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UNIFYING NEIGHBOURHOOD AND DISTORTION MODELS:
PART I - NEW RESULTS ON OLD MODELS

IGNACIO MONTES, ENRIQUE MIRANDA, AND SEBASTIEN DESTERCKE

ABsTrACT. Neighbourhoods of precise probabilities are instrumental to per-
form robustness analysis, as they rely on very few parameters. Many such
models, sometimes referred to as distortion models, have been proposed in the
literature, such as the pari mutuel model, the linear vacuous mixtures or the
constant odds ratio model. This paper is the first part of a two paper series
where we study the sets of probabilities induced by such models, regarding
them as neighbourhoods defined over specific metrics or premetrics. We also
compare them in terms of a number of properties: precision, number of ex-
treme points, n-monotonicity, behaviour under conditioning, etc. This first
part tackles this study on some of the most popular distortion models in the
literature, while the second part studies less known neighbourhood models and
summarises our findings.

Keywords: Neighbourhood models, distorted probabilities, pari mutuel
model, linear vacuous mixtures, constant odds ratio.

1. INTRODUCTION

The most popular way to model uncertainty about some quantity or about the
outcome of an experiment is by means of probability measures. However, their
estimation is not always accurate nor reliable, as they may be obtained from data
whose quality and quantity vary (one may think of different levels of noise, of im-
balanced data sets, ... ), or from experts whose judgements we trust only partially.
As some inferences and decisions drawn from such probabilities may be sensitive
to small changes of the estimated probabilities, being able to perform robustness
analysis is essential in critical applications. One way to perform such an analysis
is to explore in a principled way neighbourhoods around the precise estimates, by
defining what is usually referred to as a distortion model. These have been applied
for example in the analysis of graphical models [9] [14], in reinforcement learning [12]
or in regression problems [30]. This paper is the first of a two-paper study that
offers a unified view of such models and performs a systematic study of some of
their properties.

There are two basic procedures to determine a distortion model:

e The first one is to take the set of probabilities that are close to the original
precise one under some criteria. We may for instance consider convex com-
binations with a set of probability measures where the weights represent
the amount of conflicting data; assume that there is some bounded error
when reporting the values of the probability distribution; or simply work
with those measures at a given distance from the original model. In all
those cases, we end up with a set of probability measures, usually called
neighbourhood model [13], [16], 25], [26], 29]. Under some conditions, this set is
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2 IGNACIO MONTES, ENRIQUE MIRANDA, AND SEBASTIEN DESTERCKE

equivalent to the functional that we obtain by taking lower envelopes. This
latter functional is a non-additive measure that is a coherent lower proba-
bility in the sense of Walley [32], and that is usually easier to handle than
the dominating set of probabilities. This method also connects distortion
models with the theory of imprecise probabilities.

e The second procedure consists in directly transforming the initial proba-
bility measure by means of a function on its set of values [3], 4, Bl 27, [33],
that satisfies some properties such as being increasing and/or convex. This
procedure also produces a lower probability, but the interpretation of the
resulting function may be more involved.

By means of these two procedures, a number of distortion models have been pro-
posed in the literature [2] [7, 15 82], such as linear vacuous mixtures, the pari mutuel
model, etc. However, the problem of choosing an appropriate distortion model for a
given situation is still somewhat unresolved. Our goal in this study is to contribute
to the solution by analysing and comparing a number of distortion models from the
literature. We shall first of all show that those distortion models obtained from the
second procedure can be represented by means of the first procedure, thus unifying
the two approaches. Then, we will compare a few models by means of: (a) the
amount of imprecision they introduce in the original model for a fixed distortion
factor; (b) the features of the distorting function that characterises the neighbour-
hood model; (c) the properties of the coherent lower probabilities they determine;
(d) the complexity of their associated sets of probabilities, in terms of their number
of extreme points; and (e) their behaviour under conditioning. Throughout, we
focus on neighbourhood models that induce polytopes in the space of probability
distributions, meaning for instance that distortion models induced by the Euclidean
norm or the Kullback-Leibler divergence [12] are out of the scope of the present
study. In particular, the Kullback-Leibler divergence is one the usual information
measures in probability theory and satisfies some reasonable properties (see for in-
stance [§]). It has already been used to create a neighbourhood around a fixed
probability or a fixed credal set in [23], where the author refers to this model as
the discounting probability or discounting credal set.

This first paper will focus on models that are the most well-known in the lit-
erature: the pari mutuel, the linear vacuous mixture and the constant odds ratio
models. We will see how they fit within our unified view, and establish new proper-
ties for them. The accompanying paper [22] will focus on models that have not been
studied extensively, and that could benefit from a full systematic study: these are
the models induced by the total variation, the Kolmogorov and the L; distances.
This second paper will also wrap up the complete study in a synthetic comparison
of the different models studied in both papers.

This first part of our study is organised as follows: in Section [2] we introduce
some notions from imprecise probability theory that are necessary to follow the rest
of the paper. This includes both their basic models as well as reminders about how
to update them under the light of new information. Section [3]introduces distortion
models with a unified view, seeing them as neighbourhoods induced by a maximal
distance from an initial probability distribution.

We then (re-)explore some well-known models from the literature under this
light, and also establish new results for them. The pari mutuel, linear vacuous
and constant odds ratio are respectively explored in Sections [ [5] and [f] Some
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preliminary conclusions are given in Section [7] but for a final synthesis and com-
parative study, we refer the reader to the second paper of this study [22], where we
shall study models that have received less attention and provide the aforementioned
synthesis. To ease the reading, proofs have been relegated to an Appendix.

A preliminary version of our study was presented in ISIPTA Conference in
2019 [20]. These two papers extend this preliminary version with additional com-
ments, proofs, a study of the distortion model associated with the L; distance and
a deeper comparison between the models.

2. PRELIMINARY CONCEPTS

This section introduces the main models within the theory of imprecise proba-
bilities that we shall consider in this paper, as well as the operation of conditioning.

2.1. Imprecise probability models. Let X = {z1,...,z,} be a finite possibility
space with cardinality n. We shall assume throughout that n > 2; otherwise the
results are trivial. We shall use A C X to denote that A is a subset of X and
A C X to denote that A is a proper subset of X. We denote by P(X) the set of
all the probability measures defined on the power set of X', P(X), and by P*(X)
the set of probabilities P satisfying P(A) > 0 for every non-empty A C X. A
set of probability measures defined on P(X) is called a credal set on X [17]. All
neighbourhood models explored in this paper will be representable in terms of credal
sets.

By taking its lower envelope over events, a credal set M determines a lower
probability P:

P(A) =inf{P(A) | Pe M} VACX.

This lower probability satisfies the property of coherence [32], meaning that the
lower probability of any event is attained by a probability measure that dominates
P. In addition to this interpretation, it can also be given a behavioural interpre-
tation: P(A) is then regarded as the supremum acceptable buying price for the
gamble that gives reward 1 if A happens and 0 otherwise, and coherence means
that our supremum acceptable buying prices cannot be combined in order to make
us subject to a sure loss and that they are as tight as possible; see [18, B32] for more
details.

If instead of lower envelopes we take upper envelopes we obtain a coherent upper
probability, that we shall denote P. Both of them are related by conjugacy: P(A) =
1 — P(A°) for every A C X, and for this reason it suffices to focus on one of them;
here we shall concentrate on lower probabilities.

Different credal sets My, Mo may determine the same coherent lower probability
P by taking lower envelopes; the largest of them is given by

(P €P(X)| P(A) > P(A) YAC X}.

This set is usually referred to as the credal set associated with P, and it is denoted
by M(P). It is convex and closed in the weak-* topology, that coincides with
the Euclidean one in the finite-dimensional case we are considering in this paper;
as a consequence, we obtain P(A) = min{P(A) : P € M(P)} for every A C X.
Since M(P) is closed and convex, it is characterised by its extreme points, i.e.,
by those probability measures P € M(P) such that if there exist o € (0,1) and
Py, P, € M(P) for which P(A) = aP1(A) + (1 — a)P(A) for every A C X, then
P =P, =P.
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Some coherent lower probabilities satisfy additional mathematical properties
that make them more suitable for practical purposes. One such property is k-
monotonicity. Given a natural number k > 2, a coherent lower probability is
k-monotone [6] if

P(U_, 4;) > ZP:B(Ai) =Y P(AiNA)) 4+ (-1)PP( NPy Ay)
i=1 i#j
= Z (—1)'1‘_‘—12( miej Al) (1)
D£IC{1,....p}

for every 1 <p < k and every A;,..., 4, C X.

We shall focus here on two extreme cases: if k = 2 we say that P is a 2-monotone
lower probability; and if P is k-monotone for every natural number k, we say that it
is completely monotone, also called belief function [28] in the framework of Evidence
Theory. One interesting property of 2-monotone lower probabilities is that the set
ext(M(P)) of extreme points of M(P) is determined by the set S,, of permutations
of the possibility space: for any such permutation o € S,,, define the probability
measure P, by means of

Pa({xo(l)}) = B({l‘g(l)}) and
Po({romy}) = PU{Tor)s - Totk)}) — PUTo(1)s - Toe—1y}) Yo =2,...,n. (2)

Then ext(M(P)) = {P, | 0 € Sp}.

A particular instance of 2-monotone lower probabilities that we will use later on
are probability intervals [10], that are uniquely determined by their restriction to
singletons: P is a probability interval when it satisfies

M(P) ={P e P(X) | P({z}) € [P({z}), P({z})] Vz e X}

Probability intervals are quite easy to handle, and the expression of their associated
lower and upper probabilities can be easily given in terms of the lower and upper
probabilities of the singletons (see for instance [10, Prop.4]).

On the other hand, a particular instance of completely monotone lower proba-
bility is the vacuous lower probability,

if A .
P,(4) = {0’ T Q

The name vacuous comes from the fact that M(P,) = P(X).

Since every probability measure P on P(X) is equivalent to its expectation op-
erator, that for simplicity we denote also with the symbol P, we can use credal sets
to obtain lower and upper expectation operators. Consider a functionﬂ f: X =R
Then given a credal set M, we get

P(f) =nt{P(f) | P € M} and P(f) :=sup{P(f) | P € M}.

These two functionals are coherent lower and upper previsions in the theory of
Walley, and are related by P(f) = —P(—f) for any function f on X. As in the

IWalley’s theory deals only with bounded random variables on X, also called gambles; since
in this paper we work with finite spaces, the restriction of boundedness is trivially satisfied.
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case of lower probabilities, we will denote by M(P) the credal set associated with
P, defined by:

M(P) ={P e P(X) | P(f) 2 E(f) Vf:X =R} (4)

We see then that a credal set M can be used to determine both a coherent lower
probability P and a coherent lower prevision P’. However, the sets

M(E) ={P € P(X) | P(4)
M(P') ={P e P(X) | P(f)

(A) VAC X} and

> P

> PI(f) Vf: X - R)

do not coincide in general, the second being smaller, or more informative: M(P") C
M(P). A sufficient condition for their equality is that

P'(fng)+P(fVg) =P (f)+Pg) (5)

for every pair of gambles f, g : XY — R, where A denotes the pointwise minimum and
V the pointwise maximum. When a coherent lower prevision P’ satisfies Equation
(5), it is called 2-monotone lower prevision [3I]. In that case, its restriction to events
P :P(X) —[0,1] given by P(A) := P'(I4) for every A C X, is a 2-monotone lower
probability. Moreover, both P and P’ incude the same credal set: M(P) = M(P').
Indeed, if P is a 2-monotone lower probability, it has a unique extension to gambles
P’ satisfying the 2-monotonicity property in Equation : it corresponds to the
Choquet integral with respect to P [31].

Since, as we have mentioned, probability intervals are particular instances of 2-
monotone lower probabilities, we deduce that they also have a unique extension to
gambles that satisfies Equation (f]). Its expression was determined in [10, Sec. 4].

Figure[I]summarises the relationships between the different imprecise probability
models we have introduced; an arrow between two nodes means that the parent is
a particular case of the child.

[Probability measures]

[Probability intervals] [ Belief functions ]

[2—monot0ne lower probabilities}—»@—monotone lower previsions]

[Coherent lower probabilities}

[Coherent lower previsions]

FIGURE 1. Relationships between different models.
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2.2. Conditioning imprecise probability models. Once we get a credal set M
or its lower prevision P over X, we may wish to condition it upon the arrival of an
observation B, obtaining thus an updated model Py. With precise probabilities
and provided that P(B) > 0, there is essentially one conditioning rule: defining the
updated model as Pg(A) = P(ANB)/p(B), that also uniquely defines the associated
expectation operator Pg.

Unfortunately, the extension of this conditioning operator is not unique in general
when considering sets of probabilities [19} [32]. However, when the lower probability
P(B) of the conditioning event is strictly positive (as will be the case here, see
Equation below), there is only one updating procedure that is consistent with
Walley’s behavioural notion of coherence: the regular extension, that consists in
applying Bayes’ rule to all the probability measures that dominate P, and then
take the lower envelope of the updated models. That is, the updated model Py is
defined for any function f on X as

Pp(f) = mf{Pp(f) | P € M(P)}. (6)

This coincides with the Generalised Bayes Rule in [32] under the assumption of
positive lower probabilities.

In general, updating through regular extension preserves many of the properties
of the initial models, such as n-monotonicity. We will see that this is also the case
for the distortion models considered in this first part of our study.

3. DISTORTION MODELS: GENERAL SETTING

The neighbourhood models we shall consider in this study originate by distorting
a probability measure Py by means of some function d, with a fixed distorting factor
6 > 0. Part of the comparison between them shall be made in terms of the properties
satisfied by the distorting function.

Given the set P(X), a function d : P(X) x P(X) — [0, 00) will be called distorting
function. We consider the following desirable properties that a distorting function
may satisfy:

Ax.1: Positive definiteness: d(Py, P;) = 0 if and only if P, = Ps.

Ax.la: d(Py, P;) = 0 implies that P, = Ps, for every Py, P, € P(X).

Ax.1b: Well-defined: d(P, P) = 0 for every P € P(X).

Ax.2: Triangle inequality: d(Py, P3) < d(Py, Py) + d(Ps, Ps) for every Py, Py, P3 €
P(X).

Ax.3: Symmetry: d(Py, Py) = d(Ps, Py) for every Py, P, € P(X).

Ax.4: Convexity: d(Py,aP; + (1 — «)P3) < max{d(Py, P),d(Py, P3)} for every
a € [0,1] and every Pi, Py, P3 € P(X).

Ax.5: Continuity: for every P, Py, P, € P and every ¢ > 0, 3 6 > 0 such that
|Pr — P»|| < ¢ implies that |d(Py, P) — d(Pe, P)| < €, where || - || denotes
the supremum norm.

Since the possibility space X is finite, the topology associated with the supremum
norm || - || is equivalent to that generated by the Euclidean distance. Thus, Ax.5
can be equivalently stated as

(Py)n — P =d(P,,P) — 0,

where we are identifying probability measures with elements of the n-th dimensional
Euclidean space, and convergence of probability measures is understood pointwise.
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The function d is a distance when it satisfies Ax.1-Ax.3, and it is a premetric when
it satisfies axiom Ax.1b. Also, note that Ax.1 holds if and only if both Ax.1a and
Ax.1b are satisfied.

Given a distorting function d : P(X) x P(X) — [0,00), a probability measure
Py € P(X) and a parameter § > 0, we can consider the credal set

BY(Ry) = {P € P(X) | d(P, Ry < 5} (7)

of those probability measures that differ at most in § from P, i.e., the closed ball
centred in Py and with distortion parameter § with respect to the distorting function
d. We call it the distortion model on Py associated with the distorting function d
and the factor § > 0. It can be used to determine the coherent lower prevision

P(f) =inf{P(f) | P € By(Po)} = inf{P(f) | d(P, o) <8} Vf:X =R, (8)

whose associated credal set M(P) is given by Equation (4).
Our first result gives sufficient conditions for Bj(P) to coincide with the credal
set M(P) associated with the coherent lower prevision P.

Proposition 1. Consider a distorting function d : P(X) x P(X) — [0,00), a
probability measure Py € P(X) and a parameter 6 > 0, and let P be the lower
envelope of BY(Py), given by Equation . If d satisfies Az.4 and Az.5, then
M(P) = BY(Py), where M(P) is the credal set induced by P using Equation ().

In the remainder of this study, we shall investigate in detail the properties of a
number of distortion models. Before we tackle this problem, we would like to study
in some detail the second procedure for generating distortion models we mentioned
in the introduction: sometimes in the literature [5] the term distortion model is
referred to a non-additive measure of the type P = h(P,), where h : [0,1] — [0, 1] is
a suitable distorting function that is increasing and satisfies h(0) =0, (1) = 1. In
this sense, if h is convex, then P = h(FP) is 2-monotone [6], [11], and in [3l Thm. 7]
it is shown that the condition h(t) < ¢t for every ¢t € [0, 1] guarantees that P is a
lower probability. Some other results in this direction can be found in [3] [], in
connection with the theory of aggregation operators; see also [33] and [5, Prop. 2].
Next we prove that such models can be incorporated into our formalism:

Proposition 2. Let Py be a probability measure on P(X). Consider an increasing
function h : [0,1] — [0,1] such that h(0) = 0,h(1) = 1 and h(t) < t for every
t €10,1], and let P = h(P,) be the transformed model. Then there ezist a premetric
d and some parameter § > 0 such that M(P) = B5(P,), where BS(Py) is given by
Equation and M(P) is determined by Equation .
The idea in the proof is to define, for the given h, the function dj : [0,1] %[0, 1] —
[0,1] by
0 ife=y
dip(z,y) =< 0.5 ifx#y,z > h(y) (9)
1 if ¢ £y, x < h(y),
and then let d(P, Q) = maxacx dj(P(A), Q(A)).
It can be checked that this function d is not necessarily a distance, because it

may not satisfy axiom Ax.3 (symmetry). Furthermore, in addition to Ax.1b, such d
also satisfies Ax.1la (hence also Ax.1), Ax.2 and Ax.4. The proof of this proposition
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also shows that the implication

d(P,Q) = max d; (P(A),Q(A)) = P = min B§(Py) is 2-monotone

does not hold in general. To see that, it suffices to consider a function h and a
probability Py such that P = h(P,) is not 2-monotone and apply to them the
distorting function d above.

As we said before, some earlier works in the literature have characterised those
distortion models that are 2-monotone or a coherent lower probability [5, [33]. Our
next result characterises those distortion models whose associated lower probabili-
ties are probability intervals.

Proposition 3. Let d be a distorting function satisfying Ax.4 and Az.5. Then,
the lower envelope P of Bg(PO), given by Equation , is a probability interval for
every Py € P(X) and every 6 > 0 if and only if d satisfies:

A(P.Q) = max di(P({xi}).Q) YP.QEP(X), (10)

where for everyi=1,...,n

di(P({z:}),Q) = inf{d(P', Q) | P" € P(X), P'({zi}) = P({z:})}.

This result leads us to study those comparison measures between probability
measures that are defined in terms of other comparison measures on real numbers.
We have established the following:

Proposition 4. Let d* : [0,1] x[0,1] — [0,00), and let us define d : P(X) xP(X) —
[0,00) by

d(P,Q) = max d"(P({zi}),Q({z:})). (11)

(a) If d* satisfies Azx.j (j=1,1a,1b,2,3,4,5) then so does d.

(b) If d* satisfies Ax.4 and Az.5 and d is defined by Equation , then for
any probability measure Py € P(X) and any § > 0, the lower envelope on
events of the set Bg(Po) given by Equation is a probability interval.

These results nicely characterise general distortion models, as they allow to con-
nect generic properties of the used distance with corresponding features of the
induced credal sets. They will also prove useful later on in this paper.

In the following sections, we shall study some of the most important distortion
models from the literature, revisit them from our unifying perspective introduced
in this section, and provide new results about them. We shall assume throughout
that the probability measure Py belongs to the interior P*(X) of P(X), or in other
words, that Py({z}) > 0 for every € X, and also that the distortion factor 6 > 0
is small enough so that also

QU{z}) >0 VYzeX, VQ e By(Py). (12)

Hence, we will consider that the distorting function d is defined from P*(X') x P*(X).
Since in all cases d will satisfy Ax.4 and Ax.5, Proposition [1| implies that Bg(Po)
is closed and that P(B) > 0 for every B C X.
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4. PARI MUTUEL MODEL
Our analysis begins with the pari mutuel model (PMM, for short).

Definition 1. Given a probability measure Py and a distortion parameter 6 > 0,
the associated pari mutuel model is given by the conjugate coherent lower and upper
probabilities:

Ppya(A) = max{0, (1 +6)Py(A) — 6} and Pparar(A) = min{l, (14 §)Py(A)}
for every A C X

In what follows, we investigate the properties of the PMM, we show that it can
be expressed as a distortion model and we study its behaviour under conditioning.

4.1. Properties of the PMM. The pari mutuel model has its origins as a betting
scheme in horse racing; if we interpret the distortion factor ¢ as a taxation from the
house, then EPMM,PPMM can be given a behavioural interpretation as betting
rates for and against the event A, as discussed in some depth in [32] Sec. 2.9.3].
Assume that Py(A) denotes the fair price fixed by a house for event A. This means
that if a gambler bets on A at the fair price Py(A), her expected gain would be:

E(la— Py(A)) = (1 = Py(A))Po(A) — Py(A)(1 — Py(A)) = 0.

In a similar manner, the expected gain of the house would be E(Py — 14) = 0.

In order to ensure a positive gain, the house can increase the fair price for A:
(149)Py(A) for some positive §. In this way, the expected gain for a gambler would
be:

E(I4—(1+96)Py(A4) =
(1= (1+6)P(A)Po(A) + (=1 +6)Po(A))(1 — Po(A)) = —6Pu(A),
whereas the expected gain of the house would be:
E((1+90)Py(A) —I4) =3Py (A).

This gives rise to the upper probability P(A) = (1 + §)Py(A), that is corrected as
P(A) = min{1, (1 + §)Py(A)} in order to guarantee coherence. This means that,
for the pari mutuel model, the distortion parameter § represents the selling price
inflation rate for A.

Walley [32] Sec. 2.9.3] deduces this upper probability using a different reasoning
related to racetracks. If Py(A) is the proportion of stakes betting for A, and 7
(with 0 < 7 < 1) denotes the proportion of stakes deduced by the house, a unit

bet on A will return % if A occurs. Then, the selling price for A should be

% = (146)Py(A), where § = ;7. We refer to [24] and [32} Sec. 2.9.3] for more
details on the behavioural interpretation of this model.

The lower probability Pp,;,, determines a credal set by:
M(Pparas) = {P € B(X) | P(A) > max{0, (1 + 6)Po(A) — 6} VA C X}, (13)

We refer to [21], 24] [32] for a study of the PMM from the point of view of imprecise
probabilities. In particular, it was established in [2I, Thm. 1] that the PMM
is a particular case of probability interval, meaning that it is determined by its
restriction to singletons:

M(Ppyiag) = {P € B(X) | (146)Po({a}) =6 < P({a}) < (14+8) Po({x}), Va € X}
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As every probability interval, the coherent lower probability Ppj s 18 2-monotone,
and as a consequence, its extension to gambles, preserving 2-monotonicity, is unique
and it is given by the Choquet integral: if f denotes a gamble and for any 7 € (0, 1)
x, and z1_, denote the T-quantile and 1 — 7-quantile of f, given by:

zr=sup{fx € X | Pp(f <z) <7}, z1_r=sup{z € X | P(f<z)<1l-7},
the lower and upper prevision of f for the PMM induced by Py and ¢ are [32
Sec. 3.2.5]:
Ppym(f) =21 —(1+ 5)P0(($ﬁ - f)+)7

T+

FP]VHW(f):xﬁég+(1+5)P0((f_x ) )+),

T4
where for any g : X — R we denote g+ = max{g, 0}.
It was also shown that the maximal number of extreme points of BSPMM (Py) is
the same as for probability intervals [2I, Prop. 1].
We are assuming that Py € P(X) and P({z}) > 0 for every x € X, hence
P(A) > 0 for every A # (). This means that:

Py(A)
which in particular implies that
. Py(A)
0 < B TR ()

Let us show that BPMM,?pMM can be obtained as envelopes of the credal set
determined by some distorting function, in the manner we introduced in Section [3]

. (14)

Theorem 5. Consider the pari mutuel model associated with a probability measure

Py and a distortion factor 6 > 0. Then M(Ppyp) = B3 (Py), where the

former credal set is given by Equation (13), dparas : P*(X) x P*(X) — [0,00) is
given by

Q(4) — P(4)

d P Q)= -t

and BgPMM (Py) is given by Equation (7).

(15)

Note that, from Equation (12), By, = (Py) € P*(X), whence Q(A) < 1 for every

dpnm

A C X and every @ € BgPMM (Py). Thus, Equation is well-defined.

From this theorem we deduce that the pari mutuel model can be embedded into
our framework of neighbourhood models. Also, this result motivates the study
of the properties of the function dppsps. These are summarised in the following

proposition:

Proposition 6. Let dpyps be the function defined in Equation .
(a) dparn satisfies Ax.1 (hence also Ax.1a and Ax.1b), Az.4 and Az.5.
(b) dprias does not satisfy in general azioms Az.2 nor Az.3.

(c) For every P,Q € P*(X), dpprar (P, Q) = max,cx W,

The fact that the pari mutuel model induces a probability interval can also be
established showing that the distorting function dpysp; in Equation satisfies
Equation , using its equivalent expression in Proposition |6} or also using Propo-
sition 4| For this aim, just consider item (c) in Proposition and note that dpysys
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can be expressed as dparav (P, Q) = maxgex dpyp (P({x}), Q({x})), where df i,
is given, for every a,b € (0, 1), by:

a—b :
=2 ifa>b
d* 7b — b = Uy
Parar(4:0) {0 if 0 < b.
In the case of the pari mutuel model, if the distortion factor § satisfies Equa-

tion (I4), then this maximum distortion is attained within the ball BgPMM (Po):

Proposition 7. Consider the pari mutuel model associated with a probability mea-
sure Py and a distortion factor § > 0 satisfying Equation . Then:

max d(P, Py) = 0.

5
PEBdP]\/IZM(PO)

This does not hold for all values of §, because given a probability measure Py, the
set {dpyai(Po, Q) : @ € P(X)} is bounded above. It is not difficult to see that if we
take 6 = maxacx %, we obtain that B)  (Py) =P(X), or, in other words,
that Ppyras is the vacuous lower probability giben by Equation . Therefore,
larger values of § will not give any additional information. Due to monotonicity of
P, and Equation , it holds that

S T2 R 17 AN 5 )
Acx 1— Py(A) wmex Po({zi})

4.2. Conditioning the PMM. Next, we study the behaviour of the PMM under
conditioning. We show that conditioning through regular extension using Equa-
tion @ again yields a pari mutuel model.

Proposition 8. Consider the model BgPMM (Po) and its induced lower probability

Ppoyar- Then, for every event B the conditional model P g induces the credal set
B3?  (Pyp) such that

] B ]
(14+6)Po(B) =6 Ppyu(B)
with Py(A|B) the conditional precise probability derived from Py.

We see that the imprecision of the pari mutuel model, related to the distortion
factor, increases when conditioning.

5. LINEAR VACUOUS MODEL

Another popular neighbourhood model are linear-vacuous mixtures, also called
e-contamination models in the literature [15], [32] (for a related model starting from
the distortion of belief functions, we refer to [23, 28]).

Definition 2. Given a probability measure Py and a distortion parameter 6 € (0,1),
the associated linear vacuous mixture is given by the conjugate coherent lower and
upper probabilities:

P y(A) = {(1 —0R(A)  ifA#X.

1 if A= X.

(1—0)Py(A)+5  if A#0.

Prv(4) = {o if A=10.
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5.1. Properties of the LV model. The behavioural interpretation of linear vac-
uous mixtures is the following: if ¢ is the price that the gambler pays for a bet
on the occurrence of event A, her benefit is I, — t. To guarantee a positive gain,
the house can impose a tax § that is proportional to the reward. Then, gambler’s
benefit becomes T4 —t — 64 = (1 — §)Ia —t. If Py(A) denotes the probability
of occurrence of A, the expected benefit becomes (1 — 6)Py(A) — t. Then the fair
price is reduced to (1 — 0)Py(A), that corresponds to the lower probability of the
linear vacuous model. Hence, the distortion parameter ¢ can be understood as the
deflation rate on the buying price on A. We refer to [32, Sec.2.9.2] for more details
about the behavioural interpretation of this model.
The associated credal set is:

M(PLy) = {P € P(X) | (1 - )Py(4) < P(A), YA C X}. (17)
The lower probability P, associated with a linear vacuous model is a belief func-
tion, because it is a convex combination of two completely monotone lower proba-
bilities: the probability measure Py and the vacuous lower probability P, given by
Equation (3). In addition, it is also a probability interval: if

P({z}) > Pry(fai}) = (1 - §)Po({x}), Vas € X

then by additivity we conclude that P(A4) > (1 — §)Po(A) = P (A). As a conse-
quence, M(P;y,) can be expressed as
M(Pry) ={P eP(X) | (1 -0)R({z}) < P({z}) < (1 -6 P({z}) +6 Vo € X}

M(P,,) being a convex mixture between the precise distribution Py and the set
P(X), it has |X| extreme points corresponding for each element x € X to the
distribution

Po({z}) = A =0)R({z}) +6, P({y})=QA-0)FR({y}) Vy#uz.

Since the linear vacuous model is completely monotone, it is also 2-monotone, hence
its extension to gambles, preserving complete monotonicity, is unique and is given
by the Choquet integral |32, Sec. 3.2.4]:

Pry(f) = (1= 0)Po(f) + dmin(f),
PLV(f) = (1 — 5)P0(f) + 5max(f) Vf X = R.

Next we establish that linear-vacuous mixtures can be obtained by means of
some appropriate distorting function.

Theorem 9. Consider the linear vacuous mixture associated with a probability
measure Py and a distortion factor 6 > 0. Then M(P) = BgLV(PO), where the
former credal set is given by Equation , dry : P*(X) xP*(X) — [0,00) is given
by:

dov(P,Q) = max W

and ng (Po) is given by Equation .

(18)

As for the PMM, from this theorem we deduce that linear vacuous mixtures can
be seen as a neighbourhood model. Also, note that the expression in Equation
is well-defined because, since Q € P*(X), Q(A) = 0 if and only if A = (.
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Remark 1. If we compare Equations and , we observe that the expressions
of the distorting functions for the pari mutuel and the linear vacuous, dppsys and
dry, are quite similar:

dpym (P, Q) = max w, drv(P,Q) = %Q%W

The only difference lies in the denominator, where dpyras considers 1 — Q(A) (or
Q(A®)) while dry considers Q(A). Indeed, if we consider the equivalent expression

of dppm (P, Q) as:

P(A) - Q(4A)
dpyy (P, Q) max QA)
then dpyrar and dpy only differ in the sign of the numerator. This sort of dual
behaviour has already been observed in the literature; for instance, it was proven in
[21), Lem. 1] that the upper probability of the pari mutuel is additive for those events
A, B such that Ppya(AU B) < 1, while this very same property holds for the
lower probability of the linear vacuous whenever Py, (AUB) < 1. Other comments
in this direction were made by Walley in |32 Sec. 4.6.5]. He ezplains that there is
a geometrical relationship between the credal sets B} (Py) and By, (Py), with
the former being a reflection of the latter through Py. Also, he mentions that the
elicitation of a PMM is determined by inequalities of the type P(A) < (1+46)Py(A),
while that of a LV is based on inequalities of the type P(A) > (1 —6)Py(A). 4

Our next result summarises the properties of dzy .

Proposition 10. Let dpy be the function defined in Equation .

(a) dpv satisfies Ax.1 (hence also Az.1a and Az.1b), Az.2, Ax.4 and Ax.5.
(b) drv does not satisfy Ax.8 in general.
Q{z}) — P({z})
c) dry(P,Q) = max for every P,Q € P*(X).
(c) du(P.Q) = ma =Ly (%)

The fact that linear vacuous mixtures induce a probability interval can also
be established showing that the distorting function dpy in Equation satis-
fies Equation , using its equivalent expression in Proposition |10} or also using
Proposition For this aim, just consider item (c) in Proposition |10 and note that
drv can be expressed as dpy (P, Q) = maxgex di (P({z}), Q({z})), where d} , is
given, for every a,b € (0,1), by:

b=a  if p > q,

div(ab) = {oa ifh<a

We conclude this section by establishing that for every § € (0,1) there is always
a probability in the credal set M(P ) such that dpy (P, Py) = 6.

Proposition 11. Consider the linear-vacuous mizture associated with a probability
measure Py and a distortion factor § € (0,1). Then

max dLv(P, Pg) =9.
PGBSLV(PG)
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5.2. Conditioning the LV model. In the case of the LV model, Walley [32], Sec.
6.6.2] showed that the conditional model Pp induced by ng (Po) is again a linear

vacuous model Bgfv (Pop) such that
5 B )
(1=08)FR(B)+6  Prv(B)

Again, we can see that the imprecision of the model increases when conditioning;
yet this increase is smaller than the one observed for the PMM (see Equation (16])).

Pys(A) = Py(A|B) and 65 = (19)

6. CONSTANT ODDS RATIO
Next we consider the constant odds ratio model. It was given a behavioural
interpretation by Peter Walley in [32] Sec. 2.9.4], and studied in [T, 2, 25, [29].

6.1. Properties of the COR model. We start explaining the behavioural inter-
pretation of this model. Assume that any profit made by the gambler is subject to
a fixed taxation rate J. This means that if a gambler pays a price ¢ for a bet for
the gamble f, her net gain is:

A=) ="=(f-1",

where for any g : X — R, g7 = max{g,0} and g~ = max{—g,0}. If P is the fair
price for the gambles, then the expected net gain would be 0, which means that:

(1=0)P((f=1)") = Po((f—1)") =0,
or equivalently, that
(L=8)Po((f—t)") =PR((f—1t)7).

As a consequence, if P(f) denotes the supremum acceptable buying price for the
gamble f, then it must hold that:

(1 =0)PR((f = P(f)T) = Ro((f = P(f))7)- (20)

This equation cannot be explicitly solved for arbitrary gambles f; however, in the
particular case when f is the indicator of an event A, Equation becomes:

(1=0)Po((Ia — P(1a))") = Po((1a — P(14))"). (21)
It is easy to see that:
Po((Ia— P(Ia))%) = (1= P(A)Py(A), Po((Ia—P(I4))7) = (1= Po(A)P(A).
Hence, Equation simplifies to:
(1=6)1—P(A)Py(A) = (1 - Fy(A))E(A),
whence we obtain the lower probability

_ (1=8)P(4)
P(4) = 1— 0Py (A)

In the proof of some of the forthcoming results we will use the common short
notation G(f) = f — P(f) for any gamble. This notation simplifies Equation (20):

1=0R(G(f)7) = Po(G(f)).

VAC X. (22)
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6.1.1. Constant odds ratio on gambles.

Definition 3. Given a probability measure Py and a distortion parameter 6 € (0,1),
the associated constant odds ratio model is the coherent lower prevision that is the
unique solution to the equation:

(1= 0Py ((f = Poor(N") = Po((f = Peor(H)™): (23)

Its conjugate coherent upper prevision Pcor(f) is the unique solution of the equa-
tion:

Py((f = Peor(£)*) = 1 =)o ((f = Poor($)").

which is equivalent to:
6Py ((f = Peor(N)*) + (1= 9)Po(f ~ Peor(f)) = 0.

The reason why in this case we are first considering the coherent lower prevision
instead of the coherent lower probability that is its restriction to events is that,
unlike the previous two examples, the constant odds ratio model is not 2-monotone
in general, as we will show in the forthcoming Example [I} while its restriction to
events is. As a consequence, the credal sets determined by these two models do not
coincide in general.

We will therefore make a separate study of the constant odds ratio model Pypp
and its restriction to events, that will be denoted by @ . We will start with
Prop in this section, and will study QCOR in Section [6.. The following propo-
sition summarises some first properties of this model:

Proposition 12. [32] Let Prop be the constant odds ratio determined by a prob-
ability measure Py and a distortion factor 6 € (0,1).

(a) The credal set associated with Prop is

P(A) Po(A)
— > (1— -
M(Poor) {P € P(X)’P(B) 2 (1= ) plg VA, B A0 (24)
(b) The extreme points of this credal set are {Py | 0 # ACX}, where Py is
given by:

(1-90)Py(ANB) + Py(A°N B)
1—0Py(A) ’
Proposition [12] allows us to establish the following result:

PA(B) = VBCX. (25)

Proposition 13. M(Pyoor) has 2™ — 2 different extreme points.

Let us now show that P,opr can be expressed as a distortion model by means
of a suitable function.

Theorem 14. Consider the constant odds ratio model (on gambles) associated
with a probability measure Py and a distortion factor 6 € (0,1). Then M(Ppoor) =
BgOOR(PO), where the former is given by Equation , door : P*(X) x P*(X) —

[0,00) is given by:
_ P(A)-Q(B)
dcor(P,Q) = nax) {1 - P(B)Q(A)} (26)

and BgCOR(PO) is given by Equation .
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Note that the expression in Equation is well-defined, because the assumption
P,Q € P*(X) implies that P(B) - P(A) = 0 if and only if either A = 0) or B = (),
and these two cases have been excluded in the expression of the maximum.

The following result summarises the properties of doog:

Proposition 15. Let dcor be the function defined in Equation . It satisfies
Az.1 (hence also Ax.1a and Az.1b), Ax.2, Ax.3, Ax.f and Azx.5. As a consequence,
it is a distance.

Finally, we prove that we can always find a probability in BgCOR (Py) that attains
the distance §.

Proposition 16. Consider the constant odds ratio model (on gambles) associated
with a probability measure Py and a distortion factor 6 € (0,1). Then:
max dCOR(P, Po) =9.

PEB§COR (Po)
6.1.2. Constant odds ratio on events. We turn now to the restriction to events of
the constant odds ratio model, @ cor: Letus show by the means of an example that
Peoor ar}d Q cor o not co‘inc‘%de in general. First notice that, from Equation (22),
the restriction over events is given by:

~COR 1—0Py(A) > FCOR 1 — 0Py(A°)

for every A C X.

It is easy to see that @ COR is a convex transformation of the probability measure
Py. Thus, it is a 2-monotone lower probability (in fact, in Proposition 17| below we
shall show that it is completely monotone). However, P, p is not a 2-monotone
lower prevision:

Example 1. To see that Poogr is not a 2-monotone lower prevision, it suffices to
show that the credal sets M(Poopr) and M(Q do not coincide.

)
COR
Consider a three element space X, the probability measure Py = (0.5,0.3,0.2)

and the distortion factor 6 = 0.1. Then QCOR is given by:

A P | Qeop
{21} |05 | 0.4737
{z2} ]0.3]0.2784
{z3} ]0.2]0.1837
{$1,£L‘2} 0.8 | 0.7826
{1,253} | 0.7 | 0.6774
{:L‘g,xg} 0.5 | 0.4737

Since the coherent lower probability () 1§ 2-monotone, using the procedure des-
cribed in Equation , the extreme points of M(QCOR) are associated with the
permutations of {1,2,3}. This produces the following extreme points:

Py
(0.4737,0.3089,0.2174
(0.4737,0.3226,0.2037
(0.5042,0.2784,0.2174
(
(
(

0.5263,0.2784,0.1953
0.4937,0.3226,0.1837
0.5263,0.2900, 0.1837

~— — e
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However, for o = (1,2,3), the extreme point P, does not belong to M(Poogr): if
we take A ={x1} and B = {x3}, we obtain

P,(A)Py(B) = 0.09474 < 0.09783 = (1 — §) Py(A) P, (B),

whence applying Equation we deduce that P, ¢ M(Pcor). Thus, M(Poor)
is a proper subset of M(QCOR) or, in other words, that Prpp and QCOR do not
coincide. ¢

The main properties of the lower probability @
proposition:

cop are given in the following

Proposition 17. Let QCOR be the restriction of the constant odds ratio to events
determined by a probability measure Py and a distortion factor 6 € (0,1).
(a) Q.o p is completely monotone.

(b) The credal set determined by Q is given by

P(A) FPo(A)
—lpepwx ‘ >(1-6
MQuor) = { P < P0) 5 = (1= )50
(¢) The mazimum number of extreme points of M(Q,, )
On the other hand, unlike the lower probability induced by the pari mutuel
model or the linear vacuous, @ COR is not a probability interval, meaning that it is
not determined by its restriction to singletons:

COR

VA C ;c} . (27)

is nl.

Example 2. Consider X = {xl,xg,xg,le},kat Py be the uniform probability dis-
tribution and consider 6 = 0.1. Then Q ., Qcor are given by:

Al | Po Qupp Qcor
1 [ Ya 939 10/37
2 |12 959 10/19
3 |34 2737 30/39
4 1 1 1

Since the probability measure P = (0.235,0.235,0.265,0.265) satisfies that P({z;}) €
Qror{zi}): Qeor{wi})] for every i = 1,...,4 but P({z1,z2}) = 047 < 2=
QCOR({xl,xQ}), we deduce that Q ., is not a probability interval. ¢

From Proposition (1 7|we can prove that the credal set M(Q
as the credal set induced by a distortion model.

cor) can be expressed

Theorem 18. Consider the constant odds ratio restricted to events associated with
a probability measure Py and a distortion factor 6 € (0,1). Then M(Q

)
“<COR
BS,COR(PO), where M(Q ., ) is given by Equation R7), dpop : P*(X) x P*(X) —
[0,00) is given by

COR

Lon(P.Q) = max {1— P(4) Q(AC)} (28)

0£AZX
and Bg/COR(PO) is given by FEquation .

Again, note that the expression in Equation is well-defined, because since
P,Q € P*(X), the product P(A)Q(A) can only be 0 for A = () or A = X, and
these two possibilities are excluded.

We next study the properties of the function df.p.
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Proposition 19. Let d,p be the function defined in Equation . It satisfies
Az.1 (hence also Az.1a and Az.1b), Ax.2, Az.3, Az./ and Az.5. As a consequence,
1t 1S a distance.

Finally, we show that for the constant odds ratio restricted to events, we can
always find a probability in B‘S,COR(PO) at distance 0.

Proposition 20. Consider the constant odds ratio model restricted to event asso-
ciated with a probability measure Py and a distortion factor 6 € (0,1). Then:

sup  dpor(P, Py) =4.
PGBS/ (PO)
dcor

The proofs of Propositions and have been omitted in the Appendix be-
cause they are analogous to those of Propositions [I5| and [I6] d{, being the same
maximum as dcogr but over a smaller domain.

6.2. Conditioning the COR model. In this part, we will concentrate on the
odds-ratio model defined on gambles, and not restricted to events. The reason
is that processing should primarily be done on the model itself, and not on an
approximation of it.

In the case of the odds ratio model, Walley [32], Sec. 6.6.3] proved that the con-
ditional model Py induced by BgCOR(PO) is again a odds ratio model ngOR(PO\B)
such that

P0|B(A) :Po(A‘B) and (53 :(5 (29)
In contrast with the previous models, we can notice that the amount of imprecision
in the updated model is the same as in the original one.

7. CONCLUSIONS

In this paper, we offer a unified view of a number of imprecise probability models,
where a probability measure P, is distorted by means of a suitable function, and
also taking into account some distorting factor representing to which extent the
estimation of P, is reliable. This produces a number of credal sets, that can be
equivalently represented in terms of the coherent lower probability that is obtained
by taking lower envelopes. As we have seen, this framework includes in particular
the models where the probability measure is directly transformed by means of some
monotone function.

Following the presentation of our general model, here we have revisited some
well-known distortion models under the light of this unified view. These are the
pari mutuel, the linear vacuous and the constant odds ratio models. In the process,
we have also established a number of additional results for those models, e.g.,
characterising their extreme points or the results of different operations such as
conditioning.

One crucial assumption throughout is that all the probability measures take
strictly positive values in the singletons. This property is assumed for the sake of
technical simplicity. While most of the results in this paper also hold without this
assumption, this is not always the case: for instance, the decomposition of dpyss
and dpy in terms of singletons (see Prop. [6fc) and Prop. [I0}c)) no longer holds,
and the maximum distortion is not always attained within the ball BSPMM(PU)
(i.e., Proposition [7| does not necessarily hold). Moreover, in the general case the
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expressions of dpaar, drv, dcor and dpop should be suitably modified to avoid
zeros in their denominator, and their continuity is no longer trivial.

In addition from being a simplifying assumption from the technical point of
view, we think that it is also reasonable from the practical point of view: on the
one hand, if we start with a probability Py including zero probabilities, we could
always consider its restriction to X’ = {x € X | Py({z}) > 0}. On the other hand,
it seems reasonable to consider a ‘small’ distortion parameter, so that the positivity
of probabilities is preserved. If this parameter is related to the reliability of the
information source or the quality of the data, taking a ‘large’ distortion parameter
would mean that the source is not very reliable or that the data quality is low. For
all these reasons, we have preferred to consider this simplifying assumption in this
already long and involved paper. Some additional comments will be given in [22]
App. B

In the next part of this study, we will pursue our exploration of distortion models
induced by less explored distances, namely the total variation distance, the Kol-
mogorov distance and the L, distance. We will finish by providing an overview of
the different models, comparing their features.

ACKNOWLEDGEMENTS

This work was carried out in the framework of the Labex MS2T, funded by the
French Government, through the National Agency for Research (Reference ANR-11-
IDEX-0004-02). We also acknowledge the financial support of project PGC2018-
098623-B-100 from the Ministry of Science, Innovation and Universities of Spain
and project IDI/2018/000176 from the Department of Employment, Industry and
Tourism of Asturias. We would also like to thank the reviewers for their interesting
and insightful comments.

APPENDIX A. PROOFS

Proof of Proposition[] First of all, Ax.4 trivially implies that Bg(Po) is a convex
set. Similarly, Ax.5 implies that it is closed: if d(P,,Py) < ¢ for every n and
(Pn)n — P, then

d(P, Py) = d(lim P,,, Py) = lim(P,, Py) < 6.
n n

Thus, Bg(PO) is a closed and convex set. Now, since in our finitary setting the
weak—* topology on P(X') coincides with the one associated to the Euclidean dis-
tance between the mass functions and any closed set is compact, we can use the
one-to-one correspondence between coherent lower previsions and closed convex sets
of probability measures [32, Thm. 3.6.1] to deduce that B3(P,) coincides with the
credal set generated by P. O

Proof of Proposition[4 Let us define the function dj by Equation @D, and let
d(P,Q) = maxacx d*(P(A), Q(A)).
By definition,
Pe M(P)& P(A) > P(A) =h(Py(A)) VACAX.

Let us see that this is also equivalent to dj. (P(A), Py(A)) < 0.5 for every A C X. On
the one hand, if P(A) > h(Py(A)) for every A C X, then d} (P(A), Py(A)) cannot
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be 1, hence dj (P(A), Poy(A)) < 0.5. On the other hand, if d} (P(A), Po(A4)) < 0.5
for every A C X, then either P(A) = Py(A), hence property h(t) <t implies that:
P(A) = h(P(A)) = h(Py(A)) = P(A);
or P(A) # Py(A) and P(A) > h(Py(A)), which immediately implies P(A) > P(A).

We conclude that P € M(P) if and only if d}(P(A), Py(A)) < 0.5 for every
A C X, or equivalently that d(P, Py) < 0.5, whence M(P) = BY?(P,).

Finally, d is a premetric because dj, is. [
Proof of Proposition[3 From Proposition since d satisfies Ax.4 and Ax.5, M(P) =
BY(Py) for every Py € P(X) and every § > 0. Moreover, if we fix P, and §, and
define the credal set M; := {P € P(X) : P({z;}) € [P({x;}), P({z;})]}, it immedi-
ately follows that M(P) C N M, and that

P is a probability interval < M(P) = N7 M,.
Now, if we define the function f; p, : [0,1] — [0,00) by fi p,(t) = min{d(P, Py) :
P({z;}) = t}, from the continuity of d it holds that {P({z;}) | d(P, Py) < 0} =
fi.p,1([0,6]). In addition,
M; ={P € P(X) | P({z:}) € [P({:}), P({z:})]}
— (P e P(X) | P({z:}) € {R({z:}) : R € BY(Po)}}
={P e P(X) | P({z:}) € fip,”'([0,0])} = {P € P(X) | fi,p,(P({z:})) < 6},

whence M(P) C {P € P(X) : fip,(P{z;})) < dVi=1,...,n}, and P is a
probability interval if and only if

M(P) = {P € P(X) : fip,(P(lai})) <3 Vi=1,....n}. (30)
Let us prove that this is equivalent to Equation (|10]).

Assume that Equation does not hold. Since for any P,Q € P(X)
d(P,Q) > d;(P({x;}),Q) Vi=1,...,n
and as a consequence
d(P,Q) = max d;(P({z:}),Q),
this means that there are P, Py € P(X) and € > 0 such that
d(P, Po) —€> dL(P({JfL}), P()) = -fi7PU (P({J‘L})) Vi = 1,....n.

Given A\ = d(P, Fy), this means that f; p,(P({z;})) = di(P({z:}), Po) < XA — e for
every i = 1,...,n, whence P € NI {P' € P(X) | d;(P'({z;})) < A — €} but it
does not belong to B, “(Pp). Thus, if we take this Py and § = A — ¢, we see that
Equation does not hold and therefore the lower envelope of BS(Py) is not a
probability interval.

Conversely, if Equation holds then given Py € P(X) and 0 > 0, if for
P € P(X) it holds that d;(P({z;})) < ¢ for every i = 1,...,n, then

min{d(P', Py) | P'({x;}) = P{x:})} <6 Vi=1,...,n,
whence by Equation ((10)
‘max min{d(P’, Py) | P'({z;}) = P{z;})} = d(P, Py) < ¢

i=1,...,n

and as a consequence P € B5(P,). Therefore, the lower envelope of B3(Pp) is a
probability interval. ([
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Proof of Proposition[j] (a) Consider P,Q, R € P(X) with respective mass func-
tions (p1,-.-,pn),(q1,--,Gn) and (r1,...,7,). Since d*(p;,q;) > 0 Vi =
1,...,n because d(P, Q) > 0, we deduce that d* takes values in [0, 00). Let
us now analyse the properties satisfied by d:

Ax.la: d(P,Q) = 0 implies that d*(p;,¢;) = 0 Vi = 1,...,n. By hypothesis,
this implies that p; = ¢; Vi = 1,...,n, whence P = Q.
Ax.1b: d*(p;,pi) = 0Vi=1,...,n implies that d(P, P) = 0.

Ax.1: d* satisfies Ax.1 if and only if it satisfies Ax.1a and Ax.1b, whence so
does d.

Ax.2: It d*(pi,ri) < d*(pi, ¢i) + di(qs,7i) Yi = 1,...,n, then given P,Q, R
there must be some j € {1,...,n} such that d(P,R) = d*(pj,rj),
whence d(P, R) < d*(pj,q;) +d*(¢;,r;) < d(P,Q) +d(Q, R).

Ax.3: d*(pi,qi) = d*(qi,p;) Vi =1,...,n implies that d(P, Q) = d(Q, P).

Ax4: d*(ps, aqi+(1—a)r;) < max{d*(p;, ¢:),d*(p;, )} Vi =1,...,n implies
that d(P,a@ + (1 — «)R) < max{d(P,Q),d(P, R)}.

Ax.5: If d* is continuous, then if a sequence (an,by,), converges pointwise
to (a,b) it holds that lim, d*(a,,b,) = d*(a,b). Therefore, if (P,),
converges pointwisely to P and (Q,,),, converges pointwise to @, then
lim,, d(P,, Q,) = d(P, Q).

(b) Denote M; = {P € P(X) | d*(P({x;}), Po({x;:})) < ¢}. Then

Bj(Py) = {P € P(X) | d(P, Py) < 6}
= {PeP(X) | max d'(P({z:}), Po({wi}) <)
={PePX)|d"(P({x;}, Po({z;})) <6 Vi=1,...,n} =N M,,
whence the lower envelope of BS(P,) is a probability interval. |

Proof of Theorem[5 First of all, note that dpa(P,Q) > 0 for every P,Q €
P*(X), since applying Equation with A =0, we get:
QW) — P©)

—qm

dpym (P, Q) >

From Equation ([7)),
Bl (Po) ={P € P(X) | dprsas (P, Po) < 6}

Py(A) — P(A)
= {PeP(X) rApCa;{HLW < 5}.

For every A C X,
Py(A) — P(A)

o) S 09 Pol4) = P(4) < 31— Po(4))

< (1+90)P(A) —d < P(A) & P(A°) < (1 +9)Po(A°).
We deduce that P € BSPMM (Py) if and only if
P(A) < (140)Py(A) VAC X. (31)
vy (Fo). From [211, Cor.1],

M(Ppyy) =P e P(X) | P({z}) < (1 +0)R({z}), Yo € X'}

Let us now see that M(Ppyss) €quals ng
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Applying Equation (31), if P € B (Pp) then in particular it holds that P({z}) <

dpmm

(1+6)Py({z}),so P € M(Ppyar)- Conversely, if P € M(Ppyar)

P(A) =" P({z}) < Y (1 +8)Po{x}) = (14 6)Po(A),

z€A z€A

whence P ¢ BgPMM (Py). Thus, the distortion model induced dppsar, Po and § > 0
coincides with the pari mutuel model induced by P and 6. ([
Lemma 21. Let aq,...,qy, be strictly positive numbers and let 51, ..., B be non-
negative numbers. Then

k k

M < max @i —Bi and M < max 5%‘_0‘1'.
S i=1,...k S i=1,...k

Proof. Let us prove the first inequality by induction; the proof of the second in-
equality is similar. The result trivially holds for k£ = 1. Let us consider the general
case:

SF (i —B)  (ar+as—Bi— ) + X8 (e — Bi)

k k
Zi:1 (e7) (0‘1 + 052) + 21':3 (67}
< a;+ag— 31— B2 az— B ag — B
< max , e
@] + Qo o3 (&7
< {041—31 az — P2 asz— B Oék_/Bk}
S max 5 3 yeeey )
aq (6% (o7} Qg

where we have used twice the induction hypothesis. ([
Proof of Proposition[6 (a) We already know that dppsas takes non-negative

values from the proof of Theorem In order to prove that dppsas satisfies
Ax.1, note that

dpym(P,Q) =0 Q(A) < P(A)VAC X & Q(A) = P(A)VACX & Q=P

To see that dp s satisfies Ax.4, take Py, Py, Ps such that dparas (Pr, Po) <
0 and dppry (Pr, P3) < 9§, and take a € (0,1). Then for every event A C X
it holds that

(aPy+ (1 —a)Ps3)(A) — Pi(A)
(aPy 4+ (1 — a)P3)(A°)
_ a(Py(A) — P (A)+ (1 —a)(Ps(A) — P (A))
aPy(A¢) + (1 — a)P3(A°)
a(Py(A°) — Po(A°)) + (1 — a)(P1(A°) — P3(A9))

= APy (A%) 1 (1 = a) Py (A7) <9

using the second inequality in Lemma

To see that dppsar satisfies Ax.5 it suffices to note that the maximum is
a continuous function and that the ratio in Equation is bounded above
once @ € P*(X) is fixed.
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(b) To see that dpras does not satisfy the triangle inequality (Ax.2), consider
X = {z1,x2,23} and the probabilities Py, P», P5 given by:

Py P Ps
Tz} 0439 0.400 0.0279
{22} 10236 0424 0.5922
{z3} 10325 0.176 0.3799
(21,22} | 0.675 0.824 0.6201
(21,25} | 0.764 0.576 0.4078
(22,23} | 0.561 0.600 0.9721

We obtain
dpyrai(Pr, P3) = 14.735,  dpya(Po, P3) = 13.337,  dppya(Pr, P) = 0.8466.
We can see that the triangle inequality is not satisfied because:
dpyra(Pr, P3) = 14.735 > 0.8466 + 13.337 = dppya (Pr, Po) + dparng (P, Ps).

The fact that dppsps is not symmetric (Ax.3) is trivial, since in the de-

nominator the term 1 — ) appears. For an explicit example, take X =

{z1,22}, Q the uniform distribution, and P({z1}) = @ < 1. By Equa-

tion ,
05—a 05—«
dpan (P, Q) = 355 = —55— and
1—a—-0.>5 0.5 — «
dpyum(Q, P) = o R

and therefore dpyra (P, Q) # dpymn (Q, P).
(c) For every P,Q € P*(X), we can equivalently express dppsps as

_ QA —PM) _ P(B)-Q(B)
PO G Ty BT o)
Since by Equation Q{z}) >0V e X,
P(B) - Q(B) _ YuepP(2}) —QUz}) _  P{x}) — Q{z})

Q(B) >en Qe =%s Q)

for every non-empty event B, using the second inequality in Lemma
This implies that

P{z}) - Q=)
A (B Q) Smax =0y

The other inequality trivially holds, just taking B = X'\ {z}, where x is an
element where the maximum is attained.

Proof of Proposition[7, On the one hand, from Equation we know that § <

lf(l’j(of(li) for every A C X. Let us prove that there exists P € BgPMM (Pp) such that

dpym (P, Py) = 0. Take x € X, and consider P determined by:

1+6)P({z})—0d ifa' =u,
(14 0)Po({z}) if ' # x.

It satisfies the following properties:

P({a'}) = {
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e P is a probability measure. First of all, P({z'}) > 0 for every =’ # x by
definition. On the other hand, P({z}) = Ppya({z}) > 0. Also:

S PUY) = 1+ R({e}) =+ 3 1+ Py({z}) =145 -5 = 1.
r'eX ' #x

We conclude that P is a probability measure.

e dpyy (P, Py) = 6. Let us compute maxpcy %ﬁ@. There are two
cases:
— Ifz ¢ B,
Py(B) — P(B) _ Py(B) — (1+6)Po(B) _ —0Py(B) <0<
1 - Py(B) 1 - Py(B) 1—Py(B) ~— ~
—IfxeB,
P(B) = P(B) _ By(B)—(L+8)Fo(B)+6 _ 5(1—Py(B)) _
1— Py(B) 1— Py(B) 1— Py(B) '
Therefore, dp]y[M<P, P0> =9. (Il

Proof of Proposition[8 We need to prove that
P(ANB) 5

Po(B) "
with dp = 9/((1+8)Py(B)—6). Since by [21, Thm. 1] the PMM induces a probability
interval, and hence a 2-monotone lower probability, we have that [31, Thm. 7.2]
_ Ppan(ANB)
B max{0,(1+0)Py(ANB) —d}
~ max{0, (1 +6)Py(ANB) -6} +min{l, (1 +0)Py(AcN B)}’
that is zero as soon as (14 §)Po(A N B) < 6. Let us now look at the case (1 +
8)Py(AN B) > 4, in which case the equality becomes

Po(4) = (14+68)Py(ANB) -6
BT (14 6)Py(AN B) — 6 4+ min{1, (1 + §)Py(A° N B)}

since we have Po(AN B) + Py(A°N B) < 1, we can deduce (14 §)Po(ANB)+ (1+
0)Po(A°N B) < (1 +0). Furthermore, as ¢ is a lower bound of (1 + §)Py(A N B),
we also have (1 + §)Po(A°N B) < 1, hence the equality becomes

(1+8)Py(ANB) -4

P(4) = max {o, 1+ 55)

Pp(A)

Pp(A) =
LpA) (1+0)P(ANB) -0+ (1+96)Py(A°N B)
_(1+5)P()(AQB)—(5_(1+(5)P0(B)P0(AQB)_ )
(14+0)Py(B) -0 Ppyu(B)  Po(B) Ppy(B)’
which finishes the proof because (1+9)Po(B)/p,, .. (B) =1+ dp. |

Proof of Theorem[9 First of all, note that dryv (P, Q) > 0 for every P,Q € P*(X).
The reason is that taking the sure event X we obtain that:
Q(X) — P(X)

dLV(PvQ)Z Q(X)

:07
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whence dpy .
Using the function dpy, the probability Py and the parameter § € (0, 1), we can
define the following credal set using Equation ([7):

BY,, (Po) = {P € B(X) | dpv (P, Py) < 5}

_ {Pep(;{)’r}%}w <5}.

This means that P € ng (Py) if and only if for every A # 0, it holds that:

By(4) = P(A)

A S0 RolA) — P(4) < GR(4) & P(4) = (1= 3)RA).

Hence, BgLV(Po) can be equivalently expressed as
Bh,, (Po) = {P € P(X) | P(A) > (1 - §)Py(4), VA C X};

by Equation , this is the credal set associated with a linear vacuous model
induced by Py and 4. U

Proof of Proposition [10, (a) We already know from Theorem |§| that dpy is
non-negative.
Consider now P € P(X) and A # (), it holds that:

P(A) — P(A)
P(A)
This means that dpy (P, P) = 0 and therefore dpy satisfies Ax.1b.

Thirdly, assume that dry (P,Q) = 0. This means that for every A C X
with Q(A) > 0, it holds that:

Q(A4) — P(4)
Q(4)
Since we are assuming that Q({z}) > 0 for every x € X, this means that
Q{z}) < P({z}) Vx € X, whence Q = P. Thus, dpy satisfies Ax.1a.
Since we have also proved that d(P, P) = 0 for every P, we conclude that
it also satisfies Ax.1.
Next, let us show that dpv (P, Q) satisfies the triangular inequality (Ax.2),
in the sense that for any P, Py, P3, we have

drv(Ps, Py) < dpv(P3, P2) +dpy (P2, Pr),

=0.

< 0= Q(4) = P(A).

or equivalently:
Pi(A) — P5(A) Py(A) — P3(A) Pi(A) — P (A)

max —————— < max ————— + max

A#D Pi(A) T A0 Py(A) A0 Pi(A)

Let us first assume that the maximal values are obtained on A;, As, A,
hence Equation becomes

Pl(Al)—Pg(Al) < PQ(AQ)_PS(AQ) Pl(A3)_P2(A3)
Pi(Ay) - Py(As) Py (As3)

(32)

There are two possible cases:
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- If PQ(Al) > Pl(Al), we have that
Pl(Al)—Pg(Al) < PQ(Al)—Pg(A1) Pl(A:;)—PQ(Ag)

Py(Ay) - Py(Ay) Py(A3)
Py(Ag) — P3(A2)  Pi(Az) — Py(As)
- Py(Az) P1(43)

where the first inequality holds because
Pi(Ar) — P3(A1) _ (A1) — P3(An) P1(Az) — P2(43)
< and > 0.
Py(Ay) - Py(A) Py(A3) -
— If P(41) > P(Ay),
Pi(Ay) = P3(Ay)  Py(Ay) — P3(Ar) | Pi(Ar) — Pa(Ay)

PA) PA) Pr(Ay)
Pr(A)) — Py(A1)  Pi(Ay) — Pa(Ay)

= Py(Ay) Pyi(Ay)
PQ(AQ) — Pg,(AQ) Pl(Ag,) — PQ(Ag,)

S T By Pr(As)

We conclude that dry satisfies Ax.2.

To see that dpy also satisfies Ax.4, take Q1,Q2, P € P*(X) such that
drv(P,@Q1) < ¢ and dpy(P,Q2) < 4, and take a € (0,1). Then for every
event A # () it holds that

(aQ1 + (1 — a)Q2)(A) — P(A)
(aQ1 + (1 — 2)@Q2)(4)
_ a(@1(A) = P(A)) + (1 — a)(Q2(A) — P(A))
B a@1(A) + (1 — a)Q2(A)
a(@1(4) — P(4)) (1—a)(Q2(4) — P(4)) } <
aQ@(A) ’ aQz(A) -
applying the first inequality in Lemma
Finally, if |P — Q| <, it follows that
QU -PU) _
Q(A) = minagy Pry(A)
and min 49 P(A) > 0 by Equation (12)). Thus, dpv satisfies Ax.6.

(b) Let us show that dpy is not symmetric (Ax.3). Take X = {x1,z2}, and
let @ be the uniform distribution on X. Take also P € P*(X) given by
P({z1}) = a < 0.5. By Equation ({8),

05—« l1-a—-05 05—«
LV( 7Q) 0.5 ’ LV(Q? ) 1—a 1—a

sodrv(P,Q) # dL.V(Q,P)
(¢) Consider any A # (). Then
Q) ~ P(A) _ ueal@e) = PUa}) _ Q) — Plix))
Q(A) >wea @fz}) T aed Q({z})
where the last inequality follows from Lemma This implies that:

< max{

b
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The reverse inequality follows just taking the element = where the maximum
is attained, and considering B = X'\ {z}. O

Proof of Proposition[I1]. Let us prove that there exists P € B(‘;LV(PO) such that
drv (P, Py) = 4. Consider a fixed event A C X and P given by:

P((a}) = {(1 6)Po({x}) if o € 4,

(1= 8)Po({w}) + 0L itz g 4,

and P(B) =} .5 P({x}). P satisfies the following properties:
e P is a probability measure. First of all, P({z}) > 0 trivially holds for every

r e X. Also:
> P{a}) = P{{a})+ ) P({z})
TEX €A ¢ A
NP Po({r})
_;(1 8)Po({x}) +§1< §)Po({z}) + (Ac))

= (1 8)Py(A) + 6+ (1 - 6)Py(A°) = 1

We conclude that P is a probability measure.

e Pc BdLV(PO). Let us prove that W < 6 for every B C X. We

consider the following cases:

—IfzeA,
Py{a}) = P({z}) _ Po{a}) — (1 =) Po(fa}) _
Follz}) Po({a}) |
- Ifze A°
Po({z}) — P({x}) _ Pol@) = (1= 8)Po(w) — 5705
P{zh) Po@)
_ B - Pio(fg) B 1
5PO($)5<1P0(AC)) <0<6é.

e Finally, dv (P, Py) = J, because we have seen that for every x € A it holds

that:
Rol{e}) ~ PU(z))
Po({z})
and applying Proposition [10(c) we get:
Pollah) P
e Po({z})
We conclude that maxpeps (g, dov (P, Po) = 6. 0
drv

dry (P, Py) =

Proof of Proposition[I3 Recall that we are assuming throughout that n > 2. Let
P4 be the extreme point associated with A C X by means of Equation (25). For
any x € A, it holds that

Patte)) = AR < Aucta)

< P({z}) —dP({r}) < Po({x}) — 6Ry({z}) Po(A) & dPo({x})[1 — Po(A)] > 0,
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that holds if A is a proper subset of X by Equation (12). On the other hand, if
x ¢ A, it holds that

From this we deduce that if A;, Ay are proper subsets of X and A; # As, then
there is some z € A;AA,, and in that case Pa, ({2}) # Pa,({z}).

Finally, both A = () and A = X produce Py = Py. Therefore, the number
of extreme points is at most 2" — 1, and at least 2 — 2. To see that P, is not
an extreme point, note that, from Equation for € > 0 small enough, the ball
centered in Py and with radius € in the Euclidean distance is included in the credal
set By . (Fo). Thus, BS . (Py) has 2" — 2 different extreme points. O

dcor

> Bo({z}).

Proof of Theorem[I]] First of all, let us see that dcog is non-negative. For this
aim, note that if we consider A = B = X', we obtain:

P(X) - P(X)

PX) PA)

dcor(P,Q) > 1 —

Using the function dcor, the probability Py and the parameter 6 € (0,1) we can
define the following credal set by Equation ([7)):

Bl n(Po) = (P € B(X) | doon(P, Py) < 6)
_ P(A) - Py(B)
= {P GP(X)‘AI,%%XX (1 — ]M) < 6}.

This means that P € B} (P,) if and only if for every non-empty A, B C X, it

dcor
holds that:
P(A) - Py(B)
l-—~+—=<0<(1-0)P(B)Py(A) < P(A)Py(B
B(4) _ P(A)
_ < Z\7
< U=95F) = BB
This means that P € B (P) if and only if P € M(Pgop)- O

Proof of Proposition[I5 From the proof of Theorem [[4]we already know that dcor
is non-negative.
Take P € P*(X), and let us see that d(P, P) = 0. For every non-empty A, B,

P(A) - P(B)
P(B) - P(A)
whence d(P, P) = 0. This means that dcor satisfies Ax.1b.

Let us see that door also satisfies property Ax.1a. Take P, Q € P*(X) such that
dcor(P,Q) = 0. This means that for each non-empty A, B C X, it holds that:

P(A)-Q(B)
P(B)-Q(A)

and this can only hold for every non-empty A, B if P = ). From this we deduce
that doorg satisfies Ax.1.

1- =0,

1- <04 P(B)-Q(A) > P(4)- Q(B),



UNIFYING NEIGHBOURHOOD AND DISTORTION MODELS: PART I 29

Let us now prove that dcogr satisfies Ax.2. For this let A, By, As, Bs and
As, Bs be the pairs of events where the maxima of door(P1, Ps), dcor(Pe, Ps) and
dcor(P1, Py) are respectively attained, i.e.:

dcor(Pr, P3) =1 — m, dcor(P, P3) =1 — m
_ Py (A3)P(Bs3)
dcor(P1, P2) =1~ m

We then have to prove that door(P1, P3) < docor(P1, P2)+dcor(Ps, Ps), or equiv-
alently:
1+ P1(A1)P3(Bl) N P1(A3)P2(BB) + P2(A2)P3(B2).
Py(B1)P3(A1) — Pi(B3)Pa(Az)  Pa(B2)Ps3(Az)
We consider the following cases:

) Py(Ay) Py (A1)
Case 1: Assume that PrBD > Pa(B1)"

Py(A1)P3(Bq) < Py(Aq1)P3(Bq) - Py(As)P3(B3)
Pi(B1)P3(A1) = Pa(B1)Ps(A1) ~ Pa(B2)P3(Az)’

(33)

In that case:

whence
dcor(P1, P3) < dcor(P2, P3) < dcor(Pr, P2) + dcor(Pa, Ps).

. P3(B1) P> (B1) .
Case 2: Assume that Pg(Al) > Pz(Al)' Then:

Py (A1) Ps3(By) > Py (A1) Py(By) > P1(A3) P2 (B3)
Pi(B1)Ps(A1) = Pi(B1)P2(A1) — Pi(A3)Px(B3)’

whence
dcor(P1, P3) < dcor(Pi, P2) < dcor(Pr, P2) + dcor(Pa, Ps).

Py(A Py (B Py (B
Case 3: Assume that Pl(Bl # PEEBS PngB # Pnglg. It holds that:

P1(A3) P2 (B3) P2(A2)P3(32) Pi(A1)Py(B1) | Po(A1)Ps(Bh)
Pi(B3)P2(As)  Pa(B2)P3(A2) — Pi(B1)P2(A1)  Pa(B1)Ps(4r)
P1(A1) P2 (B1)P3(A1) P (Bh) N Py (A1) P5(B1)
Pi(B1)P2(A1)P3(B1)Ps(A1) — Pa(B1)P3(Ar)
_ < 1 (A1) P3(By )) <P2(31)P3( )) N Py(A1)P3(By)
P(B1)P3(A1) ) \ P2(A1)P3(By) Py(By)P3(Ar)

Pl(Al)P3(Bl) If
P1(B1)P3(A1)"

(34)

We need to prove that this quantity is not greater than 1+
we use the following notation:
_ Py (A1) Ps(Bq) o Py(B1)P3(Aq)
Pi(B1)P3(A1) Py(A1)Ps(B1)’

then, Equation is smaller than or equal to 1+ %

P3(By) _ Py(B1) -
Pz(Ai) < Pz(Ai)’ it follows that

Py (A)P3(B1) _ Po(A1)Ps(B1) o Pi(A) _ Pa(A)
Py(By)P3(Ay) = Po(B1)Ps(A1)  Pi(B1) ~— P3(By)’

equality that holds by assumption. Then, Equation holds, and so is
the triangle inequality.

if and only

if at +1 <1+t Since a > 1 because

1 1
at+*<1+t<:>t<f<:>
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That docor is symmetric (Ax.3) is trivial, because if we exchange the role of P
and @, we just need to also exchange the role of A and B.
We prove next that it satisfies Ax.4. From Equation (26)),

Py(4) _ Q(A)

Po(B) ~ Q(B)’
and trivially this inequality is preserved under convex combinations.

Finally, to see that dcor is continuous, note that, for any P, Q € P(X) such that
|P — Q| <4, it holds that

W > (max 13({3:})_6>2
P(B)Q(A) ~ \wex P({z}) )’
because for any event A it holds that
P(4) _ _P(A) P({z}) P({a}) ~ o

dCOR(Po,Q) </& (1 — (5)

QA) = P(A) +5 = X P(e) + 0~ 2 P{ap
and similarly given B # ()
P(B) -3¢ P({z}) -4

> max ————.

P(B) ~ wex P({z})

Using Equation (12),

2
dcor(P,Q) <1— <?§? P%S)

and as a consequence dcop satisfies Ax.5. (I

Proof of Proposition[16, Let us fix an event A C X, and consider the associated
extreme point P4 of By (Po) given by Equation (25). Let us now consider the

dco

events A, A°. We have
Py(A)  (1-08)Py(ANA)+ Py(A°NA) (1-=9)Py(A)

Py(Ae) (1 =0)Po(ANA°) + Po(AeNAc) — Py(A°)

Since
(1 =06)Po(A) Po(A°)

Py(Ac)  Po(A)
we obtain that dcor(Pa, Py) > § and as a consequence docor(Pa, Py) = 9. |

Proof of Proposition [I7 (a) The lower probability Qoor
Qrpp = (1), where f:[0,1] — [0,1] is given by:

(1—0)t -

ft) = =(1=06)t> (6" Vte[o,1]

=1-34,

can be expressed as

n=0
Since f(0) = 1, f(1) = 1 and f™ > 0, it follows that f is completely
monotone [4, Thm.3]. Then, since f(P,) is the composition of two com-
pletely monotone functions we deduce that it is also completely monotone
[4, Thn.2].
(b) By definition of the credal set,

PeMQupp) & P(A) > Quy(A) VA S P(G(14)) >0
P(G(Ia)") (1- §)PO(G(IA)+).

& P(G(14)7) = P(G(a)7) 20« P(G(I4)") Po(G(14)7)

>1=
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Since G(Ia) = 14 — Q,,r(A), it follows that G(I14)" = (1 - Q,, ,(4))1a

and G(I4)” = —(—-Q A)Iae = Q,z(A)Lae. Therefore,

corl
P(G(Ia)") _ (1=06)Py(G(Ia)")
P(G(14)7) = Po(G(1a)7)
(L= Qo DPA) | (1= Qopp )P
Quor(AP(A9)  — Qoop(A)FPo(A)
P(4) Py(4)

(c) Since @ COR is a belief function, in particular it is 2-monotone, thus its asso-
ciated credal set has at most n! extreme points, and these are in correspon-
dence with the permutations (see the procedure described in Equation ([2))).
Let us prove that this upper bound is attained.

Let Py be the uniform distribution on X = {1,...,n}, and take § < %.
For any permutation o, applying Equation we obtain that
1-6§)/n 1-=9
Qeontlewn) = = =175
21=9)/n  2(1-19)
1-25/n  n—20"

QCOR({IU(U?xU(z)}) =
and, more generally, QCOR({mU(l), Ce Ty }) = krgl:k‘;). This implies that
the extreme point associated with o satisfies

E(1-¢6) (k—=1)(1-9) n(l —0)
Po{tom}) = ——5 ———F7—5 — 7= —h—10)

n—ké n—(k—1)9 (n—kd)(n— (k—1)9)
This implies that Py({Zo)}) # P-({Zsx}) for any k& # k', and as a
consequence the n! different permutations produce n! different extreme
points. (I

Proof of Theorem[I8 First of all, d., 5 is non negative because if % > 1

for some A # (), X, then taking A° we obtain % < 1, hence the maximum

is always non-negative.

To prove that M(Q,,,,,) coincides with Bg,COR(PO), it suffices to note that
P(A) Q(A°) P(A) Q(A°)
1-— <6 VA4D, X =1-6< VA#£D,X
P(A%) Q(A) 7 P Q) 7
P(A) Q(A)
& 1-90 VACX,
i = g e
and to replace @ by F. O
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