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On characteristic forms of positive vector bundles,
mixed discriminants and pushforward identities.

Siarhei Finski

Abstract. We prove that Schur polynomials in Chern forms of Nakano and dual Nakano posi-
tive vector bundles are positive as differential forms. Moreover, modulo a statement about the pos-
itivity of a “double mixed discriminant” of linear operators on matrices, which preserve the cone
of positive definite matrices, we establish that Schur polynomials in Chern forms of Griffiths pos-
itive vector bundles are weakly-positive as differential forms. This provides differential-geometric
versions of Fulton-Lazarsfeld inequalities for ample vector bundles.

An interpretation of positivity conditions for vector bundles through operator theory is in the
core of our approach. Another important step in our proof is to establish a certain pushforward
identity for characteristic forms, refining the determinantal formula of Kempf-Laksov for homolor-
phic vector bundles on the level of differential forms. In the same vein, we establish a local version
of Jacobi-Trudi identity.

Then we study the inverse problem and show that already for vector bundles over complex
surfaces, one cannot characterize Griffiths positivity (and even ampleness) through the positivity
of Schur polynomials, even if one takes into consideration all quotients of a vector bundle.
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1 Introduction

The main goal of this paper is to study the relation between positivity of characteristic forms and
positivity of vector bundles.

To fix the notation, let X be a smooth complex manifold of dimension n. Let (E, h”) be a
Hermitian vector bundle of rank r over X, and let RF := (V¥)?2 be the curvature of the Chern
connection VZ of (E, h®). We consider the Chern forms ¢;(E, h¥),i =0,...,r, defined by

det <IdE + %) = ici(E, hE)t. (1.1)

1=0

By Chern-Weil theory, for i = 0, ..., r, the Chern form c;(E, h¥) is a d-closed real (i, 4)-form on
X, lying in the cohomology class of the i-th Chern class of F, denoted here by ¢;(E).

Fix £ € N and denote by A(k,r) the set of all partitions of k£ by decreasing non-negative
integers < r,i.e. a € A(k,r)is asequence r > a; > as > ... > a; > 0 such that

a +...+ap=k. (1.2)

Each a € A(k,r) gives rise to a Schur polynomial P, € Z|cy, . . ., c,] of weighted degree 2k (with
deg ¢; = 21), defined through the following determinant

Pa(c) = det(Ca,—its)f j—1 (1.3)
where by convention ¢y = 1 and ¢; = 0if ¢ > r or i < 0. Schur polynomials P,, for a € A(k, 1),
form a basis of the vector space of polynomials of weighted degree 2k.

Now, for every Hermitian vector bundle (E, h¥) of rank 7 over X, k € N, k < n, and a €
A(k, ), we consider a differential form on X, obtained by substitution of ¢;(E, h¥) for ¢; in (1.3).
The resulting (k, k)-differential form, P,(c(E, h*)), which we later call a Schur form, is closed.
We denote the associated cohomological class by P,(c(FE)). Interesting examples are

ck(E), for a=k00...,
P,(c(E)) = Segre class sp(F), for a=11...10...0, (1.4)
c1(E)eg—1(F) — c(E), for a=k—110...0.

Griffiths in [26] gave a conjectural analytic description of the cone of numerically positive
homogeneous polynomials of weighted degree 2k, P € R|cy, . .., ¢,.] (with deg ¢; = 2i), i.e. such
that for any Griffiths positive vector bundle (E, h¥) over a complex manifold X (see Section 2 for
a definition) and any analytical subset V' C X of complex dimension k, P satisfies

/‘/P(cl(E),...,cr(E)) S0, (1.5)

In [5], Bloch-Gieseker proved that Chern classes of ample vector bundles (see Section 2 for a
definition) satisfy (1.5). By using this result and Kempf-Laksov [32] formula, Fulton-Lazarsfeld
in [22] proved that (1.5) holds for any ample vector bundle £ and any Schur polynomial P. This
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extends the previous works of Kleiman [33] for surfaces, Gieseker [25] for monomials of Chern
classes, Usui-Tango [52] for ample and globally generated . Fulton-Lazarsfeld also proved in
[22] that if (1.5) holds for any ample F, then P should be a non-zero linear combination with non-
negative coefficients of Schur polynomials. Demailly-Peternell-Schneider in [15] extended (1.5)
to nef vector bundles on compact Kihler manifolds.

Griffiths in [26, p. 247] proposed to refine the positivity in (1.5) in differential-geometric sense.
For this, recall that a (i, ¢)-differential form « on X is called weakly-non-negative (resp. weakly-
positive), see Reese-Knapp [43], if at any point x € X, the restriction of « to any ¢-dimensional
complex plane in 7, X gives a non-negative (resp. positive) volume form with respect to the
canonical orientation class of the complex structure. Using the description of the Griffiths cone
due to Fulton-Lazarsfeld [22, Appendix A], we can reformulate the question from [26, p. 247].

Question of Griffiths. Let P € R|cy,...,c,] be a non-zero non-negative linear combination of
Schur polynomials of weighted degree k. Are the forms P(ci(E, h),. .., c.(E, h)) weakly-positive
for any Griffiths positive vector bundle (E, h) over a complex manifold X of dimension n, n > k?

Studying this question is one of the main goals of this article. To formulate our first result,
recall that a (i, ¢)-differential form a on X is called positive (resp. non-negative), cf. [43], if for
any non-zero (n — i,0)-form f3, the form o A (v/—1)"~9”B A B is positive (resp. non-negative).
For+ = 0,1,n — 1, n, both concepts of positivity for differential forms coincide. For other ¢, the
inclusion of positive (, 7)-forms into weakly-positive is strict, see [43, Corollary 1.6]. The products
of positive forms is positive, cf. [43, Corollary 1.3]. The analogous statement for weakly-positive
forms is known to be false, [43, Proposition 1.5] (see, however, Btocki-Plis [6] for a related result).

Theorem 1.1. Let (E, h¥) be a (dual) Nakano positive (resp. non-negative, see Section 2 for
definitions) vector bundle of rank r over a complex manifold X of dimension n. Then for any
k€N, k<n,anda € Nk,r), the (k,k)-form P,(c(E, h¥)) is positive (resp. non-negative).

Remark 1.2. This theorem permits to construct positive characteristic forms for Griffiths positive
vector bundles (FE, hE ), as from Demailly-Skoda [16], the induced metric on F ® det F is Nakano
positive. See Berndtsson [4], Liu-Sun-Yang [36] for related results on ample vector bundles.

To formulate our second result, recall that for a complex vector space V', dim V' = r, the mixed
discriminant Dy, : End(V)®r — C was defined by Alexandroff [1, §1] as the polarization of the

determinant. In coordinates, for matrices A* := (aj,); ,—1. i = 1,...,7, we have
1 o(e r
Dy(A',.. A7) = = > det(al ")}y, (1.6)
rl &
[oASTors

where S, is the permutation group on {1, 2, ..., r}. We use the natural duality End(V') ~ End(V)"
and denote by D, : C — End(V))®" the dual of Dy .

We say that an operator H : End(V) — End(W) is non-negative (resp. positive) if it sends
non-zero positive semidefinite endomorphisms of V' to positive semidefinite (resp. positive defi-
nite) endomorphisms of .

Open problem. Let H : End(V) — End(V) be positive, and dim V' = dim W. Is it true that
Dy o H®4mW o DY € R is positive?

In the special case when H is zero on non-diagonal matrices for some basis of 1/, a non-negative
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version of Open problem holds due to the Alexandroff inequality [1, §1], stating non-negativity of
the mixed discriminant for positive semidefinite matrices. See also Panov [41], Bapat [3] for
refinements of this inequality and Florentin-Milman-Schneider [20] for a characterization of the
mixed discriminant through it.

Theorem 1.3. The answers to Open problem and Question of Griffiths coincide.
Now, although we couldn’t find a complete proof to Open problem, we have a partial result.

Proposition 1.4. The answer to Open problem is positive under any of the additional assumptions

a) Among the operators H' € End(V & W), H” € End(V @ W*), associated by the nat-
ural isomorphisms Hom(End(V'), End(W)) — End(V @ W) and Hom(End(V'), End(W)) —
End(V @& W*) to H, there is at least one positive definite.

b) Among the operators H®" : End(V®") — End(W®"), (HT)®" . End(V®") —
End((W*)®r), for H'(X) = H(X)T, X € End(V), there is at least one positive.

¢) We have dim V' = dim W = 2.
Also, the answer to the non-negative version of Open problem is positive if

d) The operator H sends positive definite operators to positive definite operators surjectively.

Let’s now put Theorems 1.1, 1.3 in the context of previous results. Griffiths in [26] verified his
own question for co( £, h¥) by explicit evaluation. Bott-Chern in [7, Lemma 5.3] gave an algebraic
proof of the fact the top Chern class of a Bott-Chern non-negative vector bundle (see Remark 2.15a)
for a definition) is non-negative, and then P. Li in [35] extended methods of Bott-Chern for all Schur
forms!. In Proposition 2.12, we prove that Bott-Chern non-negativity is equivalent to dual Nakano
non-negativity. Hence Li’s result is exactly Theorem 1.1 for dual Nakano non-negative metrics
(our methods are different, see Appendix A and Remark A.2). Guler in [27] verified the question
of Griffiths for Serge forms. See Diverio [17] and Ross-Toma [44] for other related results.

Now, let’s describe an application of Theorem 1.1. Recall that very recently, Demailly, [14],
proposed an elliptic system of differential equations of Hermitian-Yang-Mills type for the curvature
tensor of a vector bundle with an ample determinant. This system of differential equations is
designed so that the existence of a solution to it implies the existence of a dual Nakano positive
Hermitian metric on the vector bundle. This has led Demailly to conjecture in [14, Basic question
1.7] that the ampleness for a vector bundle over a compact manifold is equivalent to the existence
of a dual Nakano positive metric. Theorem 1.1 implies

Corollary 1.5. If Demailly’s conjecture [14, Basic question 1.7], described above, is true, then
for any ample vector bundle £ of rank r over a compact manifold X, and any £ € N, k£ < n,
a € A(k,r), the cohomological class of P,(c(FE)) contains a positive form.

The last statement was proved (unconditionally on [14, Basic question 1.7]) by Xiao in [55] for
k = n — 1 in a different way. The general case was conjectured in [55, Conjecture 1.4].

Now, in the second part of this paper we study a related inverse problem. In other words, we
investigate what can we say about positivity of a vector bundle from the positivity of the associated
characteristic forms. The first result in this direction goes as follows.

IRemark that P. Li’s notation is inconsistent with the notaions of [43], [13] and the notations we are adopting in
this article. Li’s notion of strong non-negativity corresponds exactly to our notion of non-negativity.
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Proposition 1.6. A Hermitian vector bundle (E, h%) over a projective manifold X is Griffiths non-
negative if and only if for any embedded Riemann surface Y in X and for any quotient line bundle
Q of the restriction of Ely to Y, the (1,1)-form c;(Q, h%) is non-negative on Y for the induced
Hermitian metric h% over Q.

Remark 1.7. An example of Fulton [21, Proposition 5] shows that to deduce ampleness of FE, it is
not enough to check the positivity of the first Chern class ¢1(Q) of Q in H*(Y).

For ample vector bundles over Riemann surfaces, the analogue of Proposition 1.6 was proved
by Hartshorne, [29, Theorem 2.4]. Hence Proposition 1.6 is a differential-geometric generalization
of [29, Theorem 2.4] to higher dimensions (for non-strict notion of positivity).

From Proposition 1.6, it is very natural to ask if one can have a classification of Griffiths
positive vector bundles without taking restrictions over embedded Riemann surfaces. In dimension
1, a non-negative version of this question follows from Proposition 1.6 (and a positive version
follows from the proof of Proposition 1.6). Our final result shows that already in dimension 2,
such a classification does not exist. To explain our result better, recall that Kleiman in [33] proved
that over any complex surface, the cone of numerically positive polynomials P(c(F)) in Chern
classes is generated by ¢ (E), co(E) and ¢3(E) — co(E).

Theorem 1.8. Over P2, there is a non-ample holomorphic vector bundle E of rank 2, without
nontrivial quotients, such that one can endow E with a Hermitian metric h® so that the forms

ci(E,hE), co(E, hP), c1(E, hP)"? — co( E, hP) are positive.

Remark 1.9. As FE is not ample, the metric h” is not Griffiths positive.

Let us explain our motivations for studying the last questions. Recall that Nakai-Moishezon
criteria says that ample line bundles have numerical characterization, i.e. a characterization which
depends only on the intersection form of the cohomology ring, the Hodge structure and the homol-
ogy classes of analytic cycles. Fulton in [21] showed that already in dimension 2, such numerical
criteria does not exist for ample vector bundles. Theorem 1.8 shows that in the same setting one
cannot hope for a pointwise positivity criteria based on characteristic classes.

This article is organized as follows. In Section 2, we recall several concepts of positivity for
vector bundles and interpret them using operator theory. In Section 3, we prove Theorems 1.1, 1.3
and Proposition 1.4. We also prove a local version of the Jacobi-Trudi identity and Kempf-Laksov
determinantal identity. In Section 4, we establish Theorem 1.8 and Proposition 1.6. Finally, in
Appendix A we give an algebraic proof of a non-negative version of Theorem 1.1.

Shortly after submitting this paper, the author was informed by Simone Diverio that in his joint
work [18] with Filippo Fagioli, they obtained positivity of certain positive linear combinations
of Schur forms for Griffiths positive vector bundles. Their proof is based on a generalisation of
Theorem 3.18, which Diverio and Fagioli have obtained independently by similar methods.

Acknowledgements. Author would like to express his deepest gratitude for Jean-Pierre De-
mailly for numerous fruitful discussions. He also thanks the colleagues and staff from Institute
Fourier, University Grenoble Alps for their hospitality. This work is supported by the European
Research Council grant ALKAGE number 670846 managed by Jean-Pierre Demailly.

Notation. For a Hermitian vector bundle (F, h'"), we denote by R' := (V*')? the curvature of
the associated Chern connection V',
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2 Positivity concepts for vector bundles

For line bundles, the notions of ampleness and positivity coincide on compact manifolds by Ko-
daira embedding theorem. For vector bundles of higher rank, there are several useful notions of
positivity: Griffiths positivity, Nakano positivity, dual Nakano positivity and others.

We say, following Hartshorne, [28, §2], that a vector bundle E over a complex manifold X
is ample if for every coherent sheaf .7, there is an integer ng > 0, such that for every n > ny,
the sheaf .# ® S™E is generated as an O'x-module by its global sections. According to [28,
Proposition 3.2], ampleness of E is equivalent to the ampleness of the line bundle Op(z-)(1) over
the projectivization P(E*) of the dual vector bundle E*.

As we described in Introduction, the precise relation between ampleness and the above notions
of positivity is still only conjectural in higher rank, except for the case when X is a compact
Riemann surface, where all the positivity notions coincide and equivalent to ampleness by the
result of Umemura [51, Theorem 2.6], cf. also Campana-Flenner [8].

The main goal of this section is to review those notions of positivity for Hermitian vector
bundles and to reformulate them using operator theory.

This sections is organized as follows. In Section 2.1 we recall the classical notions of positivity
for vector bundles. In Section 2.2 we recall basic facts from operator theory and then provide
a reformulation of the above notions of positivity for vector bundles. Finally, in Section 2.3,
motivated by the theory of positive operators, we introduce a new notion of positivity for vector
bundles and study some of its properties.

2.1 Basic notions of positivity for vector bundles and their properties

We fix a Hermitian vector bundle (E, h¥) on a manifold X and use the following notation r :=
rk(E), n := dim X. Fix also some holomorphic coordinates (z1, . . ., z,) on X and an orthonormal
frame e, . . ., e, of E. We decompose the curvature of the Chern connection on (E, h¥) as follows

V—1RE —
T = Z Z cjkA,LL —1d2’j A dzk &® 6; X €u- (21)

1<j,k<n 1<\ u<r

Note that the coefficients c;iy, satisfy the following symmetry relation

Cikap = Chkju- (22)

We say that (E, h¥) is Griffiths positive if the associated quadratic form

<RE(U 0)&, E)ne Z Z C]k)\,ug)\g V; Uk (2.3)

1<4,k<n 1<\, u<r

takes positive values on non-zero tensors v @ { = » | v;§ ,\% ®ey € THX @ E,. By studying the
J

relation between Griffiths positivity of (E, h¥) and the positivity of the tautological line bundle on
the projectivization of E*, Griffiths in [26] proved that Griffiths positivity implies ampleness.



On positivity of polynomials in Chern forms. 7

Let’s now construct the linear operator PZ : TI0X ® E, — T}X @ E, as follows

= > Y cy,wm 9w (2.4)

1<5,k<n 1<\, u<r

where 7 = Y 7= a - ® e). We endow 70X with the Hermitian metric h7* making the basis

8‘2 1=1,...,n, orthonormal. From now on, we use this Hermitian metric implicitly. An easy
verification shows that condition (2.2) ensures that Pf is self-adjoint. Nakano positivity, see [40],

demands positive definiteness of PZ. For vy, v, € THX and &, &, € E,, we get

1
(PP (01 ®&1), 02 ® &) prxgpe = %<RE(01,U_2)€1,€2>;1E- (2.5)
Dual Nakano positivity stipulates that the linear operator PX* : TYX @ B — THX @ E?,
associated to PZ* by the natural isomorphism End(T}°X ® E,) — End(T}°X @ E?) induced
by transposition End(E, ) — End(E?), is positive definite (it is self-adjoint by the same reason as
PF). In local coordinates the operator takes form

PmE*(T/) = Z Z CikuAT. J)\a (26)

1<5,k<n 1<\, u<r

where 7/ = > 7! Tix az ®es in TH° X ® E* (notice the transposition of 1 and ) in ¢y, in comparison
J
with (2.4)). In the notations of (2.5), we then have

(PF*(v1 ® £)),v2 ® &) prxgnes = (PP (01 ® &), 02 @ &) prxgne (2.7)

Griffiths positivity is weaker than (dual) Nakano positivity, cf. Proposition 2.1. To interpolate
between those notions, let’s recall two more positivity notions.

For 1 < k < min(n,r), a vector bundle (E, h%) is called k-Nakano positive (resp. k-dual
Nakano positive) if (PF(7), T)rxgne (resp. (PE(7'),7'),rxgpe+) is positive for all tensors 7
(resp. 7') of rank < k, cf. [13, Definition VIL.6.5]. When k& = 1, k-(dual) Nakano positivity coin-
cides with Griffiths positivity and when & = min(n, r), it coincides with (dual) Nakano positivity.

We note that for all of the above notions of positivity, we will freely use the corresponding
negative, non-negative and non-positive versions, defined in a natural way.

Proposition 2.1. A vector bundle (E, h*) is Griffiths positive if and only if (E*, h") is Griffiths
negative. Also (E, h*) is k-dual Nakano positive if and only if (E*, h¥") is k-Nakano negative.
Finally, (E, h%) is k-Nakano positive if and only if (£*, h®") is k-dual Nakano negative. The same
holds for non-strict versions of positivity.

Proof. For Griffiths positivity, it follows directly from RY = —(RF")T, cf. [13, Proposition
VIL.6.6], where T' means a transposition End(~) — End(E™*), which in notation of (2.3) gives

(RP(01,02)&1, &a)pe = — (R (v1,02)E5, &) e (2.8)

For other positivity notions the proof is also based on the identity (2.8) and is left to the reader. [
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Proposition 2.2. For any k£ € N*, a quotient of a k-dual Nakano (resp. Griffiths) positive vector
bundle is k-dual Nakano (resp. Griffiths) positive. The same goes for non-negative version.

Remark 2.3. For Nakano positive vector bundles, the quotients are not necessarily Nakano positive,
cf. [13, Example 6.8, end of §VIL.6].

Proof. For Griffiths positive vector bundles, it is proved in [13, Proposition VII.6.10]. For dual
Nakano positive vector bundles, from Proposition 2.1, we see that establishing Proposition 2.2 is
equivalent to proving that a subbundle of a Nakano negative vector bundle is Nakano negative. The
last statement is proved in [13, Proposition VII.6.10] using the curvature formula for subbundles.
For the related k-notions of positivity the proof is the same. O

2.2 Positivity for vector bundles through theory of positive operators

The main goal of this section is to reformulate all the above notions of positivity for vector bundles
in terms of positive operators.

Let us first recall the relevant notions from operator theory. For this, we fix two complex vector
spaces V, W of dimensions n and r with Hermitian products "', h"'. We also fix an operator

H : End(V) — End(W). (2.9)

Recall that we defined non-negativity and positivity of H in Introduction. Let’s recall some
stronger positivity assumptions. We will call it k-non-negative (resp. k-positive), k € N*, if
H® . End(V®*) — End(W®*) is non-negative (resp. positive). We call it completely non-
negative (resp. completely positive) if H is k-non-negative (resp. k-positive) for any k € N*.

Remark that our notation is not compatible with the classical one, cf. [48], where non-negative
operators are called positive. We, however, stick to our notation because here non-negativity al-
ways means a closed condition in a natural topology, and positivity is an open condition.

We also note that an operator is self-adjoint if and only if it can be written as a difference of two
positive definite operators. Hence, any non-negative operator [ preserves the class of self-adjoint
operators. As H is also C-linear, it also preserves the class of anti-self-adjoint operators. In short,
for any A € End(V') and any non-negative H, we have established

H(A") = H(A)". (2.10)
We now fix an orthonormal basis ey, . . . , e, of V and construct an operator P € End(V @ W),
associated to H, as follows
P = Z (e;®ef) ®H(e; ®el), (2.11)
ij=1

where we implicitly identified End(V') ® End(1V') with End(V ® W) by the natural isomorphism
(f®g)(vew) = f(v)®@g(w), where f € End(V), g € End(W)andv € V, w € W. The operator

P depends on the choice of the orthonormal basis, however its positivity properties clearly don’t.
For any wy, ws € W, it satisfies the following defining relation

(H(e; @ €;)wy, wg) = (P(ej @ wy), e; @ wy). (2.12)

Let’s recall below some important results from the theory of positive operators.
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Theorem 2.4. The operator H is k-non-negative (resp. positive) if and only if (P(),T) BV ohW IS
non-negative (resp. positive) for all tensors T € V @ W of rank k.

Remark 2.5. In particular, H is completely positive if and only if it is min(n, r)-positive.

Proof. In the non-negative case, this was established first for k£ = 400, i.e. for completely positive
maps, by Choi [9, Theorem 2]. Then for k£ = 1, it was established by Jamiolkowski [31, Theorem
1]. Finally, for general £k € N*, this is due to Takasaki-Tomiyama [49], cf. also Skowronek-
Stgrmer-Zyczkowski [46, Proposition 2.2]. The proof in the positive case is the same. U

Theorem 2.6 (Choi [9, Theorem 1]). The operator H is completely non-negative if and only if for
some N € N, there are operators G, : V. — W, p=1,..., N, such that for any X € End(V),

N
H(X)=) G -X-G, (2.13)
p=1

Moreover, one can choose N = dimV - dim W.

Theorem 2.7 (Schneider [45, Theorem 2]). Assume dimV = dim E. Then for an operator H
from (2.9), the following statements are equivalent.

a) The operator H sends positive definite operators to themselves surjectively.

b) There are invertible operators A - W — V, B : W — V*, satisfying H(X) = A*X A or
H(X) = B*XTB, where T means the transposition End(V') — End(V*).

Remark 2.8. In particular, by Theorem 2.6, any H verifying the assumptions of Theorem 2.7
is either completely non-negative or co-completely non-negative (we say that an operator is co-
completely non-negative if its transposition is completely non-negative).

Reduction of Proposition 1.4b) and d) to Proposition 1.4a). By Remark 2.8, we see that the con-
dition d) implies that H is completely non-negative or co-completely non-negative. For brevity,
assume that it is completely non-negative as the other case is analogous. Now, for any wy, ws € W,
the operator H” satisfies the following defining relation

(H(e; ® e} )wy, we) = (H"(e; @ wy), e; @ wy). (2.14)

From (2.12) and (2.14), we see that the matrices of the operators H” and PT coincide in the
orthonormal basis induced by e, ..., e, and a fixed orthonormal basis on I¥/. But as H is com-
pletely non-negative, by Theorem 2.4, the operator P is positive semidefinite. Hence H" is positive
semidefinite as well. Also, if Proposition 1.4a) holds, then it implies that ) also holds for non-strict
notions of positivity. This reduces d) to a).

Let’s now treat the condition b). Remark 2.5 says that H®4mV or (HT)®dmV are positive
if and only if H or HT are completely positive. But the argument above shows that in this case,
either H' or H” is positive definite. Hence b) follows from a). O

Now we will use those results to give a reformulation of positivity conditions for Hermitian
vector bundles from Section 2.1. To do so, we conserve the notation from Section 2.1 and in-
troduce two more operators which will be used later. We denote by HF : End(T}°X) —
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End(E,) the linear operator associated to PZ by the natural isomorphism End(7T°X ® E,) =~
Hom (End(T+°X), End(FE,)). Using the notation from (2.7), we have

(HE (01 @ v3)&1, &)z = (PF(v1 ® &), 02 @ &) prxgpe. (2.15)

We also denote by HE* : End(T}°X) — End(E?) the operator given by the composition of H”
and a transposition End(E, ) — End(E?). Using the above notation, we then have

(H" (01 @ v3)€7, &) nee = (P (01 @ &]), v2 @ &) prxns - (2.16)

An easy verification shows that condition (2.2) ensures that both H” and H”* send self-adjoint
operators to self-adjoint operators. As both HY and HE* are also C-linear, they also send anti-
self-adjoint operators to anti-self-adjoint. In short, for any A € End(7}°X), we have

HE(A*) = HE (A), HP*(A*) = HP*(A)". (2.17)

The relation between the theory of positive operators and positive vector bundles is given by the
following proposition.

Proposition 2.9. For any Hermitian vector spaces V, W of dimensions n and r, any operator H
as in (2.9), satisfying (2.10), we can construct a Hermitian metric h¥" on a trivial vector bundle
F := C" over an open subset X, 0 € X, of C", such that for H{" as in (2.15), we have H}" = H.

Proof. We fix orthonormal bases vy, ...,v,; wy,...,w, of V and W respectively. For j, k =
1,...,n,and \, u = 1,...,r, we denote
djgr = (P(v; @ vj)wy, w,). (2.18)

One verifies easily that the condition (2.10) implies

djk)\,u == dkju)\' (219)
We fix the basis fi,..., f., given by the standard basis of C" on the trivial vector bundle
F = C™ x C" over C". For linear coordinates (21, . .., z.) on C", we define
WY (fa f) 7= 0nu+ Y dienuziZ (2.20)
kl=1

where §,, is the Kronecker delta symbol. The condition (2.19) implies that h¥'(fy, f,) =
h%(f,, fr), which ensures that 2" induces a Hermitian metric on F' (at least in a small neighbor-
hood X of 0 € C", where h!" is positive definite). Moreover, by using the formula for the curvature
of the Chern connection, cf. [13, Theorem V.12.4], we see that HOF coincides with H. O

Proposition 2.10. A Hermitian vector bundle (E, h”) is Griffiths non-negative (resp. positive) if
and only if at any point 2 € X, the operator H is non-negative (resp. positive).

Remark 2.11. Clearly, in the above formulation one can replace HX by HE* as an operator is
positive (semi)definite if and only if its adjoint is positive (semi)definite.
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Proof. By (2.3), (2.5) and (2.15), forany v € T} X, ¢ € E,, in the notations of (2.3), we have

<Hf(v ® V"), E)ne = Z Z Cjkxu&guvﬁk- (2.21)

1<j,k<n 1<Au<r

From this and (2.3), we see that Griffiths non-negativity (resp. positivity) of (F, h¥) is equivalent
to the fact that HZ sends non-zero operators of the form v ® v* to positive semidefinite operators
(resp. positive definite operators). However, as any Hermitian positive semidefinite matrix has an
orthonormal basis of eigenvectors with non-negative eigenvalues (and hence can be represented as
a non-negative linear combination of v ® v* for some vectors v), we see that the last condition is
equivalent to ask that H” is non-negative (resp. positive). O

Proposition 2.12. For any k¥ € N*, a vector bundle (FE, h¥) is k-dual Nakano (resp. k-Nakano)
non-negative if and only if for any 2 € X, the operator HZ (resp. HE*) is k-positive.

Remark 2.13. Recall that Chruscinski-Kossakowski in [11, §5] gave explicit examples of maps
Hy :End(V) — End(V),k=1,...,dimV — 1, such that Hy, is k-positive but not k£ + 1-positive.
By Propositions 2.9 and 2.12, this family of examples (resp. their transpositions) give explicit
Hermitian metrics which are k-Nakano (resp. k-dual Nakano) positive and not k£ + 1-Nakano
(resp. k + 1-dual Nakano) positive.

Proof. For brevity, we only prove it for dual Nakano positive condition. Let’s verify that the
operators PZ* and H” are related in the same way as the transposition PT of a matrix associated
to P (in a fixed unitary basis) and the matrix associated to H from (2.11). Once this will be done,
the result would follow from the definition of k-(dual) Nakano positivity, Theorem 2.4 and the fact
that the positivity of a transposed matrix is equivalent to the positivity of the initial matrix.

Let’s evaluate first the components of the matrix (PZ*)” in an orthonormal basis 9z; ® €3,
where 0z; := a%' By (2.4), we clearly have

((PEY (0 @ 3)"), (02 @ €3)")

(hWTXQhE™ )%

= <Pf*(azj ® e;:), 0z @ e§\> = Cju- (2.22)

hTX®hE*
Now, we evaluate the coefficients of /1 in bases induced by Jz; and e,. By (2.15), we have
(HE(0z; ® 02;)ex, eu)nr = Cikap (2.23)

By (2.22) and (2.23), we see that

((PEY (0 2 63)"), (9 @ 1) ") = (HP(0z © 0)ex,eu)pe. (2.24)

(hTX®hE*)*

After comparing the last identity with (2.12), we see that the operators (P*)" and H are related
in the same way as P and H from (2.11). O
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Theorem 2.14. The following statements are equivalent:
1) A vector bundle (E, h*) is dual Nakano non-negative.

2) For any x € X, there is a number N € N (one can take N = n - r) and sesquilinear forms
L, THX®E, - C,p=1,...,N, such that for any v € T°X, £ € E,, we have

N
S (RE(0, 7)€, E) e = Z 1,(0,€)2 (2.25)

3) For any x € X, there are unitary frames of (E, h%) and (T*° X, h'™) around = such that one
of the following conditions hold.
a) There are matrices V,,, p = 1,..., N, with r rows and n columns such that for any X &
End(T}°X), in the fixed unitary frames at point x, we have

N
HE(X)=> V7 XV, (2.26)
p=1

b) There is a matrix A with r rows and N columns, whose entries are (1,0)-forms, and such
that identity RF = A A A" holds at point x in the fixed unitary frames.

Remark 2.15. a) It seems that the positivity condition 3b) has first appeared in the paper of Bott-
Chern [7]. P. Li [35] calls it Bott-Chern non-negativity.

b) It is interesting to know if one can formulate dual Nakano positivity in terms of certain
conditions on the matrices V, from (2.26), sesquilinear forms /,, from (2.25) or matrix A from
3b). According to a result of Gaubert-Qu [24, §4], checking if the operator HE, given by the
representation (2.26), is positive (which, by Propositions 2.10 and 2.12, corresponds to checking
that a dual Nakano non-negative vector bundle (E, h¥) is Griffiths positive) is NP-hard problem.

Proof. Let us start by showing that condition 3b) implies condition 1). Assume that there is A as
described. We denote by ay,, A = 1,...,7;p = 1,..., N, the (1, 0)-differential forms, forming

the entries of A. Then RE = A A A ina given local frame writes as

N
RE =Y a3, Ay -ex®@ e, (2.27)

p=1
Then in the notation of (2.6), we have

N r n 9

(PFA(r"), ) = % > ‘ DS toslany) Tl (2.28)

p=1 X=1 j=1

where ¢4, (+) is the inner product with aizj’ Clearly, (2.28) implies condition 1).
To see that condition 1) implies condition 3a), remark that by Proposition 2.12, the operator
HE is min(n, r)-non-negative. By Remark 2.5, HZ is completely non-negative. The needed

matrices V), are constructed using Theorem 2.6.
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We now show that condition 3a) implies condition 2). From (2.5) and (2.15), we deduce

%m%, DE, e = (HE(w ® v*)E, e (2.29)

From (2.26), we deduce that

=z

(Hy (v @v*)E, ) pm V- €] (2.30)

Finally, the conjugates of v* - V, - £ give the required sesquilinear forms ,,.
Let’s now establish that condition 2) implies condition 3b). Up to a conjugation, we may
assume that /,, is linear in 71°X and conjugate-linear in F,. We write the forms /,, in coordinates

=> ) vy, (2.31)
A=1 j=1

where we borrowed the notation from (2.3). Let’s now consider a matrix A = (ay,), A =1,...,7;
p=1,..., N, with (1,0)-form entries a,,, defined as follows

ay =y B dz. (2.32)

j=1

We denote by P~ the self-adjoint operator associated to A A A" in the same way as PP* was
associated to %Rf in (2.6). Then by (2.28) and (2.32), we see that

N r n N
(P (0®E), 0@ & ) prxgner = ‘ Y pr ngjf => [, 9% (2.33)
p=1

p=1 =1 j=1
Now, from (2.5) and (2.7), we deduce that
(PP (v ®E"),v® &) prxgpe = %(Rf(vﬁ)& & e (2.34)
From (2.25), (2.33) and (2.34), we deduce that for any v € T*°X and £* € E*, we have
(B (0@ &), v @& yrxgner = (P (v ®E),0 @& ) prxgpe (2.35)
By the result of Watkins [53, Theorem 1], (2.35) implies that for any 7/ € Txl’OX ® £, we have
(P (), P hexane = (P (7)), T ) e (2.36)

From (2.36), we conclude that P¥* = PE* which, in turn, implies that R¥ = A A A’ O
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Theorem 2.16. The following statements are equivalent:

1) A vector bundle (E, h*) is Nakano non-negative.

2) Forany x € X, there is a number N € N (which can be taken to be equal to n-r) and C-linear
forms U : T)°X ® E, — C,p=1,..., N, such that forany v € T}°X, £ € E,, we have

N
o (RE (D)8 e = S 10, O 2.37)

p=1

3) For any x € X, there are unitary frames of (E, h¥) and (T} X, h™*) around x such that one
of the following conditions holds.
a) There are matrices W,, p = 1,..., N, with r rows and n columns such that for any X €
End(T}°X), in the fixed unitary frames at point x, we have

N
=> Wy - X" W, (2.38)
p=1

b) There is a matrix B with r rows and N columns, whose entries are (0, 1)-forms, and such
that the identity R = —B A B’ holds at point x in the fixed unitary frames.

Proof. It follows directly from Theorem 2.14, Proposition 2.1 and R¥* = —(RF)T, O

2.3 A new notion of positivity for vector bundles

Unfortunately, at moment of writing this paper, beyond low dimensions, very little is known about
the general structure of positive operators in the sense of Section 2.2.2 In particular, differently
from completely non-negative maps, see Theorem 2.6, there is no “structure theorem”. To have a
“structure theorem”, we propose a new notion of positivity for Hermitian vector bundles.

Definition 2.17. A Hermitian vector bundle (E, h¥) is called decomposably non-negative if for
any v € X, there is anumber N € N and linear (resp. sesquilinear) forms [}, : TWX @ E, — C
(resp. I, : TH°X @ E, — C),p=1,..., N, such that for any v € T}'X, £ € E,, we have

<RE(U 0)&, §)ne

||M2

N
W, P+ 10,9 (2.39)
=1

We say that it is decomposably positive if, moreover, (RE (v, 7)€, &) s # 0 for v, £ # 0.

Let us study some properties of this positivity condition and show that it behaves very similar
to Griffiths non-negativity (or positivity). It is trivial that decomposable non-negativity (resp. pos-
itivity) is a priori stronger than Griffiths non-negativity (resp. positivity). By Theorems 2.14, 2.16,
we see that it is also weaker than (dual) Nakano non-negativity (resp. positivity).

%In dimension 2, see Stgrmer [47] for the descriptions of the general structure of positive maps.
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Proposition 2.18. A Hermitian vector bundle (E, h*) is decomposably non-negative if and only
if in the notation of Theorem 2.14, there are matrices V,,, W,, p = 1,..., N, with 7 rows and n
columns, such that for any X € End(Tzl’OX ), in fixed unitary frames at point z, we have

N N
HE(X)=> V5 XV, + > Wy X", (2.40)
p=1 p=1

Remark 2.19. Stgrmer [48, Definition 1.2.8] calls maps like Hf from (2.40) decomposable.
Proof. The proof is a trivial combination of the proofs of Theorems 2.14, 2.16. U

From Theorems 2.14, 2.16 and Proposition 2.18, we see that decomposable non-negativity
essentially means that at every point one can represent the curvature as a sum of two tensors: one
with Nakano-type non-negativity and another one with dual Nakano-type non-negativity.

Proposition 2.20. Assume n - r < 6. Then (E, h%) is decomposably positive (resp. non-negative)
if and only if it is Griffiths positive (resp. non-negative). For all other n,r # 1, decomposable
positivity is strictly stronger than Griffiths positivity.

Proof. Clearly, it is enough to prove the statement for the non-negative versions of positivity.
According to Propositions 2.9, 2.18 and Remark 2.19, the statement of Proposition 2.20 is equiv-
alent to the fact that all non-negative operators H, see (2.9), are decomposable if and only if
dimV - dim W < 6 or min(dim V, dim W) = 1.

For r = 1 or n = 1, the above result follows from Theorem 2.6, Proposition 2.18 and Remark
2.5. For r,n = 2, this result is contained in Stgrmer [47, Theorem 8.2], cf. also [48, Theorem
6.3.1]. Forr = 2,n = 3 orr = 3,n = 2, this statement is due to Woronowicz [54, Theorem 1.2].

Now, as any non-negative map can be trivially extended to a map from higher dimensional
spaces, it is now enough to show that for r = 2,n = 4, or v = 3,n = 3, there is a positive
non-decomposable map. For » = 3, n = 3, an example was found by Choi [10]. For r = 2,n =4,
an example was constructed by Woronowicz [54, Theorem 1.3]. O

Next proposition shows that similarly to Griffiths positivity (and unlike (dual) Nakano positiv-
ity), see Proposition 2.1, decomposable positivity is a self-dual notion.

Proposition 2.21. A Hermitian vector bundle (E, h%¥) is decomposably non-negative (resp. posi-
tive) if and only if (E*, h¥*) is decomposably non-positive (resp. negative).

Proof. Tt follows directly from the fact that (RZ (v, 0)€, &) ,s = —(RE" (v,0)€*, %) e O

Next proposition shows that for short exact sequences, decomposable positivity behaves better
than (dual) Nakano positivity, cf. Remark 2.3, and very much like Griffiths positivity. To explain
it better, we fix a short exact sequence of vector bundles

0=>S—=FE—>0Q—0 (2.41)

We now fix a Hermitian metric h* on E and denote by h°, h? the induced Hermitian metrics on
S and @ respectively.
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Proposition 2.22. If (£, h%) is decomposably non-negative, then (Q, h?) is decomposably non-
negative as well. If (E,h¥) is decomposably non-positive, then (S, h°) is decomposably non-
positive as well. The same goes for strict notions of positivity.

Proof. For brevity, we only explain the proof of the statement for (@, h?). As it is explained
in [13, Theorem V.14.5], there is a matrix C' with rk(Q) rows and rk(S) columns, whose entries
are (1, 0)-forms, and such that at point z in the fixed unitary frame, we have

RO=REo+C AT . (2.42)

Now, from the proof of Theorem 2.14, we know that the term C A UT would contribute to
(R2(v,0)¢,€)pe as a sum of squared norms of sesquilinear forms [, : T'X ® Q, — C,
p = 1,...,1k(S). We conclude by this and the fact that (RE(v,v)¢,€),s decomposes as in
(2.39). U

As this new positivity notion behaves very much like Griffiths positivity, a natural question
arises about its relation with ampleness. In particular, it is interesting to see if one can construct a
system of differential equations for the curvature of (E, h¥), similar to the one from Demailly [14],
the solution to which will imply the existence of decomposably positive Hermitian metric (but not
dual Nakano positive metric as in [14]).

3 Positivity of characteristic forms for positive vector bundles

The main goal of this section is to study the positivity of Schur forms for positive vector bundles.
More precisely, in Section 3.1, modulo certain technical statements, established later in Sections
3.2, 3.3, we establish Theorems 1.1, 1.3 and Proposition 1.4. Then, in Section 3.4, by the methods
developed in Section 3.2, we establish a local refinement of Jacobi-Trudi identity.

3.1 Positivity of Schur forms, proofs of Theorems 1.1, 1.3

In this section we give a proof of Theorems 1.1, 1.3 modulo some technical statements, which will
be treated in further sections. We will also establish Proposition 1.4.

Let’s first describe our strategy of the proof. Similarly to [22], the proof decomposes into
two separate statements. The first one is a refinement of the determinantal formula of Kempf-
Laksov [32] on the level of differential forms. It expresses the Schur forms as a certain pushforward
of the top Chern form of a Hermitian vector bundle obtained as a quotient of the tensor power of
(E, h). This statement shows that it would be enough to study the positivity of the top Chern form
in the context of Theorems 1.1, 1.3. The second statement relates the positivity of the top Chern
form of a Griffiths positive vector bundle to the Open problem and proves the positivity of the top
Chern form of a (dual) Nakano positive vector bundle.

Let’s describe the first step. For this, we recall the original statement of the determinantal
formula from [32]. We fix r, k and a partition a € A(k,r). Let E be a smooth complex vector
bundle of rank  over a smooth real manifold X. Let V' be a complex vector space of dimension
k + r and let Vx be the trivial vector bundle X x V.
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Fix a flag of subspaces {0} C V; C ... C V}, C V withdim V; = r 4+ — a;. Consider the cone
Q,(F) C Hom(Vy, E), whose fiber over z € X consists of u € Hom(Vy, E,), satisfying

dim(ker u N'V;) > i. (3.1)

We denote by Py, = P(Hom(Vy, E) @ O) the compactification of Hom(Vy, E) by the
hyperplane at infinity and by 7 : Py,,,, — X the obvious projection. We denote by
Q. (E) =P(Q,(FE) ® O), T Qu(E) = X (3.2)

the closure of Q,(F) in Py, and the restriction of 7 to Q,(E). Note that Q,(F) is locally a
trivial cone bundle with analytic fibers over X of codimension & in Hom(Vy, E). We denote by
ZHom(Vy,E) C PHom the image of the zero section of Hom(Vy, E).

There are well-defined cohomology classes

{Zitomv.my} € H " (P, R),  {Qu(E)} € H*(Phom, R), (3.3)

which can be seen as the cohomology classes of the induced closed currents [ Zgom(vy, )]s [ (E)].

Theorem 3.1 (Kempf-Laksov [32]). The following identity between cohomology classes holds

Pa(C(E)) = T {ZHom(vaE)} : {Qa(E)} . (3.4)

Now, in the holomorphic setting, we would like to prove a refinement of Theorem 3.1 on the
level of differential forms. We assume from now on that X is a complex manifold and F is a
holomorphic vector bundle. We denote by Op,, (—1) the tautological line bundle on Py, and
define the hyperplane bundle @) := (7*Hom(Vx, E) & O)/Op,... (—1) on Pyop,.

Since §2,(FE) is locally a trivial cone bundle with analytic fibers over X of codimension &
in Hom(Vy, F), for any smooth (I, )-differential form «, [ € N*, on Py, one can define the
pushforward 7¢[a] as a (max{l — k, 0}, max{l — k, 0})-differential form over X.

Theorem 3.2. We endow E with a Hermitian metric h. Denote by h® the Hermitian metric on Q
induced by the trivial metric on O and h”. The following identity of (k, k)-differential forms holds

Pa(e(B,h7)) = w2 (e (@, h9)]. (3.5)
Remark 3.3. Theorem 3.2 is a local version of Theorem 3.1, because (3.5) is a pointwise identity

and it makes sense even over contractible manifolds X, when (3.4) becomes a triviality.

In Section 3.2, we prove Theorem 3.2 and the fact that it is compatible with Theorem 3.1.

Now, Theorem 3.2 suggests that it is enough to study weak positivity of the top Chern form.
To do so, let us now fix a Hermitian vector bundle (F, h*") of rank r on a Hermitian manifold
(X, hTX ) of dimension n, where n > r, and provide an alternative expression for the top Chern
form stemming from the abstract linear algebra. More precisely, in Section 3.3, we prove

Theorem 3.4. For any x € X and any r-dimensional C-subspace L C T, X, we have
e (F,hT)| =71l (Dp, o (HE)®" 0 D}10) - dvry, (3.6)

where L'° C T, X ®g C is the holomorphic part of L Qg C (see (3.34) for a definition), Dy, and
D%, are mixed discriminant and its dual, defined in the Introduction, H: : End(L'°) — End(F,)
is the restriction of HY' : End(T}°X) — End(F,) from (2.15), defined using h*™, and dv;, is the
Riemannian volume form on L associated to h™™X.
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Corollary 3.5. Let (F, h'") be Griffiths non-negative (resp. positive) at z € X. If the answer to
Open question is positive, then ¢, (F, h'") is weakly-non-negative (resp. weakly-positive) at z.

Proof. We use the notations from Theorem 3.4. According to Proposition 2.10, the operator H?’
is non-negative (resp. positive) if (F, h’) is Griffiths non-negative (resp. positive) at the point
x. Clearly, the same holds for the operator H:EL, as it is a restriction of H f . Remark also that as
any non-negative operator admits a deformation to a positive operator, the non-negative version
of Open problem follows from Open problem. This with the validity of Open problem and non-
negativity (resp. positivity) of HZ imply that the quantity on the right-hand side of (3.6) is non-
negative (resp. positive). We conclude by Theorem 3.4 and the definition of weakly-non-negative
(resp. weakly-positive) forms. U

In Section 3.2, we prove the following result.

Proposition 3.6. Assume that (F, k') is Griffiths (resp. dual Nakano) positive. We consider
m : P(F @& O) — X and denote Q' := 7;(F @ O)/Oprao)(—1). Then (@', h?) is Griffiths
(resp. dual Nakano) positive in the neighborhood of the subset P(0 @ 1) C P(F @& O).

Proof of Theorem 1.3. Assume first that the answer to Open question is positive. We will use the
assumptions and the notations of Theorems 1.3, 3.2. By Proposition 2.2, 3.6, the Hermitian vector
bundle (Q, h?) is Griffiths non-negative and Griffiths positive in the neighborhood of P(0 & 1) C
Q.(E). By this and Corollary 3.5, we see that c,x(q)(Q, h%) is weakly-non-negative everywhere
and weakly-positive in the neighborhood of P(0 @ 1). Recall that a pushforward of a weakly-non-
negative form is weakly-non-negative. Moreover, if the form is weakly-positive at least at one
point of each fiber, then the pushforward is weakly-positive. By this, Theorem 3.2 and the above
positivity properties of ¢,i(g)(Q, h?), we conclude.

Let us now assume that the answer to Open question is negative. We fix a positive operator
H : End(V) — End(W), for which we have

Dy o H®" o D% < 0. (3.7)

By Proposition 2.9, we construct a Hermitian metric 2" on a trivial vector bundle F' := C"
over an open subset X of C”, 0 € X, such that in the notations of (2.15), we have H{ = H. As
H is a positive operator, by Proposition 2.10, (F, h'") is Griffiths positive in a small neighborhood
of 0 € X. By Theorem 3.4 and (3.7), we, however, see that ¢, F)(F . h") is not weakly-positive at
0 € X. Hence, (F, h'") provides a counterexample to Question of Griffiths. U

Now, to give a proof of Theorem 1.1, we need to introduce some further notation. We fix vector
spaces V' and W of dimension n and r respectively. For any [ € N*, we introduce a natural map

Ol V@ W — Sym (Vo W),

1 o 3.8
(’U1®®UI)®(UJ1®®wl)’_)ﬁ2(_1)“®1(Uz®w0(z))v ( )

1=

where 5; is the permutation group of [ indices and [o] is the sign of the permutation . An easy
verification shows that <I>§/7W is antisymmetric with respect to the permutation of the arguments in
V@l and W®!, By abuse of notation, we denote its antisymmetrization

Oy AV @ AW — Sym'(V @ W), (3.9)
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by the same symbol. We introduce the “partial inverse” to this map as follows

(@)™ Sym' (V@ W) — AV @ AW,

l (3.10)
O (v @w;) = (V1 A AY) @ (wi AL Awy).

i=1

Clearly, we have (®{,y;,)~! o ®{,;, = Id, which implies, in particular, that &}, is injective. We
now specify our maps for [ = r, use the fact that A"WW is a vector space of rank 1, and introduce
the induced operators
Uyw : AV = Sym" (Ve W) e "W,
Uy s Sym" (VY @ W) @ AW* — ATV
Now, we come back to our setting of a complex manifold X. We fix a point z € X with a
Hermitian metric on 71" X'. This metric induces for any / € N* a natural isomorphism

(3.11)

AT X @ AT OV X 5 End(A'THOX). (3.12)

The reason why the isomorphism (3.12) plays a fundamental role in what follows is because
of the following theorem. We fix a (I,()-differential form « on X, and for a fixed x € X, we
associate the operator 3 € End(A!'T0X) by

Bw) = (V=) (wa), veATWX, (3.13)
where ¢, is the contraction with v.

Theorem 3.7 ( Reese-Knapp [43, Theorem 1.2] ). The form o on X is positive (resp. non-negative)
if and only if the operator (3 is positive definite (resp. semidefinite).

Now, we come back to our Hermitian vector bundle (£, h*") on a Hermitian manifold (X, h7X).
We denote by ¢.(F,h'), € End(A"T}X) the endomorphism associated by the isomorphism
(3.12) to the restriction ¢, (F, k"), of the form c,(F, h') at z. Recall also that the endomorphism
P THX @ Fr — T X @ F* was defined in (2.6).

We will prove in Section 3.3 the following theorem.

Theorem 3.8. The following identity holds

& (F R, = (V=1)" - w ]

Fx\®
moxrs © ()™ o ppox (3.14)

Corollary 3.9. Assume that (F, hf") is dual Nakano positive (resp. non-negative). Then the form
c.(F, ht) is positive (resp. non-negative) for any z € X.

Proof. By Theorem 3.7, we need to prove that the operator (v/—1)~""¢,(F, hF), is positive definite
(resp. semidefinite) for any x € X if (F, h!") is dual Nakano positive (resp. non-negative). But
it follows from Theorem 3.8 and an easy fact that a tensor power of a positive definite (resp.
semidefinite) operator P* is positive definite (resp. semidefinite). O
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Proof of Theorem 1.1 for dual Nakano positive/non-negative vector bundles. The proof for dual
Nakano positive (resp. non-negative) vector bundles is similar to the first part of the proof of
Theorem 1.3. We use the assumptions and the notations of Theorems 1.1, 3.2. By Propositions
2.2 and 3.6, the Hermitian vector bundle (Q, h?) is dual Nakano non-negative and dual Nakano
positive in the neighborhood of the subset P(0 & 1) C Q,(E). Recall that a pushforward of a
non-negative form is a non-negative form, and moreover, if the form is positive at least at one point
of each fiber, then the pushforward is positive. By this and Corollary 3.9, we see that the form
e [crk(Q) (Q, hQ)} is positive (resp. non-negative). We conclude by Theorem 3.2. 0]

Now, to prove Theorem 1.1 for Nakano positive vector bundles, more work has to be done.
This is essentially due to the fact that for Nakano positive vector bundles, the quotients are not
necessarily Nakano positive, cf. Remark 2.3. Our idea is to rely on the fact that () from Theorem
3.2 is constructed by a very specific procedure, and its curvature can be expressed explicitly in
terms of the curvature of (FE,h¥), see Section 3.2. And although (Q, h?) will not be Nakano
positive in general, its curvature will decompose into two parts: the first part will have “Nakano
positivity” along the horizontal directions, and the second part will have “dual Nakano positivity”
along the vertical directions. We will see that ultimately this will be enough for our purposes, as
we are interested in Theorem 3.2 only in the pushforward of the top Chern form of (Q, h%).

More generally, we consider an analytic subspace Y C P(F), 7 : P(F') — X, such that 7|y is
a submersion over the regular locus of Y. We fix a regular point y € Y. Consider now the vertical
tangent spaces TVIP(F) (resp. TVY) of P(F) (resp. regular locus of Y) with respect to 7 (resp.
7|y). Euler sequence gives us a short exact sequence of vector bundles

0— 0 — F®Opr)(l) = T'P(F) = 0. (3.15)

The Hermitian metric A’ defines a splitting of (3.15). This splitting with a canonical inclusion of
TVY in TVP(F) induces a natural inclusion of 7VY ® Op(r)(—1) to F. We now introduce the
vector bundle 7' := TVY ® Oppy(—1) ® Oppy(—1) over Y, and consider the induced inclusion
in F'. We define the quotient space H := F'/T and the natural projection

p: FF— H. (3.16)
The Hermitian metric h" defines the natural injection
1:H—F. (3.17)

For any # € X, we construct PX' : TIX @ F, — T}X ® F, as in (2.4). For any regular
y €Y, we construct Bt : T2 X @ H, — T, X ® H, as follows

Pyl (IdT1<o x®p)oPh, o (IdT;(?o!)X ®1i). (3.18)
Proposition 3.10. If (£, h'") is Nakano non-negative, then PH is positive semidefinite. Moreover,
if I = G® 0O, ht = h¥ @ hfor a certain Nakano posmve Hermitian vector bundle (G, h)
and the trivial Hermitian vector bundle (O, h), then Py’ is positive definite in a neighborhood of

YNPO®1) CYNPGaO).
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Proof. By definition, the operator ng) is positive semidefinite for Nakano non-negative (I, h").
This with (3.18) implies the first part of Proposition 3.10.

To prove the second part, remark that over P(0 & 1), there is no contribution from the curvature
of the trivial vector bundle in PO{“;, as it is factored out in [ through Opr) (—1). By this, we see
that P’ is positive definite in a neighborhood of Y N P(0 & 1). O

The metric " induces the Fubiny-Study form on P(F’), given by the curvature of Op(s)(1).
This (1, 1)-form is positive definite along the fibers of 7, and defines the orthogonal decomposition

TP(F)=T"P(F)® THP(F), (3.19)

with a natural isomorphism THP(F) — 7*TX.

Now, we denote Q' = 7*F/Opry(—1). We endow it with the induced Hermitian metric h<".
Let dvy be a positive volume form on the fibers Y (by this we mean a restriction of a smooth
(dimY — dim X,dimY — dim X )-form on P(F'), which is positive along the regular part of
the fibers). We denote by d(Q)', h?') := igy, (caqon(Q', h?)) the (I, 1)-differential form, | :=
rk(F) — 1 — dimY + dim X, given by the contraction of ¢y (Q', h?") with respect to dvy-.
Using decomposition (3.19), we take a horizontal part d”(Q', h?") of d(Q’, h?") and interpret it
as a section over Y of the bundle 7*(A'T*10 X @ AIT*OD X). We denote by d?(Q', h%'), €
End(/\lTieg)X) the endomorphism obtained from d’(Q’, h?") using isomorphism (3.12) aty € Y.

Theorem 3.11. For any y €Y, the following identity holds

I N (di : [dvy|(y) 2
d?(Q', e )y = (dimY — dim X)! - )@= (VD)
' \I];EEZ)X,H o (2 OIZ)@ °© \DT;EZ)X,Hv (3.20)

where ||dvy || is the norm of dvy with respect to the Fubiny-Study metric induced by h*'.

Corollary 3.12. Assume that (F, h") is Nakano non-negative. Then (7|y).[cuqgn (@', h?)] is
non-negative. If, moreover, F = G @& O, h¥ = h“ @ h is as in Proposition 3.10, and Y intersects
P(0 @ 1) non-trivially over each fiber, then the form (7|y ). [c(gn (@', h?')] is positive.

Proof. Let us first establish the first part. Using the above notations, we have
(7l ):[enon (@ h¥)] = (wly).[d™ (@', hY) - dvy]. (3.21)

The operator PO% from (3.11) is positive semidefinite by Proposition 3.10. Hence its tensor power
is also positive semidefinite. By this and Theorem 3.11, the operator (v/—1)* - d"(Q', h%),
is positive semidefinite. By Theorem 3.7, this means exactly that the form d” (@', h¢') is non-
negative. From this, (3.21) and the fact that a pushforward of a non-negative form is non-negative,
we conclude that (7y).[cig) (@', h¥')] is non-negative.

Now, to establish positivity of (7|y).[ci(@)(Q', h?)] for F = G @ O as above, it suffices to
repeat the same procedure with only one additional remark that Po{fy is positive definite along the
subset P(0 & 1) C P(F') by Proposition 3.10, and a pushforward of a non-negative form, which is
positive at least at one point of each fiber, is positive. O
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Proof of Theorem 1.1 for Nakano positive/non-negative vector bundles. First of all, from Corol-
lary 3.12, we see that the form 7%[c, o) (Q, h?)] is positive (resp. non-negative) for Nakano posi-
tive (resp. non-negative) (E, h”). From that point the proof of Theorem 1.1 for Nakano positivity
is the same as for dual Nakano positivity. U

Proof of Proposition 1.4. First of all, recall that after Remark 2.8, we reduced b) and d) to a). Let
us now establish that a) holds.

According to Propositions 2.9, 2.12, to prove a), it is enough to prove that for any (dual)
Nakano positive vector bundle (F, h") over a manifold of dimension n = rk(F), the top Chern
form cy () (F, h¥ ) is a weakly-positive volume form on X. This follows from Theorem 1.1.

It is left to establish ¢). Recall that Griffiths in [26] proved that for a Griffiths positive vector
bundle (E, h¥) of rank 2, the top Chern form is weakly-positive. But in the proof of Theorem 1.3,
we established that the top Chern form is weakly positive for any Griffiths positive vector bundles
of rank r if and only if the answer to Open problem is positive for vector spaces of dimension 7.
Hence we see that Open problem holds for vector bundles of rank 2, which implies d). U

3.2 Refinement of the determinantal formula of Kempf-Laksov

The main goal of this section is to establish Theorem 3.2. As a byproduct of our considerations,
we will also establish Proposition 3.6. We start by verifying that Theorem 3.2 is compatible with
Theorem 3.1. We conserve the notation from Theorems 3.1, 3.2.

Since the canonical section of () (i.e. image of 0 ® 1 in ) admits Zyom (v, ) as its transversal
zero locus, we have ¢,(Q)(Q) = { Zuom(vy,E) }- As Qo (F) is locally a product over X, we have

| (Ziomve.r} - (0B} | = 7t e (@), (3.22)

which proves the compatibility of Theorem 3.2 with Theorem 3.1 by Chern-Weil theory.

The proof of Theorem 3.2 consists of two steps. The first step, encapsulated in Lemma 3.13,
says that the right-hand side of (3.5) is polynomial in terms of the components of the curvature of
(E, h?) with respect to some fixed basis of E. In the second step, using a topological argument
from Lemma 3.14, we show that this polynomial coincides with the left-hand side of (3.5).

Let’s fix some further notation. We fix a point z € X and a local holomorphic frame ey, . . . , e,
for F, orthonormal at x. For 1 < 4,7 < r, we denote

1
Cij 1= %((\/—_U%E)ei, ej)ne. (3.23)

Lemma 3.13. For any r € N*, there is a polynomial P(d;;) in the entries of a self-adjoint matrix
D = (dj;); ;. such that for any X, (E, h”), 7%, (Q, h?) as in Theorem 3.2, we have

ey (@, h9)] = P(cyj). (3.24)

Now, for p, N € N, p < N, we denote by Gr¢(p, V) the complex Grassmannian, and by E’
the tautological vector bundle of rank p over Gre(p, N).
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Lemma 3.14 ( [38, Theorem 14.5, Problem 6B]). Let £ € N satisfy &k < N — p. Then the
cohomology group H?*(Gre(p, N), C) is freely generated as a vector space by the monomials of
c1(E'), ..., cp,(E") of degree 2k.

Proof of Theorem 3.2. We conserve the notation from Theorem 3.2. Let P(d,;) be as in Lemma
3.13. Clearly, the right-hand side of (3.24) is invariant under the action of the group U(r) on
the matrix (¢;;), 1 < i,j < r, by conjugation, as this only amounts to choosing another frame
ey, ..., e, and the left-hand side of (3.24) is independent of this choice.

This implies that the polynomial P(d,;) is invariant under the action of the group U(r) on
D := (d;;). In particular, for a diagonal matrix D, the polynomial P(d;;) can be expressed as
a linear combination of symmetric polynomials in diagonal entries of D. But any self-adjoint
matrix can be diagonalized by the action of the group U(r), so P(d;;) is actually a polynomial of
Tr[D], Tr[A’D], ..., Tr[A"D], where A'D is the i-th wedge power of D. In other words, for any
b € A(k,r), there is a coefficient a;, € R, which is universal in the same sense as P, so that

Pdy) =Y a T[D]" Tx[AD]"® .. ... T[A"D]"", (3.25)
beA(k,r)
where b(i), i = 1, ..., r is the number of times ¢ appears in the partition b.

Recall that for any b € A(k,r), we have defined a Schur form P, (c(E, h¥)) after (1.3). Clearly,
proving Theorem 3.2 is now equivalent by (1.1) to proving that for any b € A(k,r), we have
ap = cp, Where the coefficients ¢, € R are defined by expanding (1.3) to

Py(c(E.h")) = Y ey er(B, R AL A (B RN (3.26)
beA(k,r)

Let’s now establish that a, = ¢;. By Theorem 3.1 and the discussion after it, Lemma 3.13,
Chern-Weil theory and (3.22), (3.25), (3.26), we have in H*(X):

S aa(B)Y (B = Y g a(B)D e (B, (3.27)
beA(k,r) beA(k,r)

It is only left to apply (3.27) for X := Gre(r, N), N > k — r, and E the tautological r-bundle to
see that Lemma 3.14 implies a;, = cp. O

Now, to establish Lemma 3.13, we need a formula for the curvature of the hyperplane bundle
on the projectivization of a vector bundle due to Mourougane [39]. Let’s recall it below.

Let (F, h"") be a Hermitian vector bundle over X of rank 7. Let Op(s)(—1) be the tautological
bundle over P(F), 7 : P(F) — X, and let Q' := 7" F/Opp)(—1) be the quotient bundle. We
endow Q' with the metric 29" induced by A"

We fix a point x € X, some local coordinates z := (z1,...,2,) on X, centered at x, and a
local normal frame fi, ..., f. of F' at x, defined in a neighborhood U of x. By a normal frame
we mean one satisfying (fi, f;)nr = 0ij — 2., dauij#aZ, + O(]2[*) for some constants dy,;;. For
1 <14,5 <r, we denote

1
gij = —{(V=1RF fi, f;)pr. (3.28)
2T



On positivity of polynomials in Chern forms. 24

The data above defines a trivialization of U x P(C") — P(F) near 7~ '(z) as follows. For
a:= (ay,...,a,), where a; € C,1 < i < r, and not all a; are equal to zero, the trivialization is
given by the following map

= [Zﬁ:aiei(x)] e P(F). (3.29)

Now we take a; = 1 and denote b; :== a;, 2 < i < r, b := (b;). Then (z,b) gives a chart
for P(F') by (3.29). Mourougane in [39, (2.1)] proved that in this chart, at the point (x,1) :=
(x,[1,0,...,0]) € P(F), the following holds

V=1 o V-1 J o
VR = 3 (gt by A ) ab,) ®(a_bj>’ (3.30)
2<,k<r

where a% = a% ® (f1+>_ bif;) (we implicitly used an isomorphism Q' = Tp(py,x @ Op(p)(—1).

Proof of Lemma 3.13. First of all, we would like to extend the formula (3.30) to the whole fiber
7~1(z). As we will not make use of an explicit formula, we will content ourselves with some
general remarks in this direction. Clearly, if the frame f1, ..., f, is a normal basis of F at z, then
by Gram-Schmidt process, there are some universal functions p;;(b,b),2 <i <r,1 < j <7, s0
that the the following local frame is also normal

W (4D 0:fi).> poi(0,D)f, ... > pri(b,B)f (331)

i>2 ji>1 7>1

By universal we mean that those functions depend only on 7 and on nothing more. Now, if we use
the above fact and apply the formula (3.30), we obtain that for any r € N, there are some functions
Hj(b,B), 1<4,j<r, and Rw(b,B), 2 < v, u < r, such that for any (F, h*), (@', th) as above,
in the chart (z, b), the following formula holds

VEIRZ, = 30 (X PubB) g+ > Ryu(bB)-v=Tdb, Adb,):
2<a,f<r  1<i,j<r 2<y,u<r
. /
'(aaba) ®(a%). (3.32)

From (3.32), applied to F' := Hom(Vy, E) & O with the metric A’ induced by h” and the
trivial metric on O, we see that for any r, k € N*, a € A(k,r), there are some constants a; s, I, J €
{1,2,...,r}**, such that the polynomial P(d;;) := > azy-di,j, - - - .- d;,;, in the entries of a self-
adjoint matrlx D := (d;;) satisfies (3.24). Moreover, ars, I, J € {1,2,...,r}**, can be expressed
through integrals over the analytic space €2,(C") (where (C’” is viewed as a vector bundle over a
point, see (3.1) for the definition of §),) of universal polynomials in functions P;(b,b), R, (b,b)

from (3.32). This implies that a;; are universal constants, which concludes the proof. 0]
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Proof of Proposition 3.6. From (3.30), we see that the curvature of (Q’, h?") decomposes into two
terms over (0 & 1): one which corresponds to the curvature of (F, k'), and, hence, which is

Griffiths (resp. dual Nakano) positive, and another one, which can be put in a form A A ZT, where

T a/
A=S"ab. <_) 3.33
Z V> (3.33)
Jj=2
which in the basis a%, Jj=2,...,r,isa (r — 1) x 1 matrix with (1, 0)-entries, and by Theorem
2.14, provides a dual Nakano non-negative contribution to the curvature of (Q’, h?"). U

3.3 Linear algebra of the curvature tensor, proofs of Theorems 3.4, 3.8, 3.11

Then main goal of this section is to encapsulate some linear algebra features of the curvature tensor
of a Hermitian vector bundle and to prove Theorems 3.4, 3.8, 3.11.

We will start by fixing the notation. We fix a complex vector space V' of dimension n and
decompose its complexification in “holomorphic” (1, 0)-part and “antiholomorphic™ (0, 1)-parts
corresponding to v/—1 and —/—1 eigenvalues of the complex structure of V:

VerC=V"a Vol (3.34)

For k € N*, we will customary use the notation V%9 and V**:0) (resp. V% and V*(®*)) for AF)/1.0
and AF(V10)* (resp. ARV and AF(VO1)),

We now fix a scalar product ¢" : Sym?(V) — R on V, invariant under the action of the

complex structure on V, and denote by (-, -) : Sym?(V ® C) — C the C-bilinear form on V @ C

induced by ¢". Clearly, the form (-,-) vanishes when both arguments are either in VV*° or in

V01 Consequently, it introduces a pairing between V1 and V%!, This pairing induces a natural
isomorphism, defined as follows

VLO N V*(071)’ VLO 9 e — <€7 .> E V*(O’l)_ (3.35)

Now, let W be any complex vector bundle of (complex) dimension 7, » < n. We fix an arbitrary
tensor A € V*10 @ V(0D @ End(W). We denote by

PA € End(VY0 @ W), (3.36)

the element associated to A using the isomorphisms (3.35) and End(V'?) — V10 @ V*1.0) We
associate the operator

H* € Hom(End(V'°), End(W)) (3.37)
to P by the natural isomorphism End(V'? @ W) — Hom(End(V1?), End(1/)). We denote by
detyy (V—14) € V"0 g 1+0n) (3.38)

the determinant of /—1A, viewed as a 7 x r matrix with values in V*10 @ V*0:D) ¢ A2(V @ C).
The scalar product ¢* induces the Hermitian product 4" on V10 as follows hY (vy,vy) =
(v1, 7). We associate a natural “volume form”

dvy € V0 g y0n) dvy = (V=1 (i A .. A

n

YR @A .. ATE), (3.39)

n

where vy, . .., v, is an orthonormal basis of (V19 V).
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Lemma 3.15. Assume r = n. Then the following identity holds
ety (v=TA) = 71 (D o (HA)* 0 Do ) - dvy. (3.40)

Proof of Theorem 3.4. It follows directly from (1.1) and Lemma 3.15 by applying it for V' := L,
W::anndA::g%—:h. O

Proof of Lemma 3.15. First, we fix an orthonormal basis vy,...,v, of (V3% AY) and a basis
wy, . .., w, of W to decompose A as follows

A= " Nt AL @ w} @ w. (3.41)
1<j,k<n 1<\ pu<r

Let’s now establish the following identity

dety (vV_1A) :( 3 (—1)[01“%’“[“1Hap(i)u(i)w(iﬂ vy, (3.42)
=1

0',p,,LL€Sr

where by [0] we mean the sign of a permutation o.
For this, we denote by a), € V10 @ VO X ;= 1,...,r the contraction of A with
wy & w;. In other words, we have

D e v AT (3.43)
1<j,k<n
Then we have
apix - Qir
dety (V=TA) = (vV=T)"det | : . 1 |=(=1)"> (-1 /\aw(z (3.44)
aTl e aTT o€S,

We now expand each summand in the right-hand side of (3.44) as follows

s s

Naiow =) Ha,, o) \ vy A )

i=1 P ES, =1 i=1
T

= > ()T apiyuayion - \vi AT (3.45)

P,ES i=1 =1

From (3.39), (3.44) and (3.45), we deduce (3.42).

Let us now study the right-hand side of (3.40). For this, let’s provide some alternative formulas
for the mixed discriminant. In the notations of (1.6), by renaming the permutations and using the
fact that the sign of a permutation is multiplicative, we have the following identity

1
DW(Al,...,A"):ﬁ > (-1 [”HT]H () D)- (3.46)

O',’TEST
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From (3.46), we deduce

(HA)®7' V1 0o — +[T 1 (HA ('Uo'(’i) ® ,U:(Z))) . (3.47)

| 2
‘o TGSr

From (3.47) and the fact that Dy, is a symmetric operator, we obtain

DW (@) (HA)@T o) DT/’LO — Z (_1>[P]DW (HA<U1 ® U;(l))7 ceey HA(UT ® U;(r))) . (348)

pESK

Note also that directly from the definition of H*, we see that H*(v; ® v}) is given by the contrac-
tion of A with v; ® U. Hence, we get

H(v; @ v}) = Z Ajap - Wy @ Wy, (3.49)

1<, u<r

Now, by (3.46) and (3.49), we have

1
DW(HA(vl RV)s- - HA(’L}T@UP(T,))) ==Y (- WﬂH oy (3.50)

r!
o, TESy

From (3.42), (3.48) and (3.50), we conclude by renaming the permutations and using the fact that
the sign of a permutation is multiplicative. U

Now, recall that in (3.11), we defined maps Wy1.0y : V0 — Sym (VIO W) @ A"W* and
Uitoy @ Sym (VM0 @ W) @ A'W* — V0. We denote by dety (v/—1A) € End(V"°) the
element associated to dety (v/—1A) as in (3.12).

Lemma 3.16. The following identities hold

detW(\/ A) (\/ ) \IIV} 0 W (PA)®T e} \Ilvl oW
= (V=1 u, W o (PM)®" o Wy ppe. (3.51)

Proof of Theorem 3.8. It follows directly from (1.1) and the second identity of (3.51), applied for
Vi=T,X,W:=F,and A := . O

Proof of Lemma 3.16. Clearly, both identities are completely analogous, so we only concentrate on
proving the former one. We will verify that both operators agree on v; A ... Av,, where vy, ..., v,
is a basis of V¥ asin (3.41). This clearly suffice as vy, . .., vy, is an arbitrary orthonormal basis of
V10, Let’s first give an expression for dety, (v/—1A).

First of all, as in the definition of ay, from (3.43), we have

n

(V) = Y g Uk, (3.52)

k=1
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wher by @,, € End(V'?) we mean the element associated to a,, by the isomorphism (3.12)

applied for & = 1. By (3.44), we deduce
1o(1) (Uﬂ(l)) A Aa?"cr(r) (UH ) (3 53)

Betw (VLAY (i Awy) = YD
’ o,nESr

Now, by (3.52), we get
151) (V) A oo A o) (Vugr)) Z <ﬁ Apui)a(i)io(i) >va(1) A\ Vo), (3.54)
i=1
where the summation for « is done over the set of all maps from {1,...,7} to {1,...,n}. From
(3.53) and (3.54), we deduce
detw (V=TA) (1 A ... Av,)
2 r
_ (\/f) HXG:S (= 1)+l Za: (E%(i)a(i)w(i))vam A Aoy (3.55)

Now, by (3.8), we deduce that for the basis wy, . . ., w, of W, we have
1 r
(PYE o Wy (i A .. Avy) = F( > (- O P (0@ wU(,-))> ® (wiA.
" oeSy -

. Aw?). (3.56)

By the definition of PA, we also have
PA U] ® w)\ Z Z WjkrpVk @ Wy, (3.57)
1<k<n 1<u<lr

r}—{1,...,r}, we have

From (3.10), we deduce that for any map 3 : {1,

‘I/V}o W< 4(_91 (UZ' X 'LUg(Z)) & (wf VANPRAN wi))
0, if 8 is not a permutation, (3.58)

- {(—1)[5}1)1 A...Awv, if Bisapermutation.

Hence, we conclude that

/\w))

9 )Va) A - A, (359)

=D (=D (H Gia(i)o (3
[ =1

,LLGT

where the summation for « is done as in (3.53). By combining (3.56) and (3.59), we get
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\I/_l

viow © (PA)®T oWyiow (’Ul VARRAN UT)

1 , i
= F Z (—1)[ 1+lu Z (H am(i)o(i)u(i))va(l) ARERVAR (3.60)
’ i=1

o,UESy a

From (3.53) and (3.60), we conclude by renaming the permutations and using multiplicativity of
the sign of permutations. U

Proof of Theorem 3.11. We represent the pointy € Y C P(F) as (z, [f1]), f1 € F, W' (f1, fi) =
1. We denote by fo,..., f, € Tva ® Op(ry(—1)y C F, some orthonormal basis, where p — 1 =
dimY — dim X. Clearly, f; is orthogonal to f,..., f, with respect to the Fubiny-Study form
induced by h. We extend fi,. .., f, to a normal frame fi,..., f,, defined in a neighborhood of
x, and denote by b, . . ., b, the associated vertical coordinates from (3.29). Then the vector space
H is generated at y by fo41,..., fr

We conserve the notation for the (1, 1)-forms ¢;;,4,j = 1,...,r, from (3.23) for £/ := F. We
denote by dvy a volume form on Y, defined at point y, as

dvy = +/=1dby Adby A ... A /—1db, A db,. (3.61)

Clearly, dvy is the Riemannian volume form associated to the Fubiny-Study metric on the fibers.
Then by (1.1) and (3.30), using the notations from Theorem 3.11, we have

Cp+1p+1 " Cptilr
Ay[B] " , .
(27T)p_1 * det : .. : 3 (3.62)

Crp+1 o Crr

dM(Q, ) =

where Ay [-] is the contraction with dvy, and B is the differential form, given by the determinant

of the matrix (v/—1db; A db;)?._,. An easy calculation shows

Ay[B] = (p— 1)L (3.63)
We consider a tensor C' € TJ(I’O)X ®T;(0’1)X ®End(H ), defined as follows (compare to (2.1))

C= > > il AdZ® f;® f. (3.64)

1<j,k<n p+1<Au<r

Immediately from the definition of the determinant and the definition of ¢;;, we get

Cp+1p+1  * " Cptir

dety (v —1C) = det : : , (3.65)
Crp+1 e Crr

We associate to C' an element P as in (3.36). Directly from (3.64), we see that in the notations of

Theorem 3.11, we have
PY =P (3.66)
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By Lemma 3.16, (3.65) and (3.66), we get

Cprip+1 *°° Cpiilr
. . . r— 2 — r—
det : . : = (v/—1)P)". \IITEEZ)XvH o (Poji/)@( P) o \I]Tﬂlgz)xﬂ' (3.67)
Crp+1 e Crr
The result now follows from (3.62), (3.63) and (3.67). [

3.4 A local version of Jacobi-Trudi identity

The main goal of this section is to establish another pushforward identity for Schur forms, similar
to Theorem 3.2, but based on Jacobi-Trudi identity.

Let’s first recall the original Jacobi-Trudi identity (the terminology is due to Fulton-Pragacz
[23, p. 42]). Let E/ be a smooth complex vector bundle of rank r over a smooth real manifold X.
Consider the flag manifold Fly (F) associated to E. A point y € Flx(F) parametrizes a pair of
x € X and a complete flag (Vo(y), ..., V,.(y)) in E,, where

E,=Voly) D Vi(y) > --- D Vily) ={0},  codim(Vi(y)) = . (3.68)

We denote by 7 : Flx(F) — X the natural projection. On Fly(FE), the flag (3.68) induces the
filtration of the natural vector bundles

TE=V,> VD>V, ={0}. (3.69)

We introduce the line bundles @), :=V,,_; / Vi, 1 < < r. Now for a given £ € N and a partition
a € A(k,r), we denote by a” = (by,...,b,), b; € N, a non increasing partition of k, obtained
through the transposition of the Young diagram associated to a.

Theorem 3.17 (Jacobi-Trudi identity, cf. [23, (4.1)], Manivel [37, Exercise 3.8.3]). The following

formula for Schur classes on X holds

Py(c(E)) = T, [cl(Ql)bl“‘l a0 (3.70)

Now, we would like to prove a refinement of Theorem 3.17 on the level of differential forms
in the holomorphic setting. We assume from now on that X is a complex manifold and £ is a
holomorphic vector bundle.

Theorem 3.18. We fix a Hermitian metric h® on E and denote by h®+, ;1 = 1,. ... r, the induced
metrics on the line bundles (),,. The following identity between (k, k)-differential forms on X holds

P,(c(E, hP)) ==, [cl(Ql, REO)NBIFT=L A A ey (Q, KON (3.71)
Let’s consider one special case of Theorem 3.18, whena = 11...10...0, where 1 is repeated

k times. By (1.4), on the left-hand side of (3.70) for such a we have the Segre class, si(F).
Let’s study the right-hand side. First, we have b; = k, by,...,b. = 0. Now, consider the map



On positivity of polynomials in Chern forms. 31

7t P(E*) — X, and denote by H the hyperplane bundle on P(E*). Recall that the flag manifold
Flx(E) can be constructed inductively through the following isomorphism

Fly(E) ~ Flp(g(H), (3.72)

and H corresponds to V; in this identification. From this and the well-known isomorphism
(m')*E/H ~ Op+ (1), we see that the identity (3.70) reduces to the well-known interpretation
of Segre classes s;(E) = 7}[c1(Op(g+)(1))*T~1]. Theorem 3.18 in this case gives us

su(E, hE) = 7} [cl(op (1), ROk 1>], (3.73)

where 1 is the induced metric on Op(p+(1).

The identity (3.73) was obtained before by Mourougane in [39, Proposition 6] by explicit cal-
culation. It played a crucial role in the proof of positivity of the Segre forms by Guler in [27].
In our proof of Theorem 3.18, we use methods from the proof of Theorem 3.2, along with the
curvature formula for the line bundles (),,, establishes by Demailly [12].

Proof of Theorem 3.18. Let’s fix a point y € Flx(F) and denote by €Y, ..., 0 the orthonormal
basis of E, which is compatible with the filtration of £ associated to the flag of y in the sense that
in the notations of (3.68), we have V;(y) = (e?,4,¢€),...,e)),0 <i<r—1.

Let’s describe a local chart of Fly(F) near y. For this, we fix a normal frame ey, ..., e,
defined in a neighborhood of z € X and satisfying e;(z) = ¢! (see Section 3.2 for a definition of
the normal frame). Then for an arbitrary array of complex numbers (z,\ﬂ), 1< A< pu<r we
define a local chart of 7~*(z) near y as follows. Let &, := e, + Z,\@ Zypex for 1 <y < r and
denote the associated flag V; := (&41,&, .-+, &), 0 < i < r — 1. Then the local chart for Fly (F)
near y is obtained by a product of this local chart on the fiber and a local chart on X near x.

We conserve the notation for the (1, 1)-forms ¢;;, i,5 = 1,...,r from (3.23). In the above

chart, at point y, Demailly [12, (4.9)] established for any © = 1,...,r, the following curvature

formula
v—1
dZ)\M A dE)\u. (3.74)
T

CI(Q;M _CMM+Z dz,M/\dzM —Z

n<A A<p

From this moment, our proof repeats the proof of Theorem 3.2, so we only highlight the main
steps. In the same way as in Lemma 3.13, but based on (3.74), we establish that for any r, k € N*,
a € A(k,r), there is a polynomial P'(d;;) in the entries of a self-adjoint matrix D = (di;); ;>
such that for any X, (E, h¥) as above, the right-hand side of (3.71) is equal to P'(c;;).

In the same way as in the beginning of the proof of Theorem 3.2, we establish that there are
coefficients ¢, € R, b € A(k,r), which are universal in the same sense as P’, such that

= 3 4-[D]" T [A?D])" . m (A D], (3.75)
beA (k)
where b(i), i = 1,...,r is the number of times 7 appears in the partition b. Then it is only left to

prove that t, = ¢, forany b € A(k, ), where ¢, was defined in (3.26). This is done by Lemma 3.14
in the same way as we did in the end of Theorem 3.2. O
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To conclude, we note, however, that apart from the case considered in (3.73), the applications
of Theorem 3.18 to positivity of Schur forms are not evident, as the Demailly’s formula, (3.74),
shows that the line bundles @, # = 2, ..., r, are not positive or negative in general.

4 Inverse problem: positivity of vector bundle from Chern forms

The main goal of this section is to study an inverse problem, or, in other words, what can we say
about the positivity of a Hermitian vector bundle from the positivity of its Chern forms.

This section is organized as follows. In Section 4.1, we establish Proposition 1.6. Section 4.2
is dedicated for a proof of Theorem 1.8.

4.1 Ciriteria for Griffiths non-negativity, a proof of Proposition 1.6

The main goal of this section is to give a proof of Proposition 1.6, from which we use the notation
from now on. In one direction, assume that (E, h%) is Griffiths non-negative. Then it follows
directly from Proposition 2.2 that ¢;(Q, h?) is non-negative. Let us prove the opposite direction.

First, let’s see that it is enough to establish Proposition 1.6 for X of dimension 1. For this, as-
sume that Proposition 1.6 holds in dimension 1. Recall that by Bertini’s theorem, on any projective
manifold, one has a lot of embedded Riemann surfaces. More precisely, for any p € T'X, one can
find a sequence p; = (z;,v;) € TX, i € N, such that p, — p and there is an embedded smooth
curve C; passing through x; in the direction v;. Hence by our assumptions (E, h¥)|c, is Griffiths
non-negative on C;. This means that the (1, 1)-form (RZ v;, v;),# is non-negative. By passing to
the limit as i — oo, wee see that (£, h”) Griffiths non-negative

From now on, we assume that X is of dimension 1. We fix x € X and a unitary vector e € F,.
We will construct a complete flag of subbundles

{0}chcCc...CF.,CF.=F 4.1)

such that for () := F/F,_; with induced metrics h?, we have

a(Q,h9), = %«/—TR&, e)pe. 4.2)

If this can be done for any fixed point x € X and any e € FE,, then the identity (4.2) implies
Proposition 1.6 by the definition of Griffiths non-negativity.

To construct a flag (4.1), we will complete €/ := e to an orthonormal basis €}, ¢, ..., e of
E,. Letey,es,...,e. be anormal holomorphic frame of F, defined in a neighborhood of z, such
that e;(z) = €, forany i = 1,...,r. As X is projective, one can find some meromorphic sections
f1,..., fr of E over X, such that near x they coincide with ey, es, . . ., e, up to the third order in x.

Recall that for any holomorphic vector bundle £ and any meromorphic section f of E over
a Riemann surface X, one can canonically associate a holomoprhic line subbundle, which we
denote here by [f] C FE, such that f becomes a meromorphic section in [f], cf. Atiyah [2, §4].
More precisely, over nonsingular points and non-zeros of f, we construct [f] as the line bundle
induced by the image of f. Over singular points and zeros y € X of f, it is enough to write
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f = Z*e in a neighborhood of y for some k € Z and a local holomorphic section e of £ such that
e(y) # 0, and demand that e € [f],.

Now, take Fy = [f1]. Then we construct F; inductively as 7; %, ([f;]), where 7, : E — E/F;_;
and [f;] is the line bundle associated to the projection of f; in E/F;_;.

The identity (4.2) follows from Lelong-Poincaré formula and the fact that the projection of the
meromorphic section f, in () coincides with the projection of e, up to the third order at .

4.2 Absence of pointwise positivity criteria, a proof of Theorem 1.8

In this section we will construct explicitly a family of Hermitian vector bundles (E,,, h"), n € N,
on P2 satisfying the assumptions of Theorem 1.8. The construction goes as follows. We first recall
the construction of holomorphic vector bundles £, n € N*, due to Fulton [21]. Then we verify
that £, satisfy certain nice properties, as stability. By using those properties and a construction of
Pingali [42], we then show that one can contruct Hermitian metrics hF» as in Theorem 1.8.

We, hence, start with the construction of £,,. Let x,7, z be homogeneous coordinates on P2,
Over P2, we define the following vector bundles

A=0(=3)®0(=3), B=0(-1)®0(-1), A=0mn)®&0Mm). (43

Consider the homomorphisms ¢,, : A — B, ¢, : A — C, defined as follows

2 n+3 n+3
yz T Y z
¢n = (ZL’2 y2)7 ’an = <2n+3 0 ) (44)
One can easily verify that the rank of ¢, ® ¢, : A — B @ C'is equal to 2 everywhere, so we can
define the vector bundle E,, over P? by the following short exact sequence

0= A2 Bao 5 E, —0. (4.5)

To simplify our further notation, we fix n € N*, and sometimes omit the subscript n.
Now, recall that a vector bundle F' over a compact Kéhler manifold (X, w) of dimension n is
called stable, cf. [34, §5.7] if for any coherent subsheaf G C F', 0 < rk(G) < rk(F), we have

w(G) < p(F), (4.6)
where the slope 1.(H) of a coherent sheaf #, 0 < rk(#) is defined as [, ¢1(H)w" ' /rk(H).

Proposition 4.1. The vector bundle F is a) not ample, b) stable, c) has no non trivial subbundles
and d) the classes ¢ (E), co(E), c1(E)? — cy(E) contain positive differential forms.

Proof. First of all, a) was established in by Fulton [21, proof of Proposition 5]. Now, d) easily
follows from the identities ¢;(FE,) = (2n + 4)a and c3(E,) = (n? + 8n + 16)a?, where a =
¢1(O(1)), which can be obtained from (4.5). To establish ») and c), we need to recall, cf. [13,
Theorem VII.10.7], that for any k.l € Z, [ < 0:

H%(P*,0(),  H"'(P?,O(k) = 0. (4.7)
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Now, let’s prove c). As E has rank 2, we only need to prove that £’ has no subbundle of rank
1. Assume that we have a short exact sequence

0—=>S5S—>F—Q—0. (4.8)

Recall that there is a way to associate a cohomological class f € H%!(P? Hom(Q, S)) to the
isomorphism class of a short exact sequence (4.8), cf. [13, Proposition V.14.9], and S vanishes if
and only if (4.8) is split. However, as over P2, any line bundle is isomorphic to O(k) for some
k € Z, by (4.7), we see that H*!(P? Hom(Q, S)) = {0}. But then we have E = O(k) & O(I) for
some k,l € Z. As ¢1(F), co(E) are positive, we deduce that k, [ > 0. But then £ has to be ample,
which contradicts a). We conclude that ¢) holds.

Let’s now establish b). We denote £ :== E ® O(—n — 2). Clearly, ¢;(F) = 0 and E is stable
if and only if F is stable. Recall that according to Hartshorne [30, Lemma 3.1], a rank 2 vector
bundle F over P¥, verifying ¢;(F) = 0, is stable if and only if H*°(P* F) = {0}.

Let’s verify that we have H*°(P?, E) = {0}. Define A := A® O(—n—2), B := B&O(—n—
2), C := C' ® O(—n — 2). Multiply the short exact sequence (4.5) by O(—n — 2) and consider the
associated long exact sequence in cohomology

0— HOP* A) » H(P?, Ba C) — H(P? E) — H*' (P2, A) - ---.  (4.9)
We now see from (4.7) and (4.9) that H*°(P2, ) = {0}, from which we conclude. O

Now let’s proceed to the construction of h”. Recall that Pingali in [42, Theorem 1.1] proved
that for any stable ample vector bundle F' of rank > 2 over a compact complex surface, one can
construct a Hermitian metric b with ¢, (F, h'"), co(F, hY"), ¢ (F, h*')? —cy(F, hT') positive. A close
inspection of his proof shows that he never uses ampleness of F' in his construction, and he only
relies on the fact that in the cohomological classes c1(F), co(F), c1(F)* — c3(F), one can find a
positive differential form (which is always possible for ample vector bundles by the theorem of
Kleiman [33]). Hence, by Proposition 4.1b) and d), we can apply the construction of Pingali in
our setting. To make this article self-contained, let’s explain the last point better and adapt the
construction from [42] to our situation.

We fix a Kihler form w on P2. Since E is stable, it carries the Hermite-Einstein metric h{f , See
Donaldson [19], Uhlenbeck-Yau [50], cf. [34, Theorem 6.10.19]. It means that the curvature R{)E
of the associated Chern connection satisfies

V—IRE Nw = M\, (4.10)

for some (topological) constant A > 0. Then Kobayashi-Liibke inequality, cf. [34, proof of Theo-
rem 4.4.7], gives the following

el (B, h5)"? —dey(E, hE) < 0. (4.11)

We will now show that one can choose a suitable function ¢ : P? — R, for which h¥ := hfe=¢
satisfies the assumptions of Theorem 1.8. Clearly we have

ci(B,hE) = ci(E, hY) + ga&b. (4.12)
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An easy calculation, cf. [42, (2.4)], shows that

V-l )AZ. 4.13)

1 3
Cl(E, hE)/\z_CQ(E, hE) _ Z(Cl(Ea h(l]?)A2—402(E, hg))—FZ(Cl(E, h{f)+?88gb

Recall that ¢;(E)? — c3(E) has a positive representative, which we denote by 7. From this and
(4.11), the right-hand side of the following equation is positive

3 V=1 _= \"2 1

1(01(E, héj)%—?aagb) =1 — Z(Cl(E, hgj)/\z —4C2(E, hgj)) (414)
By this, (4.13), and by the fact that ¢;(F) is positive, Yau’s theorem [56] can be applied to give ¢
which solves (4.14) and satisfies

ci(E,hE) + —Vz;la% > 0. (4.15)

Clearly, the left-hand side of (4.15) is equal to ¢;(E, h¥) for h¥ := hfe™?. Hence, by (4.15),
c1(E, h®) is positive. From the construction of ¢ and (4.13), we also deduce that ¢;(E, h¥)"?
co(E, h®) = n is positive. Finally, from (4.14), one can easily deduce that

1
(B = 5 (4ea(B, 1) = ex(B, Y2 + 1), 4.16)

This clearly establishes the positivity of ¢y (F, h¥) by (4.11) and the positivity of 7.

A An algebraic proof of a non-negative version of Theorem 1.1

In this section we give an alternative proof of the non-negative version of the proof of Theorem 1.1.
The main idea is to use the characterizations for (dual) Nakano non-negative vector bundles from
Theorems 2.14, 2.16 and to construct explicitly the forms needed in the definition of positivity.
We start by recalling some notations. We denote by M, (C) and GL,(C) the vector space
of r X r matrices and the general linear group of degree r. A map f : M,(C) — C is called
GL,(C)-invariant if it is invariant under the conjugate action of GL,.(C) on M,.(C).
We now define the functions ¢; : M,.(C) — C, 7 =1,...,r, by the following identity

det (Id, + tX) Zt’ (A.1)

Then ¢; are trivially G L, (C)-invariant and, moreover, ¢; is a polynomial of degree i. Also, it is
well-known that the graded ring of G L,.(C)-invariant homogeneous polynomials on M,.(C), which
we denote here by I = @5 I;, is multiplicatively generated by ¢y, . . ., ¢,.

Now, if (E, hE ) is a Hermitian vector bundle, then by (1.1), we have

()

2

(B, h") = (A.2)
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Griffiths in [26, p. 242, (5.6)] showed that any f € I; can be written in the form
Z Z pPUT Po(1)Pr(1) Xﬂa(i)ﬂ'r(i)’ (A.3)

0,7€S; pe[l,r]t
where X, A\, x = 1,...,r are the components of the matrix X, S; is the permutation group on ¢
indices and [1,r] :== {1,...,r}.
A function f is called Griffiths non-negative if it can be expressed in the form (A.3) with

Poor = Z )\pt : ontqpfrta (A4)

teT

for some finite set 7', some real numbers \,; > 0 and complex numbers ¢,,;. We denote by II; C I;
the cone of Griffiths non-negative polynomials. The following theorem provides an “algebraic”
description of this cone.

Theorem A.1 (Fulton-Lazarsfeld [22, Propositon A.3]). The following identity holds

S ba- Palcr..ie) s allby > 0}, (A.5)

where P, are Schur polynomials defined in (1.3).

Proof of non-negative version of Theorem 1.1. First of all, according to Theorem 2.14, Bott-Chern
non-negativity is equivalent to dual Nakano non-negativity. Also Li [35, §8] established Theorem
1.1 for Bott-Chern non-negative vector bundles. Hence, we only need to establish Theorem 1.1 for
Nakano non-negative vector bundles. We follow closely the idea from Li [35, §8].

By Theorem 2.16, around any = € X, there are unitary frames e, ..., e, of (£, h¥) and of
(THOX, hTX), and a matrix B with rk(E) rows and N columns, whose entries are (0, 1)-forms,
and such that the identity

RE= _BAB, (A.6)

holds at the point x in the fixed unitary frames. More precisely, we decompose B = (B,),),
A=1,....,mv=1,...,N,as follows

=Y B},dz;. (A7)
j=1

Then our condition (A.6) means that for A\, u = 1,...,r, the (), u)-component Rfu of R (where
R¥ is viewed here as an element of End(E)) satisfies

n

N
C —k o
Ry, =YY BB, du Adz;. (A.8)

j,k=1v=1

We now fix a € A(i,7) and use Theorem A.1 to write

Pu(ce(E, hP)) = < ) >3 (X i) - ( /\ BE o) (A.9)

oz TESZ pe[l rle teT =1
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for some finite set 7', real \,; < 0 and complex g,,;. From (A.8), for any p € [1, rl*and 0,7 € S;,
the following identity holds

p"(l)pf(l) Z Z (H pa(l)Vpr‘r(l)Vl> /\ d'zkz N dzjz (A.10)

=1 J.ke[l,n]ive[l,N]* I=1

7

For p € [1,r]',t € T, v € [1, N]*, we now introduce the (1, 0)-forms v, defined by

Vo =Y Uyt Y (H . /\dz,ﬂ) (A.11)

TES; ke[l,n]t =1

Then for any p, t, v as above, we have the following identity

Z QpotQpre Z ((HB,{; o MM) ( /\dzkl/\ /\dzﬂ)) = Vpty Apry. (A12)

o,7€S; j.kE[1,n)i =1

From (A.9), (A.10) and (A.12), we obtain

Py(c(B, 1)) = (E) S S Nl A, (A3)

2m
pe[l,r]t teT vell,N]?

which exactly means that P,(c(E, h%)) is positive, since (v/—1)*(—1)"2 1 (v—=1)". O

Remark A.2. In conclusion, we say that by this method we are only able to prove non-negativity
of Schur forms for (dual) Nakano non-negative vector bundles. For positivity statement, it is not
clear if one can refine the above method due to Remark 2.15b) and the fact that there is little known
about the specific structure of the forms 1, above.
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