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On maximal regularity for the second order Cauchy
problems in Hilbert space

Mahdi Achache *

Abstract

We consider the problem of maximal regularity for semilinear non-
autonomous second order Cauchy problems

u”(t) + Bt)w' (t) + A(t)u(t) = F(t,u,u’) t-ae.
(0.1)
w(0) = ug, v (0) = us.

Here, the time dependent operator A(¢) is bounded from the Hilbert
space V to its dual space V' and B(t) is associated with a sesquilinear
form b(t,-,-) with domain V. We prove maximal L2-regularity results
and other regularity properties for the solutions of the above equa-
tion under minimal regularity assumptions on the operators and the
inhomogeneous term F. One of our main results shows that maximal
L2-regularity holds if the operators are piecewise H 3 with respect to
t. This regularity assumption is optimal and provides the best positive
result on this problem.

keywords: Damped wave equation, maximal regularity, non-autonomous
evolution equations.

Mathematics Subject Classification (2010): 35K90, 35K45, 47D06.

1 Introduction

The present paper is a continuation of [I],[3] which are devoted to maximal
regularity for non-autonomous evolution equations governed by forms. The
aim of this article is to study non-autonomous second order evolution equa-
tions governed by forms.

Let (#, (-, -), || ||) be a separable Hilbert space over R or C. We consider an-
other separable Hilbert space V which is densely and continuously embedded
into H. We denote by V' the (anti-) dual space of V so that

V‘—)dH —d V/.
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Hence there exists a constant C' > 0 such that
[ull < Cllully (ueV),

where || - ||y denotes the norm of V. Similarly,

[¥llv < CllPll (v € H).

We denote by (,) the duality V-V and note that (¢, v) = (¢, v) if v € H.
In this paper we consider maximal regularity for second order Cauchy prob-
lems. We focus on the damped wave equation.

We consider a family of sesquilinear forms

b:[0,7] xVxV—=C,
such that
e [H1]: D(b(t)) =V (constant form domain),
o [H2]: |b(t,u,v)| < M|ully||v|ly (V-uniform boundedness),

e [H3]: Re b(t,u,u)+v|ul® > §|lul|? (Vu € V) for some § > 0 and some
v € R (uniform quasi-coercivity).

We denote by B(t), B(t) the usual operators associated with b(¢)(as oper-
ators on H and V). Recall that u € H is in the domain D(B(t)) if there
exists h € H such that for all v € V: b(t,u,v) = (h,v). We then set
B(t)u := h. The operator B(t) is a bounded operator from V into V' such
that B(t)u = b(t, u,-). The operator B(t) is the part of B(t) on H.

It is a classical fact that —B(¢) and —B(t) are both generators of holomor-
phic semigroups (e "B®),5¢ and (e7"B®)),5¢ on H and V', respectively.
The semigroup e "B is the restriction of e "™8®) to H. In addition, e "5®)
induces a holomorphic semigroup on V (see, e.g., Ouhabaz [36, Chapter 1]).
Let A(t) € L(V,V') for all t € [0, 7] such that

A ooy < M, M > 0.

Given a function f defined on [0, 7] with values either in A or in V' we
consider the second order evolution equation

u”(t) + B(t)u'(t) + A(t)u(t) = f(t)
(1.1)
u(0) = up, u'(0) = uy.

This is an abstract damped non-autonomous wave equation and our aim is
to prove well-posedness and maximal L2-regularity in H.



Definition 1.1. Let X = H or V'. We say that Problem ([IIl) has mazimal
L2-reqularity in X, if for all f € L*(0,7;X) and all (ug,u1) in the trace
space (see Sections 7?7 and ?? for more details) there exists a unique u €
H?(0,7; X) N HY(0,7;V) which satisfies (L)) in the L?-sense.

Thus we are able to define the non-autonomous maximal L2-regularity
of a second order problem in a manner similar to maximal L?-regularity of
the first order non-autonomous problem u/(t) + A(t)u(t) = f(t),u(0) = up.
Due to applications to many parabolic partial differential equations, the
maximal L2-regularity (LP-regularity, p € (1,00)) of first order problems
has been studied intensively in recent years, both from the abstract and
the applied point of view. We mention only two accounts of this theory
(3], [8] ) and refer to the references therein. The maximal L?-regularity
in V' was first considered by Lions [32] (p. 151). He assumes that A(¢)
is associated with a sesquilinear form a(f) which satisfies the same prop-
erties as b(t) together with an additional regularity assumption on the
forms t — a(t,u,v) and t — b(t,u,v) for every fixed u,v € V. Dautray-
Lions [I9] (p.667) proved maximal L?-regularity in V' without the regu-
larity assumption by taking f € L?(0,7;H) and considering mainly sym-
metric forms. Recently, Batty, Chill, Srivastava [I5] proved maximal LP-
regularity for general forms B(.) and .A(.) for the case uyp = u; = 0 and
t = [A()llzwyy € LP(0,7) by reducing the problem to a first order
non-autonomous Cauchy problem. Dier-Ouhabaz [22] proved maximal L>-
regularity in V' for ug € V,u; € H and A(t) is also associated with a
V-bounded quasi-coercive non-autonomous form a(t). By using the result of
the first order problem as in [I5] and the fixed point argument Achache [I]

improve the result in [I5] by proving maximal LP-regularity in V' for ug and

1
u1 not necessarily 0 and ¢ — t1_5||.,4(.)||£(v7v/) € LP(0, 7).

More interesting is the question of second order maximal regularity in H,
i.e. whether the solution u of (L) is in H?(0,7;%H) provided that f €
L?(0,7;H). A first answer to this question was giving by Batty, Chill, Sri-
vastava [I5] in the particular case B(.) = kA(.) for some constant k and
that A(.) has the maximal regularity in H. By using the form method, Dier
and Ouhabaz [22], proved maximal L?-regularity in H without the rather
strong assumption B(.) = kA(.), but .A(t) is also associated with V-bounded
quasi-coercive form a(t) and ¢t — a(t, u,v), b(t, u,v) are symmetric and Lip-
schitz continuous for all u,v € V. Achache [I] extend the results in [22] in
three directions. The first one is to consider general forms which may not
be symmetric. The second direction is to deal with maximal LP-regularity,
for all p € (1,00). The third, is to assume less regularity on the operators
A(t), B(t) with respect to t (t — A(t), B(t) € C27¢ e > 0).

In the present paper we solve the problem of maximal L?-regularity in A
under minimal assumptions on the operators. One of our main result shows
that for forms satisfying the uniform Kato square root property and an in-



tegrability condition (see Theorem B.I0l for more general and precise state-
ments), if t — A(t), B(t) is piecewise in the Sobolev space H2 0,7 LV, V")
maximal L2-regularity in H is satisfied. The initial data wug,u; are arbitrary
in V. This result is optimal and provides the best positive result on this
problem. This result allows us also to study the semilinear linear equation

u’(t) + Bt)u'(t) + A(t)u(t) = F(t,u,u') t-ae.

u(0) = up, u'(0) = uy.

Here wgp,u; are arbitrary in V, F' satisfies some continuity property (see
Theorem for more details) and F(.,0,0) € L?(0,7;H). We prove that
there exists a unique solution to this equation, moreover v € H?(0,7;H) N
H1(0,7;V) and we have the apriori estimate

lull 20,730 07wy < Clluolly + luallv + 1F (. 0,0) | 2(0.ri30) -

This work is structured as follows. In the second section we prove some re-
sults and preparatory lemma, while in the section 3 we prove our results for
maximal L?—regularity to the considered linear non-autonomous second or-
der Cauchy problem (I.T)) and by induction, our approach allows to consider
Cauchy problems of order N for any N > 3. In this section we prove also a
decay estimate in time for the solution of (IIl). We discuss the optimality
of our results in Section 4. We prove our results for the semilinear equation
in section 5 and several examples are given in Section 6.

Notation. We denote by L(E, F') (or L(E)) the space of bounded linear op-
erators from E to F (from E to E). The spaces LP(a,b; E) and W*?(a,b; F)
or H¥(a,b; F) if p = 2 denote respectively the Lebesgue and usual Sobolev
spaces of order k of function on (a, b) with values in E. For u € WP (a,b; F)
we denote the first weak derivative by u’ and for u € W?P(a, b; E) the sec-
ond derivative by u”. Recall that the norms of H and V are denoted by || - ||
and || - ||y. The scalar product of H is (-, -) and the duality V-V is (,). We
denote by m! the factorial of m.

Finally, we denote by C, C’ or Cy,C1,c, ... all inessential constants. Their
values may change from line to line.
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2 Preparatory lemmas

In this section we prove several estimates which will play an important role
in the proofs of the main results. Before we start let us point out that we



may assume without loss of generality that assumption [H3] is satisfied with
v = 0, that is the forms are coercive with constant § > 0 independent of .
The reason is that the maximal regularity of

V'(t) + B(t)v'(t) + A(t)v(t) = f(t) t-a.e.
(2.1)
v(0) = up, v'(0) = u1 + yuo

is equivalent to the same property for
W (8) + (B + 291 ) () + (A() +yB() + 721 Ju(t) = e f(t) tace.

u(0) = ug, u'(0) =wuy
(2.2)
for all ¥ € C. This can be seen by observing that for g(t) := e 7 f(#),
then u(t) = e v(t) and clearly v € H?(0,7;H) N H(0,7;V) if and only
if u € H?(0,7;H) N H'(0,7;V)(and obviously f € L?(0,7;H) if and only if
g€ L0, 7;H) ).

We deduce that we may replace B(t) by B(t) + v and A(t) by A(t) +
vB(t) + v21. Noting that for v > 0 big enough (y > max{%, v}) and t €
[0, 7], we have that C(t) = A(t) +~vB(t) +~*I is associated with a V-bounded
coercive form c(t) (i.e., it satisfies [H3] with v = 0). In fact, let u € V. We
get

Re c(t,u,u) = Re (A(t)u, u) +yRe b(t,u,u) + v*||ul?

> = AO ooy lullfy +vdllull} + (v = yv) ul®
=M} + 8l + (v = ) ul?
(70 — M) Jul}.

v

In particular, we may suppose that B(t) and B(t) (resp. A(t)) are invertibles.
We will do so in the sequel without mentioning it.
From [4] [Theorem IIT 4.10.2] we have the following lemma

Lemma 2.1. Let Eq, Es be two Banach spaces such that Es C Ey. Then
WHP(0,7; Ev) 0 LP(0, 7, Ba) — C([0,7); (B, Ea)y_1 ).
p?

From [36] (Theorem 1.52 and Theorem 1.55), we have the following
lemma which point out that the constants involved in the estimates are
uniform with respect to ¢

Lemma 2.2. For any t € [0, 7], the operators —B(t) and —B(t) generate
strongly continuous analytic semigroups of angle v = § — arctan(%) on H
and V', respectively. In addition, there exist constant Cy, independent of t,
such that



Cy

1 <
1z +BW) ey < 17 B

for allz € Y _g with fived 6 < ~.

Here, Y = H,V orV'.
All of the previous estimates holds for the adjoint operator B(t)*.

For f € L?(0,7;#) and for almost every ¢ € [0, 7] we define the operator
L by
t
L)) o= B(H) [ e 70 f(s) ds.

0

Our aim is to prove L € L(L?(0,7;H)). It is proved in [27] that L is bounded
on LP(0,7;H) for all p € (1,00) provided t — a(t,.,.) is C¢ for some € > 0
(or similarly, ¢ — A(t) is C on [0, 7] with values in £(V,V’)). The proof for
the case p = 2 is based on vector-valued pseudo-differential operators. The
extension from p = 2 to p € (1,00) uses Hérmander’s almost L'-condition
for singular integral operators. Here we give a direct proof for the case p = 2
which does not appeal to pseudo-differential operators. It is essentially based
on Lions’ theorem and the holomorphic functional calculus for the sectorial
operator.

Lemma 2.3. Assume that B(.) € H%(O,T;E(V,V’)). Then L € L(L*(0,7;V")).

Proof. By Lions’ theorem we obtain that for all f € L2(0,7;)") there exists
a unique u € MR(V',V) := HY(0,7;V") N L*(0,7;V) be the solution to the
Cauchy problem
W/ () + Bt)u(t) = F(2)
(2.3)
u(0) = 0.

In addition,
lullarrevrvy < C6 M) fll 20,707 (2.4)

Set v(s) = e~ (=9)B(1)y(s) where 0 < s < t < 7. We remark that v(t) =
u(t),v(0) = 0 and

v (s) = B(t)e”9BWy(s) 4+ e~ E=91B0/(4)
= ¢~ =IBO(B(t) — B(s))u(s) + e T9BO f(s).

Since u(t) = [¢ v'(s) ds, we have

B(t)u(t) = B(t) /0 L (=98 (B(t) — B(s))u(s) ds + B(t) /0 ERICED f(s)ds
= (S(B()u))(t) + L(f)(2).



Therefore, L(f)(t) = (I —S)(B(.)u).
Noting that

where g € L(0,7;V").
Using the analyticity of the semigroup and Cauchy-Schwarz inequality we
obtain

t
1S (9)) ()l S/O 1B(#)e™ O o 1B(t) = B(s)llcown 1B(s) ™l llg(s) v ds

¢ [180 =Bz g,
~ Jo t—s
B = Bs)Zwyy  \3
< ’ .
() ol
So
IS @ 2099 S 1813 o - oy 90220700
Therefore

1Lz 007y SSBOUDz20.m07) + 1BOul 20,00
<
S(UBI 4 ey 1) Tl z20rmy-
Now, we use the estimate (24) to get L € £L(L?(0,7;)’)) and

HL(f)HL2(O,T;V’) S ||f||L2(O,T;V’)'

For almost every s € [0, 7] we define the operator
Li(f)(s) i= Bs)" [0 p(t)

where f € L?(0,7;V).

Lemma 2.4. If t — B(t) is measurable, then for all f € L*(0,7;V") there
exists a unique u € MR(V',V) be the solution to the retrograde problem

(2.5)



Proof. We define the multiplication operator B on L2(0,7;)’) by D(B) =
L?(0,7;V) and (Bu)(t) = B(t)u(t), for t € [0,7] and u € L%(0,7;V). We
define also the differentiation operator & on L?(0,7;)’) with domain

D(9) :={v e H(0,7;V') s.t v(0) = 0},

by (Ou)(t) = u/(¢).
To prove our result it is enough to prove

2(0 —B*) "' € L(L*(0,7; V).
By Lions’ theorem we have @ + B is invertible and
@+ B)te £(L?0,7;V),L*0,7;V)).
So (0 —B*)~! € L(L*(0,7;V'),L*(0,7;V)) and
20 -B") ' =T+B*0—-B") "t e L(L*0,1;V)).

Then we get the desired result. We can also use the Lax-Milgram lemma to
prove this result. O

Lemma 2.5. If B(.) € H%(O,T;E(V,V/)), we have Ly € L(L?(0,7;V")).

Proof. For the proof we use the maximal regularity for the retrograde adjoint
problem in V'

(2.6)

We set v(t) = e~ (t=9)BE) y(¢), with 0 < s < ¢t < 7. Noting that u(s) =
v(s),v(r) =0 and

V' (t) = e EIBE (B — B(s) u(t) + e IBE f(3).

B(s)*u(s) = B(s)" / " IBO (B(t)* — B(s) u(t) dt + Ly (£)(s).

Now we follow the same strategy of proof of Lemma [2.3] to get the desired
result. O

Lemma 2.6. For all f € L?(0,7;H),s € (0,7) one has

EHe) = [ B e IO .



Proof. Let f,g € L*(0,7;H). We obtain by Fubini’s theorem

(B [ O s, £10))

T

INCGOROE

~+

(B(t)e 9P Wg(s), f(t)) ds dt

T

(9(s), B(t)"e” =980 f(1)) dt ds

T

—

T

S— 5— 55— S>—

—

o) [ B eI (0 e s
Therefore

L*(f)(s) = / "B (t)e B O f (1) dt, s € (0, 7).
]

Lemma 2.7. [f B() (= H%(O,T,E(V,V/)>7 we have L* c £<L2(0,T,V/))

Proof. Let s € [0,7] and t € [s,7]. Choose a contour I' in the positive
half-plane and write by the holomorphic functional calculus for the sectorial
operators B*(t), B*(s)

B*(t)eftB*(t)_B*(S)eftB*(S) _ 171/FAet/\()\I—B*(t))1(B*(t))—B*(S))(AI—B*(S))1dA

T 2mi
By taking the norm in £()') we have by Lemma 2]
IB* (5O — B*(s)e™5 )|
<0 [T et ML = B (0) o)
< ([ = B*(5)) "l covrawy dIMIB () = B(8) | vy
<Gy [T et a5 (0) - B(9)l e

Since,

o0 1
/ e—t\cost)\\ d|)\| _ ’
0 | cos |t

we obtain

< IBG)” =B )l ey

~ t—s

HB* (t)ef(tfs)B* ) B(S)*ef(tfs)B*(s) HE(V/)

Hence,

1)~ (e 5 [T ZE Doy

X . @) dt.



The Cauchy-Schwarz inequality gives
I~ Iz S U8 oy 200
Then
1L (Pl 20,0 < 20087 = La](D)ll20,r00) + 201 L2 (D £200,707)
S8l 0. cmy T 1) I 220070,

O
Proposition 2.8. IfB(.) € H%(O,T; LV, V"), we obtain L € L(L?*(0,7;H)).
Proof. Since by Lemma 23, L € £(L?*(0,7;)’)) and by Lemma 27, L* €
L(L?(0,7;V")), one has L € L(L*(0,7;V)). Then by interpolation we get
L€ L(L2(0,7;H)). O

Lemma 2.9. Assume that,

= ||B(t) — B(0)||2 ,
[1EO= B0,
0 t
T At _AO 2 /
[ A
0

Let uy,ug € V, then the operators
Riui(t) = B(t)e By,

Roug(t) = e7B® A(t)ug
are bounded in L?(0,7;H).

Proof. For the operator R; we refer to [3][Lemma 4.7]. It remains to prove
that Ry € L£(V, L?(0,7;H)). Indeed, observing that

RQUO(t) = 6_tB(t)A(t)UQ
= ¢ tB() (.A(t) - A(O))ug + 7B A(0)uy. (2.7)

For the first term in the RHS of (2.7)), we have
15O (A()  A©) o d
0

< [ 1 E O 5 A = AO) 0 [}

< C/T HA(t) - A(O)H%(v,v/

: Lt [luol?
0

10



We write
e B A(0)ug = e BB A0)ug — e PO A(0)ug + B0 A(0)uo.
The functional calculus for the sectorial operators B(t), B(0) gives

(
IB(H) ~ BO) w00
T ol

e~ A(0)ug — e B0 A(0)uo]| < ¢

Clearly,
—tB(0) _ L _tB(0) -1
e A(0)ug = B(0)ze B(0)"2.A(0)ug.

Hence, by Lemma B.4] we have
[ 1750 Ao
_ /0 1B(0)3 e~ BOB(0)~ 2 A(0)uo|2dt
< c[|B(0) =2 A(0)ug||.
Since D(B(0)2) = V, we have D(B(0)2) = H and B(0)"2 € L(V',H) (see
Lemma ?7).

Therefore
17O 4w dt < Clual

Thus, ||Rauol|r2(0,r2) < Clluolly o
For 0 <t < 7 define the operator

t
Lif = [ PO f) dr, f € L0, 7).
0

In the following lemma we prove that the assumption (B3] is necessary to
get Ly € L(L?(0,t;H); V) for all t € [0, 7].

Lemma 2.10.  1- Suppose B3). Then for all f € L2(0,7;H),0<t <,

ILefllv < Cllfll pago,620)-

2- IfV C D(B(t )%) for somet € (0, 7], it follows that Ly ¢ L(L?(0,t;H); V).

Proof. For the first assertion we refer to [3][Lemma 4.1]. Take v € H. Then
t *
(Lufio) = [ (F()e 50" 0) ds
—/ ); Li(t, s)v) ds.

11



So the adjoint operator of Ly is defined in L2(0,t; H) by Li(t, s)v = e~ (=940,
Ifv C D(B(t)%), we want to prove that L; ¢ L(L*(0,¢;H);V). Hence,

it is equivalent to prove Li(t,.) ¢ L(V'; L?(0,t;H)). Let v € V' and set

u = B(t)*"lv € V. Therefore, by the definition of the real interpolation
space (see e.g. [33], Proposition 5.1.1) we get for ¢ € (0, 7]

t
P+ 1L 0l = Tl + [ 1B 0"l s

~ 2
= ul?)

Since V C D(B(t)2) we have by [I][ Lemma 6.4] and [35][Theorem 1] that
D(B(t)*%) C Vand V\ D(B(t )*%) is non empty. Hence, there exists a
ueV\D(B(t )*%) and for v = ( )* 6 V' we get Li(t,.)v is not bounded
in L2(0,t;H). Therefore Ly ¢ L(L?(0,t;H);V O

3 Maximal Regularity under Fractional Sobolev
Regularity in time

In this section we prove our main result on maximal regularity for the linear
equation.
Let us define the spaces

MRV, H) :={u € H*(0,7;H) nWH>°(0,7;V) : B()u' + A(.)u € L*(0,7;H)}.
Tr(V,H) = {(u(0),4/(0)) :ue MR(V,H)},
endowed with norms respectively

||U’HMR VH ”'LL ”LQ(OJ-;’]-[) + HUHWI’OO(O,T;V)
+ ||B(-) () + ACuO) I 20,77)-

[(w(0), u' (Ol 7wy := nf{llvllprrv)
veE MRV, H),v(0) =u(0),v'(0) =« (0)}.

From [I][Theorem 2.6] we have the following theorem

Theorem 3.1. Assume that t — b(t) is measurable. Then for all f €
L2(0,7;V') and (ug,u1) € (V,H), there exists a unique solutionu € H?(0,7; V)N
HY(0,7;V) to the problem

u’(t) + Bt)u' (t) + Alt)u(t) = f(t) t-a.e.

(3.1)
u(0) = up, u'(0) = uy.

12



Moreover, there exists a positive constant C independent of ug,u1 and f
such that the following estimate holds

lull z2orannm 0wy < C [, u)llwag + Iz ] (32)
Remark 3.2. Noting that
H?*0,7;: V)N HY0,7;V) — CL([0,7]; H) n C([0,7]; V).

Indeed, let v € H?(0,7; V)N HY(0,7;V), it follows by the Sobolev embedding
that v € C([0,7];V) and since v' € HY(0,7;V") N L2(0,7; V") we obtain by
Lemma(Z1 that v € C([0, 7]); H). Thus, since u € H*(0,7;V )N H(0,7;V),
both u(0) and u'(0) make sense.

Following [3](Definition 3.4), we introduce the following definition

Definition 3.3. We say that (B(t))e(o,r satisfies the uniform Kato square
root property if D(B(t)%) =V for all t € [0,7] and there are c1,c! > 0 such
that for allv eV
1
allvlv < [B#)2v] < ¢'follv. (3.3)

The uniform Kato square root property is obviously satisfied for symmet-
ric forms. It is also satisfied for uniformly elliptic operators (not necessarily

symmetric)
d

B(t)=— Y Oklan(t,z)d)

k=1

on L?(R?) since ||Vul|2 is equivalent to HB(t)%qu with constants depending
only on the dimension and the ellipticity constants, see [I1].

The next lemma shows the quadratic estimate for B(t) with constant in-
dependent of ¢t. Here we assume the uniform Kato square root property.
Quadratic estimates are an important tool in harmonic analysis and we will
use them at several places in the proofs of maximal regularity.

Lemma 3.4. Suppose in addition to [H1]-[H3] (with v = 0) that the uniform
Kato square root property is satisfied. Then there exists a constant C' such
that for every t € [0, 7]

| 1B e P02 ds < CJa? (3.4)
0

for all x € H.
Definition 3.5. Let X be a Banach space and « € (0,1),

e A Bochner measurable function f:10,7] = X, lies in the homogeneous
fractional Sobolev space H*(0,7; X) provided

2 s FOEFIOI[S
”fHHa(O,T;X) = /0 /0 stdt < 0.

13



e A Bochner measurable function f : [0,7] — X, lies in the space
1
Hg (0,7; X) provided

Hf||21 = sup /OTW(ds+ATATWdet<oo.

|t —s 2

HOj (0,7;X) t€[0,7]

. L1
We shall say that f is piecewise in H*(I; X) (resp. Hg (I; X)) if there
exists tg < t1 < ... < t,, such that I = U;[t;,t;11] and the restriction of f to
1

each sub-interval (¢;,t;+1) is in Ha(ti,tHl;X) (resp. Hg (tistiv1;X)).

Let b(t) : VxV — C for 0 < ¢t < 7 be a family of forms satisfying
[H1]-[H3] and let B(t) and B(t) be the associated operators on H and V',
respectively. We shall need the following property.

Given € > 0, there exists 7p = 0 < 71 < ... < 7, = 7 such that
= Bt — B(s)||% ,
| IB) ~ B vy,

i—1 |t_8|

3

sup (3.5)

tG(Ti_l,Ti)

Note that this assumption is satisfied in many cases. Suppose for exam-
ple that ¢ — b(t,u,v) is C* for some « > 0 in the sense that

16, u,v) — b(s, u, v)| < Mt — s [ullv [vlly (3.6)
for some positive constant M and all u,v € V. Then clearly
1B(t) = B(s)llcvyry < M|t — s

and this implies (35]). More generally, if w; denotes the modulus of conti-
nuity of B(.) on the interval (7;_1,7;) then (B3 is satisfied if

/Ti Mdr < e. (3.7)

i—1 r

Proposition 3.6. Let v € L (7;_1,7; V) and C(.) € L>®(7;—1,15; LV, V).
We define the operator QC“;N,) by

(QC("'i—lvTi)U)(t) = /Tt1 6_(t_S)B(t) (C(t) - C(S))U(S) d37

where t € [T,_1,7;]. Assume that C(.) satisfies the condition [BX) for e small
enough. Therefore, QC(T;N,) € L(L>®(7i—1,7;V)) and

HQC(W—LH)HE(LOO(TiflvTi;V)) <l

14



Proof. For v € L*°(1;_1,7:; V), we have for t € (1,_1,7;)

@ctrrs )0 = sup ([ e I50C(0) — C(s))ots) dsw)

lwllyr=1 JTi—1
3 —s —S *
— sup / (e “FIBO(C(1) — C(s))o(s), B(t) T e T8O B()*~ 5 w) ds

ol =1/7i1

t _(t=s)
< s [l - C@lewwlle = o

 Jwllyr=1 7

(,
< Bty ze

s) * w— L1
SO B() 2wl ds [0l] oo 7,y i10)

t _ (t—s) 1
< s ([0 - 6l T IOy ds)
Ti—1

te[Ti—1,71)

N |=

1

t Wl (=9 s w1 2
x s ([ 1B@ e S0 B0 wlPds) ol o)
1

llwllyr=1"7i—

toC®) = Cls)zway 3

<C sup / 2 ds
tG[Ti_l,Ti]( Ti—1 ‘t—S‘ )
1

t Wl =S pove 1 3
< sup ([ B e T By Rulds) ol
1

llwllyr =1 I i
e — C() Py |\

=G o / Yds)? ([0l ey risv) -

te['ri—lﬂ'i}( Ti—1 |t—S| ) ( 1 )

Then

H(QC(TFIW)U)HLw(nfl,n;V) <C3 sup
tG[Tifl,Ti}

/t IC(t) = C()1 2w

) R P——
T I e

Using (3.5)), we get for € < C%

1Qcq,, i lleeo(rymvy) < Coellvll o (ry_y miv)
< ||,UHL°°(T1‘_1,T,';V)‘

This finishes the proof.
In the following proposition we set Q¢ = QC(O,T)

Proposition 3.7. Letv € L*(0,7;V) and assume that C € H%(O,T;E(V, V).
Then B(.)Qcv € L?(0,7;H).

15



Proof. For v € L*>(0,7;V), we obtain
1(B(.)Qcv) |l 2(0,7:m)

ol [ [ B0 0w - coyisrg) s

9 L2(0-rH)*

= su % ~52B() —C(s)u(s): 1~ 2B
||gL2(0£)H)_1‘/ / (B(t (C(t) = C(s))v(s); B(t) g(t))

< / / [(C ’t_s’)Hﬁ v,V

||9HL2<0 - H)—l
S)

x [Bt) ez B0 ()Ildsdt 1] Lo (0,r5)

/ /t e Dlizwy) ds dt)?
It — sl

1
x ([ [ im0 gy 2 s dr)* ol

||9HL2(0 H)

Sliell s

H2 0,7L(V, V1)) HU”LO"(O,T;V)'
L]

Lemma 3.8. Assume that C € H%‘“(O,T;E(V, V'), with € > 0. Then the
condition ([B.3) is satisfied.

Proof. Let 7o =0 < 71 < ... < T, = 7 be a subdivision of the interval [0, 7].
Using [[?], p. 745, (6.8)], we get for t € [7;_1, 7]

e e - )y
L ds < C|c|? .
/7:1—1 |t — s|tte s<cl HH%%(TFLTUE(V,V’))
Therefore,
t||lc(t) —C(s)|?
s / 166t — CMewr < Clria — 7l . /
te[ri—1,m) Y Ti—1 |t - S| H2 (0,7;L(V,V ))
Then if we choose |7;_1 — 7;| small enough we get the desired result. O

It is interesting to know whether u/(¢) € V for all ¢ € [0, 7]. This is indeed

the case if t — a(t) € C%‘“,e > 0. This is proved in [1]. In the following
proposition we prove that the solution of the equation (3.I]) lies in the space
Whee(0,7;V) and u/(t) € V for all t € [0, 7].

Proposition 3.9. Let f € L?(0,7;H) and (ug,u1) € V x V. Assume that
1

B3) and A() € HZ(0,7;L(V,V")). Then u € W-°(0,7;V) and u'(t) € V
for allt € [0,7]. Moreover,

0/l 0.rv) < Cluolly + llually + 1 £l z2(0.r90)] - (3.8)

16



Proof. Let f € L*(0,7;H) and (ug,u1) € V x V. A direct application of
Theorem 310 gives u € H2(0,7; V') N H'(0,7;V) and
lull 20 v o.rvy < C|lluolly + lluall + 1 Fll 200 |-

Let 7o =0 < 71 < ... < T, = T be a subdivision of the interval [0, 7].
From [I](26) we have for ¢ € [0, 7]

U (t) = —BE) LA u(t) + e PBOBE) LA u(0)

+ e POy/(0) + /0 e B0 (B(1) — B(s))ul (s)ds

_ /0 "~ =DBOLA(s) — AD)]u(s)d

s
t t
—/ e_(t_s)B(t)B(t)_1A(t)u’(s)ds +/ e_(t_s)B(t)f(s) ds.
0 0
Then
(I = QB ) (W)(t) = =B(&) " At)u(t) + e POB(t) " A(t)ug
+(Qaq.,,w)(t) + e Py

¢
_ / e IBOB) A (5) ds + Lif.
0

We remark that

1B A®ut)lly < Cllu@)llv-
le=WPOBE) A u(0) v < Cillug|lv-

le=OBWyy ||y, < Col|ur |y

t
| [ e OB A () dslly < Gl 200,
0

Now, we choose 71 small enough such that Qs . llz=@0ny) < 1.
Therefore, I — Qp,, ., is invertible on L>°(0,71;V) and

[/ || oo (0,m 0y ST — QB(O,H))_lHc(Loo(o,n;V)) [HUHLOO(O,n;V) + [luolly + |lutlly
+1Quo ez @mn Il 0mvy + 14 20wy + 1| 20,mi70)-
Therefore
19| Lo (0,71;v)
< C[H“HC([O,ﬁ};V) + Nluolly + llutlly + 14l 20,7 0) + ||f||L2(0,71;7-l)}

< G [Jlwolly + ety + £ 220,520

17



Hence, v/ € L*(0,71;V) N C([0,71]; H). By Lemma [3](Lemma 3.7) one has
u'(t) € V for all ¢t € [0, 71]. In particular, u'(11) € V.
Fix 11 <t < 79. We get from the equation in (Z2)

1

t t
n / e~ (=981 A(s)u(s) ds = / e~ =B g(5) ds. (3.9)
T1

71

t t
/ e =3By (5) ds + / e~ t=IBOB(s)u/ (s) ds
T T1

Noting that ([39) is equivalent to

t t

/ e~ t=9BM " () ds —i—/ e~ =9BOB(s)u/ (s) ds
T1 . T1

+ [ e IBO(A(s) — A1) Ju(s) ds

T1

t
+/ e~ =980 A(t)u(s) ds

1

t
_ / e~ (=980 £(6) ds. (3.10)
Integrating by parts, we obtain

/t 6_(t—s)B(t)u//(S) ds — u/(t) _ 6—(t—Tl)B(t)u/(T1)
T1

t
- / e~ =9BOB 1)/ (5) ds (3.11)

1

and

/T t e~ =980 A(tu(s) ds = At u(t) — e~ CTIBO A(t)u(r)
— /T j e TBOBHT A (s)ds.  (3.12)
Combining BII) with (IZ) and BI), we have
W) = e EBOY (1) 4 / B0 (B(1) — B(s) )l (s) ds
+ / ~(=080) (A(t) — A(s) )u(s) ds — B(t) " A(t)u(t)

t
+ e MBOBE T AGu(r) + [ e IFOBH) A (5) ds
T1

t
+ / e~ =B £ (5) ds. (3.13)
T1

18



Therefore
(I = Qs ., ) (t) = e CIBOY (1) 4 (Qa,, , u)(t) — B At)u(t)
t
+ e~ ETBOB) LA u(r) + / e T=IBOB) LAt (s) ds
T1
+ Lt(I(Tl,Tz)f)' (314)
We remark that
le=E=mBOY! () [l < Cllu (71) [|v-
1B@) " A u®) v < Crllullerm)v)-
leC=mIBOBE) T A®) () v < Calltllerymp)

t
| [ e BB A (s) dslly < Colla s, e
T1

Now, we choose 73 such that 71 —73 small enough to get |Qg, . llc(z=(r my)) <
1. Then, I — QB(TI 18 invertible on L™ (71, 79; V).
Therefore

HUIHLO"(Tl,TQ;V)
< Cllllermpyy + 10 O + 19|22 ) + 1 22 mait0)]

< 1 [luolly + ually + 11l z20.720) |-

Hence, v’ € L*(11,72; V)N C([11,72]; V). One has by [3](Lemma 3.7) u/(t) €
Y for all t € [y, T2].
Now repeat the same strategy. We work on [r;_1,7;] and argue exactly as
before. We obtain (B.8) on each sub-intervals [7;_1,7;]. This implies (3.8)
on [0, 7] for arbitrary 7 > 0 and finishes the proof.

0

The following theorem is the main result of this section

Theorem 3.10. Let f € L*(0,7;H),ug,u; € V. Assume that B(.) € H%(O,T;L’(V, V),
1

@A) and A() € HZ(0,7;L(V,V")). Then @) has mazimal L*-regularity
in H.
Moreover, there exists N > 0 such that

lullarrwao < Nlluolly + lullv + 1 Fll 20,00 - (3.15)

Remark 3.11. The regularity assumption on B(t) (resp. A(t)) can be weak-
1

ened considerably. Indeed, piecewise in H%(O, 7 LV, V")) (resp. HZ (0,7;L(V,V")))
is sufficient.
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Proof. Let f € L?(0,7;H) and (ug,u1) € (V, V). Then by Theorem Bl there
exists a unique u € H?(0,7;V') N H'(0,7;V) solution to Problem (B)). In
addition

lullr2(0,ravnni 0.rvy < C 110, un) | gy + 1 llz20,mavn |
By integration by parts (see [1](26)) we have
B(t)u' (t) + At)u(t) = e BO A(t)u(0)

+ B(t)e B/ (0) + B(t) /0 (=950 (B(t) — B(s))u'(s) ds

+ B(t) /0 (=980 [A(t) — A(s)]u(s) ds

¢ t
+/ e*(tfs)B(t)_A(t)u/(S)dS+B(t)/ e*(t*S)B(t)f(s)dS.

0 0
(3.16)

Hence,
B(t)u'(t) + A(t)u(t) = Rouo(t) + Riua(t) + (B()Qp, ,,u')(t) + (B()QuAq ., w)(t)
+ /0 t e (=3B At)a! () ds + (Lf)(¢).
We remark that
[t — /Ot e DB A (5) dsl| 20790y < Mt = € PO 110 reomr a0 14 | 22(0.7:v)
< 2MVT|u || 12(0,7v)-
Then, in light of Propositions 2.8}, 3.7, and Lemma we obtain
1B()u' + A()ull L2 0,rm) < {HR2U0HL2(0,T;H) + Rl z20.720) + 1L L2 0.770)
+ [t~ /Ot e IBO Ay (5) s r20,r520) + 1B() QA il 22(0,mi70)
+1B() Qs 12(0720)|
< Clluolly + llwrlly + [[wllwroeo,rw) + 1l 2020
< Cu[lluolly + lurllv + 1]l z2(0.ri10) |-

Therefore B(.)u' +A(.)u € L*(0,7;H) and hence u” = f— (B(.)u'+A(.)u) €
L?(0,7;H). Then v € MR(V,H). O

The following proposition gives a characterization of the trace space

Tr(V,H).
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Proposition 3.12. Assume the same hypothesis of Theorem [F10 we get
Tr(V,H) =V x V with equivalent norms.

Proof. First we prove the injection V xV < Tr(V,H). Indeed, let (ug,u1) €
V x V then by Theorem BI0 there exists u € MR(V,H) be the unique
solution to (B.1) such that f = 0 and u(0) = ug, v’ (0) = u;. Hence, (ug,u1) €
Tr(V,H) and by (5.3) we get

o, wn) vy < lellarrev ey < Cllwolly + luallv]

and so the first injection holds.
For the second injection "<=" let us take (ug,u1) € Tr(V,H). Then there
exists u € MR(V,H) such that u(0) = ug, u'(0) = u;. Since

w € WH(0, 7 V) N H((0, 7} H) = C((0,7]:V) n CH((0, 7] H),
we have u(0) = up € V and by [3][Lemma 3.7] we get u/(t) € V for all
t € [0,7]. One has v/(0) = u; € V and
[l =+l ] < 0 0. 0 € MROV,H),u0) = o, (0) = )
< inf{||ullprevm) : v € MR(V,H),u(0) = ug, v’ (0) = up}
= ”(uoﬂul)HTr(V,H)'
Therefore Tr(V,H) — V x V. O

Let ugp € V,u1 € [H,V]g, 5 € [0, 1]. In the following proposition we prove
optimal estimates for the decay in time of solutions to (B.I])

Proposition 3.13. Assume that b(t) = b(0), A(t) = A(0) for all t € [0, 7].
Let ug € V,u1 € [H,V]s,8 € [0,1] and u be the solution to BI]) with f = 0.
We have for allt >0

lu” (@)1 = 1B0)u () +AO)u(t)]| < Cl(t

1

1ﬁ+1)uuluwﬁ+c2( ++1)[[uolly-
Proof. Let ug € V,u1 € [H,V]3,3 € [0,1] and u be the solution to (L)
with f = 0. A direct application of Theorem gives u € H?(0,7;V') N
H(0,7;V) and

lull 20,7y 0,79y < C[lluollv + [fuall .
From (3.16]) we obtain
B(0)u/(t) + A(0)u(t) = e_tB(O)A(O)uo + B(0)e POy,

/ ~(t=9)B(O) A(0)e/(s) dis.
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Hence,
IBOW (2) + AOu(®)]| < 7O A@)uol| + [BO)e™ "V
t
[ e IBO A0 (s) ds|
0

< PO map luolly + [ BO)e=POu, |
t
[ e IBO A ) (5) s
0
We remark that

|B(0)e 7tB(O)||[, Vi) <

)

- Q)

"
“\Q

1B(0)e™ P O] 3

We have by interpolation

IBO | < - s
We write
/ e (9IBO) A0yl (s) ds = B(0) | e e =9IBO) B(0) =5 A0 (s) ds.
Hence,
I [P0 a0 () dsl = [BO)E [P0 B(0) A0 () ds|

< 1BO)? el / ~=9BO B(0) =2 A (5) dsly
= M| ZL(B(0) 2 A(O)u) v
< CHB( )_5"4( )’LL HL2(0,T;’H,) < ' ”u HLZ(O,T;V)'

Therefore

C C
[u" (@) = [B(O)u'(t) + A0)u(t)]| < EHUOHV + tﬁgﬁ lutllpes
2
+ Cl”u/HLQ(O,T;V)

1 1
< G + 1) Il +Cog + 1) ol

O]

For higher order equations we have
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Theorem 3.14. Let (A;i(t))icpo,r),icp,n—1], N € N* such that Ai(t) € L(V,V)
foralli € [1,N —1] and || A;(t)||z(vyy < M. We suppose that (B(t))icpo,r] €
LV, V') is associated with V-bounded quasi-coercive forms. ) We assume in
addition B(.) € H%(O,T;E(V,V’)), @A), B3) and A;(.) € HZ (0,7; L(V,V")).
Then for all f € L?(0,7;H) and ug,...,un_1 € V there erists a unique
u € HN(0,7;H)NWN=120(0,7; V) such that uN=D(t) € V for allt € [0, 7],
be the solution to the problem

uM () + B uN D) + An 1 ()uN =D (#) + .. + A (Hu(t) = f(t) t-a.e.

uND0) = un_1, ..., u(0) = ug.
(3.17)
In addition, there exists a positive constant C' independent of ug, ..., un_1
and f such that

N-1
lull v o rpw 1wy < C( D Tuilly + 1 f 200

i=0
Proof. We give only the main ideas of the proof, the details are left to the
reader. We shall prove the theorem by induction. Indeed, in case N = 1 the
result follows from [3] (Theorem 2.2). The theorem holds for N = 2 by The-
orem 310 Now, we assume that the theorem is true at order N —1 where N
is an arbitrary positive integer. By integration and following the same strat-
egy of proof as in [1][Theorem 2.6] we prove maximal L?—regularity in V' for
the Cauchy problem (3I7) and we have u € HN(0,7; V) N HVN=1(0,7; V).
Let v > 0 and set v(t) = e "u(t), Ay (t) = B(t). By Leibniz’s rule and using
the equation ([B.I7) we get that v is the solution to the problem

v (1) + (An(t) + Ny DoV =0D(1) + 2 ()00 (1) = e f () tae.

v®(0) = v = 35 CF (=), k€ [0,N 1],
(3.18)
where C;(t) = (=} (~)NTImONC )y NI 4 SN E Oy A (8),

m=j
for all j € [0, N — 1] and CJ* = j,(#lj), Here v7) is the derivative of order
7.
We assume now that v > ‘—]l\/,', then Cn_1(t) = An(t) + NvI is associated
with V-bounded coercive form for all ¢ € [0, 7].
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By performing an integration by parts (see [I] [p.29] ) we obtain

D () =~y (1) [CN,Q(t)v(N_m () + .. + Cg(t)v(t)]

+ e_tcN_l(t)UN_l + G_tcN_l(t)CN_l(t)_l (Cl (t)’l)() 4+ ...+ CN_Q(t)’UN_Q)

t
+/ e—(t—S)CNfl(t)(CN
0

—Cn-1( )
t
+ / eI (Cy_y () — Crv—als) Jo D (s
0
t
o / e~ (t=5)CN 1 (1) (Co(t) — Cols))v(s) ds
0

t
+ / e (=01 0y (1)~ (Colt)v' () + .. + Cy 2 ()N 7V (s) ) ds
0

t
+/ e~ (=8N 1) =75 £ (5) ds. (3.19)
0

We now proceed analogously to the proof of Proposition 39 to get vV =1 ¢
L®(0,7;V) and vN=D(t) € V for all t € [0, 7].
From (B19]) we can see that

Cnoa (VNI () + Cy_a (v VT (1) + L+ Co(t)u(t)

= Rion1(t) + e N1 O (Ci(t)vg + .. + Cya(t)un )

+ Cv-1(0)( Qe v ) (B) + -+ Cv-1 (1)( Qe v) (1)

+ [ O ol () + o+ a0V s)) ds (BT,

We now proceed analogously to the proof of Theorem to get v €
HN(0,7;H) N WN=L22(0, 7; V). Hence, u € HN(0,7;H) N WN=1>(0, 7; V)
and this finishes the proof.

O

4  Optimality of the results

Definition 4.1. Let X be a Banach space, let p,q € [1,00], and « € (0,1).
A Bochner measurable function f : [0,7] — X is in the homogeneous Besov
space BP(0,7; X) if

1 dl
0y = [ g 150~ 76 = e < o

We note that B3(0, 73 X) = H*(0,7; X) and H*(0,7;: X) C Bg"*(0,7; X)
for all ¢ > 2.
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Proposition 4.2. Let p € [1,00) and q € (2,00). There exists a,b coercive,

1
symmetric, non-autonomous forms with A(.), B(.) € B2 (0,7; L(V, V")) such
that (B1)) does not has mazximal L?—regularity in H.

. .1 .
Remark 4.3. Since H%(O,T;X) C 35’2(0,7;){) C H%%(O,T;X),e > 0 for
all ¢ > 2. Then the regularity assumption in Theorem is optimal and
provides the best positive result on this problem.

Proof. Let p € [1,00),q € (2,00). According to [8], there exist a Gelfand
triple V < H < V' and a coercive, symmetric, non-autonomous forms

.1
a(t) with A(.) € BZ"(0,7;£(V,V")) that does not satisfy the maximal L2-
regularity in H. The example in [8] proves that there exists f € L*°(0,7;H)
such that the solution v to the first order Cauchy problem

{ V' (t) + A(t) v(t) = f(t), t-ae.
v(0) = 0.

is in H'(0,7;V") N L>®(0,7;V), but v/(t) ¢ H for all t € [0, 7]. Now, we put
b(t) = a(t)+1 and u(t) = f(f e~ (=9)y(s) ds. Consequently, u(t)+u'(t) = v(t)
and so u/(t) +u"(t) = v'(t).

We get by Theorem Bl that v € H?(0,7;V') N H'(0,7;V) is the unique
solution to the problem

u’(t) + (A®t) + Du'(t) + A(t)u(t) = f(t) t-a.e. W
4.1
v(0) =0, v'(0) = 0.

Note that u € H?(0,7;H) if and only if v € H(0,7;H). But v ¢ H'(0,7;H),
hence, u ¢ H?(0,7;H) and so Problem (&I)) deos not have maximal L?-
regularity in H. O

5 Semilinear equation

Let F(t,z,y) : (0,7) x H x H — H and Fy(t) = F(¢,0,0). Assume that
Fy € L?(0,7;H) and F(.,z,y) satisfies the following continuity property:
for any € > 0 there exists a constant N, > 0 such that

HF(.,U, u,) - F('vvvvl)H%Q(O,‘r;H)
< ellu = 0l + Ne[l = 1220 iy + u = 0o ], (5:1)
for any u,v € MR(V, H).

Example 5.1. If we assume that ||F(t,z1,22) — F(t,y1,y2)|| < K{Hxl —

yilly + [|z2 — Z/2HV},K > 0,21,%2,y1,y2 € V,t € (0,7) then the conditions
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B is satisfied. Indeed, let u,v € MR(V,H). One has by Lemma 522

”F('7u7ul) - F('7v7v/)”%2(0,7;7-[) < KQH“’ - UH%{l(O,T;V)
K? 9
= = [3llu = vl o))

2 T
< 2% | Be (A @ = 0)0) + Be)w - ) (). (u = o)1) dt
0

K2
+ LTHU = 0[l72(0,r0)
< el A = v) + B = v) 320 10
Nl = 0 [Fa0.m0) + 1t = 2720709
< ellw = ol gy + Nelld = 0122000 + 1e = 01220,
4K*

where Ne = sup{ 520 ,LKT2}, and in the second inequality we have used the
basic inequality ab < % +€eb?,a,b,e > 0.

Lemma 5.2. Let u € H'(0,7;V). We have
G100 + 1B ] <2 [ Re (Atu(t) + BOW (0, (1)
+ LH’U‘H%Q(O,T;V)?
with L = 2(M* 1 5).
Proof. Let u € H'(0,7;V), we get

/0 ’ Re (A(t)u(t) + B(t)u'(t),u'(t)) dt
- /0 "Re (B(tyd (1) (1)) dt
+ / "Re (A®)u(t): o (1)) dt
0
> 5 [ O dt = [ u) vl @)y de
T 2 T T
>0 [k - [l a- 5 [Cvoa

where in the last inequality we have used the basic inequality 2ab < “5—2 +
8b%,a,b > 0. Therefore

6|:||u||%2(0,T;V) + HUIH%P(O,T;V)} < 2/0 Re <A(t)u(t) + B(t)ul(t)>u,(t)> dt
2

M
+ 2(7 +0)[[ull 2005
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In the following theorem we assume the same assumptions with Theorem

for B(.) and A(.).

Theorem 5.3. Let f € L*(0,7;H),ug,u1 € V. Assume that (5.1)). Then the
semilinear equation

u’(t) + B(t)u' (t) + A(t)u(t) = F(t,u,u’) t-a.e.

(5.2)
u(0) = ug, u'(0) = uy.
admits a unique solution uw € MR(V,H).
Moreover, there is C > 0 independent of ug,u1, Fy such that
ull prreva) < C[HUOHV + [lutly + HF0HL2(0,T;H)}- (5.3)

Proof. Let ug,u; € V. Since by Proposition B.I2l Tr(V,H) =V x V, then
there exists v € M R(V, H) (with minimal norm) such that v(0) = ug, v'(0) =
uq and

lollarrw e = lolly + llutflv] - (5.4)
We introduce the subspace
MRy(V,H) := {w € MR(V,H) : w(0) = 0,%'(0) = 0}.

We equip this subspace with the norm w — [[w"||12(0 720) + |l oo 0,70y +
I1B()w" + A()wl r2(0,73)- For w € MRo(V,H) we define the function

G(t,w,w') = F(t,w+v,w +1/)— (U"(t) + B (t) + A(t)v(t)), te(0,7).

It easy to see that G satisfies the condition (51)), ¢ + G(t,w,w') € L?(0,7;H), G(t,0,0) =
F(t,0,0)— (v"() + B (t) + A(t)v(t) ). Moreover,

IG(.,0,0)l 2077y < I1F (s 0,0") = F(.,0,0)l L2(0,r20) + [1F(-0,0) ]| 12(0,73)
+ V" + BV + Aol 20,70
< Crllvllarrev,m) + 1Foll 20,720
< C[lIFol| 2o,y + lolly + v (5.5)

For w € MRy(V,H) consider the linear equation

2'(t)+ B(t)2'(t) + A(t)z(t) = G(t,w,w) t-a.e.
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By Theorem BI0, this equation admits a unique solution z € M Ry(V, H).
We define

S:MRy(V,H) — MRy(V,H)

w2
For wi,we € MRy(V,H) we have by Theorem BI0 and (5.1))

|Swy — Swal3sro v 30)
< NG (- wi, wh) = G wa, wh)l[72(0.90)

< Nellwi — wa[ 3y v.20) + NNe [”w,l — whlT2 (0,0 + lwn — w2||%2(0’”v)}
< Neljw; — w2|’§mo(v,H)

# NN [T [t o) - whmlPdrds + [s [l ) = wh)p dr s
0 0

< Nefwy — w2||ﬁmo(v,m

e [ [ 1) R + k) e ]
< Nellwy — wallf g 20

+ NNET[/OT I|(wy — w2)//H%2(0,5;’H) + (w1 — w2)/||%2(0,s;v)

+ 1B() (w1 — wa)’ + AQ) (w1 — w2) 1720 60 ds}'

Set Ko := Ne and K := 2N N,.7. Then repeating the above inequality and

using the identity
t rs1 Sn—1 1
/ / / dsy...dsy = —'t”,
0 Jo 0 n!

n n - n n— 1
1S w; — S wzH?MRO(V,H) < Z <k> Ky k(KlT)kgle - MQH?MRO(V,H)
> !

we obtain

(Ko k)"

< (@260)" | max (=05 ) [l = valfimgv .

-1
For the second inequality we use Y ¢ (Z) = 2". Note that {maxkzown (M)]

is bounded for all n € N*.
Now, we choose € < ﬁ, which gives Ky < % and n sufficiently large to get

_ k
" n 1 (Ko 'TK))
18" w01 = 8™ w2l 70y < g e (=2 Jllon = w0

_,,TL

< lwy — U’QH%/D\/[RO(V,Hy
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Then S™ is a contraction on M Ry(V,H) and this yields the existence and
uniqueness of a solution z € M Ry(V,H) to the equation

2'(t) + B(t)2'(t) + A(t)z(t) = G(t, z,2) t-a.e.

2(0) =0, Z/(0) =0.

It remains to prove the apriori estimate. Indeed, from the linear equation
and (5.I) we have for all € > 0

1213 rov) < NG 2 )l E20,700
<2N(|G(2,2) = G, 0,0)[ 20 20y + 2N G( 0,00l 720,724
< 2Nell2lR v,y + 2N N2 0.r0) + 12 122070
+2N[G(.,0,0)[1Z2 (0.2
< ONel|2 3 gy vy + NNeT /OT[Ilz’H%z(o,s;w 112" 0.0 ds
+2N[G (. 0,0)/[32(0 0

Taking € = 4%\, and applying Gronwall’s lemma gives that there exists

C" > 0 such that

12l ar v,y < CIIG(.0,0) | L2(0,7:24)- (5.7)
Now, we set u = z+wv. Then u is the unqiue solution to (5.:2]) and from (5.4,

(EH) and (1) we obtain

lullarrevy < N2lmrwm) + 10l arre w)
< C,||G('7070)HL2(O,T;H) + ||u0||V + ”U1||v

< C[I1Foll 20,0y + luolly + un lv]

6 Applications

This section is devoted to some applications of the results given in the pre-
vious sections. We give examples illustrating the theory without seeking for
generality.

6.1 Laplacian with time dependent Robin boundary condi-
tions.

Let Q be a bounded domain of R?, with Lipschitz boundary I". Denote by
o the (d — 1)—dimensional Hausdorff measure on I". Let

61, 52:[0,7—] xI' =R
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be bounded measurable functions such that

18i(t,-) = B, e o
/ / |t—s|1+2a dsdt < oo (6.1)

for some a > % In particular, 8;(., ) € H*(0,7),i = 1,2. We consider the
forms a, b

a,b:[0,7] x H{(Q) x HY(Q) = R
defined by
a(t,u,v) = / VuVudzr + / B1(t, )uv do
Q r

and
b(t,u,v) :/ Vqud:c+/ﬁg(t, Juv do.
Q T

The forms a,b are H'(£2)—bounded, quasi-coercive and symmetric. The
first statement follows readily from the continuity of the trace operator and
the boundedness of 5;, 7 = 1,2. The second one is a consequence of the
inequality

[ tultdo < el @y + Cellul ey

which is valid for all ¢ > 0 (C; is a constant depending on ). Note that
this is a consequence of compactness of the trace as an operator from H*(Q)
into L2(T', do).

Let A(t) be the operator associated with a(¢,-,-) and B(t) the operator
associated with b(t,-,-). Note that the part A(t) in H := L?(2) of A(t) is
interpreted as (minus) the Laplacian with time dependent Robin boundary
conditions:

Oyv+ B1(t,.)v =0onT.

Here we use the following weak definition of the normal derivative. Let
v € HY(Q) such that Av € L*(Q). Let h € L*(T,do). Then d,v = h by
definition if [, VoVwdz + [ AvVwdz = [phwdo for all w € H'(Q).
Based on this definition, the domain of A(t) is the set

D(A(t)) == {u € H'(Q) : Au € L2(Q), dyu+ Bi(t,.)u = 0}

and for u € D(A(t)) the operator is given by A(t)u := —Awu. The same
definition for the operator B(t).
Note that for any € > 0

la(t;u,v) —a(s;u,v)]

=1 [ (1t = Bi(s, Juvdo

<161t ) = Buls ,.>||Loo<am||u|rH%+€(m||vHH%+E(m,
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where we used the fat that the trace operator is bounded from H %+6(Q)
into LQ(C{)Q).

Let F(t,x,y) : (0,7) x H x H — H and Fy(t) = F(t,0,0). Assume that
Fy € L*(0,7;H) and F satisfies the following continuity property:

|F (@1, y1) = Pt 22,99) | 20 < K [lloa = 22l + o — el
where K > 0,1,y1, 22,92 € HY(Q),t € (0,7). In the next proposition we
suppose that w; € H'(Q),wy € H(Q).
Proposition 6.1. There exists a unique solution to the problem
w”(t) — Aw'(t) — Aw(t) = F(t,w,w’) t-a.e.

w(0) = wp, w'(0) = wy, (6.2)

0, (w'(8) +w(t)) + Ba(t, Ju' () + Ba(t, Jw(t) = 0 on T,

where w € H?(0,7; L2(Q)) N WH°(0,7; HY(Q)) and w'(t) € V for all t €
[0, 7].

The proposition follows from Theorem
Maximal L?—regularity for the Laplacian with time dependent Robin bound-
ary condition with 81 = f2 and wy = w; = 0 was previously proved in [I5]
and maximal L?—regularity with t — £1(t,-), 32(t,) € C! was proved in
[22], for t — pi(t,-), B2(t,-) € C3+€ the result was proved in [I].

6.2 Elliptic operators on R?

Let # = L*(R%) and V = H'(R?). Suppose that aék € L>™(I x R?), where
I =[0,7] and j,k € (1,...,d), Il € (1,2) and there exists a constant « > 0,
such that

d
3 dby tx£l§j>5]§|2(tel z € RY, gecd)
J,k=1

We put Al(t,z) = (aék(t,l“))lgj,kgd- We define the forms

tuv Z/ t:c@u@kvdac

Ji:k=1
with domain V = H'(R?). For each t, the corresponding operator is formally
given by

d

A == 3 0j(aly(t,2)%) = —div((aly(t, )1V ).

J.k=1
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Next we assume that Al(¢,z) € H%(O, T3 LOO((Cdz)). We note that

IA®) = A() ey < MA'E) = A5, )] oo o2
for some contant M’. This implies that A(.)l € H%(O,T;E(V, V). We
assume in addition that each aé-k is Holder continuous of order o for some
« > 0 with

e (t, @) = ajy(s,2)| < cft = s|°

for a.e. = € RY This assumption implies in particular (EH). We could
also weaken this assumption by formulating it in terms of the modulus of
continuity, see (B.7]).

We are now allowed to apply Theorem BI0l We obtain the following propo-
sition

Proposition 6.2. Let ug,u; € H'Y(R?) and f € L?(0,7; L*(R%)). There
exists a unique v € H*(I; L(R%)) N W1°(I; HY(R?)) such that

{ u!(t) = div((aly(t, ) Ve (1)) = div((a2,(t ) Vu(t)) = f t-ae.
u(0) = up, u'(0) = uy.
(6.3)

As we already mentioned before, the uniform Kato square root property
required in Theorem B.I0l is satisfied in this setting, see [I1](Theorem 6.1).
Then Proposition follows from Theorem B.I0l
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