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Synthesis of 3-RPS Parallel Manipulators based
on Prescribed Operation Modes

Latifah Nurahmi, Stéphane Caro, Philippe Wenger

Institut de Recherche en Communications et Cybiggue de Nantes,
Emails: {latifah.nurahmi,stephane.caro,philippe.wenp@irccyn.ec-nantes.fr

Abstract. The subject of this paper is about the synthesis of the dgsgameters by consider-
ing the prescribed operation modes at the design stage faraflgd manipulator with three RPS
legs. The synthesis is based on the Euler parametrizatidrihenresults of primary decomposi-
tion. The design parameters and the coordinates of one RPSddnitially defined to formulate
the constraint equation associated with this leg. Sevessetaof the RPS leg are identified and the
geometric properties of each class are highlighted. Bycalpthree different or identical classes
of the RPS leg, a new 3-RPS parallel manipulator is propostgtut specific values of the design
parameters. The primary decomposition is computed ovet af leree constraint equations. One
or more Euler parameters in the results of primary decortipasis constrained to be equal to
null, which leads to particular type of operation mode. Thethndology also provides new archi-
tectures of the 3-RPS parallel manipulators based on dfatation of the RPS leg, that satisfy the
prescribed operation mode.

Key words: Synthesis, design parameters, primary decompositiomatipe mode, RPS legs.

1 Introduction

The well-known 3-RPS (R, P, S, represent revolute, prissnatid spherical, re-
spectively) parallel manipulator with different shapesmaiving platform and base
was extensively studied by many researchers. In 1983 [4it itroduced the 3-
RPS manipulator which has an equilateral triangle base arejailateral triangle
platform. Schadlbaueat al. in [7] revealed that this manipulator has two distinct
operation modes and in [6] the authors characterized theedfmotion in both op-
eration modes by using the axodes. Huabgl. in 1995 [2] proposed the 3-RPS
cube manipulator which is composed of a cube-shaped basanaequilateral tri-
angle platform. By using the Study kinematic mapping, Nurgét al.in [5] found
that this manipulator has only one operation mode in whiet8tdof general mo-
tion and the Vertical Darboux Motion occur inside the samerapjon mode.
Accordingly, a general approach to synthesize the desiganpeters by con-
sidering the prescribed operation modes for a parallel pudator with three RPS
legs, is discussed in more details in this paper. The apprisazased on the Euler
parametrization [1], and the primary decomposition is usegtveal the existence
of the number and the type of operation modes [8]. The firstrasd step is to



2 Latifah Nurahmi, Stéphane Caro, Philippe Wenger

characterize the coordinates and to define the design pteesa# one RPS leg.
Then, the constraint equation of this RPS leg is formulatechbans of the Euler
parametrization. A classification of seven classes of th® RBs are found, which
gives a general information about the position and the tatem of the RPS legs.
By selecting three different or identical classes of the RIS, a new 3-RPS manip-
ulator is generated without specific value of the designrpatars. The constraint
equations of the corresponding new manipulator are dei@etithe primary de-
composition is computed. By restricting one or more Euleapeeters to be equal
to null, the design parameters can be synthesized.

2 Coordinates and design parameters of RPS leg
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Fig. 2: The axis of revo-
lute joint.

Fig. 1: Coordinates and Design Parameters of RPS
Leg.

The RPS leg shown in Fig. 1, is composed of a revolute jointjsaatic joint,
and a spherical joint mounted in series. The revolute jgiattached to the base and
denoted by poin®;1. This point is located in the three-dimensional space which
is specified by the azimuth angle, the polar angles;, and the radial distancs
from the originO of the fixed framezg.

The spherical joint is attached to the moving platform andoded by pointB;.
This point is also located in the three-dimensional spaciewis specified by the

1/ denotes the number of the leg used in the manipulator. Irptiperi=1,2,3.
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azimuth angle;, the polar angl€;, and the radial distandg from the originP of
the moving frameZ,. The axis of the revolute joint is along the vecsprwhich is
specified by the azimuth angje and the polar anglE (Fig. 2). The coordinates of
pointsA;, B; and unit vectos; are:

T T
%, = [1, Cur;Cp, i Sa;Cp, 84, sﬁia,-] crh = [1, Ce,Cr;bis Se,Cr i, g, b,-]

Si = [O’ Gy, Cry» Sy, Crys Sri]

r

1)
wherec,, = Cos(;), Sq; =Sin(a;),Cg, = C0S(8;), Sg; =SiN(B;),Cs, = COSE;),Se; =
sin(e;), ¢z, = €0s(i).s;; = sin((i).cy, = €osf),s,, = sin(y),cr, = cos(), and
sr, = sin(l). As a consequence, there are eight design parametersddr8 leg,
namelya;, b;, a;, B:, €, i, vi, andI;. Since the manipulator that will be created
should have three RPS legs, hence there are 24 design paranmethe 3-RPS
manipulator.

3 Constraint Equations

In this section, the constraint equation is expressed feiRIAS leg shown in Fig. 1.
To obtain the coordinates of poiBt expressed ilLg, the transformation matriki 2
by means of the Euler parametrization [1] is used.

The parametensg, X1, X2, X3, Which appear in matri¥, are called Euler param-
eters of the rotation. They are useful in the representatfoa spatial Euclidean
displacement and they should satisfy the equation®}:x3 +x3+x3 - 1= 0. This
condition will be used in the following computations to siifypthe algebraic ex-
pressions. The coordinate of poBt expressed iXg is obtained byr0 =M r

As the coordinates of all points are given in terms of the Epdeameters and the
design parameters, the constraint equation can be obtiaynedamining the design
of the RPS leg. The leg connecting poiftsandB; is orthogonal to the axis; of
the revolute joint. Accordingly, the scalar product of \mrc(r%”_ - rgi) and vector
s; vanishes, namelyr% -r% )" s =0.

After computing the correspondmg scalar products and vémgathe common
denominators the following constraint equation of one RiScbmes out:

h; : Cy,Cr, X +Cr, S, Y + (X5 — X2 — X5+ X3) S, Sr, bi — Sg, Sr, @ + (2X1X2 — 2XoX3) by

2 2 2 2
Cr;Cy;Se; Cz; (2X0X3 + 2X1X2) bis)’i Cr;Cz; Ce; * (XO XX - X3) Ce; Cs; Gy, Cry b;

2 2.2 2
—Cq,Cp,Cy;Crya; + (XO X X5 - XB)C{:' Se; Cr; Sy, b; — Cp,Cr; Sa; Sy; & + (2xoXa+
2X2X3) i Sr; S, C7; + (2XoX2 + 2X1X3)0; Cr, €, , S, + (2X2X3 — 2X0X1)b;' Sy, Cr; Sz, +
(2x1%3 — 2XoX2)b;sr, €7, Co;, +S, 2 =0

(2)

2 For detail expression of the transformation matrix, theleeanay refer tdttp://www.irccyn.ec-
nantes.fr/%7enurahmi/ISRM2015/Appendix.pdf
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4 Classifications of the RPS legs

In this section, the constraint equation associated wighdisign parameters are
solved to synthesize seven classes of the RPS legs. Theaohsuatiornh; in

Eqg. (2) should vanish in any condition, likewise in the idigntondition. In the
identity conditionzy andX; are coincident, and we have the identity transformation
I in which the parameters becomg=1,x; =0,x2=0,x3=0,X=0,Y=0,Z=0.

By substituting these values into Eq. (2), this yields:

h (Csic,(i Cy;Cr; +Cz,Cr, Se; Sy 8¢ Sl"i)bi - (C(,,.C,;icyl.cri +Cp,Cr;Sa; Sy,
+ 8g,51,)a, =0

3)

Eq. (3) can be written alg; : f —g = 0. To find the relations between the design
parameters for which, vanishes, we compute one particular condition whigige
vanish simultaneously. Note that it also amounts to the itimmdto be fulfilled for
which h; vanishes no matter the valuesafandb;. One has to discuss the ideal
I =(f,g) and compute the Groebner basis. The relations containimglex terms
are discarded and 23 relations remain, and substitutedciqi@l). Based on their
geometric properties, seven classes are identified and @ash contains one or
more sub-classésThe sub-classes give the location of the RPS legs in thethre
dimensional space, in Whicrﬁ"_ gives the location of the revolute joint with respect

to Xo, r%;_ gives the location of the spherical joint with respectig ands; gives
the unit vector of the axis of the revolute joint.

By selecting three different or identical classes, a newimaator with three
RPS legs can be created. The user may assign some arbithaeyg \rgto the design
parameters and assemble the legs accordingly. Howewemteresting to generate
various designs of the 3-RPS manipulator that fulfil the gribed operation modes
as presented in the following.

5 Synthesis of Design Parameters

In the following, an example of 3-RPS manipulator with thigentical classes of
the RPS leg will be presented. Then, the design parametsiated with the new
manipulator are synthesized by imposing the prescribedatipa modes.

5.1 Sub-classF.2

In this section, the 3-RPS manipulator is generated by setgthree identical sub-
classes, namely sub-class F.2. The RPS leg in this classtoofrevolute joint and
spherical joint that are located in any position with re$peEq andX,, respectively.
The axis of the revolute joint is parallel to tkg-plane.

Due to the heavy computations, poirks and B; are assumed to lie in they-
plane ofZy andX, respectively. Therefore, some values are assigneghfers, =

3 For detail expressions of classes and sub-classes of the RBS and com-
plete computation results from Maple; the reader may refer http://www.irccyn.ec-
nantes.fr/%7enurahmi/ISRM2015/Appendix.pdf
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B3 =0and{; = & = {3 =0. The first RPS leg of the manipulator is fixed by sub-
stitutinge; = 0. To obtain the coordinates of poirg, By, Bs expressed iX, the
coordinate transformation is performed by means of the rspdeametrization as:
r%’_ =M r}gi (i =1,2,3). The constraint equations are determined by computig th
scalar products of the vectd;B; and the unit vectos; which has to vanish as:
(r% —r%.)" si = 0. The constraint equations turn out:

hy:Y+ (2XOX3 + 2X1X2) b1=0
hy : 462, boX1 X2 — 2(XE — X3)Ce, Se, D2+ Co,Y — So, X+ (2X0X3 — 2X1X2) b2 = 0 (4)

hg 1 4¢2,03X1X2 — 2(X§ — X3) oy Sez b3 + CuyY — Sop X + (2X0X3 — 2X1X2) b3 = 0

For the algebraic computation, the half-tangent subgiitstare performed to re-
move the trigonometric functions in the second and the tegd:s,, = (2te;)/(1+
te?), c., = (L-te?)/(1+te?), i = 2,3. Then the three constraint equations are
written as polynomial ideal’ = (hy, hy, h3) with variables{xg, X1, X2, X3, X,Y, Z}
over the coefficient rin@[ by, by, bs, tey, tes]. The primary decomposition is com-
puted and it turns out that does not decompose, i.e. it has general expressions as
T ={(01,02,03), as follow$:

01 : (2bptedtel - 2bgtedted + 2bytedtes — 2bsteste + 2bstedtes — 2bstentes. ..
% Y (butegtes — itedted + botefted — bateStes + bytedtes — bitestel — batey...

s : X(bitestes — itedted + ptejtel — bstedtes + biteste; — bitested + btes...
)

It can be seen from Eq. (5) thet, g2, gs are free ofZ component. This means
that for any value of the design parametdss, by, bs, &2, £3), the manipulator can
always perform a pure translation alonglirection. Variablexs can be solved lin-
early fromg; andxs is parametrized by, X1, X2. This means that the manipulator
is capable of orientations determined ky x1, X2 in which variablexs is not null.
Equationsg,, g3 can be solved linearly for variablés and X, respectively. This
shows that the manipulator undergoes translational mea@mngx andy directions
which are coupled to the orientations. In the following, tb&ational components
{Xo, X1} from g1, g, g3 are constrained to be equal to zero, which leads to different
operation modes. By fulfilling this condition, the desigmgraeters are synthesized
and new architectures are proposed.

5.1.1 Caseg=0
One variable is constrained to be null, namegy= 0. Since only the equatiogy
has componenty, the computation will be carried out only fgr. After substituting
Xo = 0, equatiorg; becomesy; : ax§+ bxlxz+cx§ =0, wherea, b, c are polynomial
coefficients in terms of the design parametdrsif,, bz, te;,tes).

To synthesize the design parameters, all polynomial casffis have to vanish.
Hence, one has to discuss the id§ak (a, b, c). The Groebner basis of the idedl

4 For complete results of the primary decomposition, theeeathy refer tdttp://www.irccyn.ec-
nantes.fr/%7enurahmi/ISRM2015/Appendix.pdf
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is computed and 17 solutions of the design parameters aa@eldt Not all solutions

are possible and hence some assumptions are developetioas:fo

1. The second and the third legs cannot be coincident witfirstdeg:
-ep#0andeg#0

2. The second leg cannot be coincident with the third leg:

-E2F €3
3. The magnitude db; (i = 1,2,3) should be positive:
-b;>0,i=1,2,3

4. The platform cannot be a point:
-bi#bp#b3£0

5. No complex solutions:
-{b1, b2, b3, 2,63} €R

After removing the solutions that do not fulfil the assumps$istated above, four
solutions of the design parameters are obtained. The sohiéire:

Lqi: b, =0, b3=0, e3=m+se7

X bl v/
Ly: bz—tan(gg),bg—o, 52_5,83¢00r33¢in
X bl T (6)
L3. bz——m, b3—0, 82——5, 83¢00r83¢iﬂ'
COS(e2 — €3) COS(e3) s 3
L . b = b e N = ) =5 =5
4 1= COSE2) 2 3003(92) e2% % 2 Orez# = 2

The 3-RPS manipulator can be generated by selecting oneeo$dhutions
(L1, Lo, L3, Lg). Inthe following, the application of the solutids is presented.

Solution L,

In solutionL,, some values are assignedmas- 1 ande3 = —27/3. Other design
parameters are obtained &s:= V3/3, bz = 0, &2 = 7/2. The new architecture of
the 3-RPS manipulator is depicted in Fig. 3. The base and twving platform have
right-angle triangle shape. The unit vectsysands, are orthogonalq 1 ).

The values of the design parameters are substituted ins®ethod three constraint
equations defined in Eq. (4). The primary decomposition immated and it shows
that the mechanism has two operation modes as follg@s: N2_, K;, with the
results of primary decomposition:

K1 = (Xg,3X — V3Y, 2x1x2 +Y)
Ko = (X3, 3X = V3Y,2x1 X2 +Y)

First operation mode is shown by the first sub-id&a| in which xo = 0. All
possible poses of the mechanism in this operation mode ga@el by rotating the
platform from the identity condition about a transformataxis byr and translating
along the same direction. Second operation mode is showmetsub-ideal with
x3 = 0. In this operation mode, the transformation axis is paradl thexy-plane.
The investigation of these two operation modes are disdussmore details in [7].

(7)
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5.1.2 Casex; =0

In this section, the variablg; in Eq. (5) is constrained to be null. After comput-
ing the Groebner basis, 11 solutions of the design paramaterobtained. Not all
solutions are possible and hence by following the aforeineatl assumptions in
Section 5.1.1, three solutions are obtained as:

b
Ll: bzz—m, b3=o,82=%,83¢00r837ﬁiﬂ'
X bl v/
Ly: o = anEa)’ b3=0, 2= —5 e3#00res#+n (8)
COSE2 —€3) COS(e3) /g 3
|_ . b = — _— = +— 0r e
3 1 cos€r) 2 3cos(92)’ 32¢+2 g2# % >

By choosing one of the solution&{, L, L3), a new 3-RPS manipulator can be
built. The application of the solutiobhs is presented in the following.

Solution L3

Solution L3 is selected to generate the 3-RPS manipulator whose operati
modes contairx; = 0. The design parametens = 1, 2 = n/4, andez = —n/4 are
assigned, hende;, = V2 andb, = 1 are determined. The 3-RPS manipulator with
these design parameters is depicted in Fig. 4, in which tee &ad the moving plat-
form have right-angle triangle shape. The axes of the seanddhe third revolute
joints are orthogonal and meet at pofit.

The values of the design parameters are substituted ins®thod three constraint
equations defined in Eq. (4). The primary decomposition immated and it shows
that the mechanism has two operation modes as foll@s: ﬂf:ﬂ(,-, with the
results of primary decomposition:

K = (X1, 4XoX3 + V2Y, 2x2 — V2X)
Ko = (X2, 4XoX3+ V2, 2X2 + V2X)

The sub-ideaf; shows the first operation mode of this manipulator, in which
x1 = 0. In this operation mode, the moving platform is transfadiffem the identity
condition about an axis parallel to the-plane. The second operation mode of this
manipulator is shown by sub-ide&b with x, = 0. The transformation axis of this
operation mode is parallel to tixg-plane.

(9)

6 Conclusions

In this paper, the synthesis of the design parameters @ameing to the prescribed
operation modes for a parallel manipulator with three RS \eas addressed. The
Euler parametrization and the results of primary decontiposivere used to define
the synthesis procedure by considering the type of operatiodes at the design
stage. The design parameters and the coordinates of onedgR&8ele initially
defined. Then, the constraint equation corresponding tdRiP8 leg was derived.
Seven classes of the RPS legs were developed, in which essshadntains several
sub-classes that corresponds to the specific position aemtation of the RPS legs.
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Fig. 3: Design with solutiorb.,. Fig. 4: Design with solutior_3.

As aresult, it is possible to generate new architecturedseo8tRPS manipulator
by selecting three different or identical classes of the RIgS. Some constraints
were applied to the Euler parameters in the results of psirdacomposition that
leads to particular types of operation modes, and then thigu@arameters were
synthesized. Several architectures of the 3-RPS mangslabrresponding to the
prescribed operation modes were presented. The appfisabibthe proposed ap-
proach for parallel manipulators with different type of degill be the subject of
future research.
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