equations enjoying some regularizing effects
in Gelfand-Shilov spaces. More specifically, given an abstract evolution equation enjoying
some Gelfand-Shilov regularizing effects, we aim at finding sufficient geometric conditions
on control subsets to ensure null-controllability in any positive time. The definition and
basic properties related to Gelfand-Shilov regularity are recalled in appendix (Section 5.3).
As recalled in this section, the Gelfand-Shilov regularity is characterized by specific expo-
nential decays of both the functions and their Fourier transforms. In the symmetric case,
the Gelfand-Shilov regularity can be read on the exponential decay of the Hermite coeffi-
cients when expanding the functions in the L?(R")-Hermite basis (®4)aenn. We refer the
reader to Section 5.2 for the definition and some notations related to Hermite functions.
Thanks to this second characterization of the Gelfand-Shilov regularity, a natural choice
for the orthogonal projections (m)g>1 in order to apply Theorem 1.6 to prove the null-
controllability of evolution equations enjoying some symmetric Gelfand-Shilov regularizing
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effects, are given by the Hermite orthogonal projections onto the closed vector subspaces
in L?(R"),

(1.14) &k = Spanc{Pa faenn, jaj<ks Kk EN,

where N denotes the set of non-negative integers, and || = a3 + ... + o, when o =
(a1, ...,an) € N that is, the orthogonal projections

k
(1.15) =Y Pj,  Prg= Y (9, Pa)iz@n) Pa; k>0,
7=0 aeN™,
la|=k

where Pj, denotes the orthogonal projection onto the k™ energy level associated with the
harmonic oscillator

+oo
(1.16) H=—Dp+ 2> =D (2k+ n)P;.

k=0
Given an abstract evolution equation enjoying some symmetric Gelfand-Shilov regularizing
effects, the dissipation estimate (1.10) is then expected to hold for the Hermite orthogonal
projections (7x)r>1 with some specific positive parameter b > 0 related to the index of
Gelfand-Shilov regularity. Let us notice that this dissipation estimate does not depend on
the geometry of the control subset and that this geometry only plays a (key) role in the
spectral inequality (1.9). Adressing the problem of finding sufficient geometric conditions
on control subsets to derive an observability result for this abstract evolution equation is
therefore reduced to obtain quantitative spectral estimates of the type

(1.17) Vk > 1,3C(w) > 0.Vf € L*(R"),  |[mfll2@n) < Ok(w)llmif L2,

and figure out the largest class of control subsets for which the spectral inequality (1.9)
holds with some positive parameter 0 < a < b. This problem of studying under which
conditions on the control subset w C R™, the spectral inequality (1.17) holds and how the
geometric properties of the control subset w relate to the possible growth of the positive
constant Cx(w) > 0 with respect to the energy level when k& — +oo was studied by
Beauchard, Jaming and the second author in [7]. By a simple argument of equivalence
of norms in finite dimension, the first result in [7] shows that for any measurable subset
w C R™ of positive Lebesgue measure |w| > 0 and all N € N, there does exist a positive
constant Cy(w) > 0 depending on w and N such that the following spectral inequality
holds

(1.18) Vie&ln, fllezmny < ONWIfllz2ew)-

The main result in [7] (Theorem 2.1) then provides the following quantitative upper bounds
on the positive constant Cn(w) > 0 for the following three different geometries:

() If w is a non-empty open subset of R™, then there exists a positive constant C' = C(w) >
1 such that

(1.19) YN e NVfe&n, |fllzn) < CesVmN+HDEON| gl 5 0.
(73) If the measurable subset w C R™ satisfies the condition

iming O BORN o N BO)]
1.2 B R T A hTBOT
(120 NG TR € S o T Rl

where B(0, R) denotes the open Euclidean ball in R" centered in 0 with radius R > 0,
then there exists a positive constant C' = C'(w) > 1 such that

(1.21) VN eNVfe&n, fllramn < Ce NI FllL2w)-
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(#31) If the measurable subset w C R™ is 7-thick at scale L > 0, that is, when (1.3) holds,
then there exist a positive constant C' = C(L,~y,n) > 0 depending on the dimension n > 1
and the parameters 0 < v < 1, L > 0, and a universal positive constant k = x(n) > 0 only
depending on the dimension such that

K\ KLV N
(1.22) VN eNVS € v, IIfl2@n < c(;) 1711220

These results show that the spectral inequality (1.9) is satisfied with parameter a = %,
when the control subset w C R™ is v-thick at scale L > 0; whereas it holds with the
parameter a = 1 when the geometric condition (1.20) holds.

The main result in the present work (Theorem 2.1) bridges the gap between the two
spectral estimates (1.21) and (1.22) by figuring out sharp geometric conditions on the
control subsets ensuring that the spectral inequality (1.9) holds for any given parame-
ter % < a < 1. Given an abstract evolution equation enjoying some regularizing effects
in the symmetric Gelfand-Shilov space Sl (R™), with % < p < 1, some sharp sufficient
geometric conditions on control subsets to ensure null-controllability are then deduced in
Theorem 2.5, and some applications to derive the null-controllability of evolution equa-
tions associated to certain classes of hypoelliptic non-selfadjoint quadratic operators, or

to fractional harmonic oscillators are given in Corollaries 2.4 and 2.6.

2. STATEMENTS OF THE MAIN RESULTS

2.1. Uncertainty principles for finite combinations of Hermite functions. The
main result contained in the present work is the following uncertainty principles for finite
combinations of Hermite functions:

Theorem 2.1. Let p : R" — (0,400) be a 3-Lipschitz positive function with R™ being
equipped with the Euclidean norm, satisfying that there exist some positive constants 0 <
e<1,m>0, R>0 such that

Ve e R, 0<m<p(z)<Rz)'c.
Let w be a measurable subset of R™ which is y-thick with respect to the density p, that is,
(2.1) <y <LV eR", |wnNB(z,plx))|>v|Bx,pl)l,

where B(y,r) denotes the Euclidean ball centered at y € R™ with radius v > 0, and | - |

denotes the Lebesgue measure. Then, there exist some positive constant k,(m, R,vy,€) > 0,

C’n(e,R) > 0 and a positive universal constant kK, > 0 only depending on the dimension
such that

7o\ Cn(e,R)N'"2

YN 21V €N, Ifllzan < mnm, Ro7,) (2°) /11220,

with En being the finite dimensional vector space spanned by the Hermite functions (@a)‘aKN.

By using the equivalence of norms in finite dimension while taking the parameter ¢ = 1,
Theorem 2.1 allows to recover the quantitative spectral estimate of Logvinenko-Sereda
type (1.22) established in [7] (Theorem 2.1), as condition (2.1) is then equivalent to the
thickness property (1.3). Contrary to the thick case (case € = 1), notice that in the case
when 0 < £ < 1, the condition (2.1) allows control subsets to have holes with diameters
tending to infinity. Theorem 2.1 applies for instance with the family of unbounded densities

pe(z) = Re <w)1_8, x € R",

with () = (1 + ]a:P)% and | - | the Euclidean norm on R", when 0 < ¢ < 1 and 0 <

R, < ﬁ, as pe is then a %—Lipschitz positive function, see Section 5.4. However, the
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case ¢ = 0 corresponding to a possible linear dependence of the radius is not covered by
Theorem 2.1.

The following result shows that the regularity assumptions on the density p can be
slightly weakened by allowing it to fail being a Lipschitz function, while strengthening on
the 7-thickness condition with respect to p by imposing some constraints on the lower
bound for the parameter 0 < v < 1:

Corollary 2.2. Let p: R" — (0,400) be a continuous positive function verifying

(2.2) 0<e<1,I30<R. < Nz eR", 0<plz)<Relz) ™,

1
2(1—¢)
with by convention no upper bound condition on Rz > 0 in the case when e =1. If w is a
measurable subset of R™ that is vy-thick with respect to the density p, that is,

(2.3) Ve e R, |wn Bz, p(x))| = 7Bz, p(x))],

with 1 — 6% < v < 1, where B(y,r) denotes the Euclidean ball centered at y € R™ with

radius v > 0, then there exist some positive constants Ky (Rg,fy,fs) >0, én(a, R.) >0 and
a positive universal constant &, > 0 only depending on the dimension such that

fip\ Cn(e,RN'™2
VN >1, Vfeén, |[fllrz@n < ﬁn(Ra7’Ya€)(7> £ 1l 22 (w)-

The lower bound condition 1 — 6% < v < 1 can be unexpected. We actually do not
know if this assumption is really relevant, or if Corollary 2.2 holds true as well without
this technical condition. Let us only mention that this lower bound condition is somehow
related with the smallness condition on the positive parameter 0 < ¢ < g, with 0 < gg < 1
sufficiently small, in the result of Kovrijkine [27] (Theorem 1.1), where is established that
a pair (S, Y) is a strong annihilating one when S and ¥ are measurable subsets satisfying

the following e-thinness condition

(2.4) Ve e R", SN Bz, pi(lz)))| < Bz, pr(|a]))],
(2.5) Vo eRY, |80 B(r, pa(lal))] < £l Bz, pallo])],
when p1, p2 : Ry — (0, +00) are continous non-increasing functions satisfying
301,02>0,Vt€R+, Lézt,
P2 (ﬁé))

with 0 < € < gg. Corollary 2.2 is a direct consequence of Theorem 2.1 while using the
density p-(z) = Re(z)' ™%, with € R” and 0 < R. < ﬁ, together with Lemma 5.6 in
appendix.

2.2. Null-controllability of hypoelliptic non-selfadjoint quadratic equations. This
section is devoted to the study of the null-controllability for evolution equations associated

to certain classes of non-selfadjoint quadratic operators enjoying some global subelliptic

properties. The main result in this section is Corollary 2.4. This result is a consequence

of the new uncertainty principles established in Theorem 2.1, and the abstract observ-

ability result given by Theorem 1.6. It extends to any control subset that is thick with

respect to an unbounded Lipschitzian density with an almost linear growth at infinity, the

result of null-controllability proved by Beauchard, Jaming and the second author in [7]

(Theorem 2.2).



8 JEREMY MARTIN & KAREL PRAVDA-STAROV

2.2.1. Miscellaneous facts about quadratic differential operators. Quadratic operators are
pseudodifferential operators defined in the Weyl quantization

(2.6 (D)) = e [ (T ) )

by symbols ¢(z,€), with (z,£) € R™ x R", n > 1, which are complex-valued quadratic
forms

¢:RXRY — C
(@,8) = q(x,8).

These operators are actually differential operators with simple and fully explicit expression
since the Weyl quantization of the quadratic symbol z¢?, with (o, 8) € N**, |a+ | = 2,
is given by the differential operator

:UO‘DQ + Df T
2 )
Notice that these operators are non-selfadjoint as soon as their Weyl symbols have a non-

zero imaginary part. The maximal closed realization of the quadratic operator ¢*(z, D)
on L?(R™), that is, the operator equipped with the domain

(2.7) D(¢") = {f € L*(R"): ¢"(z,D;)f € L*(R")},

where ¢ (x, D,)f is defined in the distribution sense, is known to coincide with the graph
closure of its restriction to the Schwartz space [24] (pp. 425-426),

q“(z,D;) : S(R") —» L (R").

D, =i"19,.

Classically, to any quadratic form ¢ : R} x R — C defined on the phase space is associated
a matrix F' € My, (C) called its Hamilton map, or its fundamental matrix, which is the
unique matrix satisfying the identity

(2.8) V(z, &) e R V(y,n) e R™, q((z,€),(y.n) = o((x,£), F(y,n)),

where ¢(+, -) is the polarized form associated with the quadratic form ¢, and where o stands
for the standard symplectic form

n

(2.9) o((,€), (y:m) = (& w) — (@,m) = > _(§yj — zm;),

j=1
with © = (21, .., 2n), ¥ = (Y1, -sYn), € = (&1, -&n)s 1 = (N1, -, nn) € C™. We observe

from the definition that
F:1< VeVaa Vig >
2\ —Vig —V.Vg
where the matrices Viq = (as,j)1<i,j<n, ng = (bij)i<ij<n, VeVaeq = (Cij)i1<ij<n,
V2Veq = (d; j)1<ij<n are defined by the entries

G5 = agi@jq’ bij = 8§i7§jq’ Cij = 852i,rjq’ dij = 8£ia£jq'

The notion of singular space was introduced in [18] by Hitrik and the second author by
pointing out the existence of a particular vector subspace in the phase space S C R?",
which is intrinsically associated with a given quadratic symbol g. This vector subspace is
defined as the following finite intersection of kernels

2n—1
(2.10) S = ( (M Ker[Re F(Im F)j]> nR2",
=0
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where Re F' and Im F' stand respectively for the real and imaginary parts of the Hamilton
map F' associated with the quadratic symbol ¢,

Re F = %(F+F), Im F = %(F—F}.

As pointed out in [18, 21, 22, 34, 35, 36, 44], the notion of singular space plays a basic
role in the understanding of the spectral and hypoelliptic properties of the (possibly) non-
elliptic quadratic operator ¢*(z, D), as well as the spectral and pseudospectral properties
of certain classes of degenerate doubly characteristic pseudodifferential operators [19, 20,
42, 43]. In particular, the work [18] (Theorem 1.2.2) provides a complete description for
the spectrum of any non-elliptic quadratic operator ¢*(z, D) whose Weyl symbol ¢ has
a non-negative real part Re ¢ > 0, and satisfies a condition of partial ellipticity along its
singular space S,

(2.11) (x, ) €S, q(z,§) =0= (z,§) =0.

Under these assumptions, the spectrum of the quadratic operator ¢"(x, D,) is shown to be
composed of a countable number of eigenvalues with finite algebraic multiplicities and the
structure of this spectrum is similar to the one known for elliptic quadratic operators [39].
This condition of partial ellipticity is generally weaker than the condition of ellipticity,
S C R?", and allows one to deal with more degenerate situations. An important class of
quadratic operators satisfying condition (2.11) are those with zero singular spaces S = {0}.
In this case, the condition of partial ellipticity trivially holds. More specifically, these
quadratic operators have been shown in [35] (Theorem 1.2.1) to be hypoelliptic and to
enjoy global subelliptic estimates of the type

(2.12) 3C >0,Vf € L(R"),

(@, D2))* M0 fll2@ny < Clg” (@, Do) fll ey + 1 fllz2geny),

where ((x, D;))? = 1+|z|? +|D,|?, with a sharp loss of derivatives 0 < § < 1 with respect
to the elliptic case (case 6 = 0), which can be explicitly derived from the structure of the
singular space.

In this work, we study the class of quadratic operators whose Weyl symbols have non-
negative real parts Re ¢ > 0, and zero singular spaces S = {0}. These quadratic operators
are also known [18] (Theorem 1.2.1) to generate strongly continuous contraction semi-
groups (74" );> on L?(R"), which are smoothing in the Schwartz space for any positive
time

VE > 0,Vf € L2(R"), e fe . 7(RY).

In the recent work [22] (Theorem 1.2), these regularizing properties were sharpened and
these contraction semigroups were shown to be actually smoothing for any positive time

in the Gelfand-Shilov space Sy/5(R"): 3C > 0, 3ty > 0, ¥f € LA(R"), Va,B € N,
Y0 < t < ty,
C1+lal+8l

(2.13) 12287 (™" )| oo rmy <

/2 (5112 :
= tQk%+1(\a|+\ﬂ\+2n+s) (Oz) (5) ||f”L2(R )

where s is a fixed integer verifying s > n/2, and where 0 < ky < 2n — 1 is the smallest
integer satisfying

ko
(2.14) ( (M Ker[Re F(Im F)j]> AR = {0}.

j=0
Thanks to this Gelfand-Shilov smoothing effect (2.13), Beauchard and the second author
have established in [8] (Proposition 4.1) that, for any quadratic form ¢ : Ring — C with a
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non-negative real part Re ¢ > 0 and a zero singular space S = {0}, the following dissipation
estimate holds

(2.15) 3Cy > 1,3tg > 0,Vt > 0,Vk > 0,Vf € L*(R"),

1L = m) (e )l p2ny < Coe ¥ £l L2 gamys

with

inf(t,tg)2kot!
(2.16) i(t) = Co
where 0 < kg < 2n — 1 is the smallest integer satisfying (2.14), and where (7 )x>0 are the
Hermite orthogonal projections defined in (1.15). Combining these dissipation estimates
with the quantitative spectral estimate of Logvinenko-Sereda type (1.22) established in [7]
(Theorem 2.1), Beauchard, Jaming and the second author have derived from the abstract
observability result [8] (Theorem 2.1) the following result of null-controllability [7] (The-
orem 2.2):

>0, t=>0,

Theorem 2.3 (Beauchard, Jaming & Pravda-Starov). Let ¢ : RY x Rf — C be a complex-
valued quadratic form with a non-negative real part Re ¢ > 0, and a zero singular space
S = {0}. If w is a measurable thick subset of R™, that is, when condition (1.3) holds for
some L > 0 and 0 <~ <1, then the evolution equation

{ Df(t,2) +q"(z, Do) f(t,2) = Ly(@)u(t,z), @ €R™, >0,
flio = fo € L2(R™),

with ¢*(x, D) being the quadratic differential operator defined by the Weyl quantization
of the symbol q, is null-controllable from the set w in any positive time T > 0.

Thanks to the new uncertainty principles established in Theorem 2.1, and the abstract
observability result given by Theorem 1.6, Theorem 2.3 can be generalized to any control
subset that is thick with respect to an unbounded Lipschitzian density with an almost
linear growth at infinity.

Ifp:R" — (0,400) is a %—Lipschitz positive function with R™ being equipped with
the Euclidean norm satisfying that there exist some positive constants 0 < e <1, m > 0,
R > 0 such that

Ve eR", 0<m<p(x) <Rz
and if w C R™ is a measurable subset that is y-thick with respect to the density p for
some 0 < v < 1, that is, when condition (2.1) holds, we can apply Theorem 1.6 together
with Theorem 2.1 for the following choices of parameters: = R"; A = ¢“(x, D,);
0<a=1-5<b=1;t >0 asin (2.15); m; = 2ko + 1 where kg is defined in (2.14);
mg = 0; any constant c¢; > 0 satisfying

— )

o\ Cn(e,R)E'™ 5 s
Yk >1, kp(m,R,v,¢) (@> < ek’
Y

where the positive constants s, (m, R, y,¢) > 0, Cp(g, R), &y > 0 are given by Theorem 2.1;
d=d =1 ¢ = C%) > 0 where Cy > 1 is defined in (2.15). We therefore obtain the
following observability estimate in any positive time

3C > 1,YT > 0,Yg € L*(R™),

T
e 0" 9|25 gy < C'ex (#) le™0" g|[22,,,,dt
iz =~ P2 @m0 ) I L2 ()4

By noticing on one hand that the L?(R")-adjoint of the quadratic operator (¢*, D(q™))
is the quadratic operator (g%, D(g")), whose Weyl symbol is the complex conjugate of ¢,
and that on the other hand, the symbol 7 is a also a complex-valued quadratic form with
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a non-negative real part and a zero singular space, the Hilbert Uniqueness Method allows
to obtain the following result of null-controllability:

Corollary 2.4. Let q : R? x Rg — C be a complex-valued quadratic form with a non
negative real part Re ¢ > 0, and a zero singular space S = {0}. Let p : R" — (0, +00) be
a %-Lipschitz positive function with R™ being equipped with the Euclidean norm, satisfying
that there exist some positive constants 0 < e <1, m >0, R > 0 such that

Ve eR", 0<m<p(x)<R{z)°
and w be a measurable subset of R™. If w is y-thick with respect to the density p, that is,
<y <L,V eR",  |wn B(x,p(x))| > v|B(z, p(x))|,

where B(y,r) denotes the Euclidean ball centered at y € R™ with radius r > 0, then the
evolution equation

{ O f(t,x) + q¥(x, Dy) f(t,z) = 1y (x)u(t, x), reR™ t>0,
fli=o = fo € Lz(Rn)a

with ¢*(x, D) being the quadratic differential operator defined by the Weyl quantization
of the symbol q, is null-controllable from the control subset w in any positive time T > 0.

2.3. Null-controllability of evolution equations enjoying Gelfand-Shilov smooth-
ing effects. Given an abstract evolution equation enjoying some Gelfand-Shilov regular-
izing effects, we aim now at figuring out sufficient geometric conditions on control subsets
to ensure its null-controllability in any positive time.

Let us consider the evolution equation

O f(t,x) + Af(t,x) = 1y (x)ult,z), = cR" t>0,
fli=o = fo € L*(R™),
associated to A a closed operator on L?(R") that is the infinitesimal generator of a

strongly continuous contraction semigroup (e~*4);>o on L?(R") enjoying some Gelfand-
Shilov smoothing effects for any positive time, that is, verifying

(2.18) > 0,Yu € LA(R"), e e 800 (R"),

with % < s < 1. We assume more specifically that the contraction semigroup (e*tA)tZO

(2.17)

enjoys the following quantitative regularizing estimates: there exist some constants % <
s<1,Cs>1,0<ty <1, m,mg €R with my > 0, mg > 0 such that

(2.19) Y0 < t < tg,Va, € N Vg € L*(R"),
N B Csl+|a\+|/3| B N
|2 85(6 tAg)H < W(a!)zs (5!)25|’9”L2(Rn)>

where the above norm || - || denotes either the L°°(R"™) norm or the L?(R"™) one. Lemma 5.8
in appendix shows that if the estimates (2.19) hold with the L (R™) norm then they also
hold with the L?(R™) one with the same constants £ < s < 1, 0 < #p < 1, but with
different values for the constants Cs > 1, m; > 0, mo > 0. The following result provides
sufficient geometric conditions on control subsets related to the index of the symmetric
Gelfand-Shilov regularity % to ensure the null-controllability of the adjoint system:

Theorem 2.5. Let A be a closed operator on L*(R™) which is the infinitesimal genera-
tor of a strongly continuous contraction semigroup (e*tA)tZO on L?(R™) that satisfies the
quantitative smoothing estimates (2.19) for some 3 < s < 1. Let p : R" — (0,+00) be a
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%—Lipschz’tz positive function with R™ being equipped with the Euclidean norm, satisfying
that there exist some constants 0 < 6 < 2s—1, m >0, R > 0 such that

vz eR", 0<m < p(x) <Rz’
If w is a measurable subset of R™ which is ~v-thick with respect to the density p, that is,
<y <1,V eR",  |wnNB(x,p(x))| > v|B(x, p(x))|,

where B(y,r) denotes the Euclidean ball centered at y € R™ with radius r > 0, then the
evolution equation associated to the L?(R™)-adjoint operator A*,

Opf(t,x) + A" f(t, ) = Ly(2)ult, ), weR", t>0,

fle=o = fo € L*(R"),

is null-controllable from the control subset w in any positive time T > 0.

(2.20)

As recalled in the previous section, strongly continuous contraction semigroups gen-

erated by accretive non-selfadjoint quadratic operators with zero singular spaces enjoy
1/2
1/2
Bernier have established in [2] (Theorem 1.6) that such contraction semigroups (e7*");>¢
on L?(R™) satisfy the following quantitative regularizing estimates: there exist some con-

stants C > 1, 0 < tg < 1 such that

smoothing effects in the Gelfand-Shilov space S,/ (R™). More specifically, Alphonse and

(2.21) Y0 <t <to,Vk > 1,¥Xy,..., X} € R? Vg € L*(R"),

—tqw ok ok 1
1L, L (e Dz < zrper (TLPG1) B0 gl
2 le

with 0 < kg < 2n — 1 the smallest integer satisfying (2.14), where | Xo| is the Euclidean
norm of Xy € R?", and where L x; is the first order differential operator

LXj = <$j,l‘>+<§j,az>, Xj = (xjagj) €R2n7
with (-, -) the Euclidean dot product. The estimates (2.21) imply in particular that for all
0<t<ty a,B €N gec L}R"),

C(@n)z0)le8l -
Nz (B1)2 .
T (o) (@)2(8")2|gll 22 (B

(2.22) 12282 (7" g) | 2 (my <

Indeed, we observe that
w0l = (T128) (T1L8).  a=(an,man), = (B1,fu) €N,
j=1 k=1

where (eq,...,en,€1,...,6,) denotes the canonical basis of R? x Rg, and that the basic
estimate (3.44) implies that

Vo, B €N, (lof + [B)! < 2 (Japi( ) < (2n) gy,

since

(ol +18)!  (lal+ 181 _ " flal+18\ . jajis
(228) i = el ) S kZ:O( ()=

The strongly continuous contraction semigroup generated by the L?(R™)-adjoint operator
(¢")* = (q)" satisfies the very same quantitative regularizing estimates (2.21), since the
quadratic symbol g has also a non-negative real part with a zero singular space. Thanks
to these smoothing estimates, the result of Corollary 2.4 can therefore be recovered while
applying Theorem 2.5.
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As noticed at the end of the proof of Theorem 2.5, the conclusions of Theorem 2.5 holds
true as well when the quantitative regularizing estimates (2.19) holding for some 3 < s < 1
are replaced by the following assumption

(2.24) Fmy,my > 0,301, Co > 0,30 < tg < 1,V0 < t < to,Vg € L*(R"),

2t™1 2

2L 2lal+n)® |, —tA ¢
Z o o (lal+n) (et g,cba)Lz(Rn)\Q < tTSQHQH%%Rn)’
aeN™

with (®4)aen» the L?(R™)-Hermite basis. As an application of this remark, we consider
the fractional harmonic operator

(2.25) Yu € D(H®), Hiu= (-2, +|2|*)%u= Z 2|laf +n)*(u, o) r2(mr) Pas
aeN™

with % < s <1, equipped with the domain

(2.26) D(H) = {u €L’ ®R™): Y (2lal +n)*|{u, ®a) 2am* < +oo}.
aeN?

The fractional harmonic oscillator H® is a selfadjoint operator generating a strongly con-
tinuous contraction semigroup (e*"");>o on L?(R™) explicitly given by

(2.27) Vt>0,Vue LARY), e u=>" e oy &0 o o) 0a,
aeNn

see e.g. [41] (Propositions 2.6.2 and 2.6.5). As the assumption (2.24) trivially holds for
the fractional harmonic oscillator, Theorem 2.5 allows to derive the following result of
null-controllability:

Corollary 2.6. Let % <s<landp:R"— (0,400) be a %-Lipschitz positive function

with R™ being equipped with the Euclidean norm, satisfying that there exist some constants
0<d<2s—1,m>0, R>0 such that

Ve eR", 0<m<p(zx) <R
If w is a measurable subset of R™ which is ~y-thick with respect to the density p, that is,
D <y<LVzeR", |wnB(z,p(x))| =Bz, p(z))],

where B(y,r) denotes the Euclidean ball centered at y € R™ with radius r > 0, then the
evolution equation associated to the fractional harmonic oscillator H® = (— Ay + |z|?)%,

{ of(t,x) + Hof(t,x) = lu(x)u(t,z), x€R" t>0,
fli=0o = fo € L*(R™),

s null-controllable from the control subset w in any positive time T > 0.

2.4. Outline of the work. Section 3 is devoted to the proof of Theorem 2.1. It is the
core of the present work. Theorem 2.5 is then proved in Section 4, whereas the appendix
in Section 5 gathers miscellaneous facts about the Gamma function, Hermite functions,
slowly varying metrics and the Gelfand-Shilov regularity. Some proofs of technical results
as Bernstein type estimates are also given in this appendix.
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3. PROOF OF THEOREM 2.1

This section is devoted to the proof of Theorem 2.1. Let p : R® — (0,400) be a
%—Lipschitz positive function with R™ equipped with the Euclidean norm, such that there

exist some positive constants 0 < e < 1, m > 0, R > 0 satisfying

(3.1) Ve eR", 0<m<p(x)< Rz)'=.

Let w be a measurable subset of R™ which is «-thick with respect to the density p, that is,
(32) <y <LVzeR, |wn Bl p(@)] = vIB(, ()] = yo(@)"| BO,1)],
where B(z,r) denotes the Euclidean ball centered at z € IR" with radius r > 0, and

where |A| denotes the Lebesgue measure of A. Since p is a 5-Lipschitz positive function,

Lemma 5.4 in appendix shows that the family of norms (|| - ||)zcrr given by

(3.3) Ve e R",Vy e R", |yl = M,
p(x)
where || - || denotes the Euclidean norm in R", defines a slowly varying metric on R".

3.1. Step 1. Bad and good balls. By using Theorem 5.5 in appendix, we can find a
sequence (zj)r>o in R™ such that

No+1
(3.4) ANy € N, V(i1, .., inpr1) € NV wwith i £ 4, if L <k #1< No+1, [ Bi, =0
k=1

and
+00
(3.5) R" = | | By,
k=0

where

(3.6) Br={y e R": |ly —aplle, <1} ={y e R": [ly —ax| < p(xr)} = Blak, p(xr))-

Let us notice from Theorem 5.5 that the non-negative integer Ny only depends on the
dimension n and the constant C' > 1 appearing in slowness condition (5.36) which can
1

be taken equal to C' = 2 here, as p is a 5-Lipschitz function. The integer No = Ny(n)

is therefore independent on the function p and depends only on the dimension n > 1. It
follows from (3.4) and (3.5) that

—+o00
(3.7) Ve eR®, 1< Z g, (z) < No,
k=0

where 1p, denotes the characteristic function of By. We deduce from (3.7) that for all
g € L*(R™),

+oo
(3.8) 12y = /R lg(@)[Pde <Y /B 9(@)[2dz < Nollgl2a -
" k=0 " Bk

Let N € N be a non-negative integer and f € Ex\{0}, with &y being the finite dimensional
vector space spanned by the Hermite functions (®4)jq|<n defined in (1.14). Let 0 < 4§ < 1
be a positive constant to be chosen later on. We divide the family of balls (By)r>o into
families of good and bad balls. A ball By, with k£ € N, is said to be good if it satisfies

(3.9) V(8,8) e N"x N*, || <n,

By . By
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where the positive constants M 5.4, n(0) > 0 also depend on the fixed positive parameter
0 < € <1 and the dimension n > 1, and are defined by

(3.10) Mj 5 5 (5)

1— &

- . . A—e)(n+18) — 3
8,6K52—8)|5|+(1—5)n+|5‘5|ﬁ‘+|/3| (n+1) fFOm + W + 3)61:;27_3’

with the constants f(&(s > 1 and K. > 1 defined in Proposition 5.3. On the other hand, a
ball By, with k£ € N, which is not good, is said to be bad, that is, when

(3.11) 3(8,B) e N* xN", |B| <mn,

/B | <$>(175)(‘5‘+n) 5E+Bf(x)|2dx > 4n(2(2nN0 + 1))‘6|+1M676~7N(5)2 /B |f(l‘)|2d33
k k

If By is a bad ball, it follows from (3.11) that there exists (BO,BO) e N® x N, \Bg\ <n
such that

(3.12) /B 1 ()P

< 1 / ‘ <x>(1—€)(lﬂo|+N) 8£0+B°f(x)\2dx
(6)2 /5,

4 (220 Ny + 1))‘60‘+1M6076~0’N

1 / (1=e)(1B1+n) 28+8 £ (2

> | () 0y P f ()| de.
1 X

BeNr, |B|<n

IN

By summing over all the bad balls and by using from (3.4) that

(313) vw € Rn’ lubad balls Bk S Z lBk S NO]lUbad balls Bk’
bad balls

we deduce from (3.12) and the Fubini-Tonelli theorem that

(3.14) /u

£ |d:c<2/ 2)|2dz

bad balls By, bad balls
Np / (1—e)(18l+n) 58+5 2
< Z |(z) OB f(x)*dx
g 422N+ 1) M 5 0 (6)? Ui e B
BeNn, |B|<n
No / (1—e)(18|+n) 2B+ 2
< ) | (z) TP f(z)Pdx.
e A2 No+ 1) My 5 (6)2 e
BeNn, |B|<n

By using that the number of solutions to the equation 81 + ...+ 8, =k, with k >0, n > 1
and unknown 8 = (fi,...,0,) € N", is given by (k+” 1), we obtain from the Bernstein
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type estimates in Proposition 5.3, (3.10) and (3.14) that

Ny )
(315) / F@Pde< (> 1122z
Ubad balls By, <~ BEN"J 4"(2(2”]\[0 + 1))|B|+1) ( )
BEN™, |B|<n

- (T s | (D W [ 11 s

Senn (2(2nNO + 1))\5|+1

ﬁEN”, |B|§n
+oo n .
_ k+n—1 No 1 /(j+n—1 ,
= (;0 < k > 2k+1(27’LN0 + 1>k+1> (];0 4n < j >>||f||L2(Rn)
+oo n o
N 2Jtn 1 1
n—2 0 9 )
k=1 j=0
since
E+n—1 k+n—1 Ein—1
(3.16) ( L ) < Z < ; > _ ok+n—1

j=0
Recalling from (3.5) that

1 < ﬂUbad balls Bk + ﬂUgood balls Bk’
we notice that

(3.17) ey @)Pda+ | oK
good balls By, Ubad balls Bk
It follows from (3.15) and (3.17) that
4
(3.18) 1y < 5 [ 1£(2)Pda.
good balls Bk

3.2. Step 2. Properties on good balls. As the ball B(0,1) is an Euclidean ball, the
Sobolev embedding

W(B(0,1)) — L=(B(0, 1)),
see e.g. [1] (Theorem 4.12), implies that there exists a positive constant C), > 0 depending
only the dimension n > 1 such that
(3.19) Yu e W™(B(0,1)), lullzeo(p0,1)) < Cnlltllwn2ipo.1))-

By translation invariance and homogeneity of the Lebesgue measure, it follows from (3.1),
(3.6) and (3.19) that for all u € W™2(By,),

ullZoe () = llz = wlan + zp(au) | Ee o1y < Callz = ul@r + 2o(20)) G201
:C121 Z / p(xk)2\a|*n|aa de—CQ Z / 2|a\ xk)) o= |8§‘u(1:)\2da;
acN", By aeN"
loa|<n lal<n
and
(3:20) [l (s, < C2max(m,m~1)" 3 / )" 15 u(a)de
aeN", By
\a|<n
= C?max(1,m 1) *"p(xy) Z / |0%u(z)|?dx.
aeN"™,



SPECTRAL INEQUALITIES FOR HERMITE FUNCTIONS AND NULL-CONTROLLABILITY 17

We deduce from (3.20) that for all u € W™2(By),
(3.21) [l Lo (3y) < Cromax(L,m ™" )" p(a) ? [[ull w2z,

Let By be a good ball. By using the fact that the mapping p is a %—Lipschitz positive
function, we notice that

(3.22) Vx € B = B(xg, p(xr)), 0 < p(zr) < 2p(x).

We deduce from (3.21) and (3.22) that for all € N" and k € N such that By is a good
ball

(3.23) (i) P2 102 fll oo ()

~ 1
< C, max(l,mfl)"p(xk)mHn( Z ]]85+5f|]%2(3k)) ’
BeEN, |B|<n

=C, max(l,mfl)n< Z HP(xk)l'g‘+naf+ﬁf”2m(8k)) ’

FeEN™, |B|<n

N 1
< Cp, max(1, m_l)n2|5|+n< Z Hp(x)I6|+n8xﬁ+ﬁf“%2(Bk)) g
BeN™, |B|<n

1=

By using (3.1) and the definition of good balls (3.9), it follows from (3.23) that for all
B € N" and k € N such that By is a good ball

(3.24) P(ﬂ«"k)lﬁH%HaffHLoo(Bk)

1
< C’nmax(l,m 2R |B|+n< Z I[{x 1 &)(18l+n) aﬁ+ﬂf||22(3k )2
fenr,
|B|<n
[Bl+1on |61+1
< Cpmax(1,m™ )" (2R) " 2m /220N, + 1) ( > My ) 1£ 1223y -
Benn,
\BISn

By using the fact that the Gamma function is increasing on [2, +00) (see Section 5.1), wi
obtain from (3.10) that for all 5 € N*, 5 € N" |5 <n,0<d§ <1,

RIINT

2 2 —c n -
(325) MIBBN((s) S K*E’JKéQfE)W|+n(178)+|ﬁ|5|ﬁ|+‘5|(n+1)(1 )(2|5H )F(|ﬁ’+n+3)e%{27

Recalling that K. > 1 and 0 < 6 < 1, it follows from (3.24) and (3.25) that for all g € N"
and k € N such that By is a good ball

(3.26)  p(ai) 202 fll oo (i,
. E it
S Cn(& g,m, R) (5Cn(57 R)) F(|B’ +n+ 3)6 §2=e HfHL2(Bk)7
with

(3.27) C,(d,e,m, R)
= K. 5Cp max(1,m™ )" (4R)" K>~ (n + 1)) \/2(27 Ny + 1) > 0

and

(3.28) C(e, R) = 2R\/2(2"Ng + K2 (n+ 1)z > 0.
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Let By be a good ball. Recalling that f is a finite combination of Hermite functions, we
deduce from the continuity of the function f and the compactness of By that there exists
Yyr € By such that

(3.29) 1f oo By = 1 (wr)]-

By using spherical coordinates centered at y;, € By, and the fact that the Euclidean diam-
eter of the ball By, = B(xk, p(x)) is 2p(xy), we observe that

+o0
(3.30) lwN By| = / (/ 1onB, (yr + ra)do)r"fldr
0 S§n—1

B 2p(zk) )
= ( ]lwﬂBk (yk + TO')CZO') r dr
0 Snfl

= Cote)” [ ([ Tomelon + 2pteyrorio) s ar

where 1,np, denotes the characteristic function of the measurable set w N By. By using
the Fubini-Tonelli theorem, we deduce from (3.30) that

(3.31) |wnNByg| < (2p(:nk))n/01 (/Sn—l 1onm, (yr + 2p(xk)ra)da)dr
= (QP(xk))n/Snl (/01 1unB, (Yk + 2p(xk)7"a)dr>da
— (2p(a0))" /S | /O 1, (r)dr)do = (20(a))" /S Lpldo,

where

(3.32) Io ={r€0,1] : yx +2p(xx)ro € wN By}.

The estimate (3.31) implies that there exists (k) € S*~1 such that

(3.33) w N Br| < (2p(xx))" 8" [ Lo (i |-

Recalling that By, = B(x, p(xx)) and using the property (3.2), it follows from (3.33) that

NUBO, V)] _ |w N Blzg, plzr))|

3.34 0< <
(3:34) 25| = @plen) 5]

< ’Iao(k)‘ <1

3.3. Step 3. Recovery of the L?(R")-norm. Let B}, be a good ball. We first notice
that || f[|z2(p,) # 0, since f is a non-zero entire function. We consider the entire function

(3.35) VzeC, ¢(z)= |Bk‘% S (r + 2p(xy)200(k))
’ £l z2(By) ’
where y;, and og(k) are defined in (3.29) and (3.33). We observe from (3.29) that
L | f k)l 1 £ Lo (my)
¢ 0 = B 2 — = B P —— . Z 1.
O = gy~ Wl

Instrumental in the proof of Theorem 2.1 is the following lemma proved by Kovrijkine
in [26] (Lemma 1):
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Lemma 3.1. Let I C R be an interval of length 1 such that 0 € I and E C I be a subset of
positive measure |E| > 0. There exists a positive constant C > 1 such that for all analytic
function ® on the open ball Bc(0,5) centered in zero with radius 5 such that |®(0)] > 1,
then

In M

C)ln?
— sup |P(x)],
B St

sup [9(2)| < (
zel

with M = sup|, <4 |®(2)| > 1.

Applying Lemma 3.1 with I = [0,1], E' = I 4 C [0,1] verifying |E| = [I,,x)| > 0
according to (3.34), and the analytic function ® = ¢ defined in (3.35) satisfying |¢(0)| > 1,
we obtain that

(3.36) | By|> orell | (g + 2p(x) 200 (K))]
Tz,
( C ey | ’% Supzelgo(k) | f(yk + 2p(zx )00 (K))|
k 9
oo 17220
with
(3.37) 1< M= ‘Bk’% sup|zj<4 | f(yk + 2p(x1)200(K))|

1l 22y

It follows from (3.34) and (3.36) that

2"CISP N By

(3.38)  sup [f(yx + 2p(zk)xoo(k))| < sup | f(yx + 2p(xr)zo0(k))]

z€[0,1] V‘B(Ov 1)’ €l (k)
Lln(2no‘Sn—1|)
< M2 ABONTE sup | f(yk + 2p(x)zo0(k))|-
€150 (k)
According to (3.32), we notice that
(3.39) sup | f(yx + 2p(wk)w00(k))| < [|fl Lo (wnBy)-
2€lgq (k)
On the other hand, we deduce from (3.29) that
(3.40) £l oo (B = 1f ()] < Sl[lopl] |f (yk + 2p(zk )00 (K))|.
x€|0,
It follows from (3.38), (3.39) and (3.40) that
Lln(Qn | "71\)
(3.41) [ flloo(Byy < M ™22 ASBODT| £l poo (wnBy)-

By using the analyticity of the entire function f, we observe that

3
@) Ve St 2pamii) = 3 DRI 1) (2p010) 7
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By using that B, = B (mk, ,o(xk)) is a good ball, y,, € By, and the continuity of the functions
82 f, we deduce from (3.26) and (3.42) that for all |z| < 4,

p(x) 2 1B(0,1)|2| f (ys, + 2p(1.)z00(k)))|

1 n 35 1 n 85 (B},
<[B(0,1)]7 ) p(xk)|ﬁl+2|('};)!(yk)‘8ﬂ <|B(0,1)]z > p(xk)lﬂln”f”ﬁL!(B)gm

(343) | Bil2 | (yk + 2p(x) 200(k))]

BEN" BEN"
1 N3 r'(Bl+n+3 -
< |B(0,1)|2C,(8,,m, R)e 5= ( 3 (,6")(850”(5’ R))Wl) 1£1l22(50)-
BEN™ '
We recall the following estimate
(3.44) vBe N, |8|' <nlflpl,

which is obtained by using the Newton formula, see formula (0.3.3) in [33]. By using anew
that the number of solutions to the equation 8y + ... + 8, = k, with £ > 0, n > 1 and
unknown g = (81, ..., Bn) € N, is given by (’”Zﬁl), and that

DBl +n+3) = (8l +n+2)!, (18] +n+2)"" < (n+2)l/F+2,
according to (5.3) and (5.21), we notice from (3.16) that

(345) Y w(ga@(e,}z))‘ﬁ' =3 M(%C’n(e,}%))w

! !
BEN” Al BEN” Al
1 .
< Z (18] +n+ 2)”+2‘B—!'(86Cn(£, R))'B| < e"+2(n +2)! Z (85neCn(€,R))|B|
BeNn Al BeNn
n+2 = (k+n—1 A ko nt2 SR A k
=" (n42)1) L (86neCn(e, R))" < "2 (n+2)12"" 1> " (165neCh(e, R))".
k=0 k=0

We can now make the following choice for the positive parameter 0 < § < 1, which is fixed
from now and taken to be equal to

1
3.46 0<6=08y.p=min(l, —— ) <1
(3.46) =f ( 32neCy, (¢, R))

Setting Dy (e,m, R) = Cy(dne,r,,m,R) > 0, it follows from (3.37), (3.43), (3.45) and
(3.46) that

(3.47) 1< M <|B(0,1)]3(n +2)!Dy(e,m, R)e 220 ehmen' 2,
We notice from (3.34) that
2nc‘Sn71’
3.48 il A S
(3:45) v/ B(0,1)]

since the positive constant given by Lemma 3.1 satisfies C' > 1. With this choice, we
deduce from (3.41) and (3.47) that

2"C|S"_1| 1n(Dn<E,m,R)en+22”\3(0,1)\%<n+2>!>+5f[52,R N1-%
) 1l onmy:

4 - < [ R | In 2
349) I~ < (S50
Recalling from the property (3.2) that

(3.50) \w ﬂBk‘ > 'y]Bk\ >0
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as By = B(xg, p(z)), and setting

- 2
(351) o= {eewnBe V@I < gy [ 1w}

we observe that

2[(w N By) \ @yl
a2 [ ez [ (el ST [ @)

By using that the integral

/ f(@)ldz > 0,
wN By

is positive!, since f is a non-zero entire function and |w N By| > 0, we obtain that
N 1
\(w N Bk) \wk\ < 5‘&1 N Bk‘,
which implies that
- N 1 1 1 n
(3.53) |@k| = | N Bl = [(w N Be) \ @] 2 5lw N Byl = 57|Brl = 5yp(ax)" B0, 1)] > 0,

thanks to (3.50). By using again spherical coordinates as in (3.30) and (3.31), we observe
that

(3.54)  [@x| = | 0 Bi| = (2p(xx))" /01 </s

1s,n8, (Yr + 2p(xk)ra)da) rtdr

< (QP(xk))n/

Sn

n—1
| lo|do,

-1

where

(3.55) I, = {r€[0,1]: ygx +2p(zs)ro € & N By}

As in (3.33), the estimate (3.54) implies that there exists 7o(k) € S*~! such that

(3.56) Bl < (20(0)"I5" M Esogay)

We deduce from (3.53) and (3.56) that

B(0,1
ABOD

(3.57) 1> [T, = gnttjgn-1] = V-

Applying anew Lemma 3.1 with I = [0,1], £ = f50(k) C [0, 1] verifying |E| = ]f;,o(k)] > 0,
and the analytic function ® = ¢ defined in (3.35) with oo (k) replaced by ¢ (k) satisfying
|¢(0)| > 1, we obtain that

sup,eqo,1 1f (uk + 2p(wx)250(K))|
£l 228y
- ( C M B SUPser, o [F Wi+ 2p(21)250(K))]

(3.58) |Byl2

In 2 | k’2

)

T (k)] 1 fllz2(By)

IThis property can also be seen as a consequence of the Remez inequality, see e.g. [7] (Section 4.4).
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where M > 1 denotes the constant defined in (3.37). It follows from (3.57) and (3.58) that
(3.59) sup | (Y + 2p(x)200(F))]
z€[0,1

n+1 n—1y 2t
<(L’S| " sup [ f (e + 20(xk)260(k)))

Bo ) SR
Lln(m)
< M2 TR AIBOOT T sup | f(yr + 2p(2k)x60 (k)]
zeff}o(’v)
According to (3.55), we notice that
(3.60) sup | f(yr + 2p(zr) x50 (k)| < | fll 2o (@nBy)-

€15 (k)

It follows from (3.29), (3.59) and (3.60) that

(3.61) | fllee(By) = |f(yr)| < sup [f(yx + 2p(zk)w00(K))|

z€(0,1]
Lln(QTH»IC‘Snfl
< M2 MBODT | | Loo (@nBy) -
On the other hand, it follows from (3.51) that
2
3.62 0o (5 < — dx.
(3.62) Ifli=canme < oy [ W@l
We deduce from (3.61), (3.62) and the Cauchy-Schwarz inequality that
1
(3.63) 1 fll2(By) < Bkl 2l fllL(By)
1 n+1 n—1
< B\ [
|(.U N Bk?| wNBy
1
2 B 5 1 2n+1C|Sn71
< B ST s
|w N Bk|5

By using the property (3.50), it follows from (3.47), (3.48) and (3.63) that

2"+1C Snfl

4 In(2—_CI18 7|
364) Wz < M TP e,
2n+lc‘sn71|

4 1 e—2 1-§ %ln(iy)
< ;(|B(O,1)|2(TL+ 2)!Dn(5,m, R)6n+22n66”75»RN 7)1 2 v1B(0,1)] HfH%?(wﬂBk)

Setting

(3.65) Kn(m, R,~v,e) =
V3y2

we deduce from (3.64) that there exists a positive universal constant %, > 1 such that for
any good ball By,

4 2n+1C|Sn—1| 1n(\B(o,1)|%<n+2)!pn(e,m,R)en+22n)
( >0,

In 2
7IB(0,1)]

3 Fon\ T enN'
(3.66) 171325,y < grnlm, By, (7) 1172w
By using anew from (3.4) that
(3'67) ]lUgood balls Bk < Z HB’C < No]lugood bails Bk

good balls
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it follows from (3.18) and (3.66) that

4 4
(3.68)  I1f|2emm < 3/ F@Pdr <2 > IfllZes,

good balls Bk gOOd balls

€
~ 2 ¢e—2 1-5

n2 n,E,RN
< Kn(m, R,7,5)2<i) ’ Z ||f||%2(mek)
v good balls

~ LJE*ZRNI*%
< Nosa(m, Ry, (5) P F()Pdr
Y wnN(U

good balls Bk)

~ 2 se—2 1

TJH,E,R 7%
< Nokn(m, R,7,2)*(72) ™ 1132 -

This ends the proof of Theorem 2.1.

4. PROOF OF THEOREM 2.5

This section is devoted to the proof of Theorem 2.5. Let A be a closed operator on
L? (R™) which is the infinitesimal generator of a strongly continuous contraction semigroup
(e7t)y>0 on L?(R™) satisfying the assumptions of Theorem 2.5. According to Lemma 5.8,
we can assume that there exist some constants % <s<1,Cs>1,0<ty <1,mp,me €R
with mq > 0, my > 0 such that

(4.1) Y0 <t <ty Vo, 3 € N*, Vg € L*(R"),
anB —tA CatleltAl N o L
12%05 (™ gl L2 ny < s (lal+1B)+ma (a)2s (BY)25 | gl L2 (mn)-

Let p : R" — (0,+00) be a %—Lipschitz positive function with R™ being equipped with

the Euclidean norm, satisfying that there exist some constants 0 < § < 2s — 1, m > 0,
R > 0 such that

vz eR", 0<m<p(z) < R(z)°.
Let w be a measurable subset of R” which is «-thick with respect to the density p, that is,
(4.2) <y <LV eR" |wnB(z,plx))|>vB(z,plx)).

Thanks to the Hilbert Uniqueness Method, the null-controllability of the system (2.20) is
equivalent to the observability of the adjoint system

{ (O + A)g(t,x) =0, xeR" t>0,
gle=o = go € L*(R™),

from the control subset w in any positive time 7" > 0. We shall prove that Theorem 2.5 can
be deduced from the abstract observability result given by Theorem 1.6. In order to apply
Theorem 1.6, it is therefore sufficient to check that the spectral inequality (1.9) and the
dissipation estimate (1.10) hold when using the Hermite orthogonal projections (7 )r>0
defined in (1.15). It follows from Theorem 2.1 that there exist some positive constant
kin(m, R,v,1—68) > 0, Cp(1—46, R) > 0 and a positive universal constant &, > 0 such that
for all k > 1, f € L2(R"),

146

Cn(1-6,R)k 2
175 f Il L2 ()

R,
(4.3) 7k fll 2@ny < Fn(m, Ry, 1 — 5)(7)

This establishes the spectral inequality (1.9) with the parameter 0 < a = 1—3‘5 < s. Let us
now prove that the dissipation estimate (1.10) holds true as well. To that end, we begin
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by establishing that there exists a positive constant Cy(n) > 1 such that for all k € N,
g€ L2(R"), 0 < t < tg,

B C's n) itk 1
(4.4) 1(H + n)* (e g) || 2zmy < ﬂnflklm?u«ws gl z2qn)-

where H = Z?Zl ‘H; denotes the harmonic oscillator with
(4.5) Hj+1= -0 +af+1= (00, +25) (=0, +25), 1<j<n.

Let k € N*. We deduce from (4.5) and Lemma 5.9 that there exists a finite family of real
numbers (Ciklgl) lil.eN, independent on the parameter 1 < j < n such that

0<l1+12<2k
k k 11 9l
(4.6) (Hi+1)F = ) cpF oz,
l1,l2€N,
0<l1 +12<2k,
and
2k—1 l
(4.7) Vil €N, 0< I +1p <2k, |CH <312k~ =

By using that [H; + 1,H; + 1] = 0 for all 0 < j,k < n, we deduce from the multinomial
formula that

(4.8)  (H+n)*

CE - T ST ard

1l
Y=(71,--y7n)ENT, =11, m)EN", T J=1 1 TeN,

—k =k 7
u il 0<l;+1;<2;
k! o1 kDT 21
_ ’Yg agB _ e H i anf
SR ID Y| AU IRV SIS DI | (e oon t s
yenNm, " q,BeN,  j=1 a,BEN™, veN" |y|=k, J=1
[v=k  atB<2y la+8|<2k  a+pB<2y

It follows from (4.8) that

(4.9) H+n)f = > g0l
a,BEN™,
o8| <2k
with
4.10 ko= Ko
(4.10) chp= D T(H ans )
yeN" |y|=k, ' j=1
a+p<2y

It follows from (4.7) and (4.10) that for all o, 5 € N™ with |a + 5| < 2k,

(4.11) |C];”3’ < Z k! (H327]—1(27 )W)

o
~vEN",|y|=k, i Jj=1
a+5<2y

k! _ 2k—|at | bk 2k—|a+]|
<) 53%' n2k)T 2 =32 kKT 2.
yeENT,
Iv|=Fk
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We deduce from (4.1), (4.9) and (4.11) that for all k > 1, g € L?>(R"), 0 < t < to,

(4.12) I(H + n)f (e g) |l p2gny < Z ek slll20% (e )|l 2 @en)
awBENnv
loa+B|<2k
L+|af+[ 8|
Ymn ko 2E=lel=18l  Cs 1,1
< Z 3TN (2k) 2 W(a!)Qs(ﬁ!)23||g||L2(Rn)
O‘vﬁeNnv
lak8|<2k
I+|al+|B
2h—n, k 2k=lal-5| Cs 181
< Z 3" (2k)° W’ D (‘5‘)%”9”L2(R"
a75€N7
ok B|<2k

when using above the convention 0° = 1. With this convention, we directly notice from
Lemma 5.2 that

B(1,1)
2

Ve,y >0, z¥<eT(y+1) and Va,y>1, TI'(x)['(y) < Nz+y+1).

By using that 3 < s < 1 and the above estimates, it follows from (4.12) that for all k > 1,
g € L2(R"), 0 < t < to,

(4.13)

I(H + )" (e 9)|| L2y
Citlel+18l jla+8]

- s 2k — |af — |B] o 18
< 3 s ) s+ )
< Z 32h—npke(2k)° o +1 P ES e Fe r 5, 1 r 5, 1 gl 22
a:BGan
|a+B| <2k
. 2k — |a — || cytet Pl 1|
< 2%k—n_k 4k ( ) s ( ) ( )
< Z 32k—npkdkp 5 +1 tm1(|a\+|,6’|)+mzr o T +1) gl 2
a,BeN",
la+B]<2k
B B(l 1)2 k Cl+|a|+‘6|
2k—n__k 4k ’ v S
S F<3+5>tm1(|a\+\6| oy 19112
a:ﬁean
|a+B|<2k

Thanks to Stirling formula (5.7), we can find a positive constant C’ > 1 such that for all
k>,

k 2 , 2
(4.14) r(g) < c;\/gsffefékf < C;\/gs’f(k!)i,

since
kk +oo L .
]:

By using from (5.2) that

r(5+9) = GG+ +2) G+
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it follows from (4.13) and (4.14) that for all k > 1, g € L*(R"), 0 < t < t,
(4.15)  (H+n)" (e g)ll 2(an)

B(1,1)%_/k ClHlel+B]
2k—n, k 4k “Z\*> ) R s
< % g ket = F(S +5)tm1(|a|+w|)+m2||g||L2(Rn)
o, s
lo+B]|<2k
_ B(1,1)? (k 5 [oms & Citlel+lsl .
2k—n, k ak P\ L) (R ) [2ms ke G
= %n ’ e 4 (s +4> Cs k 5 gma (laf+[8]) +ma2 (k!) H9HL2(Rn)
o, s
la+B|<2k

ek B(1,1)? /k 5 , [2ms & CLF2 1
S (2k+1)2 32k nke4k(4)<8+4) Cg 78 Sm(k')SHQHLZ(Rn)

We deduce from (4.15) that there exists a positive constant C(n) > 1 such that for all
kE>1,ge L?>R"),0<t<tg,

B és n) itk 1
(4.16) |(H 4 n)*(e tAg)HLQ(R") < M(kﬁ!)s 9l 22 (®n)-

The estimate (4.16) holds as well when k = 0 since (e7*4);>¢ is a contraction semigroup
on L?(R™), Cs(n) > 1 and 0 < tg < 1. This ends the proof of the estimates (4.4).
With (®4)aene the L?(R™)-Hermite basis, we next notice that for all g € L?(R"), ¢ > 0,

(4.17) Z 62t2m15+1(2\a|+n)5’<€—tAg,(I)a>L2(Rn)’2
a€eNn?

10 5k k(2mys+1) sk
25t 2lal +n _
-y ol )% 4, @)

k!
aeN" k=0
10 5k k(2mys+1)
25t _ ks
< 33 T e, 2lad 4+ 20! ) g
aeN" k=0

where |- | denotes the floor function. By using the selfadjointness property of the harmonic
oscillator H = —A, +|z|?, we deduce from (4.16), (4.17) and (5.15) that for all g € L?(R"™),
t>0,

(4.18) Z 62t2m13+1(2|a\+n)s | <€_tAg, (I)Oé>L2(]Rn) |2
aeNm

190 5k k(2mis+1)
2%t _ ks
oD :7@ [(e™ g, (H +n)L 2 T 00) 2 gy |2
a€N™ k=0 )

+oo mis
_ } :2ktk(2 et E { |<(H+n)L%J+1(e—tA ), ) 2
= k' g), Pu L2(R”)

IN

k=0 ' aeN?
=S B ) )
k=0 ’
It follows from (4.4) and (4.18) that for all g € L?(R"), 0 < t < to,
(4.19) ST e (o=t G ) oy 2
aeNn

IR okgk(2mys+1) C's(n 2 £ 44

2
Skzzo K t4m1<t’§J+1>+zm2<(V{;J“)!)S”g”%mn)-
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By using that L%J < % and that the Gamma function is increasing on [2,+00), see
Section 5.1, we deduce from (4.19) and (5.3) that for all g € L?(R"), 0 < t < t,

2m1qs+1 s _
(4.20) Z €2t 1 (2]al+n) |<6 tAgacI)a>L2(Rn)|2
aEeNn
10 5k k(2ms+1) A 4+ks 2
2%t 1 Cs(n) ks 2 9
= Z k! £2maks+4m +2my ((L 2 J + 1) ) 191122 )

k=0

+oo ok ¢k érs (n)4+ks ks % )
<3 Gz T (|5 +2) ol

100 5kik A 4+ks 2
257 Cy(n) ks w2
< Lk t4m1+2m2 F(? + 2) ||g||L2(R")

By using Lemma 5.2 (assertion (i) and 2 > 1 since 2 < s < 1, we can find a positive

2
constant C? > 1 such that
2 2z
(4.21) Vr>1, D)} < C;T(?).

With the notation Cy = Cy(n), we deduce from (4.20), (4.21) and (5.3) that for all g €
L?(R™), 0 < t < tg,

T okik  Adtks
2m1qs+1 s —tA 2 t C 4
(4.22) Z AT Claln) o7ty ) 102 < O WW ( +g)\|9H%2
aeN? k=0
T okik  Ad+tks T okik  Adtks
28k C oktk
1" 2 1"
< G er(k+8)|’g||lﬂ <G I W("z‘*‘ﬂ"@”ﬂ
k=0 k=0
+ ~
< C//Zkatk Cs (k+7)7H H2 < C”(i(QC’set)k>C§7'e7H HZ
Ami1+2ma 9liLz = &s s tAmi+2ma 7 9Lz
k=0
since % <s<1and
7t j
(k+7) < (/{:477)] g
7! - 4! -
j=0
It follows from (4.22) that for all g € L2(R"), 0 < t < t4,
2mqs+1 s —tA 20”04
(4.23) Z AT Gl (et g, (I)Oc>L2(]R")|2 < m7 67”9H%2(]R")7
CEGN"
with
0 < t; = min(tp, (4C%)~ 1) < 1.
For any 0 < t < t; and g € L?(R"), the series
2mqs+1 s _
f= Z et T1(2]al+n) <€ tAg, (I)a>L2(Rn)(I)a7
acNn?
is therefore convergent in L?(R") and defines a L?(R")-function satisfying
\/20//7!026% _42mqs+1lays —tA
(4.24) Hf||L2(R") < 152,21—+,,{§||9||L2(Rn)a es A f=e ¢ g,
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according to (2.27). It follows from (4.24) that for all 0 < ¢t < t;, g € L2(R"), k > 1,

_ _42mqys+1qys _42mqs+1lqys
(4.25) [|(1 =) (e )2 = (1 =) (e ) ge = e (1 — ) £l g2
< e (1= ) e < TR £ 2
We deduce from (4.24) and (4.25) the following dissipation estimate
(4.26) Y0 <t <ty,Vg e L*(R"),Vk > 1,

o I
—y \/20//7!0 €2 _ om s+1ps
(1 =) (e™ )l L2rny < tQ:Ll—erze o 9]l z2rn)-
It establishes the dissipation estimate (1.10) with the parameter 0 < a = 1%‘5 <b=s. We

can therefore deduce from Theorem 1.6 that the following observability estimate holds in
any positive time

3C > 1,¥T > 0,Yg € L2(R"),

C T
—TA 12 —tA |12
le 9HL2(R”) < Cexp (T(1+§)(2m13+1) )/0 le™* gHLQ(w)dt'

25s—1—46
This ends the proof of Theorem 2.5.
We close this section by noticing that the conclusions of Theorem 2.5 hold true as
well when the quantitative regularizing estimates (2.19) holding for some % < s <1 are
replaced by the following assumption

1
(4.27) 35 < s <1,3my,my >0,3C,Cy > 0,30 < tg < 1,V0 < t < tg,Vg € L*(R"),

2t"™1 2

S H ek s

C.
e g:¢a>L2(R”)‘2 < tQ%QHQH%Q(R")
aeN™

By resuming the above proof from (4.23), we indeed notice that for any 0 < ¢ < ¢y and
g € L*(R"™), the series

ML g s
f — Z e C1 ( |O“+n) <€ tAgy(pa>L2(R”)¢o“
aeNn?

is convergent in L?(R") and defines a L?(R™)-function satisfying

t™1 HS

Co - _
(4.28) £l z2@ny < ﬁTQHgHB(Rn), e " f=etg,
according to (2.27). It follows from (4.28) that for all 0 < ¢ < ¢, g € L?(R"), k > 1,
—tA —te
(4.29) (|1 = m)(e” g2y = (1 —mx)(e 0 F)ll2mn)
my

N — 7L (2k4n)* _tm
—lle” a1 —m) flre@e <€ O N = ) fll ey <€ O

We deduce from (4.28) and (4.29) the following dissipation estimate

kS
| £l 22wy

Cy _t™M s
(4.30) Y0 <t < tg,Yg € L*(R"),Vk > 1, ||(1 —m)(e )2 < tﬁie o llgll z2-
It establishes the dissipation estimate (1.10) with the parameter 0 < a = 1%‘5 <b=s. We
can therefore deduce from Theorem 1.6 that the following observability estimate holds in
any positive time

C T
3C > 1,7 > 0,%g € LA(R"), |le”™Ag||2agn) < Cexp (W) /0 le™4gl72 ) dt-
T o215
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5. APPENDIX

5.1. Miscellaneous facts about the Gamma function. Let N be the set of non-
negative integers and Z_ be the set of non-positive integers. The Gamma function defined
as

+o00
(5.1) Vo >0, I'(z)= /0 t*le7tdt > 0,
admits an unique analytic extension on C\ Z_ satisfying the functional identity
(5.2) Vze C\Z_-, T(z+1)=2zI(z),
and interpolating the factorial function
(5.3) VneN, T(n+1)=nl

It also satisfies the Legendre duplication formula

z+7
p

p—1
vpe N\ {0}, vz € C\{-N}, [[T(2)=(em = pi—r(2),

§=0
see e.g. [5, Chapter 3]. The Gamma function is strictly convex on (0, 400), since differen-
tiating under the integral sign provides that

+oo
(5.4) Ve >0, I'(z)= / (Int)?t*te~tdt > 0.
0

On the other hand, as I'(1) = I'(2) = 1 thanks to (5.3), Rolle’s theorem implies that there
exists zo in |1, 2[ such that I"(z9) = 0. Since I' is an increasing function on (0, +00), the
Gamma function is therefore increasing on [2,+00). Related to the Gamma function is
the Beta function

1
(5.5) Vo,y >0, B(z,y) :/ 2711 — t)vLdt,
0
satisfying the following identity
I'(z)l(y)
5.6 Ve,y >0, B(x,y)=—""=.
(5.6) .y (x,y) T+ )

Instrumental in the core of this work are the two following lemmas:

Lemma 5.1. The Gamma function satisfies the following estimates:

1 11, /X
vp € N\ {0},3C, > 0,Vz > 1, TI(z)r < Cp(prer) F(;)

Proof. By using the Legendre duplication formula, (5.2) and the fact that the Gamma
function is increasing on [2, +00), we deduce that for all p € N\ {0}, =z > 2p,

I(z) = (2m) 2" p*3 p]:[lr(:”;”) < (2m) 3 p3 (r(% +1))°
=0

=0T () (0(2)) < en'F i) (0(2))

p p
since zP < e”p!. It proves the estimate when x > 2p. We conclude by using the continuity
1
I'(z)P

of the function z — ———————
(pPeP)*I($)

on [1,+00). O



30 JEREMY MARTIN & KAREL PRAVDA-STAROV

Lemma 5.2. The Gamma function and the Beta function satisfy the following estimates:
(1) Ve > 0,Yy >0, z¥<T(y+1)e"
1
(ii) Vr > 0,Va,y >r, T[(z)'(y) < 2—B(r,7“)1“(x +y+1)
r
(151) Vr > 1,3C, > 0,Vx > 1, T'(z)" < C,T'(rz)

Proof. 1t follows from (5.1) that for all z,y > 0,

“+o00 x 1 1 .,L,yefx
I'(y) :/ ty_le_tdtZ/ ty_le_tdt:a:y/ ty_le_mdthy/ Y le %dt = .
0 0 0 0 Yy

Assertion (i) directly follows from the previous estimate together with the functional iden-
tity (5.2). On the other hand, since the Beta function is separately non-increasing with
respect to the two variables, it follows from the functional identity (5.2) and (5.6) that for
allr >0, x,y >,

[(x)T(y) = Bz, y)T'(z +y) < B(r,y)T(z+y) < B(r,r)T(z +y)

B(r,r B(r,r)
+ )N +vy) <
T4y (x y) (:U y) ="y,

~—

Lz +y+1).

It proves that the estimate (7i) holds. By using Stirling formula

(5.7) (%) ~pospoo \/? (%)

see e.g. [5], it follows that for all r > 1,

I'(z)" 2m\ Tt 1_,.
(5.8) FE?“J)}) ~z—to0 (?) P = O, (1) when z — +o0.

Since the function z — ngi; is continuous on [1,400), there exists a positive constant

C, > 0 such that the estimate (4i7) holds. O

5.2. Hermite functions and Bernstein type estimates. The standard Hermite func-
tions (¢r)r>0 are defined for z € R,

_ o CYE e e d\E-2y = o
(5.9) ox(z) = WGdek(e ) = \/W(x_dx) (e72) = \—;H7

where a is the creation operator

1 d
ay = ﬁ (:U — %>
The Hermite functions satisfy the identity
(5.10) VEER V20, () = (—)*V2rn(€).
The L?-adjoint of the creation operator is the annihilation operator
. 1 d
a— =ay = ﬁ(az—ka)
The following identities hold
2

) + 22 = 2a1a_ 41,

(5.11) l[a_,ay] =a_ay —ata_ =1d,

(512) VEeN, ay¢p=vVk+1¢pi1, VkeN, a_¢p=Vkor_1 (=0sik=0),
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d2
(5.13) vk € N, <—W+x )m: (2k + 1) .
The family (¢x)ken is an orthonormal basis of L?(R). We set for a = (a;j)1<j<n € N7,
z = (zj)h<j<n € RY,

(5.14) Oo(z) = [ [ b, ()-
j=1

The family (®4)aen» is an orthonormal basis of L?(R™) composed of the eigenfunctions
of the n-dimensional harmonic oscillator

(5.15) H=—Dp+ 2> =D 2k +n)P;, Id=) P,
k>0 k>0

where Py, is the orthogonal projection onto Spanc{®a }aenn ja|=k, With [a| = a1+ -+ ap.
Instrumental in the proof of Theorem 2.1 are the following Bernstein type estimates:

Proposition 5.3. With &y = Spanc{®Pa}aenn, |o<n, finite combinations of Hermite
functions satisfy the following estimates:

V0 <e<1,3K. > 1,0 <6 < 1,3K. 5 > 1,¥r > 0,Ya, 3 € N, VNGNVfGSN,

08 Flaqany < Kep(ore) A (2049 2 e,
r 7% r z T+ %
I o 08 fll ey < Ko7 6 1) 50 (TEL 4 8) e 1)

Proof. We notice that

1 1
(516) Tj = ﬁ(%ﬁ + aj,*)? 62]‘ = E(QL* - aj:JF)’
with
1 1
(517) ajy = E(ZL‘J — 8:Bj)7 aj— = ﬁ(l'] + agjj)

By denoting (ej)1<j<n the canonical basis of R", we obtain from (5.12) and (5.16) that
for all N € Nand f € &y,

g FI3aguey = [Jas (30 0 @adsoa) |

la|<N

L2(R"™)

= H > VT B = 3 (5 DI B ol

la]<N la]<N
(N+1) Y [(f@a)2l* = (N + D fl72n
lo| <N

and

laj.— F By = [las- (30 (7 ®a)rea) |

2
= H Z @<fa (I)a>L2¢)a—ej L2(R") = Z a]’<f, ¢a>L2’2
lo| <N la|<N
SN Y )l = NIl

lo|<N
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It follows that for all N € N and f € &y,

1
(5.18) |z fll L2 @ny < E(Haj,-l-fHL?(R") + [laj - fllL2wny) < V2N +2[| fl| L2 mr)
and

1
(5.19) 102 fll L2y < E(H%JerL?(Rn) +llaj—fllr2mny)) < V2N + 2| fll L2@ny.-

We notice from (5.12) and (5.16) that
VN e N,Vf € En,Vo, B €N", 200 f € Enjalial»
with 2% = z{*..2%" and 85 = 3511...853. We deduce from (5.18) that for all N € N,

n

feén,and o, 5 € N with a1 > 1,
12205 fll 2 @ny = a1 ( 277 f 2@y < V2V/N + ol + Bll|2* 10 f || 2@y
——
EEN+lal+18]-1

By iterating the previous estimates, we readily obtain from (5.18) and (5.19) that for all
NeN, fe&yand o, € N,

lal+isl [ (N + |of + |8])!
(5.20) 208 fllp2mny <2 2 \/ N 1 £l 2 ®n)-
We recall the following basic estimates
(5.21) Vt>0,VkeN, tF<elkl,  Vt>0,YA>0, 1< A4

see e.g. [33] (formula (0.3.14)). Let 0 < § < 1 be a positive constant. When N < |a| + |5,
with |a] + |5] > 1, we deduce from (5.3) and (5.21) that for all p € N'\ {0},

s (N e .
(5.22) 2';’3'\/( +|§|'+ 18]) < 2N Lol 18]

< 21| + 1) < (2v0) 1A /(o] + [B])]

L lal+161
= (25\/g)|a\+lﬁ| (F(\a\ + 18| _,_1))5(5%) P

< (26v/6) M (D (Ja] + 18] + 1)) ((Ja| + |8])1) Fer»

— (265/)Blei (D(Ja] + 18] + 1)¥ (T(Ja] + 18] + 1)) 5.

The above estimate also holds when |a| 4 |3| = 0. By using Lemma 5.1 and Lemma 5.2
(assertion (i7)), we deduce from (5.22) that for all |a|+|5| > N, 0 < d < 1and p € N\{0},

(5.23)

EESE] (N + |a] + 8!
N!

1 101
S CQCpeW \/%e%p% (2\/566;]95 5) ‘a|+|mr<

| +\26| + 1)F(!a! +]|)ﬁ! + 1)

11 1 11 11 1 1 1 1
< 22B(f, f)C’QCpeW’ V2eerpr (2\/§eeppp5)|a|+|’8|f‘((|a| + |B|)<f + 7> + (f +-+ 1))
2 \pp 2 p 2 p
Let 0 < e < 1. We can choose the positive integer p = p. such that
1 1 1 1 1
(5.24) Pe>2, —+—<-— -—+—+1<2

2 p."2-¢ 2 pe

Since the Gamma function is convex on (0, +00) and I'(1) = I'(2) = 1, we have I'(z) < T'(2)
for all 1 < & < 2. On the other hand, by using the fact that the Gamma function is
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increasing on [2,4+00), we deduce that I'(2) < T'(y) < I'(z) for all 2 < y < z. It implies
that

(5.25) Vi<z<2<y<z I(z)<I(y) <I(2).

It follows from (5.23) that |o| + 8] > N, 0<d<land 0<e <1,

laltil [(N + ol +|8)! _ 2 jol+181 ( | + 18
(5.26) 25 \/ o < K. 5(D.5) F(T_g i 2),
with
- 1 1 L 1 L
(5.27) K.5= 53(})— p—)C’QC 6P55p5 \/Qeeplspé’f >0 and D, = Qﬂeeplepé’f > 0.
€ €

On the other hand, when N > |a| 4+ |B] > 0, we deduce from (5.21) and Lemma 5.2
(assertion (7)) that forall0 <0 <1,0<e <1,

« ' N
>:2%) 2w\/(N+|fv|.+ BDY < 9 2y 4 o) + 1)) 5
< (20)lHBl(5=1/ N e+l = (26)le+1Bl (552 N s)\agim
||+ || .
o] +[B] M Tae 65_2N1’§7‘0‘|71‘|Eﬁ|
< (26) ( ! ) . |

S (25)'a+'5|F(W + 1)(256—2]\[17%.

By using (5.25), we deduce from (5.28) that forall0 < 6 <1,0<¢e <1,

lal+18l (N + [af +[B])! 181 ( 1l + 18] 52N1"5
. < Lo B Lo
(5.29) 9% \/ N < (26) r( T +2>e :

when N > |a] + |5] > 0. Let us also notice from (5.25) that

et [(N + o] + 1B])! al 18] |\ ge2ni-s
| — 1< 2y (1L gy s
(5.30) 2 2 \/ N < (26) . T2)e :

when |a| + |5] = 0, since I'(2) = 1. It follows from (5.20), (5.26), (5.29) and (5.30) that
for all 0 < ¢ <1, there exists a positive constant K. > 1 such that

(5.31) Y0 <6<1,3K.5>1,Ya,B € N" VN € N,Vf € &y,

a - o al+18 N7
2207 fll2rny < Kes(KC) er(w +2)€ 7 (|l e gy -

By using Newton formula, we obtain that for all £ € N,

6:32) 1@ 0 agery = | (1+Z )raﬁf )2da

k-
/ > 5 08 fa)Pdr = S S0 sy

EN"+1 . ~yEN"HT
[v|=k [v|=k
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where we denote 7 = (V1 ..., ) € N if v = (71, ..7021) € N*FL. Tt follows from (5.25),
(5.31) and (5.32) that forall0 < e <1,0<0<1, e N" ke N NeN, f ey,

(5.33)
k! - - vl 4+ 2 onl™3
H <l’>k ang%;(Rn) S Z 7K§75(5K5)2|7|+2|B| (I‘(M + 2)) e 52—¢ Hf||L2 R”)

,YGN’IL+17 2 ~c
IvI=k
_ k+ 8| - AW
- Kia(r(ﬁ ~|—2)> e K2IB\+2I<;52|B\( Z $) £ 11Z2@ny
76N"+1,
IyI=k
N k + 2 on'"3
_ Kgﬁ(r( 2_!5! +2)> e*3=e KPR (4 1)F | 2 0
since
k!
(5.34) > =D
yeNntL T
[vI=Fk

thanks to Newton formula. Let r € [0,400) \ N. We can write r =0k + (1 —-0)(k+1) >0
with & € N and 6 € |0, 1[. By using Holder inequality, it follows from (5.33) that

(5.35) || )" 07 fllLaeey < 11(@)*0] £ T2 @n I (2 )kﬂaﬁfﬂp (R")
~ 181 o\ (p( Rt 1418 10 373 il glBl g, 4 1)
(P ) (5L ) s e

By using that the Gamma function is increasing on [2,+00) and that k£ < r, we deduce
from (5.35) that

()" 07 £l 2 (e
1

< fea(r (520 2))9(P(”§f!ﬁ| #2)) " R )8 e

€
2

- r+ 8|
< Kegﬁ(ﬁ + 3) e K"BHTfslﬁ'(” + 1) 1 fll2®n),
since 0 < 2—; <1, as 0 < e < 1. This ends the proof of Proposition 5.3. U

5.3. Gelfand-Shilov regularity. We refer the reader to the works [16, 17, 33, 40] and
the references herein for extensive expositions of the Gelfand-Shilov regularity theory. The
Gelfand-Shilov spaces S, (R"), with u, v > 0, u+v > 1, are defined as the spaces of smooth
functions f € C*°(R") satisfying the estimates

JA,C >0, |09f(x)| < C’A""(a!)“e_%ml/y, r€R" aeN",
or, equivalently

JA,C >0, sup 2502 f(x)| < CALHBl (B, a8 e N,
rER™

with a! = (aq!)...(a!) if & = (a1,...,an) € N™. These Gelfand-Shilov spaces S, (R")
may also be characterized as the spaces of Schwartz functions f € ./ (R"™) satisfying the
estimates

0 >0,e>0, |fla)<Ce el weRY,  |F() < Ce k", ¢ R
In particular, we notice that Hermite functions belong to the symmetric Gelfand-Shilov

space 51;2( ™). More generally, the symmetric Gelfand-Shilov spaces S/ (R™), with u >
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1/2, can be nicely characterized through the decomposition into the Hermite basis (®4)qenn,
see e.g. [40, Proposition 1.2],

fe SR & fe L*(R"), 3t >0,

1
’(<f7 (I)a>L2 eXP(tofa\ QM))aeNnHﬂ(Nn) < +00
1
& fe L2(Rn), dtg > 0, ||€tOH2H fHL2(R”) < 400,

where H = —A, + |z|? stands for the harmonic oscillator.

5.4. Slowly varying metrics. This section is devoted to recall basic facts about slowly
varying metrics. We refer the reader to [23] (Section 1.4) for the proofs of the following
results. Let X be an open subset in a finite dimensional R-vector space V and || - ||, a
norm in V' depending on x € X. The family of norms (|| - ||)zcx is said to define a slowly
varying metric in X if there exists a positive constant C' > 1 such that for all x € X and
for all y € V satisfying ||y — z||z < 1, then y € X and

1
(5.36) weV, ol < llelly < Cllol.

Lemma 5.4. [23, Example 1.4.8]. Let X be an open subset in a finite dimensional R-
vector space V' and d(x) a Lipschitz continuous function, positive in X and zero in V\ X,
satisfying

Ve,y € X, d(z) —d(y)| < [lz —yl,

where || - || is a fized norm in V. Then, the family of norms (|| - ||z)zex given by
2||v
IszdL; reX,veV,

defines a slowly varying metric in X.

Let us consider the case when X =V = R" and || - || is the Euclidian norm. If 0 <e < 1

and 0 < R < ﬁ, then the gradient of the function p.(z) = R ()¢ given by

xr
<x>1+€ )

Ve e R", Vp:(z)=R(1—¢)

satisfies ||V pe||poo@mn) < % The mapping p. is then a %—Lipschitz positive function and
‘.

[l
R{z)1—=

Lemma 5.4 shows that the family of norms |- ||, =

on R".

defines a slowly varying metric

Theorem 5.5. [23, Theorem 1.4.10]. Let X be an open subset in V a R-vector space of
finite dimensionn > 1 and (|| - ||z)zex be a family of norms in V defining a slowly varying
metric. Then, there exists a sequence (T)k>0 € XN such that the balls

By={xeV: |z —a|, <1} C X,
form a covering of X,
+o0
X =B
k=0

such that the intersection of more than N = (4C3 + 1)" two by two distinct balls By
is always empty, where C > 1 denotes the positive constant appearing in the slowness
condition (5.36).
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5.5. Instrumental lemmas. This section is devoted to the proofs of instrumental lem-

mas:

Lemma 5.6. Let p1,p2 : R" — (0,400) be two continuous positive functions satisfying
Ve € R", 0 < pi(z) < pa(z).

If w is a measurable subset of R™ verifying

(5.37) Vo € R, |wn Blw, pi(2))] = |B(@, ;1 ()],

with 1 — 6% < v < 1, where B(y,r) denotes the Euclidean ball centered at y € R™ with
radius v > 0 and where |A| denotes the Lebesque measure of A, then it satisfies

(5.38) Vo € R, |wn Blx, pa(a)] = 7|B(, po(a))],
with 7 =1— (1 —~)6" > 0.

Proof. Let w be a measurable subset of R™ satisfying (5.37) and x € R™. We begin by
recovering B(z, p2(z)) by a finite number of balls B(zy, w) with p1(zk) < 3p2(xg). In

order to do so, we first notice that B(x, p2(x)) is a compact set and that

YRRty P1 (3/)
(5.39) Bap@)c |J  B(n%2).
yEB(m’PQ (27 ))
p1(y)<3p2(z)

Indeed, if y € B(z, p2(x)) and p1(y) > 3p2(x), then the continuous function defined for
all t € [0,1] by f(t) = pi(ty + (1 — t)z) satisfies f(0) = p1(z) < pa2(x) and f(1) =
p1(y) > 3pa2(z). It follows that there exists 0 < t9 < 1 such that p1(z) = 3pa2(z) with
z=toy+ (1 —to)x € B(z,p2(x)) and y € B(z, pléz)), as

1
Iz =zl = tollz = yll < p2(z),  lly =z = (A —to)llz —yll < p2(2z) = 3p1(2)-

It follows that there exists a finite sequence (z;, )o<kr<n of B(z, p2(z)) such that

N

(5.40)  B(zx, p2(x)) C U B(:z:,-k, pl(;”“)> and VO<Ek<N, pi(z;) <3p2z).
k=0

We can now use the following covering lemma [37] (Lemma 7.3):

Lemma 5.7 (Vitali covering lemma). Let (y;)o<i<n be a finite sequence of R™ and (r;)o<i<n C
(0, +00)N*L. There exists a subset S C {0,..., N} such that

(1) The balls (B(yi,r:))ies are two by two disjoint
N
(12) U Byi,ri) € U B(yi, 3r4)
=0 i€s
It follows from Lemma 5.7 and (5.40) that there exists a subset S C {0, ..., N} such that

the balls (B (acik, %ﬁk)))kes are two by two disjoint and satisfy

(5.41) B(z, pa(x)) € | Blai,, pr(23,)).
kesS

We also notice that

L) B (s 2550 € B, 2pa0)

kesS
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since, if y € B(xik, pl(gi’“)) then

pl(xik)

5 T P2(2) < 2p().

ly =2l < lly = @[l + |z, — =l <
It follows from (5.37) and (5.41) that
w N B, pa(x))| =|B(x, p2(2))| = |(R" \ w) N B(z, pa(x))]

> |B(x, pa(2))| = D I(R™ \w) N Bl pr(ai,)]

keS
> Bz, pa(e))] = 3 (1 = N)IB(wi. p1(23,))
keS
and
01 Bz pa(w)| 2 Bl po(a))] — (1~ )3, 20|
keS
= 1B o) =187 ] B (i, 2E2) | 2 1B, pafa) - (123" B, 202 ).

kesS
We deduce that
jwN Bz, pa(z))] = (1 = (1 =7)6")|B(z, pa ()]
This ends the proof of Lemma 5.6. O

Lemma 5.8. Let % <5<1,0<t <1 and A be a closed operator on L*(R"™) which

1s the infinitesimal generator of a strongly continuous contraction semigroup (e*tA)
L?(R™). If the estimates

t>0 0N

(5.42) 3C > 1,3my > 0,3mg > 0,Y0 < t < ty,Va, § € N*,Vg € L*(R"),

N Cl+lal+8l PN
[E4 85(6 9l zoe@ny < W(a!)% (BY2 |9/l 2 (rrys

hold, then the estimates

(5.43) 3C > 1,31 > 0,3Fmg > 0,Y0 < t < t,Ya, B € N",Vg € LA(R"),

N CHlal+18] P
|z 85(6 )||L2 (Rn) = W(a!)zs (BY)zs Hg”m(Rn),

hold.

Proof. We assume that the estimates (5.42) hold. It follows that there exist some positive
constants (Ca(n))aenn |a|<2n such that for all 0 <t < o, o, 8 € N, g € L*(R"),

(5.49) 202 (e~ Ag)] 2qa
dx 3 _
< ([ s 10+ laPraod e ) egany
o ©

1+ |z|?)%"
< > Cam)[z*t98 (e g) || Lo (m)
aeN™|
|07|§2n

C2n+1+lal+g] L
< Y Calm) ez s (@ + @D (B) 2 gll2gen)-

aeN™,
lal<2n
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By using from (2.23) that

Va,a € N, |a] < 2n,

(@+a) = [y +a))! < H(aj +2n)! < H2aa+2n( a;j)!(2n)! < (4™(2n)) 2%,

j=1 7j=1

.
Il
-

we obtain that the estimates (5.43) hold with m; = m; > 0 and g = 2nmy+mg > 0. O

Lemma 5.9. For any k € N, there exists a finite family of real numbers (Clkl’b) 11, l2€N,

. . 0<l1+1l2<k+1
satisfying
k
~1)70 = Cp a0k R
(( ) x + :I") - ll,lgl‘ x WS ’
7=0 l1,l2€N,
0<li+Hl2<k+1
and

11 o
)

Vij,lo €N, 0< 1+l <k+1, ’Czll‘<3k<k+1>

while using for short the following abusive notation for possibly non-commutative differ-
ential operators

k
145z, Ds) := Ag(x, Ds)... Ag(z, Ds).
7=0

Proof. We proceed by induction on k € N. For k = 0 or k = 1, the result of Lemma 5.9
readily holds. Let us assume that it holds true for £ € N. We observe that

k+1

j k 11 al k+1
(5.45) ] (-0, +2) = ( 3 qmmla;)«_n 19, + )
j=0 l1,l2€N,
0<l1+12<k+1
= Y (=FTICf ol 4 Cf et T Ok + 1 CF o
l1,l2€N,

0<ly+12<k+1
_ k+1 -~k 11 ql k 1 ql
- Z (_1) Clhlg—lx 181'2 + Z Cll_llel, 18$2

1120, I2>1, 11>1, 12>0,

1<l +l2<k+2 1<l +l2<k+2

AP DR CES Ve AR AL
l1,l2€N,
0<l1+12<k

By setting for all I1,lo € N with 0 <[y + 1y < k + 2,
(5.46) Clkjgl = (—1)k+10ﬁ,1271]1[1,+oo) (l2) + Czkiq,zg 11 4o0)(ln)

+ (Lo + D)CF 4,1 Do gy (I + 1),
we deduce from (5.45) that

k+1
(5.47) H ((—1)]83; + x) — Z Clkl—Zl l1alg
J=0 l1,l2€N,

0<li+Hla<k+2
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By using the induction property, we deduce that for all I1,ls € N with 0 <y + 1 < k+ 2,

k+1
|Cll,12’
k+1—17—(lg—1) k+1—(17—1)—1 k+1—17—(lg+1)
SR T )T 3 k)T T P+ )
k+2—11—1 k4+2—17—1 k+2—11—1 k4+2—17—1
< 3k(k—|—2) +2 Ll +3k(k+2) +2 Lol _’_3143(]{_’_2)%2 Lol 3k+1(k—|—2)‘+2 Ll
This ends the proof of Lemma 5.9. U
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