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Recovery of parameters of the coupled
heart-torso model in cardiac electrophysiology *

ABIR AMRI

Université de Tunis El Manar, Ecole Nationale d'Ingénieurs de Tunis,
ENIT-LAMSIN, B.P. 37, 1002 Tunis, Tunisia lamsin@enit.utm.tn

Abstract. In this paper, using the art model in cardiac electrophysi-
ology, the monodomain model, which describes the electrical activity in
cardiac tissue, we prove a stability estimates of parameters identification
problem. For this purpuse, we first establish a Carleman estimate for
the coupled heart-torso system. By means of this estimation and follow-
ing the Bukhgeim-klibaniv method we prove our main result which is a
Lipschitz stability estimate of conductivities parameters.

Keywords: Lipschitz stability estimate - cardiac electrophysiology -
Carleman estimate - conductivities parameters.

1 Introduction

We assume that the intra- and extracellular conductivities o; and o are propor-
tional. Let the bulk conductivity tensor of the medium and the transmembrane
conductivity tensor defined respectively as follows

Oh = 0i + 06, (1.1)

and
Om = aiaglae. (1.2)

We assume that the cardiac domain (2}, is an open bounded subset with
locally Lipschitz continuous boundary of R? and the torso domain is occupied
by (2;. We denote by S the interface between both domains (2, and (%, by
T'oxt the external boundary of (2 and by n the outward unit normal to (2. Let
St (resp. S~ ) be the part of S corresponding to the positive (resp. negative)
direction of the normal n. We define the global domain @ = 2 x (0,7") where
2=y U . ( see figure 1.)

The system of equations modeling the electrical activity in the heart is

0tvm — div(emVm) = Lopp + Lion (0, Vm, W, 2) in Qn := 24 x (0,7,

div(ahVuh) = —div(o;Vum) in Qn, (1.3)
ow — F(vm, w) =0 in Qn, '
Oz — G(0,Vm,wW,2z) =0 in Qn.
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Fig. 1. The heart and torso domains.

Here, the transmembrane potential vy, is defined as follows
Um = Ui — U, (1.4)

where u; and uy, are the intra- and extra- cellular potentials. The I, is an exter-
nal applied electrical current and I;,, is the ionic current across the membrane
which is defined as follows

N k
Iion(@avawaz) = Z@iyi(v) (wl)fjl(v - Ei(z))v (15)
i=1 j=1
where .
Ei(z) = Filog (=), 2= (21, 2m): (1.6)
1
Here 7; is a constant and we denotes by z;, ¢ = 1,...,m and 2. the intra-
and extracellular concentration.
We define the evolution of the gating variables w := (wy, . .., wy) and the ionc
intacellular concentrations z := (21, ..., zm) by the following functions F (v, w)

and G(@, vm, W, z) which are defined as follows

Owj = Fj(vm,w;) := aj(vm)(1 —w;) — Bj(vm)w;, j=1,...,k, (1.7)
where o and j; are a positive function with 0 < w; <1 and
Orzi = Gi(0, vm, W, 2) := —J; (0, Vm, W, logz;i )+ H;i (0, Vm, W, Z), Vi=1,...,m,
where

K€ CPRL XRX R X R), 0 < gu(w) < 228 (5, v, w,7) < g"(w),

or
0Ji _ _ .
E(p,vm,w,O) < L,(w), withg., g%, L, belong toC*(R*,R,) and (1.9)
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H; € C*(R%, x R x R¥ x (0, +00)™) N Lip(R%. x R x [0,1]% x (0, +00)™). (1.10)

In order that the intra cellular current does not diffuse outside the heart, we
should add the following condition on the interface boundary X' = S x (0,7))

omVim -n=0 onX. (1.11)

Our mathematical model is based on the coupling of (1.3) with the following
diffusion equation in Q¢ = 2 x (0,T)

div(atVut) =0 in Qt, (112)

with the following condition on the external boundary YXeyxt = I'ext X (0,7") which
is assumed to be isolated

ogVug -n =0 on My, (1.13)

where u¢ and o represent the torso potential and the conductivity tensor of the
torso. In order to diffuse informations potentials and currents from the heart to
thorax, we need to introduce the following transmission conditions
Uh = ug on X,
{UhVuh-n: otVug -non X. (1.14)
To sum up, from (1.3) - (1.11) - (1.12) - (1.13) and (1.14), we obtain the
following the coupled heart-torso model

8tUm - diV(vavm) = Iapp + Iion(?v Um, W, Z) in th

diV(thuh) = 7diV(O’ivvm) in Qh,
div(o¢ V) =0 in Qt, (1.15)
0w — F(Uma W) =0 in Qn,
0z — G(0,vm,w,z) =0 in Qn,

with the following interface conditions

OmVUm -n=0 on X,
Un = ug on X, (1.16)
onVun -n =ogVug -non X,

and the following external boundary condition
UtVut -n=20 Ecxt~ (117)
2 Global Carleman estimate for the coupled heart-torso
system

In order to study our inverse problem, we should establish the global Carleman
estimate for the coupled heart-torso model which is the key point. We consider
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now the following system :

Opvm — div(omVom) =g in Qn,

div(onVun) = fnin Qn,
div(oy Vug) = ft in Q4, (2.1)
atW — F(’Um7 W) =0 in Qh7

0z — G(0,Um,W,2z) =0 in Qp,
with the following interface conditions

OmVUm -n=20 on X,
Un = uy on X, (2.2)
onVun -n =ogVug -non X,

and the following external boundary condition

O'tv’ll,t -n=20 Eext~ (2

3)
Theorem 1. (Carleman estimate) There exists Ao > 0 such that for any A >
Ao there exist sg := so(A) > 0 and Cx > 0 such that the solution (vym,u) €
HY2(Qn) x HY(Q) to the system (1.15)-(1.16)-(1.17) satisfies

/ ((50) (9rvm? + |div(m Vo) ) + (59)° [0 * + (530)° | Vem 2 )t
Qn
+ [ (9Pl + (s)Val?) e >1dade
Q

§C’>\(/ (s<p)2|g|2e_25’7d:vdt+/ \f|2e_2s’7dxdt+/ (5¢)|Vrug|*e 2 dxdt
Qn Q x

ext

—l—/ ((S¢)5|vm\2 + (S(p)3|uh|2)6725"dazdt>, (2.4)
wx (0,T)
for any s > so, g € L*(Qn) and f = (fuxn + fexe) € L*(Q).

3 Inverse problem for conductivity coefficients

Let w C {2y, be a non-empty subdomain of (2, then there exists a weight func-
tion B8 € C°(N2), B = Bio; € C?(£2;) with i = h or t satisfied some conditions.
We denote ¢t € (0,7) and ty = T/2. and we consider two sets of coefficients
(0m,0n,0i,0t) and (G, On, 01, 0¢) and the corresponding solutions (u, vy, W, Z)
and (U, Um, w,z) of (1.15)-(1.16)-(1.17). Let a be a given smooth positive func-

tion a(z) > v, ¢ € 2y, we define the the following sets of admissible coefficients

AR = {(0,00) € C*(2n), 01> ¢ >0, 06 > ce > 0and 03 = aoe},  (3.1)
A, = {oy € C*(¢), 0t > ¢t > 0}, (3.2)

for some positive constants ¢;, ce and c¢;. In order to formulate our stability and
uniqueness results of conductivities, we need to introduce the following assump-
tions :
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Assumption (A.1) There exists a constants ¢y > 0 such that

~

0<co<|VB(x) Vd(z,to)|, in 2\wo, woCw, (3.3)
with d € {Om, in, U }-
Assumption (A.2) There exists a constants M > 0 such that

||i}\m||W2,oc(0,T;W2,oo(Qh))+||ah||W2,oo(0’T;W2,oc(Qh))+||at||W2,ao(07T;W2,oo(Qt)) <M.
(3.4)

Theorem 2. (Stability) We assume that (A.1) and (A.2) are satisfied. Then,
there exists a positive constant C > 0 depending on §2,T,ty, M, such that

lloi = Gill () + lloe = Tellui(on) + llot — el (o)
< C(Il(vm — Om) (s to)ll m2(n) + [[(ue — ) (- o)l m2(020)
+ [[(w =) (-, to) |1 (2n) + (2= 2) (s to) [ 11 () + |07 = Till r2(0)

+1[vm = Oml 520,722 (w)) + |un — Ul z2(0,7;22 (@) + |1t — at||H?(O,T;Hl(Fm)))v
(3.5)

for any (01, 06), (G1,06) € AR, 0v, 5y € AY, satisfying (0%01,0%0c) = (0%, 0%Ge)
on S, |la| <1 and oy > on on S.

As a consequence, we can drive the following uniqueness result

Corollary 1. (Uniqueness) Let us consider the same assumptions in Theorem
2 and let (v, ut, W, 2) = (Um, Us, W, 2) at a fized time ty, (Vm,Un) = (Om, Un)
inw x (0,T), uy = Uy in the external boundary Xe.,: and o3 = 7y in wy. Then,
we have the following uniqueness result

(0i,00) = (01,0e) in n, and oy=0¢ in (. (3.6)
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