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Abstract. The subject of this paper is about the synthesis of the designparameters by consider-
ing the prescribed operation modes at the design stage for a parallel manipulator with three RPS
legs. The synthesis is based on the Euler parametrization and the results of primary decomposi-
tion. The design parameters and the coordinates of one RPS leg are initially defined to formulate
the constraint equation associated with this leg. Seven classes of the RPS leg are identified and the
geometric properties of each class are highlighted. By selecting three different or identical classes
of the RPS leg, a new 3-RPS parallel manipulator is proposed without specific values of the design
parameters. The primary decomposition is computed over a set of three constraint equations. One
or more Euler parameters in the results of primary decomposition is constrained to be equal to
null, which leads to particular type of operation mode. The methodology also provides new archi-
tectures of the 3-RPS parallel manipulators based on a classification of the RPS leg, that satisfy the
prescribed operation mode.

Key words: Synthesis, design parameters, primary decomposition, operation mode, RPS legs.

1 Introduction
The well-known 3-RPS (R, P, S, represent revolute, prismatic, and spherical, re-
spectively) parallel manipulator with different shapes ofmoving platform and base
was extensively studied by many researchers. In 1983 [4], Hunt introduced the 3-
RPS manipulator which has an equilateral triangle base and an equilateral triangle
platform. Schadlbaueret al. in [7] revealed that this manipulator has two distinct
operation modes and in [6] the authors characterized the type of motion in both op-
eration modes by using the axodes. Huanget al. in 1995 [2] proposed the 3-RPS
cube manipulator which is composed of a cube-shaped base andan equilateral tri-
angle platform. By using the Study kinematic mapping, Nurahmi et al. in [5] found
that this manipulator has only one operation mode in which the 3-dof general mo-
tion and the Vertical Darboux Motion occur inside the same operation mode.

Accordingly, a general approach to synthesize the design parameters by con-
sidering the prescribed operation modes for a parallel manipulator with three RPS
legs, is discussed in more details in this paper. The approach is based on the Euler
parametrization [1], and the primary decomposition is usedto reveal the existence
of the number and the type of operation modes [8]. The first essential step is to
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characterize the coordinates and to define the design parameters of one RPS leg.
Then, the constraint equation of this RPS leg is formulated by means of the Euler
parametrization. A classification of seven classes of the RPS legs are found, which
gives a general information about the position and the orientation of the RPS legs.
By selecting three different or identical classes of the RPSlegs, a new 3-RPS manip-
ulator is generated without specific value of the design parameters. The constraint
equations of the corresponding new manipulator are derivedand the primary de-
composition is computed. By restricting one or more Euler parameters to be equal
to null, the design parameters can be synthesized.

2 Coordinates and design parameters of RPS leg
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Fig. 1: Coordinates and Design Parameters of RPS
Leg.
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Fig. 2: The axis of revo-
lute joint.

The RPS leg shown in Fig. 1, is composed of a revolute joint, a prismatic joint,
and a spherical joint mounted in series. The revolute joint is attached to the base and
denoted by pointAi

1. This point is located in the three-dimensional space which
is specified by the azimuth angleαi , the polar angleβi , and the radial distanceai

from the originO of the fixed frameΣ0.
The spherical joint is attached to the moving platform and denoted by pointBi .

This point is also located in the three-dimensional space which is specified by the

1 i denotes the number of the leg used in the manipulator. In thispaperi=1,2,3.
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azimuth angleεi , the polar angleζi , and the radial distancebi from the originP of
the moving frameΣ1. The axis of the revolute joint is along the vectorsi , which is
specified by the azimuth angleγi and the polar angleΓi (Fig. 2). The coordinates of
pointsAi , Bi and unit vectorsi are:

r0
Ai

=

[

1, cαi
cβi

ai , sαi
cβi

ai , sβi
ai

]T
, r1

Bi
=

[

1, cεi
cζi bi , sεi

cζi bi , sζi bi
]T

si =
[

0, cγ i
cΓi , sγ i

cΓi , sΓi
]T
.

(1)
wherecαi

= cos(αi ), sαi
= sin(αi ),cβi

= cos(βi ), sβi
= sin(βi ),cεi

= cos(εi ), sεi
=

sin(εi ),cζi = cos(ζi ), sζi = sin(ζi ),cγ i
= cos(γ), sγ i

= sin(γ),cΓi = cos(Γ), and
sΓi = sin(Γ). As a consequence, there are eight design parameters for one RPS leg,
namelyai , bi , αi , βi , εi , ζi , γi , andΓi . Since the manipulator that will be created
should have three RPS legs, hence there are 24 design parameters in the 3-RPS
manipulator.

3 Constraint Equations
In this section, the constraint equation is expressed for one RPS leg shown in Fig. 1.
To obtain the coordinates of pointBi expressed inΣ0, the transformation matrixM2

by means of the Euler parametrization [1] is used.
The parametersx0, x1, x2, x3, which appear in matrixM , are called Euler param-

eters of the rotation. They are useful in the representationof a spatial Euclidean
displacement and they should satisfy the equation [3]:x2

0 + x2
1 + x2

2 + x2
3−1= 0. This

condition will be used in the following computations to simplify the algebraic ex-
pressions. The coordinate of pointBi expressed inΣ0 is obtained by:r0

Bi

=M r 1
Bi

.
As the coordinates of all points are given in terms of the Euler parameters and the

design parameters, the constraint equation can be obtainedby examining the design
of the RPS leg. The leg connecting pointsAi andBi is orthogonal to the axissi of
the revolute joint. Accordingly, the scalar product of vector (r0

Bi
− r0

Ai

) and vector

si vanishes, namely: (r0
Bi

− r0
Ai

)T si = 0.
After computing the corresponding scalar products and removing the common

denominators the following constraint equation of one RPS leg comes out:

hi : cγ i
cΓi X +cΓi sγ i

Y + (x2
0− x2

1− x2
2 + x2

3)sζi sΓi bi − sβi
sΓi ai + (2x1x2−2x0x3)bi

cΓi cγ i
sεi

cζi + (2x0x3 + 2x1x2)bisγ i
cΓi cζi cεi

+ (x2
0 + x2

1− x2
2− x2

3)cεi
cζi cγ i

cΓi bi

− cαi
cβi

cγ i
cΓi ai + (x2

0− x2
1 + x2

2− x2
3)cζi sεi

cΓi sγ i
bi − cβi

cΓi sαi
sγ i

ai + (2x0x1+

2x2x3)bisΓi sεi
cζi + (2x0x2 + 2x1x3)bicΓi cγ i

sζi + (2x2x3−2x0x1)bisγ i
cΓi sζi +

(2x1x3−2x0x2)bisΓi cζi cεi
+ sΓi Z = 0

(2)

2 For detail expression of the transformation matrix, the reader may refer tohttp://www.irccyn.ec-
nantes.fr/%7enurahmi/ISRM2015/Appendix.pdf
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4 Classifications of the RPS legs
In this section, the constraint equation associated with the design parameters are
solved to synthesize seven classes of the RPS legs. The constraint equationhi in
Eq. (2) should vanish in any condition, likewise in the identity condition. In the
identity conditionΣ0 andΣ1 are coincident, and we have the identity transformation
I in which the parameters becomex0 = 1, x1 = 0, x2 = 0, x3 = 0,X = 0,Y = 0, Z = 0.
By substituting these values into Eq. (2), this yields:

hI : (cεi
cζi cγ i

cΓi +cζi cΓi sεi
sγ i

+ sζi sΓi )bi − (cαi
cβi

cγ i
cΓi +cβi

cΓi sαi
sγ i

+ sβi
sΓi )ai = 0

(3)

Eq. (3) can be written ashI : f −g = 0. To find the relations between the design
parameters for whichhI vanishes, we compute one particular condition wheref ,g
vanish simultaneously. Note that it also amounts to the condition to be fulfilled for
which hI vanishes no matter the values ofai andbi . One has to discuss the ideal
I = 〈 f ,g〉 and compute the Groebner basis. The relations containing complex terms
are discarded and 23 relations remain, and substituted intoEq. (1). Based on their
geometric properties, seven classes are identified and eachclass contains one or
more sub-classes3. The sub-classes give the location of the RPS legs in the three-
dimensional space, in whichr0

Ai

gives the location of the revolute joint with respect

to Σ0, r1
Bi

gives the location of the spherical joint with respect toΣ1, andsi gives
the unit vector of the axis of the revolute joint.

By selecting three different or identical classes, a new manipulator with three
RPS legs can be created. The user may assign some arbitrary values into the design
parameters and assemble the legs accordingly. However, it is interesting to generate
various designs of the 3-RPS manipulator that fulfil the prescribed operation modes
as presented in the following.

5 Synthesis of Design Parameters
In the following, an example of 3-RPS manipulator with threeidentical classes of
the RPS leg will be presented. Then, the design parameters associated with the new
manipulator are synthesized by imposing the prescribed operation modes.

5.1 Sub-class F.2
In this section, the 3-RPS manipulator is generated by selecting three identical sub-
classes, namely sub-class F.2. The RPS leg in this class consists of revolute joint and
spherical joint that are located in any position with respect toΣ0 andΣ1, respectively.
The axis of the revolute joint is parallel to thexy-plane.

Due to the heavy computations, pointsAi andBi are assumed to lie in thexy-
plane ofΣ0 andΣ1, respectively. Therefore, some values are assigned forβ1 = β2 =

3 For detail expressions of classes and sub-classes of the RPSleg, and com-
plete computation results from Maple; the reader may refer to http://www.irccyn.ec-
nantes.fr/%7enurahmi/ISRM2015/Appendix.pdf



Synthesis of 3-RPS Parallel Manipulators based on Prescribed Operation Modes 5

β3 = 0 andζ1 = ζ2 = ζ3 = 0. The first RPS leg of the manipulator is fixed by sub-
stitutingε1 = 0. To obtain the coordinates of pointsB1, B2, B3 expressed inΣ0, the
coordinate transformation is performed by means of the Euler parametrization as:
r0
Bi

=M r 1
Bi

(i = 1,2,3). The constraint equations are determined by computing the
scalar products of the vectorAiBi and the unit vectorsi which has to vanish as:
(r0

Bi

− r0
Ai

)T si = 0. The constraint equations turn out:

h1 : Y + (2x0x3 + 2x1x2)b1 = 0

h2 : 4c2
ε2

b2x1x2−2(x2
1− x2

2)cε2sε2b2 +cε2Y− sε2X + (2x0x3−2x1x2)b2 = 0

h3 : 4c2
ε3

b3x1x2−2(x2
1− x2

2)cε3sε3b3 +cε3Y− sε3X + (2x0x3−2x1x2)b3 = 0

(4)

For the algebraic computation, the half-tangent substitutions are performed to re-
move the trigonometric functions in the second and the thirdlegs:sεi

= (2tei )/(1+
te2

i
), cεi

= (1− te2
i
)/(1 + te2

i
), i = 2,3. Then the three constraint equations are

written as polynomial idealI = 〈h1, h2, h3〉 with variables{x0, x1, x2, x3,X,Y, Z}
over the coefficient ringC[b1,b2,b3, te2, te3]. The primary decomposition is com-
puted and it turns out thatI does not decompose, i.e. it has general expressions as
I = 〈g1,g2,g3〉, as follows4:

g1 : (2b2te
3
2te3

3−2b3te
3
2te3

3 + 2b2te
3
2te3−2b2te2te3

3 + 2b3te
3
2te3−2b3te2te3

3...

g2 : Y(b1te
4
2te3

3− b1te
3
2te4

3 + b2te
4
2te3

3− b3te
3
2te4

3 + b1te
4
2te3− b1te2te4

3− b3te2...

g3 : X(b1te
4
2te3

3− b1te
3
2te4

3 + b2te
4
2te3

3− b3te
3
2te4

3 + b1te
4
2te3− b1te2te4

3 + b2te
4
2...

(5)
It can be seen from Eq. (5) thatg1,g2,g3 are free ofZ component. This means

that for any value of the design parameters (b1,b2,b3, ε2, ε3), the manipulator can
always perform a pure translation alongz direction. Variablex3 can be solved lin-
early fromg1 andx3 is parametrized byx0, x1, x2. This means that the manipulator
is capable of orientations determined byx0, x1, x2 in which variablex3 is not null.
Equationsg2,g3 can be solved linearly for variablesY and X, respectively. This
shows that the manipulator undergoes translational motions alongx andy directions
which are coupled to the orientations. In the following, therotational components
{x0, x1} from g1,g2,g3 are constrained to be equal to zero, which leads to different
operation modes. By fulfilling this condition, the design parameters are synthesized
and new architectures are proposed.

5.1.1 Casex0 = 0
One variable is constrained to be null, namelyx0 = 0. Since only the equationg1

has componentx0, the computation will be carried out only forg1. After substituting
x0 = 0, equationg1 becomes:g1 : ax2

1+bx1x2+cx2
2= 0, wherea,b,c are polynomial

coefficients in terms of the design parameters (b1,b2,b3, te2, te3).
To synthesize the design parameters, all polynomial coefficients have to vanish.

Hence, one has to discuss the idealJ = 〈a,b,c〉. The Groebner basis of the idealJ

4 For complete results of the primary decomposition, the reader may refer tohttp://www.irccyn.ec-
nantes.fr/%7enurahmi/ISRM2015/Appendix.pdf
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is computed and 17 solutions of the design parameters are obtained. Not all solutions
are possible and hence some assumptions are developed, as follows:

1. The second and the third legs cannot be coincident with thefirst leg:
- ε2 , 0 andε3 , 0

2. The second leg cannot be coincident with the third leg:
- ε2 , ε3

3. The magnitude ofbi (i = 1,2,3) should be positive:
- bi ≥ 0, i = 1,2,3

4. The platform cannot be a point:
- b1 , b2 , b3 , 0

5. No complex solutions:
- {b1,b2,b3, ε2, ε3} ∈ R

After removing the solutions that do not fulfil the assumptions stated above, four
solutions of the design parameters are obtained. The solutions are:

L1 : b2 = 0, b3 = 0, ε3 = π+ε2

L2 : b2 =
b1

tan(ε3)
, b3 = 0, ε2 =

π

2
, ε3 , 0 or ε3 , ±π

L3 : b2 = −
b1

tan(ε3)
, b3 = 0, ε2 = −

π

2
, ε3 , 0 or ε3 , ±π

L4 : b1 = b3
cos(ε2− ε3)

cos(ε2)
, b2 = b3

cos(ε3)
cos(ε2)

, ε2 , ±
π

2
or ε2 , ±

3π
2

(6)

The 3-RPS manipulator can be generated by selecting one of the solutions
(L1, L2, L3, L4). In the following, the application of the solutionL2 is presented.

Solution L2

In solutionL2, some values are assigned asb1 = 1 andε3 = −2π/3. Other design
parameters are obtained as:b2 =

√
3/3, b3 = 0, ε2 = π/2. The new architecture of

the 3-RPS manipulator is depicted in Fig. 3. The base and the moving platform have
right-angle triangle shape. The unit vectorss1 ands2 are orthogonal (s1 ⊥ s2).

The values of the design parameters are substituted into theset of three constraint
equations defined in Eq. (4). The primary decomposition is computed and it shows
that the mechanism has two operation modes as follows:K =

⋂2
i=1Ki , with the

results of primary decomposition:

K1 = 〈x0,3X −
√

3Y,2x1x2 +Y〉
K2 = 〈x3,3X −

√
3Y,2x1x2 +Y〉 (7)

First operation mode is shown by the first sub-idealK1, in which x0 = 0. All
possible poses of the mechanism in this operation mode are obtained by rotating the
platform from the identity condition about a transformation axis byπ and translating
along the same direction. Second operation mode is shown by the sub-idealK2 with
x3 = 0. In this operation mode, the transformation axis is parallel to thexy-plane.
The investigation of these two operation modes are discussed in more details in [7].
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5.1.2 Casex1 = 0
In this section, the variablex1 in Eq. (5) is constrained to be null. After comput-
ing the Groebner basis, 11 solutions of the design parameters are obtained. Not all
solutions are possible and hence by following the aforementioned assumptions in
Section 5.1.1, three solutions are obtained as:

L1 : b2 = −
b1

tan(ε3)
, b3 = 0, ε2 =

π

2
, ε3 , 0 or ε3 , ±π

L2 : b2 =
b1

tan(ε3)
, b3 = 0, ε2 = −

π

2
, ε3 , 0 or ε3 , ±π

L3 : b1 = −b3
cos(ε2− ε3)

cos(ε2)
, b2 = b3

cos(ε3)
cos(ε2)

, ε2 , ±
π

2
or ε2 , ±

3π
2

(8)

By choosing one of the solutions (L1, L2, L3), a new 3-RPS manipulator can be
built. The application of the solutionL3 is presented in the following.

Solution L3

Solution L3 is selected to generate the 3-RPS manipulator whose operation
modes containx1 = 0. The design parametersb3 = 1, ε2 = π/4, andε3 = −π/4 are
assigned, henceb1 =

√
2 andb2 = 1 are determined. The 3-RPS manipulator with

these design parameters is depicted in Fig. 4, in which the base and the moving plat-
form have right-angle triangle shape. The axes of the secondand the third revolute
joints are orthogonal and meet at pointA1.

The values of the design parameters are substituted into theset of three constraint
equations defined in Eq. (4). The primary decomposition is computed and it shows
that the mechanism has two operation modes as follows:K = ⋂2

i=1Ki , with the
results of primary decomposition:

K1 = 〈x1,4x0x3 +
√

2Y,2x2
2−
√

2X〉
K2 = 〈x2,4x0x3 +

√
2Y,2x2

1 +
√

2X〉
(9)

The sub-idealK1 shows the first operation mode of this manipulator, in which
x1 = 0. In this operation mode, the moving platform is transformed from the identity
condition about an axis parallel to theyz-plane. The second operation mode of this
manipulator is shown by sub-idealK2 with x2 = 0. The transformation axis of this
operation mode is parallel to thexz-plane.

6 Conclusions
In this paper, the synthesis of the design parameters corresponding to the prescribed
operation modes for a parallel manipulator with three RPS legs was addressed. The
Euler parametrization and the results of primary decomposition were used to define
the synthesis procedure by considering the type of operation modes at the design
stage. The design parameters and the coordinates of one RPS leg were initially
defined. Then, the constraint equation corresponding to theRPS leg was derived.
Seven classes of the RPS legs were developed, in which each class contains several
sub-classes that corresponds to the specific position and orientation of the RPS legs.
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Fig. 3: Design with solutionL2.
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Fig. 4: Design with solutionL3.

As a result, it is possible to generate new architectures of the 3-RPS manipulator
by selecting three different or identical classes of the RPSlegs. Some constraints
were applied to the Euler parameters in the results of primary decomposition that
leads to particular types of operation modes, and then the design parameters were
synthesized. Several architectures of the 3-RPS manipulators corresponding to the
prescribed operation modes were presented. The applications of the proposed ap-
proach for parallel manipulators with different type of legs, will be the subject of
future research.
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