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Abstract

Cardiac mitochondria are intracellular organelles that
have several important roles. For instance, they ensure en-
ergy metabolism and calcium regulation, thus are linked
to the excitation-contraction cycle of the heart cell. Math-
ematical models are useful to better understand the com-
plexity of mitochondrial dynamics within a cardiac cell,
and we are specifically interested in the dynamics of cal-
cium. Litterature models reflect this complexity, especially
in terms of number of equations and parameters, which
makes them impossible to calibrate to experimental data.

In this paper, we apply a global sensitivity analysis on
our previously discussed simple mitochondria model [1],
in order to quantify the uncertainty of the parameters. This
analysis is done in two steps. First we eliminate non-
influential parameters of the internal fluxes governing the
activity of the mitochondria. Then we perform this analysis
on the outputs of our ODE (ordinary differential equation)
model, which are the respiratory rates.

Finally, we calibrate the remaining influential parame-
ters using a genetic algorithm with respect to experimental
respiratory data.

1. Introduction

It is widely known that cardiac contraction is triggered
by calcium (Ca2+), hence a perturbation in the intracellular
Ca2+ homeostasis could lead to heart failure [2]. Cardiac
mitochondria are intracellular organelles that participate
in the Ca2+ regulation through their channels or pores:
Ca2+ uniporter, Na+/Ca2+ exchanger and mitochondria
permeability transition pore (mPTP). For this reason, de-
velopping cardiac models that take into account the activ-

ity of the mitochondria is important. In our previous pa-
per [1], we introduced a mathematical model that describes
key mechanisms of the cardiac mitochondria, specifically
dioxygen consumption, calcium (Ca2+) regulation through
the uniporter and the Na+/Ca2+ exchanger, and the ATP
synthesis. The model consists of six state variables that de-
scribe the activity of the mitochondria through ion fluxes
(Fig.1). These fluxes model the variation of the state vari-
ables in time. We recall the model’s differential equations

Figure 1. Reactions and fluxes described by the model.
State variables are indicated by bold font.

system (S):

∂t∆Eresp = ϕ1(∆Eresp) (VPDH − Vresp) ,

∂t∆Gp,m = ϕ2(∆Gp,m) (VF1F0 − VANT) ,

∂t∆Gp,c = ϕ3(∆Gp,c)(VANT + ġext(t)),

∂t∆p = (12Vresp− 3VF1F0− VANT− Vleak− 2Vuni)/Cm,

∂t
[
Ca2+

]
m = f(Vuni − VNaCa),

∂t
[
Ca2+

]
c = −γ∂t

[
Ca2+

]
m + ċext(t),



where the functions ϕi are known and the parameters f
and γ account for the fraction of free Ca2+ in the matrix
and in the cytosol, respectively. The functions ġext(t) and
ċext(t) are source terms for cytoplasmic ADP and Ca2+,
respectively. These source terms allow us to mimic an ex-
perimental condition, for instance an addition of cytoplas-
mic ADP. The biological meaning of the fluxes Vj and the
derivation of their expressions can be found in [1].

Even though our model is considered simple (34 param-
eters overall) in comparison with models in the literature,
it is still impossible to calibrate it to fit experimental data.
For this reason, we first perform a global sensitivity anal-
ysis to eliminate parameters wich have small influence on
these fluxes (sec. 2.1). Then, using the results from this
first step, we perform again the analysis, but this time on
the observables of our model as output (sec. 2.2). Finally
(sec. 3), we use the results of the sensitivity analysis to cal-
ibrate the few remaining parameters to experimental respi-
ratory rates.

2. Global sensitivity analysis

The concept of global sensitivity analysis is to quan-
tify the influence of a certain parameter on the output of
a model, while spanning the whole parameter space, that
can be of very high-dimension. In practice, we used the
Sobol analysis method which consists in decomposing the
variance of the output of a model with respect to its pa-
rameters [3]. Beside being able to explore globally the pa-
rameter space, this method can also take into account the
statistical distribution of the parameters.

Typically, a model is written as Y = f(p1, p2, ..., pk)
where Y is the output and pi, i ∈ {1, ..., k} are the pa-
rameters. For each parameter pi, the total Sobol index as-
sociated to pi is STi

= E[V (Y/p∼i)]
V (Y ) = 1 − V (E[Y/p∼i])

V (Y ) ,

where p∼i denotes all the parameters except pi. The less
influential the parameter pi is on the output Y, the closer to
zero the index STi

is, and vice versa. If STi
' 0, then pi

can be fixed in its range of variability without significantly
affecting V (Y ).

The straightforward approach for calculating the Sobol
index associated to a parameter pi is computationally ex-
pensive. To overcome this, we used the Saltelli sampling
method [3] which reduces the total number of evaluations
of f to N × (k + 2), where N is the size of the param-
eters sample. All the Sobol indices were computed using
the SALib Python library [4].

2.1. Sobol’s analysis on fluxes

As a first step of our sensitivity analysis, each flux Vj
is considered as a seperate model that depends on some
parameters. Computing the Sobol indices of a parameter
gives an idea of its influence on the associated flux. The

Figure 2. Total Sobol indices of parameter p2 for the flux
Vresp. White lines locate several trajectories in the phase
space (∆Eresp,∆p). Color depicts the magnitude of the
Sobol index. Trajectories were generated using random
samples of the whole set of parameters.

fluxes are not only functions of their associated parame-
ters, but also of the state variables, and hence computing
the Sobol indices for a large range of state space points is
necessary.

For each flux, to be able to eliminate uninfluential pa-
rameters, we checked that the trajectories of the state vari-
ables along typical mitochondrial respiratory cycles did
not cross areas with hight Sobol indices (Fig. 2 for an ex-
ample of an influential parameter). Using this method, we
were able to eliminate 7 parameters out of 27 involved in
the expression of the fluxes, among the overall 34 parame-
ters.

2.2. Sobol’s analysis on the output of (S)

The ODE system (S) can be seen as an equation y =
g(p), where p is the set of parameters, and y is the solu-
tion over the integration time interval. To have a global
idea on the influence of the remaining set of parameters p̃
on the solution y, we perform the Sobol analysis on the
model y = g̃(p̃), where g̃ is the model function g with the
7 previously identified parameters fixed in their range of
uncertainty.

Each evaluation of g̃ requires an ODE system to be
solved accurately, which can be problematic as the sys-
tem includes very fast dynamics and the source term ġext
has a stiff profile. A predictor-corrector numerical scheme
allowed for integration of the equations in ∼ 100 seconds.
With k = Card(p̃) = 34 − 7 = 27 parameters, and using
a sampling number n = 2 000, then 58 000 model eval-
uations were required. Computations were performed in
parallel using the PlaFRIM experimental testbed. The re-
sults are presented on figure 3.



Figure 3. Total Sobol index for the set of parameters q associated to the system (S). The output of our model is considered
at 4 different time points, t1 (before first addition), t2 (after first addition), t3 (before second additon), t4 (after second
addition). First addition is 0.66 mM cytoplasmic ADP, second addition is 1 mM cytoplasmic ADP. The 3 colors level
represent the magnitude of the total Sobol index, grey being the lowest (ST < 10−2), then yellow (10−2 ≤ ST < 10−1),
and orange being the highest (ST ≥ 10−1).

3. Parameters calibration

3.1. Experimental data

The experimental data were obtained from heart mito-
chondria extracted from Wistar Male rats (from Janviers
Lab, France). Isolated mitochondria were analyzed within
the day following their preparation and subsequent deter-
mination of proteins concentration by the Bratford method.
All effectors of the respiratory chain used herein were first
prepared as concentrated mother solutions (500 mM for the
substrates of the respiratory chain, glutamate and malate,
and 100 mM for ADP; all compounds were purchased
from Sigma-France) in the specific respiration buffer for
mammal heart mitochondria. All solutions were kept on
ice during the timescales of experiments.

The mitochondrial oxygen consumption rates were col-
lected by the gold standard method in bioenergetics, that is
chronoamperometry with a Clark electrode [5]. This elec-
trochemical system determines the dissolved oxygen con-
centration of a liquid medium by measuring the current
resulting from the 4-electron reduction of dioxygen O2 to
water H2O on a platinum disk (at a potential of -0.8V vs
the internal Ag/AgCl reference electrode). O2 diffuses to-
wards the platinum through a Teflon membrane protecting
it from the solution. The Clark electrode was inserted in an
oxygraphy chamber filled with 6 mL of respiration buffer
under constant stirring, and thermostated at 28 °C with
a water gasket. Substrates of the respiratory chain were
injected at 5 mM final concentration, then mitochondria
were injected to reach a concentration of 0.4 mgprot.mL−1

in the respiration buffer. ADP was further introduced at
various concentrations (0.166 to 1mM). The current at the
Clark electrode was continuously measured, and the oxy-
gen concentration determined by a simple proportionality
factor (210 µM of O2 maximum concentration).

3.2. Optimization algorithm

As observed on Fig. 3, we found that 6 parameters
{p2, p11, p12, p14, p21, dADP } are influential on the respi-
ratory rates. The remaining parameters with a high Sobol
index are not considered, since they would be rather re-
lated to Calcium fluxes. We choose to apply a genetic op-
timization algorithm [6] to fit these parameters to the data,
because of the high dimensionality of the problem. The
selection process at each iteration is based on minimizing
‖ysim − yobs‖l2 , where yobs is the experimental normalized
oxygen concentration, and ysim is the simulated one. From
the selected set of parameters, we apply the mutation and
crossover operators to eventually obtain the next genera-
tion of parameters that is trivially better adapted to our
problem. The algorithm allowed convergence to an opti-
mum set of parameters after 25 iterations. Figure 4 shows
the resulting oxygen concentration over the time compared
to the experimental data.

4. Discussion

The Sobol sensitivity analysis on fluxes revealed only
7 uninfluential parameters from the starting set of 27 flux
parameters. This indicate that our choices of expressions



Figure 4. Comparison of the oxygen consumption be-
tween two sets of experimental data, in the presence of
5mM of glutamate and malate, and simulation, for the
substrate-state (before ADP addition) and phosphorylating
state 3 (after ADP addition) of the mitochondria.

for the fluxes is nearly optimal (ie minimizes the number
of parameters).

However the Sobol analysis on the whole model high-
lighted only very few parameters as influencing the res-
piratory rates. We also noticed in figure 3 a block struc-
ture that discriminates parameters which influence calcium
concentrations, from the ones which influence the respira-
tory rates. It suggests that further calibration of these sub-
sets can be performed separately.

All Sobol indices were less than 10−1 except for the
parameters p2, p11, p12, p14, p21, and dADP , for which to-
tal Sobol indices reach 0.92, 0.89, 0.18, 0.74, 0.58, and
0.57, respectively. The first parameter controls the max-
imum amplitude of the respiratory rate Vresp.The param-
eters p11, p12, and p14 control the ATP/ADP and ∆p de-
pendent activation threshold of the ATP-synthase, respec-
tively. The parameter p21 tunes the amplitude of the proton
leak across the mitochondrial membrane.The correspond-
ing high Sobol index before any ADP addition (ST =
0.58) is thus expected, since at this stage mitochondria are
only respiring to compensate the proton leakage. Finally,
the parameter dADP which controls the duration of the ad-
dition of ADP has a high Sobol index which can also be
expected.

The optimization algorithm converges towards an opti-
mal set for these parameters. The relative l2 error with
respect to the data is less than 0.032 (Fig. 4). It shows the
ability of our model to reproduce experimental respiratory
rates in both phosphorylating state 3 and substrate-state of
the mitochondria.

5. Conclusion

In this work, we firstly carried out a global sensitivity
analysis on the model proposed in [1]. It was completed in
two steps, the analysis on the internal mitochondrial flux
functions outputs, and the analysis on the state variables of
the model along a typical trajectory. It allowed to deter-
mine the main relevant parameters. Secondly, we applied
an iterative optimization algorithm to succesfully calibrate
these six parameters to a given experimental situation. We
expect repeated sentivity analysis with diverse experimen-
tal data (e.g. calcium, reactive oxygen species) to allow for
more parameters to be calibrated.
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