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A PIRASHVILI-TYPE THEOREM FOR FUNCTORS ON NON-EMPTY
FINITE SETS

GEOFFREY POWELL AND CHRISTINE VESPA

ABSTRACT. Pirashvili’s Dold-Kan type theorem for finite pointed sets follows from the iden-
tification in terms of surjections of the morphisms between the tensor powers of a functor
playing the role of the augmentation ideal; these functors are projective.

We give an unpointed analogue of this result: namely, we compute the morphisms between
the tensor powers of the corresponding functor in the unpointed context. We also calculate the
Ext groups between such objects, in particular showing that these functors are not projective;
this is an important difference between the pointed and unpointed contexts.

This work is motivated by our functorial analysis of the higher Hochschild homology of a
wedge of circles.

1. INTRODUCTION

The aim of this paper is to study the category of functors from the category Fin of finite
non-empty sets and all morphisms to the category of modules over a fixed commutative ring k.
We denote this category of functors by F(Fin;k); more generally, F(%¢;k) (or the category of
%-modules) denotes the category of functors from an essentially small category € to k-modules.

Our main motivation for studying F(Fin;k) comes from our functorial approach to higher
Hochschild homology to a wedge of circles [PV18], as indicated later in this introduction.

In particular, this motivates our introduction in Definition 3.17 of the objects k[—] of F(Fin; k):
for X a finite non-empty set, k[X] is the kernel of the natural ‘augmentation’ k[X] — k. These
are fundamental building blocks of F(Fin; k).

The main result of the paper is the following:

Theorem 1 (Theorem 7.1). For a,b € N, there are isomorphisms

%4 ——b N IkQBRk(b,a) b >a>0
Homz gy (k[-] k[-] ) = { 0 b<a;
1 ——®a T——®b, k b=a+1
EXt]:(ﬂ;]k)(]k[*] K1) = { 0 otherwise,

where Rk(b, a) is a combinatorially-defined function of b,a (cf. Proposition 6.18).

This leads to the following:

Corollary 2. (Corollary 7.2) For a € N, Il{[f]@a is not projective in F(Fin; k).

These results should be compared with the pointed situation studied previously by Pirashvili,
where the category Fin should be replaced by the category I' of finite pointed sets. In [PirO0b],
Pirashvili gave an equivalence of categories between the categories F(I'; k) and F(; k) where Q
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2 GEOFFREY POWELL AND CHRISTINE VESPA

is the category of finite sets and surjections. The proof of this result is based on using a certain
family of projective objects (t*)®™ in F(T; k), for n € N. More precisely, the equivalence follows
from the identification, for a,b € N [Pir00b, (1.10.2)]

(1.1) Hom z(ri0 ()%, (£7)®?) 2 KHomg (b, a)

where, for m € N, m := {1,...,m}. We refer to this here as Pirashvili’s theorem.
The forgetful functor ¢ : I' — Fin (i.e., forgetting the chosen basepoint) induces an exact

functor ¥* : F(Fin; k) — F(T;k) satisfying 9*k[—] = t* and, more generally, ﬂ*(m&l) =
(t*)®e, for a € N.

Hence the first part of Theorem 1 can be considered as the unpointed version of the iso-
morphism (1.1). However, Corollary 2 exhibits a major difference between (¢*)®* and the Fin-

@ C .
modules k[—] * for a € N: the former are projective whereas the latter are not.

We make the link with Pirashvili’s result more explicit in Corollary 7.4, where we identify
Homf(ﬂ;]k)(lk[—]@a, Ik[—]®b) as a submodule of kHomg (b, a), more precisely as the kernel of

an explicit map given by further structure on kHomg(—,a). Theorem 1 determines the rank of
this kernel.

The results are refined by taking into account the natural action of the group &, x &,” on
——®a —/——®b .
Homf(ﬂ;]k)(ﬂ{[f] a,ﬂ{[f] ). For instance:

Theorem 3. (Proposition 7.5) For a < b € N* and k = Q there is an isomorphism of (virtual)
S, x &P -representations

—R®a ®b

Hom r g4 (K[ ]

1%

K1)

(—1)"" " [sgng, @ sgng,] +
b

a
~op

S
tZO(—1>t [(kHomg(b — t,a) ® sgng, ) TG‘ELszfP ]
As indicated above, this project was motivated by our work on higher Hochschild homology
of a wedge of circles [PV18]. For coefficients taken in F(I';k), Hochschild homology gives a
close relationship with F(gr; k), functors on the category gr of finitely-generated free groups; in
particular, it leads to interesting representations of the automorphism groups of free groups. For
coefficients taken in F(Fin; k), this Hochschild homology is related to representations of outer
automorphism groups of free groups [TW19] and corresponds, in the functorial context, to outer
functors [PV18], which are functors on which inner automorphisms of free groups act trivially.
The study of the category of outer functors FOU*(gr; k) and its role in the study of the non-
pointed version of higher Hochschild homology is of significant interest, as witnessed by the
relationship with hairy graph homology [TW19]. To understand higher Hochschild homology
in the unpointed context, one of our goals is to understand the functor cohomology groups

Extifol,t(gr;k)(afa, afb), where ay is induced by abelianization. There are natural morphisms

% ®a Qb i ®a Qb
EXt]:Out (gr;k) (a]k ,Cl]k ) — EXt_;-(gn]k)(ak ,a]k )

where the codomain is given by the main result of [Ves18|:

‘ kHomg(b,a) i=b—a
7 ®a b\ ~ Q\b,
Extr (gri0 (0% a5 ”) { 0 otherwise,

which should be viewed as a cohomological avatar of the relationship between I'modules and
functors on the category gr explained before.
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We expect that the image of the above morphism, for i = b — a, should be closely related to

Hom}-(m;]k)(lk[—}@a, Ik[—}®b). As evidence for this, in [PV20] we prove that, if k is a field,
a a ~ T ®a ———=Qa+1
EXt‘IFO“t(gr;]k)(a]% ) a% +1) = Hom}'(m;]k) (Ik[_} ) Ik[_} )

This result explains why we focus here on the computation of Hom and Ext!; the case of
higher Ext groups, which involves further material, will be presented elsewhere.

Strategy of proof and organization of the paper. We denote by FI the category of
finite sets and injections and by X the category of finite sets and bijections.

(1)

(4)

()

We begin by giving a comonadic description of morphisms in F(Fin; k) using the Barr-
—Ra ——®b
Beck theorem. This identifies HOm]_—(m;]k)(]k[—]® 7]k[—]® ) as the equalizer of a pair of

maps, or equivalently, as the kernel of an explicit map (see Remark 5.5).

Unfortunately, this is inaccessible to direct study. To get around this difficulty, we
introduce, in Section 5, a cosimplicial object, extending the previous equalizer diagram.
This arises via the general cosimplicial object that is constructed from a comonad in
Appendix B.2.

The 0th and 1st cohomology groups of this cosimplicial object correspond respectively
——R®a ———®b ——Ra ———®b
t0 Hom z g (k[=] k[=] ) and Ext} g (k[=] 7 k[

is largely devoted to computing the cohomology of this cosimplicial object.

The main result of Section 5 is an isomorphism between the above cosimplicial object
and another one, that is defined in terms of the category €2. The latter is given by a
cobar-type cosimplicial construction (see Section B.1).

More precisely, in Section 4, for F' an FI°’-module we introduce the cosimplicial 3°P-
module €*F. For F = kHomg(—,a) (which is an FI°’-module by Proposition 5.21) we
obtain the cosimplicial object €*kHomgq(—,a), which is the second cosimplicial object
above.

Section 5 provides the technical underpinnings of the paper.

In Section 4, for F an FI°’-module we introduce the Koszul complex Kz F in 3°P-
modules and we prove that this complex is quasi-isomorphic to the normalized cochain
complex associated to the opposite of the cosimplicial object €*F'.

The heart of the paper is Section 6, in which we compute the cohomology of the Koszul
complex of kHomg (—, a), for a € N*. The key result is that its homology is concentrated
in its top and bottom degrees (see Theorem 6.15), so that the explicit calculation follows
by considering the Euler-Poincaré characteristic of the complex.

These results are combined in Section 7 to prove Theorem 1.

). The rest of the paper

Section 4 relates our calculations to FI°P-cohomology, which is introduced in Section 4.7.
This is the dual notion of the FI-homology introduced in [CE17]. The Koszul complex Kz F' is
the FI°P-version of the Koszul complex considered in [Gan16, Theorem 2] for FI-modules and
Theorem 4.1 is the analogue of [Ganl6, Theorem 2]. Thus Theorem 6.15 can be interpreted as
the computation of the FI°?-cohomology of the FI°?-module kHomg(—,a) as follows:

Theorem 4. For a,b,n € N,

k®RE(Da)  ifhb>a>0 andn =0

Hgqoo (kHomg (—,a))(b) =< k if(b>a>0andn=b—a) or(a=b=n=0)

0 otherwise.
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1.1. Notation.

k denotes a commutative ring with unit.

N denotes the non-negative integers and N* the positive integers.

e For n € N, &,, denotes the symmetric group on n letters and sgng the sign representa-
tion, with underlying module k and o € &,, acting via the signature sign(o).

e For n € N, n denotes the set {1,2,...,n} (by convention 0 = @)); we draw the reader’s
attention to the fact that n 4+ m denotes the set {1,...,n + m} (respectively n —m
denotes {1,...,n —m} if n > m).

e The notation F' : € = 2 : G for an adjunction always indicates that F' is the left adjoint

to G (i.e., F' 4 G in category-theoretic notation).

Remark 1.1. The set b is equipped with the canonical total order. Arbitrary subsets of b occur
in the text, denoted variously by b’, b” | bgt). ..; these inherit a total order from b. (We never
consider the finite set associated to a natural number b, for example, so this notation should not
lead to confusion.)

Notation 1.2. Let A,,, denote the skeleton of the category of finite ordinals with objects [n]
indexed by integers n > —1, so that the object indexed by —1 corresponds to § and the usual
category of non-empty finite ordinals A is the full subcategory on objects indexed by N.

Denote by d; and o; the face and degeneracy morphisms of AZ%, and d;, s; the coface and
codegeneracy morphisms of Agyg.

Recall that there is an involution of A,,s given by reversing the order on finite ordinals, which
restricts to an involution of A (cf. [Wei94, 8.2.10]).

Notation 1.3. For € a category, let
P APE - APY
P A¥C — ATY

denote the opposite structure functors on simplicial (respectively cosimplicial) objects, induced
by the composition with the involution of A.

Explicitly, if A, is a simplicial object in ¢ with face operators d; : A,, — A, _1 and degeneracy
operators o; : A, — Apyq for i € {0,1,...,n}, (As)°? is the simplicial object in € with face
operators 8+ A, — A, and degeneracy operators d; : A, — A,+1, where 8; = 6,_; and
UNZ' = On—g-

This notation is also applied for augmented objects.
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Notation 1.4. For C, a chain complex (respectively C* a cochain complex), we use the convention
for shifting given in [Wei94, 1.2.8], i.e.,
Clpln = Crtp (respectively Cf[p]" = C"7P).
2. CATEGORIES OF SETS

Let Set denote the category of sets and Set, that of pointed sets. Consider the commutative
diagram of categories and forgetful functors

N,
N

FinC¢ FinC¢ Set
ﬁT Tforget
TC Set,

Fin C Set is the full subcategory of finite sets;

Fin C Fin the full subcategory of non-empty finite sets;
I C Set, the full subcategory of finite pointed sets;

) the category of finite sets and surjections;

FT the category of finite sets and injections;

3 C Fin the subcategory of finite sets and bijections;

Remark 2.1. The functor ¥ : ' — Fin is essentially surjective and faithful but is not full.

Remark 2.2. By definition,
(1) Homg(0,0) = {x}, Homg(a,0) = ) = Homgq(0,a) for a > 0 and
_f {x} b>0
Homg(b,1) = { 0 b0,
where, for b > 0, the morphism is given by the unique surjective map b — 1;
(2) the symmetric monoidal structure on Fin given by disjoint union of finite sets induces a
symmetric monoidal structure on €2.

Remark 2.3. In [Pir00Oa], the category of non-empty finite sets and surjections is denoted by €
whereas, in [Pir00b], Q denotes the category of finite sets and surjections. Here we adopt the
second convention, denoting this category €2.

Lemma 2.4. There is an adjunction (—)y : Fin = T : forget, that restricts to an adjunction
(=)4 : Fin =T : 9, where the functor (=), sends a finite set X to X, with + as basepoint.
The adjunction unit Idg; — 19((—)+) for a finite set X € Ob Fin is the natural inclusion
X =X,
For a finite pointed set (Z,z) € Ob T, the adjunction counit (9)y — idr is the natural mor-
phism (VZ)y — Z in T that extends the identity on Z by sending + to z.

Remark 2.5. The categories Fin and I" have small skeleta with objects n € Ob Fin and n, €
Ob T, for n € N.
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The following underlines the fact that Homg(b,a) can be understood in terms of the fibres
of maps:

Lemma 2.6. For a > 0 and any non-empty subset b’ C b, there is a bijection between
Homg(b’,a) and the set of ordered partitions of b’ into |a| = a disjoint, non-empty subsets,
via

(f:b = a)—= (1), F712),..., fa)).

In particular, the ordered sets:

(2.1) FW ) )

(2.2) FH ), f 7 ), bAD

define permutations of b’ and b respectively, where each fibre f=1(i), i € a, and b\b’ inherit
their order from b.

3. FUNCTOR CATEGORIES ON CATEGORIES OF SETS

In this section, we first review functors on I', before considering the corresponding structures
for Fin. Then we compare the functor categories on I' and on Fin, obtaining the comonad 1* :
F(T;k) — F(I'; k) in Notation 3.21. Finally, we recall the relationship between (contravariant)
functors on FI and on 3, obtaining the comonad 1* : F(X°P; k) — F(X°P; k) introduced in
Notation 3.30. The comonads ' and 1* play a crucial role in the paper.

We begin with some recollections concerning functor categories in order to fix notation.

For € an (essentially) small category, F(%; k) denotes the category of functors from & to
k-modules. (This category may also be referred to as the category of ¢-modules when the
codomain is clear from the context.) This is a Grothendieck abelian category with structure
inherited from k-modules; moreover the tensor product over k induces a symmetric monoidal
structure ® on F(%;k) with unit the constant functor k.

If ¢ : € — Z is a functor between small categories, the functor given by precomposition with
¢ is denoted ¢* : F(2;k) — F(€;k). This is an exact functor, which is symmetric monoidal.

Notation 3.1. For X an object of a small category €, P¢ denotes the projective of F(%;k)
given by kHome (X, —), the composite of the corepresentable functor Home (X, —) with the free
k-module functor.

The projectives P;'f, as X ranges over a set of representatives of the isomorphism classes of
objects of €, form a family of projective generators of F(%’; k).

3.1. The functor category F(I';k). The functor category F(I';k) has been studied by Pi-
rashvili and his co-authors (see for example [Pir00b, Pir00a]). We begin this section by some
basic facts concerning this category.

Since I' is a pointed category, one has the splitting:

Lemma 3.2. There is an equivalence of categories F(I';k) = F(T'; k) x k—mod, where F(T'; k)
is the full subcategory of reduced objects (i.e., those vanishing on 04 ).

The projectives given in Notation 3.1 have the following property:

Proposition 3.3. Form,n € N, there is an isomorphism PL

mtn, = Prl;+ ® P};. In particular,
forn €N, one has Py, = (P{, )®".
Proof. Use that the object m + ny of T' is isomorphic to the coproduct m; \/ ny in T. O

One of the most important results concerning the category F(I';k) is Pirashvili’s Dold-Kan
type theorem for I'-modules (see Theorem 3.7). To recall this, we introduce the following;:
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Definition 3.4. (Cf. [Pir00b].) Let ¢t* € Ob F(T'; k) be the quotient of Pj, given by ¢*(ny) :=
k[n;]/k[0.4].

One has the following, in which the image of the generator [x] € k[n] (corresponding to
x € ny) in t*(ny) is written [[z]], which is zero if and only if z = +.

Lemma 3.5. [PirO0b] The functor t* is projective in F(I';k) and there is a canonical splitting
Pl =t ok

Ezplicitly, for (Z, z) a finite pointed set, the inclusion t*(Z) = k[Z]/k[z] — Pﬂr (Z)
induced on generators by [[y]] — [y] — [z], for y € Z\{z}, and the projection PL (Z)
k = k[04] is induced by the morphism Z — 04 to the terminal object of T'.

k[Z] is
k(Z] —

[as3
[as3

Proof. The canonical splitting is provided by Lemma 3.2 and the remaining statements follow
by explicit identification of the functors. O

Lemma 3.5 together with Proposition 3.3 lead directly to the following Proposition, in which
(t*)®0 = k:

Proposition 3.6. [Pir00b] The set {(t*)®*| a € N} is a set of projective generators of F(T'; k).
Restricting to a € N* gives projective generators of F(T';k).

The category F(I';k) is symmetric monoidal for the structure induced by ® on k-modules
and €2 has a symmetric monoidal structure (see Remark 2.2).
In the following result, k€2 denotes the k-linearization of the category €.

Theorem 3.7. [Pir00b] There is a k-linear, symmetric monoidal embedding
(kQ)°P — F(T; k)
that is induced by 1 — t*. This is fully faithful and induces an equivalence of categories between
F(I; k) and F(; k).
In particular, for a,b € N, there is a natural isomorphism

Hom]:(F;]k)((t*)@a? (t*)(g)b) = kHomg (b7 a)'

In Section 5 it is necessary to have an explicit description of the natural isomorphism given in
the previous Theorem. So, the rest of this section is devoted to make explicit the isomorphism

kHomg (b, a) = Hom]-‘(l";]k)((t*)@aa (t*)®b)'

For a = 0, we have:
Hom z(rg0 (k, (7)) = { il){ II;> 87
where, for b = 0, a generator is given by the identity Idy : k — k.
For a > 0, understanding the morphisms Hom z(p.) (t*, (t*)®?) is a key ingredient. By Lemma
3.5, for (Z, z) a finite pointed set, {[y] — [z] | y € Z\{z}} is a basis t*(Z). We use this basis in
the following:

Lemma 3.8. Forb e N,
. lx o]k b>0
Homf(F;]l{) (t ) (t )®b) = { 0 b=0

where, for b >0, a generator is given by the morphism &, : t* — (t*)®? given upon evaluation on
(Z,2) by [y = [2] = ([y] = [e])®*, where y € Z\{2}.

In particular, the action of &y on Hom}-(p;k)(t*,(t*)@) induced by the place permutation
action on (t*)%° is trivial.
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Proof. If b = 0, since t* is a reduced I'-module, the statement follows from Lemma 3.2. For
b > 0, the inclusion t* C Pi > t* @ k (where the isomorphism is given by Lemma 3.5) induces
an isomorphism

Hom]:(r‘;]l{) (PIFJra (t*)®b) = HOIn]"(F;]k) (t*7 (t*)®b)
by Lemma 3.2. Yoneda’s Lemma gives that the left hand side is k, with trivial G-action, where
the given generator corresponds to the element ([1] — [+])®? € t*(1,)%". O

The symmetric monoidal structure of € (see Remark 2.2) gives the following:

Lemma 3.9. For a € N* and b € N the symmetric monoidal structure of & induces a &,°-
equivariant isomorphism

H (H Homg (b;, ]_)) TG%:1 &, = Homg (b, a),

(bi)e(N9)® =1
¢ bi=b

i=1 "%
in which Homg (b;, 1) 2 {x}.

Proof. For b = 0, the two sides of the bijection are the empty set. For b # 0, the component of
the morphism indexed by (b;) € (N*)* is induced by the set map

HHomQ(bi,l) — Homg(b,a)
i=1
H’?’:lgl
(&) = b= by =% 1 1=a

This induces the given isomorphism, since a surjection f : b — a is uniquely determined by
the partition of b given by the fibres b; := f~1(i) (cf. Lemma 2.6). O

This allows the following definition to be given.

Definition 3.10. Let Dfap : Homg(b,a) — Homzr)((¢*)®, (t*)®?), for a,b € N, be the
S, x &;P-equivariant map determined by the following:
(1) DRo,0(Ido) := Idy;
(2) for a > 0, b > 0 and a sequence (b;) € (N*)* such that Y, b; = b, the restriction of
DRap to [[;_, Homg(b;, 1) C Homg(b,a) (using the inclusion given by Lemma 3.9),

[ [ Homgq (bs, 1) — Homz e ((£%)%7, (£7)*")
i=1

sends the one point set on the left to the morphism @;_,(¢t* — (t*)®%), the tensor
product of the generators &, given by Lemma 3.8.
Proposition 3.11. Fora,b € N, the k-linear extension of D Rap induces a S, x &, -equivariant
isomorphism
kDR p, : kHomg (b, a) = Hom ) ((£)5%, (£9)2).

Proof. The construction of the map DR, 1, ensures that the k-linearization is &, x GEP-equivariant.
The fact that it is an isomorphism follows from Pirashvili’s result, Theorem 3.7. 0

Remark 3.12. We will see in Proposition 5.23 that the maps DR, define an isomorphism of
3 x ¥°P-modules.
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3.2. The functor category F(Fin;k). The aim of this section is to give an analysis of the
category F(Fin; k) parallel to that of F(I'; k) given in the previous section.

Whilst @ is the initial object of Fin, it is not final, so that Fin is not pointed and there is no
splitting analogous to that of Lemma 3.2. Instead one has:

Proposition 3.13. The restriction functor F(Fin;k) — F(Fin;k) induced by Fin C Fin is
exact and symmetric monoidal and has exact left adjoint given by extension by zero (i.e., for
F € Ob F(Fin; k), defining F(() :=0).

Via these functors, F(Fin; k) is equivalent to the full subcategory of reduced objects of F(Fin; k)
(functors G such that G(0) =0).

Notation 3.14. Let k denote the constant functor of F(Fin; k) taking value k. (This notation
is introduced so as to avoid potential confusion with the constant functor of F(Fin; k), which is
denoted by k.)

Proposition 3.15. The following conditions are equivalent:
(1) k s injective as a k-module;

(2) the constant functor k is injective in F(Fin;k);
(3) the constant functor k is injective in F(Fin; k).

Proof. Since 1 is the terminal object of both Fin and Fin, in both cases, the constant functor is
isomorphic to the maps from Hom(—,1) to k, kHom(=1) "where Hom is calculated respectively
in Fin and Fin. The equivalence of the statements then follows by using Yoneda’s Lemma. [

Proposition 3.3 has the following analogue for F(Fin;k); the proof is similar.

Proposition 3.16. For m,n € N*, there is an isomorphism Pf?}r’n = P?@PF. In particular,
for n € N*, one has PFn = (pPFin)®n,

We introduce the functor k[—] € Ob F(Fin; k), which is the analogue of the functor t* €
Ob F(I'; k) introduced in Definition 3.4.

Definition 3.17. Let k[-] be the object of F(Fin; k) defined as the kernel of the surjection
PFin _ k in F(Fin; k) which is induced by the map to the terminal object of Fin. (Explicitly,
PFin(n) 2 k[n] and the canonical map n — 1 induces k[n] — k[1] = k.)

This gives the defining short exact sequence:

(3.1) 0— k[-] » PF» 5k > 0.

The functor k[—] plays an essential réle in analysing the category of Fin-modules. The

principal difference between t* € Ob F(I'; k) and k[—] € Ob F(Fin; k) is that the functor k[—]
is not projective (see Corollary 7.2). We record immediately the following important observation:

Proposition 3.18. The short exact sequence (3.1) does not split, hence
(1) k is not projective in F(Fin;k);
(2) the short exact sequence represents a non-trivial class in Extlf(—._ )(R [—]).

Proof. The morphism Pfﬁ — k is an isomorphism when evaluated on 1 hence, were a section
to exist, it would send 1 € k to the generator [1]. However, this morphism cannot extend to

a natural transformation from the constant functor k to PFi®, since [1] is not invariant under
morphisms of Fin. The remaining statements follow immediately. ]
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3.3. Comparison of the functor categories F(I'; k) and F(Fin; k). In this section, we relate
the categories F(T'; k) and F(Fin; k) using the functors ¥ and (—)4 introduced in Section 2.
Recall that a functor v is conservative if a morphism f is an isomorphism if and only if ¥ (f)
is.
Proposition 3.19. The adjunction (—)y : Fin = I' : ¥ induces an adjunction
Y : F(Fin; k) = F(T; k) : (—)%

of exact functors that are symmetric monoidal. Moreover:

(1) 9* : F(Fin; k) — F(I;k) is faithful and conservative; o

(2) 9* sends projectives to projectives. (Explicitly, for n € N*, ¢* PFin =~ PIL .)

Proof. The first statement is general: precomposition with a functor induces an exact, symmetric
monoidal functor; precomposition with an adjunction yields an adjunction, with the réle of the
adjoints reversed.

The fact that ¢* is faithful and conservative follows from the fact that 1 is essentially surjective
and faithful. (This is the reason for restricting attention to Fin.)

Finally, it follows formally from the adjunction that ¥* sends projectives to projectives. The
explicit identification follows from the adjunction isomorphism Homg(n, 9(X)) = Homr(n, X),
for X a finite pointed set.

Proposition 3.20.

(1) Applying 9* to the short exact sequence (3.1) yields the canonical (split) short exact
sequence in F(T';k):
0—t* = P, = k=0

IEIRS

Proof. 1t is clear that, with respect to the identification of the action of ¥* on projectives given
in Proposition 3.19, ¥*(PFi® — k) is the projection P{Jr — k. Since ¥* is exact, this gives the

(2) for a €N, there is an isomorphism 9*(k[—]

first statement, together with the isomorphism 9*(k[—]) = ¢*.
The second statement then follows from the fact that 9¥* is symmetric monoidal. O

In the rest of the section we establish the comonadic description of F(Fin; k) using the Barr-
Beck theorem (see Theorem 3.24).
Notation 3.21. Let 1" : F(I';k) — F(I'; k) be the comonad given by 1" = 9J* o (—)*.

One has the following immediate consequence of Proposition 3.19:
Corollary 3.22. The functor ' : F(I'; k) — F(I'; k) is exact and symmetric monoidal.

The structure maps of the comonad 1" are described in the following Proposition.

Proposition 3.23. Let F € Ob F(T';k) and (Y,y) be a finite pointed set.
(1) The counit et : I'F(Y) = F(Yy) — F(Y) is given by F(c) where o extends the identity
on'Y by sending + to y.
(2) Iterating 1*, labelling the functors 1° and their associated basepoint, one has
L F(Y) = F((Y4, ) 4,)-

3) The diagonal A : I"F(Y) — 1" 1"5F(Y) is induced by the pointed map Y1 — (Y.
+ +1/+2
given by the identity on Y and sending + to +2.
(4) The counit 1"1e%, : 1" [T F(Y) — 1TF(Y) is given by sending +2 to + and the counit
sE_FQF AN F(Y) —» LF(Y) by sending +1 to y.
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Proof. By Proposition 3.19, the adjunction giving rise to 1" is induced by the adjunction (—)y :
Fin = I : ¢, hence the structure morphisms of the comonad " can be deduced from Lemma
2.4.

Note that, by definition of 1", we have:

J*FlLFQF(Y) =Fo (_)+2 oo (_)+1 o ﬁ(Y) = F((Y+1)+2)'
]

The Barr-Beck theorem (see, for example, [KS06, Theorem 4.3.8] for the dual monadic state-
ment) then gives the following:

Theorem 3.24. The category F(Fin; k) is equivalent to the category F(T; k) r of 17 -comodules
in F(T; k).

Remark 3.25. The Barr-Beck correspondence can be understood explicitly as sketched below.

Suppose that G € Ob F(Fin; k). Let ¢g-¢ = 9*(ng) : 9*G — 1"9*G where n : Id —
(—)% o* is the unit of the adjunction given in Proposition 3.19. Explicitly, for X € Fin,
ne)x = Gix) : G(X) = G(X I {+}) where ix : X — X II {4} is the canonical inclusion.
Then (¥*G, Yy~¢) is a 1"-comodule and the correspondence G — (9*G, 1y-) defines a functor
F(Fin; k) — F(T; k) r.

Suppose that F' € Ob F(I';k) r; the associated functor on Fin is given for n € N* by n
F((n—1),). This corresponds to choosing a basepoint for each object of the skeleton of Fin.

The 1"-comodule structure allows the full functoriality to be recovered. For X € Ob I' a finite
pointed set, one has the morphisms

F(X)—= IF(X)2F(X;) = F(X),
where the first is the comodule structure map and the second is induced by sending the added
basepoint + to the basepoint of X. The middle term is independent of the basepoint of X

and these morphisms induce a canonical isomorphism between F(X,z) and F(X,y) for any
basepoints z,y € X.

3.4. Comparison of the functor categories F(FI°’; k) and F(X°P;k). In this section we
relate the categories F(FI°P; k) and F(X°P; k).

We begin by exhibiting the right adjoint of the restriction functor |: F(FI°?; k) — F(X°P; k)
induced by ¥°P C FI°P. Consider the functor in F(X°P xFT; k) given by (b, n) — kHomgr(b, n).
(Observe that kHompgr(b,n) = 0 for b > n.) Hence, for G a ¥°P-module,

n — Hom z(sep,i) (kHompy (-, n), G(-))
is an FI°’-module and the right hand side identifies as

(3.2) @ Homger (kHompi(b, n), G(b)) C @ Homy (kHompg1 (b, n), G(b)).

b<n b<n
Definition 3.26. Let 1: F(X°P; k) — F(FI°P; k) be the functor given by
TG = (n — Hom r(ssop.10) (kHompy (-, ), G()))
for G € Ob F(X°P; k).

Proposition 3.27. The functor 1: F(X°P;k) — F(FI®;k) is the right adjoint of the re-
striction functor |: F(FI®; k) — F(X°P;k). In other words, for F € Ob F(FI®;k) and
G € Ob F(X°P; k) there is a natural isomorphism:

Hom]:(EOP;]k) (\I/ F, G) = Hom]:(FIOP;]k) (F7 ) G)
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Proof. We analyse Hom z prov,) (F (—), Hom z(siop,1) (kHompy (-, —), G(+))), based upon the iden-
tification in equation (3.2), which gives:

Hom r(pror 1) (F(—), Hom z(sop) (kHompr (-, —), G(+)))

= B Hom (pror 1) (F(—), Homger (kHompi (b, —), G(b))).

b<n

Fixing b € N and neglecting the Gj-action, we consider:
Hom z(gror,i) (F(—), Homy (kHompy (b, —), G(b))).

Fixing n € N and neglecting the functoriality with respect to FI, one has the standard natural
adjunction isomorphisms for k-modules:

Homy (F(n), Homy (kHomgr(b,n), G(b))) Homy (F(n) ® kHompr (b, n), G(b))

Homy (kHompgz (b, n), Homy (F'(n), G(b))).

2

Il

Then, taking into account the functoriality with respect to FI gives the first isomorphism
below:
Hom z (gror 1) (F'(—), Homy (kHompy (b, —), G(b))) = Homgz gy (kHomp(b, —), Homy (F(-), G(b)))
= Homy(F(b), G(b)),
the second isomorphism being given by Yoneda’s lemma.

Finally, taking into account the naturality with respect to 3°P, one arrives at the required
isomorphism. O

One can identify the values taken by the functor 1: F(X°P; k) — F(FI°?; k) by the following:

Proposition 3.28. Forn € N and G a 3X°P-module,
(1) there is a natural isomorphism:
tGn) = P G');
n’'Cn

(2) with respect to these isomorphisms, the morphism 1 G(n) =1 G(1) induced by f :1— n
in FI has restriction to the factor G(n') C1 G(n) indezed by n’ C n given by

(a) zero ifn’  f(1);
(b) if 0’ C f(1), the composite

G — L G ) 1 GO
where f|-1my : f7H0') S ',
Proof. Consider the first statement. We have
t G(n) = Homr(zeryzo (KHompr(—, m), G(-)) ) = @) Homeyr (KHomy (b, n), G(b)).
b<n

For b,n € N, Hompy(b,n) is a free G;"-set on the set of subsets n’ C n of cardinal b. More
precisely,
Hompr (b, n) & H Hompy(b,n’)

n'Cn
In|=b
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where Hompy(b,n’) = &, as a right &,"-set. Hence:

1ém) =P P o) =P P i) = P cw).

b<n n'Cn b<n n’Cn n’Cn
In'|=b In’|=b

The second statement follows by considering the inclusion Homgy(—,1) < Hompi(—,n) in-
duced by f. Evaluated on b, this corresponds to the inclusion

H Homgi(b,1') — H Homgi(b,n') C H Hompgi(b,n'),

I'cl n'Cf(1) n'Cn
|V [=b |n’|=b In']=b

where the first map sends Hompgy(b,1") to Homgr(b, f(1')) by postcomposition with f|y.
The result follows. |

Remark 3.29. For simplicity of notation, in the rest of the paper, for F € F(FI°’; k), the
restriction of F' to 3°P will be denoted by F instead of | F.

Notation 3.30. Let 1= : F(X°P; k) — F(X°P; k) be the comonad associated to the adjunction
of Proposition 3.27 (i.e., 1 =] o 1), with structure morphisms A : 1*¥ — 1®1* and counit
e: ¥ —1Id.
Proposition 3.31. Let G € Ob F(X°P; k) and b € N.
(1) There is a natural isomorphism:
(3.3) 1"G(b) = P G(V).
b'Ch
(2) The counit ez : 1*G(b) — G(b) identifies as the projection @y, , G(b') - G(b) onto
the summand indezed by b. B
(3) There is a natural isomorphism 1*1*G(b) = @y, cpcy, G(B”).
(4) A: I*G(b) —» [1*G(b) identifies as the morphism
PBcry» § 6w
rCh b"Cb’'Cb
with component G(I') — G(b”), the identity if ' =b" and zero otherwise.

Proof. The first two statements follow from Proposition 3.28.
Since I*G € Ob F(X°P; k), we can apply (3.3) to this functor to obtain

1Z(1*G)(b) = @ (I=ZG)(B).
b’Ch

Applying (3.3) to each term 1=G(b’) gives the expression for 1= 1*G(b).
The natural morphism A : 1*G — 1®1*@G is induced by the FI°’-module structure of T G,
which is given by Proposition 3.28 (2). This leads to the stated identification. O

Remark 3.32. The decomposition of 1¥31%;G (we label the functors for clarity) given in Propo-
sition 3.31 (3) can be reindexed as follows:

Z(ZG)b)= P 12G60bY) = ) G(bY).
b=b{’TIb¥ b=(bP 1Ib¥)11bY

The sum is indexed by ordered decompositions of b into three subsets (possibly empty). With
respect to the decomposition given in Proposition 3.31 (3), we have b(;) :=b” b} :=b'\b” and
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by := b\b’. The indices in by, b} record from which application of 1¥ the subset b} arises.
More generally, we have:

(3.4) 1%01%, ... 1%,G(b) D G,
b=(...(bE TV IIbI)IIbY ,))...[IbY)[IbY

The general theory of comonads associated to an adjunction implies that, if F' € Ob F(FI°?; k),
the underlying object F' € Ob F(X°P; k) has a canonical |®-comodule structure.

Proposition 3.33. For F' € Ob F(FI°?; k), the 1®-comodule structure of the underlying object
J F € Ob F(X°P; k) (denoted below simply by F') identifies with respect to the isomorphism (3.3)
of Proposition 3.31 as follows. For b € N, the structure morphism ¥g : F — 1*F is given by

vr: F(b) » @ F(b')
b'Ch
with component F(b) — F(b") given by the FIP structure of F for b’ C b.

The Barr-Beck theorem implies:

Theorem 3.34. The category F(FIP;Kk) is equivalent to the category F(X°P;Kk) = of 1=-
comodules in F(%°P; k).

Proposition 3.35 below shows that the comonad 1* is equipped with a natural transformation
n : Id — 1*, which can be considered as a form of coaugmentation. This form of additional
structure is considered in Appendix B.1; it is important that this satisfies the Hypothesis B.5.

Proposition 3.35. There is a natural transformation n : Id — 1= of endofunctors of F(X°P; k),
where the morphism ng : G(b) — 12G(b), for G € Ob F(X°P; k) and b € N, is given by

G(b) —» P G(b),

b'Ch
the inclusion of the factor indexed by b’ = b.
Hence the following diagrams commute:
¢ —" > 17q G "% 1=G
ncl \LAG k lag
G —— 171G G.

N=a)
Thus, the structure (F(3°P;k); 1%, A e, n) satisfies Hypothesis B.5.
Proof. This is proved by direct verification, using Proposition 3.31. O

Remark 3.36. The constructions of this Section apply verbatim to functors from X°P to any
abelian category.

4. THE KOSZUL COMPLEX

The purpose of this section is to introduce the Koszul complex Kz F' in ¥°P-modules, where
Fis an FI°P-module, and to identify its cohomology. For this, we apply the general construction
given in Appendix B in our specific situation. More precisely, Proposition 3.35 shows that the
comonad (1® A e) on F(X°P;k) is equipped with a coaugmentation 7 : Id — 1 satisfying
Hypothesis B.5 and Theorem 3.34 shows that the FI°’-module F' can be considered equivalently
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as a 1®-comodule in F(3°P; k). Hence, one can form the cosimplicial 3°P-module €*F', as in
Proposition B.6, which has the following form:

O_
8 =€LF—_

SOZEF\ SOZLEF\ [
(4.1) P&z 2 1®F :;‘i;ijgfi 1E5F SENEAE)
—$=Ar

In order to compare this cosimplicial object to the Koszul complex, we consider its opposite
(€*F)°P. Considering the normalized subcomplex associated to a cosimplicial object (see Ap-
pendix A), the main result of the Section is the following Theorem, in which Kz F denotes the
Koszul complex introduced in Section 4.1:

Theorem 4.1. For F' € Ob F(FI°?; k), there is a natural surjection of complexes of 3°P-modules
N(E*F)°® = Kz F

which s a quasi-isomorphism, where (€*F)°P is the opposite cosimplicial X°P-module to €*F
(cf. Notation 1.3).

Remark 4.2. The complex Kz F' is the FI°P-version of the Koszul complex considered in [Ganl6,
Theorem 2| for FI-modules, where it is shown that this has the same cohomology as N(€®F)°P
by using [CE17].

To keep this paper self-contained, we give a direct proof of Theorem 4.1, rather than deriving
it from [Ganl6, Theorem 2]. The relation between the Koszul complex and FI°P-cohomology is
explained in Section 4.7.

4.1. The Koszul complex Kz F. In this section we construct, for an FI°’-module F', the
complex Kz F' in 3°P-modules. To keep track of the signs in the construction, we introduce the
following notation:

Notation 4.3. For S a finite set,

(1) denote by Or(S) the orientation module associated to S, i.e., the free, rank one k-module
AIS1(KkS) (the top exterior power), where kS denotes the free k-module generated by S;

(2) Or(S) is considered as having cohomological degree |S]|;

(3) if S is ordered with elements z; < ... < x|g|, let w(S) € Or(S) denote the element:

W(S) =T1A AT )
Remark 4.4.

(1) By construction, Or(S) is a &|g-module; it is isomorphic to the signature representation
gl g - In particular, we may consider it either as a left or a right &g-module without
ambiguity.

(2) The orientation modules Or(b), b € N, assemble to give a 3°P-module.

(3) If S is ordered, then w(S) gives a canonical generator of Or(.5).

Definition 4.5. For t € N and b € N,
(1) let (Kz F)!(b) be the &;"-module
@B Fb®)0or(b\b"),

b b
[b(®)|=b—t

where g € &, sends the summand indexed by b(*) to that indexed by g_l(b(t)) via the
morphism

F(b) @ Or(b\b) = F(g™! (b)) & Or(g ™ (b\b")



16 GEOFFREY POWELL AND CHRISTINE VESPA

given by the action of g|g—1(b(t)) on the first tensor factor and that of glg—l(b\b(t)) on the
second factor.

(2) Let d: (Kz F)!(b) — (Kz F)!™!(b) be the morphism of k-modules given on Y ® ar, where
Y € F(b®) and a € Or(b\b®), by

d(Y @ a) = Z Y @ (A a),
z€b®)
where ¢, : b\{z} < b® is the inclusion.
This construction is compatible with the action of the group Gy:

Lemma 4.6. Fort e Nandbe N

(1) there is an isomorphism of &;”-modules:
~ (i
(Kz F)!(b) = (F(b —t) ® Or(t)) Tawr xeom
for b —t C b the canonical inclusion with complement t';
(2) the morphism d : (Kz F)*(b) — (Kz F)'™!(b) is a morphism of &;"-modules.

Proof. The inclusion F(b —t) ® Or(t’) — (Kz F)*(b) corresponding to the summand indexed
by b—t is (&p_; x &;)°P-equivariant, thus induces up to a morphism of &,"-modules. It is
straightforward to check that this is an isomorphism, as required.

It remains to check that the morphism d is equivariant with respect to the &;* action. This
follows from the explicit formula for d given in Definition 4.5. O

Proposition 4.7. The construction (Kz F,d) is a cochain complex in F(3°P;k). Hence,
H*(Kz F) takes values in N-graded 3°P-modules.

Proof. 1t suffices to show that d is a differential. Using the notation of Definition 4.5,
PYoa)= > Y@ (yrria)+(@Ayia)),
{z,y}Cb®
where ¢,,,, denotes the inclusion b®\{z,y} C b{®). This is zero, as required. O
The following Proposition will be used in Section 6.
Proposition 4.8. The Koszul construction defines an exact functor
Kz : F(FI°?; k) — coCh(F(X2°P; k)),
where coCh(F(X°P; k)) is the category of cochain complezes in F(X°P; k).

Proof. The functoriality is clear from the construction. Moreover, the functor F +— (Kz F)!(b)
as in Definition 4.5 is exact, since the underlying k-module of each Or(b\b®) is flat (more
precisely, free of rank one). This implies that Kz is exact considered as a functor to cochain
complexes. O

4.2. The cosimplicial 3°°P-module (€*F)°" and its normalized cochain complex. In this
section, we identify the cosimplicial ¥°P-module (€*F)°P and its associated normalized cochain
complex N(€®F)°P,

In order to describe (€°F)°P, we will use the following decompositions, given by Remark 3.32
(3.4), distinguishing the indices of (1¥)F(b) by a ™:

(L5 F(b) = 115 ... 1% F(b) = o F(bH)

b=(...(bY TV L)LY ))...11bY)IIbY
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(1= F(b) = 1% 1% ... 1%, 1 F(b) = @ F(bY)
b=(...(b{ 1Y )ITBY ,))... Ib})1TH
The structure of €*F is described in (4.1) and, by Notation 1.3, (€*F)°P is the cosimplicial ob-
ject with coface operators d' : (1Z)'F — (1=)“1F and codegeneracy operators § : (1)1 F —
(1) F satisfying 5 = s~7 and d/ = d‘t1-7.
Proposition 4.9. The structure morphisms of the cosimplicial X°P-module (€*F)°P are given
by the following:
(1) for 0 < j < £, the restriction of & : (IZ)*'F — (1%)'F to the factor indexed by
b=b{" T b¥ is:
(a) 0 if bY #0;
(b) if b]Z =, the projection onto the direct summand of (1=)‘F such that

BY = plty
B — bY i<
P U by J<i<g

(2) for 0 < i < €+ 1, the restriction of d* : (1=)'F — (1Z)T'F to the factor indexed by
b= B(EZ) I1 ]_[f:é b? is given as follows: i
(a) for z~: 0, it maps to the direct summand of (1)1 F such~ that bg) = bgﬂ) by
and b¥ =b}, (0 <i<{—1) via the injection bg+1) — bg).
(b) for 0 < i < £, is the identity map to each direct summand of (1)1 F such that
b = bt and
b b

) bz b)) <t
by = b IIb, j=1i
bjz-:_H 1<j<Ll-1;

it is zero to the other summands of (1Z)*T1F;

(¢) fori=L€+1, is the identity map to the direct summand of (1=)1F corresponding
to bg—H) = f)g) and b = 612 for 0 < i < £ and by = 0; it is zero to the other
summands of (1Z)'T1F.

Proof. The general forms of s/ : (1Z)*1F — (1®)'F and d' : (1®)'F — (1%)*'F are given
in Proposition B.6. Using Notation 1.3 (recalled before the statement), we deduce the explicit

forms given of 5/ and d’ using Proposition 3.31 (2) and (4), Proposition 3.33 and Proposition
3.35. 0

For the version of the normalized cochain complex used in the following, see Definition A.2.

Proposition 4.10. For F' € Ob F(FI°?; k), the associated normalized cochain complex N (€® F')°P
evaluated on b, for b € N, has terms:

(NE@F)™)b) = @ FbO).
b=b I [/} b
b0

In particular, (N(€*F)°P)Y(b) =0 if t <0 or if t > |b|.
The differential d : (N(€*F)°P)t — (N(€*F)°P)*1 is given by S0_(—1)'d* = (—1)"+1 S (—1)id".

=1
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Proof. The identification of the normalized subcomplex follows from the form of the codegen-
eracies 5/ given in Proposition 4.9. The vanishing statement follows immediately.

By Definition A.2, the differential on N(€*F)°P is the restriction of that on the cochain
complex associated to (E*F)°P i.e., Zfié(—l)ﬂ? By Proposition 4.9 (2¢) the restriction of dt**
to N(C*F)°P is zero. O

4.3. Relating the Koszul complex and the normalized cochain complex. In this section,
we define a natural surjection from N(€®*F)°P to the Koszul complex Kz F. The proof that this
surjection is a quasi-isomorphism is given in the subsequent sections.

To define this natural surjection, we use the following direct summand of the underlying N-
graded object of the normalized complex N(€®F)°P; we stress that it is not in general a direct
summand as a complex.

Notation 4.11. For F € Ob F(FI°?;k) and t,b € N, let (N(C*F)°P)!(b) be the direct summand
of (N(€*F)°P)!(b) consisting of terms such that |b§t)| = 1 for each 0 < ¢ < ¢t —1 (so that
b =b—t).

The &;"-action on (N(€*F)°P)t(b) is described as follows, in a form suitable for comparison
with the Koszul complex:

Proposition 4.12. For F € Ob F(FI°®; k) and b,t € N,
(1) (N(€*F)°r)t(b) is a direct summand of (N(€*F)°)!(b) as &;"-modules;

(2) there is an isomorphism of &;° -modules:

Sh o (N(EF)P)i(b),

~op =
S, X6,

(F(b —-t)® ]kAut(t’)) T
for b —t C b the canonical inclusion with complement t'.
Proof. The first statement is clear.

The inclusion b —t C b induces a &,” ,-equivariant inclusion F(b —t) < (N(€*F)°P)t(b)
corresponding to the summand indexed by taking bl(»t) ={b—-t+1+iffor0<i<t-—
1. This induces a morphism of &;"-modules, as in the statement. By inspection, this is an
isomorphism. O

Proposition 4.13. There is a surjection N(€*F)°P — Kz F of cochain complezxes in F(X°P; k)
given, fort,b € N, as the composite
(N(€*F)°P)(b) = (N(€*F)°r)!(b) — (Kz F)"(b),

where the first morphism is the projection of Proposition 4.12 and the second is

(N(€F)or)i(b) = (F(b — t)@kAut(t)) nggt@ﬁ (F(b — t)0r(t")) Tgi ~ (Kz F)'(b),

XS
induced by the surjection kAut(t’) — Or(t') of &;-modules that sends the generator [idy/] to
w(t).
Eaplicitly, an element Y € F(b®) that represents a class of (N(€*F)°P)!(b) in the summand
indexed by (b(t);bét), .. .,bgtjl) in the decomposition given in Proposition 4.10 is sent to zero,
unless |b§t)| =1 foralli, 0 <i<t—1, when it is sent to

Y& b A AbP) e F(b®) g 0r(b\b®) C (Kz F)!(b).

Proof. Lemma 4.6 together with Proposition 4.12 imply that the morphism N(€*F)°? — Kz F'
is a surjection of N-graded 3°P-modules.
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It remains to prove that this surjection is compatible with the respective differentials. First

observe that, in general, the kernel of the projection
(N (€2 F)°P)* (b) — (N(€*F)°P)*(b)

is not stable under the differential of N(€*F)°P. This is due to the fact that a coface map
of (€*F)°P(b) can split a set bZ(-t) with two elements {u,v} into the ordered decompositions as
singletons ({u}, {v}) and ({v}, {u}). However, these contributions will vanish on passing to Kz F,
due to the relation u A v = —v A u. Using the previous observation, one verifies that the kernel
(denoted here simply by ker) of the morphism (N(€*F)°P)*(b) — (Kz F)*(b) is stable under
the differential.

The quotient differential on (N(€*F)°P)*(b)/ker is induced by the coface operator d° on
(C*F)°P(b).

By inspection, this quotient complex is isomorphic to (Kz F')*(b) via the given morphism. O

4.4. The complex of ordered partitions. The key to proving Theorem 4.1, i.e., that N (€®F)°P —»
Kz F is a quasi-isomorphism, is the case F' = 1 € Ob F(FI°?; k), where 1 is the following FI°P-
module:

Notation 4.14. Denote by 1 the FI°’-module given by 1(0) = k and 1(b) = 0 for b > 0, so that
the only morphism that acts non-trivially on 1 is the identity on 0.

The aim of this section is to give an explicit description of the complex N(€*1)°P in terms of
the complex given by ordered partitions (see Proposition 4.23) described below.
Henceforth in this section, X denotes a non-empty finite set.

Notation 4.15. For t € N*| let Bart, X be the set of ordered partitions of X into ¢ non-empty
subsets.

Consider the refinement of ordered partitions as follows:

Definition 4.16. Let p = (p1,...,p:) € Part,(X) and g = (q1,...,qs) € Part, (X), then g is an
ordered refinement of p, denoted q < p, if there exists an order-preserving surjection « : s — t

such that
pi = U q;-
jea=1(d)
(In particular, this requires that s > ¢, with equality if and only if p = q.)
The following is clear:

Lemma 4.17. The set Part, (X) := en-Part, (X) is a poset under refinement of ordered
partitions.
Example 4.18. For X = {1,2,3} the poset Part, (X) is given by:

({1}, {2},{3})

\
/

({13, {35, {2}) ({1}:{2,3}) ({12}, {3} ({2}, {1}, {3})

/
\

({1.3}{2h) ({1,2:3}) ({2}:{1.3})

\
/

({3} {13,{2}) ({3} {1,2}) ({23} {1}) ({2} 31 {1})

/
\

({3} {21, {1})
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The following Lemma highlights properties of the poset (Part,(X), <) that are exploited in
the proof of Proposition 4.27.

Lemma 4.19.
(1) Forp = (p1,....px), 0" = (P1,.- ., p|x|) € Partx (X)), there exists g € Part| x|, (X)
such that p < q and p’ < q if and only if there exists i € {1,...,|X| — 1} such that
Pi = Pii1, Piv1 = p; and p; = p’; for j & {i,i+1}.
(2) Let p = (p1,-.-,p¢) € Part,(X), for 1 <t < [X]| -2, and v € Part, o(X) such that
v <p. Then
{a € Part, (X[t <g<p}| =2

Proof. For the forward implication of the first point, suppose that there exists q € Part; x| (X)
such that p < q and p’ < q. By Definition 4.16, we have order-preserving surjections a : X —
|X|—1and ¢ : X — |X| — 1 such that

(4.2) aw= [ » and a@w= J[ ¥}
jea=t(k) j€a’~1(k)
Since v and o’ are order preserving surjections there is 4,7 € {1,...,|X|—1} such that a=1(i) =
{i,i +1} and o'71(j) = {4,7 + 1} with all other fibres of cardinal one. We deduce from (4.2)
that i = j and q; = p; L p;p1 = p; 1L pj 1 s0 p; =Py, pir1 = p; and p; = p); for j & {i,i + 1}.
For the converse, pick p and p’ as in the statement. The following partition q € Part, X|71(X )
satisfies the inequalities of the statement:

g =pjfor1<j<i—1, qg=p; Opip1, qj =pj—1 fori+1<5<[X[—-1.

For the second point, by hypothesis, ¢t < p. By Definition 4.16, this corresponds to giving t
together with an order-preserving surjection « : t +2 — t. To prove the result, it suffices to
show that there are precisely two possible factorizations of « via order-preserving surjections:

"
[e3

t+25t+1 5t
The factorization condition implies that o’ is uniquely determined by «'.
There are two possibilities:

(1) there exists i € t such that |a~1(i)] = 3, all other fibres having cardinal one;
(2) there exists i < j € t such that |a=1(i)| = |a~1(j)| = 2, with all other fibres of cardinal
one.
In the first case, one has either o/~1(i) = {i,i + 1} or &/ 71(i + 1) = {i + 1,i + 2}, with all
other fibres of cardinal one. In the second case, either o/~ (i) = {i,i+1} or /71 (j) = {4, 5 + 1},
again with all other fibres of cardinal one. 0

Definition 4.20. Let Cpherm(X) denote the cochain complex with

k[Part, X] 1<t < |X]|
t._ t
Cherm(X) ~—{ 0 otherwise.

The differential d : Cperm(X)* — Cperm(X)+? is the alternating sum Y;_, (—1)*¢%, where &
sends a generator [p] corresponding to the ordered partition p = (p1,...,pi,...,P:) to the sum
of ordered partitions of the form (p1,...,p},p7,...,p:) where p; = p; I pY.

Remark 4.21. The element d[p], for p € Part,(X), is a signed sum (i.e., a linear combination
with coefficients in {£1}) of the generators [q] where q € Part,, (X ) and q < p.

Example 4.22.

(1) Cperm(?) = k in cohomological degree zero, by convention;
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(2) Cperm({1}) = k in cohomological degree one;

(3) Cperm({1,2}) is the complex k U3 192 concentrated in cohomological degrees one and
two; this has cohomology k concentrated in degree 2;

(4) Cperm({1,2,3}) has the form k 438 @6 _, @6 iy cohomological degrees 1,2, 3; this has
cohomology k concentrated in degree 3. Here, the generators are given by the ordered
partitions:

degree 1 | degree 2 degree 3

({1.2.3}) | ({1}.{2,3}) | ({11{2}.{3})
({2,30{1}) | ({2H{1}1,{3})
({2}.{1,3}) | ({2h{3},{1}H)
({1,312} | ({3h{2}.{1})
( )| ( g

{31{1.2}) | ({3}1.{1}.{2}
({1.2},{3}) | ({1}.{3}.{2}
and, for instance, the differential on ({1},{2,3}) is given by the operator §2 which sends
the generator to the sum of ({1},{2},{3}) and ({1}, {3}, {2}).

Proposition 4.23. For X a non-empty finite set, there is an isomorphism of complexes
(N(€*1)°P)(X) 2 Cherm(X)-

Proof. By Proposition 4.10 and Notation 4.14, since 1 vanishes on non-empty sets, we have:

WEn' @)= P 1= P k=kParyX]
X=bOu['=} bl" X=[TZ; bl"
b0 {0

and the coface d° : (1Z)1 — (1Z)**11 is zero. So, using Proposition 4.10, the differential of
(N(€*1)°P) is given by S°t_, (—1)%d".

For 1 < i < t, comparing the definition of §' given in Definition 4.20 and the explicit description
of d' : (1%)¢1 — (1=)**+11 given in Proposition 4.9, we obtain that d’ corresponds, via the above

isomorphism, to 6°. O

4.5. Cohomology of the complex of ordered partitions. Let X be a non-empty finite
set. To calculate the cohomology of Cperm(X), we relate it to a cellular complex as follows. The
permutohedron ITx is an (abstract) (|X|—1)-dimensional polytope, with k-faces in bijection with
Part| x|, X (see [Zie95, Example 0.10]). In particular, the vertices (i.e., 0-faces) are indexed by
elements of Part, v (X) (i.e., by permutations of the set X).

We record the necessary information on the face inclusions of ITx:

Lemma 4.24. Let p = (p1,---,9¢),9 = (q1,-..,qe+1) € Part (X), for 1 <t < |X|, be ordered
partitions of the finite non-empty set X. Then q is a face of p if and only if q < p.

Lemma 4.19 can be rephrased as follows:

Lemma 4.25.

(1) Two wvertices of Ilx are linked by a 1-face if and only if they differ by a transposition of
adjacent elements in the corresponding ordered lists of elements of X.
(2) Let p be an-face of x with2 <n <|X|—1; a (n— 2)-face v of p lies in precisely two
(n —1)-faces of p.
The polytope ITx has a geometric realization [IIx| as the convex hull in RIXT of the vectors with

pairwise distinct coordinates from {1,2,...,|X|}; in particular, |IIx| is contractible. Moreover,
by the above, the geometric polytope |IIx| is equipped with a cellular structure with the cells
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of dimension k indexed by the elements of Part|y|_,(X), for 0 < k < |X|— 1. The cellular
structure is understood by using Lemma 4.24.

Example 4.26. The geometric realization of the permutohedron Il 53y is a hexagon with
vertices indexed by the elements of &3:

(1,2,3) 820 1 3

(1,% W})

(1a3)2) ({1’2’3}) (2?37 1)

<{1,ak %A)

3,1,2) — (3,2,1
( ) Y )(3,{172})( ) ? )

where, for notational clarity, the braces have been omitted from singletons.
In this case, the 0-faces are the vertices, the 1-faces are the edges and the 2-face is the interior
of the hexagon. Note that a O-face lies in precisely two 1-faces.

In the following Proposition, Cperm(X) is considered with homological degree and [—|X]|] de-
notes the shift of homological degree (i.e., Cperm(X)[—|X ]t = Cperm(X):—| x| by Notation 1.4).

Proposition 4.27. Let X be a non-empty finite set, then there is an isomorphism of chain
complezes

7% Cparm (X)[=|X [l 5 CEM(|Tx | ),
where C¢W (| x|; k) is the cellular complex of |Ilx| with coefficients in k.
In particular, Cperm(X) has cohomology k concentrated in degree | X|.

Proof. The case | X| =1 is clear, hence we suppose that | X| > 2.
The cellular complex C¢°!!(|IIx|; k) has underlying graded k-module which is free on Bart, (X),
so that there is an isomorphism of k-modules

(4.3) Cerm (X) X171 22 7l (|1 x [; k).

Moreover, for [p]ecen the generator corresponding to p € Part,(X), d[p]cen is a signed sum of
the generators [q]cen, where q € Part,,,(X) and g < p. (Here and in the following, the subscripts
indicate in which complex the generators live.) With the regrading used here, this is analogous to
the behaviour observed in Remark 4.21; the only difference being in the signs which may occur.

In homological degree zero, the isomorphism (4.3) is given by

Cperm (X)‘X‘ — C8811(|HX‘; Ik)
[U]perm = Sign(a)[g]cellv
using the identification of ordered partitions of X into singletons with the symmetric group
Aut(X) to define sign(o).
To prove the statement, we consider the cellular filtration of |IIx|. More precisely, we prove,
by induction on n, that we have an isomorphism of chain complexes

7<nCperm(X) [~ X [} 2> 7<n CsM (x| k)

such that, at each degree, vx [P]perm = £[p]cen and where 7<,,C, is the truncation of the complex
C, defined by (7<,Cy); =01if ¢ > n and (1<, C.); = C; if i <n.

To prove the initial step, note that the 1-skeleton of |IIx| can be given the structure of an
oriented graph, where each edge is oriented from the vertex with negative signature to that of
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positive signature; this relies crucially upon the fact that edges are indexed by transpositions
(see Lemma 4.25 (1)). This serves to make explicit the signs appearing in the differential of the
associated chain complex.

It follows that the identity on “Part;y|_(X) induces an isomorphism of chain complexes

Vx ¢+ 7<1 Cperm (X) [=1X [« = 71 5 (x| K):
Crerm (X)1XI-1 _a Cherm (X)X
ﬁl [plperm—>[plcen = J/ [o]permtrsign(e)[o]cen
Cy (Tx |; k) —— C§(|Tx [ k).

For n > 2 assume that vx : T<p—1Cperm(X)[—| X[« = T<n-1CN(|Ilx|; k) is defined and is
an isomorphism. To prove the inductive step, choose p € Part X|7n(X ); as observed above,
the differential of the generator [p]een € C<!(|Ilx|; k) is a signed sum of the generators [q]cen
corresponding to its (n — 1)-faces:

d[p]cen = Z Nalacen
qgEPart; x|_p41(X)
q<p
with 7, € {£1}.
Now, by the inductive hypothesis, we have an isomorphism yx : Cperm (X)X 177 +1 5 Cceell (x|; k)
that is compatible with the differential and which has the form [q]perm — £[q]cen. Hence, by
Remark 4.21:

'YXd[p}perm = Z aq[q]celh
qEPart; x| _p41(X)
q<p
with aq € {£1}.; moreover, yxd[p|perm is a cycle.
We claim that vxd[p]perm = €pd[plcen, for some e, € {£1}. If vxd[p]perm = d[Pcen, take
ep = 1. Otherwise, consider

’YXd[p}perm + d[p]cell = Z Hq[q]cellv
qePart x| _,41(X)
q<p
where kg = aq + 14.

By the hypothesis, there is some q € Part|x|_,,;1(X) such that rg = 0.

If yxd[p]perm + d[p]cen # 0, there is some q' such that kg # 0. Using Lemma 4.25 (2), we
can find such a pair (q,q’) such that q and g’ have a (n — 2)-face in common, denoted by q N q’;
moreover, ¢,q’ are the only (n — 1)-faces of which qN ¢’ is a face. We deduce that d(qNq’) # 0:
this contradicts the fact that vxd[p]perm + d[P]cen is a cycle, therefore vxd[p]perm + d[p]cen = 0.
Taking €, = —1 in this case establishes the claim.

By the uniqueness property of the cycle d[p]cen explained above, it follows that yxd[p]perm =
epd[plcen, where €, € {£1}. Thus, an extension of yx compatible with the differential and of the
required form is given by defining vx [plperm = €p[pJcen. Applying this argument for all cells p
of dimension n completes the inductive step.

The isomorphism of chain complexes vx induces an isomorphism in homology. Now |[IIx]| is
contractible, hence has homology k concentrated in degree zero. Returning to the cohomological,
unshifted grading, this implies that Cperm(X) has cohomology isomorphic to k concentrated in
cohomological degree |X]|. O
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Corollary 4.28. There is an isomorphism of cohomologically-graded 3°P-modules
H*(N(€*1)°P) = Or.

Proof. This follows from Propositions 4.23 and 4.27, noting that the result holds evaluated on O
by inspection. For X a non-empty finite set, the isomorphism in cohomology is induced by the
morphism of k-modules Cperm (X)X — k given by [o] — sign(o). O

4.6. Proof of Theorem 4.1. In this section we pass from the case 1 treated in Corollary 4.28
to that of an arbitrary FI°P-module F'.
The complex (N (€*F)°P)*(b) has a finite filtration given as follows:

Lemma 4.29. Let F be an FI°’-module and b € N. For s € N, let f*(N(€*F)°P)*(b) C
(N(€*F)°P)*(b) be the graded k-submodule :

f*(N(€*F)°P)!(b) = b F(b").
b=bO L[/} ("
b £0
[b™®)|<b—s

Then §*(N(€*F)°P)*(b) is a subcomplex and there is a finite filtration
0 C P (N(CF)?)*(b) C f7HN(C*F)P)"(b) C ... C PP(N(C*F)°)*(b) = (N(€*F)®)*(b).

Moreover, the quotient complex f*(N(€*F)°P)*(b)/f**1(N(€*F)°P)*(b) decomposes as the di-
rect sum of complezes

P FO) o (NE1)P) (b\b).
b’'Cb
b’ |=b—s
Proof. From the construction of €*F, it is clear that f*(N(€*F)°P)*(b) is stable under the
differential and that one has a finite filtration as given.
The subquotient §*/§5*! only has contributions from terms with |b’| = b — s. Moreover, by

construction, the differential behaves as though all non-isomorphisms of FI°? act as zero. By
inspection, the subquotient identifies as stated. O

Proof of Theorem 4.1. The natural surjection N(€*F)°P — Kz F of cochain complexes in F(X°P; k)
is given by Proposition 4.13. It suffices to show that (N(€*F)°P)*(b) — (Kz F)*(b) is a quasi-
isomorphism, for each b € N. This follows from the spectral sequence associated to the filtration
f*(N(C€*F)°P)*(b) that calculates the cohomology of (N(€*F)°P)*(b). By Lemma 4.29, the
FEy-page is given by

Ey' = P(N@F)P) (b)/FH (N F)P) (b)) = P F(b) @ (N(€1)P)" (b\b').
b’'Cb
|b’|=b—s
The FE;-page is calculated by using Corollary 4.28 to identify the cohomology of each complex
(N(e*1)°P)*(b\b’) and by applying universal coefficients. In particular, for |b’| = b — s the
cohomology of (N(€*1)°P)*(b\b’) is concentrated in degree s.
It follows that the E;-page is concentrated in the line ¢ = 0. This line, equipped with the
differential d;, identifies with the complex (Kz F')*(b). The spectral sequence degenerates at the
E?-page, since there is no space for differentials. The result follows. O



A PIRASHVILI-TYPE THEOREM FOR FUNCTORS ON NON-EMPTY FINITE SETS 25

4.7. Relating to FI°’-cohomology. In [CE17, Gan16], the authors define the FI-homology of
a FI-module F as the left derived functors of a right exact functor HEY. The functor HE' can
be defined as the left adjoint of the functor F(X;k) — F(FI; k) given by extension by zero on
morphisms (see Definition 4.30 for a precise definition in the dual case).

In this section, we consider the dual situation to define the FI°P-cohomology of a FI°°-module
F. This allows us to rephrase Theorem 4.1 in Corollary 4.35, using FI°’-cohomology. Theorem
6.15 can also be reinterpreted as the computation of the FI°P-cohomology of the FI°*-module
kHomgq (—, a) considered in Proposition 5.21 (see Theorem 4).

By Theorem 3.34, a FI°®-module F' can be considered equivalently as a 1®-comodule in
F(%°P; k), with structure morphism ¥ : F — 1®F. Moreover, by Proposition 3.35, one has the
natural coaugmentation ng : F — 1*F.

The following constructions should be compared with the general framework that is given in
Appendix B.2, working with the category of FI°°-modules, which is abelian and has enough
injectives (see below for the latter).

Definition 4.30. (Cf. Example B.8.) For F € Ob F(FI°; k), let H2pop (F) € Ob F(2°P; k) be
the equalizer of the diagram

nr
F—= I”F,
s
which defines a functor Hpqer : F(FI?; k) — F(2P; k).
Definition 4.31. Let Z : F(X°P; k) — F(FI°’; k) be the exact functor given by extension

by zero on morphisms (i.e., an 3X°P-module is considered as an FI°’-module by specifying that
non-isomorphisms of FI°P act as zero).

Proposition 4.32. The functor Hyop : F(FIP; k) — F(X°P; k) is right adjoint to Z : F(Z°P; k) —
F(FI®; k). In particular, it is left exact.

Proof. One checks that, for F' an FI°-module, Hpoo F' is the largest sub FI°P-module that lies

in the image of Z, hence Hpop is the right adjoint to Z. This implies, in particular, that Hapep

is left exact. g

It is a standard fact that the category F(FI°P; k) has enough injectives. (This follows from
Yoneda’s Lemma, which shows that, for I an injective k-module and n € Ob FI, the FI°’-module
Map(Hompr(n, —), I) represents the functor F — Homy (F(n),[).)

Thus one can define FI°P-cohomology as follows:

Definition 4.33. For s € N,
(1) let Hggor denote the s-th right derived functor of Hgyer;
(2) Hiqon (F) € F(X°P; k) is the sth FI°P-cohomology of the FI°P-module F'.

Proposition 3.35 shows that the coaugmentation n of 1= satisfies Hypothesis B.5, hence one
can form the cosimplicial object €*F', as in Proposition B.6, with respect to the structure (1=, n)
on F(3°P; k).

Proposition 4.34. For F € Ob F(FI°®; k), there is a natural isomorphism
Hgpor (F) = 7 (C°F),
where the right hand side is the cohomotopy of the cosimplicial object €*F of F(X°P; k).

Proof. By definition, Hpqop (F) = 7°(€*F). Moreover, Proposition B.6 implies that '+ €*F
defines an exact functor to cosimplicial objects, so F' — 7*(€*F') forms a cohomological d-functor.
The usual argument of homological algebra (cf. [Wei94, Exercise 2.4.5], for example), using the
effacability property established in Corollary B.10, then provides the isomorphism. (|



26 GEOFFREY POWELL AND CHRISTINE VESPA

This allows Theorem 4.1 to be restated using FI°’-cohomology:

Corollary 4.35. For F' € Ob F(FI°?; k), there is a natural isomorphism
Hior (F) 2 H*(Kz F).

Proof. The normalized complex N(€®*F)°P is canonically isomorphic to NE€*F, in particular
has canonically isomorphic cohomology. Thus the statement follows immediately from Theorem
4.1. O

Remark 4.36. This result is an FI°P-cohomology version of [Gan16, Theorem 2], which concerns
FI-homology.

5. COAUGMENTED COSIMPLICIAL OBJECTS
. L. . . T ®
The main objective of this paper is to calculate Hom z gy 1) (k[—] ¢

ally, Ext;.(ﬂ;k) (W®a7m®b), for a,b € Nand ¢ € N. As a step in this direction, Theorem 5.4
establishes that, for i € {0, 1}, these Ext-groups are given by the cohomology of the cosimplicial
abelian group Hom z(p,i ((t*)®%, 17*(¢*)®?) introduced in Proposition 5.3.

In this section we focus principally upon understanding this cosimplicial object. We give an
alternative, highly explicit description of this by using the Dold-Kan equivalence of Theorem 3.7.
More precisely, as kHomg(—,a) is an FI°’-module (see Proposition 5.21), we can consider the
cosimplicial 33°P-module €*kHomg(—,a) described in (4.1). The main result of this section is
the following:

,Ik[f]@)b) and, more gener-

Theorem 5.1. For a € N, there is an isomorphism of cosimplicial objects in F(3°P;k):
Homf(F;k)<(t*)®a> J}‘.t*®) = [Q.H{Homﬂ(_7 a)]Op

where —°P is the functor introduced in Notation 1.3 and t*® is the functor in F (T x X°P; k) given
by t*®(b) := (t*)®® (cf. Definition 5.13).

Using Theorem 4.1 and Corollary 4.35, this has the following immediate consequence:
Corollary 5.2. For a € N, there is an isomorphism of graded 3°P-modules:
H* (Homz(r,io ((t%)%%, 17°t*®)) = H*(Kz kHomg(—, a)) = Hipor (kHomg(—, a)).
Combining Corollary 5.2, Theorem 5.4 and the computation of the cohomology of Kz kHomg (—, a)

that is carried out in Section 6, leads to the computation of Homf(ﬂ;k)(lk[—]@a, Ik[—]® ) and
——Ra ——®b
Ex‘c;__(ﬂ;]k)(]k[—]® ,]k[—]® ) given in Theorem 7.1.

5.1. The cosimplicial abelian group Hom gz, ((t*)®,
the general constructions given in Appendix B.2 for C = F(
comonad introduced in Notation 3.21.

By Proposition B.12, for a,b € N, there is an equalizer:
(5.1)

17 (+*)®P). In this section we apply
I';k) and 1" : F(T; k) — F(T; k) the

dO
Homz () - ()2 (£%)®°) —— Homz (o ()%, (t*)) ? Homz(ry ((£7)®%, L7(t*)#°)

where, for f € Homg i ((£%)®7, (£%)%), d°f := (L' f)otyea, d* f := thgeyevo f and F(T; k) r
is the category of 1'-comodules in F(T'; k).

The comonad I* provides the usual augmented simplicial object 1"**!(#*)®% (cf. Proposition
B.3) and hence an augmented simplicial object Hom g ((¢*)®%, 17T (+*)€%) (cf. Lemma
B.13).
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Proposition 5.3. The augmented simplicial object Hom}-(p;ﬂ()((t*)‘@“,f‘“(t*)@’b) given by
Lemma B.13 extends to a cosimplicial abelian group

Hom g (pyq ((£9)%, 17°(¢%)%"),
by using the structure morphisms d° and d* and their generalizations.
Proof. This is a direct application of Proposition B.14. It is a cosimplicial abelian group because
F(T;k) is abelian and 1" is additive. O
The interest of this cosimplicial object is established by the following:

Theorem 5.4. For a,b € N there are isomorphisms:
T ®a /@b ~ * ® /%
Hom z g (K[-] L K[=] ) = H°(Hompqra ()%, L7°(¢)®"))
— ®b

K1) = H (Homaprg (0)®7, L7°(9)%0).
Proof. The identification of the cohomology groups H*, for i = 0,1, is given by Theorem B.23,
using the Barr-Beck theorem (Theorem 3.24 and Remark 3.25) to translate from L"-comodules
to F(Fin; k). The fact that the functor (¢*)®* is projective in F(I';k) (by Proposition 3.6)
implies that

Ra

— ——®a ———®b T2 W%t
Bt r i (W] KT ) = Ext g (T KT,

using the notation of Theorem B.23. ([l

Remark 5.5. By the Barr-Beck theorem (Theorem 3.24 and Remark 3.25) and Proposition 3.20,
for a,b € N, we have:

— Ra

®b
Hom z w10 (k[-]

K1) = Homp(ryg (8%, (£9)°)

Ra

so, by diagram (5.1), the calculation of Hom z g 4 (k[-] ,]k[—]®b) reduces to the calculation

of the kernel of d° — d'. Unfortunately, this kernel is inaccessible to direct computation.

—Ra ——®b
The above isomorphism shows that Hom r gy ) (Ik[f}® , 11{[7]@ ) can be calculated using mor-
phisms of 1-comodules in F(T';k). This motivates the introduction of the simplicial object

Hom z(p 0 ((¢¥) @, L7 (£9)€0).

5.2. Structure morphisms for the simplicial object (17)**!(+*)®’. In this section we give
the explicit description of the structure of the augmented simplicial object (1")**1(#*)®? obtained
from Proposition B.3 applied to the comonad 1°.

We begin by the cases b = 0 and b = 1, exploiting the following basic result, which follows
from Theorem 3.7:

o~

Lemma 5.6. The identity induces canonical isomorphisms Hom r (i (k, k) = k and Hom g, (£, %)
k. Moreover, Homz i) (t*, k) = 0 = Homr i (k, t*).

Recall from Section 3.3 the identifications ¥k = k and 9* Pfn = P1F+7 together with 0*k[—] =
t*. In particular, since k and ¢* lie in the image of ¥*, they are |"-comodules (see Remark 3.25).

For b =0, (t*)®° = k and 1"k = k. The structure morphisms e} : 1"’k — k and ¢ : k — 1"k
are the respective identity natural transformations.

For b = 1, the structure morphisms el and 1 are identified by the following:

Lemma 5.7. There are isomorphisms
(=)3t"
1Tt

I

Fin
Pl

P, 2t* ok

1%
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The 1" -comodule structure morphism 1 : t* — 17t* = PIF+ = t* dk is the canonical inclusion
and the counit ef. : I"t* — t* is the canonical projection.

Ezplicitly, for (Z,z) a finite pointed set, t*(Z) has generators [y] — [z], for y € Z\{z} and
1"t*(Z) has generators [y] — [z], fory € Z\{z}, and [z] — [+]. The morphism v sends [y] — [2]
to [y] — [2] and €l. sends [y] — [z] to [y] — [2] and [2] — [+] to 0.

*

Proof. As in Proposition 3.20, we consider ¢* as a sub-functor of Pﬂ. Since (—)% is exact (by
Proposition 3.19), for X € Ob Fin we have:

(247 (X) = t"(X4) € ()3 P, (X) = Py (X4) 2 K[X]
and t*(X,) identifies as the submodule generated by the elements [z] — [+], for z € X, by
the explicit description given in Lemma 3.5. By the Yoneda Lemma, there is a morphism
Pfin — (=)%t* determined by the element [1] — [+] € ¢*(1,). This identifies as the morphism
PFn(X) =2 k[X] — t*(X,) C k[X,] that sends a generator [x] to [z] — [+], for € X this gives

the isomorphism (—)* ¢* = Pf. The identification of 1"¢* then follows from the isomorphism

9* PFin =~ P1F+ given by Proposition 3.19; the second isomorphism is given by Lemma 3.5.

By Lemma 5.6, since the composite € re is the identity on t*, to identify these structure
morphisms it suffices to show that, under the isomorphism 1"t* = t* & k, ¢ r is the canonical
projection. This follows from the description of € r given in Proposition 3.23, as seen explicitly
as follows.

By Lemma 3.5, t*(Z) C k[Z] has generators [y]—[z], for y € Z\{z}, thus t*(Z) has generators:
[y] — [+], vy as above, and [z] — [+]. Writing ([y] — [2]) + ([2] — [+]) = [y] — [+], one also has that
t*(Z4+) has generators [y] — [z] and [z] — [+], corresponding to generators of t*(Z) C t*(Z4+) and
k respectively. The element [z] — [+] generates the kernel of € r and [y] — [z] is sent by & r to
[y] — [2] € t*(Z), corresponding to the projection to t*. O

Consider the beginning of the augmented simplicial object (17)*T1¢*:

O'()ZA
T
00=€ Iy _
AT T — rgx _ Go=er +*
EEE— .
51=Lrst*

The structure morphisms are identified by the following, in which we implicitly use Lemma
5.6:
Proposition 5.8.
(1) There is an isomorphism
IS 2t ko @ ky,
where k; is the rank one free k-module given by k; := ker(d;) for i € {0, 1}.
(2) The diagonal A : 1"t* 2 t* dk — 1"15t" 2 t* ® ko @ ky is given by the canonical
inclusion of t* and the diagonal map k — ko & k.
(3) The morphism 1" : I't* = t* ok — 1" 1"t* 2 t* @ ko ® kq is the inclusion of the direct
summand t* & kg.
Proof. The isomorphism 17t* = t* @k of Lemma 5.7 induces an isomorphism 1" ["t* = t* ¢ k%2,
The operators 6y and §; give a canonical decomposition, as follows. For (Z,z) a finite pointed

set, by Lemma 5.7, t*(Z) has generators [y] — [z], for y € Z\{z} and 1"¢*(Z) has generators
[y] — [2], for y € Z\{z}, and [z] — [+]. By Proposition 3.23, we have:

L1 L9t™(2) = " ((Z41)+2)
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so that 1"y 1"ot*(Z) is generated by [y] — [+2], for y € Z\{z}, [y] — [+2], and [+1] — [+2]. Using
the equalities

] = [+2) = (] = [2D) + (2] = [+2D); [2] = [42] = ([z] = [+a]) + ([+1] = [+2])
we obtain that 1y 1"9t*(Z) is generated by:

{([] = 12D (2] = D), (] = [2)) [y € {2} }-
By the description of the counits given in Proposition 3.23, ([z] — [+1]) generates the kernel of
ere- (e, ko) and ([+1] — [+2]) generates the kernel of 1"+ (i.e., ky).

By Proposition 3.23, the diagonal A : 1"t* — 1) 1"5¢* sends ([y] — [2]) to ([y] — [2]) and
([2] = [+]) to ([2] = [+2]) = ([z] = [+1]) + ([+1] — [+2]); this identifies A. (An alternative argument
is to use the fact that the composites € r A and (17¢)A are both the identity on 17¢*.)

The identification of 1"t is similar, by using Lemma 5.7. g

For the case b > 1, we use the fact that the functor 1" is symmetric monoidal, by Corollary
3.22, to obtain the following;:

Proposition 5.9. Let b € N.
(1) The canonical isomorphism 1't* = t* @ k induces isomorphisms:
*\ Qb ~v ~ *\ Qb *\®b ~v b’
re®epl = Qe e o)
b/Ch b”Cb/Ch
where b/ = |b’| and V"' = |b"].

(2) The comodule structure morphism Y yen : (£*) — 1F(1%)%0 = @b,gb(t*)@’b, is the
inclusion of the direct summand indexed by b’ = b.

(3) The counit 55*)@ DAT(E)O = @y (1)EY = (%)% s the canonical projection.

(4) The diagonal A : I"(t*)®b = EBNb,gb(t*)‘g’b/ — AT r(r)®b = @b/,gf,,gb(t*)(@b” with
component for b’ Cb and b’ C b’ C b, (t*)% — (+*)®", the identity if b” = b’ and
zero otherwise. (Here the notation b’ is introduced for the indering set of 1717 (t*)®? to
avoid confusion.)

Proof. Using that 1" is symmetric monoidal (see Corollary 3.22), we have 1F(t*)®? = (15¢*)®b,
The decomposition of 17(+*)®" follows by considering the isomorphism

J_F(t*)®b ~ (t* e Ik)®b

that is given by using the decomposition of Lemma 5.7. The tensor factors of the tensor product
are indexed by the elements of b: the direct summand indexed by b’ corresponds to the term in
which ¢* is a tensor factor for ¢ € b’ and is k otherwise.

The decomposition of " 17 (+*)®? is obtained by iterating the previous argument, since

J_FJ_F(t*)®b o~ @ J_F(t*)®b/.
b'Ch

The descriptions of ¢(4+)e» and sft*)(@b follow from the descriptions of ¢ : t* — 1"'t* = P1F+ o
t* @k and el. : I"t* — t* given in Lemma 5.7 and the previous decomposition.
Since I is monoidal, A : ["(¢*)®® — 1" 1"(+*)®? is induced by the diagonal A : ["t* — 17 "¢t*

identified in Proposition 5.8. Namely, this corresponds to
oK) — (t* Dk @ ky)®°

induced by the canonical inclusion of ¢t* and the diagonal k — kg & k;. Developing the tensor
products, one obtains the description of the component given in the statement. (|
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Recall that, for b € N*, &, : t* — (t*)®? is the standard generator given in Lemma 3.8.
Proposition 5.10. Ifb € N*, the morphism

g N =t ek — ()% = P ()
b'Cb

sends k to the copy of k indexed by ) C b and, for any ) # b’ C b, the component t* — (t*)®‘b/‘
is the standard generator &p|.

Proof. By Lemma 5.7, for (Z,z) a finite pointed set, 1't*(Z) has generators [y] — [z], for y €
Z\{z}, corresponding to t*(Z) in the decomposition, and [z] — [+], corresponding to k in the
decomposition. We have

L&y ([=] = [+]) = ([&] = [+)*®*

which treats the factor k. For [y] — [2] we have
L&(ly] = [2) = L& (] = [+]) = ([2] = [+]) = L&(ly] = [+]) = L&([=] = [+])
= ([y] = [FD®" = ([z] = D) = (([y] = [eD) + ([2] = [+])®* = ([z] = [+D)*".

Developing the tensor product we obtain that the component t* — (£*)®I*'l indexed by b’ # 0
is the map

(Iy) = [2]) = (ly] = D=,

i.e., the standard generator &p/| of Homzp,u) (t*, (t*)®|b/|), as required.

Remark 5.11.

(1) Above, we gave an explicit description of ["(#*)®" and 1T ["(+*)®? for b € N. The reader’s
attention is drawn to the fact that, in general, we have no such description of L"F for
F € Ob F(I';k). This should be compared with Proposition 3.31, where we give an
explicit description of I*G and [* 1*@G for all G € Ob F(X°P; k).

(2) The explicit description of the structure morphisms in simplicial degree 0 and 1 for
the simplicial object (17)*+1(+*)®? are used to establish the isomorphism of augmented
simplicial objects, (L")*+1¢*® = ((1%)*+14*®)” in Proposition 5.20.

5.3. Comparing comonads. In this section we work with functors in the category F(T' x
3°P:k); this is equivalent to the category of functors from T' to F(X°P;k) and also to the
category of functors from 3°P to F(T';k). Fixing one of the variables, we can consider the
following comonads on F(I' x 3°P; k):

o I F(I'x ¥°P; k) — F(I' x X°P; k) obtained from the comonad introduced in Notation
3.21.

o I¥: F(I' x X°P; k) — F(I' x 3°P: k) obtained from the comonad introduced in Notation
3.30.

Here we establish two results concerning these comonads: in Proposition 5.12 we prove that
these two comonads commute and in Proposition 5.14 we construct a natural isomorphism
1"r® =~ Z¢*® compatible with the counits, where t*® is the bifunctor introduced in Defi-
nition 5.13 that encodes the functors (+*)®° for b € N.

Proposition 5.12. The comonads 1", 1= : F(I' x ¥°P; k) — F(I' x X°P; k) commute up to
natural isomorphism. Explicitly, for F € Ob F(T x X°P: k), there is a natural isomorphism

I"I*F 5 IZI°F,
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This is compatible with the respective counits, in that the following diagrams commute:

) ~

1ri=F - 1=1rF 1ri=F - 1=1rF
I=F I'F.

Proof. By Proposition 3.31 part (1), for X € Ob T and b € Ob X,
IPF(X,b) = P F(X,1).
b’'Chb
Hence, by the Definition of 1" (see Notation 3.21),
L' I®F(X,b) = I"F(X,,b) = P F(X.,b)
b'Chb

and the right hand side is canonically isomorphic to @y, , L F(X,b’) which, in turn, is canon-

ically isomorphic to 1®1"F (X, b). These isomorphisms are natural with respect to X and b.
The compatibility with the counits is checked by using their explicit identifications, given in

Proposition 3.23 and Proposition 3.31 respectively. O

We will apply the comonads 1", 1¥ to the following functor.
Definition 5.13. Let t*® be the functor in F(T" x 3°P; k) (considered here as functors from X°P
to F(I'; k)) given by
" ®(b) := ()",
where b € Ob 3°P and the symmetric group &, acts on the right via place permutations.

For b € Ob X°P, by Proposition 3.31 and Proposition 5.9, there are natural isomorphisms:
th*®(b) ~ @ (t*)@)b’; Lrt*®(b) o~ Lr(t*)®b o~ @ (t*)®b/.
b'Ch b'Chb
This leads to the following:

Proposition 5.14. There is an isomorphism @ : 17t*® — 1Z¢*® jnp F(T' x B°P: k) defined, for
b € N, by the isomorphisms in F(I'; k)

am : J_F(t*)®b ~ @ (t*)®b’ N J_):t*®(b) ~ @ (t*)®b’

b'Chb b’'Chb

given by the identity on each factor (t*)®b/. Moreover, this isomorphism is compatible with the
respective counits, in that the following diagram commutes:

J_Ft*@ J_):t*®
\ et

Proof. For the first part, one checks that the isomorphisms @}, are compatible with the action
of the symmetric group &,. Here, the action of &, on [*t*®(b) is given by Proposition 3.28 (2)
and on 1T (¢*)®% = (1"t*)®? is given by place permutations.

The compatibility with the counits follows from the explicit description of the counits given
in Proposition 3.31 (2) and Proposition 5.9 (3). O

IIZ ol
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5.4. An isomorphism of augmented simplicial objects. The purpose of this section is to
construct an isomorphism of augmented simplicial objects Aretlp® o (J_’:°+1t*®)0p extending
the natural isomorphism 1T¢*® =2 |¥t*® given in Proposition 5.14. Here °P denotes the opposite
simplicial structure (see Notation 1.3).

o

Definition 5.15. For £ € N, let @’ : (1")**® = (1¥)+*® be the isomorphism in F(T' x 2°P; k)
defined recursively by:

(1) 50 = Idt*®;

(2) for £ >0, @ is the composite:

(J_F)Z—la

=01
(J_r)ét*@) _ (J_F)Zflj_rt*@) (J_F)Zflj_zt*(@ o~ J_Z:(J_F)Zflt*@) i% J_):(J_z:)éflt*@) _ (J_}:)Zt*®,

in which the middle isomorphism is given by Proposition 5.12.

1

In particular, & = @.

In order to give an explicit description of @’ in Proposition 5.17, we need the following rein-
dexation of iterates of the comonads ¥ and 1'.

Remark 5.16. Recall that by Remark 3.32 (3.4) we have
(5.2) 1Zol® .. 1%,G(b) &) G,
b=(...(b "V IbY)LUbY )))...IbY)LIbY
On the other hand, the decomposition given in Proposition 5.9 can be reindexed as follows:

ot ® by =1 P )™= P ).

b=b1Ib! b=(bP1IbL)IIbT

With respect to the decomposition given in Proposition 5.9 we have bg) :=b”, b} := b'\b”
and b} := b\b’. More generally, we have:

(5.3) 1o d" . 15t (b) = @ t*®(bg+1))_
b=(...((b{' ™V IIbY)IIbY))...ITbY_, )ITb]

Note the reversal of the order of the indices in the decomposition of b between (5.2) and (5.3).
This explains why it is the opposite structure for the augmented simplicial object 1= 1@ that
arises in Proposition 5.20 and justifies why we consider 1Z,1%,_; ... 1%3t*® in the following
Proposition.

o

Proposition 5.17. For ¢ € N, the isomorphism @ : (1")%*® = (12)%*® in F(I x Z°P; k) is
defined, for b € N, by the isomorphisms in F(T'; k)

—
Ay

170 ... 1T 1 t*®(b) 1%, .. 1Zt*®(b)

£+® (bg)) #® (bg))

eab:((b(f)ubg)u...ubg_l) Gab:((bg’ubg)...ubf_l)

sending the component indexed by b = (... ((bg) b)) IIbY))...[Ib}_,)IIbY | to the component

with bg) = bg) and b? = bl fori € {0,...,£ — 1}, where the vertical isomorphisms are given

by (5.3).
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To prove this Proposition we need to make explicit the natural isomorphism given in Propo-
sition 5.12 for F = t*®. First note that there are isomorphisms
@ ( +* ) ®b§‘2)

&
o(LZ1t®)(b) = o @ ()%=
b=b{'IIbE b=(b1Ib])11bT

Zi( Lot ®)(b) = P (Lot ) (bg) b @

b=b{'1TbE b=(bP 1) ITbE

Il

and

I

The proof of the following is left to the reader:

Lemma 5.18. The natural isomorphism 1T 15t*® 5 13, 17 #*® in F(T x 3°P: k) of Proposi-
tion 5.12 is given, for b € N, by the isomorphisms in F(I';k):

LFO(Lzlt*Q@)(b) o @ (t*)@)biﬁ) - Lzl(Lrot*(X))(b) o~ @ (t*)®b§“2)
b=(b{® IIbI)1IbT b=(b{1IbI) 11T
determined by the identily on each component indezed by b = (bg) IIb{) I by.

Proof of Proposition 5.17. We prove the result by induction on ¢. For ¢ = 1, the result is true
by Proposition 5.14. To prove the inductive step, consider the component of 17 ... 1", 1t*®(b)

indexed by (... (bg) Iby)I...0bY ,) IbY ,. By Proposition 5.14, (1) '@ sends this
component to the component indexed by

(.Y b I Iy ,)IbY .
The result follows from Lemma 5.18 and the inductive hypothesis. ]
Proposition 5.17 and Lemma 5.18 yield the following useful result:

Lemma 5.19. For {,m € N, there is a commutative diagram of isomorphisms:

Dyegm
(J_r)é-i-mt*@ __ (J_F)Z(J_r)mt*@)( ) (J_F)[(L):)mt*@)
. ;

(J_’:)€+mt*® - (J-E)m(J-):)Zt*®(mzu—z)m(l—r)et*®a

in which the right hand vertical morphism is induced by the interchange isomorphism of Propo-
sitton 5.12.

By Proposition B.3, we have the augmented simplicial objects (17)**!¢*® and (1¥)*T1*® in
F(I' x ¥°P; k) associated to the comonads I and 1® respectively. In the following, °P denotes
the opposite augmented simplicial structure, as in Notation 1.3.

~

Proposition 5.20. The isomorphisms a@‘t1 : (17)H1@ S (12)H149 for £ > —1 give an
isomorphism of augmented simplicial objects in F(T' x 3°P: k)

(LF).J'_lt*@ o~ ((LZ).+1t*®)0p
extending the identity on t*® in degree —1.

Proof. By Proposition 5.14 and the construction of the morphisms @‘t!, these give an isomor-
phism of the underlying graded objects. It remains to check compatibility with the respective
augmented simplicial structures.
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We begin by proving the compatibility with the face maps by induction on the simplicial
degree.

The compatibility in simplicial degrees —1 and 0 is an immediate consequence of Proposition
5.14. For the compatibility in simplicial degrees 0 and 1, by definition of the face maps given in
Proposition B.3, we have to show that the following two diagrams commute:

(T rpr® L = [Z4® T | pr® L B | Zp®
65_5J_Ft*®i l% =67=1%¢, 5f—J_F€;‘®\L iglzzéc?:‘fﬁ:t’@’
T @ —:> 1=p® |F® —:> 1=p®,

where Notation 1.3 is used for the opposite simplicial structure maps.
For the left hand square, using the definition of @2, this follows from the commutativity of
the following:

J_FJ_Ft*@ ﬂ)LFJ_zt*@) i)J_EJ_Ft*@) gJ_EJ—):t*(@
\ |
ELFt*@\L El):vt*® lzgvt*®
Lt® ——— PO —= 1¥t*®.
@

Here the left hand square commutes by naturality of e; the middle square is commutative by

Proposition 5.12; the right hand triangle commutes by applying 1* to the commutative triangle
of Proposition 5.14.

For the second square, one proceeds similarly, by establishing the commutativity of the dia-
gram:

r— o z—
(5.4) qrqrp® % grEpe =, w rpe L8 |3 mpe
| |
L@ e TP ® 5 |Epr®
(6%

Assume that the compatibility in simplicial degrees i — 1 and ¢ for ¢ < n — 1 is satisfied for
the face maps. We have to show that the following diagrams commute, for i € {0,...,n}:

(J_F)n+1t*® a:rl (J_):)n+1t*®

‘5{:(f)i5<£>nit*®i l&z—éz =) ez
(J_F)nt*@) f (J_):)nt*®
e
For i = n, the proof of the commutativity of the diagram is similar to that for the diagram (5.4).
For i # n, using Lemma 5.19, this follows from the commutative diagram
qr J_F qryn— zt*® J_l" J_F 1=)n— Zt*® qr i 1= n—iJ_rt*® = 1= n—i qr J_Ft*® J_): n—i J_): t+1t*®
S S ) (e e T e ()

(CLDN E(Jv) —igx® ) S(B\:V —ip® () (Z) e (J-E)"ilgvf)let*x (ALF)n— 3(L:)"t*®

(Ll) (Jf )n zt*® (Ll e — (J}~)7,(L2)TL—74t*®

where the left hand square commutes by naturality of , the second square commutes by iterating

(L‘) (Lz)n i@ — (Lz)n—i(LL)it*@ mi(lz)"_i(Lz)it*@,

Proposition 5.12, the third square commutes by naturality of the isomorphism T [*F =S =0rp
and the last square is seen to commute by applying (1*)"~" to the commutative diagram obtained
by the inductive hypothesis in simplicial degrees ¢ — 1 and 1.
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We now consider the degeneracies; these are induced by the respective coproducts A. For the
compatibility in simplicial degrees 0 and 1, we require to show that the diagram

(5.5) 1Mptr® — 2 5 |2 1*®

o

N A

J_FOJ_Flt*® % J—ElJ—EOt*®
[e3%

commutes.
Using the reindexation given in Remark 5.16, by Proposition 5.14, for b € N, the map

ap: Nt ¥ P b)) - B b)) P by
b=b{"ITbD b=b{1TbZ

sends the component indexed by b = b(rl) I b} to the component with bg) = b and b3 = b}.
Proposition 3.31 identifies Ay, : 1Z¢t*®(b) — 11 1%(t*®(b) as the morphism

@ t*®(bg)) N @ t*@(bg))7

b=b’TIb¥ b=bI b3 1TbE

where the component indexed by the pair of decompositions (b = bg) by, b= b(;) b3 I bY)
is zero unless b(zl) = b(;), when it is the identity morphism ¢*® (b(El)) — t*® (b(zz)).
By Proposition 5.9 (4), the diagonal Ay, : [gt*®(b) — 15 171t*®(b) identifies as the mor-

phism
X 1 x 2
D o)~ B o)
b=b1IbY b=bP LI TIbL

where the component indexed by the pair of decompositions (b = b(Fl) Ibf,b= b?) IO bjIIbl)
is zero unless b(rl) = b?), when it is the identity morphism ¢*® (bg)) — 1@ (bg)).
Proposition 5.17 identifies @} : 17q1"1t*®(b) — 1%, 1%¢t*®(b) as the morphism

S G S s I U )

b=(bP1Ib})ITbT b=((bZ TIbZ)1IbT

sending the component indexed by b = (b{? II bl) II bl to the component with b{?) = b{?) and
bF = bl for i € {0,1}. The commutativity of the diagram (5.5) follows.

The compatibility for degeneracy maps in higher simplicial degree is proved by induction,
using the naturality of A, Proposition 5.12 and a similar commutative diagram as for the face
maps. O

5.5. Proof of Theorem 5.1. We begin by constructing the cosimplicial object [€*kHomg (—, a)]°P,
appearing in the statement of Theorem 5.1, as a particular case of (4.1). For this we introduce
the FI°?-module kHomg(—, a).

Proposition 5.21. Fora € N, the association b — kHomg (b, a) defines a functor in F(FIP; k),
where a generator f € Homg (b, a) is sent by a morphism i : b’ — b of FI to the generator foi
given by restriction along i, if this is a morphism of 2, and to zero otherwise.

Proof. The case a = 0 follows immediately from the fact that Homg (b, 0) is empty unless b = 0.
For a > 1, f oi belongs to € if and only if it is surjective. Since non-surjectivity is preserved
under restriction, it is clear that the above defines a functor on FI°P. O
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Remark 5.22. We have kHomg(—,0) = 1 where 1 is the FI°’-module introduced in Notation
4.14.

The association (a,b) — Homzr,i ((t*)®%, (t*)®?), with the place permutation action on
(t*)®* and (t*)®?, defines a ¥ x X°P-module. Proposition 3.11 can be rephrased as follows:

Proposition 5.23. The maps DK induce an isomorphism of 3 x X°P-modules:
kD& : kHomg(—, —) — Homp(pg (t*©, ).

By Proposition B.6, the augmented simplicial object underlying €*kHomg(—, a) identifies as
(1%)**'kHomg(—,a). In the following Proposition, we deduce from Proposition 5.20 that the
underlying augmented simplicial objects of the cosimplicial objects appearing in Theorem 5.1
are isomorphic.

Proposition 5.24. For a € N, there is an isomorphism of augmented simplicial objects in
F(XZ°P; k):
Hornf(p;]k)((t*)(@a, (J_F)0+1t*®) o~ ((J_Z).+IH{HOH19(—, a))Op.
Proof. By Proposition 5.20, there is an isomorphism of augmented simplicial objects in F(3°P; k):
Hom g (pyio) ((#%) 2%, (1) 1) 2 Homz(p (£, ((17)*H1#°9) ™).

Now, for any G € F(I' x X°P; k), since Hom z(p,i) ((t*)®?, —) is an additive functor, there is a

natural isomorphism
HOHI]:(F;]k) ((t*>®a, LXG) = B:Hom]:(p;]k) ((t*)®a, G),

since the I'-module and 3°P-structures commute. This extends to give an isomorphism of aug-
mented simplicial objects:

Homz(p0 (%)%, ((L2)"H14°9) ™) 2 ((L2)* Homp(ryg ()%, %)) ™"
The isomorphism of the statement follows from Proposition 5.23. 0

By Proposition 5.3, the augmented simplicial structure on Hom g ((£*)®%, 1"*t*®) de-
scribed in Proposition 5.24 extends to a cosimplicial structure, where the additional structure
arises from the two morphisms d°, d! of F(X°P; k) given in (5.1). Composing with the isomor-
phisms @1 1 (10)H1® 5 (12)414*® gives a cosimplicial structure on Hom g (i) ((£%)®%, 1Z°*9).
For example, in cosimplicial degrees 0 and 1 this cosimplicial structure gives the two morphisms
of F(3°P; k):

dO
Homm p(p0) ()29, () 2?) dj Hom r (p,10) ((£*)®¢, LZ(t*®)(b))

where, for f € Homz(p)((t*)®?, ()8, d°f :=a@o (1°f) o YP(p=y@a and d'f:=ao PYeyer o f.

We begin by proving that the cosimplicial objects Hom z(p,i) ((£*)®%, 1Z*t*®) and [€*kHomg(—, a)]P
are isomorphic in cosimplicial degrees 0 and 1 using the maps DR, p introduced in Proposition
3.11.

Proposition 5.25. For a € N, we have the following commutative diagrams in F(3°P;k):

* a 4% d' * a * ~ * a 4%
HOHI]:(F;]k)((t )® ,t ®) %—Hom}-(p;k)((t )® ,J_Et ®) = J_EHOIIIJ:(F;E()((t )® ,t ®)
k@ﬁa,_T: :TEM)RB,
kHomg(—, a) 1FkHomg(—, a);

d():'r]]kHomQ(f ,a)
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* a 4% d° * a * ~ * a gk
Hom z(py1) ((£*) %%, *®) ——————— Homz(p,) ((t*)®*, 1Z¢*®) = PHom g0 ((t*)®, %)
k@ﬁa,T~ NTEI@,@B,_
kHomgq(—,a) FkHomgq(—, a).

dl:wkﬂomn(—,a)

Proof. Tt suffices to prove that the diagrams are commutative for b € Ob 3°P.
The case a = 0 is exceptional and can be treated directly; the details are left to the reader.
Let us treat the case a = 1. In this case, for b = 0 there is nothing to prove, so we may
assume that b > 0. By Definition 3.10, k®£; 1, sends the unique surjection b — 1 to the
standard generator &, : t* — (+*)®%. Using Proposition 5.9 (2) and Proposition 5.14

dl(gb) =0p O w(t*)@lb Ofb AR J_):(t*)®b o~ @ (t*)®b'
b’Cb

is equal to
+ f_b> (t*)®b ’_b> @ (t*)@)b/
b/'Cb
where iy, is the inclusion to the factor indexed by b’ = b. By Proposition 3.35 and the functoriality

of ¥, this is equal to the other composition in the first commutative diagram.
For the second commutative diagram, using Lemma 5.7 and Proposition 5.10 the map

(&) =@ o (1&) oy : 7 — 1Z(t7)®0 = P (#1)="

b'Cb

has component t* — (£*)®/P'l the standard generator &pr| for any () # b’ C b. By Proposition
3.33 and the functoriality of 1* this is equal to the other composition in the second commutative
diagram.

The case a > 1 can be deduced from the case a = 1 using the &;"-equivariant isomorphism
given in Lemma 3.9 as follows.

As in the Lemma, for a,b € N* there is a &,"-equivariant isomorphism

a
@ (® Hom r(pygq) (%, (%) %)) Tel%:l @;hij Homz(ryo ((£9) 27, (1) #°).
(by)e(N")* =1
o1 bi=b
This is compatible with the isomorphism of Lemma 3.9 via the isomorphism of Proposition 3.11.
Hence, for a > 1, it suffices to check the commutativity of the diagrams restricted to the

following submodules that are compatible via kDR, p:

) kHomg(bs,1) C  kHomg(b,a)

=1
a
(5.6) Q) Homr (o (£, (1)2%) © Homp(ry ()27, (%))
=1

for each sequence (b;). Here, the inclusion in (5.6) is given by the tensor product of morphisms.
The upper horizontal morphisms d°, d' in the statement of the Proposition are defined using
1", which is symmetric monoidal, by Corollary 3.22. Using this, their restriction to the submodule
in (5.6) can be calculated directly from the case a = 1. The result follows by direct verification.
O
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Proof of Theorem 5.1. We require to establish the isomorphism of cosimplicial X°P-modules:
Hom}-(p;]k)((t*)®a, 17°4*®) = ¢*kHomg (—, a)°P.

Proposition 5.24 has already established that the underlying augmented simplicial objects are
isomorphic. It remains to check that the first and last coface operators correspond.

In cosimplicial degree 0 and 1 the isomorphism is given by Proposition 5.25. The higher
cosimplicial degrees are deduced from this case, proceeding as in the passage to higher simplicial
degrees in the proof of Proposition 5.20. O

Remark 5.26. The result of Theorem 5.1 is stronger than stated, since it is also equivariant with
respect to automorphisms of a. Namely, there is an isomorphism of cosimplicial 3 x 33°P-modules:

Hom z(p50) (€, 17*¢*®) 2 ¢*kHomg (-, —)°P.

Here, it is important to recall that ¢t*® is considered as an object of F(I" x X°P;k); this allows
the two variances to be distinguished correctly.

6. THE COHOMOLOGY OF THE KO0SzZUL COMPLEX OF kHomg(—,a)

The purpose of this section is to calculate, for a € N, the cohomology of the Koszul complex
of the FI°’-module kHomg(—, a) introduced in Proposition 5.21. Evaluated upon b, this cal-
culation is achieved in Theorem 6.15, with information on the action of the symmetric groups
given in Theorem 6.20.

By Corollary 5.2 and Theorem 5.4, the cohomology of this Koszul complex gives access to
——Ra ——Rb —®a ——®b
the computation of Homﬂﬂ,k)(]k[—]® ,]k[—]® ) and Ext_l}.(ﬂ_k)(]k[—]@) 7]k[—]® ) (see Theorem
7.1) which are the main objects of interest of this paper.
For typographical simplicity we introduce the following notation:

Notation 6.1. For a € N, let C(—,a) denote the complex Kz kHomg(—,a) of X°P-modules, so
that C(b,a) = Kz kHomg(—, a)(b). Explicitly, for ¢ € N:

C(b,a)' = @ kHomg (b, a) ® Or(b\b{").
b b
b |=b—t
where Or is given in Notation 4.3 and the differential d : C(b,a)! — C(b,a)!*! is the morphism
of k-modules given on f ® a, where f € Homg(b®, a) for b() C b such that [b)] = b — ¢ and
a € Or(b\b("), by

d([fl®a) = > [fou] @ (yAa),
y€b®
fouy GHomQ(b(t) \{y},a)
where ¢, : b®\{y} — b® is the inclusion.

Remark 6.2. By Proposition 4.8, the construction Kz is functorial. This implies that C(—, —)
is a complex of ¥ x X°P-modules, since the symmetric group &, acts on kHomgq(—,a) by
automorphisms of FI°’-modules.

First we record the following exceptional cases:

Lemma 6.3. Fora €N,
(1) C(b,a) =0 forb < a;
(2) C(b,0) = Or(b), concentrated in cohomological degree b, which thus coincides with the
cohomology;
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(3) C(a,a) = k[S,], concentrated in cohomological degree zero, which thus coincides with
the cohomology.

This allows us to concentrate on the case b > a > 0 henceforth.

6.1. The case a = 1. This forms one of the initial steps of a double induction in the proof of
Theorem 6.15.

Proposition 6.4. For a =1 and b € N*¥,

. ~J Or(b) x=0b-1
H*(C(b,1)) = { 0 otherwise.

Proof. In the case b = 1, the result follows from Lemma 6.3, hence suppose that b > 1.
There is a short exact sequence of FI°P-modules

0—1—k— kHomg(—,1) — 0,

where k denotes the constant FI°’-module and 1 is as in Notation 4.14. By Proposition 4.8 this
gives rise to a short exact sequence of cochain complexes in F(X°P; k)

0 — Kz 1 — Kz k - Kz kHomg(—,1) — 0

which induces a long exact sequence in cohomology.

Since Kz 1 = C(—,0), by Lemma 6.3, for b € N*, (Kz 1)(b) has cohomology concentrated in
cohomological degree b, where it is isomorphic to Or(b).

We prove that Kz k has zero cohomology. This is proved as for classical Koszul complexes by
exhibiting a chain null-homotopy as follows. Firstly, (Kz k)!(b) identifies as

¢ orm”),

b”Cb
‘bll‘:t

noting that this includes the module k in degree t = b.
Define a chain null-homotopy & : (Kz k)!(b) — (Kz k)!~!(b) using the generators introduced
in Notation 4.3 by

Y 0 1¢b"
)= gy 1Ebn

where b” C b such that [b”| =t.
Note that, for b” C b such that 1 € b” and 2 € b\ b”, we have

hAAzAw®"\{1})) =z Awd”\ {1}).
The following calculations show that dh + hd = id, as required:
(1) f1¢b” doh(w(d"”)) =d(0) =0 and
hod(w(b”)) =h( Y zAw®d”) = Y h(zAw(b”)) = h(1Aw(b")) = h(w(b"U{1})) = w(b").
z€b\b” z€b\b”’
(2) If1eb”,
doh(w®d") = dw®d’"\{1}))= > zAwbd"\{1})
ze(b\b"”)U{1}

1Aw® \ {1+ Y zrwb’\{1}) =w®’)+ Y zAwd’\{1})

z€b\b”’ z€b\b"’
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and
hodw(®”) = h( Y zAwd’)= > hxzAwb’)
z€b\b"’ z€b\b"’
= Y h@alrw®’\{1})= > —h1AzAwb”\{1})
z€b\b”’ z€b\b”’
= Y —zAw®\{1}).
z€b\b"’

O

6.2. The top cohomology of C(b,a). The other ingredient to the double induction used in
the proof of Theorem 6.15 is the identification of the cohomology in the top degree b — a:

Proposition 6.5. If b > a > 0, then there is a &, x &,"-equivariant surjection of chain
complezes

(6.1) C(b,a) — Or(a) ® Or(b),

where Or(a) ® Or(b) is placed in cohomological degree b — a.
This induces an isomorphism of &, x &,"-modules:

H®=%(C(b,a)) = Or(a) ® Or(b).

In particular, for b C b such that |b'| = a — 1, (u,v) € (b\ b")?, fi € Homg(b' U {u},a),
f2 € Homgq (b’ U {v},a) such that filpr = fa|l and fi(u) = fa(v) then the cohomology classes of
the generators [f1] @ w1 and [fo] ® wy (where wy, we denote the respective canonical orientation
classes) are equal, up to a possible sign +1.

Proof. The result is proved by analysing the tail of the complex C(b, a):

C(b,a)b—a"1 d C(b,a)t—

@ i, kHomg(b,a) ® Or(b\b) —= @ ,cp kHomg(b',a) ® Or(b\b'),
bl=a+1 Ib’|=a

The surjection (6.1) is defined by the k-module morphism:
¥ : kHomg(b’,a) ® Or(b\b’) — Or(a) @ Or(b)
that sends a generator [f] ® w(b\b’), where f is a bijection f : b’ = a, to
w@ @ (fTF ) A... A (a) Aw(b\b')) € Or(a) ® Or(b).

To see that this sends boundaries to zero, consider a generator [g] @ w(b\b), where g : b — a
with |b] = a + 1. For such a g, there exists a unique i € a such that |g~*(i)| = 2, with all other
fibres of cardinal one; write g~ 1(i) = {u,v}. Then:

d([g] ® w(b\b)) = [glg\ (1] @ (0 A w(D\D)) + [gl5 (3] © (u A w(b\b)).

Now the images under v of the two terms of the right hand side differ only by the transposition

of the terms u, v in the wedge product in Or(b). The sum of these images is therefore zero in
Or(a) ® Or(b).
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_ In particular, for b’ Ccb such that [b’| = a—1 and w,wv, f1, f as in the statement, taking
b =b"U{u,v} and g € Homg(b,a) such that g(u) = g(v) and glg, r,, .} = filbr = f2[br we have

d([g] ® w(b\b)) = [/1] ® (v Aw(b' U {u})) + [f2] ® (u A w(d' U {v})) = 0.

Thus the cohomology classes of the generators [f1] ® wy and [f2] ® we are equal, up to a possible
sign +1.

One deduces that the cohomology H~%(C(b,a)) is generated by the class of the generator
[Ida) ® w(b\a), where a is considered as a subset of b by the canonical inclusion. This element is
sent to the generator w(a)®@w(b) of Or(a)®Or(b) by the surjection. It follows that the surjection
induces an isomorphism in cohomology.

Finally, by construction, the surjection of chain complexes is &, x & -equivariant, hence the
induced isomorphism in cohomology is one of &, x &;"-modules. O

6.3. The cohomology of C(b,a). We begin by considering the case b =a + 1.

Proposition 6.6. Fora €N,
k@Rk(a+1,a) x=0

H*(C(a+1,a)) =< k *=1
0 * > 1,
where
0 a €{0,1}
k 1 =
Rk(a +1,a) { (a—2)@ {1 451

In particular, the cohomology is k-free, concentrated in degrees 0 and 1.

Proof. The case a = 0 is given by Lemma 6.3.
For a > 0, by Proposition 6.5, H*(C(a + 1,a)) = k and the complex C(a + 1,a) is concen-
trated in degrees 0 and 1, with terms that are free k modules with:

1
rankC(a+1,2)° = a! (a—;— > = g(a +1)!
rank, C(a+1,a)! = alla+1)=(a+1),

by direct calculation. The result follows by observing that the image of the differential is a free
k-module of rank rank;C(a + 1,a)! — 1 and hence deducing that the kernel of the differential is
a free k-module of rank rank;C(a + 1,a)" — rank,C(a + 1,a)! + 1. (This can be viewed as an
Euler-Poincaré characteristic argument. ) |

In order to compute the cohomology of C(b,a) for b > a + 2 we will consider several subcom-
plexes of C(b, a). To construct these subcomplexes, we consider particular families of subsets of
Homg(b’, a), for b’ C b, which we will refer to as families of subsets of Homg (—, a), leaving the
restriction to subsets of b implicit.

Definition 6.7. Let X(b’) C Homgq(b’,a), for b’ C b, be a family of subsets of Homg(—, a),
denoted simply by X. We say that X is stable under restriction when, if f € X(b’) and f|p~ is
surjective for b” C b/, then f|p» € X(b").

Notation 6.8. For b > 0, denote the element b € b by x; this choice ensures that b\{z} =b — 1.

Example 6.9. The following families of subsets of Homg(—, a) are stable under restriction.
(1) The family X' such that

1+ _ | Homgq(b',a) ifx &b/,
X(b)_{@ ifzeb.
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(2) For y € a, the family )N(?f such that

<o | Homga(b',a) ifz b,
Xy (b) = { {f G%omg(b/,a)\f(x) =y} ifzeb.

(3) For y € a, the family )Z'[gly

(b') = Homg(b', a) %f &b,
X {f € Homgq(b',a)|l < f(z) <y} ifzeb.
(4) For y € a, the family X such that
2 — @ if x € b/,
X, () = { (f € Homg (W, a)|f'(y) = {z}} ifzeb.
By construction, there are inclusions of families of subsets
X, c X? CHomg(—,a)
U
Xl

] such that

Xi

and
X? =X CXfoC... CXf{i oy C Xfi 4 = Homg(—, a).
A family of subsets of Homgn(—,a) stable under restriction gives rise to a subcomplex of
C(b,a):
Lemma 6.10. If X is a family of subsets of Homg(—,a) stable under restriction, then the free
k-submodules, fort € N,
P xx(bY)eor(b\b") c C(b,a)f

b cb
[b®|=b—t

form a subcomplex of C(b,a), called the subcomplex generated by X .

Proof. This is clear from the definition of the differential of the complex C(b,a) that is recalled
in Notation 6.1. U

Applying this lemma to the families introduced in Example 6.9 we obtain the following sub-
complexes of C := C(b, a).
Definition 6.11. Suppose that b > a > 0 and set z :=b € b.

(1) Let D be the subcomplex of C generated by X1.
(2) For y € a, let
(a) C, be the subcomplex of C generated by Xj;

(b) fyC be the subcomplex of C generated by X[21 o)
(c) Cy be the subcomplex of C generated by Xy2.

The inclusions of families of subsets give the following inclusions of complexes

c,c C, cC
U
D

and the increasing filtration of subcomplexes
(6.2) C1=HCC§CC...Cfu1C C§,C=C.

These complexes are related by the following Lemma.
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Lemma 6.12. For a > 0 and y € a, there is a short exact sequence of complexes:

(6.3) 0—=D—§CoCphiy = f,11C — 0.

Proof. The inclusions D < §,C and D — (E;:l induce short exact of complexes:
0—-D—§,C—f§,C/D— 0; 0—>D—>(6;+/1—>((/3;+/1/D—>0.

Considering the pushout of D — §,C and I — (Ey:/l in the category of chain complexes we
obtain a short exact sequence of complexes
0—D—f,C&Cypr1 — f,CUp Cyi1 — 0.
For t € N, consider the following k-modules
A= P K{f € Homg(b", a)1 < f(z) <y} @ Or(b\b")
b®cb

[b®)|=b—t
zeb®

Bl = €P k{fecHomg(b" a)f(x)=y+1}x0r(b\b").
b®cb
b |=b—t
zeb®

We have the following isomorphisms of k-modules
(,C/D)f = A';  (Cypr/D) = BY;
Aty—i—l = AZ & Bgt/+1§ (fy(c)t =D'g AZ% (@;:ﬂt ~D'® Bgt,+1-
We deduce that
(},CUp Cypn)' D' & Ay © Bl X D' @ A}y = (F410)"

Using the definition of the differential of C recalled in Notation 6.1 we see that this isomorphism
of k-modules gives an isomorphism of complexes. O

The complexes D and C,, for y € a, are identified in terms of complexes of the form C(b’,a’)
as follows, where [1] denotes the shift of cohomological degree (i.e., C[1]* := C!~! by Notation
1.4):

Lemma 6.13. For a,b € N*, we have the following isomorphisms of complexres
(1) D=C(b - 1,a)[1];
(2) foryea, C,=C(b—1,a—1).

Proof. The isomorphism D! = C(b — 1,a)*~! is induced by the obvious map noting that
b® C b such that [b®)| =b—t and z ¢ b = b® b —1 such that [b®| = (b—1)—(t-1).

The isomorphism C}, = C(b — 1,a — 1)" is induced by the map C} — C(b —1,a — 1)’ forget-
ting the fibre above y together with the bijection of ordered sets a \ {y} X a—1

This proves that the underlying graded k-modules are isomorphic. The choice x = b ensures
that the signs appearing in the differentials are compatible with these isomorphisms. O

Crucially, this also allows us to understand the cohomology of (/va, by the following result:

Proposition 6.14. Ifb>a > 0, then j : Cy, — @: 18 a quasi-isomorphism.
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Proof. Tt suffices to check that the cokernel (C; of Cy — C; has zero cohomology.

¢
Using the notation introduced in the proof of Lemma 6.12, we have: C, = D'® B} and C},
is a submodule of B}, so that

¢
C, =p'e B /C

and D is a subcomplex of ((/3; SoD — (6; induces a short exact sequence of complexes

(6.4) 0—-D—C,—C,/D—0

where (C,/D)* = B! /CL.
We have the following isomorphisms

(C,/D) = B/C,
~ P K{feHoma(b®,a)|f(z) = y}/k{f € Homa(b®,a)|f '(y) = {z}} ® Or(b\b®)

b® cb
[b® |=b—t
zeb®

P Kk{f € Homa(b®,a)|f(x) =y and |~ (y)| = 2} © Or(b\b")

b cb
b |=b—t
zeb®

@ K/ cHomg(®d" a)} ® Or(b\b*Y)

b+ b
b1 |=p—(t+1)
z@b(tHD)

t+1
~ pitl

1%

1

where the fourth isomorphism is obtained taking the restriction given by removing the element
z = b from b®). These isomorphisms of k-modules are compatible with the differential of the
complexes, so that we have an isomorphism of complexes: (/C.; /D = D[-1].

The connecting morphism of the long exact sequence associated to (6.4) is induced by the
restriction given by removing the element = b from b’. This operation corresponds to the
isomorphism between ((/3; /D and D[—1]; so the connecting morphism is an isomorphism, which
implies the acyclicity of (E;, as required. O

Theorem 6.15. Ifb > a > 0, then H*(C(b,a)) is the free graded k-module

k *x=b—a
H*(C(b,a)) ¢ 0 O<s<b—aorx>b—a
]k@Rk(b,a) x=0

where Rk(b,a) = x(C(b,a)) — (—1)*=%, for x the Euler-Poincaré characteristic of the complex
C(b,a):
b—a

(€)= (1) (] ) Homa(b — t.a).

t=0

Proof. We consider the proposition P(b,a): the cohomology of C = C(b, a) is free as a k-module
concentrated in degrees 0 and b — a, with H°~¢(C) of rank one.

We prove that P(b,a) is true for all b > a > 1 by double induction upon 1 < a and upon
1<b—a.
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The initial case P(b, 1) is treated by Proposition 6.4 and the initial case P(a+ 1, a) is covered
by Proposition 6.6. The inductive step is to show that, given a pair (b,a) witha > 1 and b—a > 1
and such that P(b—1,a) and P(b— 1,a — 1) are true then P(b,a) holds.

For this, we will prove, by induction on y, the following stronger result: if P(b — 1,a) and
P(b—1,a — 1) are true then for all y € {1,...,a} the cohomology of §,C is free as a k-module
concentrated in degrees 0 and b — a, with H°~%(§,C) of rank one. The required result is then
obtained for y = a.

For y = 1, by Lemma 6.13 and Proposition 6.14 we have

H*(11C) = H*(C,) = H*(C1) = H*(C(b - 1,a - 1))

so the result follows by the assumption on P(b—1,a — 1).
To prove the inductive step we consider the long exact sequence in cohomology associated to
the short exact sequence (6.3) given in Lemma 6.12.

(6.5) ... = H'D) = H'(§,C) ® H'(Cyr1) — H'(f,41C) —» H' (D) — ...

Lemma 6.13 together with the inductive hypothesis for P(b — 1,a) implies that H*(D) is
concentrated in cohomological degrees 1 and b—a, with H*~%(D) = k and H'(D) a free k-module.
Moreover, as for the case y = 1, the cohomology of (Ey: is concentrated in cohomological degrees
zero and b — a, with Hb*“(((j;:l) = k and HO((EZ:l) a free k-module. So using the inductive
hypothesis on H*(f,C), we obtain that the exact sequence (6.5) reduces to the following:

o H'(f,4+1C)=0for 1 <t<b—a—2andt>b—aq;
e the exact sequence:

(6.6) 0 — H(,C) & H(Cyy1) = H(j,1C) — H' (D) — 0

in which H'(D) and H°(C, 1) are free k-modules;
e the exact sequence, in which d is induced by the inclusions D C §,C and D C C, 44

(6.7)
0— H"*1(},1,C) — H*"*(D) & H*~(5,C) & H* (T, 11) — H* *(f,+1C) — 0.

Using the exact sequence (6.6): by the inductive hypothesis H°(f,C) is a free k-module; since
H'(D) is a free k-module, the short exact sequence splits as k-modules giving that H°(f,,1C)
is k-free, as required.

Consider the exact sequence (6.7): recall that H*=¢(D) & H*~%(C,;;) = k. We prove that
the inclusion i : D < C, 1 induces an isomorphism H’~%(D) N H*=%(Cyq1).

The cocycle [Ida] @ w(b\a) € D~* generates H*~%(D). We will see that the cohomology class

——b—a —
of i([Ida) ®w(b\a)) € Cy1  generates H*=%(Cy41).
Consider b’ = a\ {y + 1} and f € Homgq(b’' U {z},a) given by f|pr = Ida|pr and f(z) =

y + 1, the cocycle [f] @ w(b\({z} UD')) € (CZ;‘{ generates H~%(C,41). By Proposition 6.14,

——b—a —
J(f@wb\({a} Ub)) € 6y " generates HO(Cyrn).

Adapting the second part of Proposition 6.5 to the complex Cy1; we obtain that the coho-
mology classes of i([Ida] ® w(b\a)) and j([f] ® w(b\({z} UDb'))) are equal (up to sign) (where
J:Cypq — (E;;/l) We deduce that i([Ida] ® w(b\a)) generates Hb’a((a;:l)‘

It follows from the exact sequence that H*=%71(f,41C) = 0 and H*~*(f,C) = H* %(f,4+1C)
which is of rank one by the recursive hypothesis.

It remains to identify the rank of the free k-module H°(C). By the first part of the proof,
C(b,a) is a complex of free k-modules of finite rank, concentrated in degrees between 0 and
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b — a. So we have

b—a b—a
X(C(b,a)) = > (~1)'rankiC(b,a)" = > (~1)'rank, H'(C(b, a)).
t=0 t=0

By the explicit form of the complex C(b,a) given in Notation 6.1 we have

b—a

K(Clb.2) = Y (-1} ) Homa(b - ¢ a).

t=0
Since H*(C) is concentrated in degrees 0 and b — a, we obtain
ranky H°(C(b,a)) = x(C(b,a)) — (=1)°“ranky H*~*(C(b, a))
and ranky H°~%(C(b,a)) = 1 by Proposition 6.5.

O

Remark 6.16. By Lemma 6.3, for a,b € N, H*(C(b,a)) = 0 if b < a, H*(C(b,0)) is k, concen-

trated in degree b and H*(C(a,a)) is k[S,] concentrated in degree 0.

Remark 6.17. The long exact sequence in cohomology given by [Ganl6, Theorem 1] suggests an
alternative approach to proving Theorem 6.15, based upon a similar strategy. Namely, choosing
the element z in the above proof corresponds to using the shift functor of FI°’-modules in

[Ganl16].

To implement this strategy using [Ganl16, Theorem 1] requires showing that the relevant

connecting morphism is surjective in cohomology.

By Lemma 6.3 and Theorem 6.15, for (b,a) € N x N, H?(C(b,a)) is a free finitely-generated

k-module. So we have a function Rk : N x N — N given by
Rk(b,a) = rank; H°(C(b, a)).
This function satisfies the following Proposition.

Proposition 6.18. The function Rk : N x N — N is determined by:

1 b=0
(6:8) Rk(b,0) = { 0 otherwise.
(6.9) Rk(b,a) = 0 forb<a
(6.10) Rk(a,a) = a!
(6.11) Rk(b,1) = 0  forb>1
(6.12) Rk(a+1,a) = (a72)(a—;1)!+1 fora>1
(6.13) Rk(b,a) = aRk(b—1,a—1)+ (a —1)Rk(b—1,a) forb—1>a>1.

Proof. The equalities (6.8), (6.9) and (6.10) are consequences of Lemma 6.3; (6.11) follows from

Proposition 6.4 and (6.12) from Proposition 6.6.

To prove the recursive expression (6.13), observe that the short exact sequence (6.6) given in

the proof of Theorem 6.15 implies the following equality for all y € {1,...,a — 1}:

ranky H(f,+1C) = ranky H(f,C) + rank H° (Cerl) + rank, H' (D).

Taking the sum over y, for 1 <y < a — 1, of these equalities, we obtain:

a—1
Rk(b, a) = ranky H°(f,C) = rank, H°(f,;C) + ZrankkH (Cyrr) + > rank, H' (D)

y=1 y=1



A PIRASHVILI-TYPE THEOREM FOR FUNCTORS ON NON-EMPTY FINITE SETS 47

=Y rank H°(C,) + Y rank H'(D).
Z 55

y=1
By Lemma 6.13 we have: rankkHl( ) = Rk(b—1,a), and by Lemma 6.13 and Proposition 6.14
we have: rank,H"(C,) = rank H°(C,) = Rk(b— 1,a — 1). O
Corollary 6.19. The function Rk : N x N — N satisfies the following equalities:

(6.14) Rk(b,2) = 1  forb>2

(6.15) Rk(b,3) = 2°—3 for b > 3.

Proof. To prove (6.14), note that Rk(3,2) = 1 by (6.12) and, for b > 3, we have b—1 > 2 > 1;
thus, by (6.13) and (6.11), we have
Rk(b,2) = 2Rk(b — 1,1) + Rk(b — 1,2) = Rk(b — 1,2)

so Rk(b,2) = Rk(3,2) = 1.
To prove (6.15), note that Rk(4,3) = 13 by (6.12) and for b > 4, we have b— 1 > 3 > 1; thus,
by (6.13) and (6.14), we have

Rk(b,3) = 3Rk(b — 1,2) + 2Rk(b — 1,3) = 3 + 2Rk(b — 1,3).

Taking the linear combination of these equalities for b > y > 5 we obtain:

b
S 2" VRK(y, 3) —3221’ y+2z2” “Rk(y - 1,3) —322“226 "Rk(y, 3

y=> y=> y=0
So Rk(b,3) = 3(2°=* — 1) + 2°~*Rk(4, 3) =2v-3. O

6.4. The cohomology as a representation. Recall that H*(C(b,a)) takes values in graded
&, x 6,P-modules. Proposition 6.5 identifies this representation in the top degree, * = b — a.

Working in the Grothendieck group of finitely-generated &, x &;P-modules, Theorem 6.15
(and its proof) give further information, beyond the dimension of H(C(b,a)). In the following,
the class of a representation M in the Grothendieck group is denoted by [M].

Theorem 6.20. Suppose that b > a € N*, then there is an equality in the Grothendieck group
of finitely-generated &, x &;°-modules:

b—a

[H(C(b,a))] = (=1)""**'[Or(a) ® Or(b)] + » (~1)"[C(b,a)']
t=0
= (—1)b_“+1[0f( ) ® Or(b)]
n Z “[(kHomg (b — t,a) @ Or(b\ (b — t))) nggtxgip ].

In particular, if k = Q, then this identifies the representation H°(C(b,a)) up to isomorphism.

Proof. Passage to the Grothendieck group allows the Euler-Poincaré characteristic argument
used in the proof of Theorem 6.15 to be applied to give the first stated equality. The second
expression then follows from Lemma 4.6.

The category of Q[&, x &;"]-modules is semi-simple, so this suffices to identify the represen-
tation up to isomorphism. O

Remark 6.21. Fora < b e N, 0 <t <b—aand k = Q, the permutation &, x GESt-modules
QHomg (b — t, a) arising in the statement of Theorem 6.20 can be identified by standard methods
of representation theory, so H°(C(b,a)) can be calculated effectively in this case.
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Example 6.22. Consider the case a € N* and b = a + 1, so that:

Cla+1,a) = KkHomg(a+1,a)
Cla+1,a) = k&,,,
where the action in degree zero is the natural one and, in degree one, &, acts on the left by

restriction along G, C G,41.
Theorem 6.20 gives the equality in the Grothendieck group of &, x &5 ;-modules:

[H(C(a+1,a))] = [Or(a) ® Or(a+ 1)] + [kHomg(a + 1,a)] — [k&S441].

(The case a = 0 is deduced from Lemma 6.3.) Consider the case a = 2 and restrict to the
GSq-action (for the inclusion of the first factor in G5 x G37). Both k&3 and kHomg (3, 2) are free
k&s-modules of rank three; this gives the equality in the Grothendieck group of Go-modules:

[H°(C(8,2))] = [sgne,]:

by identifying Or(2) as the signature representation.
For k = Q, this shows that H°(C(3,2)) is not a permutation representation as a Gy-module
and hence cannot be a permutation representation as a Gy x &3"-module.

7. COMPUTATION OF Homgg; AND Exti—
mn

In this section we combine our previous results to prove our main result, Theorem 7.1, cal-

culating the groups that interest us. From this, we deduce properties of the objects [f]®a €
Ob F(Fin; k). Recall that the function Rk : N x N — N is defined before Proposition 6.18.

Theorem 7.1. For a,b € N, there are isomorphisms
7®a’r{[7]®b) o Ik@Rk(b,a)

Hom r 5.5 (K[]
®b) N { k b=a+1

1 TR ~
Eth(ﬂ;lk)(]k[ ) 0 otherwise.

Kk[-]

Proof of Theorem 7.1. By Theorem 5.4, for a,b € N there are isomorphisms:
®Ra ———Rb

Hom - i (17" B[™) 2 HO(Homqryg ()2, 17°(9)2)
ExtY, o (1 K1) = B (Homuerg (19)27, 17 (1)),

By Theorem 5.1 (or its Corollary 5.2), there is an isomorphism in graded X°P-modules:
H*(Hom}-(p;]k)((t*)‘@a, 17°t*®)) =2 H*(Kz kHomg(—, a))

By Lemma 6.3, for b < a, Kz kHomg(—,a)(b) = 0, Kz kHomg(—,a)(a) = k[&,], concentrated
in cohomological degree zero and Kz kHomg(—, 0)(b) = k concentrated in cohomological degree
b. For b > a > 0, the calculation of these cohomology modules is given by Theorem 6.15. O

Theorem 7.1 gives the following:
Corollary 7.2. Fora €N,
1) k= ]k[—]®0 is injective if and only if k is an injective k-module;
(2) Ik[—}®a is not injective if a > 0;
(3) Ik[—]®a is not projective.
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Proof. The argument employed in the proof of Proposition 3.15 implies that k = ﬁ@m is
injective if and only if k is an injective k-module.
The non-vanishing of
—R®a ——Qa+1
Exth g KT K] ) 2k
for any a € N, given by Theorem 7.1, implies the remaining non-projectivity and non-injectivity
statements. ]

For the next Corollary we use the following Notation:
Notation 7.3. For a € N* and b € N*| let

Ry, : kHomg(b,a) — @ kHomgq(b', a)
b'Cb
b/ =Jb|—1
denote the map induced by restriction along subsets b’ C b with |b’| = |b| — 1.

Corollary 7.4. For a € N* and b € N*, we have

Horm r 0 (K], K[]™) 2 HO(Kz kHoma (—, a)(b)) 2 ker(Ry,q).

— —®a

In particular, this allows us to consider Hom r g 4 (k[ -] ,]k[—]®b) as a submodule of kHomg (b, a),

equipped with its natural &, x &;°-action.

Proof. For the first isomorphism, combine Theorems 5.4 and 5.1 as in the beginning of the proof
of Theorem 7.1. For the second, use Definition 4.5. O

As in Section 6.4, the statement of Theorem 7.1 can be refined by taking into account the
natural &, x &,"-action.

Proposition 7.5. For a < b€ N*, there is an equality in the Grothendieck group of &, x &P~
modules:

—Ra ®b

[Hom z 57,10 (k[-] K1) = (1) sgng, ®sgng,] +
b

|
Q

(—1)'[(kHomg(b — t,a) ® sgng, ) Tg%gtxeip J

t=

(=)

APPENDIX A. NORMALIZED (CO)CHAIN COMPLEXES

This short appendix fixes our conventions on the normalized cochain complex associated to a
cosimplicial object in an abelian category /. We start by reviewing the slightly more familiar
simplicial case.

First recall (see [Wei94, Chapter 8], for example) that there is an unnormalized chain complex
C(A,) associated to a simplicial object A, in &7 with C'(A4,), = A, and differential given by the
alternating sum of the face maps.

The normalized chain complex N(A,) is defined (see [Wei94, Definition 8.3.6]) by

n—1
Ni(Ad) = [ ker(9; : A, — A1),
i=0
where 9; denote the face maps, and the differential is given by d := (=1)"9,,. The inclusion
N(A,) — C(A,) induces an isomorphism in homology.
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The chain complex C'(4,.) has an acyclic subcomplex D(A,) C C(A,), where D(A,) is the
subcomplex generated by the degenerate simplices. There is an isomorphism:

N(AJ) = C(Al)/D(Ad),

and hence the right hand side gives an alternative definition of the normalized complex.
In the cosimplicial setting, for C'* a cosimplicial object in <7, the associated unnormalized
cochain complex (C*,d) has differential d given by the alternating sum of the coface maps.

Definition A.1. For C'* a cosimplicial object in .27, the normalized cochain complex (N(C*),d),
is given by
n—1

N(C*)" = Coker (Pt 5 )
1=0

with differential d := (—1)ntigntt. N(C')n — N(C.)n+1-

It can be more convenient to work with the isomorphic complex N(C*®) that is given as
a subcomplex of the cochain complex (C*,d); this is analogous to working with the quotient
complex C(A,)/D(As) in the simplicial case.

Definition A.2. For C* a cosimplicial object in o, let (N(C*®),d) denote the subcomplex of
(C*,d) given by:

- n—1

N(C*)" := ker (C” 5 @ C"il).
=0

As in the simplicial case, one has an isomorphism between the respective constructions of the
normalized cochain complex:

Proposition A.3. The inclusion (N(C*),d) — (C*,d) is a cohomology equivalence and induces
an isomorphism of cochain complexes (N(C*®),d) 5 (N(C*®),d).

APPENDIX B. COSIMPLICIAL OBJECTS FROM COMONADS

In this appendix, we associate to a comonad two natural coaugmented cosimplicial objects of
a different nature. The first construction is a cobar-type cosimplicial resolution, extending the
canonical augmented simplicial object recalled in Proposition B.3, and the second one encodes
the notion of morphisms of comodules.

Notation B.1. For a category %, let (L, A, ) be a comonad, where A :1—11 and ¢ : L— Id
are the structure natural transformations.
(1) The structure morphism of a 1-comodule M is denoted ¥y : M —L M and this L-
comodule by (M, ).
(2) The category of L-comodules in % is denoted by %, and the morphisms in €, by
Homl(f, 7).
(3) Morphisms in % are denoted simply by Hom(—,—) to that there is a forgetful map
Hom, (—,—) — Hom(—, —).

We record the standard fact:

Proposition B.2. Let € be an abelian category equipped with a comonad (L, A €) such that L
is exact. Then the category €1 of 1-comodules in € has a unique abelian category structure for
which the forgetful functor €. — € is exact.

Recall the natural augmented simplicial object 1**! X associated to any X € Ob %.
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Proposition B.3. [Wei94, 8.6.4] For a comonad (L,A,e) on the category € and X € Ob €,
there is a natural augmented simplicial object L*T1 X, which is L™ X in simplicial degree n
and has face operators induced by € and degeneracies by A:

61‘ :J_Z E|ln—ix : J_n+1 X—1"X
o =LAy = L"TPX 5inT2 X,

The augmentation is given by ex 1L X — X.

The augmented simplicial object L*+! X of Proposition B.3 has the form :

P - L P
=11l X T Z 11 X571 X —ex—>X

B.1. A cobar-type cosimplicial construction. In this section we show that, when X € Ob ¥
is a 1-comodule and the comonad L is equipped with a coaugmentation 7 : Id — L satisfying
Hypothesis B.5, then the augmented simplicial object 1**! X given in Proposition B.3 can
be extended naturally to a coaugmented cosimplicial object. This is a cobar-type cosimplicial
construction for L-comodules.

For this, we recall that there is an augmented simplicial object underlying any cosimplicial
object. (See Notation 1.2 for the notation used.)
Proposition B.4. There is an embedding of categories Ak, — A given by [n] — [n + 1] on
objects, for —1 < n € Z and §; — s;, 0 — d;11. In particular, for any category €, restriction
induces a functor A€ — AR, C from the category AT of cosimplicial objects in € to the

category ASL € of augmented simplicial objects in €.

aug

Proof. Analogous to the proof that Connes’ cyclic category is isomorphic to its opposite given
in [Lod98, Proposition 6.1.11]. O

To define the coaugmented cosimplicial object of Proposition B.6 we require that the comonad
L satisfies the following:

Hypothesis B.5. Suppose that there exists a natural transformation 7 : Id —_L such that
(1) eon=1lg;
(2) the following diagram commutes:

Id—21 > |

| |a

1L——11.
nL

The augmented simplicial object of Proposition B.3 extends to give the following cosimplicial
object in % .

Proposition B.6. Let (L, A,¢) be a comonad on the category €, equipped with a coaugmentation
n satisfying Hypothesis B.5. For (X,1x) € Ob €, there is a natural cosimplicial object €*X in
€ with € X =1" X in cosimplicial degree n and structure morphisms

e —

SO:EX\ SOZJ-EX\ Lo
—d =n1x>

Z o_ e
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given explicitly as follows: d', € Homg (L' X, 1" X) for 0 < i < 1+ 1 and Sil+1X €
Home (L X, 11 X) for0<j <1,
) nitx 1=20
Yy = Lt Ay 0<i<li+1
Lhypx i=1+1
SjLHlX = J_j Eli-jix-

The underlying augmented simplicial object given by Proposition B./ is the augmented simpli-
cial object L*T1 X of Proposition B.3.
If € is abelian and L is exact, then €° is an exact functor €, — A%E.

Proof. The construction in the statement is natural with respect to the 1 -comodule X. Moreover,
by inspection, the underlying augmented simplicial object is L*T' X. Hence, to verify the
cosimplicial identities it suffices to check those involving 1 or ¥. Moreover, it is straightforward
to deduce these from those for the displayed part of the structure.

The required identities follow from:

Lyxopx = Axox, by coassociativity of ¥x
nixovx = Ly onx, by naturality of
Axonx = mniLxonx, by Hypothesis B.5 (2)
exo®x = lx, by the counital property of 1 x
exonx = lx, by Hypothesis B.5 (1)
e1xo Liyx = xoex, by naturality of e
lexonix = mnxoex, by naturality of 7.

The above construction defines a cohomology theory for |-comodules in %

Definition B.7. Let (L, A, &) be a comonad on the abelian category % such that L is exact,
equipped with a coaugmentation 7 satisfying Hypothesis B.5. For (X, ¢ x) € Ob ¢, and n € N,
let H7 (X) be the n-th cohomology of the complex associated to €*X.

Example B.8. Using the notation of Definition B.7, one has the identification
HY (X) = equalizer( X “/XZ L X ).

This can be considered as the primitives of the L-comodule X (with respect to 7).

In order to justify considering the above as a cohomology theory for | -comodules, it is impor-
tant to understand its behaviour on cofree 1-comodules; namely, for Y € Ob ¢, one considers
the cofree comodule (L Y,Ay) in ¥,. By Proposition B.6, we have the cosimplicial object
e (LY).

Proposition B.9. Let (L, A, ¢) be a comonad on the category €, equipped with a coaugmentation
n satisfying Hypothesis B.5. For' Y € Ob ¥, the cosimplicial object €*(L Y) associated to
(LY,Ay) € Ob €, is coaugmented via

Y1y =¢LY).

Moreover, the counit ny : LY =Y equips € (L Y) with an extra codegeneracy.
If € is abelian, the extra codegeneracy provides a chain nulhomotopy, so that the complex
associated to the coaugmented cosimplicial object Y — €*(LY) is acyclic.
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Proof. The second condition of Hypothesis B.5 ensures that Y ™ 1 Y equalizes d° and d*, hence
defines a coaugmentation of the cosimplicial object €*(L Y).

The counit L Y 2% Y therefore provides an extra codegeneracy of the coaugmented cosimpli-
cial object. Since ey o7y is the identity on Y by the first condition of Hypothesis B.5, the extra
codegeneracy defines a chain nulhomotopy. O

The formal properties of H} are summarized by:

Corollary B.10. Let (L, A,e) be a comonad on the abelian category € such that L is exact,
equipped with a coaugmentation n satisfying Hypothesis B.5.
Then H7Y is a 6-functor on € such that, for Y € Ob €:

" oY n=0
HL(LY):{ 0 n>0.

Proof. By Proposition B.6, €°® is an exact functor from %, to A%. In particular, it sends a short
exact sequence of | -comodules to a short exact sequence of A%. Taking cohomotopy therefore
gives a long exact sequence in cohomology, thus giving the §-functor structure.

Proposition B.9 then shows that this d-functor is effacable (see [Wei94, Exercise 2.4.5], for
example, for this notion) by cofree L-comodules. O

B.2. The cosimplicial object Hom(M, L* N). In Proposition B.14 we show that, given a
comonad | on a category %, the natural inclusion of morphisms of |-comodules extends to a
natural coaugmented cosimplicial object.

In the abelian setting, when L is an additive functor, this gives rise to an associated complex.
Theorem B.23 gives an interpretation of the first two cohomology groups.

Definition B.11. For M, N € Ob ¥, define the natural transformations:

/82\

d
Hom(M, N) —= Hom(M, L N)
dl
by d°y := (L ¥)¢ar; dby := ¥y and s°C := en( for v € Hom(M, N) and ¢ € Hom(M, L N)
corresponding to composites in the (non-commutative) diagram:

M

’Y\L ij_'y

N 1N N.
YN EN

Proposition B.12. Using the notation of Definition B.11,

dU
(1) Hom, (M,N) ——> Hom(M,N) —= Hom(M, L N) is an equalizer, where Hom (M, N) —
dl

Hom(M, N) is the canonical inclusion;
(2) there are equalities s°d° = id = s°d*.

Proof. The first statement is by definition of a morphism of | -comodules, corresponding to the
commutativity of the square in Definition B.11. The second is a straightforward verification,
using the fact that et is the identity on N (likewise for M) and the naturality of . O

The following is clear:
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Lemma B.13. For M, N € Ob €., the natural augmented simplicial object 1 *1 N in € given
by Proposition B.3 induces a natural augmented simplicial structure:

Hom (M, L*T N).

The following result shows that this extends (as in Proposition B.4) to a cosimplicial object:
Proposition B.14. For M, N € Ob €, , there is a natural cosimplicial object Hom(M, L* N)
given by Hom(M, Lt N) in cosimplicial degree t, such that:

(1) the underlying augmented simplicial object is that of Lemma B.13;
(2) the remaining coface maps d°, d* : Hom(M, 1.* N) = Hom(M, LTt N) are given by
dy = (Ly)¢m
dtly = (L'Yn)y
for v € Hom(M, Lt N);

(3) the canonical inclusion Hom | (M, N) — Hom(M, N) defines a coaugmentation of the
cositmplicial object Hom(M, L* N).

If € is an abelian category and L is an additive functor, then this gives a coaugmented cosimplicial
abelian group.

Proof. Proposition B.12 establishes the cosimplicial structure up to cosimplicial degree one to-
gether with the coaugmentation.
Because of the nature of the construction, it is sufficient to verify the cosimplicial identities
for
d'd® : Hom(M,N) — Hom(M, LL N)
s'd? : Hom(M,L N)— Hom(M, L N).

These are consequences of the axioms for a comonad and comodules over this comonad. For
example, d°d’y is, by definition, the composite

(L (L)) ¥ar = (LLy)(L Yar)Yumr

whereas d'd%y is the composite Ax (L ¥)ps.
That these coincide follows from the commutativity of the following diagram:

M N

4R

1 M—11M— 11N,
LYm Ll

where the left hand square commutes by coassociativity for M and the right hand square by
naturality of A. The remaining verifications are similar and are left to the reader.

Finally, if ¢ is abelian and L is additive, then each Hom(M, 1t N) is an abelian group, the
functor L induces a group morphism Hom(—,—) — Hom(Ll —, L —) so that, together with
biadditivity of composition, the above construction yields a coaugmented cosimplicial abelian
group. g
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Example B.15. For ¢t = 1, the morphisms d’ correspond to the three possible composites in the
(non-commutative) diagram
Ym
M——-1M

e

IN—2 11N
Lo

and s°, s! are induced respectively by the composite with ey, L ey : L1 N =1 N.

Corollary B.16. Suppose that € is abelian and 1 is additive, then the complex associated
to the coaugmented cosimplicial object of Proposition B.14 for M, N € Ob ¥\ yields a natural
coaugmented cochain complex in abelian groups:

0 — Hom, (M, N) — Hom(M, N) — Hom(M, L N) - Hom(M, L1l N) — ...,
with Hom(M, 1t N) placed in cohomological degree t.
In the rest of this section we assume:
Hypothesis B.17. The category % is abelian and L is exact.

Remark B.18. Proposition B.2 implies that the category €| of L-comodules in % is an abelian
category and the forgetful functor ¥, — ¥ is exact.

In order to give an interpretation of the first and second cohomology groups of the cochain
complex obtained in Corollary B.16 we need the following notation.

Notation B.19. Denote by

(1) Ext'(—, —) the group defined via classes of extensions in €’;
(2) Extl (—, —) the group of classes of extensions in %, .

The following is clear:
Proposition B.20. The forgetful functor induces a natural transformation
Ext! (-, =) = Ext!(—, —).
Notation B.21. Write mi_(—, —) for the kernel of the transformation Ext} (-, =) — Ext*(—, —).

Remark B.22. If the underlying object of the 1-comodule M is projective in €, then mi (M,—-) =
Ext! (M, —).

Theorem B.23. For M, N € Ob %, the first two cohomology groups of the cochain complex
(Hom(M, L* N),d) associated to the cosimplicial object of Proposition B.1} identify as:

H°(Hom(M, 1* N)) = Hom, (M,N)
HY(Hom(M, L* N)) Ext| (M, N).

1%

Proof. By Proposition B.14, the beginning of the unnormalized cochain complex associated to
Hom (M, L* N) is of the form

(B.1) Hom(M, N) 2% Hom(M, L. N) 23 Hom(M, L1 N),
with Hom (M, N) placed in cohomological degree zero, where
007 = (LV)Ym — YN

0¢ = (L OQvm + (Lyw)) — AnC.
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The complex (Hom(M, L* N),d) has the same cohomology as its normalized complex (as in
Definition A.2, this is defined as a subcomplex); in degree zero these coincide, whereas in degree
one Hom(M, L N) is replaced by the kernel

Hom(M, L N) := ker{Hom(M, L N) "% gom (a1, N1

Thus, to calculate the cohomology in degrees 0 and 1, in the complex (B.1), one can replace
Hom(M, L N) by Hom(M, L N).

The identification of the kernel of 9y (and hence of H°(Hom(M, L* N))) follows from Propo-
sition B.12. It remains to show that H*(Hom(M, L® N)) is isomorphic to mi(M, N).

An element of ﬁi(M , N) represents an equivalence class of extensions of |-comodules of
the form

0—+N—-E—-M-—0

such that the underlying short exact sequence splits in &, so that E =2 M & N. Fix a choice of
this splitting.

It follows that the structure morphism v : E —1 FE is determined by vy, ¥ and a
morphism ¢ € Hom(M, L N). Indeed, such a ¢ gives a comodule structure on F (with respect
to the given splitting in € as above) if and only if e ;¢ = 0 and 9,¢ = 0, since the first condition
is equivalent to the counit axiom and the second to the coassociativity axiom.

Hence, the above construction defines a surjection:

ker {Hom(M, L N) 33 Hom(M, L1 N)} — Ext, (M, N).
It remains to show that the kernel of this surjection is the image of 9.
The morphism ¢ maps to 0 in mi (M, N) if and only if there exists a retract of N — E in
L -comodules. With respect to the given isomorphism F = M @& N in %, this is determined by a
morphism v: M — N in %.
It is straightforward to check that v induces a morphism of comodules E; — N (where

E¢ denotes E equipped with the L-comodule structure corresponding to ¢) if and only if { =
—00’)/. O

In the rest of this section we study the extra structure obtained when the category % is tensor
abelian with respect to ® and the functor L is symmetric monoidal.
The following is standard:

Lemma B.24. The tensor product induces a symmetric monoidal structure on €, ; the comodule
structure morphism of M ® N is

M® N M3 (1 M)® (L N) =1 (M & N).

The behaviour of (relative) extensions under tensor product with a comodule is described by
the following;:

Proposition B.25. Let A, M, N be |-comodules. Then
(1) the functor A® — : € — € induces a morphism of abelian groups
Ext, (M,N) — BExt, (A® M, A® N);

(2) under this morphism, the extension represented by ¢ : M —_L N is sent to the extension
represented by

YPa®C:AM = (LA)®(LN)~L (A®N).
Proof. The result follows from the definitions and by analysis of (the proof of) Theorem B.23. O
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