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ABSTRACT

Large deployable reflector antennas are complex closed
chain systems which are capable of significantly alter-
ing their size by modifying configuration space variables.
The kinematic analysis of such mechanisms is essential
to understanding their behavior during deployment and
aid the synthesis of new design as well as establishing
the mobility of the system and the most efficient actua-
tion configurations. In this paper, we analyze one facet
of a large scale deployable antenna, which during de-
ployment undergoes a homothetic transformation. The
geometric properties are analyzed under assembly condi-
tions. Furthermore, we show by using screw theory that
such a mechanism is feasible and the nature of the motion
is demonstrated.

Key words: Screw theory; Kinematic Analysis; Deploy-
able antennas.

1. INTRODUCTION

Deployable mechanisms [Pel14] are complex closed
chain systems which are capable of significantly alter-
ing their size by modifying configuration space vari-
ables. The kinematic analysis of such mechanisms is
essential to understanding their behavior during deploy-
ment and aid in the synthesis of closed chain struc-
tures [RCGR14, DJ99]. Moreover by studying the sys-
tem’s structure, the relationship between input and out-
put variables can be derived which in turn leads to a more
informed choice of actuation scheme.

Several methods, which can be broadly divided into nu-
meric and non-numeric methods [LON14], exist to an-
alyze these closed kinematic chains. Numeric methods
are typically based on the calculation of the Jacobian ma-
trices [NC15] at each configuration which leads to the
creation of closed loop kinematic constraint equations.
The Jacobian matrices can be analyzed using advanced
algebraic techniques [AMC+12a, ACWK12] to identify
singularties [AMC+12b].

The principal drawback is the complexity which in-

creases with the number of configuration space variables
and resulting lack of generality. In addition to this, a
physical interpretation of the results is difficult.

On the other hand, non-numeric methods are attrac-
tive due to their inherent simplicity [Gog07]. The
Chebychev-Grubler-Kutzbach method can be used to cal-
culate the mobility of the closed chain from the number
of joints and independent constraint equations, however
this system fails for a number of mechanisms. Alterna-
tively, Gogu’s method, obtains mobility by decomposing
the mechanism into serial chains and examining the op-
erational space of the resulting manipulators.

In this study, we propose to use screw theory [Hun78,
LCK12, LKC15], a geometric tool that is capable of ana-
lyzing the instantaneous motion of complex mechanisms.
In contrast to numeric methods, singular configurations,
mobility and actuation scheme analysis can all be ob-
tained without costly derivation of the constraint Jaco-
bian matrix. By using this system, the kinematic perfor-
mance and mobility of one section of a complex deploy-
able mechanism is studied.

2. SYSTEM DESCRIPTION

The system in question is a large deployable antenna.
The system consists of 12 identical facets. Each facet
in turn consists of two planar close chain mechanisms as
shown in Fig.1. The first mechanism is known as a scis-
sors mechanism or SLE [ZCF09] contains five parallel
revolute joints each normal to x − y plane. The second
mechanism is also planar and consists of a three parallel
revolute joints. The two planes are offset by an angle β.

The scissors mechanism, shown in Fig.4 has five parallel
revolute joints and two prismatic joints. The two pris-
matic joints form an angle α, which is constant during
the deployment. The following dimensions must be re-
spected [FLRY13, MLY09].

|AE| = |EB| = |CE| = |ED| (1)

Furthermore the central revolute joint at E, lies on the bi-
sector of the cone. Thus points A, D lie on a secant of a



Figure 1. One Facet of deployable mechanism. F0 is
denoted as fixed world frame. Fe is denoted as movable
end effector frame.

circle centered at E while points C and B lie on a sec-
ond secant. The angle formed by two secants intersecting
outside a circle is given by

2α =
< DEB− < AEC

2
(2)

while since the mechanism is symmetric

< BEC =< DEA (3)

thus the following must be hold

θ = π − 2α (4)

Figure 2. Assembly conditions for a scissors mechanism
of l = 1. The shaded part of the graph indicates the
configuration where the mechanism can be correctly as-
sembled i.e. the center revolute joint of chains AEB and
CED coincide.
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Figure 3. Deployment curves for mechanism when l = 1
meter. ρA is the distance traveled by the actuated pris-
matic joint measured from the cone’s apex o. |AC| varies
from 0 to 1.8 where the maximum theoretical value is 2×l
i.e. 2 meters.

2.1. Deployment Conditions

Equations (1- 4) define the assembly conditions of the
mechanism as a function of α. It is assumed that l acts as
a scaling factor in the deployment and thus can be fixed.
In order to deploy the mechanism, a prismatic joint must
be actuated and travel a distance of ρA meters. Fig. 2
gives a range for ρA and cone angle α, for which the
mechanism can be assembled.

For the feasible assembly conditions, Fig. 3, gives the dis-
tance |AC| a metric by which we can measure the mecha-
nism deployment. For example at α = 0.5, the prismatic
joint must travel ρa = 0.7m, in order to deploy the mech-
anism from |AC| = 0 . . . 0.8m.



3. MOBILITY ANALYSIS

A system’s degree of freedom (DOF) is defined as the
number of independent coordinates necessary to fix all
movable parts. For serial mechanisms this analysis is
trivial. However for closed chain mechanism there ex-
ist several methods each with their respective pro’s and
cons, for example the Chebychev-Grübler-Kutzbach, or
Gogu’s Method [Gog07].

In this paper, we propose screw theory as a method to
analyze mechanism motion type. In the following sec-
tion, screw theory is recalled and after which we use it
to demonstrate that the motion of the deployable mecha-
nism is feasible. In order to so, virtual prismatic joints are
created such that the mechanism as a whole can undergo
a homothetic transformation. Under these conditions, we
show that motion at points E and H is possible.

3.1. Screw Theory

Screw theory is a geometric tool that can be employed
to analyze the instantaneous motions of closed chain sys-
tems [Hun78, Bal00, LKC15]. A screw of pitch λ is writ-
ten as:

$λ =

[
s

s× r + λs

]
(5)

where s is the rotational screw axis and r is a vector from
any point on s to the origin of the world frame.

A screw of zero pitch is given as:[
s

s× r

]
(6)

A zero-pitch twist ν0 corresponds to a pure rotation about
axis s i.e. an instantaeous angular velocity. A zero-pitch
wrench ζ0 corresponds to a pure force along axis s.

An infinite-pitch screw is given by:[
0
s

]
(7)

An infinity-pitch twist ν∞ corresponds to a pure transla-
tion along axis s i.e. an instantaneous linear velocity. An
∞-pitch wrench ζ∞ corresponds to a pure moment about
axis s.

For any set of n linearly independent screws, there ex-
ists a reciprocal set of dimension 6 − n. Reciprocity
between screw $1 and $2 implies that the instantaneous
power, given by (8) is zero.([

03×3 I3
I3 03×3

]
$1

)T
$2 = 0 (8)

The above expression is valid for screws of any pitch,
however there are three particularly useful conditions
which can be defined from (8):

Figure 4. Planar view of scissors mechanism

1. A $0 is reciprocal to $∞ if their axes are orthogonal;

2. A $∞ is always reciprocal to another $∞;

3. Two $0 are reciprocal if their axes are coplanar;

It should be noted that coplanar means either intersecting
or parallel.

3.2. Mobility Analysis of Scissors Mechanisms

The facet is analyzed by decomposing the closed chain
system into a series of sub-mechanisms. For the scissors
type mechansim shown in Fig.4, we follow the method
outlined in [CDFX14].

Firstly, the mechanism is divided into two chains, the first
chain is defined as linkageAEB, denoted as chain 1, and
the second of linkage CED denoted as chain 2. We con-
sider that the mechanism can slide along the cone in a
homothetic transformation, thus both chains AEB and
CED are represented as parallel mechanism with two
limbs both of configuration RP, with the terminal frame
located at point E. In the following, a mobility analysis
is carried out for the first chain i.e., AEB as illustrated in
Fig. 5.

The infinite and zero pitch twists associated respectively
with the prismatic and revolute joint at point A are given



as:

νA∞1 =

[
0
u1

]
νA02 =

[
k

k× uA

]
(9)

where u1, uA and k denote the unit vectors along AD,
AE and the z-axis respectively.

The twist system at A is a 2-system and is given as TA =
span

(
νA∞1, νA02

)
. Outside singular configurations, the

limb constraint wrench system, denoted as WcA, is a 4-
system spanned by the following constraint wrenches:

ζA∞1 =

[
0
i

]
ζA∞2 =

[
0
j

]
(10)

ζA03 =

[
k

k× ua

]
ζA04 =

[
u1 × k

(u1 × k)× uA

]
(11)

Using the reciprocity conditions, ζA∞1 and ζA∞2 can be
chosen as any two linearly pure moments in the xy plane,
for simplicity their axes are chosen as i and j which de-
note the unit vectors parallel to the x and y axes respec-
tively. ζA03 is a pure force orthogonal to the x − y plane,
while ζA04 is a pure force orthogonal to u1 and passing
through point A.

The above process is repeated for the second limb of
chain 1. Thus the twists associated respectively with the
prismatic and revolute joint at point B are given as:

νB∞1 =

[
0
u2

]
νB02 =

[
k

k× uB

]
(12)

where u2, uB and k denote the unit vectors along CB,
BE and the z-axis respectively.

The twist system at B is given as TB =
span

(
νB∞1, νB02

)
. Outside singular configurations,

Figure 5. Twists and wrenches associated with chain 1

the limb constraint wrench system, WcB , is spanned by:

ζB∞1 =

[
0
i

]
ζB∞2 =

[
0
j

]
(13)

ζB03 =

[
k

k× uB

]
ζB04 =

[
u2 × k

(u2 × k)× uB

]
(14)

The constraint wrench system of the scissors mechanism
is the union of the limb’s wrench constraint systems,
given as:

Wc = span ( WcA WcB ) (15)

after removing linear independent wrenches, the con-
straint wrench system becomes:

Wc = span
(
ζA∞1 ζA∞2 ζA03 ζB03 ζA04 ζB04

)
(16)

In order to find a feasible motion of chain 1, we must find
a twist that is reciprocal to the constraint wrench system.
Using the reciprocity conditions, it can be seen that a 0-
pitch twist parallel to k is coplanar to ζA03 and ζB03 while
orthogonal to ζA∞1 and ζA∞2. In addition to this, if the
twist passes through point P1, it is also coplanar to ζA04
and ζB04. Therefore the twist of chain 1 can be written as:

ν01 =

[
k

k× u1E

]
(17)

where u1E is the vector from point P1 to point E. P1

is defined by the intersection of a vector with direction
(u1 × k) that passes through point A and a vector with
direction (u2 × k) that passes through point B. Hence,
it can be seen that chain AEB has 1-DOF, defined as a
pure rotation around P1 . Instantaneously at point E, this
pure rotation is a linear velocity tangential to a circle with
center P1 and radius ||EP1||.

The same method is employed to obtain the twist allow-
able by chain 2, which is written as:

ν02 =

[
k

k× u2E

]
(18)

where u2E is the vector from point P2 to point E. P2

is defined by the intersection of a vector with direction
(u2 × k) that passes through point C and a vector with
direction (u1 × k) that passes through point D. There-
fore, similar toAEB, chain CED has 1-DOF, defined as
a pure rotation around P2 . Instantaneously at point E,
this pure rotation is a linear velocity tangential to a circle
with center P2 and radius ||EP2||.

In order for the mechanism to be feasible, ν01 and ν02
must be linearly dependent. By examination of (17)
and (18) it can be seen that to satisfy this condition u1E

and u2E must be collinear.

u1E · u2E

|u1E ||u2E |
= 1 (19)



Figure 6. Solution set for instantaneous motion ofE. The
instantaneous linear velocity of E, vE , is shown as the
tangent to the circle with center P2 and radius ||EP2||
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Figure 7. Area of triangle formed by P1, P2 andE plotted
for geometric assembly conditions

This means that the point E must lie on the line formed
by P1 and P2 as shown in Fig.6. To facilitate the presen-
tation, we choose to study the area of the triangle formed
by P1, P2 and E. In the case of collinearity, this must be
zero i.e.:

det

([
1 P1

1 P2

1 E

])
= 0 (20)

From (19) and (20), it can be seen that there are infi-
nite feasible positions of point E along the line formed
by points P1 P2. In Fig.7, the area of the triangle given
in (20) is plotted for the geometric assembly conditions
as shown in Fig.2. It can be seen that within assemble
conditions the area of the triangle is zero, thus P1, P2

and E are collinear. It follows that ν01 and ν02 generate a
linear velocity in the same direction and the mechanism
is movable.

Finally, It should be noted in the special case where vec-
tors u1 and u2 are parallel, i.e. α = 0, the twist of chain
1, is a pure translation along the x-axis written as:

ν∞1 =

[
0
i

]
(21)

3.3. Mobility analysis of Second Mechanism

In order for the facet to deploy, both mechanisms must
follow the homothetic transformation. In the follow-
ing section, the second mechanism consisting of points
FGH is analyzed to ensure that motion is possible under
homothetic conditions.

Similar to one chain of the scissors mechanisms, this
mechanism can be represented as a RP-RP closed chain
system with the platform located at point H . The infi-
nite and zero pitch twists associated respectively with the
prismatic and revolute joint at point F are given as:

νF∞1 =

[
0
u1

]
νF02 =

[
k′

k′ × uF

]
(22)

where

k′ = R (β, y)k (23)

uF denotes the unit vector along FH and R (β, y) de-
notes a rotation of β radians around the y axis.

The limb constraint wrench system, denoted as WcF , is a
4-system spanned by the following constraint wrenches:

ζF∞1 =

[
0
i′
]

ζF∞2 =

[
0
j

]
(24)

ζF03 =

[
k

k× uf

]
ζF04 =

[
u1 × k

(u1 × k)× uF

]
(25)

Using the reciprocity conditions, ζF∞1 and ζF∞2 can be
chosen as any two linearly pure moments in the rotated
x− y plane, for simplicity their axes are chosen as i′ and
j, where i′ denotes the i vector rotated β radians around
the y axis. ζF03 is a pure force orthogonal to the xy plane
and passing through point F , while ζF04 is a pure force
orthogonal to u1 and passing through point F .

The above process is repeated for the second limb of
chain. Thus the twists associated respectively with the
prismatic and revolute joint at point G are given as:

νG∞1 =

[
0
u2

]
νG02 =

[
k′

k′ × uG

]
(26)

where uG denotes the unit vector along GH .

Outside singular configurations, the limb constraint
wrench system, WcG, is spanned by:

ζG∞1 =

[
0
i′
]

ζG∞2 =

[
0
j

]
(27)

ζG03 =

[
k

k× ug

]
ζG04 =

[
u2 × k

(u2 × k)× uG

]
(28)



Figure 8. Twists and wrenches associated with second
sub-mechanism

The constraint wrench system of the sub-mechanism is
the union of the each limb’s wrench system, given as:

Wc = span ( WcF WcG ) (29)

after removing linear independent wrenches becomes:

Wc = span
(
ζF∞1 ζF∞2 ζF03 ζF04 ζG03 ζG04

)
(30)

In order to find a feasible motion of pointH , we must find
a twist that is reciprocal to the constraint wrench system.
Unlike the scissors mechanism from Section 3.2, there
are no zero nor infinity pitch reciprocal the system. How-
ever, it can be shown that outside singular configurations
rank (Wc) = 5, thus the twist system is of order 1 and mo-
tion is possible under a homothetic transformation condi-
tions

4. CONCLUSION

In this study we analyzed one facet of a large scale de-
ployable reflector antenna. Firstly, we have shown how
the deployment properties are dependent on the geomet-
ric conditions of the mechanism. Secondly, screw theory
was used to demonstrate that motion is possible under ho-
mothetic transformation conditions. In addition to this,
the type of motion and constraint applied by each sub-
mechanism were illustrated. Future work will focus on
an actuation scheme analysis to obtain the optimum actu-
ator performance for deployment.
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