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HECKE ACTION ON THE PRINCIPAL BLOCK

ROMAN BEZRUKAVNIKOV AND SIMON RICHE

ABSTRACT. In this paper we construct an action of the affine Hecke category
on the principal block of representations of a simply-connected semisimple
algebraic group over an algebraically closed field of characteristic bigger than
the Coxeter number. This confirms a conjecture of G. Williamson and the
second author, and provides a new proof of the tilting character formula in
terms of antispherical p-Kazhdan—Lusztig polynomials.

1. INTRODUCTION

1.1. Representation theory of reductive algebraic groups and the Hecke
category. Let G be a connected reductive algebraic group over an algebraically
closed field k of characteristic p (assumed to be larger than the Coxeter num-
ber of G). In | ], G. Williamson and the second author of the present paper
started advocating the idea that the combinatorics of the category Rep(G) of finite-
dimensional algebraic G-modules (e.g. character formulas for simple and indecom-
posable tilting G-modules) should be expressible in terms of the p-Kazhdan—Lusztig
combinatorics, introduced a few years before by G. Williamson (partly in collabora-
tion, see | ) ]). In this paper it was in particular observed that a concrete
incarnation of this idea (a character formula for indecomposable tilting modules in
the principal block, in terms of antispherical p-Kazhdan—Lusztig polynomials) was
a consequence of a simple “categorical” conjecture stating that the wall-crossing
functors define an action of the Hecke category of the associated affine Weyl group
on the principal block of G. This conjecture was motivated in particular by the phi-
losophy of categorical action of Lie algebras; it was proved in | , Part II] in the
special case when G = GL, (k) for some n, using the machinery of 2-Kac-Moody
algebras [Ro].

Later the “combinatorial” consequence of this conjecture (the tilting character
formula) was proved for general G (in fact, in two very different ways, see | ]
and | ]), but these proofs use other tools, and none of them imply the original
categorical conjecture. The main result of the present paper is a construction of
this Hecke category action. In particular, this provides a third general proof of the
tilting character formula. This new proof does not involve constructible sheaves in
any way; it uses coherent sheaves, but mostly over affine schemes, and hence can
be considered essentially algebraic.

1.2. Localization for Harish-Chandra bimodules. The category Rep(G) can

be naturally seen as a full subcategory of the category of G-equivariant U g-modules

via differentiation, where Ug is the enveloping algebra of the Lie algebra g of G. As

such it admits an action of the monoidal category of Harish-Chandra i/ g-bimodules,

and the wall-crossing functors (and, more generally, the translation functors) can be

described as the action of some specific (completed) such bimodules. To construct
1



2 R. BEZRUKAVNIKOV AND S. RICHE

the desired action it therefore suffices to construct a monoidal functor from the
Hecke category to an appropriate category of completed Harish-Chandra bimodules.

The main tool we will use for this is a localization theory for Harish-Chandra
bimodules. Recall that /g possesses a large central subalgebra Z; called the Frobe-
nius center and isomorphic to &(g*(!)) (where the superscript (1) denotes Frobenius
twist). Even though in the end we are interested in G-modules, which when seen as
Ug-modules have a trivial Frobenius central character, we will localize our bimod-
ules on the regular part of Zg,, and more precisely on a Kostant section S*(1) ¢ g*(1)
to the (co-)adjoint quotient. This is made possible by the fact that the appropriate
restriction to such a Kostant section is fully faithful on the “diagonally induced”
Harish-Chandra bimodules that describe translation functors. Hence the bimodules
we are interested in can be studied using bimodules over Usg := Ug ® 7., O(S*MV),
equivariant with respect to a group scheme over t*/(W, e) x .y t*/(W, @) con-
structed out of the universal centralizer group scheme over t*()/IWW. (Here t is
the Lie algebra of a maximal torus in G, W is the Weyl group, and the map
t*/(W, o) — t*(1) /I is induced by the Artin-Schreier map.)

It is a classical observation that Usg := Ug Rz, O(S*P) is an Azumaya algebra
over its center. This property is not sufficient for our purposes since the two actions
of this center on Harish-Chandra bimodules do not coincide; however by using
bimodules realizing translation to and from the “most singular” Harish-Chandra
character (namely, —p), we construct in Section 3 an equivariant splitting bundle
for each completion of the algebra Usg® 5(s+1))Usg’? at an ideal corresponding to a
pair of weights in the lower closure of the fundamental alcove. As a consequence, we
obtain equivalences of categories between equivariant modules over these algebras
and representations of certain completions of the involved group scheme.

A general theory of localization for modules over Ug has been developed by the
first author with Mirkovi¢ and Rumynin, see | , , ]. The localization
that we require is however slightly different, and the present paper does not rely
on the results of | , , ]. One difference is that we are interested
in bimodules and not modules, which are in addition equivariant for the diagonal
G-action. Some of the constructions in | , , ] (in particular, the non-
canonicity of the choice of splitting bundle) make it difficult to use in an equivariant
setting, and our construction is different. Finally, as explained above we only need
to consider the reqular part of the Frobenius center, which simplifies the situation a
lot, and in particular allows us to work completely at the level of abelian categories,
without having to consider the more involved derived categories.

1.3. The Hecke category and representations of the universal centralizer.
The other crucial ingredient of our proof is a new incarnation of the Hecke category
(for any Coxeter system (W, S)) recently found by Abe [Ab1]. The Hecke cate-
gory is a categorification of the Hecke algebra of (W, S), depending on a choice of
extra data (comprising a representation V' of W). Its original definition in terms
of Soergel bimodules [S3] applies to “reflection faithful” representations of Coxeter
systems, which include natural examples of representations over fields of character-
istic 0 (e.g. geometric representations of finite Coxeter systems and representations
appearing in the theory of Kac—Moody Lie algebras for crystallographic Coxeter
systems), but does not include important examples over fields of positive character-
istic (e.g. some natural representations of affine Weyl groups of reductive groups).
Under this assumption Soergel bimodules can be defined as a full subcategory of
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the category of graded bimodules over the polynomial algebra (V). More re-
cently Elias and Williamson [F'W] have proposed a definition of the Hecke category
in terms of generators and relations which applies (and behaves as one might ex-
pect) in a much greater generality, encompassing the representation of the affine
Weyl group that we require. It is in terms of this construction that the conjecture
in [ ] was stated. (For more on the Hecke category, see also [Wi, 1)

Remark 1.1. In the case of Coxeter systems associated with Kac—-Moody groups
(i.e. the crystallographic Coxeter systems), and for representations appearing natu-
rally in this theory over a field of characteristic 0, it is well known that the category
of Soergel bimodules can also be described in terms of constructible sheaves on the
corresponding flag variety. (The fact that Kazhdan—Lusztig combinatorics in this
case is related to constructible sheaves on the flag variety is a fundamental ob-
servation of Kazhdan-Lusztig | ]. The equivalence of categories with Soergel
bimodules is due to Soergel [S2] in the case of finite crystallographic groups—using
the earlier definition of Soergel bimodules in this case in [S1]—and to Hérterich for
Kac—Moody groups [[14].) A similar result relating the Hecke category of [EW] to
constructible sheaves on the associated flag variety (which holds also for coefficients
in a field of positive characteristic) can be found in [ , Part III]. Although im-
portant for some other purposes, this realization of the Hecke category will not play
any role in the present paper.

The main drawback of this construction, however, is that it is much less concrete
than Soergel’s original definition, and does not involve &'(V')-bimodules. This draw-
back is exactly compensated by Abe’s work; under a minor technical assumption he
proves in | ] that the category of Elias and Williamson identifies with a category
of “enhanced Soergel bimodules,” i.e. graded bimodules over & (V') together with a
decomposition of its tensor product (on the left) with Frac(€'(V')) parametrized by
W.

Based on Abe’s work, in the case of the affine Weyl group acting on X®zk (where
X is the character lattice) through the natural action of the finite Weyl group, we
realize the Hecke category as a full subcategory in coherent sheaves on the preimage
of the Kostant slice in the (Frobenius twist of the) Steinberg variety of triples,’
identified with (1) x.q) e t*(1 | equivariant with respect to the pullback of the
universal centralizer. This construction allows us to define a monoidal functor from
the Hecke category to the category of representations considered in §1.2, and then
to the category of completed equivariant Usg-bimodules. (This construction applies
when the central character corresponds to a point (A, A) with A in the fundamental
alcove; in this case natural étale maps allow us to identify the completions of the
schemes t*/(WW, ®) X 1)y t*/(W, @) and () X (1) () at the images of (X, )).)

Remark 1.2. Although the concrete incarnation of this idea that is relevant in the
present paper is new, the fact that affine Soergel bimodules are closely related with
representations of the universal centralizer was already known: it dates back (at
least) to [Do]; see also [MR] for an adaptation of these ideas to positive characteristic
coefficients.

1Here, by Steinberg variety of triples we mean the fiber product of two copies of the
Grothendieck resolution over the dual of the Lie algebra, and not the version involving the Springer
resolution.
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At this point, to conclude our proof it only remains to show that our functor sends
the objects of the Hecke category labelled by simple reflections to the bimodules
realizing the wall-crossing functors. In the case when the simple reflection belongs
to the finite Weyl group W, this can be checked explicitly, using localization at a
character involving a weight on the corresponding wall of the fundamental alcove.
The general case is reduced to this one using a standard trick (used e.g. in [R2,

1), based on the observation that in the extended affine Weyl group each simple
reflection is conjugate to a simple reflection which belongs to W. The concrete
proof involves the study of an analogue of the affine braid group action from [BR]
in our present context; in this case the situation simplifies however (once again
because we work over the regular part of the Frobenius center) and this action in
fact factors through an action of the extended affine Weyl group.

Remark 1.3. One of the motivations for Abe’s work [Ab1] was an attempt to prove
the conjecture in | ]. What he was actually able to construct is rather an
action on the principal block of the category of G1T-modules, which is less useful;
see [ADb2].

1.4. Towards a coherent realization of the Hecke category. Thanks to work
of Kazhdan-Lusztig [[X1.2] and Ginzburg [CG], it is known that the Hecke algebra
of the affine Weyl group identifies with the Grothendieck group of the category of
equivariant coherent sheaves on the Steinberg variety of triples. The construction
outlined in §1.3 can be seen to provide a fully faithful monoidal functor from the
Hecke category to the category of equivariant coherent sheaves on the regular part
of the Steinberg variety. In later work we will upgrade this construction to a fully
faithful monoidal functor to the category of equivariant coherent sheaves on the
whole Steinberg variety. This construction will be part of our project (joint with
L. Rider) of constructing a modular version of the equivalence constructed by the
first author in [Bel; see | ] for a first step towards this goal.

1.5. Contents. In Section 2 we introduce the categories of completed Harish-
Chandra bimodules we will work with, and prove that restriction to a Kostant
section is fully faithful on an appropriate subcategory. In Section 3 we develop our
localization theory for Harish-Chandra bimodules. In Section 4 we prove (for later
use) some technical results using the relation between Ug and differential operators
on the flag variety. In Section 5 we recall Abe’s results, and use them to construct
our monoidal functor from the Hecke category to the appropriate category of rep-
resentations of the universal centralizer. Finally, in Section 6 we prove the main
result of the paper, i.e. we construct the Hecke action on the principal block and
prove that objects associated with simple reflections act via wall-crossing functors.

1.6. Acknowledgements. We are given to understand that J. Ciappara has re-
cently proved a result similar to our main theorem via a completely different
method. His proof relies on the Smith-Treumann theory of | ], and is still
in preparation. We thank G. Williamson for keeping us informed of this work, and
for useful comments.

R.B. was supported by NSF Grant No. DMS-1601953. This project has re-
ceived funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (S.R., grant agreement
No. 677147).
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for the inspiring talks. A later part of this work was accomplished at the Institut
Henri Poincaré, as part of the thematic program Representation Theory organized
by D. Hernandez, N. Jacon, E. Letellier, S. R., and E. Vasserot.

2. SOME CATEGORIES OF EQUIVARIANT Ug-BIMODULES

2.1. Weights. We fix an algebraically closed field k of characteristic p > 0, and a
simply connected semisimple algebraic group G over k. We will denote by g the Lie
algebra of G. We also choose a Borel subgroup B C G and a maximal torus T' C B,
and denote by b and t their respective Lie algebras. Let U be the unipotent radical
of B, n be its Lie algebra, and W be the Weyl group of (G, T'). We set X := X*(T),
and denote by S8 C X the root system of (G,T). The choice of B determines a
system of positive roots R+ C R, chosen as the T-weights in g/b. We will denote
by R® C R the corresponding subset of simple roots, and by p € X the halfsum of
the positive roots. We also set XV := X, (T'), and denote by R} C X the coroot
system. The canonical bijection % =+ RV will be denoted as usual o — aV.
The affine Weyl group associated with G is the semi-direct product

Waff =W x piR

where ZR C X is the lattice generated by PR, and the W-action on pZfR is induced
by the natural action on X. The group Wa,g is a normal subgroup in the extended
affine Weyl group
Wext := W x pX.
Given p € pX, we will denote by ¢,, the associated element of Wey. It is well known
that the group W,g is generated by the subset S,g consisting of the reflections s,
with @ € R, together with the products t,5s3 where 8 € R is such that Y is
a maximal coroot. Moreover, the pair (Wag, Sag) is a Coxeter system, see [J2,
§I1.6.3]. We will consider the “dot” action of Wey (or its subgroup Weg) on X
defined by
(tuw) e A=w(A+p)—p+p

for p € pX, w € W and X € X.

Given a character A € X, we will denote by A € t* the differential of \. We will
also set

t,={\: AeX} Cth.
In this way, the map X — X induces an isomorphism of abelian groups
X/pX 5t

(In particular, t} is finite.)

The group W naturally acts on t*. We also have a “dot” action of W on t*,
defined by

we &= w(+7)— 7.

With this definition the map X — t* sending A to X is Wexe-equivariant, where
Wext acts on X via the dot-action and on t* via the projection Weyy — W and the
dot-action of W on t*. This observation legitimates the use of the same notation for
these actions. It also shows that the subset t; C t* is stable under the dot-action
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of W. Below we will also consider the quotient t*/(W, e) of the dot-action of W on
t*. For A € X, we will denote by A the image of X in t*/(W,e).

We will assume throughout the paper that p is very good for G. This assumption
implies that the quotient X/ZMR has no p-torsion, or in other words that

(2.1) ZR N pX = pZARA.
This equality has the following consequences.

Lemma 2.1. Let A € X.
(1) We have
Wat @ A = (Wt @ A) N (A + ZR).
(2) The stabilizer of X for the dot-action of W on t* is the image under the

natural surjection Wag — W of the stabilizer of X for the dot-action of Wag
on X.

Proof. (1) Since W e A C A + ZR, we have
(Wext ¢ A) N (A+ZR) = (W e A+ pX) N (A 4+ ZR) = W e A + (ZR N pX).
The claim follows, in view of (2.1).
(2) For w € W we have
weN=1we\,
so that we X = X iff we A € A+ pX. Since we X € A+ Z5R, as above this condition is

equivalent to we X € A\+pZR, i.e. to the existence of p € pZNR such that t,w € Wag
stabilizes A. (]

For any subset I C R°, we will denote by W; C W the subgroup generated by
the reflections {s, : @ € I}. Recall that an element of X is called regular if its
stabilizer in Wog (for the dot-action) is trivial. As a consequence of Lemma 2.1,
we obtain in particular the following claim.

Lemma 2.2. Let A € X, and assume that the stabilizer of \ for the dot-action of
Wag is Wi. Then the morphism

£/ (Wi, 8) = £7/(W,e)

induced by the quotient morphism t* — t*/(W, e) is étale at the image of \. In
particular, if X is reqular then the quotient morphism t* — t*/(W, ) is étale at .

Proof. By Lemma 2.1(2), the stabilizer of A for the dot-action of W on t* is W7.
Hence the claim follows from the general criterion [ , Exp. V, Proposition 2.2].
O

2.2. The center of the enveloping algebra. Consider the universal enveloping
algebra Ug of g. Its center Z(Ug) can be described as follows. First we set

Zuc = (Ug)©.

(Here, the subscript “HC” stands for Harish-Chandra.) Next, as the Lie algebra of
an algebraic group over a field of characteristic p, g admits a “restricted p-th power”
operation x — x[P!, which stabilizes the Lie algebra of any algebraic subgroup of
G. We will denote by

Z Fr
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the k-subalgebra of Ug generated by the elements of the form z? — z[P! for z € g.
Then by [MR, Theorem 2] multiplication induces an isomorphism

Zpr @z zZue Zuc — Z(Ug).
It is well known that Ug is finite as a Zp-algebra (hence a fortiori as a Z(Ug)-
algebra).

These central subalgebras can be described geometrically. Namely, for a k-
scheme X we will denote by X(1) the associated Frobenius twist, defined as the
fiber product XM := X X gpec(k) Spec(k), where the morphism Spec(k) — Spec(k)
is associated with the map = + zP. (The projection X® — X is an isomorphism
of abstract schemes, but not of k-schemes.) With this notation, it is well known
that the map x — 2P — z[?! induces a k-algebra isomorphism

(2.2) Og* V) = Zp,.
We also have Zp, N Zic = (Zr:)€, and the G-action on g*(!) factors through the
Frobenius morphism G — GV, so that we obtain an isomorphism
ﬁ(g*(l)/G(l)) = Zwe N ZHc.

On the other hand, the “Harish-Chandra isomorphism” provides a k-algebra
isomorphism
(2.3) ot/ (W, @) = Zyc,
see [MR, Theorem 1(2)].

The Artin—Schreier morphism

AS:tr — (D

is the morphism associated with the algebra map €(t*(Y)) — @(t*) defined by
h — h? — hlP! for h € t. It is well known that AS is a Galois covering with Galois
group t§ (acting on t* via addition). The morphism AS is W-equivariant, where
W acts on t* via the dot-action and on t*() via the natural action. It therefore
induces a morphism
t/(W,0) — /W
Recall the Chevalley isomorphism
e /w = g /gM),
see [MR, Theorem 1(3)]. Under this identification, the embedding ZwNZpc — Zuc

is induced by the morphism t*/(WW, 8) — t*(1) /TV considered above.
Combining all these descriptions, and setting

€= g" M Xy /(W) 0),
we therefore obtain a k-algebra isomorphism
o(€) = Z(Uy),

see [MR, Corollary 3.

Using this identification one can consider Ug as an &' (€)-algebra. The G-action
on € induced by the adjoint G-action on Ug is the action obtained by pullback via
the Frobenius morphism G — G of the GM-action on € induced by the coadjoint
GM-action on g*(!). Using this action, one can therefore see Ug as a G-equivariant
0 (€)-algebra.
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2.3. Central reductions. In view of (2.2), the maximal ideals in Zg, are in a
canonical bijection with elements in g*(). Given n € g*(*), we will denote by
m,, C Zp, the corresponding maximal ideal, and set

Ung :=Ug/m, - Ug.

Similarly, in view of (2.3) the maximal ideals in Zyc are in a canonical bijection
with closed points in t*/(W, e), i.e. with (W, e)-orbits in t*. Given a closed point
€ € t*/(W,e), we will denote by m& C Zyc the corresponding maximal ideal, and
set

Utg :=Ug/m® - Ug.
If 7 and ¢ have the same image in t*") /W, then m, - Z(Ug) + m¢ - Z(Ug) is a
maximal ideal in Z(Ug), and we can also set

Z/lsg = Ug/(m, - Ug +m* - Ug).

In the cases we will encounter more specifically below, the point & will often be
the image X of the differential of a character A € X. In this setting we will write
m?, U g and Uri‘g instead of m*, U*g and U,?‘g. The image of any element of t;
under the Artin—Schreier map is 0; therefore, if we denote by

N*Cg*
the preimage of the image of 0 under the coadjoint morphism g* — t*/W, then

given any A € X the elements 7 € g*(!) whose image in t*(1) /W coincides with that
of X are exactly those in N*(1),

2.4. Harish-Chandra bimodules. We will denote by HC the category whose
objects are the Ug-bimodules V' endowed with an (algebraic) action of G which
satisfy the following conditions:

(1) the action morphisms Ug®@V — V and V®@Ug — V are G-equivariant (for

the diagonal actions on Ug® V and V @ Ug);

(2) the g-action on V obtained by differentiating the G-action is given by

(z,0) > x-v—v-;

(3) V is finitely generated both as a left and as a right ¢/ g-module.
Morphisms in the category HC are morphisms of bimodules which also commute
with the G-actions. Objects in this category are called Harish-Chandra bimodules.
It is easily seen that the tensor product ®;y of bimodules endows HC with the
structure of a monoidal category, where the G-action on the tensor product is the
diagonal action.

If M belongs to HC, the U g-action obtained by differentiating the G-action must
vanish on Zr, N (g-Ug). This implies that the two actions of Zr on M obtained by
restriction of the left and right U/g-actions coincide; in other words, the action of
Ugex UG on M must factor through an action of Ug®z, Ug°P. However, the two
actions of Zyc on a Harish-Chandra bimodule might differ. Note that Ug® 2z, Ug°?
is in a natural way a finite algebra over the commutative ring

Z = Z(Ug) ®zp, Z(UY) = ZuC Pz n2zuo LFr OZenzue Zuc = O(€ X g ©).

Note also that since Ug @z, UgP is finitely generated both as a left and as a right
Ug-module, the third condition in the definition of Harish-Chandra bimodules can
be equivalently replaced by the condition that the object is finitely generated as a
Ug-bimodule.
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Let us denote by Modg(Ug ® 2z UGP) the category of G-equivariant finitely
generated (left) modules over Ug® z, Ug°P. As above, since Ug® 7z, Ug°P is finitely
generated both as a left and as a right /g-module, the tensor product ®;/4 endows
this category with a monoidal structure. In this way we obtain a fully faithful
monoidal functor

HC — Modf (Ug ®z,, Ug™).

One can construct interesting objects in HC from G-modules as follows. Let us
denote by Rep(G) the category of finite-dimensional algebraic G-modules. Then
given V in Rep(G) we consider the Harish-Chandra bimodule

V ®Ug,

where the left Ug-action is diagonal (with respect to the action on V' obtained by
differentiation, and the action on Ug by left multiplication), the right ¢g-action is
induced by right multiplication on Ug, and the G-action is diagonal (with respect to
the given action on V and the adjoint action on Ug). In particular, for z,y, z € Ug
and v € V we have

z-(0@2z) -y =(za)-0) @ (22)2Y),
where we use Sweedler’s notation for the comultiplication in the Hopf algebra Ug.
It is easily seen that the map (z®y)®v + (2(1)-v)®(2(2)y) induces an isomorphism

Ug @UG™) @ug V =V @ Ug,

where the tensor product on the left-hand side is taken with respect to the morphism
Ug — Ug ® Ug® defined by x — (1) ® S(x(2)), where S is the antipode. In
particular, the modules V ® Ug are “induced from the diagonal.” For V,V’ in
Rep(G), we have a canonical isomorphism

(2.4) (V@Ug) @ug (V' @Ug) = (Ve V') oUg.
One can similarly consider, again for V' in Rep(G), the Harish-Chandra bimodule
UgV

where now the actions of Ug are defined by

z-(2®v) -y = (z2y)) ® (S(ye2)) - v)
for x,y,z € Ug and v € V (and the G-action is still diagonal). As above we have
an isomorphism
Ug @UG?) Qug V = Ug RV,
now given by (r®y) ®v + (zy1)) ® (S(y(2)) - v). In particular, the objects V @Ug
and Ug ® V are isomorphic; explicitly the isomorphism is given by
vRr— @ (S(x)-v).

2.5. Completed Harish-Chandra bimodules. Now, we need to adapt the con-
siderations of §2.4 to the setting of completed Harish-Chandra characters.

Recall from §2.3 that to each A € X we have associated a maximal ideal m* C
Zyc. For A\, u € X, we will denote by

U
the completion of the Z-algebra Ug ®z,, Ug°® with respect to the ideal
I = (m* - Z(U)) @z, Z(UG) + Z(UG) D7, (W - Z(Ug)) C Z;
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in other words we have

UM = Tim (Ug © 2, U™)/ (TM)" - (U 2, Ug®P)).

n>1
The natural (algebraic) action of G on Ug ®z,, Ug°P induces an (algebraic) action
on each quotient
UM /(D) UM = (U @2, UG™) (D) - (Us @2, Ug™)).

If we denote by ZNF the completion of Z at z/\’“ then Z™7 is a Noetherian
ring, complete with respect to the ideal ZM* - ZME | see [SP, Tag 05GH]. Since
UG Rz, UG°P is finite as a Z-module the natural morphism

(2.5) 23 @5 (Ug @7, Ug) — UM

is an isomorphism, see [SP, Tag 00MA]. In particular, the Zx*ﬂ—algebra UM s
finite; therefore any finitely generated UMA-module is also finitely generated as a
ZX"AL—mOdule7 which implies that the natural morphism
M — lim M/((Z**)" - M)
n>1
is an isomorphism, see again [SP, Tag 00MA]. Adapting the definition above, we
define a G-equivariant finitely generated UM _module as a finitely generated UM

module M together with the datum of an algebraic G-module structure on each
quotient M/((Z*#*)™ - M) such that the natural surjection

M/((@M) M) = M/ (T M)
and the action map
/@)UY @ (M ()" - M) = M/ (Z)" - M)

are morphisms of G-modules for any n > 1. These modules are naturally objects
of an abelian category, which will be denoted Modg(Z/{)"ﬁ). More specifically, in

view of | , Chap. 0, Corollaire 7.2.10], for any finitely generated U -modules
M, N we have
Hom, 5, (M, N) & lim Homgs,, ug (M/(Z*)™ - M,N/(ZM*)™ - N).
n>1

If M, N are G-equivariant finitely generated L{Xvﬁ—modules, then we set

(2.6) HomModng(u;,ﬁ)(M, N) =
. n n G
m Homyge ,, ug (M/(Z**)" - M, N/(ZM*)" - N)",
n>1

which we endow with the obvious composition law. ~

From this definition we see that the forgetful functor from Mod%(uk’ﬁ) to the
category of finitely generated U A’ﬁ—rrlodules is faithful. This functor is exact. More
precisely, if M, N belong to Modfi(lf"ﬁ) and if f € HomModG(u;,ﬁ)(M, N), then the
fg

cokernel C' of f (seen as a morphism of Ui’ﬁ—module) is such that C/(ZM*)" - C is
the cokernel of the morphism M /(ZM*)"* - M — N/(Z**)"- N induced by f, hence
admits a natural structure of algebraic G-module. On the other hand, the kernel K


https://stacks.math.columbia.edu/tag/05GH
https://stacks.math.columbia.edu/tag/00MA
https://stacks.math.columbia.edu/tag/00MA
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of f admits an action of G, seen as an abstract group, since we have such actions on
M and N obtained by taking the projective limits of the actions on M /(Z**)™ - M
and N/(ZM*)" . N. By the Artin—Rees lemma, given n > 1, for m > n we have a
(G-equivariant) surjection

K/(K (@)™ M)) = K/(TM)" - K,

which shows that the action on K/(Z**)" - K is algebraic, since K/(K N ((Z**)™ -
M)) is a submodule of the algebraic G-module M/((ZMH)™ - M).

The full subcategory of l\/IodfC;(Z/{ /\”7) whose objects are the modules M such that

M/(ZM*)™ - M is a Harish-Chandra bimodule for any n will be denoted HCMA,
Objects of this subcategory will be called Harish-Chandra ¢/*#-modules.

2.6. Completion of diagonally induced bimodules. Given A,y € X, we have
a natural exact functor

CM : Mod (Ug @7, Ug®) — Mod$ (UM),

which sends a Ug®z,. Ug°P-module M to its completion with respect to Z**. This

functor restricts to a functor from HC to HCM. We will denote by

HCY,
the full additive subcategory of HCX”A‘ whose objects are direct summands of objects
of the form CM(V ® Ug) with V in Rep(G).

In case A = p, we will set

U = Ok @ Ug),

where here k is the trivial G-module.

For later use, we also introduce some completed bimodules which are closely
related to the translation functors for G-modules (see §6.3 below for details). Recall
that a weight A € X is said to belong to the fundamental alcove, resp. to the closure
of the fundamental alcove, if it satisfies

0<{A+p,a’y<p, tesp. 0< (A+p,a”)<p,

for any positive root a. With this notation, the set of weights which belong to the
closure of the fundamental alcove is a fundamental domain for the (W,g, ®)-action
on X. Moreover, if A € X belongs to the closure of the fundamental alcove, then
its stabilizer in W,g is the parabolic subgroup generated by the elements s € S,g
such that s e A = \; see [J2, §11.6.3].

Let Xt C X be the subset of dominant weights determined by $iT. For any
v € X, we will denote by L(v) the simple G-module with highest weight v.

Given two weights A\, u € X which belong to the closure of the fundamental
alcove, we set

PV = CMH(L(v) @ Ug) € HC):E

diag’

where v is the unique dominant W-translate of A — p.
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2.7. Comparison of completions. For notational simplicity, let us now fix a
subset A C X such that the map A — X restricts to a bijection A =» th/(W,e).

We will denote by Z € €@(t*V) /W) = ZycN Zg, the maximal ideal corresponding
to the image of 0 € t*() Then Z - Zp, is the ideal of definition of A*(1) g*(l),
and each ideal ZM# contains Z - Z. We will denote by Z” the completion of Z with
respect to the ideal Z - Z.

Lemma 2.3. The natural morphism
2 [ 2
A pEA
is a ring isomorphism.
Proof. The morphism considered in this statement is the product of the morphisms
ZN — ZMEinduced by the natural morphisms Z/(Z7 - Z) — Z/(TM*)™. This
morphism is clearly a ring morphism; to prove that it is invertible we will construct

its inverse.
Let us fix some n > 1, and consider the quotient

(Zwc ®zuenze Zuc)/I" - (Zuc @ zyonze ZHC)-

Here Znc ®zuponze, Zuc is a finite 0t /W)-module (since Zyc is finite, as a
submodule of the finite module &'(t*)); therefore this algebra is finite-dimensional.
Its maximal ideals are in bijection with the maximal ideals of Znc ® zyonze ZHC
containing 7 - (Zuc ®zycnze ZHC), hence with A x A through

(A1) = (M @z4enze Zuc + Zie @ zuenze W)/ I+ (Zuc @ zuenze ZH0)-

In view of the general theory of Artin rings (see e.g. [AM, Chap. 8]), for any A, u € A
the quotient

(Zuc ®@zucnze Zuc)/
(I" - (Zue ®zuenze Zuc) + (M @zyenze, Zue + ZHC @ zyenze, W)™)

does not depend on m for m > 0, and the natural morphism from (Zuc ® zyenze
Zwe)/I" - (Zuc ®@zyenze, Zuc) to the product of these rings is an isomorphism.
Now we have

Z = (Znc @ zuenze ZHC) @ ZycnZe, Zrr
From the preceding considerations we deduce that for m > 0 the natural morphism

z/T"-2) - [] 2/@" 2+ @™

A pEA
is a ring isomorphism.
Now we are ready to define the wished-for inverse morphism
1 2% — 2"
A HEA

For this it suffices to define, for any n > 1, a ring morphism

(2.7) [1 2 - z/a@"- 2).
A EA
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For this we fix m such that the natural morphism
z/T-2)— ] 2/@" 2+ @)™
A pEA
is an isomorphism. Then we have natural ring morphisms
I1 28— I[ z/@m — [ z/@ 2 +@*)™).
A UEA A UEN A UEA

Composing with the inverse of the preceding isomorphism we deduce the desired
map (2.7).

It is easy (and left to the reader) to check that the two morphisms considered
above are inverse to each other. (]

Remark 2.4. Another interpretation of the considerations in the proof above (in case
n = 1) is that given A, u € X there exists N € Z>( such that for any m > N we have

(IMMN CcT-Z+ (I’\ #)™. As a consequence we have (ZAMM)N CZNE C T 2N,
We also have Z - 2V ¢ Tk . 2N #; we deduce that for any finitely generated
2ZMi_module M the natural morphism

M — lim M/I" - M

n

VIE

is an isomorphism.

We will also denote by U” the completion of the Z-algebra Ug &z, UgeP with
respect to the ideal Z- Z. By the same considerations as in §2.5, since Ug ® z,. Ug°P
is finite as a Z-module, we have a canonical isomorphism

ZN®z (Ug ®zq, Ug) = U,
Comparing with (2.5) and using Lemma 2.3, we deduce that the natural morphism
(2.8) ur — [ v
A pEA

is an algebra isomorphism.
Following the same procedure as for the categories Modg(u)‘vﬁ) and HCM | we

can define the categories Modg(U’\) and HC" of G-equivariant finitely generated
U"-modules and Harish-Chandra U”-modules. In view of (2.8), we then have
canonical equivalences of categories

(2.9) Mod$ ") = @D Mod@ ),  HC' = @ HCM,

A EA A EA
We also have a canonical functor
(2.10) C" - Mod§ (Ug @z, Ug®) — Modf (U")
sending a module to its completion with respect to Z - Z, or in other words to its
tensor product with Z” over Z, which restricts to a functor from HC to HC". For
the same reasons as above, for any M in Modg(u 9 ®z,, Ug°P) we have a canonical
isomorphism

= @

A HEA
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We will denote by HCQiag the full additive subcategory of HC" whose objects are
the direct summands of objects of the form C(V ® Ug) with V in Rep(G). With
this definition, we have a canonical equivalence of categories

A~ pWn
Hcdiag = @ HCdigg'
A pEA
2.8. Monoidal structure. We now want to define some analogue of the monoidal

structure on Modf(é(l/{g ® 2z UP) for the categories Modg(uxvﬁ). More specifically,
given A, p, v in X we want to define a canonical right exact bifunctor

(2.11) (=) Bug (=) : Mod U ) x Mod§ (UP7) — Mod§ (UM7),
these bifunctors satisfying obvious unit and associativity axioms. Explicitly, we

require that:

e in case ;4 = A we have a canonical isomorphism of functors
U Bug (-) 2 id,
and in case ¥ = p we have a canonical isomorphism
(—) Bug UM =2 id;
o for four weights A, u, v, € X we have an isomorphism
((4) Bug (7)) Gug (=) = (=) Bug (=) Bug (-))

of functors from

Modg; (™) x Mod (U™”) x Modg (U™
to ModS (U ).

In particular, in case A = p = v, this construction will equip Modfi(ux’A) with the
structure of a monoidal category.

For this we can assume that all the weights involved belong to the subset A
chosen in §2.7. It therefore suffices to construct a monoidal structure of the cate-
gory Modfcé(l/lA), with monoidal unit C"(k @ Ug); the bifunctor (2.11) will then be
deduced by restriction to the factor Modg(u)"ﬁ) X Mod%(uﬁ’ﬁ) in the decomposi-
tion (2.9).

The corresponding product is defined by setting, for M, N in Modg(uA),

M &yy N = L%ri (M/ZI" - M) @yqg (N/I" - N).
Here, for any n > 1 the transition morphism
(M/T" - M) @y (N/I" - N) — (M/I" - M) ®ug (N/I" - N)
is surjective, with kernel Z" - ((M/Z"** - M) ®yq (N/Z" - N)); hence we are in
the setting of | , Chap. 0, Proposition 7.2.9], which guarantees that M@ugN
is a finitely generated U”-module which satisfies

(M @ug N)/I" - (M Gug N) = (M/I" - M) @uqg (N/I" - N).
By definition of the category Modf‘;(uA) the quotients M /Z"-M and N/Z"-N admit

G-module structures; we deduce a (diagonal) G-module structure on (M ®&yqN)/Z"-
(M @MQN ), so that M @ugN indeed admits a natural structure of G-equivariant
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finitely generated U”-module. It is clear from the definition that the full subcate-
gory HC" of Modfi(uA) is a monoidal subcategory. It is clear also that, with this
monoidal structure, the functor C* of (2.10) has a canonical structure of monoidal
functor. In particular, using (2.4) we deduce that the full subcategory HCé\iag is
also a monoidal subcategory.

It is easily seen on the definition that if A,u,v € X and if M belongs to
Modg(u)"ﬁ) and N belongs to Modg(uﬁ’a), then seeing M and N as objects

in Modfi’;(b{A) via (2.9) the product M &y N belongs to the factor Modg(ux’ﬁ),
which provides the desired bifunctor (2.11). From the corresponding properties for

Modg(UA) we deduce that the subcategories HCM and HC(’}i’gg are stable under

these bifunctors. In this setting the functor CM satisfies

CHP (M By N) = ) CV7(M) Sug C7(N)
vEA

for any M, N in Modg(Ug ® 2z UGOP).

2.9. Universal centralizer and Kostant section. From now on we fix once
and for all a G-equivariant isomorphism s : g = g*. Note that the composition
t— g > g* — t* is then a W-equivariant isomorphism. This allows in particular
to identify the coadjoint quotient g* /G with t* /.

We will denote by g.e; C g the open subsets consisting of regular elements, i.e. el-
ements whose centralizer has dimension dim(T"). The “regular universal centralizer”
is the affine group scheme

Jreg 1= Oreg X gregxreg (G X Breg)
OVeT greg, Where the morphism greg — greg X Greg is the diagonal embedding, and
the map G X greg — Greg Sends (g,z) to (g - z,x). For any € greg, the fiber of
Jreg Over x is the scheme-theoretic centralizer of x for the adjoint G-action. By
construction J,eg is a closed subgroup scheme in G' X gyeq, and as explained in [1R3,
Corollary 3.3.6] it is smooth over g,g. We will also denote by gj., the image of
Oreg under s, and by Ji,, the smooth affine group scheme over g, obtained by
pushforward from Jyes. (It is easily seen that these objects do not depend on the
choice of s.)
Let us note for later use that there exists a canonical morphism

(212) t* ><’c"‘/W J:cg - (t* X /W g;kcg) xT
of group schemes over t* Xy gres, Whose construction we now explain. Recall
that the Grothendieck resolution is the G-equivariant vector bundle over G/B given
by

g:={(&gB) €g" xG/B|{yn =0}
We have natural maps

T:g—g", 9:g—th.

(The morphism 7 is induced by the first projection. The morphism ¢ sends a pair
(§,9B) to &|g.6, seen as an element in (g-b/g-n)* = (b/n)* = t*, where the first
isomorphism is induced by conjugation by the inverse of any representative for the
coset gB.) If we denote by greg the preimage of Oreg 111 g, then these maps induce
an isomorphism of schemes

(2.13) rog — Oleg X yw
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see [R3, Lemma 3.5.3]. Moreover, under this identification, by [R3, Proposi-
tion 3.5.6] the group scheme t* X /1 Jrog identifies with the universal centralizer
associated with the action of G on g,eg, which is such that the fiber over (£, gB) is
the scheme-theoretic stabilizer of £ for the action of gBg~'. Now as above in the def-
inition of ¥J, there exists for any g € G a canonical isomorphism gBg~!/gUg™! = T,
which allows us to define the wished-for morphism (2.12).

Let us choose a regular nilpotent element e € n and an affine subspace S C g as
in [R3, §3.1] (in other words, a “Kostant section” for the adjoint quotient). Such a
subspace is automatically contained in gyeg, see [113, Equation (3.1.1)]. Moreover,
the composition § — g — g/G (where the second map is the adjoint quotient
morphism) is an isomorphism, see [R3, Theorem 3.2.2]. We will denote by S* the
image of § under s, by J§ the restriction of J;,, to &* (a closed subgroup scheme
of G x 8*, smooth over §*), and set

Is := (G x S*(l)) X G(1) x §*(1) (JZ)(U,

where the map G x S*) — G x §*() ig the product of the Frobenius mor-
phism of G and the identity of S*(V). Since G is smooth its Frobenius morphism is
flat, and therefore I% is a flat affine group scheme over & *(1) Note also that the
morphism (2.12) induces a group-scheme morphism

(2.14) () X e (1) W Hjeg — (t*(l) X (1) W S*(l)) x T,

Finally, we set
Usg :=Ug ©z,, 0(S*D),

where ﬁ(S*(l)) is seen as a Zg-algebra via the identification (2.2). If we set
Cs =S W xpay /(W) 0),

then Usg is an O(€g)-algebra. Recall that the algebra Ug can be seen as a G-
equivariant &' (€)-algebra (see §2.2). Using the general construction recalled in [MR,
§2.2], from this we deduce on Usg a natural structure of module for the group scheme
Cs X g-) I5, such that the multiplication morphism is equivariant.

2.10. (Completed) Harish-Chandra bimodules for Usg. We now want to de-
fine, given A\, u € X, a category analogous to Modg(U’\’ﬁ) but for the algebra Usg
in place of Ug. We start with the non-completed version.

First we consider the category ModHfg (Usg® g(s+1)) (Usg)°P) of finitely generated
Usg ®g(s+1) (Usg)°P-modules endowed with a compatible structure of Is-module.
Since IIs is flat over S*(M | this category is abelian. Here Usg Re(s+)y (Usg)P is
an algebra over

Zs = Ot /(W, ) Qo ywry O(S™ ) @ g yury O/ (W, 0))
2Ot /(W 0)) @gyywy Ot/ (W,8)) = Ot/ (W, @) Xty iy t7/ (W, 0)).

As in §2.4 the tensor product ® 4 (s«1)) defines a monoidal structure on this category,

and using the construction of [M12, §2.2] considered above the functor (S*M)® 4,
(—) defines a monoidal functor

Mod%(blg ®zp UGP) — Mod]%g(u‘sg ®e(s*w) (Usg)P).
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Now we add completions to the picture. Given A, u € X, one can define as in §2.5
the algebra

XA
Us
as the completion of Usg ® g (s-1)) (Usg)°P with respect to the (maximal) ideal

M = TN Zs = m @ (e ywy O /(W 0)) + O£/ (W, 0)) @ gty yyry M-

in Zs. The category Mod%g (Zx[é"ﬁ ) can also be defined by the same procedure as for
Modg(ux’ﬁ), namely as the category of finitely generated Mg’ﬁ -modules M together
with a (€s X 5.1y €s5) X g+ [§-module structure on each quotient M/(Ifs\“)" - M,
such that the quotient morphism
M/(Zg")™ - M = M/(Zg")" - M
is equivariant for any n > 1, and similarly for the action morphism.
By exactness of completion we have

Ug"ﬁ — YMH ® Ze, ﬁ(‘g*(l)).
In particular, the functor 0(S*M) @, (—) defines a natural functor
(2.15) Mod$ (™M) — Modl, (U3™).
Similarly, if we set

23 = (5 ) g 2,

then Ug’ﬁ is a Zé’ﬁ—algebra, and Zg’ﬁ identifies with the completion of the algebra

Zs with respect to Ig’“. If \,u € X belong to the closure of the fundamental
alcove, we will also set

Pg’“ = ﬁ(S*(l)) ®ﬁ(g*(1>) ]PA’“.

Using considerations similar to those of §2.8 one constructs, again for A\, u, v € X,
a canonical bifunctor

(2.16) (=) Busg (=) = Modi(Us™) x Modi, (U5™) — Modi, (Us™),
this construction being unital, associative, and compatible in the natural way with
the bifunctors (—)®yq(—) via the functors (2.15). More explicitly, one remarks that
if Z§ is the completion of Zs with respect to the ideal Z- Zg, then as in Lemma 2.3
we have a canonical isomorphism
z8 = I 28"
A HEA

One then defines in the natural way the category Mod]}g (US), where
Z/IQ == ﬁ(S*(l)) ®@7(g*(1)) UA

is the completion of the Zg-algebra Usg with respect to the ideal Z - Zg, and the
bifunctor
(_) ®Z/lsg (_) : MOd]}g(u‘g\) X MOd%g(Z/{é\) - MOd]}g(u‘g\)
by
M @usq N = lim (M/T" - M) Qe (N/T" - N).

n>1
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As in (2.9) we have
(2.17) Mod, ~ B Mod; us*h
A pEA
and the bifunctor (2.16) is then obtained by restriction to the appropriate sum-

mands. In case A = p = v, this bifunctor equips Modgg(lxl‘é’)‘) with a structure of
monoidal category, with unit object

Z/@ = 6"(8*(1)) ®ﬁ(g*(1>) U)\.

Lemma 2.5. For any A\, u € X which belong to the closure of the fundamental
alcove and any v € X, the functor

Ap 5 8% W
]P)SH ®M.SQ (_) : MOd%g(ug ) - MOd]%g(uS )
is both left and right adjoint to the functor
P§ Guusg (=) - Modi, (Us™”) — Mody, (U5™).
A similar property holds for the functors (—)@usg]}”g’” and (—)@L{SQPZ’)‘.

Proof. We prove the case of convolution on the left; convolution on the right can
be treated similarly. We remark that for any V' € Rep(G), the functor

(6(5" ) @) € (V) Butsg (-) : Modiy (U8) — Mod}, (U)
is both left and right adjoint to the functor
(ﬁ(s*“)) Do) CA(V*)) Buss (—) : Modh (U2) — ModL, (U2).

(In fact, these functors can be realized more concretely as tensor product with V'
and V* respectively.) On the other hand, the inclusion functor

Modl, (U27) — Modl, (U%)
(see (2.17)) is both left and right adjoint to the corresponding projection functor
o
Mod, (&) — Mody, (U3"),

and similarly for g in place of A. The desired claim follows, since the functors
IF’";’” usq(—) and ]P’f;”\@uw(—) are isomorphic to compositions of functors of this
form. g

2.11. Restriction to the Kostant section for diagonally induced bimod-
ules. In this subsection we aim at proving the following claim.

Proposition 2.6. For any A\, u € X, the functor (2.15) is fully faithful on the

subcategory HCé\lsg

The proof of this proposition will use a preliminary lemma. For this we denote by
j: gre(l) — g*( the open embedding, and identify in the natural way the category
of quasi-coherent sheaves on the affine scheme g*(*) with the category of modules
over the ring 0(g*(V).

Lemma 2.7. For any n > 1, the adjunction morphism

O D)/(T" - 05" 0) = 1.5 (O D) /(@ - 0" V))

is an isomorphism.
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Proof. We proceed by induction on n. The case n = 1 follows from the fact that
the subscheme N* of g* considered in §2.3 is normal (in fact, it is isomorphic to the
unipotent cone of G, which is known to be normal; see [BI, §5.3] for references)
and that the open subset gy., N N has a complement of codimension 2 (since N*
is a union of finitely many G-orbits, which all have even dimension).

Now, assume the claim is known for some n > 1. Since g* is isomorphic to g
as a G-module, the coadjoint quotient morphism g*) — (V) /W is flat (see [S],
§3.14]), and t*(1) /W is isomorphic to an affine space (see [S], §3.12]). Hence there
exists m € Z>; and an exact sequence of &(g*("))-modules

o(g"N)/(Z-0(g"W))*" — 0(g") /(T 0(g"D)) - 0(g™V) /(T" - 0(g" V).

Applying the left exact functor j,j* we obtain an exact sequence

= gt (0(a"W) /@ - 0(g"M)).

Here the rightmost morphism is surjective, since the composition
o(g"M) /@t - 0(g" M) = 4 (0(g") /(@ - 0(g"M)))
= j.g (0(g" M) /(@ - 0(g"M)))

is surjective, as follows from the induction hypothesis. The desired claim for n + 1
follows, using the 5-lemma. (]

Proof of Proposition 2.6. We remark that the functor ﬁ(S*(l))®ﬁ(g*<1)) (—) induces
a monoidal functor

(2.18) Modg; (U") — Modg, (U3),

from which the functor (2.15) is obtained by restriction to the direct summand
Modfcé(u)"ﬂ). To prove the proposition, it therefore suffices to prove that (2.18)

is fully faithful on the subcategory HCQiag. In fact, what we will prove is that

for any M in Mod%(b{g ®2zp UPP) and any V in Rep(G), our functor induces an
isomorphism

HOmMOd%(uA) (C/\(M), C/\ (V X ug)) :—)
HomModgg(ug)(ﬁ(S*(l)) Do (g-m) CN(M), O(S* M) @40y CN(V @ Ug)).
Let us fix M and V as above. In view of (the analogue for 4" of) (2.6), we have
HOmModfC;(u/\) (CA(M), C/\ (V & Ug)) =
@1 HOHlMOdEg(UQ@ZFTZ/{QOP) (M/(I’ﬂ . ]\4)7 Vv (%9 (ug/In . ug)),

n>1

and similarly we have

Hompyeg: az) (0(S™M) @ g(g-r) CNM), 0(S™V) @ g(gen) CN(V @ Ug)) =
hm Hompyioq: @59 wsgyr) (Ms/(Z" - Ms),V © Usg/T" - Usg)),

o(s*(1)
> ( )
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where Mg := 0(S*(1) ®@g(g=my M. To complete the proof, it therefore suffices to
prove that for any n > 1 the functor ¢(S*™)) ® g (g+1y (—) induces an isomorphism

HomModg(Ug(@zFrugOP) (M/(Z"- M),V © Ug/I" Ug)) —
HOmModJég(Z/{sg(@@,(s*(l))(Z/[Sg)op) (MS/(I” . MS)7 \%4 ® (Z/{SQ/I” . USQ)) .

The algebra Ug @z, Ug? is a G-equivariant finite ¢'(g*(!))-algebra. Therefore,
it identifies with the global sections of a G-equivariant coherent sheaf of .q)-
algebras % on g*(1). Moreover, the restriction %s of % to S*) is an I's-equivariant
sheaf of Og.1)-algebras on S*(1), whose global sections are Usg Re(s+m) (Usg)°P.
Consider now the open embedding j as in Lemma 2.7, and set %cg := j*(% ). Let
us denote by Cth(g?éé), Y,cq) the category of G-equivariant coherent sheaves on

g;‘éé) equipped with a structure of %;eg-module, compatible with the G-equivariant

structure in the natural way. Then we have a natural restriction functor
J* : Modfg (Ug @ 7, Ug™) — Coh (85, Y-
We claim that this functor induces an isomorphism
HomModg(Z/lg@zFrugOP) (M/(Z"- M),V @ Ug/I" - Ug)) =
Hotyyo o) .y (1 (M (T M), j* (V- U/ T" - Ug)))

for any n > 1. In fact, consider the category Mod® (g ® z,, Ug°P) of all (non nec-
essarily finitely generated) G-equivariant Ug ® z,. Ug°P-modules, and the category

QCth(g:égl), Uyeg) of G-equivariant quasi-coherent sheaves of %eg-modules. The
functor j* considered above is the restriction of a functor

J*: Mod® (Ug @z, UG™) — QCoh“ (g7y), Zreg)-

eg
which admits a right adjoint
j* : QCOhG(g:e(é)a %eg) — MOdG(Z/{g ®ZFr u9)7

which coincides with the usual pushforward functor at the level of quasi-coherent

sheaves on gfc(gl) and g*(1). We deduce a canonical isomorphism

Home o o) o (07 (M/(Z" - M), j*(V @ (Ug/I" - Ug))) =
HomModG(L{g®ZFrL{g) (M/(In . M)?]*]*(V ® (ug/z'n ) ug)))

Now since Ug is free of finite rank as an ¢(g*("))-module Lemma 2.7 guarantees
that the adjunction morphism

V& Ug/I"-Ug) — j.j (V@ (Ug/T" - Ug))

is an isomorphism, which finishes the proof of our claim.
Now we can conclude as follows. By [RR3, Proposition 3.3.11], restriction to S*(*)
induces an equivalence of abelian categories

® * ~ *
Coh™ " (gr&y)) = Rep((J5)™),

where the right-hand side denotes the category of representations of the affine group
scheme (J%)™) (see §2.9) on coherent @g.)-modules. The same considerations
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provide an equivalence of categories

Coh®(gr D) =5 Rep(I%).

(
reg
(Here we use the fact that the Frobenius morphism of G is flat and surjective,
hence faithfully flat.) This equivalence is monoidal with respect to the natural
tensor product on each side, and the image of the algebra %y is %s; therefore it
induces an equivalence of abelian categories
COhG(Efégl), reg) — MOd]}g(USQ Ro(s+m) UsB),

which provides for any n an isomorphism

Hom e g2 a5 (77 (M/(Z" - M), 5°(V © (Us/T" - Ug))) =
HomModgg(usmﬂ(s*(l))usg)(Ms/(In -Ms),V ® (Usg/Z" - Usg)).
This concludes the proof. ([

3. LOCALIZATION FOR HARISH-CHANDRA BIMODULES

3.1. Azumaya algebras. We start by recalling the basic theory of Azumaya al-
gebras.

Let R be a commutative ring. Recall that an R-module P is called faithfully
projective if it is projective of finite type and if moreover the only R-module M
such that P @z M = 0is M = 0. By [KO, Chap. I, Lemme 6.2] this condition
is equivalent to requiring that P is projective of finite type and faithful (i.e. its
annihilator in R is trivial). An R-module P is finitely generated and projective
iff it is finitely presented and moreover the localization P, is free over R, for any
p € Spec(R), see [KO, Chap. I, Lemme 5.2] or [SP, Tag 00NX]. In this setting, P is
faithful iff the rank of P, is positive for any p, see [[{O, Chap. I, Lemme 6.1]. This
notion is important in Morita theory since if P is a faithfully projective R-module,
then we obtain quasi-inverse equivalences of categories

Mod(R) =—= Mod(Endz(P))

given by M — P ®p M and N +— Hompg(P, R) ®gna,p) N where Mod(A) is the
category of left A-modules for any ring A; see [[KO, Chap. I, Lemme 7.2]. In case
R is Noetherian, the ring Endg(P) is left Noetherian (as a noncommutative ring),
and these equivalences restrict to equivalences

(3.1) Modg, (R) =—= Modg, (Endz(P))

between subcategories of finitely generated modules. (Here, a left End g (P)-module
is finitely generated iff it is finitely generated as an R-module.)

Let A be an R-algebra. (By this mean we mean that we are given a ring mor-
phism from R to the center of the nonnecessarily commutative algebra A.) Recall
(see [KO, §IIL5]) that A is called an Azumaya R-algebra if it satisfies one of the
following equivalent conditions:

e A is faithfully projective as an R-module, and the morphism sending a ® b
to the map x +— axb induces an isomorphism of R-algebras

A®p AP = Endg(A);
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e A is finite as an R-module, the ring morphism R — A is injective, and
moreover for any maximal ideal m C R the finite dimensional R/m-algebra
A/mA is a central simple algebra.

In particular, the first characterization shows that in this case we have canonical
equivalences of categories

Mod(R) = Mod(A4A ®p A°P).

3.2. Azumaya property of Usg. The following property is standard (see [BG,
]); we recall its proof for the reader’s convenience.

Proposition 3.1. The O(€s)-algebra Usg is Azumaya.

Proof. What we have to prove is that if m C Z(Ug) is a maximal ideal which belongs
to €s, then Ug/mldg is a central simple algebra. In fact, this property holds more
generally if m belongs to €,e 1= gfégl) Xy t°/(W, e). Indeed, let M(g) be the
maximal dimension of a simple A g-module. By [BG, Proposition 3.1], if m C Z(Ug)
is a maximal ideal such that ¢/g/mi/g admits a simple module V' of dimension M (g),
then Ug/midg is a central simple algebra; more specifically, the algebra morphism
Ug/mUg — Endg(V) is an isomorphism. Now by [PS, Theorem 4.4] we have
M(g) = pd™™_ And by [P’S, Theorem 5.6], if m belongs to Ceg then any simple
Ug/mlg-module has dimension divisible by p@™(") hence equal to M (g). O

It follows in particular from Proposition 3.1 that Usg is faithfully projective as
an 0(Cg)-module.

One can make the Azumaya property from Proposition 3.1 a bit more concrete
as follows. First we need to recall the definition of baby Verma modules. Given a
Borel subgroup B’ C G, we will denote by r,(B’) its unipotent radical. Consider
some element 1 € g*™) | and some Borel subgroup B’ C G such that 7 vanishes on
Lie(ry(B’))™). (Such a Borel subgroup exists for any 7, see [/ 1, Lemma 6.6].) Then
n defines an element in (Lie(B’)/Lie(r,(B’)))*™). Let ¢ € t* be an element whose
image under the map

t* = (Lie(B)/Lie(U))* = (Lie(B')/Lie(ra(B')))* — (Lie(B')/Lie(ra(B')))*®

is m, where the second map is induced by conjugation by an element g € G such
that gBg~! = B’ (it is well known that the isomorphism does not depend on the
choice of g), and the second one is the Artin—Schreier map associated with the torus
B'/r4(B’). Then we can consider the associated baby Verma module

Z, p(§) = Uyg @y, Lic(B) Ke,

where U,Lie(B’) is the central reduction of the enveloping algebra of Lie(B’) at
the image of 7 in Lie(B’)*("), and k¢ is its 1-dimensional module defined by the
image of ¢ in (Lie(B’)/Lie(U’))*. This module has dimension p@™(™); if we assume
furthermore that n € gfe(gl), then the considerations in the proof of Proposition 3.1
therefore imply that this module is simple, and that the algebra morphism

(3.2) US g — Endy(Z,,p/(€))

is an isomorphism, where we denote by &’ the image of £ in t*/(W, ).
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3.3. Some categories of coherent sheaves. Below we will construct some tools
that will allow us to study the categories HCM via geometric methods. In this
subsection we introduce the categories of sheaves that will be involved in these
constructions. Our model will be the category Coh®(€ X g+ €) of G-equivariant
coherent sheaves on € X .1y €, or in other words of G-equivariant finitely generated
Z-modules, which is a monoidal category for the operation sending a pair (M, N)
to
M @z(ug) N,
where in the tensor product Z(Ug) acts on M via the right action and on N via the
left action. The Z-action on M ®yq) N comes from the left action of Z(Ug) on
M and the right action on N. In practice however, we will have to add generalized
characters to this picture.
Recall the isomorphism
1 2
A BEA
of Lemma 2.3. If we define the notion of a G-equivariant finitely generated ZN-
module, resp. ZNE module, as a finitely generated Z”-module, resp. ZNE module
M together with an algebraic G-module structure on each quotient M/Z™ -
resp. M/(ZM*)™ - M, compatible with the natural projections and action maps,
then one obtains in a natural way abelian categories Mod%(ZA) and ModfC;(Z)‘ﬁ)
whose objects are these equivariant modules. The isomorphism above provides a
canonical equivalence of categories

(3.3) Modf (") = €5 Modg( (2N,
A EA
Following the same pattern as in §2.8, one obtains a monoidal structure on the

category Modg(ZA) by setting, for any M, N in Modg(z/\)7

M%N = lim (M/I" - M) ®zug) (N/I" - N).

n>1

For any A, i, v € X, the bifunctor * restricts to a bifunctor

Mod$ (2*7) x ModS (27) — Mod (2*7),
which will again be denoted *. (Here we see each of the categories involved as
a direct summand in Modg(ZA) via (3.3).) In particular, when A = p = v we
obtain a monoidal structure on the category Modf(é(ZA’)‘). The unit object in this

category is the completion Z* of the diagonal Z-module Z(Ug) with respect to the
ideal TN,

This construction also has natural analogues in the setting of §2.10. As above
we have abelian categories Mod%g(ZQ) and Mod%g(Zg’ﬁ ) (where we replace the da-
tum of a G-module structure by that of an I';-module structure), and a canonical
equivalence

Mod},(24) = @ Mod},(237).
A HEA

The category I\/Iod%g(ZQ) admits a natural monoidal structure, with monoidal prod-
uct denoted

(7) ;S (7) : MOd%g(Zé\) X MOd]%g(Zg/S\) - MOd%g(Zé\)v
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which restricts to a bifunctor
Ni 8% D
Mody, (25") x Modg, (Z5") — Mody, (Z25")
for any A p,v € Xo In particular, for any A € X we obtain a monoidal category
(Mod]}g(Z‘é’)‘),?‘g) with unit object Z3 = €(S*)) g (g-y 27, which identifies

with the completion of &'(t*/(W,e)) with respect to m*.
With these definitions, the functor €(S*(M)) ®@g(g+1y (—) induces functors

G G2 PW
Mod§ (") — Modg,(28),  Modg(ZM) — Mody, (Z57)
for A\, u € X which are compatible with the bifunctors * and %s in the natural way.
3.4. Splitting bundles for the algebras Ug’ﬁ . Recall that a weight A € X is
said to belong to the lower closure of the fundamental alcove if it satisfies
0< (A+p,a’y<p

for any positive root a. Recall also the completed bimodules introduced in §2.6.
In particular, given A, u € X which belong to the lower closure of the fundamental
alcove, we have the objects

PV = V(LA +p) @ Ug) € HCYLY

diag
P=PH = CPH(L(—wop + p) @ Ug) € HCGM.
We set N
Al PA—P S —p; Af
MM = PP @y PTPH € HCLL
We also set M:\S’“ = 0(8*W) D (g MM, so that
MY = B3 By PP

where we use the notation of §2.10.
The main technical result of this section is the following theorem. Its proof will
be given in §3.6, after some preliminaries treated in §3.5.

Theorem 3.2. For any A\, u € X in the lower closure of the fundamental alcove,
the Zg’ﬁ-module Mg’“ is faithfully projective, and the natural algebra morphism
UM End 5 ; (M)

is an isomorphism.
3.5. Study of some fibers. Let us set

35 := Spec(Zs),
which we identify with

/(W @) Xy 7/ (W, @),

see §3.6. We also set

55 = X .

Since the Artin-Schreier map t* — t*(1) is a Galois covering with Galois group
t;, we have a canonical isomorphism

t x t* = 3
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defined by (n,€) = (n+ &,€). For A € X we will denote by 3s(A) the image of
{m} X t* in 35; if A C X is a subset of representatives for the quotient t;, we
then have
3s = | ] 3s(N)-
AEA
We have a natural finite morphism

3s = 3s.
It is easily seen that the image of the latter morphism contains all the closed
points of 35, so that this morphism is surjective since closed points are dense in
3s (see [SP, Tag 02J6]). For any A € X we denote by 3s()) the scheme-theoretic

image of 3s(A) in 3s. Since 3s(A) is integral, so is 3s(A). Moreover, we have

3s(\) =3s(p) iff A=
If A C Xis (as in §2.7) a subset of representatives for t;/(W, o), we therefore have

35 = U 33 ()‘)7
AEA
and this constitues the decomposition of 35 into its irreducible components.
Let us consider the open subset

t={fect |VweW wef—¢¢ )~ {0}} Ct.

Then t! is stable under the (W, e)-action, and is in fact the pullback of an open
subset of t*/(W, e), which therefore identifies with the quotient t%/(1V, e).

Recall the Grothendieck resolution g and the morphism 9 : g — t* introduced
in §2.9. If we denote by S* the (scheme-theoretic) preimage of $* in g, then by [R3,
Proposition 3.5.5] the morphism ¥ restricts to an isomorphism S* =5 t*. In concrete
terms, this means that given ¢ € t*(V /W identified with an element in S*(V), the
datum of a preimage of ¢ in t*(1) is equivalent to the datum of a Borel subgroup
B’ C G such that C\Lie(ru(B')) =0.

Proposition 3.3. Let A € X be a weight which belongs to the lower closure of the
fundamental alcove. Consider some element £ € t5, and denote by ((1,(2) € 3s(N\)
the image of (£ + A+ p,€) € 3s(A) in 3s. Let also n € S*W be the element
corresponding to the images of (1 and (3 in t*(l)/W, and let B' C G be the Borel
subgroup such that nLie(r, () = 0 corresponding to the image of & in ()

If we denote by i : Spec(k) — 3s the morphism defined by ((1,(2), there exists
an isomorphism of Z/{glg ® (L{gzg)ol’—modules

(L +p) ®Usg) = Zyp (E+ X+ p) @ Ly (€)".
Proof. By definition we have
i (L + p) ©Usg) = ke, @z (LA + p) © U g).

By construction, the image of ¢ in t*(!) corresponds to the element in the space
(Lie(B')/Lie(ry(B")))*™) defined by n; by (3.2), we therefore have a canonical iso-
morphism

UPg = Endy(Z,,5/(€)) = Zy, 0 (6) @ Zy 3 (€)7,
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under which the action of Ug induced by left multiplication on the left-hand side
corresponds to the natural action on Z, p/(£). We deduce an isomorphism

i* (LA + p) @ Usg) 2 ke, @zye (LA+p) @ Zy5:(8)) @ Zy 5 (€),

which shows that to conclude the proof it suffices to construct an isomorphism of
Ugl -modules

(34) kC1 ®ZHC (L()‘ + p) 0 Zn,B’ (5)) = Z777B’ (f + A+ P)-
As above we have a canonical isomorphism
Ustg = Endy(Z, 5/(§+ X+ p));

therefore, any L{gl g-module is isomorphic to a direct sum of copies of Z, p/ (£ +

A+ p). To analyze how many copies we have for the specific module in the left-
hand side of (3.4), we observe that

Hom, e, (k¢, ®zue (LA +0) @ Zy5(€)), Znp (€ + A+ p)) =
Homung(L(A + p) ® Zn,B’ (5)7 Zn,B’(§ + A+ P)) =
Homyy, 4(Zy, 8/ (§), L(—woA + p) @ Zy, 5/ (§ + A+ p)).

We now consider the module L(—woA+p)®Z, g/ (§+X + p), and more specifically
the direct summand on which Zy¢ acts with a generalized character corresponding
to (2. We have a canonical isomorphism of i/, g-modules

L(=woX + p) @ Zyy 5/ (§ + A+ p) = Uy @y, Lie(r) (L(—wod + p) 13 @ ke 575)-
The B’-module L(—woA + p)|p admits a filtration
0cC M1 Cc---C Mn = L(7w0A+p)|B’

where each M;/M;_; is 1-dimensional; moreover these modules are associated
with the characters of B'/r,(B’) & B/U = T corresponding to the T-weights
of L(—woA + p), counted with multiplicities. This filtration induces a filtration of
L(—woX + p) 5 @ ke 57, and then of L(—wo + p) ® Z,, 5/ (§ + X + p), whose sub-
quotients are of the form Z, g/ (§ + A+ p + 1), where p runs over the T-weights of
L(—woX + p), counted with multiplicities.

We claim that there exists exactly one subquotient in this filtration on which
Zuc acts via the character (2, corresponding to the multiplicity-1 weight —\ — p
of L(—woA + p). Indeed, assume that Zuc acts with character {2 on Z, g/ (& +
A+ p+ ). Then there exists w € W such that £+ A+ p+p = w e . Since £
belongs to t}, this condition implies that & + A+ p+ pu = &, hence that A + p +
i € pX. On the other hand, p is a weight of L(—woA + p), hence it belongs to
—woA + p+ZR = -\ — p+ ZAR. In view of (2.1) these conditions imply that
A+ p+p € pZAR, ie. that A+ p € —p+ pZR = W,g @ (—p). By [J2, Lemma I1.7.7]
(applied to the pair of elements (A, —p)), there must then exist w € Wog such that
weX=Xand A+ u =we (—p). Here, since \ belongs to the lower closure of the
fundamental alcove, the first condition implies that w € W (see §2.6); it follows
that w e (—p) = —p, hence that A + p = —p, which finishes the proof of our claim.

This claim implies that the direct summand of L(—woA + p) @ Z,, g/ (€ + X+ p)
corresponding to the generalized character of Zyc given by (, is isomorphic to
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Z, B (£); it follows that

Homy e, o (Ko, @zuc (L +p) © Zy3(8)), Zyr (€ + X4 1))
is 1-dimensional, which finally proves (3.4). O

The statement of Proposition 3.3 is not symmetric, in that the conditions we
impose imply that (s necessarily belongs to t%/(1/, e), whereas (; might not. Below
we will also need the other variant of this statement, in which the first component
has to belong to t5/(W,e). Its proof is analogous to that of Proposition 3.3. (More
precisely, in this case the counterpart of (3.4) can be obtained directly, without
recourse to the computation in the paragraph following this equation.)

Proposition 3.4. Let p € X be a weight which belongs to the lower closure of
the fundamental alcove. Consider some element & € t5, and denote by ((1,(2) €
3s(—wop) the image of (€,€ + 1+ p) € 3s(—wop) in 3s. Let alson € S*Y) be the
element corresponding to the images of ¢ and Cy in V) /W, and let B' C G be the
Borel subgroup such that nc(x,(57)) = 0 corresponding to the image of £ in (D),

If we denote by i : Spec(k) — 3s the morphism defined by ((1,(2), there exists
an isomorphism of Z/{glg ® (Ung)Op—modules

i (L(—wop + p) @ Usg) = 2, 5/(§) @ Zyp (E+ 1+ p)*

3.6. Proof of Theorem 3.2. The proof of Theorem 3.2 will require two more
preliminary lemmas.

Lemma 3.5. Let X be a reduced scheme locally of finite type over k, and let F be
a coherent sheaf on X . Assume that there exists d > 0 such that for any morphism
i : Spec(k) — X the pullback i*(F) € Coh(Spec(k)) = Vecty has dimension d.
Then F is a locally free Ox-module of rank d.

Proof. Of course we can assume that X is also affine and of finite type, i.e. that
X = Spec(A) for some finitely generated reduced k-algebra A. Let us denote by
M the A-module corresponding to .#. In this setting the datum of a morphism
i : Spec(k) — X is equivalent to the datum of a maximal ideal m C A, and we have
i*(F) = M/m- M. In view of [SP, Tag 0OFWG], to show that M is locally free of
rank d it suffices to prove that for any p € Spec(A) we have

dima, /pa, (My/pM,) = d.
Now by [Pe, Theorem 7.33], the function
p > dimga, jpa, (Mp/pM,)

is upper semi-continuous. By assumption, this function is constant (equal to d) on
the subset of Spec(A) consisting of maximal ideals, i.e. of closed points. Hence the
open subset

{p € Spec(A) | dima, /pa, (My/pMp) < d}
contains all closed points. Since Spec(A4) is Jacobson (see [SP, Tag 02J6]) this

implies that this open subset is the whole of Spec(A4). On the other hand the open
subset

{p € Spec(A) | dimn, /pa, (My/pM,) < d — 1}

does not contain any closed point, hence it is empty. [
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Lemma 3.6. The morphism
t/ (W, 0) Xty £/ (W, @) X1y yyyy 7/ (W, @) — 35

induced by projection on the first and third factors is étale at any point of the form
(N, —p, ) with X\, u € X.

Proof. To prove this claim it suffices to prove that the morphism t*/(1W,e) —
t*(M) /W is étale at —p. The dot-action of W and the natural action of € on t*
combine to provide an action of the semi-direct product 5 x W (where W acts on
t;, through the natural, unshifted, action) defined by (Aw) @ ¢ = w(é +p) —p+ A
for X € t;, and w € W. Moreover, the composition t* — t*/(W,e) — t*(1) /I is
the quotient morphism for this action. Since —p is stabilized by W, the claim then
follows from | , Exp. V, Proposition 2.2]. |

For A\ € X, whose image in t},/(W, e) is that of X € A, we set

3800 = (¢/W,0) xeayw /W) S | U 3s()
pneAN{N}
Then 3%()) is an open subset of 3, contained in 3s(\). We will denote by jy :
3%(\) = 3s the embedding.
Continuing with the same notation, we also set

3O = (8/W0) ke /o) S | U 3stn) |

HEAN{A}
and we denote by 75 : 3%(\) — 3s the open embedding.

Proof of Theorem 3.2. Let A\, u € X which belong to the lower closure of the fun-
damental alcove. Note that (X, —p) € 3%()\); in fact, —p belongs to t: since this
point is stable under the dot-action of W. On the other hand, if v € X is such that
(A, ~p) € 3s(v), then there exists & € t* such that the point (£ +7 F p,€) € 35 has
image (X, —p) in 3s; we then have ¢ e We—p={—p}and E+vFpec Wel, so
that A = 7. Similarly, we have (—p, i) € 3Y(—wop).

Consider the morphism

f : 3%(A) ><t*/(W,o) 3)%/(_71}0,“) — t*/(VV7 .)

induced by projection on the middle summand. The algebraUsg is an O(t*/(W, e))
algebra; it therefore defines a coherent sheaf of &y /(yy,q)-algebras 7 on t*/(WW, e)
Consider also the projections

P33\ X ywie) 38 (—wop) = 3%(N),

q:35(N) X/ (w,e) 3§ (—wop) = 33 (—wop)-
The sheaves p*j} (L(A+p) @Usg) and ¢*(j_,,, )" (L(—wop+ p) ®Usg) are naturally
sheaves of modules for f*.«7, so that we can consider the tensor product
(3.5) P AL+ p) @UsE) @par ¢ ()" (L(—wop + p) ® Usg).

We claim that this sheaf is a locally free ﬁ3g(A)Xl*
2 dim(n)

/(WY.)3g/(7ww)—module, of

rank p . In fact, by Lemma 3.5, to prove this it suffices to prove that for any



HECKE ACTION ON THE PRINCIPAL BLOCK 29

closed point ((1,¢2,¢3) € 3%(A) X/ (w,e) 3% (—wop), denoting by i : Spec(k) —
3%(N) X g+ /(W,e) 3% (—wop) the corresponding morphism, the vector space

(3.6) (P AL+ p) ®UsE) @far 4" (§L )" (L(—wop + p) @ Usg))

has dimension p?™(™)_ If we denote by 4; : Spec(k) — 3s and iy : Spec(k) — 35
the embeddings of the points ({1, (=) and ({2, (3) respectively, then this vector space
can be written as

i1 (LN + p) @ Usg) @2 15 (L(—wop + p) @ Usg),

where 7 € S*(V) is the image of the (;’s. Let € € t* such that (1, () is the image
of (§+ A+ p,§), and let B C G be the Borel subgroup such that npic(r,(5)) = 0
corresponding to the image of ¢ in t*(1). By Proposition 3.3 we have

if(LOAN+p) @UsE) 2 Zy g (E+ A+ p) @ Zy pr(€)"

Similarly, if &’ € t* is such that ({a, (3) is the image of (¢/,& +p + p), and if B” C G
is the Borel subgroup such that 7y, (7)) = 0 corresponding to the image of &
in () then we have

i3 (L(~wop + p) @ Usg) = Zy,pr(§') @ Zy,pr (€ + 1+ )"

Here Z,, p(€) and Z,, g~ (¢') are two simple modules over the matrix algebra U$2g,
see §3.2; they must therefore be isomorphic. Fixing an isomorphism ¢ : Z, p/(£) =
Z, (&), we obtain a pairing

Z,p(§)" ®Zypr(€) 2k
defined by f ® v — f(p~1(v)), which induces an isomorphism

Zy,5/(§)" @ysag Zn.pr(§) = k.

Combining these observations we obtain that the vector space in (3.6) is isomorphic
to

Zyp(§+A+p) @ Zyp (& +1tp),
hence has dimension p? ™™ as desired.
Now we consider the morphism

35N X /(W) 3¢ (—wop) = 3s
obtained from that of Lemma 3.6 by restriction to the open subset
35(N) X jw,e) 35 (—wop) Ct°/ (W, 8) Xty jyy £/ (W, 0) Xty jyy £/ (W, @),
This lemma ensures that this morphism is étale atN(X, =p, t); it therefore identifies
the completion of 3%(X) X« /(w,e) 3% (—wop) at (A, —p,Ji) with the completion of

3s at (X, ), i.e. with the spectrum of Zé’ﬁ. By construction the completion of the
sheaf (3.5) at (X, —p, i) is Mf‘g’”; since this sheaf is locally free this proves that Mg’“

is faithfully projective. In fact, since the ring Zg’ﬁ is local, this module is even free
(of rank p?dim(®)),
Finally we consider the natural morphism

Uyt — Endzgﬁ(Mg’“).
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Here, both sides are free as modules over Zg’ﬁ . In fact, for the ring-hand side this
follows from the same property for the module Mg’” , which we have seen above.
For the left-hand side, we observe that Usg is projective over € (€s) by Lemma 3.1;
it follows that Usg ®g(s+1)) Usg®® is projective over Zg, and finally that Ug’ﬁ
is projective, hence free, over the local ring Zg’ﬁ . Given this property, to prove
that our morphism is an isomorphism it suffices to prove that it is invertible after
application of the functor k® _x . (—). Now we have
S

k@ sz UsT =Udg® U'g)P,

Z3h
where y := s(e), seen as a point in g*(!). (See §2.9 for the definitions of s and e.)
On the other hand, since Mg’“ is a free module we have

Aq ~J A?
k ®Z§ﬁ Endzéyﬁ(Ms“) =~ Endg (k ®Z§,ﬁ MgH),
and applying the considerations above with £ = £ = —p we have
(3.7) k® 3 M5" =7, 5 (V) @ Zy (1),

where B’ C G is the unique Borel subgroup such that X|pie(r,(5/)) = 0. By (3.2)
our morphism is indeed an isomorphism, which finishes the proof. [l

3.7. Localization for Harish-Chandra bimodules. The main consequence of
Theorem 3.2 that will be used below is the following statement.

Corollary 3.7. For any A\, u € X in the lower closure of the fundamental alcove,

the functor Mg’“ ® 3.z (=) induces an equivalence of abelian categories
S

Ay Modiy (Z37) = Mod, (™).
Moreover, in case X\ = pu, there exists a canonical isomorphism
(3.8) AAED) 21U,
Proof. The properties stated in Theorem 3.2 ensure that the functor
M5 ® 55 (-)

induces an equivalence of abelian categories

Mod (Z37) = Mod (UA7),
see (3.1). Adding the I’;-actions in the picture we obtain the desired equivalence

Modl, (Z37) =5 Mod, (3™,

Finally, we consider the special case A = pu, and construct a canonical isomor-
phism Z) 1 (23) =2 U2. Adjunction (see Lemma 2.5) provides a canonical morphism

A—p S —p,A 5
Py ™" Quse Ps™" — U,
which factors through a morphism

A2 =M © 55 Za = U3

Y
ZS
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Here both sides are finite free modules over the local ring Zé; to prove that this
morphism is an isomorphism it therefore suffices to check that the induced mor-
phism
O > N
(M3 @55 22) @3 k2 U @45 K

z3A
is invertible. The right-hand side identifies with Z/{)’C\ g, and by (3.7) the left-hand side
identifies with Z,, g/ (A\)®Z, 5/ (N\)*, where B’ C G is the unique Borel subgroup such
that x|Lie(r,(B7)) = 0; the desired claim is therefore clear from the isomorphism (3.2).
|

Remark 3.8. We will prove later (at least in the special case when u belongs to the
fundamental alcove, see §4.5) that the equivalences of Corollary 3.7 intertwine the
bifunctors ~ ~

Busg : Modf, (USF) x Mody, (UE™) — Modi, (U5")
and ~ ~

*s : Modi, (Z25") x Modj, (Z57) — Modi, (257)

for any A\, v € X.

4. Ug AND DIFFERENTIAL OPERATORS ON THE FLAG VARIETY

In this section we study the equivalences %) ,, of Corollary 3.7 further, using the
relation between the algebra Ug and differential operators on the flag variety of G.

4.1. Universal twisted differential operators. Set B := G/B, and consider the
natural projection morphism

w:G/U — B.

Here G/U admits a natural action of T induced by multiplication on the right
on G, and w is a (Zariski locally trivial) T-torsor. The sheaf of universal twisted
differential operators on B is the quasi-coherent sheaf of algebras

7 = w.(Zav)"

where the exponent means T-invariants. The actions of G and T on G/U induce a
canonical algebra morphism

(4.1) Ug Rz, O(t) > T(B,2),

see [ , Lemma 3.1.5].

Recall the Grothendieck resolution g introduced in §2.9. Consider the Frobenius
morphism Frg : B — B® and the natural morphism f : g x.q) t* — B1, As
explained in [ , §2.3], there exists a canonical algebra morphism

f»< ﬁ'gvu) X (1) > (FI‘B)*Q

which takes values in the center of (Frg)*é, and which makes (FrB)*@ a locally
finitely generated f.O0%za) | <1),‘*—module. Since all the morphisms involved in this

construction are affine, using this morphism one can consider & as a coherent sheaf
of Oza) « o -algebras on g x .1, t*. (We will not introduce a different notation
o

for this sheaf of algebras.)
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Recall also (see §3.5) that we denote by S* the preimage of S* under the natural
morphism 7 : § — g*, and that the morphism 9 restricts to an isomorphism S* —»

t*; in particular, §* is an affine scheme. We set

Dg := F(g*(l) X px(1) f*,és).

98 = @‘g*(l) X,

it
We will also set N
Usg := Usg Rz, O(7).
Lemma 4.1. The morphism (4.1) induces an algebra isomorphism
Usg = Dyg.
Proof. Consider the natural morphism
h: S xw = 8 W x )y /(W) 0).
If we still denote by Usg the sheaf of ﬁs*(lul*(m/wt*/

this 0/(S*(V) X )y t°/ (W, e))-algebra, then as in | , Proposition 5.2.1] the
morphism (4.1) induces a canonical isomorphism of sheaves of algebras

h* (Z/[gg) l> .@3.

(w,e)-algebras associated with

Now h induces an isomorphism
g*(l) X (1) - (S*(l) X (1) 1y t*/(VV, 0)) Xex /(W,e) t

(in fact, both sides identify canonically with t*) so that the claim follows by taking
global sections. 0

Remark 4.2. One can give a different proof of Lemma 4.1 as follows. By | ,
Proposition 3.4.1], the morphism (4.1) is an isomorphism; in other words, identi-
fying quasi-coherent sheaves on g*(!) and &(g*("))-modules, we have a canonical
isomorphism of sheaves of &(g*(!))-algebras

g*é =Ug & Zuc ﬁ(t*)v
where g : g™ x .y t* — g*() X =)y t* is the morphism induced by m. Restricting
this isomorphism first to gfé;) X w t* and then to S X w t° we deduce

the isomorphism of the lemma, since g restricts to an isomorphism on the preimage
*(1
of gre(g) Xy £ (see (2.13)).

4.2. Study of some equivariant Usg-bimodules. Given any A € X, we have a
line bundle g(A) on B attached naturally to A. (Our normalization is that of [J2],
so that line bundles attached to dominant weights are ample.) This line bundle
identifies with the direct summand of w.0g,y consisting of sections which have
weight A for the T-action induced by right multiplication on G it therefore admits
a natural action of the sheaf of algebras &. Using this action and the natural action
on 2, we obtain a left action of Z on the tensor product

O(\) @y 2.

Asfor itself, this module can be also considered as a sheaf of modules on g x (.1
t*. We set

Dga = F(g*(l) Xy 5, (OB(N) ®ep §)|§*(1)X(*(l)t*)7
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which therefore admits a natural left action of Dg, hence of Usg (see Lemma 4.1).
The tensor product (AR, 2 also admits a natural rlght actlon of 9 induced by
right multiplication on the second factor. The action of it ﬁ~(1> on (Frg).0p()\)
being trivial, the two actions of this subalgebra of (Frp).(0p(\) ® ey ) coincide,
and Dg ) therefore also admits a right action of Z/lg g; moreover these actions combine
to provide an action of Z/lgg Rp(s+) (L{gg) °P. By construction the action of the
central subalgebra
ﬁ(f*) B e(s+) ﬁ(f*) ot X () W t")
factors through an action of the image of the closed embedding t* — t* X1y t*
given by
§= (E+N.9).

The object Op(N\) @, 2 also admits a natural structure of G-equivariant quasi-
coherent sheaf, compatible with the actions considered above. The module Dg x

therefore also admits a natural and compatible structure of module for the group
scheme

t* Xt*(l)/W Hg Xt*<1)/W t*,
see §2.9.
For A\, p € X, we will denote by

s
the completion of the O(t* x.q) y t*)-algebra Usg ®p(s+) (HSG)OP at the ideal
corresponding to the point (\, 1) € t* X g s t*. Copying the constructions in §2.10
(replacing MS’” by L[S’“ and t*/(W, e) Xy | [5 X oy £/ (W, @) by t* X o)

[5 X -y yw t*) we define the category Modfg (L{S ) Copying the definition of @44
we obtain, for A, u, v € X, a bifunctor

(=) Bpaq (=) : Modg, (Ug™) x Mody, (L") — Mod, (Ug™).
For any A, 1 € X we have a natural “forgetful” functor
~’X’A X’A
Mod, (Ua*") — Modg, (U3™),
which we will usually omit from notation. In case A and p are regular, thisAfunctor

is an equivalence by Lemma 2.2. In case u is regular, for M € I\/Iod]%g(ljlé\’ﬁ) and
N e I\/Iod%g (U7 we also have a canonical identification
M &ygq N = M Bzsq N-
For A, u € X, we will denote by B , the completion of the module Ds y_, at
the ideal of O(t" x )y t*) corresponding to the element (A, 7z). In view of the
remarks above, this object can equivalently be obtained by completing Ds x—,, at

the ideal of @(t*) corresponding to A for the left action, or by completing D, A—p
at the ideal of O(t*) corresponding to 7 for the right action. This construction

provides an object in Mod]%g (Z]g‘ﬁ), hence a fortiori in I\/Iod%g(Z/{é\’ﬁ).
Lemma 4.3. For \,u,v € X, there exists a canonical isomorphism

B ®Ogg Buw — Baw
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n l\/lodgg (Z/{g’”). In particular, in case u is reqular there exists a canonical isomor-
phism

By Qusg By = Baw
in Modg, U2™).

Proof. There exist canonical isomorphisms

(Os(\ — 1) @6y ) @5 (O(h —v) ®ay 7) =
O8(\ — 1) @ay O5(1—v) @y 9 = O(\ — V) @0 7,

where the first map is given locally by f @ 0® f/ @9 — f® (0 ') ® (09'). The
desired isomorphism follows by restriction to S X =y t* and then completion at
A\ v). O

If A € X is regular, Lemma 2.2 and Lemma 4.1 imply that we have Z/Ig = By
Hence the functor of convolutlon on the left, resp. right, with By » is isomorphic

to the identity of Modfg(us’”) resp. Mod; (Z/{S’ ), for any p € X. Combining this
observation with Lemma 4.3, we see that if A € X belongs to the fundamental
alcove, then for any w € Wey the object By ey is invertible in the monoidal
category Modgg(u‘;")‘), with inverse Byex, -

Recall the morphism of group schemes (2.14). Restricting to S*M) and then
taking the fiber product with the morphism t* Xy t° — A5, ¢ (where
the first morphism is the first projection) we obtain a morphism of groups schemes

t* Xt*(l)/W H:; Xt*(1>/W " — (f* Xt*(l)/W t*) X T(l)

Using this morphism, for any character 1 of T(!) we obtain a structure of represen-
tation of t* X .y /1§ Xy £ on O( X1y jyy t°) defined by this character.

Tensoring with this representation we obtain an autoequivalence of I\/IodIf[g (L?;‘ﬁ ),
which we denote M — M(n).

Note that the morphism from X*(7()) to X induced by the Frobenius morphism
T — T™ is injective, and that its image is p-X. We will therefore identify X*(7(M)
with p - X via this morphism.

Lemma 4.4. For any \,v € X, there exists a canonical isomorphism
Batpux = Baa(pr)
in Modg, (Us™).

Proof. By definition, B Atpr,A is the completion at the ideal corresponding to ()\ )
of the Usg Qg (sm) (Usg)°P-module Dg pv- If we denote by U™ the unipotent
radical of the Borel subgroup opposite to B, then Ut B/B C B is an open subva-
riety isomorphic to U™, and the projection 5* — B factors through a morphism
S* — UTB/B, see [MR, Lemma 4.8]. As a consequence, the sheaf (3(pv) ® g
é)lg*“) X 2yt CALL be obtained as a further restriction of (Og(pv) @e, §)|U+B/B.
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Since Z acts on Op(pr), we have an action of the algebra Ug ®zye O(F) on
I(UTB/B, 0g(pv)), see (4.1). We have

L(U* B/ B, Os(pw)) —

{f:U'B—=k|V¥be B,xacU'B, f(xb™') = (pv)(d) - f(x)}.

In this space we have a canonical vector, namely the function f : UTB — k defined
by f(uitug) = (pr)~1(t) for all uy € U, t € T and uy € U. This section does
not vanish on U* B/B, hence induces an isomorphism of line bundles &+ /B =
Op(pv)ju+p/B- We claim that it is furthermore annihilated by the action of g C Ug
and t C O(t*). In fact, the second case is clear. For the action of g, in case v € X+
the claim follows from the fact that our vector is the restriction of the unique (up to
scalar) vector of weight pv in I'(B, Og(pv)) (see [J2, Proof of Proposition 11.2.6]),
and that this vector belongs to the G-submodule L(pv), on which the action of g is
well known to vanish. From this we deduce the general case by using the Leibniz
rule for the action on tensor products of line bundles.

Tensoring this section with the unit in 2 we obtain a section of (Op(pr) ®e,
§)| v+B/B- The right action on this section provides an isomorphism

Dv+p/B — (O(pv) ®eys Z)ju+B/B>
which commutes with the natural left and right actions of Ug®z, O(t*). Restrict-
ing further we obtain an isomorphism

D5, = (O5(pv) @0y 9)|‘§*(1>Xm<1>f*’

(1)

and then taking global sections and completing an isomorphism of Z]‘;"A—modules
By — Bxypua. Taking the action of t* X gy I X ey £ Into account, this
provides the desired isomorphism By »(pv) — Byipua- O

4.3. Relation with translation bimodules. We now explain the relation be-
tween the objects By, and the “translation bimodules” introduced in §2.6.

Lemma 4.5. Let \,u € X, with A\ belonging to the fundamental alcove and p
belonging to the closure of the fundamental alcove. Then for any w € Wey there
exist isomorphisms

]P)g‘?)\ = Buepwen; Pg# = Buexwep
in Mod]}g(ug’)‘) and I\/Iod%g(u‘g\’ﬁ) respectively.

Proof. We prove the first isomorphism; the second one can be obtained similarly.
It is clear that we can assume that w € W. Let v € X be the unique dominant
weight which belongs to W(u — A). Then by definition, P’g”\ is the completion of
the module

L(l/) RUsgy

at the ideal corresponding to the point (7, A) € t*/(W, o) X 1)y t°/ (W, ®). Now by
Lemma 2.2 the quotient morphism t* — t*/(W, ) is étale at w e \. It follows that

Pf;’)‘ can also be obtained as the completion of the Usg Rp(s+m) (Z]gg)"p-module
L(V) ® Zj{sg
with respect to the ideal of (t*/(W, ®) X -y t*) corresponding to (i, w e X).
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By Lemma 4.1 we have canonical isomorphisms
L(v) ®Usg = L(v) @ Ds = T(S* D x e t*,L(1) @ Ds).

It is a classical fact that the coherent sheaf L(v)® &g on B admits a filtrations whose
subquotients have the form &z(n) where 1 runs over the weights of L(v) (counted
with multiplicities). We deduce a similar filtration for the sheaf L(v) ® 2, and then
for its restriction to S*(V) X t*. (Here we use the fact that restriction along
the closed embedding S*1) < §()) is exact on the category QCoh%(gM), since it
identifies with the composition of pullback along the flat morphism G x S g
composed with the obvious equivalence QCoh% (G x §*(1) = QCoh(S*().) In other
words, we have obtained a filtration of L(v) ®Usg with subquotients Ds,,, where 7
runs over the weights of L(v) (counted with multiplicities). This filtration is clearly
compatible with the action of Usg ®g(s-)) (Usg)° and the natural structure of
module over the group scheme t*/(W, @) X .y yy I§ X ety £

Let us denote by w : t* — t*/(W, e) the quotient morphism. The irreducible
components of the scheme

f*/(W, .> Xt*(l)/W t*

are parametrized by t;, with the component corresponding to 7 being the image of
the closed embedding t* — t*/(W, e) x.q) y t* given by £ = (@w(§ +7),€). The
components containg the point (&, w e X) correspond to the elements 7 € t; such
that we A +7%5 € W e i, i.e. \+ w15 € W e 7. On the other hand, the module
Ds,y is supported on the component corresponding to 7. Hence, after completion at
(i, w e )), the only subquotients that survive are those corresponding to the weight
n such that A-w ™17 € WeTi, i.e. A+w ™ty € W ou. Since 7 is a weight of L(v), it
belongs to 1 — A+ ZR, so that A+w~'n € u+ZR. By Lemma 2.1(1) the condition
that A+w =11 € Wey e i is therefore equivalent to A\+w =1y € Wag e u. Now by [J2,
Lemma I1.7.7] this condition is satisfied only when A+w=tn = p, i.e. n = w(pu—N).
We deduce the desired isomorphism, since w e i — w ® A = w(pu — A). O

Remark 4.6. Let \,u € X belonging to the closure of the fundamental alcove,
and assume that the stabilizer of A for the dot-action of W,g is contained in the
stabilizer of u. Then, if we denote by O/(t* X 1)y t*/(W, )M the completion of
Ot Xy yw t* /(W @)) at the ideal corresponding to (X, 1), the same considerations
as in the proof of Lemma 4.5 show that there exists an isomorphism

B)Hu = ﬁ(t* Xt*(l)/W f*/(VV, .)))\’ﬁ ®Zj\ﬁ Pg\fﬂ.
S
Recall that given a simple reflection s € S,g, a weight A € X belonging to the
closure of the fundamental alcove is said to be on the wall corresponding to s if
SeA=\.

Lemma 4.7. Let A\, € X, with \ belonging to the fundamental alcove and p on
exactly one wall of the fundamental alcove, attached to the simple reflection s. Let
alsow e W.

If ws @ A > w e \, then there exists an exact sequence

A p S A
Ewok,wo)\ — ]P)S# Qusg Pg - Bwsok,wo)\
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n l\/lod]%g(ug‘”\). If ws e A < w e\, then there exists an eract sequence
]Ewso)\,wo)\ — Pf\g’“ @)Z/{sg Pg)\ - Bwo)\,wo)\
in Modg, (U3™).

Proof. By Lemma 4.5 we have

-~

P5" Busg P5™ 2 PS5 Susg Buep,wen-
Hence, if we denote by v the unique dominant weight in W (A — u), this object can
be obtained by completing the bimodule
L(V) X DS,wou—wo/\

with respect to the ideal of O(t*/(W,e) x.q) y t*) corresponding to (X, weN\).
Now we have

L(V)®D8,woufwo)\ = F(‘ng*(l) X e (1) t*a L(Z/)@(ﬁg(ﬂ]'ﬂ—lU'A)@ﬁB é)\g*(ﬂx‘*(l)t*)'

Hence, as in the proof of Lemma 4.5, if we choose an enumeration 7y,--- ,n, of
the T-weights of L(v) (counted with multiplicities) such that n; < n; implies i < j,
then this bimodule admits a filtration

{0} =My C My C---C M, =L1V)QDs wer—weu
such that M;/M;_1 = Ds wep—wertn; for any i. The subquotient Ds iyep—wer+n;
survives after completion at the ideal corresponding to (A, w e \) iff
wel—weN+7; EWeX—we
ie. iff
1% + U/_177i € Wext o)

Here w~1n; is a weight of L(v), hence u + w~'n; belongs to A + ZNR; in view of
Lemma 2.1(1), this condition is therefore equivalent to u + w™ln; € Wag @ A. Since
the stabilizer of u for the dot-action of W,g is {e, s}, by [J2, Lemma I1.7.7] this
condition is satisfied for two values of 7;, corresponding to

p4w il =X and p+wln =sel,
i.e.
wepu+n=wel and wepu-+n =wseA

Hence ]P’g’“ ®Us gIF’g’)‘ admits a filtration with two subquotients, isomorphic respec-
tively to Biuex,wex and By sexwer. The order in which these subquotients appear
depends on wether wse XA > we X\ or wse A < we )\, and are as indicated in the
statement. (I

4.4. Convolution with translation bimodules. Let A, i € X, and assume that
A is regular. Then there exists a canonical algebra morphism

(4.2) Zhr 5z

which can be defined as follows. The algebra Zg,X is by definition the completion of

Ot/ (W, @) X ey yy t*/ (W, )) at the ideal corresponding to (11, A). Hence it admits

a canonical morphism to the completion &(t* X 1)y t*/(W, o))f7=X of O(t" X 1)y
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t*/(W, e)) at the ideal corresponding to (7, A). Now the morphism t* — t* defined
by & + £ + 7 — X provides an isomorphism

X ey £/ (W, 0) = £ Xty 7/ (W, @)
sending (X, \) to (17, A), which therefore induces an isomorphism
Ot Xy 7/ (W, 0)FA 25 G4 Xty £/ (W, 0)M,
where the right-hand side is the completion of &'(t* x .y t*/(W, e)) at the ideal
corresponding to (), X) Finally, the natural morphism
Z5™ = O X €/ (W o)™

is an isomorphism by Lemma 2.2; combining these constructions we obtain the
wished-for morphism (4.2).

Our goal in this subsection is to prove the following claim.
Proposition 4.8. Assume that p # 2. Let \,u € X, with X belonging to the

fundamental alcove and p on exactly one wall of the fundamental alcove, attached
to a simple reflection s which belongs to W. Then there exists an isomorphism

P5" Buss PE™ = L (ZQ’A D zna Z§)

in MOd]Eg(u‘;\’A), where Z§ is regarded as a Zg’k—module via the morphism (4.2).
This proposition will be deduced from the following claim.

Lemma 4.9. Assume thatp # 2. Let A\, u € X, with A belonging to the fundamental
alcove and p on exactly one wall of the fundamental alcove, attached to a simple
reflection s which belongs to W. Then there exist isomorphisms of functors which
make the diagrams

Mod, (23%) — > Modl, (252)

—gA,)\\L L

P Buge(—)

Modf, (U3™) Mods, (U5™)

(where the upper horizontal arrow is the restriction-of-scalars functor associated
with the morphism (4.2)) and

Mod, (257 Mods, (237
-(fu,,\l ig/\ A
PR Py ®ugq(—) NN

Mod}, (U4") ——=" Modf, (U3™)

commautative.

Proof. By definition we have

P?/\ ééusg ,,2”)\)\(—) = (P?/\ @)USQ Pg’_p QA@USQ ng,/\) ® 3.3 <_)
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Using Lemma 4.3 and Lemma 4.5, we deduce that
P Busg () = (Bm—p Busg ng)\) @554 (5)-
S

Hence to prove the commutativity of the first diagram it suffices to construct an
isomorphism

(PY " Buc B™) 55 257 5 By, Buieg P
or in other words an isomorphism
(43) (PE™" Busa P5") @ 4pr O sty £/ (W, )/ 5 By B P57
To construct such a morphism it suffices to construct a morphism
(4.4) Pl ™" Qusg Ps"* = By, Busg P57
in Mod%g(l/lg’x). By Remark 4.6 we have

By 2 O Xy /(W 0)P 7 @, = P
S
in particular there exists a natural morphism P'¢ ™" — B, _,, which allows to define
the wished-for morphism (4.4), hence the morphism (4.3).

Now we claim that &(t* X )y t*/ (W, )" resp. O(t* Xy /(W o))i—r,

is free of rank 2 over Zg’)‘, resp. Zg’_p, which will imply that the morphism (4.3) is
an isomorphism. The two cases are similar, so that we only consider O/(t* X )y

(W, .))ﬁ,i. It follows from Lemma 2.2 that Z;’X identifies canonically with
the completion O(t*/({e, s}, ®) Xy /w t/(W, @)EA of O(t"/({e,s},e) X =) /W

t*/(W,e)) with respect to the ideal corresponding to the image of (f,A). Now
Ot Xy t°/(W, @) is free of rank 2 as a module over O'(t*/({e, s}, ®) X 1)

t*/(W,e)), and its completion with respect to the ideal corresponding to (%, A)
coincides with its completion with respect to the ideal of O(t"/({e, s}, ®) Xy w

t*/(W, )) corresponding to the image of (i, \) (because (f,\) is the only closed
point in the fiber over its image in t*/({e, s}, ®) Xy y t*/(W,e)). The desired
claim follows.

We have finally proved the commutativity of the first diagram of the lemma.
The commutativity of the second diagram follows from that of the first one by
adjunction, in view of Lemma 2.5. O

Proof of Proposition 4.8. Lemma 4.9 provides isomorphisms

PWTIP= A~ W) — AN~ W) — 5
PY" Buse Bs™ = ZA(237 © 05 LA (BEY) 2= L850 © 5 L3 U3)).

The desired claim follows, using the isomorphism (3.8). O

4.5. Monoidality of the functors £, x. Our goal in this subsection is to prove
the following claim, announced in Remark 3.8.

Proposition 4.10. Let \,v € X in the lower closure of the fundamentaAl alcove,
and let p € X be in the fundamental alcove. Then for M € Mod]%g(Z:S\’”) and

N € Modﬂfg(Zg’D) there exists a canonical (in particular, bifunctorial) isomorphism

LM %s N) = 2 (M) Gusg Low(N).
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In case A = p = v, this isomorphism and (3.8) define on £ x the structure of a
monoidal functor.

Proof. By definition we have

Lu(M) = ME* @ 30 M = (PY ™ Buusq P5") ® 35 M

z3h
and
Ly (N) = ME" @50 M = (P4~ Buiog P5"") @55 N.

The object A ,(M)®usq-Lu.(N) is therefore the projective limit (over n) of the
objects

(PY /(" Py ™) Gusq P5P*/(T" - P5#*) Quieg P& 0 /(T - PET)

Rusg Ps”" /(I ]P’E"’”))®ﬁ<t*/<w,->xf*m/wt*/(w,-)xt*m/wt*/(vv,.))
(M/(Z" - M) @ j(w,0)) N/(I™ - N)).
By Lemma 4.5 and Lemma 4.3 we have
]pgp,u ®Usg P?_p =By ®Msg By,—p =B—p—p-

By Lemma 4.1, B_, _, identifies with the completion of Usg with respect to the
ideal of O(t*) corresponding to —p. Recall that the projection t*/(W, ) X y/
/(W @) Xy 7/ (W, 0) = t*/(W, 8) Xutr) ypy */(W, @) on the first and third
summands is étale at (X, —p,7), see Lemma 3.6. From these remarks we deduce
that A ,(M)&yse-Lu.n (N) is the projective limit of the objects

(Ms"/(T" - M5"))@o(t [(Wea a1y €/ (W)

Ot/ (W, 0) Xty yw t* Xty £/ (W) 0))
e /wie) (M/(Z"- M) ®g (e w0y N/(Z"- N)),
where the morphism t*/(W, @) X jyy t* Xy yyr 7/ (W, ) — £/ (W, @) X1y jypr

t*/(W, @) is the projection on the first and third summands. Now since the natural
morphism

DOt/ (W,0)% (1) 3/ (W®) X (2 1) 1y

t/ (W, 0) Xty Xty yyr 7/ (W, @) —
/(W 0) Xy £/ (W, 0) Xty yyyy £/ (W, @)

is étale at (\,77,7) by Lemma 2.2, D (M) &ysg-Lor (N) identifies with the pro-
jective limit of the objects

(Ms"/(T"M5")) @6t /W,y iay oy /W) (M) (T M) @51 y(w,)) N/ (T N) )

i.e. with £ (M %s N).
In case A = p = v, the fact that the relevant isomorphisms define a monoidal
structure on %) » is clear from constructions. [l

Remark 4.11. Proposition 4.10 also holds in case p is singular (in the lower closure
of the fundamental alcove). This case can be treated using the methods of §4.6
below; since it is not needed in this paper, we omit the details.
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4.6. Singular analogues. Let I C R® be a subset, and let P; C G be the associ-
ated standard (i.e., containing B) parabolic subgroup of G. (In practice, only the
case #I = 1 will be considered below.) Let Uy C P be the unipotent radical of Py,
and let L; be the Levi factor containing T', so that Pr = L; x Ur. Let Pr := G/ Py,
and consider the natural projection

wr G/U[ — G/PI.

The group L; acts naturally on G/U; on the right, via the action induced by
multiplication on the right on G; this action makes w; a (Zariski locally trivial)
L-torsor. We set

D1 = (w1)«(Zeyu,)"",
where the exponent means Lj-invariants. The actions of G and L; on G/U; induce
a canonical algebra morphism

(45) Ug @ Zuc ﬁ(t*/(Wb .)) - F(PI’ -éf)a

see | , Proposition 1.2.3].
Let gr be the parabolic Grothendieck resolution associated with I, defined as

ar = G x'" (g/Lie(Ur))*.
Here g; is a vector bundle over Py, and there is a natural morphism

gr — Lie(L;)*/L; =t /W7,
where Wy C W is as in §2.1 (or, in other words, the Weyl group of (L;,T)).
Consider the induced morphism fr : 5(11) Xy, £/ (Wi, 0) — P}l), and the

Frobenius morphism Frp, : Py — 77[(1). As explained in | , §1.2.1], there
exists a canonical algebra morphism

(ff)*ﬁa?)Xk*m/wﬁ*/(wz.,-) = (Frp,). 71,

where the morphism t*/(W;, e) — t*(1) /W7 is induced by the Artin-Schreier map.
This morphism takes values in the center of (Frp,).Zr, and makes (Frp,).Zr a lo-

cally finitely generated (f[)*ﬁfg(ll) S t*/(WI,.)—module. Since all the morphisms

involved in this construction are affine, using this morphism one can consider Z;

as a coherent sheaf of ﬁa(l’x
I

~(1) *
t*(l)/WIt*/(WM)—algebras on gy’ Xew w, t/(Wi,e).

(We will not introduce a different notation for this sheaf of algebras.)

We also have a canonical morphism gy — g*, and we denote by gf the (scheme-
theoretic) inverse image of §* under this morphism. As in the case I = &, using [R3,
Remark 3.5.4] one can check that the morphism gy — t*/W considered above
restricts to an isomorphism g}‘ =5 t*/W; in particular, this scheme is affine. We
set

~ ~ ~(1 . ~
@I,S = (@I)lg;(l)Xt*(l)/wlt*/(W“.)’ ]D)I,S = F(SI( ) Xt*(l)/WI t /(Wla.)a@I,S)'

The following lemma is a parabolic analogue of Lemma 4.1, for which the same
proof applies.

Lemma 4.12. The morphism (4.5) induces an algebra isomorphism

Usg Dz, O/ (W1, ) = Dis.
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Let
Xr:={ eX|Vael, (\a')=0}
Then any A € X; defines a line bundle &p, () on Py, from which one can define
the object

Drsp = (S;Y % jw, €/(Wr,e),(6p, (V) él)\g;mx (Wi

(1) /1wy

This object admits a natural action of the algebra
Usg @zuc Ot/ (W1, 0))) @g(s-) Usg”™ @zue Ot /(Wr,e)))
and of the group scheme
f*/(WI, .) Xt*(l)/W ]I‘*S' Xt*(l)/W Jt*/(I/VI7 O).
Since A is Wi-invariant, the map & ~— X + & factors through an isomorphism 7y :
t*/(Wr,8) = t*/(Wr,e), and the action of the subalgebra &(t*/(Wr,®) X )y
t*/(Wy,e)) on Dy s 5 factors through an action of the spectrum of the image of the
closed embedding
7'>{ xid : t*/(Wy,e) = t*/ (W), e) X e (1) W t*/(Wy,e).
Given A, u € X such that A — 4 € X;, one can then define the object
Bf , € Modf, (Ua")

as the completion of Dr s s, at the ideal of O(t*/(Wr,e) Xy t°/(Wr,0))
corresponding to the image of (\,71). As for By ., this object can be obtained
by completing D s x—, at the ideal of &(t*/(W7,e)) corresponding to the image
of A with respect to the left action, or by completing D; s x—, at the ideal of
O(t*/(W7,e)) corresponding to the image of 7 with respect to the right action.
Lemma 4.13. Let A\, u,v € X.

(1) Assume that that the stabilizer of p for the dot-action of Wag is Wi, and

that v € —p 4+ X. Then there exists a canonical isomorphism

~ I ~
B/\all« ®u59 Bu,u — B/\al’

in I\/IodIf[g(Z/{é\’;). Similarly, if the stabilizer of p for the dot-action of Wag
is Wi, and A € —p + Xy, then there exists a canonical isomorphism

I > ~
B Suuse Buy = Bay

in Modf, (U3™).
(2) Assume that that the stabilizer of u for the dot-action of Wag is Wi, and
that \,v € —p + X;. Then there exists a canonical isomorphism

I = I ~ ml
B)\,,u ®USQ ]Bu,u B)\,l/
. 1 9 /N0
in Mody, (Us™).

Proof. (1) We only prove the first isomorphism; the proof of the second one is
similar. Our assumptions ensure that u — v € Xy, so that the object IB%IIW is well

defined. Consider the natural morphism a : B — Pr. By | , Proposition 1.2.3]
there exists a canonical morphism of sheaves of algebras

é] — a*g.



HECKE ACTION ON THE PRINCIPAL BLOCK 43

By the projection formula, and since a.0p = Op,, we also have
a0 —v) = Op, (11— v),

and via this isomorphism the action of 1 on Op,(p—v) is obtained by restriction

of scalars along the morphism above from the natural action of a.2 on a.Op(u—v).
We deduce a natural isomorphism

(0. O5(\ — 1) @a, 05 0+ D) ®g, (Or, (1 —v) Q0p, ) =

axOp(A — 1) ®op, Op, (b — V) ®op, 0xD = a.0p(A — V) ®pp, 0D,
where the first map is similar to that considered in the proof of Lemma 4.3. We
deduce the desired isomorphism by restricting to g}k(l) X (1), £/ (Wi, @) and then
completing, using Lemma 4.12 and the fact that the natural morphism t*/(W;, ) —

t*/(W, e) is étale at the image of i, see Lemma 2.2.
(2) The proof is similar to that of Lemma 4.3. O

4.7. Conjugation of wall-crossing bimodules. The following proposition will
eventually reduce the question of the description of the bimodules realizing wall-
crossing functors for G to the case of wall-crossing functors attached to simple
reflections in W.

Proposition 4.14. Let A\, p, i1’ € X, let s € Sa, and let s € Sag N W. Assume
that A belongs to the fundamental alcove, and that p, resp. p', belongs to the wall
of the fundamental alcove attached to s, resp. s’, and on mo other wall. Let also

w € Wy be such that s = wsw™". Then there exists an isomorphism

A’ S A o~ Ap S A\ S
Ps" @usg Ps " = Brwer Quusg (Ps” Gusg P&™) Busg Buera
. I /7,00
in Modg, (Us™").
Proof. By Lemma 4.5 we have isomorphisms
A, A
PSN = wa\,wo;u Pg = Bwop,wo)w

Using Lemma 4.3, we deduce isomorphisms

3 A S A S
Bawex ®usg (Ps" Qusg Pls™) Qusg Buwera
= BA,U;.A ®ingg ]Ewo)\,wou ®Z/[§Q Bwo,u,wo)\ ®Z/{sg Bwo)\,)\ = BA,wo,u ®Z/Isg Bwou,k-

Now the stabilizers of both y" and w e p for the dot-action of Wag is Wysy, where
« € R is the simple reflection such that s = s,. By Lemma 4.13(1), it follows that
we have isomorphisms

3 {a} {fe} o
]B)\»U"P« = BA”U/ ®u89 Bp/,wop,’ Bw‘l‘)‘ = Bwop,,p/ ®USG IBH/7A’

from which we obtain an isomorphism

B wen Stiso Buenr = Brw Buiso By Suuso BYa), 0 uise B
Then by Lemma 4.13(2) we have

pwep OUss Bryep i W
which implies (using again Lemma 4.13(1)) that
B wen Gttsg Buepr = Baw Gusg B -

The desired claim follows, in view of Lemma 4.5. ([
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5. THE AFFINE HECKE CATEGORY AND REPRESENTATIONS OF THE REGULAR
CENTRALIZER

This section is independent of the previous ones, and applies in a slightly more
general setting. Here we explain that the category of “enhanced Soergel bimodules”
recently investigated by Abe | | can be interpreted as a category of representa-
tions of (a pullback of) the universal centralizer.

5.1. The affine Weyl group and the associated Hecke category. In this
section we denote by G a connected reductive group over k. We fix a Borel subgroup
B C G and a maximal torus T C B. The Lie algebras of G, B, T will be denoted
g, b and t respectively. (We use notations different from those of previous sections
since in our later applications the reductive group G will not be G, but rather its
Frobenius twist.) We set X := X*(T), resp. X" := X, (T), and denote by ® C X,
resp. @V C XV, the root system, resp. coroot system, of (G, T). The canonical
bijection ® = ®V will be denoted a — . The choice of B determines a subset
®t C & of positive roots, consisting of the T-weights in g/b; the corresponding
basis of ® will be denoted ®°. In this section we will make the following assumptions:

e (is good for G, and ¢ > 5;
e neither X/Z® nor XV /Z®" has p-torsion;
e there exists a G-equivariant isomorphism g — g*.

For simplicity we will fix once and for all a G-equivariant isomorphism  : g — g*.
As in §2.9, this choice also provides an identification of t and t*.

Let W = Ng(T)/T be the Weyl group of (G, T). The associated affine Weyl
group is the semi-direct product

Wag := W x Z

where Z® C X is the lattice generated by the roots. For A € Z® we will denote by
ty the image of A € W,g. It is well known that W ,g is generated by the subset
Sag consisting of the reflections s, with a € ®°, together with the products tgsg
where 3 € ® is such that 3¥ is a maximal coroot. Moreover, the pair (W.g, Sag)
is a Coxeter system, see [J2, §11.6.3].

As in §2.1 we will “enlarge” this group by considering translations by all elements
of X. Namely, the extended affine Weyl group is the semi-direct product

Wext ' = W x X,

Then W ,g is a normal subgroup in Wy;.
We will consider the balanced “realization” of W g over k (in the sense of [EW])
defined as follows:

e the underlying k-vector space is t*;
e if « € ®° and s = s,, then the “root” a; € t (resp. “coroot” ay € t*)
associated with s is the differential of a¥ (resp. of «);
e if 3 € " is such that 8Y is a maximal coroot and s = tgsg then the “root”
as (resp. “coroot” «) associated with s is the differential of —3Y (resp. of
—B).
This realization is an example of a Cartan realization in the sense of | ,
§10.1]. There is an associated action of W,g on t*, which simply is the natural
action of W, seen as an action of W,g via the projection Wog — W.
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Lemma 5.1. For any distinct s,t € Sag such that st has finite order, the action of
the subgroup W, generated by {s,t} on t is reflection faithful in the sense of [S3].

Proof. By definition, what we have to prove is that the representation is faithful,
and that the elements having a fixed points set of codimension 1 are exactly the
conjugates of s or t. Here, all the conjugates of s or ¢t act as reflections on t;
in particular their fixed-point sets indeed are hyperplanes. If m € {2,3,4,6} is
the order of st in W, then the other elements of Wy, are the elements (st)

and (ts)® with k € {0,--- ,m — 1}. The Cartan matrix (<a5’asv> <a5’ag>) being

<o‘t’a:> <O‘t7at>
invertible since £ > 5, the subspace of t generated by o) and «;’ is 2-dimensional.

Hence to conclude it is enough to check that (st)™~! has no nontrivial fixed point
on this subspace, which can be easily done by hands in each case. ([l

We will denote by Dpg the “diagrammatic Hecke category” defined by Elias—
Williamson [EW] for the Coxeter system (Wag, Sag) and this choice of realization.
(For a discussion of this definition, see also | , Chap. 2].) By definition the
objects in this category are pairs (w,n) where w is a word in S, and n € Z, and
for any words w,w’ the direct sum of morphism spaces

€D Homoy ((w,0), (', )

nez

is a graded bimodule over R := &(t*) = Sym(t) (where the grading is such that ele-
ments in t have degree 2). Following usual conventions, the object (w, n) will rather
be denoted B,,(n). Then there exists a natural “grading shift” autoequivalence of
Dgs such that (B, (n))(1) = By(n+ 1) for any w and any n € Z.

5.2. Abe’s incarnation of the Hecke category. The proof of Theorem 6.3 will
use a description of Dpg in terms of R-bimodules due to Abe [Ab1], which is close
to the definition of Soergel bimodules [53], and which we now recall.

We will denote by @ the fraction field of R. Following [Ab1], we denote by C’ the
category defined as follows. Objects are pairs consisting of a graded R-bimodule
M together with a decomposition

(5.1) Q®rM = @ My
wEW upp

such that:

e there exist only finitely many w’s such that Mg # 0
o for any w € Wog, r € Rand m € MC“Z’ we have

(5.2) m-r=w(r) m.

Morphisms in C’ are defined in the obvious way, as morphisms of graded bimodules
compatible with the decompositions (5.1). We also denote by C the full subcategory
of C' whose objects are those whose underlying graded R-bimodule M is finitely
generated as an R-bimodule and flat as a left R-module. As explained in [ ,
Lemma 2.6], the underlying R-bimodule of any object in C is in fact finitely gener-
ated as a left and as a right R-module; this property shows that the tensor product
over R induces in a natural way a monoidal product on C. We also have a “grad-
ing shift” autoequivalence of C, which only changes the grading of the underlying
graded R-bimodule in such a way that M(1)" = M1,
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For s € S,g, we consider the s-invariants R®* C R, and the graded R-bimodule
BBim .= R®@gs R(1). This object has a natural “lift” as an object in C, which will
also be denoted BE™ (see [Ah1, §2.4]).

The following result follows from [ADb1, Theorem 5.6]. (The assumptions of this
theorem hold in our present setting by Lemma 5.1.)

Theorem 5.2. There exists a canonical fully-faithful monoidal functor
Dpg — C
sending Bs to BP™ for any s € S.g and intertwining the grading shifts (1).

Below we will have to consider a slight extension of the category C, adapted to
the group Weys. Namely, the action of W g on t* extends in a natural way to W ey
(using now the projection Wy — W). We will denote by C., the category whose
objects are pairs consisting a graded R-bimodule M together with a decomposition

QerM= P My
wWEWext

such that:

e there exist only finitely many w’s such that Mg # 0

o for any w € Wy, rERandmeMé“ we have m - r = w(r) - m,
and where morphisms are defined in the obvious way. We will also denote by Ceyt
the full subcategory of C.,, whose objects are those whose underlying graded R-
bimodule M is finitely generated as an R-bimodule and flat as a left R-module. It

is clear that C’ is a full subcategory in C/,, that C is a full subcategory in Cexs,

and that the tensor product ® g defines a monoidal structure on Ceyy.

In addition to the objects BP™ considered above, the category Cey; also possesses
“standard” objects (A : © € Weyt) defined as follows. For any © € Wy, A, is
isomorphic to R as a graded vector space, and the structure of R-bimodule is given
by

r-m-r" =rmx(r’)
for r,7’ € R and m € A,. The decomposition of Q ®r A, is defined so that
this object is concentrated in degree x. For any x,y € Wy we have a canonical
isomorphism

(5.3) A; @r Ay 5 Ay
in Cexs, defined by m @ m’ — ma(m’).

Lemma 5.3. Let s,t € Sug and © € Wy be such that s = xta~'. Then there
ezists a canonical isomorphism
BBm =~ A @pBFMoR A, 1.
Proof. The isomorphism of R-bimodules
A, @p BP™ @p Ay-r = BP™
is defined by
11 ® (r2 ®73) @ 14 > (112(72)) @ (2(73)2(74))-

We leave it to the reader to check that this morphism is well defined, and indeed
defines an isomorphism in Ceyg. O
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In Section 6 we will also need the following standard claim, for which we refer
to [EW, §3.4].

Lemma 5.4. Assume that s € S,g N W. Then there exist exact sequences of
R-bimodules

ASHRQ@RSR_»AQ, Ae(—>R®RsR—»AS.

5.3. The universal centralizer and restriction to a Kostant section. We
now repeat the considerations of §2.9 in the present setting. We will denote by
8reg C 8" the open subset consisting of regular elements, i.e. elements whose cen-
tralizer has minimal dimension (namely, dim(T)). The “regular universal central-
izer” is the affine group scheme
J;keg = g:eg xg:eng;‘eg (G X g:eg)

over gr.., where the morphism g, — gre, X 8reg 1 the diagonal embedding, and the
map G X g, — 8reg Sends (g,) to (g-x,z). As explained in [13, Corollary 3.3.6],
Jleg 1s smooth over gr... As in §2.9, we also have a canonical morphism of group

reg
schemes

(54) J:eg Xt*/W t* — T x (g:eg Xt*/W t*)
Let now g,s C g denote the open subset of semisimple regular elements, and
set g5 = r(grs). We will denote by J7 the restriction of J7,, to gr,. Finally, we

consider the adjoint quotient g* /G, which we identify with t*/W in the standard
way, see e.g. [R3, Proposition 2.3.2].

Lemma 5.5. The morphism (5.4) restricts to an isomorphism
J;ks Xt*/W t* l> T x (g:; Xt*/w t*)
of group schemes over gy X« w t*.

Proof. The lemma is obvious from the construction of the morphism (5.4) and
the fact that the centralizer of any regular semisimple element is a maximal torus
(see [R3, Lemma 2.3.3]). O

As in §2.9 we choose an affine subspace S C g as in [R3, §3.1] (in other words,
a “Kostant section” for the adjoint quotient), and set S* := x(S). We then have
S* C gfeg» see [R3, Equation (3.1.1)], and the composition $* < g* — g*/G (where
the second map is the adjoint quotient) is an isomorphism, see [R3, Theorem 3.2.2].
As explained e.g. in [MR, §4.4], there exists a natural action of the multiplicative
group G, on S* such that this map is Gy-equivariant, where ¢t € k* acts on g* by
multiplication by ¢t=2, and on g*/G by the induced action. We also set

L Qk *
JS =S Xg;‘cgJ

reg*
Then J§ is a smooth affine group scheme over S*, and as explained in [MR, §4.5,
p. 2302] there exists a natural Gy,-action on J§ such that the structure morphism
J§ — S*, the multiplication map J§ xg« J§ — J§ and the inversion morphism
J§ — J§ are Gy-equivariant.

Consider once again the isomorphism given by the composition

S* g =g /G2t /W.
Transporting the group scheme Jg along this isomorphism we obtain a group scheme
over t* /W, which we denote by J adj- The considerations above show that there
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exists an action of Gy on J,4; such that the projection Jyq; — t*/W is G-
equivariant, where the action on t*/W is induced by the action on t* where t € k*

acts by multiplication by ¢t~2.

5.4. Representations of the universal centralizer and Abe’s category. The
actions of Gy, on t* and t*/W considered in §5.3 provide an action on the fiber
product t* X¢- sy t*. Let us now consider the category

Rep®™ (t* X g jw Tig; X¢-/w t°)

of Gp-equivariant coherent representations of the affine group scheme t* X¢« /w
Joaj Xeyw t7over t7 X w tF, Le tF X w J;dj X ¢+ sw t*-modules equipped
with a structure of Gy,-equivariant coherent sheaf on t* X¢« /w t*, such that the
action map is Gy,-equivariant. This category admits a natural convolution product
x, such that the O(t* x¢.,w t*)-module underlying the product M % N is the
tensor product M ®g-) N (where €(t*) acts on M via the second projection
t* X¢« yw t* — t* and on N via the first projection t* x ¢« yw t* — t*). In this way,

(RepGm (6" = yw Jhaj Xer/w t*),*) is a monoidal category. We will denote by

Gm

the full subcategory of Rep®™ (t" X yw Jadj Xto/w t*) whose objects are the rep-
resentations whose underlying coherent sheaves are flat with respect to the first
projection t* X« w t* — t*. It is not difficult to check that this subcategory is
stable under «, hence also admits a canonical structure of monoidal category.

Proposition 5.6. There exists a canonical fully faithful monoidal functor
(Rep%m (t* Xt*/W J:dj Xt*/W t*), *) — (Cexta ®R)
Proof. We start by constructing a functor

(5.5) Rep®™ (t* x4 yjw Jigj X4 yw t7) = C.

ext*

By definition, any object in Rep®™ (t* X¢oyw Joai Xt w t*) is in particular a
Gu-equivariant coherent sheaf on t* X¢- yw t*, hence can be seen as a graded
R-bimodule. To equip this graded bimodule with the structure of an object in CL,,
we must provide a decomposition of its tensor product with ) parametrized by
Weyt. In fact, we will provide such a decomposition for its tensor product with
O(tr), where t&, :=t*Ng’..

First, the open subset t}; C t* is the complement of the kernels of the differ-
entials of the coroots. This open subset is stable under the action of W, and the
restriction of this action is free, see [R3, Lemma 2.3.3]. In particular we have an
open subset ti./W C t*/W, the morphism t}, — t},/W is étale, and the map

(w,z) — (z,w(z)) induces an isomorphism of schemes

*
rs?

W Xty = bl Xeo yw t
see [ , Exp. V, §2]. As a consequence, for any coherent sheaf .7 on t* x ¢« jwt”,
the tensor product

O(tr) @r D(6" X yw t7,.7)
admits a canonical decomposition (as an &(t},)-bimodule) parametrized by W,
such that the action on the factor corresponding to w € W factors through the
quotient

Oty x trs) = O(Gr(w, t5y))

’Urs
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(where in the right-hand side Gr(w,t},) denotes the graph of w acting on t),
i.e. satisfies the condition in (5.2).

Next, let us explain how this decomposition can be refined if .# belongs to
Rep(t* Xg» /W J:dj X ¢+ w t*). For this, we consider the restriction M, of t* X4+ /v
Jaq; Xeoyw t7 to Gr(w, ty). Identifying the latter subscheme with tj; via the
first projection and using Lemma 5.5, we obtain a canonical isomorphism of group
schemes

M, = ti xT.

This means that the category of representations of M,, on coherent sheaves on
Gr(w, t},) is canonically equivalent to the category of X-graded coherent sheaves
on tj,. Starting with an object .7 in Rep(t* x¢- /w Jadi X w t*), we therefore
obtain a decomposition of &(t},) @g I'(t* X« yw t*,.7) parametrized by Wey, by
defining, for A € X and w € W, the summand associated with tyw as the A-graded
part in the summand associated with w (which is a representation of M,,). This
finishes the description of the functor (5.5).

It is clear from construction that this functor sends objects in Rep(ﬂ;'“‘ (t*" X yw
Jhaj Xe/w t*) to objects in Ceyt, which therefore provides the functor of the state-
ment. This functor is also easily seen to be monoidal. Let us now explain why
it is fully faithful. Consider .%#,¥ in Repg’m (t* Xgx /W szj X+ /W t*), and denote
their images by M, N (so that the underlying graded bimodule of M, resp. N,
is T(t* x¢«yw t*,.7), resp. T'(t* x¢-)w t*,9)). By construction, morphisms in
Cext from M to N are morphisms of graded bimodules from I'(t* x¢- w t*,.7) to
L(t* x¢- jwt*, %) whose restriction to nxt* (where 7 is the generic point of t*) com-
mutes with the action of the restriction of t* x¢- /w J;dj X¢+ wt”. Now, since by as-
sumption I'(t* x ¢ )y t*,9) is flat as a left R-module and &/(t* ALY X ywt™)
is flat over O(t* x¢« w t*), such a morphism is automatically a morphism of
O(t* X+ jwdng; X+ /wt*)-comodules. This proves the desired fully faithfulness. [

Lemma 5.7. For any w € W, the object A,, belongs to the essential image of the
functor of Proposition 5.6.

Proof. The isomorphism (5.3) reduces the proof to the case w belongs either to W
or to X. The case w € W is obvious: in this case A, is the image of its underlying
graded R-bimodule, endowed with the trivial structure of representation. For the
case w € X, in view of the construction of the functor in Proposition 5.6, the claim
follows from the fact that the isomorphism of Lemma 5.5 is the restriction of the
morphism (5.4). O

Remark 5.8. For w € W, we will denote by AJ the unique object in the category
Rep®m (6" X)W Jodi X w t*) which is sent to A,.

5.5. Representations of the universal centralizer and the Hecke category.
By Proposition 5.6 the category Rep(H;m (6" X /w Joaj Xew t*) can be seen as a
full monoidal subcategory in Abe’s category Cey, and by Theorem 5.2 the same is
true for the Hecke category Dgs. We now investigate the relation between these
two subcategories.

Lemma 5.9. The essential image of the functor of Theorem 5.2 is contained in
the essential image of the functor of Proposition 5.0.
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Proof. By definition, the category Dpg is generated under convolution and grading
shift by the objects (Bs : s € Sag). Hence to prove the lemma it suffices to prove
each BB™ belongs to the essential image of the functor of Proposition 5.6.

If s = s, for some a € ®°, then B2™ is the image of the appropriate shift of
O(t* X+ /fe,5) t*), endowed with the trivial structure of representation of t* x ¢ /w
J;dj X yw t™. If s € Sag is not of this form, then there exist © € Wy and € Sug
such that ¢ = s, for some a € ® and s = ztx~!. (In fact, such a statement is
even true in the braid group associated with Wey: see [R2, Lemma 6.1.2] or [BM,
Lemma 2.1.1].) By Lemma 5.3 we then have BP™ =~ A, @ p BP'™ @p A,-1; since
BP™ is now known to belong to the essential image of our functor, and since A,
also satisfies this property by Lemma 5.7, this finishes the proof. O

From this lemma we deduce the following claim.
Theorem 5.10. There exists a canonical fully-faithful monoidal functor

Dpsg — Repg’“‘ (t* X )W J:dj X )W t*).

6. HECKE ACTION ON THE PRINCIPAL BLOCK

We come back to the setting and notation of Sections 2—-3—4, assuming now that
p > max(h,4), where h is the Coxeter number of G. (In particular, this ensures
that p is very good for G.)

6.1. Categories of G-modules and G-equivariant {/g-modules. We now take
a closer look at the category Rep(G) of finite-dimensional algebraic G-modules, and
review its decomposition into “blocks.” This will involve some of the constructions
of Section 5 applied to the group G = GV, its Borel subgroup B = B and the
maximal torus T := 7). Recall (see §4.2) that the morphism from X = X*(T(1))
to X induced by the Frobenius morphism 7" — T() is injective, and that its image
is p-X, which allows us to identify X with p-X. The Frobenius morphism G — G(!)
also induces an isomorphism

Ne(T)/T = Ngay(TM) /7D,

which allows us to identify the Weyl group W of G() with the Weyl group W
of G. In this way, the identification X = p - X is W-equivariant, and we have
® = {p-a:«a € R}. In particular, the affine Weyl group Wog of §2.1 identifies with
the affine Weyl group W,g of §5.1. To make our notation more consistent, we will
now denote by Wy the extended affine Weyl group W ey, so that W,y = Wx (p-X).
The dot-action of W,g on X considered in §2.1 extends in the obvious way to an
action of Weyt, such that the map X — t* sending a character to its differential
is Weys-equivariant, where Wy acts on X via the dot-action, and on t* via the
projection Weyy — W and the action of W on t* also denoted e in §2.1.

Recall (see §2.6) that for any A € Xt we have a simple G-module L()) of highest
weight A, and that all simple G-modules are of this form. The linkage principle
(see [J2, Corollary 11.6.17]) states that for A, u € XT we have

Ethl?ep(G)(L(A)7 L(:U‘)) 7£ 0 = Wagt @ A= Wag @ K-

As a consequence, if for a W,g-orbit ¢ C X we denote by Rep.(G) the Serre sub-
category of Rep(G) generated by the simple objects L(\) with A € ¢ N X, then we
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have a direct sum decomposition
(6.1) Rep(G)= €D  Rep. (@)
CGX/( aff,® )
For A € X, we will write [A] for the W,g-orbit of \. We will also set
Repiy(G)= @D  Rep.(G).

ceX/(Wag,®)
cCWexr o

We will also denote by Modg(u g) the category of G-equivariant finitely generated
Ug-modules. For £ € t*/(, o), we will denote by

Modg’g(Ug)

the full subcategory of l\/lodfcé(l/{g) whose objects are the modules annihilated by a
power of mé. As for other similar notations, in case § = \ for some \ € X, we will
write Modg’A(Z/{g) for Modg’k(ug). If we denote by Modfg’/\(ug) the category of
G-equivariant finitely generated U/ g-modules annihilated by a power of the ideal 7
defined in §2.7, then as e.g. in (2. 9) we have a canonical decomposition

Mod{ " (Ug) = € Modg,* (U
AEA

where A C X is as in (2.9).

There is a natural fully faithful functor
(6.2) Rep(G) — Mod (Ug)
sending a G-module V to itself, with its G-module structure, and with the Ug-
module structure obtained by differentiating the G-action. The essential image of
this functor consists of the finite-dimensional G-equivariant ¢ g-modules having the
property that their ¢/g-module structure is obtained from their G-module structure
by differentiation. Since, for any A € XT, the action of Zyc on L()\) factors through
the quotient Zyc/m?, the functor (6.2) restricts to a functor

Reppy (G) — Modg ™ (Ug)

for any A € X. Since m* only depends on the orbit W ® A, in this way we also
obtain a fully faithful functor

Repx (G) — Modg’)‘(L{g).
6.2. Action of completed bimodules. There exists a canonical bifunctor
(=) Bu (=) : Modiy(U") x Mody, " Ug) — Mody, " Ug)

which can be defined as follows. Consider some M in Modfi(u/\) and some V in

Modg’/\(l/{g). By definition, there exists m € Z>; such that Z™ acts trivially on V.
Then the tensor product

(M/Z™ - M) Qug V
is a finitely generated left i/g-module (where in the tensor product we consider the
right Ug-action on M/Z™ - M), which does not depend on the choice of m, and
which admits a natural (diagonal) structure of algebraic G-module. Moreover the

action of Z on this module is nilpotent. We can therefore take this as the definition
for M®ygV.
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The bifunctor @4 defines on Modg’/\ (Ug) a structure of module category for the

monoidal category Modg(u M. Tt is also easily seen that for A, 4 € X this bifunctor
restricts to a bifunctor

ModS U™M) x Mod$ ™ (Ug) — Mod$ (Ug),
which itself restricts to a bifunctor

HCXJZ X Repw) (G) — Rep<)\> (G)

6.3. Relation with translation functors. Recall the definition of the translation
functors for G-modules. Fix )\, u € X, and denote by v the only element in X N
{w(XA — p) : w € W}. Then the translation functor

is the functor sending an object V' to the direct summand of L(v) ® V' which belongs
to Repy(G) in the decomposition provided by (6.1). We will consider these functors
only in case A and p both belong to the closure of the fundamental alcove. In this

setting, we have defined in §2.6 an object PM# € HCS‘i’fg.

Lemma 6.1. Let A\, u € X belonging to the closure of the fundamental alcove. The
composition

R P @y (—)
is canonically isomorphic to the composition

A

T/A,
Rep[u](G) — Repyy (G) = Rep\ (G).
Proof. By definition, the first functor sends a module V' in Rep,, (G) to the quotient
(L)@ V)/m)" - (L) e V)

for n>> 0, i.e. to the direct sum of the factors in L(r) ® V' corresponding to orbits
included in Weyt @ A in the decomposition provided by (6.1). However, all the T-
weights in L(v) ® V belong to A+ Z-R. In view of Lemma 2.1(1), this implies that
[A] is the only Weg-orbit contained in Weyt ® A that can contribute to the direct
sum above. O

Remark 6.2. See [R2, Lemma 4.3.1] for a different proof of this claim, under more
restrictive assumptions which would be sufficient for our present purposes.

6.4. Main result. We now consider the category Dgg of §5.1 associated with the
group G = G, We also fix a weight \ in the fundamental alcove. For any s € S,
we choose a weight us; € X in the closure of the fundamental alcove, which lies on
the wall associated with s but on no other wall. (For the existence of such a wall,
see [J2, §11.6.3]

The main result of the present section (and of this paper) is the following.

Theorem 6.3. There exists a monoidal functor
Dps — HCM

sending B to PA’”S(@L{QP"S’/\, for any s € Sag.
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The category Dpg admits a canonical autoequivalence » which satisfies ¢(X-Y) =
1Y) - o(X) for any X,Y € Dpgg, see e.g. | , §4.2]. In view of Lemma 6.1,
Theorem 6.3 therefore implies that there exists a right action of the monoidal
category Dps on Repyy (@), where Bj acts by the wall-crossing functor TIQ\ST)‘\‘ ¢ for
any s € Sag. This confirms | , Conjecture 5.1.1], or rather the slightly less
precise statement considered in | , Remark 5.1.2(3)]. (As explained in loc. cit.,
this version is however sufficient to deduce all the applications considered in | ,
Part I], and in particular the character formula for tilting modules in Repy,;(G).)

6.5. Proof of Theorem 6.3. Recall that by construction we have a canonical
morphism T — (J%)(*) of group schemes over S*™)| see §2.9. Now if the Kostant
section S C g = g of §5.3 is chosen as S, and if the isomorphism & of §5.1 is
chosen as 1) then the group scheme (Jg)(l) identifies with the group scheme J§
of §5.3. In this way, Theorem 5.10 provides a monoidal functor

Dis — Rep(t™") x oty (T5) ™) x oy jyp 0 ).
Pulling back under the morphism Iy — (J})(l) we deduce a monoidal functor
(6.3) Das — Rep(t") x .y I X oy 1),

where the monoidal product in the right-hand side is defined by the same recipe
as for Rep(t*(V) X =1/ J5)m X =0 /W (). For consistence of notation, in this
section we will denote by (AJ : w € Wey) the objects considered in Remark 5.8; we
will also denote by (AL :w € Wey) their images in Rep(t*(*) X ey 1 X ey
().

Now we observe that since A belongs to the fundamental alcove, it is regular, so
that the quotient morphism

" — "/ (W, )
is étale at )\, see Lemma 2.2. Similarly, the Artin-Schreier map
-t

is étale (everywhere, hence in particular at A), and sends ) to 0. Using these maps
we obtain morphisms

t*(l) Xt*(l)/W t*(l) — t* Xt*(l)/W " — t*/(VV, .) Xt*(l)/W t*/(VV, .)

étale at (X, \), which identify the algebra Z"S\’)‘ with the completion &' (t*(1) X (1) /

’L*(l))ﬁ’6 of o(t*(M) X = (1) yy (1)) with respect to the maximal ideal of (0,0). Using
this identification, the functor of completion with respect to this maximal ideal
defines a monoidal functor

(6.4) Rep(t"™) x oty I X oy €)= Modi, (237).

Precomposing this functor with (6.3), and then composing with the equivalence of
Corollary 3.7 we obtain a monoidal functor

(6.5) Dis — Modl, (U3™).

Proposition 6.4. For any s € Sag N W, the functor (6.5) sends the object By to
A s S sy A
IP)S ®U59P$ :
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Proof. In the course of the proof of Lemma 5.9 we have seen that the image of
B, in Rep(t™ o)y (J5) D X ey yy °W) i O (8D X ey g, 5y €*), endowed
with the trivial module structure. It follows that the same is true for its image
under (6.3). On the other hand, by Proposition 4.8 the wall-crossing bimodule

IP’Q’“ S@)us ngS’A corresponds to the object ZQ’A ® P Zg The considerations in

the proof of Lemma 4.9 show that the algebra Zg”\ identifies with the completion

of O(t"/({e,s},®) x -y w t*) at the ideal corresponding to (f, A), and that via this

identification the morphism Zg’)‘ — Zé\’)‘ is induced by the natural morphism
t* Xt*(l)/W " — t*/({e, 8}7 0) Xt*(l)/W t*

sending (X, \) to the image of (@i, A). This morphism fits in a natural commutative
diagram

e X (1) yyy M < X e (1) yyy " ————=+t" /(W o) X e (1) yyy t*/(W,e)

|

0 /e, s} Xy 0 <=/ ({e,s},0) Xy jyy £ == /(W 0) X )y £/ (W, 0).

Here the morphisms on the upper row are étale at (X, \), and those on the lower

row are étale at the image of (&, \). (In fact, for the right-hand side this has already
been observed in the course of the proof of Lemma 4.9, and for the left-hand side the

proof is similar to that of Lemma 3.6.) This observation shows that Zg’x ® a5 Z§
S
identifies with the &(t*(Y) X () 7 t(1)0.0_module

Ot Xy t71)00 Do (e /{e,s)x, £-(1))0.0 o),

*(1) yw
where €(t*(1) /{e, s} X (1) t*(l))a’6 is the completion of @(t*1) /{e, s} X (1) jpy
t*(1) at the ideal corresponding to the image of (0,0), and @(t*1)? is the com-
pletion of &(t*V) (seen as an O(t*V) /{e, s} X -y jy t*H))-module in the natural
way) at the ideal corresponding to 0. Using the same considerations as in the proof

of Lemma 4.9, it is easily seen that this module identifies with the completion of
ot X ¢+(1) /{e,s} M), which finishes the proof of our claim. O

Lemma 6.5. For any w € Weyy, the object .,2”)\_; (Ba,wex) 48 the image of AL under
the functor (6.4).

Proof. Write w = t,x with v € pX and x € W. Then by Lemma 4.3 we have
BA,wo)\ = BA,moA+py = B)\,zo)\ ®L{sg BzoA,zoA+pu-
It is easily seen from Lemma 4.4 that f)\}l (Bzer,zertpr) is the image of AEV. In

view of (5.3), to conclude it therefore suffices to prove that f;}\ (Ba,zen) is the
image of Agc. In turn, if £ = s1---s, is a reduced expression (with each s; in
W N Sag) then we have

By zer = By sen Dusg Bsronsisoer Otisg - Dudsg B(s,-s,_1)er,zeA-
If we write y; = s1---s; for any j, then by monoidality of % » (see Proposi-
tion 4.10), to conclude it suffices to prove that 92”/\31\ (By,_,ex,y;ex) is the image of
A}, for any i.
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Here we have y; @ A < y;_1 ®# \. By Lemma 4.7 we therefore have an exact

sequence

Ashbs; = s ;s\
Byz“)\ayi—l.)\ — IP)S ' Qusg IP)S oo Byi—l')\,yi—l.)\'

As seen in the course of the proof of Proposition 6.4, .,i”;i (Pg’”si @MSQ]P’ZS“A) is

the completion of &(t"") x ) /(. s,y t*)) (with the trivial action of the group
scheme t*1) x .y I X ey 1), and it is clear that 25 3 (By, _ ex.y,_;en) 1
the completion of &(t*1)). The object 2\ (By,ex.y,_;ex) is therefore the kernel of
a surjection from the former completion to the latter completion. However, up to

an automorphism of the completion of &(t*(1)) there exists only one such surjection,
and its kernel is isomorphic to the completion of Agi by Lemma 5.4. (]

We can finally complete the proof of Theorem 6.3.

Proof of Theorem 6.3. Consider the functor (6.5). For any s € Sag, this functor
sends Bj to Pg’“*’@usglf"gs’)‘. In fact, if s € W this claim is the content of Propo-
sition 6.4. Otherwise, as already seen in the course of the proof of Lemma 5.9,
there exist £ € Wey and t € S,g N W such that s = rtz~!. By Lemma 5.3 and
Lemma 6.5, the image of By is then

o~ A7 o~ 7A o~
B wex Qusg (]P’S " Qusg Pl ) Qusg Buwer

which by Proposition 4.14 is isomorphic to ]P’g”“ @usgﬁ”gs’/\.

Since each object of Dgg is isomorphic to a shift of a product of objects Bs,
and since both of the involved functors are monoidal, our claim implies that the
functor (6.5) takes values in the essential image of the fully faithful functor of
Proposition 2.6. Composing with the inverse of the latter functor, we therefore
obtain a monoidal functor

Dps — Modg (U*?)
sending By to PM#s @ugP“S’A for any s € S,g. Since each object [p:A,us@ug]pus,A be-

longs to HC**, and since this subcategory is monoidal, our functor factors through

a functor Dgg — HC>")‘7 which finishes the proof. O
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