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Abstract

We consider the randomly biased random walk on trees in the slow movement regime as in
[HS16], whose potential is given by a branching random walk in the boundary case. We study the
heavy range up to the n-th return to the root, i.e., the number of edges visited more than k; times.
For k, = n® with 6 € (0,1), we obtain the convergence in probability of the rescaled heavy range,
which improves one result of [AD20].

MSC: 60K37, 60J80, 60G50
Keywords: randomly biased random walk, branching random walk, Seneta-Heyde norming.

1 Introduction

Let T be a supercritical Galton-Watson tree rooted at p. And to any vertex x € T \ {p}, we assign
a random bias A, > 0. For any vertex x € T, denote its parent by x* and denote its children by
xl,x2,- -, xNx where N, denotes the number of its children which could be 0 if there is none. Now
for given € := {T, (Ax)em\ {p} }, let (Xu)n>0 be a nearest-neighbour random walk on T, started from
Xo = p, with the biased transition probabilities: for any x,y € T,
A ; .
b () — Hsz{“&i' %fy = x]*for someje€ {1,..., Ny} W)
T A ;ify = x*.
For convenience, to the root p, we add artificially a vertex p* to be its parent and let (1.1) holds also
for x = p with p®(p*,p) = 1. Obviously, this is a random walk in random environment. In particular,
when A, equals some constant A > 0 for any x, this is known as A-biased random walk on Galton-
Watson tree, which was introduced and deeply studied by Lyons [Lyo90, Lyo92] and Lyons, Pemantle
and Peres [LPP95, LPP96].
In our setting, we assume that {A,, -, A}, x € T are i.i.d. copies of the point process A =
{A1,---, AN} where N € IN represents the offspring of the Galton-Watson tree T. Let P denote the
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probability measure of the environment £. Given the environment &£, denote the quenched probability
by P®. Then P(-) := [IP¢(-)P(d€) denotes the annealed probability. We always assume E[N] > 1
so that T is supercritical, i.e. T survives with positive probability. Let P*(-) = P(-|T survives ) and
P*(-) = P*(-|T survives).

In this setting, we could describe the environment &£ by a branching random walk. For any x € T,
let |x| be its generation, i.e., the graph distance between the root p and x. For any x,y € T, we write
x < yif x is an ancestor of y and x < yif x < y and x # y. Let [p, x] be the ancestral line of x, that is,
the set of vertices on the unique shortest path from p to x. In this ancestral line, for any 0 < i < |x|, let
x; be the ancestor of x in the i-th generation; in particular, xo = p and x|,| = x. Then, define

x|
V(x):=—) logA,, Vx €T\ {p},
i=1
with V(p) := 0. Usually, (V(x), x € T) is viewed as the potential of the random walk. Immediately, we
see that (V(x), x € T) is a branching random walk whose law is governed by that of £ := {V(x), |x| =
1}. Note that A is distributed as {e=V™), |x| = 1}.
From now on, we write the environment by this branching random walk, i.e., £ = (V(x),x € T).

Then, the transition probabilities of the random walk (X}, ),>0 can be written as follows

g_V(x>

{ﬂjg(XnJrl = x*|Xn = x) = G’V(x)+):y:y*:x e V()

-V(y)1
£ — — — € {y*=x}
P (Xn41 = y|Xn = x) = VI, e V@

(1.2)

Throughout the paper, we assume that the branching random walk is in the boundary case, that is,

E [ Y eV(")] =1, E

|x[=1

Y V(x)ev(x)] =0. (1.3)

|x[=1

We also assume the following integrability condition: there exists certain dy > 0 such that

E [ Z o~ (1+d0)V(x) Z %oV (x)

|x|=1 [x|=1

+E < co. (1.4)

In addition, we assume that

E[N?] +E
|u|=1

2
( Y 1+ V+(u))2e_v(”)> ] < o, (1.5)

where V, (1) := max{V(u),0}. Immediately, one sees that ¢ := E[¥j,|_ V(u)2e V] € (0,00). We
take o = Vo2

The criteria of recurrence/transience for random walks on trees is established by Lyons and Pe-
mantle [LP92], which shows that the walk (X}, ),>0 is recurrent under (1.3). Further, Faraud [Far11]
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proved that the walk is null recurrent under (1.3) and (1.4). Hu and Shi studied the walk under these
assumptions, and showed in [HS07] that if T is regular tree, then a.s., asymptotically, maxo<;<, | Xi| =
@((logn)?). So the walk is called in a regime of slow movement. Later, under (1.3) and (1.4), Faraud,
Hu and Shi proved in [FHS12], on the survival of T, a.s. ,

lim M = Cst. (1.6)
n—co (lOg 71)3

Further, Hu and Shi obtained in [HS16] that (1c|>}g<:1‘)2 converges weakly. The spread and the range of this

walk have been studied in [AD14] and [AC18]. In this paper, we study the heavy range of the walk in

this slow regime.

Define the edge local time for the edge (x*, x) as follows

n
Lx(n> = Z I{qu:x*,xk:x},Vn > 1.
k=0

Let o := 0 and
Ty c=1inf{k > 7,1 : X4_1 = 0", Xk = p},Vn > 1.

Then fp(rn) = n. It can be seen from [HS15] that max,eT Ly (7y) is of order n in probability. For any
6 € (0,1), define
R>" = 1+ .
(Tn) x;l" {Le(t)>n?}
We are interested in this so-called heavy range, which was first considered by Andreoletti and Diel

[AD20]. They show that in any recurrent case, under IP*, in probability, R>”9(Tn) = nboto()) where

¢p > 0 is a constant depending on the regimes and on 6. In the sub-diffusive and diffusive regimes,

>nf
our upcoming paper with de Raphélis [CdR] will prove the convergence in law of R/Tgr”)

annealed and quenched probability. In the slow movement regime, itis given in [AD20] that {y = 1 — 6.

>nf
We obtain the convergence in probability of X7
n

under the

under IP* in this paper.
Let us state the main result as follows.
Theorem 1.1. Forany 6 € (0, 1), the following convergence in probability holds:
RZ" () inp
]/1176 n—oo
where Doo > 0 is the P*-a.s. limit of the derivative martingale (D = Yy, V(x)e V)50 and A(8) is a
positive real number whose value is given in (1.12) later.

s A(6) Deo, (1.7)

Remark 1.2. Note that for 6 = 0, the total range up to T, has been studied in [AC18] and is of order n in
probability IP*.

Under (1.3), D, is a martingale with respect to the natural filtration {F,;n > 0} with F,, :=
o(V(u);|lu] < n). Under (1.4), it converges a.s. towards some non-degenerate limit according to
Theorem of [BK04]. Moreover, P(Ds > 0) = P(T survives) under (1.4).
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1.1 Sketch of proofs and organisation of the paper

Write ffcn) for Ly(t,). In addition, up to the n-th return to p*, define the number of excursions visiting

X by
O ~
Ey’ = ]{_le{ajE(kaka],Xj:x}, Vn > 1.

Then define
0 . .
R ) 1= L gz ) T ST S0

It is clear that
(tu, ) = Y RZ" (T4, ) + RZ" (74, 1).

log R>" (tw) P

1—-0.
logn n—oco

We are going to treat )i » rR>" (Tn, j) and R>" (Tn, 1) separately and show the convergences in proba-

bility of
1
nl-o 4

n
. 1
R>n9 (Tn,]) and WR>”H (Tn/ 1)/
j=2

under the annealed probability IP*. In fact, we have the following results.

Proposition 1.3. Forany 0 € (0,1), the following convergence in probability holds:

1 & 0 -~ P
1,119];2 RZ" (T, ) ——— No(0) Des, (1.8)
where /3
2 b 0 1—6.du
Ao(0) 1= —= — 1.
0(0) = s | ol (19)
with Cy defined in (A.28).

Proposition 1.4. For any 6 € (0, 1), the following convergence in probability holds:

1 0 P*
=R (T, 1) 7= M1(6) Do, (1.10)
where L e
®© ds
A(6) = / = s 111
1(0) CROQ(\/gﬁ)S (1.11)

with G(a,b) defined in (A.30) and cg defined in (A.4).



Theorem 1.1 follows directly from Propositions 1.3 and 1.4 with

A(6) = Ao(8) + A1 (6). (1.12)

du

Here the finiteness of Ag(6) can be checked immediately as Ag(f) < % Is a( 761)— < oo. For
A1(0), by change of variables r = s(1 — u) and t = su, one sees that

c—//C 1-6 0 ) du ds
R i \/sl—u Vs —u) (T—u)u s

1—9 6  dr dt  cre_y/mo o0 dt
_“R*/ \/?)r/o Cont =" M 0 [} €

where the finiteness of f = Mdt has been verified in Lemma A.1 of [AC18].

Let us do some basic calculations here. For any x € T U {p*}, let Ty be the first hitting time at x:

S

Ty :=inf{k > 0: X = x}.

Then, it is known that

PE(T, < T, ! e 1.13

t =y (T < p*)_zryeﬂp,xﬂev(y)_ Hy ’ (1.13)
1

by :=P% (T < Tpe) =1 — o (1.14)
X

where H, := 2 VW)=V,
yelpA]

As a consequence, for any fixed x € T,
P4 (Ly(t) =0) = 1 —ay and P4 (Ly (1) > k) = a bl ', vk > 1.

Then by Markov property, under 1135 , (Ly(Ty+1) — Ly(Ty))n>1 are ii.d. random variables distributed as
L.(7). Moreover, EJ(C”) is a Binomial random variable with parameters n and a,. Let
V(x):= max V(y)and V(x) := min V(y),Vx € T.
yelpl yelpA]
Then a, < e*V(x), H, < eV () -V(x),

To get )./ » R>" (Tu,j), we need to consider the individuals x € T such that {L(7,) > n?, EJ(C") >
2}. As a, < eV, the individuals with V(x) > logn would be visited in at most one excursion with
high probability. We thus take {x € T : V(x) < logn}. On the other hand, E¢[L,(t,)] = ne~V®. So,
the event {V(x) < (1 —0)logn} involves also. Actually, we could verify that with high probability

under P*,

9
Y R (1, )) Zl{V %)Slogn,V(x)S(1-0) logn }*

j=2 xeT



The asymptotic of the latter will be treated in Lemma 3.2.
To get R>" (Tw, 1), we are going to compare it with its quenched expectation. We see that

1’19 n?

EE[R>" (1,,1)] = Y na (11— a,)" 10" 1 a0 ) e‘V(x)(Hx e )

xeT xeT
as we only need to count the individuals with {V(x) > logn} so that they are visited only by one
excursion with high probability. Here we take {V(x) — V(x) ~ 6logn} so that H, = @(n’) as H, and

V(x)-V(x)

e are comparable. In additional, it is known in [HS16] that up to 7, with high probability, the

walker has not visited the stopping line {x € T : max,<y<x H, < v, < Hy} with v, = (logLn)W for any

v > 0. By bounding the quenched variance of rR>" (1, 1), we could verify that with high probability,

0 0
R>”9(Tn,1) ~nl? Y. e’V(")(”—e—HT)

= H, 1{V(x)210g 1,V (x)—V(x)~0lognmax,<y<x H}/<rn}'

The asymptotic of the latter will be given in Lemma 4.5.

The rest of the paper is organised as follows. In section 2, we state some basic facts on the branching
random walk and the biased random walk. In section 3, we study }i", R>" (Tn, j) and prove Proposi-
tion 1.3 by choosing the suitable environment. In section 4, we prove Proposition 1.4. Next, Section 5
is devoted to proving the generalised Seneta-Heyde norming results: Lemmas 4.5 and 3.2, by applying
the new method introduced by [BM19]. In Section 6, we complete the proofs of the technical lemmas.

In this paper, we use (c;);>o and (C;);>o for positive constants which may change from line to line.
And we write f(n) ~ g(n) when % — lasn — oo.

2 Preliminary results

In this section, we state some facts and lemmas which will be used later.

2.1 Many-to-One Lemma

Recall that P is the law of the branching random walk (V(u),u € T) started from V(p) = 0. Let
P,((V(u),u € T) € -) = P((a+V(u),u € T) € -) for any a € R. Let E, be the corresponding

expectation. Then the following lemma holds because of (1.3).

Lemma 2.1 (Many-to-One). For any n > 1, a € R and any measurable function f : R" — R, we have

E.| Y e VWF(W(u), -, V(un))| =e “E[f(S1+a,--+,Sq+a)], 2.1)

|u|=n

where (Sy) >0 is one dimensional centred random walk with i.i.d. increments and Sy = 0.



Moreover, by (1.4), E[S?] = 0% € (0,0) and
E[e%51] 4+ E[e(1+%)%1] < oo, 2.2)

For any n > 0, let S, := maxo<k<, Sk and S,, := ming<x<, Sx. More estimates and rescaling results on

the random walk (S,),cn can be found in Appendix A.2.

2.2 Lyons’ change of measure

Define the additive martingale with respect to the natural filtration {F, },>0 by

W, = Z e V) iy > 0.
[u]=1
Under (1.3), this is a non-negative martingale and it converges P-a.s. to zero according to [Lyo97]. By
Kolmogorov extension theorem, for any IR, we can define a probability measure Q, on Fo := V;>0F,

such that
dQ,
dP,

|7, ==¢" Z e’V(”),Vn > 0.

|u=n
Let Eq, denote the corresponding expectation and write Q for Q.

Let us introduce a probability measure Q, on the space of marked branching random walks so that
its marginal distribution is exactly Q,. Recall that the reproduction law of the branching random walk
(V(x),x € T) is given by the point process £ = {V(x),|x| = 1}. Let £ be the point process having
Radon-Nykodim derivative ), . . e~* with respect to the law of £. We start with wy the root, located at
V(wg) = 0. At time 1, it dies and reproduces a random number of individuals whose displacements
with respect to V(wy), viewed as a point process, are distributed as L. All children of wy form the
first generation, among which we choose x to be w; with probability proportional to e~V*). Then
recursively, at time n 4 1, the individuals of the n-th generation die and reproduce independently their
children according to the law of £ , except w,, which gives birth to its children according to £. The w,, 1
is selected among the children of w, with probability proportional to e~ *) for each child u of w,,. This
construction gives us a branching random walk with a marked ray (w,),>0, which is called the spine.
The law of this marked branching random walk (V(x),x € T; (w,),>0) is denoted by Qo. Again, Q.
denotes the law of (a + V(x),x € T; (wy)n>0) under Qp. We use Eg, to represent the corresponding
expectation and use Q instead of Q for brevity.

It is known that the marginal law of Q, on the branching random walk is the same as Q, defined

above. We also state the following proposition from [Ly097], which gives some properties of Q,.

Proposition 2.2. (i)

Q. (V(wo), -+, V(wn)) €-)=P(((a+So,---,a+S,) €-).



(ii) Forany |u| = n,
—V(u)

W

e

Qa (wn = u‘]:n) =

For the marked branching random walk (V(x),x € T;(wy)n>0), let Q(w;) = {u € T : u* =
wj_1,u # w;i} be the collection of brothers of w; for any j > 1. Let & be the sigma-field containing all

information along the spine, that is,

G = (7{(wk, V(wk))l@o/ (“/ V(”))ueukzoﬂ(wk) }

2.3 Quenched probability for edge local times

Recall that under ]Pg , (Ly(Tus1) — Ly(Tn))u>1 are ii.d. random variables distributed as Ly(7;). Observe

also that EJ(C”) =y ,1 (Lo(w)Le(n )1} Let us state the following lemma on the joint distribution of

(Ly(th), E,((n)) under the quenched probability.
Lemma 2.3. Let a,b € (0,1). Suppose that ({;)i>1 are i.i.d. random variables taking values in IN such that
P({1=0)=1—a, and P({; > k) = ab*"!,Vk > 1.

1. Ifn®(1 —b) > (1 + n)na with some 5 > 0, then there exists ¢, > 0 such that for any n > 1,

n
P (E gi> n9> < 2nae=e"(170), 2.3)
i=1
and
n n 0
P (Z Gi>n%) Aoy > 2) < 2(na)?e~cm(1-0), (2.4)
i=1 i=1

2. For A>0,0< A <1landforanyn >1,
n
P (2 i < A) < e MiFr—(1-0)A), (2.5)
i=1

The proof of Lemma 2.3 will be postponed in Appendix A.1.

3 Proof of Proposition 1.3

In this section, we study Y i’ , R>""(t,,) and prove Proposition 1.3.
First, it is proved in [FHS12] that max; <<+, | X;| = O((logn)?), P*-a.s. So,

E R>”6(Tn,j) = 2 1{D(rﬂ)2n9,E§”)22} +ou(1), Pr-as,

j=2 x| <cologn)?



with some large and fixed constant cp > 0. On the other hand, it is known that P*-a.s.,

0> inf V(u) > —oo.
ueT

So, we only need to consider }_|,|<c(logn)3 1 {Z >_q) for any fixed & > 0. Now for

x(m)an’,E,&”)zz}l{Z(x)
anya,b € R, let

Au(a,b) :={xeT:V(x)—V(x) <Ologn+a,V(x) <(1—0)logn+b},vn>1,

and
At (a,b):={xeT:V(x) <logn+a,V(x) <(1—0)logn+b},Vn>1.

Then, we stress that for any « > 0, b > 0, a, = aloglogn witha > 3,

1-6
L Vwz-aliea a0 TP S Y Tyezea g, ()2 p00)

[x|<co(logn)® |x|<co(logn)?

S Y Lwwrwlieai@my) tor

|x|<co(logn)?

179>
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because of the following lemma.

Lemma3.1. Let b > 0, & > 0. For a, = aloglogn with a > 3, we have

1 in P
-0 Z Yivea,(—an -1t (n) — 0, (3.1)
ni=? |x|<co(log n)3 (redn(=an—0)} {L'Y(T”K"HWE" Sl} n—re0
and .
inlP
L Yv@z-a aeai@m YL w2022} 25e O (32)

[x|<co(logn)®

It remains to study Y| <c(log n)? T{xe A, (—a,,—b)} AN Xjx|<co(logn)? l{xeAI(u,l,b)}’ which is done in the
next lemma.

Lemma 3.2. Let b > 0. For a, = o(logn), we have

Yjx|<collogn)® LxeAy(~ay,~b)} inP*

b
10 H—s00 Deofo(B)e™, 3
ﬂ]’ld Z 1
<cp(l 3 ;1*— /b in P*
|x| co(ogn)l_(;{xeA (a )} inP* Dovo(Q)eh- (3.4)
n n—o0

The proof of Lemma 3.1 will be given later in Section 6, and the proof of Lemma 3.2 will be in

Section 5. Now we are ready to prove Proposition 1.3.



Proof of Proposition 1.3. Recall that Do, > 0, IP*-a.s. We only need to show that for any § € (0,1), as

n— oo,

P* <2j22 R>" (tu/])

10 > (1+6)Ao(0)Deo or < (1 — 5)A0(9)Doo> — 0.

Observe that forany « > 0and € (0,1),

P* (Zj22 R>" (tu/])

T > (14 6)Ag(8)Des or < (1— (S)AO(Q)Doo)

xeT 1<i<7,

<P(inf V(x) < —a) +P* <max | X;| > co(logn)3> +P* (Do < B)
+ 1P ( )3 Lv@z - U, )z 22} Z (1F 8)n'"?Ag() Do or < (1 —8)n'"*Ag(6) Deo; Deo > ﬁ)
x| <eo(log n)? A

It is known (see [Aid13]) that for any a > 0, P(infyer V(x) < —a) < e~ . Note also that P*(De < ) =
0g(1) as B | 0. Therefore,

nl-»0

p* <2j>2 R=" (T, ) > (14 6)ADw or < (1 _5)ADOO> (3.5)

<ce™ + 0y (1) + 0p(1) + P ( )3 Lvz-a L, ()2 6022} = (1 +8)n'"?Ag(8) Dow; Dow > ﬁ)

|x[<co(logn)?

n ~
X xeT

+P ( L Mz -at L iz psa) < (1= 01 A0(8)Dee; Do > B, inf V(x) > 06) :

[x|<co(logn)?

On the one hand, for any b > 0 and a,, = aloglogn with a > 3, one has

|x|<co(logn)?

P ( )3 Hv@z-alig, )m e 2} = (1+8)n'°Ag(8) Dow; Dow > ﬁ)

1 6N (6)P
<P (w i) e e (S e

|x|<eo(logn)?

* —0
+1P ( )3 1{K(x)2*“}1{xeAn+(un,b)}1{Z(x)Z*a}l{fx(rn)Zne,Ei")Zz} > (1+6/2)n' Ao(9)Doo>

[x|<co(logn)®

<on(1) +P* ( Y Veaimpy 201 +5/2)”19A0(9)Dw> .

|x|<co(logn)?

where the last line follows from (3.2). For the second term on the righthand side, taking b > 0 small so

10



that e’ < 1+ §/2 and using (3.4) yields that

P* Y Year(on) = (1+6/2)n" ®A¢(0)Des | — O,
|x|<co(logn)

as n goes to infinity. On the other hand, observe that

P ( Z l{Z(x)Z—a}l{ Lo () >nt,E" >2} < (1-0)n'""Ag(8) Dew; Do > B, inf V (x) > 0‘)

|| <co(log )3 rel

* oMo (0)B
<P (1119 L peaca- U oo i<} 2 T

|x[<co(logn)?

|x|<co(logn)3

+]].—)* ( Z 1{x6An(—an,—b)} S (1 5/2)A0(9)Doo>
=0,(1)
by (3.1) and (3.3) with b > 0 small enough so that et >1-6/2. Going back to (3.5), one sees that

2 RZ" (T,
P (sz W(T D5 (148 Ao(@)Dw or < (1—5)/\0(9)1700) < e +0p(1) + 0n(1).

Letting n — oo then @ T co and 8 | 0 concludes (1.8). O

4 Proof of Proposition 1.4

This section is devoted to proving Proposition 1.4. Similarly as above, we have P*-a.s.,

co(logn)?
Ru(tw1) =}, ). l{fx(rn)zne,Ei”)ﬂ} +on(1).
(=1 |x|=¢

For a, = aloglogn with a > 3, set
BE:={xcT:V(x) >logn+a,}, and®, :={x € T:V(x) — V(x) € [flogn — a,,0logn +a,]}.
. - s (L
We first show that with high probability, R, (T, 1) ~ ZCO og )’ x| = 1{ L (r)>n? E0 } (ze3; }1{269 -
This comes from the following lemma whose proof is stated in Section 6.

Lemma 4.1. As n T oo, we have

co(logn 7 ;
E Z Z { >n9E } {V <logn7a,,,} :O(nli )r 4.1)
(=1 |=¢ |
(log n)* i .
El )Y L 1{zx(fn>>ne,ggn>:1}1{x¢©n} =o(n"""). (4.2)
(=1 |x|=¢ - |

11



Here we introduce the stopping line

Ly:={xeT:maxH, <r < H},Vr>1

y<x
It is known that in [HS16] that
P(Ek<t:XyeLly, —0

This means that P({ Xy, k < 1,} C {x e T:x < L,} U{p*}) — 1. For any r > 1, define
Li={xeT: r?g;(Hy <r}.

lon

So, we only need to study Zz 1 Yix|=¢ {Lx )5 B — } {zem; }1{2633“}1{262} In fact, only the

generations of order (log)? should be counted and 9B;; can be replaced by 9B, in view of the follow-

ing lemma.

Lemma 4.2. Ase | 0, we have

e(logn)? i

1

limsup ——E 1,- 1 _ar | =0e(1), 4.3
nﬁoop ne { eg a?—:e {L"( )20t B = } {xey }HremmV(x)=ma} @ ®3)

(logn)

1

hmsup ]E ! E Z 1{ZX(T,I)>H6 E(”):l}l{xe%;}1{X€9n,Z(X)2—0€}1{X€£n} :Og(l). (4.4)
=0 (=(logn)?/e |x|=¢ -

Foranye € (0,1),

(logn)?/e

E 1) (4.5)

1o

(log n)? |x|=¢ {LJ\ T,)>nf, E" _1} {V €logn—aylogn+ay,],V(x )>tx,x€©n}] :On(
=¢(logn)? |x

Instead of £,, we are going to use £,, with r, = to control the quenched variance of

(10gﬂ)
(logn)?
L oy =t Yz 5 1) Hzemi  zeon Lzes,,)-

Lemma 4.3. Forany ¢ € (0,1) fixed, « > 0 and for v, = wzthﬁxed v > 0, we have

(logn)7 g

=o(n'7?). (4.6)

(logn)*/e
El L L U o g1} Hzems ) Ueeo 1(v(e) oo smaxes: Heon)
l=¢(logn)? |z|=¢

Let DK :={x e T:V(x) — V(x) € [0logn — K,0logn + K|} with large constant K > 1. Then, as K — oo,

=ox(n'=?. (47

(logn)=/
E |: Z Z 1{Lz( ) >n B = } {ze%+}1{z€© \@K}l{V( z)>—a,maxy<, H;<n}
l=¢(logn)? |z|=¢

12



Let

En(l, By 0Dy N Ly, ) = | 2( Yz -1} renilaeoitpes, Hywz—a-
X

- r=x T

It immediately follows that

[E (E EBJF ﬂ@nﬂﬁyn, ] Z IP > 7’1 E( " — 1)1{x€%;}1{x69n}1{x€£w}1{Z(x)270¢}/
|x|=¢

where P€(Ly(t,) > n®, E{Y = 1) = (1 + on(l))nlfgefv(x)f(}fl—i) with f(u) = ue .
Let Var® denote the quenched variance. We state the following estimate.

Lemma4.4. Let 0 < A < B < 0. For £ € [A(logn)?, B(logn)?] NN, one has

2-29

E[Var® (E,((, B, ND,NEL,,,a))] < “log )"

(4.8)

All these previous lemmas will be proved in Section 6. The following lemma states the asymptotic
behaviour of the quenched expectation E¢ [E, (¢, B;f N D, N £,,, &)].

Lemma 4.5. Forany 0 < A < B < coand a4 7y > 6, one has

0 * B 1 0 du
P
ﬁx)l{xe%;mmmsw} oo Des % /A g<7’ﬁ)7'

B(logn)?
Z efv(x)f(
(=A(logn)? |x|=¢

In fact, because of (4.7), we only need to prove that

B(logn)? n? p*
Y fv(x)f(ﬁ)l{xe%;m@,’fmsw} e Co(A, B,K)Des, (4.9)
X

(=A(logn)? |x|=¢

where Cy(A, B,K) € (0,00) and limg_,« Co(A, B, K) fA 1u, iu, %)d—” The proof of (4.9) is post-

poned in Section 5.
Let us prove Proposition 1.4 by use of these lemmas.

Proof of Proposition 1.4. Note that for any § > 0and > 0,
% R G(T , 1)
P (\"nl_”e — A1(8)Do| > (5Doo>
xeT 1<i<

<P*(inf V(x) < —a) +P* <max |Xi| > co(logn) > +P* (D < B) +P*(3k < 1, Xy € L)

co(logn)
ZO & Z\x| =t { Ly (1) >0, EM = }1{xe£n}1{V( )=z—a}
+ P ||

nl-»0 _Al(Q)DOO| > 0De, Deo > ,B

13



Here P*(3k < 7, X € L,) = 0,4(1) according to [HS16]. By Lemmas 4.1, 4.2 and 4.3, one has

P* (|R”9(Tn’1) — A1(0)Doo| > 5Doo) < e +0,(1) +0p(1)

nl-»0
(logn)?/e — +
y Eq(0, B ND,NE,,, a) )
1P ( (=¢(logn)2 =" n n Y —Al(G)Doo| > EDOO/DOO > ‘B . (410)

10

Here, one sees that

(logn)?/e m— +
ZZ 810 zun(e % ﬁ@nm;Sfy 7 ) 5
gl’l
P~ ( nl-o0 _Al(G)Doo‘ > EDOO,DOO > ﬁ
logn)?/e + - +
yloem™/e = (p B8+ ND,NL, a)—EE[E,(L, B} ND,NL, ,a)
<Pp* ( (=ellogn)” 7 s T > 5p/a

(logn)*/e 5
+P* || Y E°[E.((BND,NE,, a)] — A1(0)Deo| > 1D Do > B
l=¢(logn)?

By Chebyshev’s inequality and then Cauchy-Schwartz inequality,

(logn)? /e = Erm +
v Ea(l, B ND,N L, a) —EE[E,(L, B ND,NE, ,a)]
]P( (=¢(logn)2 =" 'Ynl_e n n n ¥ |Z(5‘3/4

16

(logn)=/e 2
SWE Y BB NDuNL,,, a) —E°[E, (B ND,NE,,, )]

(=¢(logn)?
16 (logn)?/e  (logn)*/e

L 1 Y E|Varf(E.(¢%BND.NL,,, ),
((5'6)2”2 % l=¢(logn)? (=e(logn)? [ :|

which is 0,(1) by Lemma 4.4 as long as a A v > 8. On the other hand,

{=¢(lo

(
]I)*
(logn
<p* ||

logn)z/s 5
>, E°[E.(6B) NDyN Ly, a)] = A1(0)Dec| > $Deo, Deo > B

€

—~

n)?

QaQ

2/8 0

Vg _ °
n)z |XZ::[(1 +0n(1))e f(Hx)l{XE%rTﬂgnm»Q'yn} Al(@)Doo| Z 4Doo, Doo Z ﬁ)

~

g

l=¢(log
+P*(inf V(u) < —a).

o

We thus deduce from Lemma 4.5 that

(z;"g” Pl Ea(f, B N D, N L, )

e(logn)2 ="

lim sup lim sup IP* "

e—0 n—o0

_Al(e)Doo| Z gDoo/ Do Z ,B) S CZeia-

14



Going back to (4.10) and letting « — oo and 8 | 0, we therefore conclude that for any > 0.

lim sup P* (] (1 D) — A1(0)Deo| > 5Doo> =0.

n—oo
t
5 Generalised Seneta-Heyde scaling: proof of Lemmas 3.2 and 4.5
In this section, we study the following sum: forany 0 < A < B < oo,
xi(ABr) = Y Y eVE , fori=1,2,3; (5.1)
Ar2<m<Br? |z|=m
where
Fi(z,1) ::ev(z)_(1_0)r_b1{7(z)—V(z)§97+ty,V(z)§(1—6)r+b} (5.2)
Fy(z,7) ::eV(Z)7Oie)rihl{V(z)§r+t7,V(z)§(170)r+b} (5.3)
e
F3 (Z/ 1’) ::f(ﬁz)1{?(2)ZT‘Ftr,maXygz(V(y)*V(y))ST"‘FS;‘,V(Z)*V(Z)E[GV*K,67+K]} (5.4)

with t, = o(r), s, = o(r), K > 0 and b € R such that s, + 6logr < t,. We are going to show that as
r — Q.

xi(A,B,r) 255 Ci(A, B) Dy, fori =1,2,3, (5.5)

where C;(A, B) are positive constants which will be determined later.
One can see immediately that Lemma 3.2 is mainly based on the convergences of x; and x2 and
that Lemma 4.5 is based on the convergence of x3 with = log n. To complete the proof of Lemma 3.2,

as F; < F,, we still need to check the following estimate.

Lemma 5.1. Forany o > 0, as € | 0, we have

¢(logn)? i
limsupE | Y Y eV O E(zlogn) 1y ()s oy | =0c(1); (5.6)
n—oo m=1|z|=m
co(logn)? i
limsupE [ )} ) e ) F(z,1og )1y (z)>—a} | =0e(1). (5.7)
e (logn)?/e |z|=m ]

To conclude Lemma 4.5, in other words, to get (4.9), we need to compare {z € £,,} = {max,<; H, <
(logn -} with {max,<:(V(y) — V(y)) < r+s}. In fact, note that VWV < H, < |z|eV =), Thus
for |z| < B(logn)? withn > 1,

1{maXy§Z(V(y)fV(y))glognf('er?y) loglogn} < 1{262«,”} < l{maxygz(V(y)fV(y))ﬁlognf’yloglogn}
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Note also that in Lemma 4.5, t, = aloglogn with a 4+ > 6. Therefore, we can deduce Lemma 4.5
from (5.5) fori = 3.
In the following, we prove (5.5) and check Lemma 5.1 in Section 6. Our proof of (5.5) mainly follows
the idea of [BM19].
Outline of proof of (5.5). It is known that for any € € (0,1), there exists kg > 1 such that
P (inf inf V(z) > 0) >1—c¢, (5.8)

n>ko |z|=n

with the convention that inf @ = co. For any r such that Ar? > 2kg, let

Xi(A, B, ko) = )] ) Ei(z, 7, ko)

Ar2<m<Br? |z|=m

where F(z,7,ko) := Fi(z,r)l{m].n ,
Z0Sysz
and i = 1,2, 3, there exists kg > 1 such that for any k > ko,

V(y)>0} with zg := z,. It then follows from (5.8) that for any ¢ > 0

P (Vr > 1,xi(A,B,r) # Xi(A B,1,k)) < 2 (5.9)
So, according to [BM19], it suffices to show that forany A > 0andi=1,2,3,as.,,

lim limsup E[fe M(ABk0)| 7 1 — lim liminf E[e (4B 7 1 = exp{—AC;(A, B)Dw}.  (5.10)
koy—=oo 00 ko—oo 100
By Lemma B.1 of [BM19] and a Cantor diagonal extraction argument, this yields the convergence in
probability of X;(A, B, r,ko(r)) towards C;(A, B) De. Then (5.5) follows immediately from (5.9).
Let us check (5.10). Observe that by Jensen’s inequality,

E[e*/\Xi(A’B’r’kO)!fko] — H E [exp{—A Z 2 1{ZU:u}e*V(2)1?i(Z, r)}}fko]

[1e]=ko Ar2<m<Br? |z|=m

Ze><p{—A >, ) E [ )y 1{zO—u}€V(z)fi(z,r)}lfko”
|z|=m

lu|=ko Ar2<m<Br?

> exp{—)t 2 (1 + Or(l))EV(u) [Xi]}l{max‘u‘:ko V(H)Srl/sfmin\,q:ko z(u)z_rl/S}/ (5-11)

Jul=ko
where %; = Xi(A, B,7,ko0) := L ar—ky<m<Br2—ko L|z|=m e V@E (2,1 ko) with

T . z)—(1-0)r—>b .
Fi(z,1,ko) :=e"#)~170) Ltv(2)20,v(2) - V() <0r+,V(2) < (1-0)r+b}

1/:\2 (Z/ r/ kO) :eV(Z)_(].—G)r_bl{V

(2)20,V(2) <r+4,V(2) <(1-0)r+b}”

eGr

Fs(z,1, ko) :=f (ﬁz)l{ V(2)20,V(2) 21+t maxy<: (V(y)~V(y)) <r+s,,V (z) - V(2)€[6r— K br+K] } -

16



Let us explain a little the last inequality in (5.11). Note that if {max,_, V(1) < r1/3}, one has V(z) =
max;,<y<; V(y). Thus, fori = 1,2,

Z 1{20:11}67‘/(2)?1‘(2/ 7’)} “Fko

=Ey [ Yo e V@E(z k)|
|2

=m-— ko

v

For i = 3, one can see that given {max,_, V(1) < r'/3 min,_, V(u) > —r'/3} and {V(2)
r+t,V(z) — V(z) € [r+d,0r+d+ h]}, we have moreover {maxy<z( (y) —V(y)) <r+s} =
{maxzy<y<:(V(y) = V(y)) <r+sr} and f(ﬁz) =(1+o(1 ))f(W) as

‘Hz - Zzogygz eV(y)—V(z) ’
H;

/3 _

< koe" Tt = 0,(1).

This leads to

Z 1{20 u}e F3(Z 7’)}|J:ko = (1 +OV(1))EV(L1) Z e—V(z)I’:\S(Z, r,ko)
|z|=m |z|=m—ko

We next turn to the upper bound of E[e~"i(ABrk0)| 7, 1. For any 6 € (0,1), let A5 := Ae™*’ and

7@( = Y. ) e VEE (2,7, ko)l{

_ e V@AE (z,rky) <=2
Arz—koﬁmSBi’z—ko \z\:m ):‘Z‘fm ¢ (Z ’ 0)_ Br2 }
As a consequence of the fact e < 1 — A4t for any t € [0, 6],

E[e_)\Xi(A/B/r/kO) | Fi, ]

< H E [exp{—/\ Z Z 1{Z0:u}e*V(Z)fj(z,r)l{z‘z‘ Wl ge OR < }‘fk(]]
ZO u

|u|=ko Ar2<m<Br2 |z|=m

< H (1 — /\(SE [A Z Z 1{20:u}e—V(z)Fi(Z, r)l{z:\z\:m 1{20:u}€7v(z)f]_(zrr)§ﬁ} ‘fko])

|u|=ko r2<m<Br? |z|=m

§exp{—A5 Z E [ Z Z l{Zo:u}e_V(Z)ﬁi(Z’r)l{z‘z‘ TR V@ (2,r) <t 5 ‘fkol} (5.12)

|u|=ko Ar2<m<Br? |z|=m

which as explained above, for r large enough, is bounded by

+(0/2)
exp {_/\5 u|Z—:ko(l + Or(l)) V(u )[X ] } + 1{max‘u\:k0 V(u)>r1/3} + 1{minw:k0 K(u)<fr1/3}'

For (5.11) and (5.12), letting r — oo brings out that

liminfexp ¢ —A 140,(1)Ey %] ¢ < liminfE e~ Mi(ABrko) Fi
p () 0

r— r—
® lu|=ko ®

< limsup E[e’)‘Xi(A'B'r'kO)\FkO] < lim sup exp {—)\5 Z (1+0:(1))Ey(, )[)((5/2)]} (5.13)

r—oo r—o0 \u\:ko
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Next, we claim that for any x > 0, lim, .« Ex[{;] = Ci(A, B)R(x)e * with C;(A, B) a positive constant
and R(+) is the renewal function defined in (A.3). Moreover, we stress that for § > 0 and x > 1,

lim sup E[£; — £\%] = 0, (1)R(x)e ™.

r—00

These are stated in the following lemma.

Lemma 5.2. Forany x > 0,6 > 0,as r — oo,

lim E, [ Z EV(Z)E(Z,T’,]{())] =C;i(A,B)R(x)e”*, (5.14)
roe Ar2—ko<m<Br2—k |z|=m
limsup E e V@OF(z,1,ko)1 - 1| =0x(1)R(x)e™ ¥, (5.15)
r—>00p ’ [AeroﬁgﬁBero ZZ {Zeme )F(“fko)%iz}] '
where 5 Y
Ci(A,B) = Co(A, B +/ci,_l‘,
(4,8) = G4 B) = = [Ten = )
and

K e* B .1 60 .du
Ca(4,B) = [ BIf(———)as | G(—=, =)
By (A.4), R(u) ~ cruasu — oo. Recall also that the derivative martingale Dy, = Y, V(u)e V)
converges a.s. to some non-negative limit D,. As a result, we obtain

lim lim E[e~"(ABrk)| 7 1 = exp{—AcrCi(A, B)Dwo }.

ko—roc0 r—r00

By Lemma B.1 of [BM19] and a Cantor diagonal extraction argument, this yields convergence in prob-
ability of §;(A, B, 7, ko(r)) towards c¢gCi(A, B) Do. In view of (5.9), we obtain the convergence in prob-
ability of x;(A, B, r) towards C;(A, B) D under P (hence under P*) with C;(A, B) = ¢xCi(A, B). Note
that [ E[f(m)]ds = 1. So Lemma 4.5 holds and finally Proposition 1.4 holds with

0

o 1 6  du

Ai(0) = / —, —=)—.

O =er fo 9
And Proposition 1.3 holds with

0 1—60.du 2 “o 0 1-0 du
NIRRT <N S v

Ao(e) :CR%/O Co(

because of (A.5).
In order to conclude (5.5), we only need to prove Lemma 5.2 mainly for i = 2, 3.
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Proof of Lemma 5.2. Proof of (5.14). By Many-to-one lemma, we have

E([{2] =" E E, [eSm—(l—G)r—b;gm >0,Sm <r+t,Sm < (1-0)r+ b}

Ar2—ko<m<Br2—ky

By (A.31),asr — oo,
1+Or(1) r (1—9)1’

Ex[X2] =R(x)e™" ). Co(—=, )
Ar2—ko<m<Br2—ky m \/ﬁ \/%
B-%c, 6 1-06 du
=R(x)e *(1 + 0,(1 / " (=) —
o) [ el T
which converges to R(x)e ¥ fCo(%, %)% By (A.32) instead of (A.31), we get (5.14) for i = 1.
Moreover, we get that
B¢ 6 1—6.du
Ci(A,B) = Cy(A, B :/ (-, o
(48) = (A B) = [ el )
Fori = 3,by (A.29),asr — oo,
_ K e* 14o0.1),, r or
Ex{fa] = R(x) | B~ —D)ds G(—= =)
' Ai’zkoSXm:SBrzkg -K %00 + 7'[5)0_) m \/ﬁ \/E
e K es B 1 6  du
SR(x)e " [ Bl s [ 6= 2T
—K Hoo +HS) —1 A u' \Ju' u
Proof of (5.15). First, by Markov inequality,
o _ 20 V() E
EdXi—X; '] = Ex e” "W E(z 1, ko)l v@P
[ 1 ] Ar2—ko<m<Br2—ky [zz—:m ( O) {Z‘Z‘:mg . >Fi(z,r,k0)>3‘:2}]
Bri—ko N B2Y ., e V@E(z,rk
< ) E [ Y e VEE(z1, k) ( Lel=m 5 i 0) /\1)] .
m=Ar?2—kg |z|=m

Note that 1?1 < fz So, we only need to treat it for i = 2,3. By Lyons’ change of measure and Proposition
2.2, we then get that

E. (% — ]

Brszo N Bi’z m . .
< Z e_xEQx Fi(ZUm/ r, kO) [7 Z Z B_V(Z) i(Z, 7, kO) —+ e_V(wm) i(wmr 7, ko)] A1
m=Ar2—k J=lueQ(w;) |z|=mz>u
<UBy(A,B,r,i) + UBy(A, B, 1,i), (5.16)
where
- B2 R
UBy(A,B,r,i) = ) ¢ “Eg, | Fi(wm, ko) (;e V@) B (wy, 7,ko) A 1>] ,
Ar2—ko<m<Br2—ky L
: [ Br? & Vi)
UBy(A,B,1,i) := ) e “Eg,_ | Fi(wm, 1, ko) [7 2 Y. e V®E(z k)AL |-
Ar2—ko<m<Br2—k i J=lueQ(w;) |zl=m,z>u




Observe that for i = 3, by Proposition 2.2 and (A.1),

Brle* s,
UBy (A/ B,r, 3) < Z 5 Ex [e 1{§m20,§m2r+tr,§m—sm6[9r—K,6r+K]}}
Ar2—ko<m<Br2—k,
Bye—(1-0)r—t+K
< ) c3(T+x)e ™™ =o0,(1)R(x)e ™.
Ar2—ko<m<Br2—k, (S\/ﬁ
Note also that as 1?2 <1,by(A2),
_ Br? = —V(wn)
UBy(A, B, r,2) < y ) [Ba(awi, 7, ko)e V)]
Ar2—ko<m<Br?—k,
B —(1-0)r—b
< Y e P8, 2 0,Su S (1-0)r +b)
Ar2—ko<m<Br?—k,
_ Br2e=(=0r=b (1 4 x) (1 4 7)? ,
< Y e " 5 s =0, (DR (x)e "

Ar2—ko<m<Br2—ky

Recall that 4 = U{ (wk, V(wk))kzo, (u, V(”))ueukzoﬁ(zvk)}' SO,

UBy(A,B,r,i) <

= Br? S
Y. e “Eg_ | Fi(wm, 1 ko) (7 ) Eg, [ ) e_V(Z)Fi(z,r,ko)‘%])/\l ,
Ar2—ko<m<Br2—k J=lueO(w;) |z|=m,z>u
(5.17)
where for i = 2 and u € Q(wj), by branching property at u and then by (A.2),
Eo, [ | Z> eV(z)l?z(z,r,ko)‘%]
SE_V(”)l{z(u)zo}Ev(u) [Esm’j_(l_e)y_b;ﬁm_j >0,Syj < (1-0)r—b
_V(u es(1+V(u))(1+r _V(u
<o 0y SETIICED oy eV 1y o0y L, (5.18)

SR (m— 1)

and fori =3 and u € Q(w;),

~

Eéx [ Z E_V(Z)Fg(z, 7, k0)|g]
|z|=m,z>u

|z|=m,z>u

:EQY [ 2 g_V(Z)Fg(Z,T, ko)l{V(z):V(u)}’g

|z|=m,z>u
v
<e (u)1{M(u)ZO,V(M)_V(H)§7+Sr,V(LI)ZT+t7}PV(”) (ém*j >0,x—5pj € [6r — K, 0r + K])|X:V(H)
+e My )50 Py(u) (Spj = 0,Sp—j — Sw—j € [0r — K, 0r + K], max (S¢ — Si) <r+s,Spj > 1 +1),

k<m—j
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where by (A.25) for j < m/2 and V(u) < r/2, one has

PV(u) (ﬁm—] > O,Em,]‘ — Sm,] € [9 —K,0r + K] max (Sk — Sk) <r+s,, Sm iz >r+ tr)

<m—j

(1+ K2)(1 +7)
Sl{jZm/Z} + 1{j<m/2,V(u)2r/2} + C6(1 + V(”)) (m —_ ]-)3/2 1{j<m/2,V(u)§r/2}' (5.19)

Moreover, by (A.2), one sees that

Eéx Z e’V(Z)I?g(z, r,ko)|¥

|z|=m,z>u

<e™ "y )50 V) -V <rs, T e, )

—V(u)

A1] (5.20)

7 (L4 V() (V) — 0+ K) (14 2K)
(= )72

Lvw=o0yLj<m/2,v(u)=r/2}
(1+K?)(1+7)
(m—j)3/2

_ 1+K*)(1+r V(u
<cs(1+ V()% 20 ( (m —)f()3/2 )1{j<m/2} +2¢7 "y 20 1z )

+e VU )50y Tjmm/ay + e

+c6(1+ V(u))eivw)l{z(u)z[),V(u)gr/Z,j<m/2}

+ e—r/4e—V(u)/21{K(u)20}1{j<m/2}. (521)

Plugging (5.18) or (5.20) to (5.17) yields that

UBy(A,B,r,2) < UB5(A,B,r,2) +UB;(A,B,r,2) (5.22)
where
3 m/2 A
UB5 (A, B,r,2) := 3/2 Z Es |B(wm k) Y. (1+ V(u))e "y 50
Ar2—ko<m<Br2—k om ueQ(w;)

UB5 (A,B,r,2) = ) ¢ "Eg, [Fz W, 7, ko) ( Y, ) 76’ 1{V( )>0}> /\1}

Ar2—ko<m<Br2—k, j=m/2 ueQ(w])

and that
UB,(A,B,r,3) < UBYY(A,B,r,3) + UBP (A, B,r,3) + UBY (A, B,r,3), (5.23)
where
B}’z—ko 2B(1 2\..3 m/2
1 _ + K*)r
us)(A,B,r,3):= Y. e s Fo, Bwmrk) | Y L 1+ V)2 V1050
by =1 uew)
(2) fxBr2 —r/4 (e |
UBY(A,B,1,3) = Y e =By | B(wnrko) | 3 Y e My
Ar2—ko<m<Br2—k j=1 ueQ(w;) ]

Ar2—ko<m<Br2—k, j=m/2 ueQ(w])

uBY) (A, B,r,3) := Y. ¢ 'Eg {Fg W, 7, ko) ( Y X 2*6 1y >>0}) Al
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In the rest part, we will check that all these terms are 0,(1)R(x)e™* for r — oo and then x > 1.
We will first treat UB5 (A, B, 1,2), UBgl) (A, B,r,3) and LIBEZ) (A, B,r,3) in the similar way. For any
ueT,let AV(u) =V(u) — V(u*) be its displacement. Write A,V (u) for AV (u) V 0. Then,

Y, A+V)e " yn <Y (1+V(u))26‘v(”)1{z<u)20}Se_v(w”l)/zl{mwjfl)zo}Vf'

MEQ(’(/U/‘) MEQ(’(/U]‘)

with V" := ¥ caw) e~AV()/2 Consequently,

UB; (A, B,r,2)
Breto Brd W2 V(wn)—(1—8)r—b V(w; 1)/21,+
—Xx Wy ) —(1—0)r— —V(w;j_
< 22 Sy 21 Eg, [e Lo (w) 20,V () <r+t V() <(1-0)r45}€ Y] ]
m=Ar?—kg =

which by Markov property at time j and then by (A.23), is bounded by

Br2—kg B7’3 m/2

- —V(w;_1)/2 Spi—(1—0)r+b
L 5 LB, Lvapzope "V B [ g o cany]
m=Ar>—kg =
Br2—ko BT3 m/2
x R —V(wj1)/2y+ AN L
ém/;:_koe sz 1 o, 1y o™ 2V (14 V()] RN

Here (1+ V(wj))l{z(wj)zo} <(1+ V(wj—l))l{z(wj,l)zo}(l + AV (w;)) and then Markov property at
time j — 1 implies that

EQX [1{2(%)Zo}er(qu)/ZV]f(1 + V(w]))}

< Eq, [1 (Vi yzo) (1 V(g ))e V@ | Bg Vi (14 Vi (1)),

where by Proposition 2.2,

Eo[Vi"(1+ Vi(w1))] =E LZ1<1 + Vi (u))e” V) Ivgﬁewv)m] _

By Cauchy-Schwartz inequality and (1.5),

EQ[VlJr(l + V+(w1))]2 <E ( Z (1 + V_i_(u))e*V(u))Z E [( eV(u)/2)2]
L |ul=1 u|=1

<E ( Z (1+ V+(u))efv(“))2 E [N Z eV(”)]
1

L |ul=1

<E|(T (4 Vi 2| e [(
L |ul=1
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Similarly, we also have Eg (V" (1+ Vi (w1))?] < 0. It follows that

UB5 (A,B,r,2)
Br2—kg B3 m/2 Cor
< e —— Y Eg {1 _ (1+v(w'_1))e’v(w’”)/2}+
m:gko omd/2 ]; Q| H{V(w;1)20} / (m —j)3/2
S R L (T R ET ) o
Arz—kOSmSBrZ—k 57” j=1 {5120} =0 =)

which by (A.12) shows that UB5 (A, B,,2) = 0,(1)R(x)e™*. For llBél) (A,B,r,3),asf(t) <1, we have

m/2
EQx |:F W, 1, k() (Z Z 1 + V V(u)l{v(u)>0})] (524)

J=1 ueQ(w;)

3
S~
N

~ “V(w;_1)/2
= ) Eg, [l{z(wm)EO,V(wm)errtr,maxkgm(V(k)fV(k))§r+sr,V(wm)fV(wm)G[Ger,9r+K]}e (wj-1) Vﬂ

§ ~.
NG
N —_

—V(w;_1)/27y/+
e j-1 V] ]

I

I
—

E Q, [ {V )>0,7Y =i,V (wn) >r+t,, maxkgm(V(k)—V(k))Sr—&—sr,V(wm)—V(wm)e[Gr—K,Gr-i-K]}

[y

1

—.

where 7, = inf{i <m: V(w;) = V(wy)}.
On the one hand, if 7, > j + 1, by Markov property at time j, one sees that

—V(w;_1)/2
Z Z EQX [1{Z(wm)ZO,Tr‘,{:i,V(wm)2r+t,,maxk§m(V(k)fV(k))ngrsr,V(wm)fV(wm)E[Ger,GrJrK}}e (wj-1)/ Vﬁ}

_ wj1)/2y7+ _ _ _
= Z; Ea. [1{‘/ )20}€ Vi Vi Ev(w) {1{§m_]-zo,smffzrﬂr,mmgmf,«(skfsk)Sr+sr,sm7rsm7;e[eer,emq}}} ’
]:

which by (A.25) and (A.12) is bounded by

m/2 2
R —V(wj1)/2y/+ WAHK) ([ +7)
ke a7 v S

EQ [(1 + V+ (ZU1)V1+]

Cll(l + KZ)(l + 1’)
< 372 E,

—S: 1/2
;(14‘5]'—1)6 j=1 1{51__120}

cn(T+K2)(1+r
—nlE KO0, ()R )

On the other hand, if 7, < j, again by Markov property at time j,

3
S~
N

-

- “V(wi1)/27/+
EQX [I{Z(wm)EO,T,‘J:i,V(ZU,n)27+tr,maxk§n,(V(k)*V(k))ST«FS,,V(‘{U,,,)*V(ZU,")E[977K,9Y+K]}e (wj-1) V] ]

Il
—_

i

§ ~.
N
N —_

<) B 1 a0y VI Ry (S, 2 0,x = Sy € [0 — K, 6+ K)) =7

X

-
I
—_
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where by (A.2),

(1 +K2)(1+ V(w]))(l +V(wj) — 6r)
(m—j)3/2

Py () (S—j 2 0,X = Spuj € [0r = K, 0r + K]) | ,_y(y) <

which is bounded by 613(1+K2)($j]¥3(/1‘2’f))2(1+r)

erty at time j — 1 and (A.12), we get that

because V(w;) — V(w;) < r+s,. Again by Markov prop-

m/2 J
- ZlE Q, [ {V Wy ) >0,7Y =1,V (wy ) >1+ty, maxk<,,,(V(k)—V(k))Sr—o—sr,V(wm)—V(wm)e[Gr—K,Gr-Hq}e_v(wjfl)/ZVj-i-:|
j=1i=
ci3(1+K2)(1+7r
= il 3/)2( )Ex > (1+8j1)% 1/21{5, s0} | Bo[Vi (1 + Vi (w1))?]
m =1 j
ci3(1+K2)(1+r
_ sl X LA (R ().
Combining these inequalities and going back to (5.24), we have
m/2 cia(1+ K2 (1+r
EQx [F W, 7, ko (Z Z 1 + V V(”)l{v(u)>o}>] S 14( 7113/)2( )Ox(l)R(x)'
J=1 ueQ(wy)
This implies that
Brecfo 2B(1+ KPP eia(1+ KA (1+r
usl'(A,Br3) < Y et ((smg/z Jr mg/)z( Lo, (MR(x) = ox(DR ()™ (525

m=Ar2—kg
Note that Lue(w;) e V(/2 < e*V<wf>1>/2\/].+. So similarly as above,
UBZ (A, B,r,3) = oy (1)R(x)e ™. (5.26)

Let us turn to bound UBEB) (A,B,r,3)in (5.23). Let V(wy; ) := min;<x<,, V(wy) and Sj; ) := minj<g< S-
Observe that

uBl® (A,B,r,3) = X e "Eg, {Fs Wi, 7, ko) ( Y, X 2*@ 1y, >>0}) “]

Ar2—ko<m<Br2—k j=m/2 ueQ(w;)

S Z _xEA |:F3(wm’r ko)l{v ZU [m/2— 17n])<610gr}]
Ar2—ko<m<Br2—k,
_ 2B & —V(w; oAV (u
+ ). e 5 Z Eo, |:1{V(wn)>0,V(w[m/2Lm])>6logr}e (®j-1) Y . (5:27)
Ar2—kg<m<Br2—k j=m/2 ueQ(w;)
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On the one hand, by Proposition 2.2,

Eéx |:P3 (Z, r ko)1{K(w[m/2—1,m])§6logr}:|
SEA |: {V wy) OV(w”)errt”manﬁ”(V(wk)7V(wk>)§r+s”v(w")*v(wn)€[GY*K,GHLK]}1{K(w[m/271lm])gélogr}}

< Z Py(S,, >0,y >r+ try Stmya—1m = Sj < 6log7, Sy — Sm € [0r — K,Gr—l—K],r&ax(gk —S;) <r+s,)
j=m/2-1 sm

Recall that t, > s, + 6logr. So S, > S;. By Markov property at time j, this leads to the following
inequality:

m—1
Y. P(S, >0,Su > 1+t Spua1m = Sj <6logr,Su — S € [0r — K,0r + K], max(Sk—Sk)<r+sr)
j=m/2-1
m—1
< ), Pu(§;>0,5 <é6logr)P(S,._; >0, r?ax(Sk—Sk)<r—|—sr,Sm _j—Sm—j € [0r —K,6r +K])
j=m/2-1 =m=j

SC15(1—|—J(f)(610g7’)2 mil P(S

372 >0, max(Sk—Sk) <145, —j—Sm—j € [0r = K,0r +-K])

m—j
j=m/2-1

where the last inequality comes from (A.2). Then by (A.26), one gets that

~ C16(1—|—K)(1 +X)(610g7’)2
EQX |:P3 (ZI r/ ko)l{z(’W[m/2_l’m])§610g7}:| - m3/2

which ensures that } 4,2 g <u<pr2—k ¢ “Eg, [1?3(2, r, kO)l{Z(w[m/z,Lm])Sélogr}} =0,(1)R(x)e ",
On the other hand, by Markov property at time j,

2 2 E5 |1 e~ V(wj1) 2 oAV (1)
x V(wn)>0,V (W, 2—1,m)>61
ArZ—kogmgBrZ—kO j=m/2 Q { (tn) (w[ /2 ]) Ogr} ueQ(wj)
_2Br 2 Viwei)/3 v
= Z ¢’ ) Z Eéx [1{2(%’—1)20}6 (1-1) ] EQx Z e Vi
Ar2—ko<m<Br2—ky j=m/2 ueQ(wn)

where by Proposition 2.2 and (A.12),

y Eg, Ly, oo ) = Y E, (15 s0pe ] S EL e = ox(DR(x).

j=m/2 j=m/2 j>0

Moreover by Proposition 2.2 and (1.5),
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We thus deduce that

_2Br? —V(w; 1) —av0) | — o (1VYR(x)e—*
Z € ) Z EQY 1{K(wn)EO/Z(w[rn/Z—l,m])26logr}e ! Z € _Ox( ) (x)e ’

Ar2—ko<m<Br2—ko j=m/2 ueO(wj)

Going back to (5.27), we obtain that UBES) (A,B,7,3) = 0x(1)R(x)e ™.
It remains to bound UBZ2 (A, B,r,2) in (5.22). Similarly as above, observe that

UB;3 (A,B,1,2) = Y e “Eg. By (wy, 1, ko) 2 Yy — 1{V( wsop | A1

Ar2—ko<m<Br2—ky j=m/2 ueQ(w;)

< Z e—xE@X [Pz(Wk/ r, kO)l{Z(w[m/ziLm])gélogr}}

Ar2—ko<m<Br?2—k,

m BI’Z
—x e 3N —V(w;_q1) —AV (u)
+ Z e 2 ) EQI 1{Z(wn)EO,Z(w[WZ,Lm])26logr}e - Z e
Ar2—ko<m<Br2—kg ]:m/Z MGQ(ZU]')

_ Y e Eg, [pz(wk, FR) Ly s ) Sélogr}} +ox(1)R(x)e %,
Ar2—ko<m<Br?2—k,
where the last line comes from (5.28).
For the first term on the right hand side, by Proposition 2.2,
E_XEQX [Fz(wk/ r, ko)1{1(10[,,,/2,1,,,,])§610g7’}:|

Ar2—ko<m<Br2—ky

m
—x Su—(1—0)r—>b
< Z € Z E, {e ! l{émZO,Sm3(1*9)r+bf5f:§[m/2—1,m]SGlOgT}}
Ar2—ko<m<Br2—k j=m/2-1

which by Markov property at time j, is bounded by

m

- Sm—j—[(1-6)r+b—
) e ), E [l{gjzo,sjgalogr}E[e il v]l{sm 20,8, <(1-0)r+b— v}”v s}

Ar2—ko<m<Br2—ky j=m/2-1

6logr m

< Y. e ™ Y. Y Py(S;>0,S; € [k k+1])eE[eSn—i~1-0rth= kl{s
Ar2—ko<m<Br2—ky k=0 j=m/2-1

Then by (A.2) and by (A.24), we have

20,5 <(1—-0)r+b— k}]

E—XEQX |:P2 (wk/ r, ko)l{z(w[m/271,m])S610gr}:|

Ar2—ko<m<Br2—k,

6logr m
- c7(1+x)(2+k) Sy i—[(1-0)r-+b—k
SAZ ; B e kZE] m3/2 ' Z/; 1E[e il ]1{§m—j20,snl—j§(1—9)7+b—k}]
r4—ko<m<Br-—kg = j=m/2—
c18(1+x)(6logr _
S L mgfz 87 _ o (R (x)e

Ar2—ko<m<Br2—ky

We hence completes the proof of (5.15).
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6 Proof of Lemmas 3.1,5.1,4.1,4.2,4.3 and 4.4

Proof of Lemma 3.1. It suffices to show that

o(logn)3 1
e ZE[ X |Zk1{xeA oY ent or <2} | =001 (6.1)
= X
co(logn)? ] o
E@o =K kzl |Zk1{x¢A+ab}1{v< 92U, 2 p 20y | =000 ): (6.2)
= X

Proof of (6.1). Observe that

k=1 |x|=k

logn
Ee.1) = |: 2 Z Lixea,(~an—b)} (1{ <n} +1 {Lx ) >nf E" )<1}>]

co(log )’
=E { Y X A -a,-b) {11’5 (fx(Tn) < n") +1P¢ (fx(rn) > n®, EM — 1) }]

k=1 |x|=k

So (6.1) follows the following convergences:

o(logn)3 i
Es) = E{ kz Y Lrea,(—an -} P° (L( n) < 9) =o(n'~?); (6.3)
=1 |x|=k
co(logn)? i
E(4) = E kZ ||Z ixen, (ot P8 <L (ta) > n?, ELM :1) —o(n'™?).. (6.4)
=1 x|=k

0

Note that for x € A,(—a,, —b), we have n’(1 — b,) = I’TI—Y < e*b%‘im = ¢ bna,. So, by (2.5) with
A=,

nay 717

PE (L (1) < ) < e M —bar') < gmen(®li (6.5)
with c19(b) := b(% —1) > 0. Moreover, we see that for x € A, (—a,, —b) with |x| < co(logn)?,
Hy < |x]eV®-VH) < co(logn)3nle=m, (6.6)
Plugging it into (6.5) yields that for a, = aloglogn with a > 3,

PE(ZX(TH) < 1’19) < 6*520(10gn)“*3

This implies that
s co(logn)3
Ees <e @los™g| Yy Y Livea,(—an—b))
k=1 |x|=k
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Then by Many-to-One Lemma, one sees that

co(logn)?

Sk
k_zl E[e I{Skfskgﬂlognfan,Skg(lfG)lognfb}}

§e_620(1°g”)”_3n1_900 (log n)3 = 0(711_9),

oz <e o8

which shows (6.3). On the other hand, for n > 2 and x € A,(—a,, —b), we could get that
_ P
P (Lx(Tn) > nf, E{ = 1) = naxbf_l(l — )"t <OV ey

In fact, forcyy =1 — 2%,

na b”g_l(l — )"t =nlteV (x )(1 b )" oo 1! —(1-
X¥x X -
Hy

—V(x)

o 4,0
e 1< 10—V () p—en i 1T~V /H,

H, H; H,

- 0 _n,—V(x) o _nf _
where ne™V®) > e'n® > uf for x € Ay(—ay, —b). So fre”3¢ /e < fremR < supote 2 < 1.

_ 0
Therefore, P¢ (Lx(rn) >t B — 1) < nl~fe~ Ve i Further, for x € A,(—ay, —b), by (6.6), we
get that

3

P (fx(rn) > nf, E{") = 1) < pl =0 V(%) p=callogn)®-

Consequently,
s co(logn)®
Egq <n' e 28 E LY Y 1ca ampe VY
k=1 |x|=k
which, by the Many-to-One Lemma, leads to
,_,collogm)®
IE(6.4) Snl_ee_CZZ(logn) 2 P (Sk — Sk S 910g1’l — Ay, Sk S (1 — 9) logn — b)
k=1

Snl—ee—czz(logn)“*3C0(10g 7’1)3 _ 0(7’11_9),

which concludes (6.4).
Proof of (6.2). Observe that

co(logn)®

e <E| % HZkl{v ootogara} B (Lx(m) = n®, B > 2)
co(logn)3 . -
+El Y L L1y V() <logntan V(x)>(1-0)logn+b} F (La(Tu) 217, i 2 2)
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So, to get (6.2), we only need to show that

co(logn)
]E(6-7) =E |: = lzkl{V >logn+an}]P ( ( n) > ”0/ Ea(cn) > 2) :0(7’1176)}
) 6.7)
o(logn)3 A
— °~ 0 B »
Ees =E [ k; ||Z:k1{v x)<log n-+ay, V(x)>(l—9)logn+b}]P (Lx(ta) 2 1 1EJ(cn) >2)| =o(n'?).
(6.8)

Let us begin with (6.7). For x € T such that V(x) > logn + a, with a, = aloglogn, we could show
that
P¢ (fx(rn) > nG,EfC”) > 2) < nl_g(logn)_“e_v(").

In fact, by Markov inequality, one sees that

- ET .p(n) >
P (Lu(r) 2 B > 2) <Pl B 22 Hoge fpn i 5 o]
H
ne

grpmy _peptm _ 1] — Hx n—1
[IE [EM] — pE(E! _1)} = —na (1—(1—ax) )
where %nax =n'% V™ and1 - (1—-a,)" ' < (n—1)ay. So,

P (ZX(TH) > ng,E}(C") > 2) <n' eV (n —1)a,

Note that as V(x) > logn + a, with a, = aloglogn, we have (n —1)a, < ne~V(®) < (logn)~“. So,
P¢ (fx(“rn) > ns,E}(C") > 2) < n'~?(logn) e~V It hence follows that for a > 3,

co(logn)?
E7 <n'"?(logn)"E ) Ze (x)

k=1 |x|=k

=co(logn)>~*n'=% = o(n'7?),

where the last line comes from Many-to-One Lemma. This proves (6.7).

It remains to prove (6.8). Observe that

k=1 |x|=k

logn B
Es) < [ Z Z 1{\/ x)<logn—ay,,V(x)> (10)logn+b}]P£(LX(T”)2n0)]

co(logn)?
& (n)
+E ! Z Z 1{V(x)zfocV( )€[log n—ay log n+a,],V(x)> (176)logn+b}lp (L ( ) 2 n’ By > 2)] :
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Therefore, we only need to check that

co(logn)?
- E(T 0
= x|=
(6.9)
o(logn)3 i
— (T 0 p(n)
Ec10) = E [ kZ% ||Z:k1{v x)>— €llog n—aylog n+ay,],V(x) (1*9)10g”+b}lp <Lx(Tn> zn ’Exn = 2>
= x
(6.10)

For Eq), as n?(1 — by) = ﬁ—i > ePna, if V(x) > (1—6)logn +b, by (2.3) withyy = b,

0 )
_ n n
P (Lx(rn) > ne) < 2naxe_c'7”9bx = 2n1_96_v(")ﬁ676’7ﬂ7 < Czanl_ge_v(x)f%”i/
X

where we use the fact that te =" < cpe~ /2 for any t > 0and ¢4 := Sup;~ te=%/2t In addition, given
{V(x) <logn —a,, V(x) > (1—0)logn+b}, we get Hy < |x]eV® V) < ¢5(logn)39n’. Thus,

P <ZX(Tn) = ”9> < gy 0V (¥)gmeasllog )

This combined with Many-to-One Lemma implies that

k=1 |x|=k

o(logn)3
:[E((,A()) §C237’1179€ co5(logn)*~ [ Z Z e~ x]

—co3c0(log n)3e s los )™ 3,19 — o(n1),

which shows (6.9).
For E 1), again, as n?(1 — by) = ﬁ—i > e’nay, by (2.4) with 57 = b, one has

— 0 ng
P <Lx(Tn) >0t EJ(C”) > 2) < 2(nax)2€—cy,n6(1—bx) _ 2n2(1—9)e—z\/(x)(;1 )2eCui,
X

0
. . _ _ . 0 —c, _
which is less than cygn2(1-8e=2V(%) gince (—I'fl e 1t < sup;-. 2e~t < co. As a result,
X el

co(logn)®
1-6 —V(x) ,(1-6) logn—V
E.10) <cz6n”"E l; ||Z;k1{v x)€[log n—aylog n+a,],V(x)> (179)10gn+b}e Welt=)ogn=L)
= X
co(logn)? B
—cpent~? Z E [6(1*9) 10g”*5k;§k > —a, Sy € [logn —ay, logn+ay,], Sy > (1 —0)logn + b} ,
k=1

where the last equality follows from Many-to-One Lemma. So it suffices to show that
co(logn)?
— 1-6)logn—S
E(6'11) T kz:l E |: ( o~ kl{ Sy>—a,Si€[log n—ay,log n+ay),Sp>(1-0 logn}:| O”(l)' (611)
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Apparently, e(1-0)1087=5 < ¢~ if §; > (1 — @) logn + a,. As a result, for a, = aloglogn with a > 3,

co(logn)?
Eeiy <on(1)+ ). Egiy(k),
=1

where

E12)(k) :=E [ el =018 n=5kq (6.12)

{ S;>—a,Sk€[log n—ay logn+ay,)],Sp[(1—6) logn,(1— 9)logn+an]}]

We only need to show that ZCO (log ) E(612)(k) = 0,(1). For 1 < k < ¢(logn)? with ¢ € (0,1) small, by
(A.19),

¢(log n)? (176) log n+ay, e(logn)?
Z E(6 12) Z (1 6)logn—r Z P > —u, Sk € [1’ r—+ 1])
r=(1-0)logn k=1

<cor(1+a)e = 0e(1).

For k > (logn)?/¢, by (A.2), one has

co(logn)? (1-0) logn+ay, co(logn)?
Z E(é_u)(k) S Z 6(179) logn—r Z P (§k Z —, Sk S [1’,1’ + 1])
k=(logn)?/e r=(1-0)logn k=(logn)?/e

<czg(14 a)*V/e = 0c(1).

logn) /e

It remains to check that limsup,,_, Zk e(logn)?

(Si)o<i<k hits Sy, we get that

2 E@g12)(k) = 0¢(1). By considering the first time that

logn)z/e

Y. Eeiy(k)

k=¢(logn)?
(logn)?/e

k
Z ZE 1 6) IOgI’l Skl - -
- {S >—u,5;_1<Sj=S;€[logn—aylogn+a,],Sp[(1-0)logn,(1-6) logn+an]}
k=¢e(logn)? j=1
(logn)?/
< Z R Z Ze ZE [ {s >—a,5j_1<Sj=5€[log n+s,log n+s+1],5;€[(1—0) log n-+t,(1—-06) logn+t+1}}}
k= (logn) s=—ay t=0

n

By Markov property at time j, one sees that

E[l{ﬁsz ,S;_1<Sj=5i€llog n+slog n+s+1], Ske[(lf(?)logn+t,(179)logn+t+1]}]
<P(S; > —&,S; = S; € [logn +s,logn +s+1]))P(St_; < 0,5 ;+0logn € [t —s —1,t —s+1]).
So,
(logn)? /e (logn)?/e k—
Y Eenpyk) < ) Z P14(j, k), (6.13)
k=¢(logn)? k=e(logn)? j=

31



with

P14)(j, k)

a,  ay - _
) tzoe_tP@j > —u,S;=S; € [logn+s,logn+s+1])P(S,_; < 0,5 j+0logn € [t—s—1,t—s+1])
s=—ay t=

(6.14)

Observe that Z;‘:—ll P1a)(j, k) < 2] *(logn)* | 2 ~(elogm)? | Z (clogny? P6.14) (j, k). We bound the three

=(elogn)?

sums separately. First, by (A.7) and (A.2) for j < (elogn)? § sk we have

e (logn)?
Y. Peiy( k)
j=1
€2 (logn)? B
< ) P(S; > — 8, S;=S;>logn—a,) sup P(S_;<0,8_ ;j+0lognelt—s—1t—s+1])
j=1 Ogtgﬂm'S‘Sun

2(logn)?
logn © %8 1+a (14 a)elogn

For (elogn)? < j < k— (elogn)?, by (A.2) and (A.18), one sees that

k—(elogn)? k—(elogn)?
Y. Peay(ik) <2a, ), sup  P(S; > —a,Sj = Sj—logn € [s,s + 1])(1L(‘)%/nz)
j=(elogn)? j=(elogn)? 0<t<ay,|s|<ay -
o k(ﬁflgn)2 c31(1 + a)*(logn)* o a1+ w)*
<2a, Plk—j)32 = g32

4 (log n)3a,
ekd

+ C32(1 + IX)
j=(elogn)?

As k > ¢(logn)?, we get that Z ;fgg:)) P12y, k) < es3(1+a)? g

For k — (elogn)? <j <k, by (A.18) and (A.19), one sees that

k—1

Y. Peay(jik)

j=k—(elogn)?

1 4] 3 (elogm)*
Sc34an( +£¢3) (logn) sup Y P(S;<0,-S;€ [flogn+s—t—1,0logn-+s—t+1])

0<t<ap,|s|<ay, j=1

4 3
SC3511n(1 +ch3) (logn) 2

Asa consequence,

k-1 \ ,

. 1+ a)elogn a c35a, (1 + a)*(logn
Z%P(e.m)(],k) < c30(k2/2g+c33(1+a)4€4k;z/2 4 G n( ks) (logn) 2
]:
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Plugging it into (6.13) yields that

(logn)?/e

Y. Eein(k) = o0x(1) +oc(1),
k=e(log n)?

which completes the proof of (6.11). We thus conclude (6.10) and (6.2).

Proof of Lemma 5.1. Let

ogn
Eise) = |: Z Z F2 zlogn)l{v( )>—a} | -

co(logn)?

Es7) :=E Z Z e F2 z,log 1)1y (z)>—a)
m=(logn)?/e |z|=m

Let us bound E 4 first. By Many-to-One Lemma,

e(logn)?

— Sk—(1-6)1 —b
E(5-6) - 1;1 E [e k= (1=6)logn 1{§k2—1x,§k§10gn—i—an,Skg(l—Q) logn+b}]
e(logn)? e(logn)?
16 b Sk—(1-6) 1 b
< kzl e BT+ kZ; E[ k(=0 logn= 1{S> a,Sx<log n-+ay,Se[15% logn,(1— 9)logn+b]}}
(170)10gn+b e(logn)?
<o,(1)+ Y e (-O)logn-t Z P(S, > —a,S € [t,t+1]).

t=17%logn =

We then deduce from (A.19) that E(s ) = 0,(1) 4 0¢(1). This suffices to conclude (5.6).
On the other hand, by Many-to-One Lemma,

co(logn)?

— 1-6) 1 b
EG7) = Z E [e ~(1=0) logn— 1{Sk> 0,5 <log n+a,,5:<(1-0) logn+b}}
k=(logn)?/e
co(logn)? e co(logn)® (1-8)logn+b
< Z eleognfb + Z Z etf(lfe)lognfbp(ﬁk > —q, Sk € [t,t+ 1])
k=(logn)?/¢ k=(logn)*/e t=13%logn

By use of (A.2), we obtain that

Co(lﬁn)a c36(l14+a)(14+(1—0)logn+0b+uw)

Ei57) <on(1) + 1372

=0,(1) +0¢(1).
k=(logn)?/e

This ends the proof of Lemma 5.1.
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Proof of Lemma 4.1. In fact, as P€ (L (1) > n®, E{ = 1) = nay(1—a,)"1p' 1

that

co(logn)?

E.15) := Z E

13nf—1
. [2 nax 1 —ﬂx)” b” 1{V x)<logn— ﬂn}

|x|=¢
co(log )’

L

E.16) :=

|x|=¢

E [ Y nay(1—ay)"” 1b 11{x¢©n} —

, we are going to show

—o(n'7?); (6.15)

(6.16)

First, observe that if V(x) < logn — a, with a, = aloglogn and |x| < co(logn)?, then

111 — 0 — n’ _a
nax(1— a1 1 < 0oV I e (e

X

as a, > ) | . This follows that

E(6.15) < nl—Ge—C37(logn)

s co(logn)3
(=1 |x|=¢

< nl*Ge*V(x)e*Cy(lOg Tl)

a-3

which by Many-to-One lemma, is bounded by n'~f¢o(log 1)3e~¢(108m)" > — (#1-9). This proves (6.15).
Next, let
co(logn)® [ T
. 13m0 1

Eg17) = Z E |Zf nax(1=ax)" "0 Ly v sotogaia) (6.17)

X -

co(logn)® T T
E1g) := Z E |Z£ nay(1 — a,)" v ‘11{V (x) <Blogn—a,} (6.18)

L|X .

It is immedjiate that

Ec.16) = E17) + E@.13)- (6.19)

( 1—9)'
V) If V(x)

So, we only need to check that E 17y = o(n'~
On the one hand, note that |x|e¥(®)

g—i < (logn)~" and

) and E(6 18

):
V() > H, > V-

0
0 n
nax(l _ llx)n_lb;l -1 < nl—ee—V(x)ﬁ < 1’11_96_
x

This brings out that

o(logn)

”Z Yoot

E [
=1 |x|=¢

E.17) <n'?(logn)~

On the other hand, if V(x)

0

nax(l _ ax)n—lbzg—l < nl—Be—V(x)efZ"Tx < nl—ee—V(x)e—C3g(logn)

34

—V(x) > Ologn + a,, then
V() (log n) ™",

x]_o 19)

— V(x) < 0logn —a, and |x| < co(logn)?, one has & >

(6.20)

and

o (log )3

a—-3



Asa consequence,

co(logn)

|

x|=¢
We then deduce (6.16) from (6.19), (6.20) and (6.21).

(6.21)

O

Proof of Lemma 4.2. Again, as P (L, (t,) > n?, EM = 1) = nay(1 — a,)" 10" ~1, we are going to show

that

1 e(logn)® o1 ]
limsup —— Z E Z nay(1—ax)"" b” - l{xe%“ 10, V()2 —a} =0.(1);

oo M0 |x|=¢
L eollogny? o '
hmsupm 2 Z nax(1—ax)" bn 1{xe% ND,NL,,V(x)>— zx} =0¢(1);
n—eo {=(logn)?/e |x|=¢

T L

l=¢(logn)?

1 (logn)?/e [
|x|=¢
Proof of (6.22). Let

E2)(f) :=E [IIZ nay(1—a,)" o) 711{x€%n D,V er}] :
x|={

To get (6.22), we need to bound z};"f " E(6.22)( ) and ZE (log)? E(622)(¢) with § € (0,1).

10 1’l 1+5

As nay (1 — ax)”_lb;le_l < n19V(¥) we see that by Many-to-One Lemma,

1-6 -V
E(6~22) <n"E [ 2 e (X)l{V(x)>—zx,V(x)>logn—un,V(x)—V(x)e[9logn—an,Qlogn+an]}’]

=n'"P(S, > —a,S; > logn —a,, Sy — Sy € [8logn — a,,0logn + a,)).
For1 < ¢ < (logn)'*° with § € (0,1/3), one sees that by (A.17),

-1 _
Z nax(l—ax)” b 1{x€©n}1{V €[log n—ay,log n+a,),V(x)>— oc} _On(l)'

(6.22)

(6.23)

(6.24)

(10gn)1+‘5 (logn)PrtS B B
Y. Eea)(l) <pl-? Y. P(S;>—uaS >logn—a,S;—S; € [0logn —a,,0logn + a,])
=1 =1
(logn)“’"
<n'™? Y P(S,> (1-0)logn —2a,)
=

Snlff}’e*cw(log n)l=?

— O(nlfe),
For ¢ > (logn)'*?, by considering the first time hitting S/, one sees that

1 ¢(log n)?

o Y. Eex)(l)
(=(logn)1+é

e(logn)?  p-1

< E ZP(ﬁg > —,5;1 <Sj=54,5; >logn—a,S;— Sy € [0logn —a,,0logn + a,]),

(=(logn)1+¢ j=1
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which by Markov property at time j, is less than

e(logn)?> ¢—1 - B
Y, )Y P(S; > —a,S;=S; > logn —a,)P(S¢-; < 0,—5,; € [0logn — a,, 0logn + ay))
{=(logn)1+? j=1

e(logn)®> [ (logn)'*/2 ¢
< Y, P(Sj>logn—ay)+ ) P(—S,_j € [flogn —a,,0logn + a,])
{=(logn)1té j=1 j=C—(logn)1té/2
{—(logn)1+9/2 B B
+ Z P(ﬁj > —a,5;=S5; >logn—a,)P(5,;<0,-5,; € [0logn —ay,,0logn + ay))
j=(logn)1+9/2
Again by (A.17), one has
(logn)'*2/2 14 1.6
Y, P(Sj>logn—ay)+ ) P(—S,_; € [flogn —ay,0logn +a,]) < g caologm)™*,
j=1 {—(logn)t+i/2

On the other hand, by (A.16) and (A.14), one has

Z P(ﬁj > —zx,gj =§; > logn — an)P(gg_]- <0,-S ;€ [Ologn —ay,,0logn + ay])

j )
(—(logn)+o/

2 2
< Z C41 (1 + D‘) P (IOgjn)z 1 ‘6—543 (loeg,j)
j=(logn)1+4/2 \/jlogn ¢ -]
l/2 5 oo i
<gefc43M 3 7(:41(1 +a) e—m% a\lra) (1+a) e’C42M Z L_e*%%
4 i—(logmy+i/2 \/1logmn lognv/€/2 it
cu(lta) o toan?

- l

Asa consequence,

1 e(logn)? s e(logn)? C44(1 n 1)() .
— E E00)(¢) <e(lo n)2ecaollogn) = 2 Caall T ) g B

1-0 (6.22) = g ’
n {=(logn)1+é t=(logn)1+ ¢

which converges to 0 asn — co then ¢ | 0.
Proof of (6.23). Let

co(logn)?

,_ —13nf-1
Egopi= ), E| ) nax(l—ax)" 't} 1{x€%;ﬂ©nﬂﬂn,1(x)zfuc}
l(=(logn)?/¢ |x|=¢

Note that na,(1 — czx)”*lb’f*1 < C46n1*Ge*V(")(I’fl—i A %) as xe /% < cge(x A %) Therefore, by Many-
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to-One Lemma,

- co(log n)? ) n®  H,
— —V(x
E(623) < caem Z E Z e (ﬁ A )1{xe93 ND,NEV (x)>— a}
{=(logn)?/e |x|= x
CO(logn)3 0 S
n Hj

:C461’1176 Z E ( N —

{=(logn)?/¢

where Hj := Yt _oeS 5. Observe that

n? HS
E (ﬁ/\ ) {S >—a,S,>log n—ay,maxi<¢(S;—Sk) <logn,S;—S,€[0 log n— an,Glogn-i-un]}
S
< 2 E 1{S/> ,S¢>log n—ay, maxg<,(Sg—Sx)<logn,S,— S;e[Glogn—O—xGlogn—i—x—i—l}}
X=—ay
a,—1 0

n
+ 20 E Hsl{S/z—a,@zlogn—a,,,maxkq(?k—sk)glogn,@—S/e[610gn+x,910gn+x+1}}
x= V4 B

Note that H gs > eSt=5t_ Tt follows that

ap—1 0

n
EO E ﬁl{@g —a,Sy>log n—ay,maxi<¢(Sp—Sy)<logn,S,—Sy€[0 log n+x,0log n+x+1] }
x= / -

a,—1
6,S—S¢ _ _ _
< ZO E |:Tl ¢ 1{552704,55210gnfan,maxkg(skfsk)glogn,ngsge[910gn+x,910gn+x+1}}}
x=
a,—1

—x
< ZO e "E [l{ﬁngoc,@zlognfa,,,maxkg(gkfsk)glogn,@‘fS[e[910gn+x,910gn+x+1]}} :
x=

On the other hand, as HY = Zi:o eSk—SeeSt=5Se,

S
Z E 1{ /> —0,S;>log n—ay,maxg<¢(Sg— Sk)<lognS[fS[G[Glognjo910gn+x+1]}
X=—a,
< ¥RV B
Sy ftx,nglognfa,,,maxkg(skfsk)glogn,ngSge[910gn+x,910gn+x+l}}
X=—a,

So, it suffices to prove that uniformly for x € [—ay, a,],

co(logn)?

Z E 1{§€2—a,§gzlog n—ay,maxg<¢(Sg—Sk) <logn,5,—S,€[0 log n-+x,0 log n+x+1] }} :On,e(l)
(=(logn)?/e

co(logn)?

Sk—5¢ _ _ _ —
Z E Ee 1{&2—«,55210gn—an,maxkg(sk—sk)glogn,Sg—Sge[Glogn-i-x,elogn—l—x-i-l]} _Onle(l)'

(=(logn)?/e k=0
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(6.25)

(6.26)



First, we consider (6.25) and let E(6425)(£) = E [1{&27&,@Zlognfu,,,maxkg(gkfsk)Slogn,ggfsée[mog n—+x,0 logn+x+1]}} :

By considering the first time hitting S, we have

co(logn)3 co(logn)® ¢—
Y. Ee(0)= )] 2 E2n (7, 0), (6.27)
{=(logn)?/¢ {=(logn)?/ej=1

where

E(6.27) (]/ 6) =E [1{&27u¢,§é,:5]->§j,1,§é>210gnfu,,,maxkg(gkak)glogn,gngé6[910gn+x,910gn+x+1]}} :

By Markov property at time j, It is immediate that

Egon(j,0) <P (Sj > —a,ri\gjx(gk — S) <logn,Sj =S; > logn — ﬂn>

x P (gg_]' <0,5_j=>—logn, =5, ;€ [logn + x,logn + x + 1]) . (6.28)
Observe that for j < (logn)!*™ or j > ¢ — (logn)'*° with 5 € (0,1),

co(logn)® _(log n)l+d /-1

Y. Eeon(,0) + ) E627)(j, ﬁ)]
i=1

{=(logn)?/¢ j=0—(log n)1+?

co(logn)? _(log n)l+d -1
< ) Y, P(Sj>logn—a,)+ ), P(=S,;j>06logn—ay,)|.
{=(logn)?/¢ i j=1 j=0—(logn)+?
By (A.17), we get that
co(logn)3 (logn)'+? -1 L 1-6
Y Eex(G O+ Y. Eean(i )| <collogn)Pemw18mT =0, (1).  (6.29)
l=(logn)?/e j=1 j={—(logn)1+d

For (logn)!*® < j < (logn)?, by (6.28), (A.16) and (A.2), one has

co(logn)? (logn)?
Y. Eeon(.0)
{=(logn)?/¢ j=(logn)+?

co(logn)® (logn)?

< ) ) P(S; > —a,S;=S;>logn —a,)P(S,_; <0,-S,_j—Ologn € [x,x+1])
(=(logn)?/¢ j=(logn)+?

B co(logn)® (logn)? ) 144 _ng Glogn ta, _ Co(lﬁn)s C (1 . DC) logn
> 48— = 7, aN\3/0 = 50 Yo R
(=(logn)?/¢ j=(logn)*+? \ﬂlogn (ﬁ _])3/2 (=(logn)?/¢ B2
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which is 0,(1) as € | 0. For (logn)? < j < £ — (logn)?, by (6.28), (A.11) and (A.2), one has

co(logn)® £—(logn)?

Y. Eean(,0)
(=(logn)?/e j=(logn)?
co(logn)® £—(logn)? B
Z P(S > —q, max(Sk — Sk) <logn, S =S5;)P(5,; <0,—Sy_j—0Ologn € [x,x+1])
(=(logn)?/e j=(logn)? ks

co(logn)® £—(logn)? 1 co(logn)?
T gl 010gn+a logn
< X Y, e (- )3/2n < ) em(lta) /32"
¢=(log n)2 /¢ j=(logn)2 J ] t=(logn)?/e

which is also 0, (1). For £ — (logn)? < j < £ — (logn)'*, by (6.28), (A.11) and (A.14), one has

co(logn)®  £—(logn)'*?
Z Z E(6.27) (]/ 6)
(=(logn)?/e j=0—(logn)?
co(logn)®  ¢—(logn)'+° B - B
< ) Y. P(S; > —a,max(Sy — S) <logn,S; = S;)P(S_; < 0,—S,_; —flogn € [x,x+1])
(=(logn)?/e j=(—(logn)? k<j

co(logn)®  ¢—(logn)'+? oz )2 co(logn)? ¢

< ) Y C541+(xe C55W7£ ! .e_c%% < ) (:571+D€e_C58<1°g7“>2
t=(logn)?/e j=0—(logn)? J —J (=(logn)?/¢
which is 0,(1). We hence end up with
co(logn)?
Z E(625)(€) = On(l) + Og(l),
{=(logn)?/¢

which shows (6.25).

Let us turn to check (6.26). Let

! Sk—S
E(6-26)(£) = kZ(:)E [e k él{sizfa,@‘zlognfun,maxkg(gkfsk)glogn,@fsére[010gn+x,910gn+x+1}}} ’

and

: . Sk—Si1 _ _ _ _ _
E(6.30)(]/ k, ﬁ) =E |:€ ]1{Sg:5j>5j,1}1{552—0@5(2105;n—u,,,maxkg(sk—sk)Slogn,Sg—SgG[Glogn+x,910gn+x+1]}] :

(6.30)
By considering the first time hitting S, one sees that
co(logn)3 co(logn)?
Y. Eew®)= ), Z ZE<6 30)(j K, £)
{=(logn)?/e t=(logn)?/ek=0 j=1
co(logn)® ¢—1j-1 co(logn)® ¢—1
= X 2 2 Eeso(ik O+ ), ) ZE(6 30)(j, k, £). (6.31)
t=(logn)?/e j=1 k= t=(logn)2/e j=1 k=]
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For k > j, by Markov property at time j,
B30 (j k) <P(S; > —a,5; = S; >logn — a”’frgl?ng@i —S;) <logn)

S,
x E [e g ]1{§[ﬂ~§0;751,j€[910gn+x,910gn+x+1]}} . (6‘32)
Similarly as above, we use different inequalities for different j to bound the second sum on the right

hand side of (6.31).

1. Forj < (log n)1*+0 with 6 € (0,1), by (6.32), (A.21) and (A.17), one sees that

co(logn)® (logn)*+?

¢
)3 ) kZ E630)(j, k, £)
=

{=(logn)?/e j=1
co(logn)® (logn)'+e 0—j

S
< Z Z P(Sj 2 logn - an)E E ¢ kl{gg_jgo;—S[_je[910gn+x,910gn—l—x—i—l]}
(=(ogn)?/e j=1 k=0

co(logn)® (logn)'*? _
< Y X P(S]-zlogn—an>c59‘”(j§2”);f”gcéo\/ée—cmlognﬂ-a
(=(logn)?/e j=1

which is 0,(1).

2. For (logn)'*? < j < (logn)?, by (6.32), (A.16) and (A.21), one sees that

co(logn)? (logn)

). ): ):Eésm jik )

(=(logn)?/e j=(log n)1+9 k=j

co(logn)? (logn)? B l—j s
< Z Z P(§j > —u, Sf = Sj > logn - a")E Z e kl{gér,jg();ng,jE[910gn+x,910gn+x+1}}
0=(logn)?/¢ j=(logn)+? k=0
co(logn)®  (logn)? (log n)?2 co(log n)?
< X )3 C621.+7“3_C63 [ W < Y el +“)1;3g/;1,
(=(logn)?/¢ j=(logn)+? \/jlogn ( - ]) t=(logn)?/¢

which is 0.(1).

3. For (logn)? < j < ¢ — (logn)?, by (6.32), (A.11) and (A.21), one sees that

co(logn)® ¢—(logn)? ¢

)y Y. Y Ewa(ik0)

(=(logn)? /¢ j=(logn)? k=]

co(logn)® ¢—(logn)? l—j
< ) ) P(S; > —a,S; = Sj, max(S; — S;) < logn)E

Sk1
i 1<i<j Z € 1{5g,]-§0;—54,]-6[910gn+x,€logn+x+1]}

{=(logn)?/e j=(logn)? k=0
co(logn)® €—(logn)? 1 co(logn)?
+zx —C66 (o2 910gn—|—a logn
S Z Z Ce5 7(5 = ])3/271 < Z C67(1 + 06) 63/2 P

{=(logn)?/e j=(logn)?

which is 0.(1).

(=(logn)?/e

40



4. For £ — (logn)? < j < ¢, by (6.32), (A.11) and (A.20), one sees that

co(logn)? /-1
> Z

¢
Z 630)(J, Kk, £)
t=(logn)?/e j=C—(logn)? k=]

)2

co(logn)® (logn l—j
S
< " E Z (S > —u, S - S]/ {2?2(](5 =5 ) < logn)E [E e kl{Sg_]-SO;—Sg_]-e[Glogn+x,610gn+x+l]}]
=(logn)?/e (—j=1 k=0
co(logn)? /-1 1 0—j
+ 14 _C697]
< E Z Ce8 7 e (logn)? [Ze kl{S/ i<0;—S,_;€[flogn+tx, Glogn—i-x—i-l]}]
(=(logn)?/¢e j=C—(logn)? k=
co(logn)? 1 B .
< , Y, —;ae s,
/=(logn)?/e
which is 0.(1).
Combining all these terms, we get that
co(logn)® ¢—
D Z 25(630) jok, €) = 0n(1) +0e(1). (6.33)

(=(logn)?/¢ j=1k=j

co(logn)

Next, let us bound )~ logn 12/e

that

2 ) Zk ) E(6 30)(j, k, £). For k < j, Markov property at time j implies

. S,—S.
E(6.30)(]r k,E) <E [e ¢ ll{gjz—a,5j>§]-,1,§j210gn—an,maxogig/(gl'—si)Slog”}}
X P(Sp_; <0,—S,_j—6logn € [x,x+1]).

If S, < % logn, then E30)(j, k, ) < ¢~2108n+an Therefore,

k=S

E(6.30) (]/ k, E) S e_% lOgi’l—‘,—an + E eS

L —|

jl{sz—a,Skzl°§",5j>Sj1,5]-210gn—an,max0<i<j(5i—si)Slogn}:|
X P(S;_; <0,—S,_j—0logn € [x,x+1]). (6.34)

By Markov property at time k and by the fact that (S; — S;_;)o<i<;j is distributed as (S;)o<i<j,

Sk—Si1 o B
E [e jl{Skz%logn,§j2fvc,Sj>S]-_1,S/-210gnfan,maxog,-gj(S,-fsi)glogn}}

—-Si_
SE [1{§K2—a,§k2%logn,max,-gk(gi—si)glogn}E[e / kl{S]-,kzgj,kao}]|x0:§k—5k:|
_ —-Si_
=E [l{ﬁxzftx,gkz%log”,maxigk(gﬁsi)élog”}E[e : kl{ﬁj—kEO,S,;kao}]’x0=§k*5k}

which by (A.22) is less than = )3/2E [e( =Si) /21{51<> 0,52} log nmax;<i(Si—S; <10gn}] As aresult,

co(logn)® ¢—1j-1 co(logn)® ¢—1j—
Z Z Z E(6 30) ]/k E < On( ) Z Z Z 3/2E(6 g5)(],k 5) (6.35)
t=(logn)?/e j=1k=0 {=(logn)?/ej=1k=1
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where

E(6_35)(j,k, é) = E [e(sk_gk)/zl gg,]‘ S 0, —Sg,]‘ —910g7’l S [x,x+1]).

{§K2 —a,S¢>1 log n,max;<(S;—S;) <log n }} P(

For j < {/2,by (A.2), we have

o~
[ay

/2 - 0/2j-1

C72 €73 o(Sc-50)/2 B - logn
=1 k=1 (] k)3/2E(6 35) ],k f = ]gk—zi 3/2 [ o 1{§1<Z*1x,5k2%10gn,max,ék(s,'fs,-)glogn}] (5/2)3/2
lOgT’l £/2—1 $.—5.)/2 /2 c73
§7<€/2>3/2 I; [e( k—S5k) 1{§K2—a,§k2%logn,maxigk(gi—s,')glogn}] Z <] —k)3/2
log n log* & Sc—5;)/2
SC74 (3/2 |: Z +k IZ: E [e( €=5%) 1{§K27a,§k2%logn,maxigk(gifs,v)glogn}]
(logn)?
By (A.10) for k < (logn)? and by (A.9) for k > (logn)?, we see that
y g y g
0/2 -1 7 .
T WE(6.35)(]/](I€)
j=1k=1
logn logm)* 14 4 L (1+a)logk (1—|—zx) - logn
<c + (1°g”> ) < C77(1 —|—Dé)
57372 03/2 |: Z \flogn (gn)z( k372 k p3/2°
This yields that
cologn)’ ¢/2j-1
Z Z Z 3/2 635)(],k E) = 05( ) (636)

t=(logn)?/ej=1k=1

For ¢/2 < j < {— (logn)?, by (A.2), we have

(—(logn)? j—1

C72 .
Z Z(] 2)3/2E(6-35)(]/k16)

j=t/2 k=1
{—(logn)? j—1 cra (5,-5.)/2 logn
=k Bt [ sz g5 iosn} ) 7=
By (A.10) for k < (logn)? and by (A.9) for k > (logn)?, we see that

(—(logn)? j—1

Y X (]Ck)g/zE(ms)(]rk 9

j=t/2 k=1
(= (logm)* | (logm)® c 1 j—1 —Cs1 10kn 2
79 +a C80 logk e — (osm logn
: . + e () Gy + )| 2
]'_26;2 = (k)32 Vklogn k—(gn)Q (j—k)3/2 k3/2 k (0 —j)372

eyl
log¢ e " 0osm
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This leads to
co(logn)® £—(logn)? j—

)% c
0 (1 )2/ .;/2 kzl WE(&?)S)(]/ k/ 6) = Og(l). (637)
=(logn)?/e j= —

For £ — (logn)? < j < ¢—1,by (A.10) for k < (logn)? and by (A.9) for k > (log1)?, one sees that

(-1 - .
Z Z 3/2 372 E635) (k. )
j=0—(logn)? k=1
; k
= g C84 1+a = css5 log k e % logn?
< + (14 a)(BE
j E—%gn) k; (j— k)32 \flogn k_(én)z (j— k)32 k3/2 k

P(S;_j <0,—S;_;j—0logn € [x,x+1])

+ ) Z P(gjgo,—sj—elogne[x,x—I—l])

logl e " (ogn
e (1) (377 +
Consequently,
co(logn)? -1 -
Y. Z 3/2E(6 35)(J K, £) = 04 (1) + 06(1). (6.38)
(=(logn)?/¢ j=L—(log )Zk—l

In view of (6.36), (6.37) and (6.38), we end up with

co(logn)?

T L - aalih 0 = oul) +0.0).

{=(logn)?/ej
This, combined with (6.35), (6.33) and (6.31), gives (6.26). We thus conclude (6.23).
Proof of (6.24). Let

E(6‘24)(£) = E [Z nax(1— ax)nilb 1{9‘69 }1{V €llogn—ap logn+a,),V(x)>— "‘}]
|x|=¢

We are going to show that
(logn)? /e

Y, Egan(0) =o(n'). (6.39)

(=¢(logn)?
Recall that na, (1 — ax)”*lbf)*l < n'=%=V(®)_ Tt then follows from Many-to-One Lemma that

(logn)?/e (logn)?/e
—0
Z E(624)(€) Z E [ Z eV )I{XG9;1}1{V €llog n—ay logn+a,),V(x)>— zx}]
l=¢(logn)? l=¢(logn)? |x|=¢
(logn)?/e B .
=n'"% Y P(S,>-a,S, € [logn—aylogn-+ay],S;—S; € [0logn — a,,0logn+ay,]).
l=¢(logn)?
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which by considering the first time hitting S is equal to

(logn) /e -1 B
nl=? Z ZP S, > — <Sj =5y € [logn—aylogn+a,|,S;—S,—0logn € [—an,an]).
l=¢(logn)? j=

So by Markov property at time j, we get that

(logn) z: (logn) /e (—
Y Epay(0) < n'~? ) ZP(e 10)(J, 0), (6.40)
(=¢(logn)? (=¢(logn)? j

where

P.ag)(j, 0) := P(S —u,Sj = S; € [logn —ay,logn +a,])P (gg,]- <0,-Si_j—60logn € [—ay, a)).
We will divide th sum on the righe hand side of (6.40) into four parts: Zglof Tog/n <, Z (log )" with
s€(1/2,1), 2£1°gn y:/e Zbgn Z;Og" )i/e Z —(logn)® dZ;Ogn )i/e Z ~(logn)? and bound them

e(logn)? (logn)1+d” e(logn)? ~j=(logn)? e(logn)?
separately.

1. For1 <j < (log n)1* with 6 € (0,1), by (A.2) and (A.17), one sees that

g 1)
< Z P(S; > logn — ay,)c%%,g;2 < Z 0575 e~ con(logm)™* _ 0,(1).
= | (f o ]) (=¢(logn)? ¢

2. For (logn)'*® <j < (logn)? with § € (1/2,1), by (A.18) and (A.2), one gets that

(logn)?/e  (logn)?

Y. Pea(jl)

l=¢(logn)? j=(logn)1t9

(logn)2 /e (logn)? o (loan) ailogn  (oBN/e 2 (loa m)20-9)
< Z Z C92(1 + 06)4 n( 3{; ) gn .g3/2 < Z 592(1 + 06)411(%3/2 = 011(1)‘
l=¢(logn)? j=(logn)1+o J ( o ]) l=¢(logn)?

3. For (logn)? < j < {— (logn)? by (A.8) and (A.2), one sees that

(logn)?/e (—(logn)?
2 Y. Peag(id)

j=(logn)?
—(logn)? _

< Z P(§j > —u,S; € [logn —ay,logn + an])P(Sg_]- <0,—S,_j—6flogn € [—an, a,))
{=¢(logn)? j=(logn)?
(logn)?/e (—(logn)?

< ) Y o3
{=¢(logn)? j=(logn)?

—
—
Q
aQ
=
~
N
S~
[+
N‘\

2
(1 + Oé)an an log n (logn)*/e g2 B
]'3/2 (E — j)3/2 S Z_g(];gn) C94(1 + [X)E?’/Z On(l).
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4. For { — (logn)? <j < {—1,by (A.8) and (A.19), one gets that

(logn)?/e /-1

Y. Pea(j0)

l=¢(logn)? j=C—(logn)?
(logn)?/e (1+a)a 8logn+a, (logn)?
n

< Z 695W Z Z P(gj < 0,—5]‘ € [1’,7’ + 1])
l=¢(logn)? r=0logn—a, j=1
(logn)*/e 22
< Z C96(1+“)€3/2 _07’!(1)'
l=¢(logn)?
Going back to (6.40), we deduce that ) glof Togn) E(624)(¢). This completes the proof of (6.24). O

Proof of Lemma 4.3. Proof of (4.6). Recall that for x € B+nN D, N £,, one has P¢(L,(t,) > n’, EJ(C”) =
1) = na (1 —a)" 107"~ = (140, (1))n1*96*V(")f(I'fI—i) with f(t) = te~’. It then follows that

(logn)*/
E[ L 1{Lz< B mH}]
(=¢(logn)? |z|=L

(logn)*/e n°
:(1 +0n(1))€ (IZ )2E Z 1{26%*}1{269 }1{V( z)>— ac'yn<maxx<ZHz<n}]
=¢(logn L|z|=¢
(logn)2/e T 7P
=(1 +0”(1))£ (IZ )2E f<I_I;)1{S£2“/szlogn+ﬂ;1rsfSIG[BIOg”an/9108n+ﬂ;1]/)’rl§maxk<€H;?S”}] (6.41)
=& Ogn

which is less than

(logn)*/e "t
¢ Z E f(HS)l{S >—a,5>logn+a,,Sy—S,€[0log n—ay,0log n+ay,),log n—rloglog n—log <maxy<,(Sx—Sk) <logn}
(=¢(logn)?

as eS 5k < H,f < keSc—Sk. To conclude, we only need to show that for any a, = o(logn),

Allogn? [ 4
nlgl;lo Z E [f( Hs )1{&2—a,5(4210gn+un,54—556[Blogn—a,z,ﬂlogn+un},maxk<(c(5k—5k)Slogn-ﬁ-an}]
(=a(logn)? 14
A 1 1 0 . du
=R / ) (642
@ [0 642

which follows immediately from (A.29) and (4.7). By comparing the convergences for a, = 0 and

a, = —(r + 3) loglog n, we obtain what we want.
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Proof of (4.7). Similarly as (6.41), we get that

(logn)?/e

1
nlf(?]E Z 2 {Lz ) >n9E } {zeqﬁ}l{ze@ \DK}l{V( )>—a,maxy<; H,<n}
l=¢(logn)? |z|=L

(logn)?/e 1’19
:(1 + 0 (1)) Z R E f(ﬁ)l{&z—a,@zlog n+a,,Sy—Sy€[0logn—ay,0logn+a,|\[0log n—K,0 log n+K],maxi<, H}fgn} :
l=¢(logn) ¢ B

Similarly as in the proof of (6.23), one has

E |f —ne 1
( S) S,>—w,5,>logn+a,,S,—S,€[0log n—ay,,0log n+a,)\[0log n—K,0 log n+K],max,<, HS <n
He 2 g g g g g <t

2
(logn)*/e ¢ 1E n® HS
(Hs /\ ) {S[> a,7(S)=j,S;>logn+a,,S;—S,€[01log n—ay,0 log n+a,]\ [0 log n—K,0 log n+K],maxy<(Sx—Sg) <n}
14

x Sk S[
— >—ua,7(S)=j,S¢>log n+a,,S;—S,€[0log n+x,0 log n+x+ maxy<¢(Sk—5Sk)<n
< Y e Z Z ¢ 1gs, )=j,S;>log n+a,,5,—S,€[0log n+x,0log 1 Sc—Sk)

logn)?/e a, -1

—x
+ Z Z e Z E [1{5 >—a,7(S)=j,S¢>log n+a,,S;—S,€[0 log n+x,0 log n+x+1],maxy<¢(Sx—Sk) <n}}
l=¢(logn)? x=K j=1

Using the same arguments as for (6.25) and (6.26), one sees that

n
E [f(I_Ig ) 1{&2 70(,3[ Zlog 1’l+ﬂn,§[7$[€ [6 log n—ay,0 10g 1’l+ﬂn]\[9 log n—K.,0 log n+K]’man§é’ Hlf STI}

] <cor(1+a)e’K,
which is 0k (1) as K — oo. O
Proof of Lemma 4.4. Let us consider the quenched variance of E,(¢, B, N D, N £,,, ) which is

Varf (B, (0, B, ND,N &, a)) = EE [(En(é, B ND,NL,, ) — EE[E, (6,8 1D, N S%,oc)])z]

_ 0_ _ 0_
= ) nax(l—a)" by 1= nax(1 = ad)" by g, ne, v —a) T ZVer (6.43)
|x[=¢
where
ZV‘” = Z 1{x,z€%ﬁ{ﬂ©nﬂﬁyn,Z(x)Zfa,Z(z)Zfa}

Ix|=lz =tz
_ 0_ _ 6_
X UEE“{zx(mZne,E§”>:1}1{fz(rn)zne,E§">:1}) — ez (1—ax)" by (1 —a)" 100 ] (644)

On the one hand, for the first term on the right hand side of (6.43), as ¢ = @((logn)?),

_ 0_ _ 6_
Y. nae(1—ae)" '0F M1 — nay(1— ax)" 10! 1]1{x€‘B,Tﬁ®,,ﬁ£W,K(x)zftx}
|x|=¢

17101
< ||Z£ nay(1—ay)" by l{xe% NDuNLy, V(x)>—a}
X
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whose expectation under E is ©( ”12 !

) according to (A.29) and (6.41). For x # z, one sees that {E,(C”) =
E§”) = 1} means that either x and z are visited in two different excursions or they are both visited in
the same excursion. Let a, , := ]Pg (Tx AT, < Tp+). Then,

£
E (1{Ex(r,,)zn9,E§,”>:1}l{fz(rn)znﬂ,E§”):1})
=n(n—1)aya,(1— ax,z)”_z(bxbz)”e_1 +n(1-— ax,z)”_lll’g(fx(rl) > ne,fz(n) > ne)
_ o . Ly(m)Ly(T
Snzaxaz(l - axrz)n 2(bxbz) ! 1 + n(]. - ax,z) 1IE€ [X<l;/l)292(1):|

Let u = x A z be the latest common ancestor of x and z. Say that uy is the child of u such that u, < x
and u, is the child of u such that 1, < z. Then

IEE [Zx(Tl)zz(Tl)] :]Eg [Zux(Tl)zuz (Tl)] e_V(x)—V(Z)+V(ux)+V(uz)
=E* [Lu(t1)(Lu(T1) +1)] o V() =V (2)+2V(u)

—2H, e~V (1) x = V()-V(E)+2V (1)
It follows that

o _ _ _
Svar <Y, mPaaz(beb)” (1 —axz) = (1—ax)" N1 —az)" 1]1{x,z€%ﬁ{ﬂ@nﬂilw,Z(x)Zfa,Z(z)thx}
x#z,|z|=|x|=¢

+ /i Y Y. 2120 o V() 5 V() =V(2)+2V(u)

l{x,ze%:{ ND,NLy, ,Z(x)zfa,z(z)zfa}
k=0 |u|=k |x|=|z|=CxAz=u

By Lemma 4.2 of [AC18], (1 — ay.)" 2 — (1 —ay)" }(1 — a,)"! < na, + nay. Moreover, a, < e V) <

e~ 108"~ for x € B;". Consequently,

0_ _ _ _
Z n?axa; (byb) (1 —ay2)" % — (1 —ay)" 1 (1 —ay)" 1]1{x,z€%;ﬁ'ﬁ®nQSW,Z(X)E*IX,K(Z)>*IX}
x#z,|z|=|x|=¢

(-1
§n2720 Z Z Z e V(x)=V(z) [naz +m1x]
k=0 |u|=k |x|=|z|=CxNz=u

(-1
§2€_a”1’12_29 2 e—V(x)

k=0 |u|=k |x|=|z|=LxNz=u

1{9(,26%,1+ ND,NLy,,V(x)>—a,V(z)> ,a}

—V(Z)l N )
{x,ze%n ND,NL,y, V(x)>—a,V(z)> —a}

Asx,z € £,,, H;, <. So,

2n2—29 (-1

Lyar < )3 e VOV N ()2 ()2
(logn) k=0 |u|=k |x|=|z|=LxNz=u {xzeBinDune,, V(x)2-aV(z)=—a}
226 éle y y
+2 50— e
(log 7)Y (=5 | ik x|= 2/ =Txnz—u

2-26 2-26 (-1
< 2n e+ 2n* 2 Z er(x)fV(z)JrV(u)
~ \(logn)*" ~ (logn)?

TVEOTVETIN o0, V05— V(z)5—a)

1{3:,26%,1+ NDuNLy,, V(x)>—a,V(z)> ﬂx}’
k=0 |u|=k |x|=|z|=£xNz=u
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since V(u) > V(x) > —a. Observe that

(-1
—V(x)=V(2)+V(u)
* lg)uz—:klx—lﬂ—g S Hrasmi e, V(020 V62 —x)
—AV (u, —[V(z)=V(u, — [V (x)=V(uy
<E Z X ) ¢ SED DR s VIS S D DR s N e
=0 |u|=k uj —;X—u 2>, |z|=0 x>y, |x|=(
=E Z ). Z Ay v ()2 - Py () (Se—1-k = =) Py, (Spmqx = —a) |
k=0 |u|=k u;=uyi=u
L uz?é”x

where the last equality follows from Many-to-One Lemma. By (A.1), we deduce that

Z ) Z —av( uz)1{Z(ux)/\z(uz)27a}PV(uz)(ééflfk > —a)Py,)(Sp_q_ > —a)
k=0 |u|=k ui=uz=u
uz?’éux
-1
_ _ _ 1+A+V(u 14+ALV(u
<eE | T Y (1t at V()P V01 ey YT e V@) Av() +V( ZE))(k +V(uy))
k=0 |u|=k ur=uy=u o
Uz F Uy
-1 -1
C99 k + 1 + Dé) 2
< < < .
—;)Z—k (1+a+50)%S 20100 - c1014
We therefore end up with
s - clon®> 2, croan2 2
Var = (logn)*~ = (logn)anr—4"
which suffices to conclude Lemma 4.4. O

A Appendix
A.1 Proof of Lemma 2.3

Proof. We first prove (2.5). Observe thatas b € (0,1), for any A > 0, by Markov inequality,

P (i ¢i < A) =P (e*/\(l—b) il > e*A(lfb)A)
i—1

< MI-b)AR [ef)\(lfb)gl} "
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(e\(l b)

where E[eA1-0)&1] =1 — 7) .Wehavel —x <e *forany x € |0,1]. It follows that
AI-D) _ y

n (e/\(l—b) _ 1)
P ;Ci <A Sexp{A(l—b)A—nam}
(e/\(lfb) _ 1)

=exp{A(1—-D)A }

AT T F (1)

. A1-b)
Since0<1—-b<¢ ( A) L one gets > ALH and then

p _
(er1=0) —1)+(1-b)
n

P (Z Zi < A) < e MDA vy > 1,

i=1

Let us turn to check (2.3) and (2.4). We only prove (2.3), (2.4) follows from similar arguments. Note

that for any s € [1, 1), Markov inequality implies that

E[s¢]" — P(LiL; 11z,=1) = 0)

L _ 0 n . n =
P (Xli Gi = 719) <s""E [sz‘l 4’22%1{§le} Z 1] = o
1= 1=

1 a(l—>b)s., "
1 na(1—">)s a(l1—"b)s , 4

P S L TR

—sn’ 1—1bs (1-a+ 1—1bs )"

since (1 —a+x)"— (1 —a)” < nx(1—a+x)"! forany x > 0. Now take s = (%igg’b with some

§ > 0. Apparently, s € [1, 1) and for any 7 € (0,1), there exists M,, > 1 such that log(1 + 1+(5) p) >
(1- 17/3)(11%;7)17 as long as 6b > M,,. Consequently, for § > M,,/b > 0,

! 1+0b 1-0
>n?) < -1
P(i;gl _n) <na—g (1+ (1+(5)b) (1+(5b)

<2(na)e /3"l Wi .

Now we take 17 € (0,1) such that n®(1 —b) > na(1+1#)and 6 = max{%, 11—2772} so that

na _m n?(1—b)  n®(1—b) 1+ <a- /Z)M
ob = (1+n)ob — (1+6)b s(1+y) = (1+6)b
This yields that
n
P (E Gi > 719) < 2(na)e” s (1-0)
i=1
o on
where (14 8)b <1+ M, + —=. We hence conclude (2.3) with ¢, = (1+M'7+ﬁ) € (0,00). 0
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A.2 Results on one-dimensional random walks

We state some facts and inequalities on centred random walk (S, ),>0 introduced in the Many-to-One
Lemma. The proofs are postponed in Section A.3.
Let &, := S, — Sy—1 for any n > 1. Note that E[¢;] = 0, 0> = E[¢3] < co. Moreover, by (1.4),

E[eﬂsoﬁl + e(1+(5o)51] < oo.

We start with some well known inequalities (see [AC18] for instance). Recall that S,, = ming<x<, Sk
and S, = maxg<r<, Sx. Note that the inequalities in the following hold also for the random walk

(—=Su)n>0. Forany & > 0 and n > 1, we have

P(S, > —a) < M and P(gn <a) < M' (A.1)
Vn Vn
Foranya > 0,b > a > —a and forany n > 1,
P(S, > a5, € [a,b]) = Pu(S, 2 0,5, € [a+a,a+ b)) < SLFDIULOEOALOZ0) ()
We define the renewal function associated with the strict descending ladder process as follows:
R(u) = Z P(Sx < S;_1,S¢ > —u),VYu > 0. (A.3)
k=0
It is known from Renewal theorem that
1
;R(u) — Ccrasu — oo. (A4)

Moreover there exist 0 < Cs < C7 < oo such that for any u > 0,
C6(1 + I/l) < R(M) < C7(1 + M).

Recall that there exists some positive constant c;. such that P(S,, > 0) ~ C—\/% as n — oo. According to

Lemma 2.1 of [AS14],
2

=/ —. A5
CRC+ o2 ( )
Fact A.1. 1. Forany u,a > 0and foranyn > 1,
— Cs(l+a—+u
Py(S, > —a,5, = S,) < S(n) (A.6)

(A7)



3. For any B > 0 fixed, there exists c(B) > 0 such that foranyn > 1and —By/n < —a <0 <a <b <

By/n,
c(B)(1+a)(b— a)‘

P(Sn 2 _(X/ Sl’l € [ﬂ, b]) S 7’13/2 (AS)
4. For A > 0O sufficiently large and any A > 0, « > Oand n > 1,
S logn 1 2
A(81—Sn ) —Cyyn/A
E[eM ); ; max (Sx —Sk) < A,S, > —a] < Cr(1+a)] 372 +oe un/an), (A9)
5. ForanyA>1,A>0,a > 0andn > 1,
-S) & C12 1+«
E[e/\(S" Sn); Sn 2 Ar&n 2 _“] S 1§\/ﬁ ) (AlO)
6. For o« > 0and A > 1 sufficiently large,
P(En > —(X,gn = Sn/ max (gk - Sk) < A) < C131 il “eicuﬁ (A-ll)
1<k<n
7. Asx — oo,
E, [2 e_S”/‘Ll{SnZO}] = 0,(1)R(x). (A.12)
According to [Afa93], conditioned on {S,, > 0}, the rescaled path ( f ; )and Y1 e

converge jointly in law to a Brownian meander (m;, t € [0,1]) and a pos1t1ve random variable Heo
which is independent of the Brownian meander. One can refer to [AC18] for more details. Let us state
(A.12) of [AC18] here.

Fact A.2. Leta > 0,a,b > 0 fixed and a,, = o(\/n), b, = o(y/n). For any uniformly continuous and bounded
function g : [1,00) — R, we have

n
lim nE g(z esj_sn)1{§112_“rsn >§n—1rmaX1SiSn (gi—si)Sﬂ\/ﬁ-i-an,San\/ﬁ-i-bn} - Cﬂ’bR(“)E[g(HOO)] (A13)

n—oo .
j=1
where R is the renewal function and C,, is defined in (3.20) of [AC18].

The previous two Facts can be found in [AC18]. The following lemmas state some inequalities that

will be proved in Appendix A.3.

Lemma A.3. Let « > 0. There exists ¢y € (0,1) such that for m sufficiently large and for any 1 < r < goym,

we have
14w o C 2
P(ﬁm > —u,S,, € [1’,7’ + 1]) < Cis 165m (A.14)
and .
P(S, > —a,Sp > r) < Cryet e Cisly (A.15)
Moreover, .
= +a o 2
P(S,, > —a,Su=5,>r) < C19W€ a0’ (A.16)



Lemma A4. 1. Foré € [0,1)and A > 1 sufficiently large,

A1+5 .
Y P(Sp > A) <e AT (A.17)
k=1

2. Leta >0, foranyn > landr > 0,

_ 1 3
P(S, > ~,5, = Su € [r,r +1]) < Co(1 +a>4(:{) (A.18)
3. Letyy > 0, a > 0. For r sufficiently large, one has
Y. P(S; > —a,Sc € [r,r+1]) < Cos(l+a)y. (A.19)
1<k<yr?
Moreover,
[k
) E [ e %5, > 0,5 € [r,r +1]| < Co. (A.20)
k=1 [i=0
4. Foranyx > 0andn > 1,
n
_ 1
E [2 e%;5,<0,S, € [-x—1,—x]| < %%. (A.21)
k=0
5. Forany A >0,a > 0andn > 1,
Cos(1
Eule %S, >0,5, > A] < WM/? (A22)
6. Foranya, A > Oandn > 1,
. 1+a)(1+A
E, [esn A;Qn >0, Sn < A] < C27(n)3(/2)- (A23)
7. There exists c € R, such that for any A > 0,
Y E[e*4;S,>0,S, < A] < Cas. (A.24)
n>0
8. Fora >0,a,b,c>0,K>1,n< Arwith A >0,
_ _ - 1+ K?
P(S, > —a,S5, > ar,r]?jtx(sk —Sx) <br,5,— Sy € [cr—K,cr+ K]) < Cyo(1+ “)W
<n
(A.25)
9. Fora,b,1 > 0and r > 1 sufficiently large,
nr? _ _
Y P(S, > 0,5 > ar,S¢ — Sx € [br,br +1]) < Cs(a, b)*"%. (A.26)
k=1
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The following lemma focus on asymptotic results that we need.
Lemma A.5. Let & > 0. Then the following convergences hold.

1. For any continuous and bounded function g : [0,00) — Ry, the following convergence holds uniformly
for x,y in any compact set of (0, 00) and for z = o(y/n), h > 0,

L chR(w) 0n(1)

S; _
E g(;e )l{gnzfa,gngx\/ﬁ,sne[y\/ﬁ+z,y\/ﬁ+z+h)} - on E“[g(eaHoo_l)]CO(x_y/y)—’_ n '
(A.27)
where
Cola,b) = p(2IP(Ry — Ry < L|Ry = 2 (A.28)
o\4,0)=¢ p 1 15 k=) .
and ¢4 = limy,_,c \/nP(S, > 0).
2. Let a,b > 0 be fixed constants. For F(x,y) = *e™*/V with x € Rand y > 1 and for a, = o(\/n),
a), = o(y/n) and fixed K > 0, we have
n
,}E{}o nE [ ; 1{5 >—a,5,>ay/n+ay,maxo<kn (Sk—Sk) <av/n+al,5,—Su€lby/n—Kby/i+K] }
K
= G(a,b)R () / E[(F(e™, Hoo + HS ) —1))ds, (A29)
—K

where
—b du

/C\ﬂ \%77 \/m \/7)1{11>b} ( )

with Cy, defined in (3.20) of [AC18], ¢ := limn — co\/nP(S, < 0) and HS) = ¥ ye~& with
(@,E*))kzo the Markov chain obtained from the reflected walk —S. Moreover, this convergences holds

(A.30)

uniformly for a, b in any compact set of (0,00).
The following result is a direct consequence of (A.27).

Corollary A.6. Let « > 0and a,b > 0. For a, = o(\/n) and b, = o(\/n), the following convergence holds.

lim nE {65””’\/ﬁ’b'1;§n > —,S, — Sy < ayn+a,S, <byn+ bn} = C+7i([X)Co(a,b); (A31)
n—oo

lim nE |e% VIS, > 0,8, < (a4 D)Vt +an, S < by +by| = “”i("‘)cow,b). (A32)
where Co(a,b) = (2)P(R; — 2Ry = 2)asin (1.9).
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A.3 Proofs of (A.14) - (A.29)

Proof of (A.14). This is given in Lemma B6 of [AD14] when & = 0 and the increments are bounded. Let
us prove the general case.
For1 <r < Ay/mwith A > 10 fixed, by (A.2), it is clear that

Cs(1+ a)i};— r+a) < Cay
m

It suffices to show (A.14) for Ay/m < r < gom. For any x € R, let

1
P(S, > —a, Sy € r,r+1]) < T & —Car/m

T, :=inf{k > 0:S; > x}, and T, :=inf{k > 0: Sy < x}.

Then it is known that for any 0 < x <y,

" _ x+1
Px(Ty < TO ) < C33y+1

Recall that the increments of S are G,k > 0 which have finite exponential moments. Therefore, one
has

P(Sy > —a, S € [r,r +1]) < P(max&e > r/2) + P(S,, = —a, S € [r,r +1], Sps < Vim + %)
sm m

m
<Cayme %2 4 Z%Pa(ﬁm >0,S, € [r+oc,r+1x+1],T%+a =j,Sj e [Vm+a,r/2+/m+al]).
]:

+
By Markov property at T,

ZP (5,>0,Spelr+ar+a+1],T f+w =j,Sje[Vm+a,r/2+m+a])

< P, S>OT+ = max P(S,_iclr+a—xr+a—x+1
o ;1 Vit ]) Vmta<x</m+a+r/2 (S J [ ])

a+1
T P 1)) < [ P 1
Vit < To) max max P(S; € [x,x+1]) < Cos g max max P(S; € [x,x +1]).

On the one hand, for j > Kr with K > 1 fixed and r > 1, by Chernoff’s bound,

<P, (T

max max P(S; € [x,x+1]) < max P(S; >r/3) <e <.
1<j<Krr/3<x<r 1<j<Kr

On the other hand, for Kr < j < m, we use the following change of measure
P(t)((sll . ,5]) c ) — E[etsjfjtps(t); (Slz'/ S]) e ]

with ¢s(t) := logE[e'®1]. The probability P(*) is well defined when ¢s(t) < co. The corresponding
expectation is denoted by E (), It hence follows that for t € (—=60/2,60/2),

P(S; € [x,x +1]) =EW[e "595(); S, € [x,x +1]]
<e txHsOPU)(S; € [x,x 4 1)) < e 3+ IPU(S; € [x,x 4 1)),
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2
as ¢ps(t) < Capt? for |t| < 6y/2. Let us take t = t; = @ so that e~17/3+Cvif" < ¢~ %1 Moreover,

as under P, (Sy) is a random walk with i.i.d. increments and E)[¢551] < co for s € (0,8y/2), Berry-

Esseen theorem shows that there exists C such that for Kr <j <m,

C
PO(S; € [x,x+1]) < —.
: Vi
As a result,
2 2

Cc __~_ c __2Z
max max P(S; € [x,x+1]) < max —e *% < ——e ¥,
Kr<j<mr/3<x<r Kr<j<m \ﬂ vm

as long asr > Ay/m with A > 1/18Cs;. We thus end up with
_ a+1 _ c __2
P(gm Z —Q, Sm € [rl r+ 1]) S C34m€ dor/2 + C35m <€ Caer V ﬁe 36C37m)

which suffices to obtain (A.14). O

Proof of (A.15). Observe that by (A.14) and Chernoff’s bound,

Eom
P(S, > —a,Su>r) <) P(S, > —a,Sy€[t,t+1]) +P(Sy > eom)

t=r

o 1+a 2
<Y Cis——e Com 4o~
t=r m

1+a _
§C177r e~ Cisr/m.
O

Proof of (A.16). Note that (S, — Sy—i)o<i<m/2 is an independent copy of (S;)o<i<m. So, by (A.15) and
(A1),

P(im > —a, Sy = gm > 7’)
<P(Sm/2 > —ua, Sm/Z > r/z)P(ﬁm/Z > O) + P(ﬁm/Z > _“)P(ém/2 >0, Sm/Z > 7’/2)

<Ciolt 2 e-Cartim
mr

Proof of (A.17). Because of (2.2), for A € (0,14 dp) and k > 1,

P(Sp > A) < e ME[eM] = e MAtTkes(Y)

7
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where ¢s(A) = log E[¢*51]. Note that ¢5(0) = E[S1] = 0 and ¢s(A) < Ca7A2 for A € (0,5p/2) small. By
taking A = m with A sufficiently large, we have

Z P(Sk > A) < Z e*/\A%’k(PS(A)
1<k< AL+ 1<k< AL+

_alz?
S Z e—/\A+C37k/\2 S Al-‘rtse iC3;
1<k<Al+é

which suffices to conclude (A.17) for § € (0,1). In particular, for § = 0, we can take C37 > 1/ so that
(A.17) holds. O

Proof of (A.18). Observe that by Markov property at time n/2,

P(S,> —a,5, =S, €[r,r+1]) < 13[1{5’1/2270(,511/29“}P(En/2 =Sup€lr—xr—x+1)[=s,,]
:E[1{§n/227“/sn/2§1’+1}P<§n/2 Z 0’ Sn/2 = [r —xNrex + 1])|x:5ﬂ/2]
which by (A.2), is bounded by

(2+T— Sn/2)

1 24r+a)
{S1/2>—aSup<r+1} 1372

CsoE
39| 2372

| < Cso P(S,» > —a,5, <r+1)

which by (A.2) implies that

nZ 0 5n =5 € [r,r+1])§c40(1+“)(i:r+“) §C40(1+0¢)4( 1)

P(S e

This completes the proof of (A.18). O

Proof of (A.19). By use of (A.17) and (A.14), we see that for r > 7?2 sufficiently large,

#3/2 nr2
Y. PS> —a,Selnr+1) <) P(Si>r)+ ), P(S > —a, S € [rr+1])
1<k<nr? k=1 k=y3/2
1/2 i 1+a o 2
<e 4 V7 Cis——e 0% < Cy(1+a)y
k
k=r3/2
2
o Efl o feOF < 10 2emCurt i < [ demCutar < 21 0

Proof of (A.20). It is immediate that

k
E|Y e %5>0,S¢€lrr+1]| < KP(Sy 2 0,5¢ € [r,r+1
k k

1<k<nyr? i=0 1<k<nyr?
32 nr?
<P2Y P(Se>r)+ Y kP(S; > —a, Sk € [r,r+1])
k=1 k=r3/2
which by (A.17) and (A.14), is bounded by Cy7. O
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Proof of (A.21). In fact, we only need to check that

v 1+ x
75 .

By Markov property time at time k and then by (A.2), one sees that

n—1 n—1

Y Ele 55, > 0,5, € [x,x+1]] = E[E*Skl{skzo}l’sk(ﬁn_k > 0,5, € [x,x+1])]
k=1 =
n—1
Cs(2+x -
& - k)3/)2E[(1 + Si)e " s, 01]
k=1
n—1 00 o 4 1
Cau(l4+x) & (141)% 1
< < C45(1 + x) _—
= (n— k)2 f;o k372 k; K372(n — k)3/2
which is less than Cyg(1 + x)n=3/2, -

Proof of (A.22). Observe that by (A.2),

E(x[eisn;ﬁn >0,5, > A] < Z eitPuc(ﬁn >0,5, € [t1t+ 1])
t=A

2, Cs(14a)(241) 1+a _
t A/2
<) 72 <Cume ™
t=A
O
Proof of (A.23). Note that by (A.2),
A
Eu[e® %S, >0,5, <Al <Y e AP(S, > 0,5, € [tt+1])
t=0
T+a @ _ 1+a)(1+A
SCE.W (2 + t)€t+1 A S C48(n)3(/2).
t=0
O

Proof of (A.24). In fact, by setting 7~ := inf{k > 0 : Sy < 0} and R~ (dx) the renewal measure associ-

ated with the weak ascending ladder process of (S,),>0, we have

T —1
Y E[e4;S,>0,S, < Al =E [ Y, Mg, <
HZO n=0

A
:/ ex_AR_(dx) < C49,
0

because there exists a constant ¢; > 0 such that for any 2 > 0, R~ ([x, x + h]) ~ ch as x — co. O
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Proof of (A.25). Let

P05 :=P(S, > —a,S, > ar, rgj\g((gk —S) < br,S, — Sy € [er — K, cr + K]).

By considering the first time hitting S, and by Markov property,

n—1

Paosy =) P(S, > —a,S;=5,>ar,Sj— S, € [cr —K,cr + K])
=1
n

<) P(§>—uS = S;>ar)P(S,—j <0,—S,_j € [cr — K, cr + K])
j

I
—_

Il
—_

which by (A.7) and by (A.2) for (—S,),>0 is bounded by

§ Gl a) (1 e+ K)(1+2K)
= Ve (n=gpe

which is bounded by ng(lﬂ),%fzmz(l“) asn < Ar?.

Proof of (A.26). By considering the first time hitting S, and by Markov property, we have
nr?

Z P(S; > 0,S; > ar, Sy — S¢ € [br,br +1])
k=1

7% k=1 B B
< Z ZP(Qk >0, Sj = S]' > LZV)P(Sk_]' < O,—Sk_j € [bl’,bi’—l— 1])
k=1 j=1

nr nr?
<Y P(S,>0,S;=S5;>ar) ) P(Sc<0,—S € [br,br +1]),
j=1 k=1

which by (A.7) and by (A.19) for (—S,,),>0 is bounded by

Proof of (A.27). Let

n

e =5;

E27):=E [g(Ee )1{5,1>tx,Sn<x\/ﬁ,Sn€[y\/ﬁ+z,y\/ﬁ+z+h]}] :
1=

Letd € (0,1/2).

+ Error(a.o)

Eno7) =E [8(

I M=
N
NI
©
S—
j—
—
w
V
|
=
w

Su> =80, =10/0,8, 5 <n® S <x/m,Sp€lyv/i+zy itz 4] }
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where
EW’OV(A.27) < | |g| |ooE [1{5,12tx,S[,,a,,,]§”5/6r511€[y\/ﬁ+2/y\/ﬁ+z+h}}]
+ ||g| ’O"E |:1{S >—a,5 5>n°,S,€[y/n+z, y\/ﬁ—i-z-i-h]}]
First, let us check that Errors 27 = on( ). On the one hand, by (A.17),

< 6
E [1{&,2—0&3”52"‘5,5n€[y\/ﬁ+z,y\/ﬁ+z+h]}} <P(S,s = n°)

<

5 1
P(skginﬁ)<:e*Cnn”::on(E).

o I~

On the other hand, by considering the first time hittin

[n®n)s

E |:1 {ﬁn 2 _‘xlﬁ[n(sl”] Sné/ézsn € [yﬁ-i—%yﬁ-i—z—o—h] }:|

n—1
<y E[ (55— alsjgn(;,(,}l)(gn,]- >0,5,-j € [y\/ﬁ+z—t,y\/ﬁ+z—t+h])|t:5]}

j=n?
<”‘fc5(1+zx)(1+a+n5/6)2C5(1+h)(1+y\/ﬁ+z+zx+h)
= I (n—j)3/2
n—1 C=(1 1 5/6)\2
j=n i

where the last inequality follows from (A.2). By (A.17),

El < Cop(14 ) 9/671 4 Cop(1 4 a)3nd/3-3/2cav/n

{842-w8,,5 , <no/8,Suclyy/mtzyy/ntz+h] |

which is 0,,(1). It remains to prove the convergence of

n
751.
E(A ) -F [g<§ ‘ >1{§n2—ﬂé,§[n5,n]2n5/5,§,,15 <nd,S, Sxﬁ,sne[yﬁ+z,yﬁ+z+h)} (A.33)
AS Spys ) 2 n°/6 and g is uniformly continuous on any compact set of [0, ),
n s n® s
g} e ) =g e™®) +ou(1). (A34)
i=1 i=1

In fact, we need to work on {Y_""_; e~% < K} with K > 0 fixed. It is easy to check that

EKZ eis{)1{§nZ*"‘/Sne[y\/ﬁﬂLZry\/ﬁﬂLerh)}]

n—1
< Y Bl 51550 Ps (S, 2 0,50 € [yWn +zyVi -z + )] e vV
i=1
v Cau(l+a)(I+yvn+zt+h)et _ Css
; ; < —
Bt 3/2(n —1)3/2 ~ n



So,
ok (1)
-

_|_

n
_ —S;
Ea2) =E [g (Z%e )1{§nz—a,§ngx\/ﬁ,sne[yﬁ+z,yﬁ+z+h),2?:1 e Si<K}
1=

Let us work directly with (A.34). By (A.2), it is clear that

on(1)P (En > —a, Sy = 16,5, <%, 5, < xv/n, S, € [y\/ﬁ+z,y\/ﬁ+2+h)>

<0,(1)P (S, > —u, Sy € [yVn+z,yvV/n+z+h))

Cs(1+a)1+h)(1+yyn+z+a+h)
n3/2 = on(

1
<on(1) 7

).

It then follows that

+ou(3)

+ -s;
Efy27 =E [g (X;e )1{5 >80, 21855 S S S/ Sy ity ) )

)

n
1
-

=E [g([;,e )1{§n2—a,§n(5Sn‘s,?néx\/ﬁ,sne[y\/ﬁ+z,y\/ﬁ+z+h)} +0n(£)

1=

né e o 1
—E [g(ze 51)1{%527“3”595}&”5 (Spepe = —,S,_s <xv/n,S,_s —yvn—z€[0,h))| + OH(E).

i=1

(A.35)

where the last equality is obtained by Markov property at time n’. For t = S5 € [—a, n’], one sees that

P; (§n7n5 > —a,gn,na < x\/ﬁ, Sy — y\/ﬁ —Zc [0, h))
=Piia (Sp_p < xvn+alS, 5 >0,S,_ s —yyn—z+ac0,h))
X Pt+0l(§nfn5 >0, Snfn‘5 - y\/ﬁ —zc [“/‘X + h))

By (5.3) of [CC13],
PH—“(ﬁn—n‘s >0, Sn—n‘5 - y\/ﬁ —zc [lX,lX + h)) = %R<t + a)<lp(%>h + 071(1>)'

where the constant ¢; = lim,_, /nP(S,, > 0) € (0,00). Moreover, in the spirit of Theorem 2.4 of
[CC13], we can say that

Prio (Syp < xVA+a|Sy s > 0,8, s —yv/n—z+ac(0,h) = PR < §|R1 = g)

uniformly for (x,y) in a compact set of (0,0)2. In fact, in Theorem 2.4 of [CC13], the Hypothesis 2.2 is
needed for the density of increments. However, in this work, as we consider {S, € [y,y + |} instead

of {S, = y}, the Hypothesis 2.2 is not necessary. As a result,

P; (ﬁn—nd > _Délgn—n‘s < X\/ﬁ, Sn—nd _y\/E_ YAS [O/h)) |t:Sna‘

:%R(Snmwc)gb( JHP(Ry < =[Ry = Z)(1 4 04(1)).

SRS
Q e

QIR
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Plugging it into (A.35) yields that

no

_g, C
Elxon =E [8(26 s 5wy} o RS + @)
i=1

SEAS

JP(Ry < SRy =
(0

Q I

(1 +0a() | +0u(7)

6
_ S, e Yo % 1
—E, [g(if >1{5n5>o}n<sno>] S pLynp(R: < IRy = ¥)(1+0,(1)) +0()
J
_ o0y | YR, < y 1
R(w)E, [g(Ee >] S p(p(Ry < X[Ry = L)1+ 0,(1)) +0u )
where ({;)i>o is a Markov chain taking values in R, satisfying P,({p = «) = 1, with transition

probability p(x,dy) = 1;,-0) RE %Px(Sl € dy). It is known that for any 6 € (0,1/2) small, Py-a.s.,
Tn > n'22 forn > 1. So Heo = Y52 % is a positive random variable taking values in R. It is
obvious that

n‘5 (o]
Y et b Y el =" He — L
i=1 i=1

As g is bounded, one obtains (A.27) by dominated convergence. O

Proof of (A.29). Let

_ n _
PO b - Sn_sn Sz‘_sn
E(A_zg) = E [F(e Vin—( ), .Z(;)e )1{5nZ—a,Snza\/ﬁ+an,max0<k<n(Sk—Sk)Sa\/ﬁﬁ-a;,sn—sne[b\/ﬁ—K,b\/ﬁﬁ-K)}] .
1=

By considering the first time hitting S, we have

n—1 _ n _

—_ b - Sn*Sn Si*Sn

E(A_z()) - Zl E [F(@ \/ﬁ ( )’ ;]8 )l{inZ*Dé,gjf]<S/’,Sj=§n211\/ﬁ+ﬂn}
j= i=

X1{max0§k§n(gkfsk)gu\/ﬁJragSnfSne[b\/ﬁfK,b\/ﬁJrK)}}' (A.36)

By Markov property at time j, this is equal to Z[__ x/n E(a29)(j,n, £) where

j n—j

' o byA+R,_; 5—S; Ry - -

En20)(j,n,0) :=E [F(e . /,Z;)e i ;+kzle )1{;-2—zx,S,',l<Sj,sjza\/ﬁ+an,maxo§k§]-(sk—sk)ga\/ﬁﬂz;}
1= =

Xl{manS"*/ngofminﬂﬁkﬁnfj(_Rk)S(“\/ﬁ‘i'%)/\(ﬂl'i'sj),—Rnij[b\/ﬁ—‘rﬁh,b\/ﬁ—&-ﬁh—i—h)}:| (A.37)
with (Ry)k>o is an independent copy of the random walk (Sk)x>o. First, let us prove that for n > 1,

K/h—1

Z Z T’IE(Alzg)(]', n, é) = Og(l)

j<enorj>n—en{=—K/h
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For j < en, similarly to (6.28), by (A.17), (A.7) and (A.2) one has

K/h—1

Y. Y Euog(n )< Y, P(S;>avn+ay)
j<en{=—K/h j<n3/4
on
+ Z/ P(S; > —a,5;=S; > a\n+a,)P(S, ; <0,-S, ;€ [bvn — K, by/n +K])
j:n3 4

< Csr(1+a) (1+b\/ﬁ+1<):on(1)+og(1)
v ta,) (=P o

For j > n —en, by (A.6) and (A.19), one has

eG4

n K/h—-1

Y., 2 Eux(inl)
j=n—en{=—K/h

en
S ZP(gnfj 2 _algn—j = Sn—j Z ﬂ\/ﬁ—{- an)P(g] S O/ _S] € [b\/ﬁ_ K/ b\/ﬁ‘i‘ K])
j=1

§C58<1 +a)(1+4 21()E 08(1)'

n n
Thus, it remains to study Z” o Zé_ % /h nEa20)(j,n,£). Recall that F(x,y) = fe~*/¥ with x > 0 and
y > 1. So, for any fixed h > 0

sup |F(xeh,y) —F(x,y)| < 2(eh —1)and sup |F(x,y+h)—F(x,y)| <2h.

x>0,y>1 x>0,y>1

Therefore, on —R,,_; € [by/n + (h,b\/n 4 Lh + h),

j n—j j n—j
F(ePVmtRai Y 578 1 Y eRey = F(e™™, ) 575 + Y eR6) 4 04(1).

i=0 k=1 i=0 k=1

Moreover, let (S,E_) )k>0 be the random walk distributed as the reflected walk —S, and independent of
S. Observe that for ¢ € [—K, K] with K > 1/ fixed integer

E(A~29) (]’ n, K) =E |:1{Sv>fuc ,5i-1<S;, S->a\/ﬁ+un,maxogkgj(§k*5k)Sa\/ﬁ+a;}

,gh .
A+ Ze a ) +on(1)1 {s< >0§£l:)j§(a\/ﬁJra;,)/\(aJrs),S,(f_}fc\/ﬁe[Zh,éthh)}]|t=2§:0651751,s:sj

By use of (A.27) for S(=), one sees that en < j<n—enwithe e (0,1/2),forn > 1,

, —th
(n —J)E] t—l—Ze )+ o) [s$)208, ) <(ay/tay)n (a+s),5£,:)jfb\/ﬁe[£h,€h+h)}]

_ %E[(P(e—ﬂh,wﬂﬁg) — 1) +ou(1)ICo(aA —= = b,b) +0u(1),

=
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where c_ := lim,_, v/nP(S, < 0) and ) = Yo et with (g,ﬁ‘)),@o the Markov chain obtained
from the reflected walk. It follows that

. n
nE29)(j,m, ¢) = ——E [l{gjzfa,ﬁj,l<s-,s-za\/mﬂ,mam<k<,<§k—sk)ga\/m;}

J
(" hE e~ Zes =S+ 1) —1) +0a(1 )]Co(a—b,b)+on(1)>]

i=0

which by Fact A.2 is equal to

n c_h _ 1
Cavi s R(&) —E[(F(e™" Hoo + HS) —1)]Co(a — b,b) + 0,(=).
5o R B )ICofa —b,b) +0n ()
This leads to
n—en K/h—1
Y. Y. nEuo(jnl)
j=en {=—K/h
n—en c h o )
=) 2 Cuyi avi R(2)—E[(F(e™", Hoo + Heo ' — 1)]Co(a — b, b) + 0,(1)
j=en Z*fK] Vi’ Vi v
_ [ c-R(w) : - (-)
_/‘g C%'%t(l—t) - Co(a—b,b)LKE[(F(e ,Heo + Hoo ' — 1)]ds 4+ 0,(1) + 0,(1)Kh
Letting n — oo then letting # — 0 and ¢ — 0, we conclude (A.29). O
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