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Abstract

When elementary reactive processes occur at so low energies that only few states

of reactants and/or products are available, quantum effects strongly manifest and the

standard description of the dynamics within the classical framework fails. We show

here, for H2 scattering on Pd(111), that by pseudo-quantizing in Bohr’s spirit the

relevant final actions of the system, along with adequately treating the diffraction-

mediated-trapping of the incoming wave, classical simulations get to an unprecedented

and spectacular agreement with state-of-the-art quantum dynamics calculations.
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Introduction

In the last five decades, synergetic advances in theory and experiments associated with

a tremendous increase of computing power, have allowed a detailed understanding of the

reaction dynamics of chemical elementary processes.1–10 For chemical reactions involving

a small number of degrees-of-freedom (DOF) (typically less than or equal to 6), quantum

dynamics calculations might be now regarded as exact since they generally provide results

in excellent agreement with experiments.11,12 However, reaction dynamics studies focus on

systems of ever increasing size13–28 for which the quasi-classical trajectory (QCT) method is

at this time the only practical tool to apply. A crucial issue is thus to develop theoretically

justified corrections to carry out classical dynamics studies of chemical reactions in a quantum

spirit.29 Obviously, these approximations must be validated on small systems for which

benchmark quantum dynamics calculations are available. The development and test of such

corrections is the central focus of this work (only processes taking place on a single electronic

state and involving negligible tunneling are considered in the following).

Gaussian binning (GB)16,29–31 and the adiabaticity correction (AC)32 have been pro-

posed some years ago in order to account for product vibrational quantization, and classical

overweighting of adiabatic non-reactive collisions, respectively. These corrections, both sup-

ported by semiclassical arguments,29,33 were recently shown29,33,34 to significantly improve

the capability of the QCT method to describe gas-phase and gas-surface barrierless reactions

in the quantum regime, where only a few internal states are available to the reactants and/or

products.

To date, GB has only been applied to the vibrational motions of final products. The

originality of the present work is that, for the first time, GB is applied to nearly all prod-

uct quantized motions of a relatively complex collisional problem, the scattering of H2 on

Pd(111).1,35–37 These full GB calculations, combined with the AC correction, are shown to

amazingly reproduce benchmark quantum time-dependent wave-packet (Q-TDWP) results

at low collision energies for which the standard QCT method completely fails.1,35–37 This
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specific system is here chosen because dissociative adsorption, inelastic scattering as well as

surface diffraction have been intensively scrutinized both theoretically and experimentally

over the last two decades.1,35–39

Section 2 details the implementation of our methodology. Section 3 discusses the com-

parison of its results with Q-TDWP calculations. Section 4 concludes.

Theoretical Methodology

In this work, we assume that H2 impinges the surface at normal incidence in the rovibrational

ground state (v = 0, j = 0) with the collision energy Ei. H2 may either stick on the

palladium surface, or bounce back to the vacuum. Ei will be small enough for the first

excited vibrational state of H2 to be unavailable after rebound. The quantum probability of

the sticking event, resulting from Q-TDWP calculations40 on a Density-Functional-Theory-

based ground state potential energy surface,41,42 is displayed in Fig. 1 (black squares). Within

the classical picture, rebound may lead to a final vibrational energy of H2 lower than its zero

point energy (ZPE) and this is all the more probable when the initial collision energy is much

smaller than the ZPE. In such a case, the classical sticking probability artificially falls down

with respect to the quantum value. This is clearly seen in Fig. 1 (blue circles) for collision

energies lower than 50 meV (some details on the QCT calculations are given later below).

0 50 100 150 200 250 300 350 400
Ei (meV)

0.7

0.8

0.9

1.0

St
ic

ki
ng

pr
ob

ab
ili

ty

Q-TDWP
QCT

Figure 1: Quantum (black squares) and classical (blue circles) sticking probabilities for
H2(0,0) + Pd(111) as a function of the collision energy.
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Recently, however, we remedied this issue by taking into account Bohr’s condition of

quantization in the analysis of trajectory results.33 Transposed to molecular systems, Bohr’s

idea is that a quantum transition can be classically described provided that one only retains

those classical paths connecting integer actions of the molecular system before the transi-

tion, with integer actions after the transition (actions are the classical analogs of quantum

numbers).43 So far, we have only considered the vibrational action of H2, which is enough

for qualitatively recovering the non-monotonous behaviour of the sticking probability.33 In

this work, however, we show that accounting for (nearly) all the actions of the problem

(detailed further below) leads to a drastic improvement of the predictions, not only for the

sticking probability, but also for the distribution of the final quantum states of the system

after reflection.

However, action quantization is not the only effect which must be taken into account in the

classical trajectory approach. As a matter of fact, the title reaction involves in part trapped

trajectories41 along which H2 wanders about the paladium surface before returning back

to the vacuum or fragmenting (then leading to sticking), and in part trajectories involving

a single rebound against repulsive walls before reflecting back. Among the latter, several

bounce back against nearly isotropic parts of the walls, in such a way that the internal motion

of H2 evolves adiabatically throughout the whole collision. Semiclassical developments show

that the quantum counterpart of these adiabatic (or elastic) paths is the diffraction of the

incident wave.33 Since H2 is on average attracted by the palladium surface, and diffraction

excites the rotational motion of H2 to the detriment of its recoil motion with respect to

the surface, the diffracted wave is expected to get trapped and eventually contribute to

both sticking and inelastic bouncing, just as the rest of the incident wave. The classical

transposition of this scenario of diffraction-mediated-trapping is that the probability carried

by adiabatic paths is redistributed to the remaining paths.33 For simplicity’s sake, we shall

assume that the redistribution is democratic, which amounts to ignore adiabatic paths and

renormalize to unity the probability carried by the remaining trajectories. The results of the
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present article show that the combination of this adiabaticity correction (AC) and Gaussian

binning lead to a remarkable description of the dynamics at low energies.32–34

Besides, we have found no other quantum effect playing a significant role in the title

reaction. In the remainder of this section we consider the practical implementation of the

previous ideas.

Practical application of Bohr’s condition of quantization: Gaussian

binning

Actions

The vibrational action x,43 rotational action J and diffractive actions (an, am) that we shall

be considering at the end of each non reactive trajectory, are given by

x =
1

2π

∮
pdr − 1

2
, (1)

J =
−1 +

√
1 + 4L2

f

2
, (2)

an =
∆

2π
P f
X (3)

and

am =
∆

4π

(
P f
X +
√

3P f
Y

)
. (4)

We work in h̄ unit throughout this work. r is the H2 bond length and p its conjugate

momentum. The cyclic integral in Eq. 1 is calculated by running each trajectory over one

vibrational period once H2 has reached the vacuum, i.e., no longer interacts with the surface.

Lf is the modulus of the final classical rotational angular momentum Lf of H2. Eq. 2 is

deduced by equating L2
f and J(J + 1). P f

X and P f
Y are the projections of the final linear

momentum vector of H2 on the X and Y axis of Pd(111), chosen in such a way that (X =
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0, Y = 0) and (X = ∆ = 2.75 Å, Y = 0) are the positions of two nearest neighbour surface

atoms. The Z axis is normal to the surface. an and am are the classical analogs of Miller

indices n and m. More details on these diffractive actions can be found in the supporting

information.

The fifth action of the problem is the projection JZ of J on the Z axis orthogonal to

the surface, where J is the vector of modulus J parallel to Lf . Contrary to (x, J, an, am),

however, this action is not involved in the quantization of energy partitioning (see further

below). Since GB aims at best selecting those trajectories complying with this quantization,

and Jz is of no use for this purpose, we ignore it from now on.

We call a and ā the quadruplets (x, J, an, am) and (x̄, J̄ , ān, ām), respectively, where q̄ is

the nearest integer of q. In the following, we assume that a contributes to no other quantum

state than ā.

Energies

At the end of a given non reactive trajectory, the total energy E satisfies

E =
P 2
Z

2M
+ E(a) (5)

with

E(a) = Erovib(x, J) + E‖(an, am), (6)

Erovib(x, J) =
p2

2µ
+ V (r) +

L2
f

2µr2
(7)

and

E‖(an, am) =
8π2

3M∆2

(
a2
n + a2

m − anam
)
. (8)

M and µ are the total and reduced masses of H2, respectively. P 2
Z/(2M) is the energy of

recoil along the Z-axis. Erovib(x, J) is the rovibrational energy of H2 (V (r) being its potential

7



energy in the vacuum). E‖(an, am) is the energy in the translational motion parallel to the

surface, obtained from its definition in Cartesian coordinates and Eqs. 3 and 4. E(a) is

thus the energy in the degrees-of-freedom submitted to spatial constraints (bound space,

surface periodicity), thus involving a discrete spectrum in quantum mechanics. The energy

of quantum state ā, closest to a, is given by

E(ā) = Erovib(x̄, J̄) + E‖(ān, ām). (9)

Erovib(x̄, J̄) is calculated as follows: p, in Eq. 1, is replaced by

p = ±
[
2µ

(
Etrial −

J̄(J̄ + 1)

2µr2
− V (r)

)]1/2

(10)

where Etrial is initially taken at the bottom of the well of the effective potential V (r) +

J̄(J̄ + 1)/(2µr2). The corresponding value of x is thus -1/2. Etrial is then increased until

x = x̄ (to the required accuracy), and Erovib(x̄, J̄) is identified as the last value of Etrial. The

dependence of Erovib(x̄, J̄) on x̄ and J̄ clearly appears in the previous reasoning. Analogously,

Erovib(x, J) is fully specified by x and J (although this is not explicit on the right-hand-side

of Eq. 7).

Standard binning: SB

In this traditional approach,44 trajectories are usually assigned unit statistical weight. This

is what we shall assume for sticking trajectories. On the other hand, for non reactive trajecto-

ries, the final value of j can only be even since the initial value of j is 0 (parity conservation).

Therefore, these trajectories are assigned the weight

wSB(a) = 2(1 + δJ̄0) (11)
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if J̄ is even, and 0 if J̄ is odd. The Kronecker delta takes into account the fact that for J̄ = 0,

J belongs to the range [0,0.5] whereas for J̄ ≥ 2, J belongs to the range [J̄ − 0.5, J̄ + 0.5].

The blue circles in Fig. 2 were obtained by means of this approach.

Action-based Gaussian binning: GB

Within the Gaussian Binning procedure,30 the statistical weight differs for each trajectory

depending on the values of the final actions. Consider the statistical weight

wGB(a) = G(x)G(J)G(an)G(am)wSB(a) (12)

with

G(q) =
1√
πε
exp

[
−
(
q − q̄
ε

)2
]
. (13)

Bohr’s condition of quantization would exactly be realized if ε would tend to an infinitely

small (positive) value. In such a case, one would indeed have G(q) = δ(q− q̄), and only those

trajectories leading to integer actions would contribute to the process. This is, however,

only of formal interest. In practice, one must increase the value of ε until wGB(a) takes a

significant value for at least ∼ 102 trajectories. The normalization of wGB(a) is identical to

that of wSB(a), i.e., for ε small enough, integrating wGB(a) over the unit cube of the action

space centered at ā leads to unity.

Energy-based Gaussian binning: 1GB

Instead of pseudo-quantizing the four actions by means of four Gaussians, the alternative is

to pseudo-quantize E(a) by means of a single Gaussian.16,45 Formally, trajectories are thus

assigned the statistical weight

w1GB(a) =
1√
πε
e−[E(a)−E(ā)

2εE(0) ]
2

wSB(a), (14)
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where E(0) is the harmonic zero-point vibrational energy. Eq. 14 is a straightforward ap-

plication of Eq. (13) of Ref.16 w1GB(a) clearly puts strong emphasis on those trajectories

leading to E(a) close to E(ā). As previously, ε is increased until w1GB(a) takes a significant

value for at least ∼ 102 trajectories. For a statistical (i.e., uniform) distribution of a, it

was analytically proved that GB and 1GB lead to rigorously identical results.45 Moreover,

recent simulations confirmed the similarity of GB and 1GB predictions for non statistical

processes.9

We have numerically checked that the normalization of w1GB(a) is identical to that of

wSB(a) (again, for ε small enough). However, this is generally not so, and numerically renor-

malizing w1GB(a) according to wSB(a) is a prerequisite for a safe use of the 1GB procedure.

Practical detection of adiabatic paths

As seen before, adiabatic paths involve a single rebound against weakly anisotropic repulsive

walls before reflecting back to the vacuum with nearly no perturbation of the internal motion

of H2. In practice, we have found that trajectories involving a single rebound spend less than

100 fs at a distance from the surface lower than 3 Å. We have thus defined adiabatic paths

by the trajectories complying with the previous criterion, and leading to the final vibrational

action x within the narrow range [-0.02,0.02], centered at the initial value of x. We have

checked that the width of this window does not affect the results as long as it is kept much

smaller than 1, the action spacing between two neighboring vibrational states.

Sticking and rebound probabilities

When the AC correction is not taken into account, the sticking probability is given by:

PX
S =

NS

NS + ΣX
R (a)

(15)

with
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ΣX
R (a) =

N−NS∑
k=1

wX(a). (16)

X stands for SB, GB or 1GB, according to the procedure employed to calculate the weights.

N is the total number of trajectories, NS the number of trajectories leading to sticking and

ΣX
R (a) is the total weight of the N −NS nonreactive trajectories.

Analogously, the probability of reflection in quantum state q = (v, j, n,m) reads

PX
R (q) =

ΣX
R (a,q)

NS + ΣX
R (a)

(17)

with

ΣX
R (a,q) =

N−NS∑
k=1

wX(a) δx,v δJ̄j δann δamm. (18)

When the AC correction is applied, the expressions of the probabilities are unchanged,

but ΣX
R (a) and ΣX

R (a,q) are calculated only from non-adiabatic paths.

Results and discussion

A total of 200 energies were considered, spaced 2 meV apart on average, and 2 million

trajectories were run at each energy. The Bulirsch-Stoer integrator was used, with an initial

time step of 0.01 fs. ε was taken at 0.06 and 0.003 for the calculation of GB and 1GB weights,

respectively. This ensures that the percentage of trajectories whose weights are larger than

half their maximum possible value is close to 0.5 % for both GB and 1GB-QCT calculations.

Their statistical efficiencies, or rate of convergence of the predictions in terms of number of

trajectories run, are thus comparable.

For convenience’s sake, we will call the quantum-corrected QCT calculations by the

acronyms of the corrections (GB or 1GB, and AC whenever used). In the upper panel of

Fig. 2, the GB and 1GB sticking probabilities (green triangles and red circles, respectively)

are compared with the Q-TDWP one (black squares).
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Figure 2: Collision energy dependence of the sticking probability for H2(0,0) + Pd(111)
according to quantum calculations (black squares) and various quantum-corrected classical
calculations involving GB, 1GB and AC (green triangles and red circles).
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In contrast with the structureless SB probability (blue circles in Fig. 1), the GB and

1GB probabilities involve structures that resemble those present in the quantum probability,

except that they are shifted downwards all the stronger as the collision energy is small.

However, as shown in the lower panel of Fig. 2, the adiabaticity correction shifts upwards

the GB and 1GB probabilities in such a way that the gap between the resulting GB-AC

and 1GB-AC probabilities on one hand, and the quantum probability on the other hand,

is dramatically reduced. This finding clearly illustrates the fact that the statistical weight

carried by adiabatic paths is overestimated by the Gaussian binning procedures and that

its redistribution among the remaining trajectories improves the predictions. In Fig. 3, the

same comparison as previously is done for rovibrational state-resolved reflection probabilities.

These are obtained by summing P 1GB
R (q) (see Eq. 17) over Miller indices. The accuracy of

1GB-AC predictions is remarkable in the vicinity of thresholds (see panels (b) and (c)),

and very satisfying elsewhere. Let us emphasize here that the probability of rovibrational

excitation is a magnitude difficult to theoretically describe due to the high sensitivity of the

final result to fine details of the interaction and dynamics.

A zoom on these probabilities around their respective thresholds is given in Fig. 4 for

states (0,2) and (0,4). Moreover, the contributions of the five first diffraction orders to these

probabilities are also shown. These contributions are obtained by summing P 1GB
R (q) over

those Miller indices corresponding to a given value of E‖(n,m) (see Eq. 8). For the zero order,

the sum involves the single term (n,m) = (0, 0), and E‖(n,m) = 0; for the first order, the

sum involves the six terms (n,m) = (1, 0), (−1, 0), (0, 1), (0,−1), (1, 1) and (−1,−1), and

E‖(n,m) = 8π2/(3M∆2). We do not enter into the details of higher orders. Their thresholds

are indicated by vertical dash-dotted lines in Fig. 4. Note that each abrupt increase of these

fully-resolved reflection probabilities is concomitent with the abrupt decrease of the sticking

probability, as shown by a careful comparison between Fig. 4 and the black squares and red

circles in Fig. 2.

In contrast, GB-AC reflection probabilities are only satisfying far from thresholds. In

13



0.00

0.05

0.10

0.15

0.20

0.25 (a)

0.00

0.05

0.10

0.15

0.20

0.25

R
ot

at
io

na
le

xc
ita

tio
na

lp
ro

ba
bi

lit
y (b)

0 50 100 150 200 250 300 350 400
Ei (meV)

0.00

0.02

0.04

0.06

0.08

0.10

0.12
(c)

Q-TDWP
GB-AC-QCT
1GB-AC-QCT

Q-TDWP
GB-AC-QCT
1GB-AC-QCT

Q-TDWP
GB-AC-QCT
1GB-AC-QCT
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abilities for H2(0,0) + Pd(111) according to quantum calculations (black squares) and various
quantum-corrected classical calculations involving GB, 1GB and AC (green triangles and red
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Figure 4: 1GB reflection probabilities for (v, j)=(0,2) (panel(a)) and (0,4) (panel (b)) in
terms of the order of diffraction for the five first orders (see text for the definition of an
order).

15



order to explain why, we ignore the quantization of the diffractive actions and use the rigid-

rotor-harmonic-oscillator approximation so as to simplify the system.

The intrinsically quantized part of the energy, then, reduces to

E(a) = ω(x+
1

2
) +

J(J + 1)

2Mr2
e

. (19)

ω is the vibrational frequency of H2 and re its equilibrium bond length. The maximum value

of E(a) is given by

E(a) = Ei +
ω

2
, (20)

where the right-hand-side is the total energy available to the final H2. The points satisfying

this identity form the upper bound of the available area in the (x, J) plane. In panels (a)

and (b) of Fig. 5, this frontier is represented in the unit square associated with quantum

state (0,2) for three values of Ei. The available area is located on the left side of the frontier.

At Ea
i , (0,2) is not available. Eb

i corresponds to its opening. Ec
i is the symmetric of Ea

i

with respect to Eb
i . Contour plot representations of the GB and 1GB weights, respectively

given by Eq. 12 and 14, are also displayed. Integrating them over the region where they

are larger than half their maximum possible value leads to 0.5 % in both cases (as for the

calculations previously presented). Hence, their statistical efficiencies are equal. In panel

(c), the integrals of the GB and 1GB weights obtained assuming a uniform distribution of

the actions on the left side of the frontier are represented in terms of Ei. As a matter of fact,

the sudden jump previously evoked appears to be described far better by the 1GB procedure

than by the GB one, as expected from the contour levels in the upper panels.

Conclusions

In this work, we have performed, for the first time, the pseudo-quantization in Bohr’s spirit

of all the relevant final actions of a classically described reactive molecular system. The
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process at hand is the scattering of H2 on Pd(111), and the final actions are the vibrational

and rotational actions of the reflected H2 diatom, as well as the diffractive actions (classical

analogs of Miller indices). The pseudo-quantization was ensured by means of both action-

based Gaussian binning (GB) and energy-based Gaussian binning (1GB), the latter being

commonly employed for polyatomic reactions since a decade ago.16,45 Importantly, we have

adjusted Gaussian widths so as to give to both procedures the same statistical efficiency. In

addition to that, we have used the adiabaticity correction (AC).32

The major result of this study is that 1GB-AC quasi-classical trajectory (QCT) cal-

culations lead to a spectacular agreement with state-of-the-art quantum scattering results

(sticking and state-resolved reflection probabilities). To the best of our knowledge, this

method improves on any previous quasi-classical description.

It is planned to repeat this study for different gas-phase and gas-surface reactions in order

to figure out whether the quality of the present agreement between quantum corrected QCT

and exact quantum probabilities is systematically maintained or not. If it is indeed confirmed

that the accuracy is equally good for a large variety of systems and dynamical situations,

the current methodology can be a reliable alternative to computationally heavy quantum

dynamics calculations. It may be also applicable to systems of increasing complexity and/or

energy regimes not currently accessible in quantum dynamics, such as low incident energies.

Last but not least, it will be desirable to keep strengthening the theoretical grounds

of the quantum corrections (GB, 1GB and AC) within the framework of the semiclassical

description of molecular processes.
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