
HAL Id: hal-02942621
https://hal.science/hal-02942621v1

Submitted on 18 Sep 2020

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Adaptive Approximation Control of Robotic Manipulators:
Centralized and Decentralized Control Algorithms

Hayder Al-Shuka, Yibin Li, Rui Song

To cite this version:
Hayder Al-Shuka, Yibin Li, Rui Song. Adaptive Approximation Control of Robotic Manipulators: Central-
ized and Decentralized Control Algorithms. [Research Report] School of Control Science and Engineering,
Shandong University. 2020. ⟨hal-02942621⟩

https://hal.science/hal-02942621v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Shandong University 
School of Control Science and Engineering 

 
 
 
 
 
 
Adaptive Approximation Control of Robotic Manipulators: 
Centralized and Decentralized Control Algorithms 
 

 
A Postdoctoral report 

 
Hayder Al-Shuka 

Jan. 2019 
 
 
 

 
 
 
 
 
 
 
Supervisors: 
 
Prof. Dr. Yibin Li 
Ass. Prof. Dr. Rui Song



I 

 

Abstract 
The regressor-based adaptive control is useful for controlling robotic systems with uncertain parameters but with known 
structure of robot dynamics. Unmodeled dynamics could lead to instability problems unless modification of control law is used. 
In addition, exact calculation of regressor for robots with more than 6 degrees of freedom is hard to be calculated, and the task 
could be more complex for robots. Whereas the adaptive approximation control is a powerful tool for controlling robotic systems 
with unmodeled dynamics. The local (partitioned) approximation-based adaptive control includes representation of the uncertain 
matrices and vectors in the robot model as finite combinations of basis functions. Update laws for the weighting matrices are 
obtained by the Lyapunov-like design. Therefore, this work is focused function approximation-based control algorithms 
considering centralized and decentralized approaches.  
In this work, the following control algorithms are designed:  
(1) Adaptive hybrid regressor-approximation control. This work attempts to combine the features of both the regressor and the 

approximation techniques in adaptive control. The regressor technique is a powerful tool for adaptive control of the known 
structure of modeling while the approximation is useful for estimation of time-varying uncertainty. Therefore, this work 
proposes adaptive hybrid regressor and approximation control for robots in both free and constrained spaces. The control law 
consists of three terms: (i) regressor term for initial estimation of the known structure of the robot dynamics, e.g. inertia 
matrix, Coriolis and centripetal matrix and gravity vector, and (ii) approximation term for estimation of internal and external 
disturbances resulted from the inexact calculation of regressor matrix and unknown modeling of friction, etc, and (iii) robust 
term consists of switching ���(. ) function. The control law is designed based on updating the uncertain parameters and the 
weighting coefficients corresponding to regressor and approximation respectively with position/force tracking purposes. 
The proposed controller is stable in the sense of Lyapunov stability. 

(2) Decentralized adaptive partitioned approximation control. Partitioned approximation control is avoided in most 
decentralized control algorithms;however, it is essential to design feedforward control with improved tracking accuracy. As 
a result, this work is focused on decentralized adaptive partitioned approximation control for complex robotic systems using 
the orthogonal basis functions as strong approximators. In essence, the partitioned approximation technique is intrinsically 
decentralized with some modifications. The proposed decentralized control law consists of three terms: the partitioned 
approximation-based feedforward term that is necessary for precise tracking, the high gain-based feedback term, and the 
adaptive sliding gain-based term for compensation of modeling error. The passivity property is essential to prove the 
stability of local stability of the individual subsystem with guaranteed global stability. 

Simulation experiments on 2-link robot and 6-link biped robot are performed to prove the effectiveness of the proposed 
algorithms. 
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Chapter 1: Introduction 
 
In effect, there are two essential control techniques dealing with uncertain plants: (1) robust control, and (2) adaptive control [1]. 
The robust control deals with bounded uncertainty and is designed to stabilize the target system for any uncertainty within the 
assumed bounds. In contrast, adaptive control attempts to estimate the uncertain parameters, and to design a control law based on 
the estimated parameters [1, 2]. In general, adaptive control can be viewed as being composed of two parts [3]: 
 An identification portion, which identifies parameters of the plant. 
 A control law portion, which implements a control law that is in some way a function of the parameters identified.  
Most researchers adoptthe regressor approachas a basis to design their adaptive control law [2-6]. In regressor technique, the 
equation of motion is linearly parameterized in terms of the regressor matrix (which is a function ofthe state variablesof the robot) 
and the uncertainparameter vector. It should be pointed out that the regressor approach may pose difficulty in practical 
implementation due tothe computational complexityassociated with regressor calculation [7]. In general, it has the following 
characteristics: 
 Derivation of regressor matrix is not unique. 

 It embodies the full dynamics of the target system. It is complex for high DoF (more than six) robotic system. The derivation 

of regressor matrix is boring and it is subjected to calculation errors. 

 In real time implementation, the regressor matrix must be recomputed in every control cycle because it depends on state 

variables of the investigated robot. 

 The property (linear-in-the–parameter) means that each individual robot has its own regression matrix. 

 The uncertain parameters are time invariant. 

In light of above, there are some inherent limitations associated with regressor implementation. Some modifications of 
regressor-based control law can be implemented to deal with uncertain modeling such as �-modification, etc. However, these 
robust adaptive laws do not guarantee zero position errors and some bounded error could be produced [1,2]. Therefore, much 
attention has been focused on evading the regressor computations with miscellaneous techniques [7-14].  
The function approximation technique (FAT) is an essential tool for approximating the uncertain parameters of the dynamic 
system without using regressor matrix. It has been used successfully for low dimensional robotic systems without considering the 
computational complexity of the proposed algorithms for larger dimension systems [15-17]. In general, the adaptive 
approximation control has the following characteristics: 

 It can carefully deal with time-variant parameters and unmodeled dynamics of the investigated dynamic system, e.g. 
hysteresis and friction phenomena [19].  

 Due to approximation technique, the accumulated approximation errors should be treated carefully [16,20], e.g. 
Ahmadi and Nourisola [31] have proposed �� controller for compensation of approximation errors and the produced 
disturbances.  

 No optimal approximator is suggested for now. Beuschel [18] has compared the approximation performance of radial 
basis functions, generalized basis functions, and fuzzy control. The author proposed that the generalized basis function 
may rather give better approximation than the others. Whereas some researchers may prefer Support Vector Machines 
(SVM) as powerful approximators due to their strong approximation performance [20].  

 It could be difficult to apply the local approximation technique for high DoF robots due to the curse of dimensionality 
associated with the approximation of dynamic matrices. The researchers tried to use neural network (NN) 
approximation which has parallel property to solve this problem, or they resort to global approximation-based control. 
In effect, the aim of this work is to treat the problem of the curse of dimensionality associated with local approximation; 
the details will be shown later. 

Therefore, this work is focused on adaptive approximation techniques considering centralized and decentralized control 
algorithms.  
The report is organized as follows. Chapters 2 and 3 propose adaptive hybrid regressor-approximation control algorithms for 
robots in free and constrained spaces respectively. Whereas, chapter 4 introduces the decentralized adaptive partitioned 
approximation control without considering actuator dynamics. Chapter 5presents the decentralized adaptive partitioned 
approximation control considering three actuator control modes. 
 
The following publications have been made during my work in Shandong University: 

[1] Hayder FN Al-Shuka, Rui Song. Decentralized Adaptive Partitioned Approximation Control of Robotic Manipulators. 
Chapter in book: ROMANSY 22–Robot Design, Dynamics and Control, pp. 10-17 
(2019).https://link.springer.com/chapter/10.1007/978-3-319-78963-7_3 

[2] Hayder FN Al-Shuka, R Song. Decentralized adaptive partitioned approximation control of high degrees-of-freedom 
robotic manipulators considering three actuator control modes. International Journal of Dynamics and Control, Springer, pp. 
1-14 (2018).https://link.springer.com/article/10.1007%2Fs40435-018-0482-3 
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[3] Hayder FN Al-Shuka, Steffen Leonhardt, Wen-Hong Zhu, Rui Song, Chao Ding, Yibin Li. Active impedance control of 
bioinspired-motion robotic manipulators: an overview. Applied Bionics and Biomechanics, pp. 1-19 
(2018).https://www.hindawi.com/journals/abb/2018/8203054/ 

[4] Hayder FN Al-Shuka, Rui Song, Chao Ding. On high-level control of power-augmentation lower extremity exoskeletons: 
Human walking intention. 2018 Tenth International Conference on Advanced Computational Intelligence (ICACI), pp. 
169-174 (2018).https://ieeexplore.ieee.org/abstract/document/8377601/ 

[5] Hayder FN Al-Shuka, Rui Song. On low-level control strategies of lower extremity exoskeletons with power augmentation. 
2018 Tenth International Conference on Advanced Computational Intelligence (ICACI), pp. 63-68 
(2018).https://ieeexplore.ieee.org/abstract/document/8377581 

[6] Hayder Al-Shuka, Rui Song. Hybrid Regressor and Approximation-Based Adaptive Control of Robotic Manipulators with 
Contact-Free Motion. 2018 2nd IEEE Advanced Information Management, Communicates, Electronic and Automation 
Control Conference(IMCEC 2018), pp. 325-329 (2018)https://ieeexplore.ieee.org/abstract/document/8469628 

[7] Hayder Al-Shuka, Rui Song. Hybrid Regressor and Approximation-Based Adaptive Control of Piezoelectric Flexible 
Beams. 2018 2nd IEEE Advanced Information Management, Communicates, Electronic and Automation Control 
Conference(IMCEC 2018), pp. 330-334 (2018).https://ieeexplore.ieee.org/abstract/document/8469279 

[8] Hayder F.N. Al-Shuka, R. Song. Adaptive Hybrid Regressor and Approximation Control of Robotic Manipulators in 
Constrained Space. International Journal of Mechanical and Mechatronics Engineering, vol. 17, No. 3, pp. 11-21 
(2017).https://pdfs.semanticscholar.org/6183/52ed1ffa4ed57bb0ec760c538d164cb7ad0a.pdf 
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Chapter 2: Adaptive hybrid regressor-approximation control of robots in free space: centralized 
control algorithm 
 

This chapter proposes a hybrid adaptive controller based on both regressor and approximation techniques. The equation of 
motion of the target manipulator is separated into two terms terms: (i) linear parameterization of the known modeling of the 
robot dynamics (inertia, Coriolis and centrifugal matrices and gravity vector) by using regressor technique, and (ii) 
approximation of disturbance terms (e.g. unmodeled dynamics of friction) in terms of weighting and orthogonal basis function 
matrices. The idea behind the work is an estimation of unmodeled dynamics, which could be hard modeled with conventional 
regressor unless some modifications of control law are used. Regressor works well only when it is correct. In contrary, 
approximation approaches provide additional robustness. The proposed Lyapunov’s stability-based control law consists of four 
terms: a regressor term, an approximation term, a high-gain feedback term, anda robust sliding term for compensation of 
modeling errors. The efficacy of the proposed controller is proved via simulation of 2-R robots. 

2.1 Introduction 
In general, there are two well-known techniques that deal with uncertain plants: robust control and adaptive control. The 
former attempts to stabilize the uncertain plants within assumed bounds, whereas adaptive control improves the stabilization 
performance by updating the estimated parameters [1-3]. 
Since most robotic manipulators are highly nonlinear dynamic systems with strong couplings, fixed-parameter control for 
precise tracking is hard to be guaranteed. Cancellation of unknown nonlinear terms from the robot dynamics can result in 
instability with a fixed-parameter controller. Literature proves that there are two common techniques for adaptive control of 
robotic manipulators: regressor-based control and approximation-based control. The former includes linear parameterization of 
an equation of motion in terms of regressor matrix and uncertain parameters vector. The regressor matrix is highly nonlinear 
because it is a function of joint position, velocity, and acceleration. There are some limits inherent in the regressor matrix such 
as: 

 Derivation of regressor matrix is not unique, though the process is standardized. 

 It represents the full dynamics of the investigated robotic systems; it is complex for high DoF (more than six) robotic 
system; however, Virtual Decomposition Control (VDC) simplifies this problem [4]. 

 In practice, the regressor matrix must be recalculated in every sampling cycle. 

 Each individual robot has its own regression matrix [5-7]. 
Therefore, many researchers have attempted to avoid regressor computations with miscellaneous techniques. For more 

detail, the reader is referred to [8-15]. 
On the other hand, the function approximation technique is an alternative tool for adaptive control. The idea behind it is also 
linear parameterization of the target matrix/vector (decomposition of the target matrix/vector into two matrices): the weighting 
matrix and the (orthogonal) basis function matrix [16-19]. In general, there are two techniques for approximation-based 
adaptive control: local (partitioned) approximation and global (augmented) approximation. The former attempts to approximate 
each dynamic matrix/vector (mass, Coriolis matrices, gravity vector etc.) separately, whereas the global approximation 
includes approximation of the whole robot dynamics (the left-hand side of the equation of motion) by using one term of 
weighting and basis function matrices. In general, features and limitations of approximation-based adaptive control are 
described as follows. 

 It can be used as a unified module for different robotic systems. There is no specific criterion for selection of the best 
approximator. 

 If we apply local approximation-based adaptive control for high DoF robotic manipulators, difficulty can be encountered 
associated with the computational complexity of weighting and orthogonal matrices. In general, the computational 
complexity grows exponentially with a dimension of the target dynamic system.  

 The adaptive law includes updating the weighting matrix of the target matrix. Estimation of initial values of the weighting 
matrix may not be easy, whereas, this is not the case for regressor approach. 

 Due to the approximation inherent in this method, an approximation error can be produced. As a result, a special strategy 
is required for compensation of the modeling error, see [16] for more details. 

 For local approximation-based adaptive control, more adaptation gains can be produced while there is only one adaptation 
gain for regressor matrix. There is no specific strategy for tuning these adaptation and feedback gains; instead, a 
try-and-error strategy is used. 

One of the important disturbances that should carefully be dealt is friction. Although friction is useful for the motion of mobile 
robots and control of pneumatic/hydraulic systems, it has hard disadvantages for instability of dynamic systems with low 
velocity. For low velocity, friction can lead to undesirable steady-state error [20]. Using regressor -based adaptive control for 
friction compensation requires exact modeling of friction; however, there is no exact mathematical formula for friction terms, 
for more details on friction phenomenon see [20,21] and the references therein. The idea behind the regressor is to estimate 
some unknown coefficients of friction terms (e.g. Coulomb coefficient, viscous damping coefficient etc.) based on the known 
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structure of the system with unknown parameters [4]. Canceling some terms of friction may lead to deviations of desired 
tracks.  Sure, the strategy of bounded control can be integrated with regressor for compensation of friction disturbances [1,4]; 
most robust adaptive control strategies can be used for control purpose in the presence of unknown modeling. However, these 
strategies can be accompanied by saturation problems or some problems for asymptotical stability [1].  
On the other hand, approximation-based adaptive control can estimate the disturbance term integrated with motion equation 
easily without the complication of regressor strategy [25]; therefore, this work proposes a new controller based on a 
combination of regressor matrix and approximation strategies. The idea is to estimate online the dynamic coefficients (mass 
and Coriolis matrices and gravity vector) using the regressor matrix strategy, while the unknown friction terms are estimated 
using the approximation technique. An adaptive control law based on both regressor and approximation techniques is proposed 
with updating adaptive laws for both uncertain vector and weighting matrix corresponding to dynamic matrices/vector and 
unknown friction terms respectively. The modeling error is compensated using a robust sliding mode gain. Two-R manipulator 
in free contact motion is simulated for validation of results. 

The remainder of this work can be organized as follows. Section 2.2 describes the formulation of the investigated problem. 
Section 2.3 introduces the proposed controller. Section 2.4 shows simulation results and discussion. Section 5 concludes. 

 
2.2 Problem Formulation 
To illustrate the core of the work, consider the following second-order scalar system for one robot joint (actuator with load) 

fIq     

 ( )f ck sign q    

where I  is the effective moment of inertia, q  is the angular acceleration of the joint, f represents the friction torque at the 

joint, ck is the coefficient of viscous Coulomb friction, and  is the control torque.  

If some or all parameters of (2.1) and (2.2) are unknown, the adaptive control can be used for tracking of the desired trajectory 
of the joint motion. Classical adaptive control uses the regressor matrix (or vector for scalar systems) to estimate the unknown 
parameters. Therefore, depending on the regressor-based adaptive control, the following control law can be suggested 

 ˆ Ks  yp  a

with 

[ sgn( )]r r y 


ˆ

ˆ
ˆ

c

I

k

 
  
  

p  (2.3b) 

dr q e   (2.3c) 

s q r e e       (2.3d) 

de q q    (2.3e) 

where y is the regressor vector, p̂ is the uncertain parameter vector, the symbol ( )̂ refers to the uncertainty of parameters, 

ris the reference velocity, e is the tracking error of the angular joint displacement, dq represents the reference angular velocity 

of the joint, s refers to virtual error velocity, K and are feedback gains. 

As we see, the friction term f  should correctly be modeled for estimation of the unknown coefficients of friction terms and 

for precise tracking. Sure, there are some solutions for this problem with some modifications of the updating adaptive law, but 
the approximation technique is more flexible and easier than these techniques. Therefore, the core of this work is to use 
regressor approach to estimate the unknown parameters which are connected to the inertia, Coriolis matrices, and gravity 
vector ((2.1) includes only inertia term), while the friction term is estimated based on approximation technique, i.e. 

 
ˆˆ( , , , ) T

approximation termregressor term

y q q r r p Ks    


w  a

ˆ T
f  w   b

where y r  , ˆp̂ I , 1Rw is the weighting vector, 1R   refers to the orthogonal polynomial function vector, 

denotes to the modeling error, and   is the number of approximation terms. 
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2.3 Methodology 
2.3.1 Dynamics 
The Euler-Lagrange equation of motion for a robotic manipulator in free space can be expressed as  

 ( ) ( , ) ( ) f d      M q q C q q q g q    5

where n nR M is the inertia matrix, n refers to the number of degrees of freedom (DoFs), nRq is the angular 

displacement vector of the robot joints, n nR C represents the Coriolis and centripetal robot matrix, nRg is the gravity 

vector, nR is the actuating torque vector, n
f R represents the dissipative torques resulted from joint friction, and 

n
d R  represents any additional disturbance. 

As stated previously, the first three terms on the left hand side of (2.5) can be rewritten in a linearly parameterized form of the 

regressor matrix ( , , ) n lR  Y q q q ( l  refers to the number of uncertain parameters) and the uncertain parameter vector ˆ lRp ，

while both the friction and disturbance terms are approximated in terms of weighting matrix n nR W  and basis function 

vector nR  . 

The following properties assumptions are necessary assuming robotic manipulators with revolute joints [23]. 
Property 1. The inertia matrix, Coriolis and centrifugal matrix, and the gravity vectors are uniformly bounded. 

Property 2. The matrix 2M C  is a skew-symmetric matrix, i.e., 2T 0s (M C)s = , if , C(q q)  is defined using the Christoffel 

symbols. 
Property 3. The left-hand side of (2.5) can linearly be parameterized in terms of state variables-based matrix and the constant 
physical parameters vector. 
Assumption 1. The robotic manipulator is actuated with direct drive (the gear ratio is equal to one). 
Assumption 2. The states of the robotic manipulator are bounded and measurable. 
 
2.3.2 The Proposed Control Law 
There are different controller structures for dealing with electro-mechanical systems with uncertain parameters. In this work, 
we will exploit the control strategy coined by [22]. Accordingly, the suggested controller law can be expressed as 

ˆˆ ˆ ˆ ˆ( ) ( , ) ( ) f d r

regressor term approximation term

       
 
M q r C q q r g q Ks     

where n nR K is a high gain feedback diagonal matrix with positive definite properties, 1[sgn( ) sgn( )]
T

r ns s  , with 

 representing a positive number that should be greater than the modeling error  ，and nRr  is a reference velocity 

computed as 

-d
r = q Λe  7a

    s q r e Λe  (2.7b) 

 d e q q  7c

where n nR  is a diagonal positive definite matrix. 
Equation (2.6) can be rewritten as 

ˆˆ( , , , ) T
r    Y q q r r p W Ks   

Subtracting (2.6) from (2.5) and using (2.7) to get the following closed loop control system 

( )r f d             Ms Cs Ks Mr Cr g    

where ( ) refers to the difference between the actual and estimated values. Exploiting the linear parameterization form for the 

right hand side, (2.9) can be rewritten as 

( ( , , , ) )T
r         Ms Cs Ks Y q q r r p W   

The next step is to design updating adaptive laws to estimate p̂ and Ŵ  separately such that (2.10) is asymptotically stable. 

2.3.3 The Updating Adaptive Law 
To determine feasible updating adaptive laws, let us consider the following Lyapunov-like function for the target robotic 
system. 


1 1 1

( )
2 2 2

T T Tv Tr     s Ms p Γp W QW 
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where l lR   and n nR  Q  are the adaptation gains corresponding to the regressor and approximation terms 

respectively. 
Taking derivative of the above equation to get 

1 ˆˆ ( )
2

T T T Tv Tr   
   s Ms s Ms p Γp W QW        (2.12) 

Substituting (2.10) into (2.12) to obtain 

( )T T
rv          s Yp W Cs Ks

1 ˆˆ ( )
2

T T TTr  
 s Ms p Γp W QW 

Simplification of above equation to get 

1
( ) ( 2 )

2
T T T

rv        s Ks s s M C   ˆˆ( ) ( ( ))T T T TTr   
 p Γp Y s W φs QW 

Hence, the updating adaptive law can be suggested as 

1ˆ T p Y s 5a) 

1ˆ T 


W Q s                          (2.15b) 

Exploiting the passivity property [23], assuming  , and substituting (2.15) into (2.14) to get 

0T T T
rv        s Ks s s s Ks                 (2.16) 

which is stable according to Barbalat's lemma [23].  
 
Remark 1. In order to avoid drift problems of the estimated parameters and weighting coefficients (2.15), the dead zone robust 
technique is a powerful technique to resolve this problem. The reader is referred to [16] for more details. 
 
2.4 Simulation Results and Discussions 
A two-R robot with two actuated joints and physical parameters borrowed from [16] was used for proving the validity of the 
proposed controller, please see Fig. 2.1. In this section, a contact-free motion robot was simulated using 
MATLAB/SIMULINK with the desired reference trajectories cited from [24].  
In this section, the target robot is controlled by using (2.8) and (2.15). As stated previously, the proposed adaptive controller 
consists of four terms: a regressor term for estimation of physical parameters of the robot, an approximation term for 
estimation of unknown disturbances (e.g. friction terms), a high-gain feedback term, and a robust sliding mode term for 
compensation for modeling errors. Chebyshev polynomials are used for approximation purposes with 11 terms (β=11). In 
effect, increasing the number of terms may not have an effect on the accuracy of results, please see [19,24-26]. The values of 

feedback and adaptive gains used in the simulation are as follows: 270K I , 270 I , 1
22100 Q I , and 

1 (35,25,20,10,5,3)diag  , where (.)I  refers to square diagonal matrix with (.)  elements.  

From Fig. 2.2, it should be noted that the position errors are acceptable and well precise tracking could be got with the 
proposed controller. The input controls of robot motion are shown on the right-hand side of Fig. 2.2. Some important points 
should be noted: (i) these gains should carefully be selected to avoid instability of dynamic response of the target robot, (ii) a 
try-and-error procedure is used for tuning the adaptation and feedback gains, (iii) increasing the feedback gain K  is 
necessary to get accurate tracking but with possible oscillations. Therefore, a compromise should be selected in order to get 

low oscillations with low position errors. In addition, simulation proves that the adapting gain 1Q  should be high in order to 

get good tracking; in effect, low adapting gain can result in low tracking. Although there are different approximators (e.g. 
neural networks, fuzzy approximation, orthogonal polynomials etc.), Chebyschev's polynomials are used for approximation of 
friction terms. Selecting the best approximator is the task of future work. The objective of the proposed adaptive controller is to 
track the desired trajectory rather than convergence of physically uncertain parameters. As a result, Figs 2.2 and 2.3 show that 
the robot can track the desired references but without exact convergence for uncertain parameters, please see [2] for more 
details. 

 
2.5 Conclusions 
This work proposes a hybrid regressor and approximation-based adaptive controller for robots in free space. The strength of 
the proposed control is its ability to compensate for external/internal disturbances by using one approximation term combined 
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with regressor technique. Its performance seems better than robust regressor-based control which could have inherently 
bounded position error. The modification of the control law and the associated updating adaptive laws can be further 
investigated considering the effect of the switching functions.  

 

 
 

Fig. 1. Two-R robot 

 

 
Fig. 2. Dynamic response of 2-R robots 

 

Fig. 3. Estimation of friction torques based on approximation term 

Acknowledgements 
This work was funded by the Integration Fund Project of China NSF and Zhejiang province, China, under Award No.U1509212. 

 
References 
[1] J.A. Farrell and M.M.Polycarpou, Adaptive approximation based control: Unifying neural, fuzzy and traditional adaptive approximation approach, John 

Wiley & Sons Inc, USA, 2006. 
[2] P. Loannou and B.Fidan, Adaptive control tutorial, SIAM, Philadelphia, 2006. 

[3] J.J.Craig,Adaptive control of mechanical manipulators, Addison-Wesley Publishing company Inc, USA, 1988. 

[4] W.-H.Zhu,Virtual Decomposition control: toward hyper degrees of freedom robots, Springer-Verlag, Berlin, Heidelberg, 2010. 

[5] F. L.Lewis, A.Yesildirek, and K.Liu, “Multilayer neural net robot controller with guaranteed tracking performance,” IEEE Trans Neural Netw. vol. 7, pp. 
1–12, 1996. 

[6]  F.L.Lewis, K.Liu, and A.Yesildirek, “Neural net robot controller with guaranteed tracking performance,” IEEE Trans Neural Netw.vol. 6, pp. 703–716, 
1995b. 

[7] F.L.Lewis, A.Yesildirek, and K. Liu, “Neural net robot controller: Structure and stability proofs,”J. Intell Robot  Syst. vol. 13, pp. 1–23, 1995a. 

[8] N. Sadegh and R.Horowitz, “Stability and robustness analysis of a class of adaptive controller for robotic manipulators,”International Journal of Robotics 
Research, Vol. 9, pp. 74-92, 1990. 

0 2 4 6 8 10
-2

-1

0

1

2

3

4

5
x 10

-3

Time [s]

E
rr

o
r 

[r
a
d
]

Position errors

 

 
e1

e2

0 2 4 6 8 10
-20

-10

0

10

20

30

40

50

Time [s]

T
o
rq

u
e
 [
N

.m
]

Control torques

 

 


1


2

0 5 10
-15

-10

-5

0

5

10

15

20

25

Time [s]

 f1
 [N

.m
]

(a) Estimation of friction torque at joint 1

 

 

Estimated 
f1

Actual 
f1

0 5 10
-6

-4

-2

0

2

4

6

8

10

Time [s]

 f2
 [N

.m
]

(b) Estimation of friction torque at joint 2

 

 

Estimated 
f2

Actual 
f2



8 

 

[9] Y.D.Song, “Adaptive motion tracking control of robot manipulators-Non-regressor based approach,” Proceeding of IEEE International Conference on 
Robotics and Automation vol. 4, pp.3008-3013, 1994. 

[10] W.S. Lu and Q.H.Meng, “Recursive computation of manipulator regressor and its application to adaptive motion control of robot,” IEEE Conference on 
Communication, Computation and Signal Processing, pp. 170-173, 1991. 

[11] H.Kawasaki, T.Bito, and K.Kanzaki, “An efficient algorithm for model-based adaptive controller of robot manipulators,”IEEE Transactions on Robotics 
and Automation, vol.12, no. 3, pp. 496-501, 1996. 

[12] Z.Qu and J.Dorsey, “Robust tracking control of robots by a linear feedback law,” IEEE transactions on Automatic Control, Vol.36, no. 9, pp. 1081-1084, 
1991. 

[13] J.S.Park, Y.A.Jiang, T.Hesketh, and D.J.Clements, “Trajectory control of manipulators using adaptive sliding mode control,” Proceedings of IEEE, 
Southeastcon, pp. 142-146, 1994. 

[14] J. Yuan and Y.Stepanenko, “Adaptive PD control of flexible joint robots without using the high-order regressor,” Proceedings of the 36th Midwest 
Symposium on Circuits and Systems, pp. 389-393, 1993. 

[15] C.-Y. Su and Y.Stepanenko, “Adaptive control for constrained robots without using regressor,” IEEE International Conference on Robotics and 
Automation, 264-269 (1996) 

[16] A.-C.Huang and M.-C Chien, Adaptive control of robot manipulators: A unified regressor-free approach, World Scientific Publishing Co. Pte. Ltd. 
Singapore, 2010. 

[17] S.Cong, Y.Liang, and W.Shang,”Function approximation-based sliding mode adaptive control for time-varying uncertain nonlinear systems,”Nonlinear 
Dynamics, vol. 54, no.5, pp. 223-230, 2008. 

[18] W.Liang, H.–Y.Chen, and Y.–T.Tsu,”FAT-based adaptive sliding mode control for a piezoelectric-actuated system,” IEEE International Conference on 
Control and Automation, pp. 848-853, 2009. 

[19] Hayder F.N. Al-Shuka, B.Corves, and W.-H.Zhu,”Function approximation technique-based adaptive virtual decomposition control of a seria-chain 
manipulator,”Robotica, vol. 32, no. 3, pp. 375-399, 2014. 

[20] J.Wang, S.S.Ge, and T.H.Lee,”Adaptive friction compensation for sevo mechanisms,”G. Tao et al. (Eds.), Adaptive control of nonsmooth dynamic 
systems, pp. 211-248, 2001. 

[21] H.Olsson, K.J.Aström, C.Canudasde Wit, M.Gäfvert, and P.Lischinsky,” Friction models and fricton compensation,”European Journal of Control, vol. 4, 
no. 3, pp. 176-195, 1998. 

[22] J.-J.E. Slotine and W.Li,Applied nonlinear control, Prentice-Hall Inc, USA, 1991. 

[23] M.W. Spong and M.Vidyasagar, Robot dynamics and control, John Wiley & Sons, USA, 1989. 

[24] Hayder F.N. Al-Shuka,”On local approximation-based adaptive control with applications to robotic manipulators and biped robots,”Springer, 
International Journal of Dynamics and Control, pp. 1-15, 2017. 

[25] Hayder F.N. Al-Shuka and R. Song,”Adaptive hybrid regressor and approximation control of robotic manipulators in constrained space,”International 
Journal of Mechanical & Mechatronics Engineering IJMME –IJENS, vol:17, no:03, pp. 11-21, 2017. 

[26] Hayder F.N. Al-Shuka, Modelingwalking pattern generators and adaptive control of biped robot, PhD Dissertation, RWTH Aachen University, Germany, 
2014. 

 
  



9 

 

Chapter 3: Adaptive hybrid regressor-approximation control of robots in constrained space: 
centralized control algorithm 
 
This work attempts to combine the features of both the regressor and the approximation techniques in adaptive control. The 
regressor technique is a powerful tool for adaptive control of the known structure of modeling while the approximation is useful 
for estimation of time-varying uncertainty. Therefore, this work proposes adaptive hybrid regressor and approximation control 
for robots in constrained space. The control law consists of three terms: (i) regressor term for initial estimation of the known 
structure of the robot dynamics, e.g. inertia matrix, Coriolis and centripetal matrix and gravity vector, and (ii) approximation term 
for estimation of internal and external disturbances resulted from the inexact calculation of regressor matrix and unknown 
modeling of friction, etc, and (iii) robust term consists of switching ���(. ) function. The control law is designed based on 
updating the uncertain parameters and the weighting coefficients corresponding to regressor and approximation respectively with 
position/force tracking purposes. The proposed controller is stable in the sense of Lyapunov stability and applied to 2-link 
manipulator moving along a circular arc. The coordinates partition is performed for model reduction of the constraint dynamics 
of the investigated robot. The results show the effectiveness of the proposed controller for dealing with miscellaneous 
disturbances. 

 
3.1 Introduction 

 
When a robot contacts with the environment via its end-effector, some important points should be noted: 

 Position control strategies are not sufficient for precise tracking of desired references; both the position and 
interaction force should be controlled carefully. For example, if the task of target robot is to write something, 
neglecting control of interaction force may lead to either loss of contact or press so hard on the target environment [1].  

 Besides, the robot loses some degrees of freedom (DoFs) during the contact phase. Consequently, the generalized 
coordinates of the target robot could be larger than its DoFs due to its constrained motion; it constitutes closed chain 
mechanism with redundant coordinates. 

 The robot may change its configuration during the transition from open chain mechanism to the closed chain. In 
effect, three motion phases could be produced: free motion phase, contact motion phase (impact phase), and 
constrained motion phase. Every phase may have its own features and control law. 

In literature, there are different techniques for force control of constrained robots; however, they can be classified as 
follows: 

 impedance control, and admittance control [2-4] 
 hybrid techniques such as hybrid position/force control [5-7], and hybrid impedance control [8] 
 stiffness control [9-11] 
 explicit force control [12,13]. For more details on principles of robot force control, please see [14-16]. 
The above-mentioned studies have assumed full knowledge of robot/environment dynamics; however, neglecting 

uncertainty of robot/environment dynamics may lead to instability problems and large deviations of desired position and force 
references. Therefore, several adaptive force strategies have been proposed [15-18]. Most of these approaches are based on 
regressor technique which embodies full dynamics of the investigated robot. In other words, the left-hand side of the equation 
of robot motion can be linearly parameterized in terms of regressor matrix (it is a function of the state variables of the robot) 
and a vector of uncertain parameters (e.g. link length, mass, inertia etc.). The regressor-based adaptive control may not be 
suitable for control of dynamic systems with unmodeled disturbance (e.g. friction) unless the modification of control law is 
used. One of its limitations is its dependence on the available structure of the target dynamic system; neglecting unmodeled 
dynamics may degrade the performance of the proposed controller [19,20]. It is well-known that friction is a phenomenon hard 
to be modeled correctly because it is dependent on miscellaneous physical factors such as relative velocity, temperature, 
humidity etc. [21]. There are different proposed models for friction; however, it can be classified as static and dynamic models; 
for more details on these models please see [21]. Armstrong [22] has proposed a static model which consists of many 
components: Coulomb friction, viscous friction, Stribeck term, and offset term. Most of these terms are highly nonlinear and 
could produce miscellaneous instability and divergence problems unless carefully designed controller has been used 
[23-25].On the other hand, the adaptive approximation control is a powerful technique for precise tracking of the planned 
trajectory of robots with uncertain parameters and nonlinear disturbances. The idea behind the adaptive approximation control 
is to estimate the uncertain term in terms of weighting and basis function matrices, then design a control law based on the 
update of the weighting matrix. The strength of approximation technique is that it can be applied to different types of robots 
using the same structure of control law, while this is not the case for a regressor technique in which each robot has its own 
regressor matrix. In general, there two types of adaptive approximation control: partitioned approximation, and augmented 
approximation. Partitioned approximation means an estimation of each term on the left-hand side of the equation of motion of 
the target robot in terms of basis functions and weighting function matrices. Whereas augmented approximation attempts to 
approximate the whole uncertainty in one term. Lewis et al. [26-28] have applied both the partitioned and augmented 
approximation control separately on robotic manipulators. Although the authors preferred to use a partitioned approximation, 
they did not justify the computational complexity inherent in their algorithm when it is used with high DoF robot; the 
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computational complexity grows exponentially with the DoFs of the robots. Huang and Chien [29] have applied partitioned 
approximation-based adaptive control for robot manipulators considering different cases such as actuator dynamics, joint 
flexibility, and impedance control. Al-Shuka et al. [24] have extended the work of [29] to be applied on high DoF robot by 
using the Virtual Decomposition Control (VDC) [23]; the idea of the VDC is to virtually decompose the whole robotic system 
into sub-systems and controlling each subsystem separately such that the Lyapunov's stability of the whole system is 
guaranteed. Liu [30] has applied separately the partitioned and augmented approximation-based adaptive control for nonlinear 
electro-mechanical systems. Cong et al. [31] have proposed function approximation-based sliding mode adaptive control for 
DC motor with dead zone uncertainty. The authors have approximated the unmodeled dynamics by using orthogonal Laguerre 
functions and another sliding mode term. The idea is to estimate the uncertain term by updating the weighting coefficients of 
Laguerre functions and guaranteeing the output error by using Lyapunov's stability. 
This work is concerned with the combination of regressor and approximation techniques for adaptive control of robotic 
manipulators with constrained motion. The idea behind it is to estimate the known structure of the left-hand side of the 
equation of motion by using the regressor technique while the uncertain term (unmodeled dynamics such as fiction 
phenomenon) is estimated by using orthogonal Chebyshev functions. Hybrid force/position control based on orthogonalization 
technique is used as a basis for control of a robot in constrained space [32-36]. 
 
3.2 Preliminaries 
In this section, some details are revisited for dynamics of robots in constrained motion and previous work of regressor and 
approximation strategies. 

 
3.2.1 Constrained Dynamics of Robotic Manipulators 
The 1st kind Lagrangian formulation is used for describing constrained dynamics of robotic manipulators. Therefore, the equation 
of motion can be expressed as [34,35] 

 
�(�)�̈ + �(�, �̇)�̇ + �(�) + �� + �� = � + ���                        (3.1) 

�(�) = �                                              (3.2) 
 

where � ∈ ℝ��×�� is the inertia matrix with �� denoting the number of generalized coordinates, � ∈ ℝ�� and their first two 

derivatives are the state variables of the system, � ∈ ℝ��×�� is the Coriolis and centripetal matrix, � ∈ ℝ��  is the gravity 
vector, �� ∈ ℝ�� represents friction torque vector, �� ∈ ℝ�� is the disturbance vector, � is the input control vector, � ∈ ℝ�×��  

is Jacobian matrix with � referring to the number of constraints , � ∈ ℝ� is the Lagrange multipliers associated with the 
imposed constraint, and �(�) denotes the algebraic equation of the imposed constraint. 
Some important points should be noted via investigation of Eqs. (3.1) and (3.2): 
 Due to the imposed constrained motion, the generalized coordinates(��) is more than the independent DoFs of the target 

system (�). 
 Equations (3.1) and (3.2) represent differential algebraic equations (DAEs) with Lagrange multipliers; the Lagrange 

multipliers and the constraint algebraic equation of Eq. (3.2) are resulted from the imposed constraint. 
In general, there are two approaches for the solution of Eqs. (3.1) and (3.2) which are redundant coordinates approach [37] and 
minimum coordinates approach [32-36]. Most commercial programs of multibody dynamics (e.g. MSC ADAMS) may depend 
on redundant coordinates approach in dealing with constrained motion; however, the minimum coordinates approach is so 
suitable for control purposes and real-time applications. The idea of the minimum coordinates approach is to eliminate Lagrange 
multipliers from Eq. (3.1) producing constraint-free differential equation. This can be accomplished by using the principle of 
orthogonalization; please see Ref. [33] for more details. 
Therefore, this work exploits the coordinate partitioning, an orthogonalization-based technique, for dimension reduction of the 
constrained motion. This can be implemented by obtaining a mathematical relationship between the redundant generalized 
coordinates and the independent coordinates (DoFs) as shown below. 
Twice differentiation of Eq. (3.2) leads to 
 

�(�)�̇ = �                                                      (3.3) 
�(�)�̈ + �̇(�, �̇)�̇ = �                                                (3.4) 

 
Due to redundancy, the independent DoFs � can be mathematically expressed in terms of the redundant generalized coordinates 
� as shown in Eq. (3.5). 

� = �(�)�                                                      (3.5) 
 

Twice differentiation of Eq. (3.5) gives 

�̇ = ��(�)�̇                                                      (3.6) 

�̈ = ��(�)�̈ + �̇�(�)�̇                                                (3.7) 
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with ��(�) ∈ ℝ�×�� =
��(�)

��
 

Blocking Eqs. (3.3) and (3.6) in matrix form 

�
�(�)
��(�)

� �̇ = �
�
�̇

�                                               (3.8) 

Equation (3.8) can be re-written as 

�̇ = �
�(�)

��(�)
�

��

�
�
�̇

� = [�� ��] �
�
�̇

�   = ��(�)�̇                             (3.9) 

The matrix �� ∈ ℝ��×�plays important role in eliminating � by satisfying the following condition 
�(�)��(�) = �                                              (3.10) 

Differentiating Eq. (3.9) to obtain 

�̈ = ��(�) �̈ + �̇�(�, �̇) �̇                                        (3.11) 
 

Substituting Eqs. (3.9) and (3.11) into Eq.(3.1) to get 

�(�)���(�)�̈ + �̇�(�, �̇)�̇� + �(�, �̇)��(�)�̇ + �(�) + �� + �� = � + �(�)��           (3.12) 

Alternatively, the last equation can be re-written as 

��(�)�̈ + �� (�, �̇)�̇ + �(�) + �� + �� = � + �(�)��                    (3.13) 

 
where 

��(�) = �(�)��(�),�� (�, �̇) =  �(�)��̇(�, �̇) + �(�, �̇)��(�)             (3.14) 
Using Eqs. (3.9) and (3.13) yields 

� = ��(�)�(��(�)�̈ + �� (�, �̇)�̇ + �(�) + �� + �� − �)                  (3.15) 

Exploiting Eq. (3.10) and pre-multiplying Eq. (3.13) by ��(�)� to obtain the following constraint-free dynamics 
 

��(�)���(�) �̈ + ��(�)���(�, �̇)�̇ + ��(�)��(�) + ��(�)�(�� + ��) = ��(�)��          (3.16) 

For more details on properties of Eq. (3.13), e.g. passivity and linear parameterization properties, please see [32,34-36].  

 
Remark 3.1.The dynamic coefficient matrices and Jacobian matrices are still in terms of the redundant generalized coordinates 
�; therefore, they are written in terms of �.  

 
3.2.2 Regressor-Based Adaptive Control 
This section describes briefly adaptive control based on regressor technique. The objective of the controller is to track the desired 
references of position and contact forces for the investigated robot while estimating the uncertain parameters associated with the 
robot dynamics. The intuitive control law can be designed as [32, 36] 

 

� = ���(�)�̇ + ��� (�, �̇)� + ��(�) + ��� − ���� − �(�)�(�� − �� ∫ ����)
�

����������������
������� ����� 

          (3.17) 

where the symbol (.)̂ refers to the estimated values, and  
 

� = �̇� − ����                                         (3.18a) 

� = �̇ − � = �̇ + ����                                     (3.18b) 

�� = � − ��                                            (3.18c) 

�� = � − ��                                               (3.18d) 
where � ∈ ℝ��×�� denotes positive definite feedback gain matrix, �� ∈ ℝ�×� is a feedback gain corresponding to integral 
term for force error (��), �� ∈ ℝ�×� refers to feedback gain matrix for position error (��), and the subscript (�) refers to the 

desired references. The first four terms of Eq. (3.17) could be linearly parameterized (assuming known structure for friction 
phenomenon) in terms of the regressor matrix �(�, �̇, �, �̇) and the unknown parameter vector �� ∈ ℝ� (� refers to the number 
of uncertain parameters) as shown below. 

 

� = �(�, �̇, �, �̇)�� − ���� − �(�)�(�� − �� ∫ ����)
�

�
                     (3.19) 

 
with the following updating adaptive law 

 

��̇ = −�����(�, �̇, �, �̇)���                                        (3.20) 
 

where � ∈ ℝ�×�denotes the adaptation gain. It should be noted that the regressor matrix is a function of the state variables of the 
target robot. Although it is physics-based technique, it has some inherent limitations such as computational complexity with high 
DoF robots, the difficulty of dealing with unmodeled dynamics, etc. Therefore, some authors attempted to avoid it by using 
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different solutions. One of these solutions is introduced in the next section. 
 

Remark 3.2 The disturbance vector ��is neglected in Eq. (3.17) because this form of adaptive regressor control cannot deal with 
disturbance compensation and further work is required. 

 
3.2.3 Approximation-Based Adaptive Control 
In our previous work [34], we extended the work of Su et al. [32] such that an adaptive approximation control is suggested 
instead of regressor technique. Here, the controller objective is tracking the desired references of position and contact forces 
while estimation the weighting coefficient matrices. The control law could be expressed as 

� = ����
� ����̇ + ����

� ���� + ���
��� + ���

��� − ���� − �(�)�(�� − �� ∫ ����)
�

����������������
������� �����

  (3.21) 

with the following updating adaptive laws 
 

��̇�� = ���
����� �̇����

� 

��̇�� = ���
����� �����

� 

��̇� = ��
��������

�  

��̇� = ��
��������

�                                              (3.22) 
 

where ��� ∈ ℝ��×�� , ��� ∈ ℝ��×�� , �� ∈ ℝ��×��, and�� ∈ ℝ��×��  are the weighting matrices of the inertia matrix, 

Coriolis and centripetal matrix, the gravity vector, and disturbance vector respectively with � referring to the number of 
approximation terms, while ��� ∈ ℝ��×� ,��� ∈ ℝ��×� , �� ∈ ℝ��×� , and �� ∈ ℝ��×�  represent the corresponding basis 

function matrices and vectors respectively. ��, ��, �� and �� ∈ ℝ��×�� are the corresponding adaptation gains. 

Remark 3.3.The dimension of the weighting matrices �(. )is expressed according to the proposed representation of our work 
[38]; this representation reduces the computational complexity associated with linear parameterization of a matrix. 
Remark 3.4.The modeling error and the parameter drift problems are not consider in Eqs. (3.21)-(3.22). 

 
3.3 Methodology 
To attenuate the issues inherent with regressor and approximation techniques, the author proposes a new technique combining the 
approximation and regressor approaches in one control law for constrained robots. Therefore, the inertia matrix, Coriolis and 
centripetal matrix, and gravity vector could be estimated based on regressor technique while the friction term and the unmodeled 
disturbance is estimated by using approximation technique; the details are as follows. 
The left-hand side of the reduced order-based equation of motion for robots in constrained motion, Eq. (3.13), can be expressed 
based on the linear parameterization property as 

 

��(�)�̈ + �� (�, �̇)�̇ + �(�) + �� + �� = ���, �̇, �̇, �̈�� + ��∅ + �                 (3.23) 

where  

��(�)�̈ + �� (�, �̇)�̇ + �(�) = ���, �̇, �̇, �̈��  

�� + �� = ��∅ + � 

with �denotingthe modeling error. As we see, the known structure of the robot is modeled using the regressor technique, while 
the approximation technique is used for estimation of the disturbance terms (e.g., friction, etc.). 

 
3.3.1 The Control Law 
In light of the above discussions, the modified control law of Eq. (3.17) can be expressed as  

� = �(�, �̇, �, �̇)�����������
��������� ����

+ ���∅�
������������� ����

− ���� − ������� − �(�)�(�� − �� ∫ ����)
�

�
             (3.24) 

where ������� = �[sgn(����) … sgn(����)], with � representing positive number that should be greater than ‖�‖; this will 
be proved later, and  

�(�, �̇, �, �̇)�� = ���(�)�̇ + ��� (�, �̇)� + ��(�) 
���∅ = ��� + ���                                                         (3.25) 

 
Substituting Eq. (13) into above equation to get the following closed loop control system 

��(�)�̈ + �� (�, �̇)�̇ + �(�) + ��+�� − �(�)�� = �(�, �̇, �, �̇)�� + ���∅ − ���� − ������� − �(�)�(�� − �� ∫ ����)
�

�
(3.26) 

The above equation can be further simplified by using Eq. (18)  
 

��(�)�̇ + �� (�, �̇)� + ���� + ������� = −��(�, �̇, �, �̇)�� + ���∅� + � + �(�)�(�� + �� ∫ ����)
�

�
                                                                

(3.27) 
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The closed loop control system for the target robot (Eq. (27)) is stable if lim�→� �� → �, lim�→� �� → �, lim�→� �� → �, and 
the lumped error �is compensated by using �������term. In addition, the precise tracking of the desired contact forces depends 
on convergence of the estimation process.  
 
Remark 3.5. Although the persistent excitation is a necessary condition for estimation convergence, the integral term of force 
feedback can help to some extent to track the desired forces. However, one of the inherent issue with force feedback is an 
algebraic loop which is difficult to be treated. There are two possible solutions for dealing with this dilemma: (1) making force 
observer to estimate the interaction force, and (2) by applying the following equation: 

� = ��(� − ��)                                                          (3.28) 
where �� refers to the environment stiffness, � is the end-effector position, and �� denotes to the environment position. 
Thus with Eq. (28), the measurement of the state variables of the robot is needed rather than force sensors. 
 
3.3.2 The Updating Adaptive Law 
According to above discussions, to get a stable closed loop system it is necessary to select a suitable updating adaptive law that 
can estimate both the uncertain parameters vector and the weighting vector. Let us select the following update adaptive laws 
 

��̇ = −��������
�                                            (3.29a) 

��̇ = −�����(�, �̇, �, �̇)���                                       (3.29b) 
 
To prove the validity of the controller structure (Eqs. (3.24) and (3.29)), let us define the Lyapunov-like function as 
 

� =
�

�
���� +

�

�
��(������)+

�

�
������                                   (3.30) 

where � = ��
��� . 

By differentiating the last equation, we can get 

�̇ = ����̇ +
�

�
���̇� − �� �������̇� − ������̇                              (3.31) 

 

By pre-multiplying both sides of Eq. (3.27) by ��
� and exploiting the property of Eq. (3.10), we can obtain 

��̇ + ��
��� (�, �̇)� + ��

����� + ��
�������� = −��

���(�, �̇, �, �̇)�� + ���∅� + ��
��           (3.31) 

Substituting the above equation into Eq. (3.31) and using the passivity property of the motion equation (see [32, 34-36]), we can 
obtain 

�̇= − ����
����� − ����

�(������� − �) − �� ���� ������
� + ���̇�� − ���(���̇ + �����)     (3.32) 

Inserting the update adaptive laws of Eq. (3.29) into above, we can get 
 

�̇ = −����
����� − ����

�(������� − �)                          (3.33) 
 

It should be noted that the robust term which is equal to ������� = �[sgn(����) … sgn(����)] should be larger than the 
lumped error in order to achieve stability. This can be achieved by selecting � ≥ ‖�‖, so the last equation can be simplified to  

 

�̇ ≤ −����
����� + ‖�‖‖���‖ − ����

�������� 

≤ −����
����� + �‖���‖ − ����

�������� −����
�����                   (3.34) 

 

Because �  is a positive definite function and �̇ ≤ 0 , we have � ∈ ℒ∞  which implies that �, ��, �� ∈ ℒ∞  and � ∈ ℒ� . 
Accordingly, all signals of the investigated system are bounded. So, the latter equation is stable in the sense of Lyapunov's theory. 
 
Remark 3.6.In effect, the presence of switching function, ��� (. ) in the control law could excite the resonance of the system 
due to the potential chattering. Accordingly, some alternative functions have been used such as saturation function and tangent 
hyperbolic function; please see [21] for more details. 
 
Remark 3.7.In practice, approximation error could be produced due to an insufficient number of approximation terms β. This 
error could result in parameter drift phenomenon (drift of the predicted parameters to infinity causing instability problems). As a 
result, modification of adaptive law (Eq. 3.15b) is necessary to compensate for this error. The solution for this problem is 
performed by using one of robust adaptation law which are [1]: 1. projection modification, 2. σ-modification, 3. ϵ-modification, 
and 4. dead-zone modification. Let us consider the σ-modification for the updating adaptive laws of Eq. (3.29) as follows. 
 

��̇ = −������−������ 

��̇ =  −���∅�� − ������                                          (3.35) 
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where � refers to a small positive constant. From Eq. (3.16) it is noted that if the modeling error is large, the estimated weighting 
matrix ��and the uncertain parameters ��drift to infinity. So, the second terms (−������ ) and (−������) will be negative large 
value decreasing the estimated value for the weighting matrix and the uncertain vector respectively. Therefore, the idea of the 
second term is to prevent the estimation parameters from going to infinity, please see [19] for more details. The designer should 
keep in mind that these robust adaptive laws do not guarantee that the estimation error converges to zero. In other words, the 
parameter estimation will be bounded. The reader can follow the work of [29] to prove the definiteness (bounds) of Eq. (3.35). 
 

3.4 Simulation Results and Discussion 
3.4.1 Two-Link Manipulator in Constrained Circular Arc Space 
The two-link manipulator is simulated to verify the effectiveness of the proposed controller, please see Figure 3.1. The target 
robot is constrained to move along a circular arc. Thus, the DoFs of the target robot are reduced to one generalized coordinate; the 
robot has one redundant coordinate due to the imposed constraint. Accordingly, the system is controlled based on one generalized 
coordinate rather than both of the two generalized coordinates. The angular position �� is selected as the DoF of the system 
while �� is a redundant coordinate. In the following, some important points are highlighted via simulation to see the validity of 
the proposed controller. 
As stated previously, the task of the controller is to track the desired references of position and contact forces for the investigated 
robot while estimating the uncertain parameters and the unknown weighting coefficients corresponding to regressor and 
approximation respectively. It is assumed that there is unmodeled disturbance resulted from viscous friction plus an offset. 
According to Eqs. (3.24) and (3.29), the regressor technique attempts to estimate the uncertain parameters corresponding to 
inertia matrix, Coriolis and centripetal matrix and gravity vector. Whereas, the approximation term attempts to compensate for 
any unmodeled dynamics. One important thing should be noted that the regressor matrix contains terms that are functions of 
robot state variables and they are highly nonlinear functions. Fortunately, the imposed constraint leads to a very simple �� 
vector which simplifies the equation of motion. For example, if the constraint path represents (vertical or horizontal) straight line, 
complex regressor may be produced. The strength of the proposed controller lies in that the robot can track the desired references 
very well although there is an inexact calculation for regressor or other unmodeled dynamics, thanks to the approximation term 
will make the controller robust for any unconsidered dynamics. 
The approximator used in this study is orthogonal Chebyshev polynomials with 11 number of terms (β) for the approximation of 
viscous friction and offset term. Increasing the number of terms more than 11 terms may not increase the approximation accuracy. 
The following feedback and adaptation gains are selected. 

� = 100, � = ����(25,25), �� = 100  
��� = 30��×�,   �

�� = 300���×�� 
Figure 3.2 shows the position tracking error for the independent coordinate �� (DoF of the robotic system). The position error is 
relatively small and the robot can track very well the desired angular reference. Figure 3.3 shows the input controls for the target 
robot. According to Figures 3.4 and 3.5, the estimated values do not converge very well to their actual values; the signals should 
be persistently excited for good estimation convergence. Despite the problem of convergence of estimation, the control law can 
work well. On the other hand, the tracking of force references is acceptable, thanks to an integral term which reduces the error as 
possible. 
 
3.4.2 Significance of the Approximation Term 
In effect, the proposed controller is powerful to deal with unmodeled dynamics resulted from the uncertain calculation of 
regressor or any other disturbances. In light of above, three case studies are compared in terms of position tracking error and input 
controls as detailed in Table 3.1.  
Despite the uncertain calculation of regressor matrix and friction terms, the proposed controller can work well, please see Figures 
3.6-8 for position errors and input controls. If the approximation term is neglected from the control law (case study 3), the robot 
cannot track the desired positions and instability problems may result (see torque response described in Figures 3.7 and 3.9). 

 
3.5 Conclusion 
This work introduces a robust control strategy that can solve the problem the complexity of regressor. A hybrid regressor and 
approximation adaptive control is proposed for dealing with uncertainty of robotic systems. The idea behind the proposed 
controller is that the regressor attempts to estimate the known structure of the investigated system (inertia matrix, Coriolis and 
centripetal matrix, and gravity vector) while the approximation term of the controller estimates the unmodeled dynamics of the 
systems resulted from inexact calculation of regressor and other internal/external disturbances.  

Extended work is needed to answer the following points: 
i. the best approximator that should be selected to get optimal solution 

ii. compensation technique for the resulted approximation error. Using the continuous hyper tangent function is good 
selection but with updating gain. 

iii. avoidance of algebraic loop resulted from forces feedback using the contact force estimator. 
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Table 3.1. The investigated case studies for highlighting significance of the proposed controller 
 

C
ase 

study 
No. 

Control Law Description 

1 Eqs. (24) and (29) In this case study, the regressor is calculated 
precisely with disturbance resulted from viscous friction 
and offset term, it is exactly the same case study 
investigated in previous section. 

2 Eqs. (24) and (29) Here it is assumed that there are some wrong 
calculations for regressor martrix. Six uncertain 
parameters are selected arbitrarily with inexact 2 ×
6 regressor matrix. 

3 Eqs. (19) and (20) In this study, the approximation term is cancelled 
from the control law, regressor-based control is used for 
control purposes. The disturbances of the system consist 
of uncertain calculation of regressor, viscous friction and 
offset. 

 
 
 
 

 

 
 
 
 
 

Figure 3.2. Position error for the independent 
coordinate ��, and the contact force error resulted 
from the imposed constraint 

Figure 3.1. Two-link manipulator with the constrained  path 
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(c) Estimation of p3
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(e) Estimation of p5
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(d) Estimation of p4
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Figure 3.5. The estimation of disturbance resulted form viscous friction and an offset. These estimations are based on 
approximation technique 

Figure 3.4. Estimation of uncertain parameters vector (�) corresponding to regressor term; they are 
equal to 9 parameters. Initial values for these parameters are assumed all zero which mean that there 
is no available information about these parameters. 
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(f) Estimation of p9
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Figure 3.6. Comparison of �� for the 3 case studies      Figure 3.7. Comparison of �� for the 3 case studies 
 

Figure3.8. Comparison of �� for the 3 case studies 
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Chapter 4: Decentralized adaptive partitioned approximation control of robots considering three 
motor control modes 
 
Partitioned approximation control is avoided in most decentralized control algorithms; however, it is essential to design a 

feedforward control term for improving the tracking accuracy of the desired references. In addition, consideration of actuator 

dynamics is important for a robot with high-velocity movement and highly varying loads. As a result, this work is focused on 

decentralized adaptive partitioned approximation control for complex robotic systems using the orthogonal basis functions as 

strong approximators. In essence, the partitioned approximation technique is intrinsically decentralized with some modifications. 

Three actuator control modes are considered in this study: (i) a torque control mode in which the armature current is well 

controlled by a current servo amplifier and the motor torque/current constant is known, (ii) a current control mode in which the 

torque/current constant is unknown, and (iii) a voltage control mode with no current servo control being available. The proposed 

decentralized control law consists of three terms: the partitioned approximation-based feedforward term that is necessary for 

precise tracking, the high gain-based feedback term, and the adaptive sliding gain-based term for compensation of modeling error. 

The passivity property is essential to prove the stability of local stability of the individual subsystem with guaranteed global 

stability. Two case studies are used to prove the validity of the proposed controller: a two-link manipulator and a six-link biped 

robot.

4.1 Introduction 

For complex robotic systems, such as humanoid robots or any robot having a number of degrees of freedom (DOFs) larger than 
6-DOFs, difficulties are encountered in the implementation of the control algorithms. Therefore, over 30 years, the robotics 
researchers have focused on the problem of computational efficiency. Many efficient O (n) algorithms have been developed for 
inverse [1-6] and forward dynamics [7-10] of robotic systems. For more details on the efficient dynamic algorithms, we refer to 
[11,12].  
However, the adaptive control algorithm that deals with controlling the robotic systems despite their uncertain parameters may 
decrease the computational efficiency of the dynamics O (n) algorithms. K. S. Fu et al. [13] have shown that the combined 
identification and control algorithms can be computed in O (n3) time despite using recursive Newton-Euler (NE) formulation. 
Therefore, most researchers have used a local controller (decentralized controller) such as PID family for controlling complex 
dynamic systems [14-19]. However, Liu [20] proved that decentralized PD control for robotic manipulator cannot ensure global 
stability. Therefore, the author proposed decentralized PD + nonlinear cubic term for ensuring global stability. A modified 
version of Liu’s work has been proposed by Hsu and Fu. Yang et al. [21] have used a disturbance observer and an adaptive sliding 
mode control strategy for compensation of low-pass and high-pass coupled uncertainties respectively. In effect, most available 
control strategies are based on designing PD control plus a robust and or/adaptive term(s) for compensation of modeling errors 
and the interconnections. Jasim and Plapper [22] used the sliding common Lyapunov function and sliding mode-based 
decentralized control for robotic manipulators in free and constrained spaces.  
Apart from conventional robust control, the adaptive approximation control is a powerful tool to control robotic manipulator with 
unknown dynamics. There are two possible categories of adaptive approximation techniques: lumped approximation-based 
adaptive control [23-26,30,61,62] and partitioned approximation-based adaptive control [27-29,60]. The former deals with 
collecting the uncertainty in one term and using the linear-in-the-parameters property to represent the uncertainty in terms of 
weighting and basis-function matrices. Then designing control law based on updating the weighting-coefficient matrix using 
Lyapunov stability. This strategy requires nominal (ideal) estimation for the unknown parameters. On the other hand, partitioned 
approximation-based adaptive control approximates each dynamic matrix of the equation of motion of the target robot separately 
using the linear-in-the-parameters property. The control law is then designed based on updating the weighting-coefficient 
matrices of the corresponding basis-function matrices using Lyapunov stability. To our knowledge, the partitioned approximation 
does not require nominal estimation for the dynamic coefficients that eases the control task. However, most decentralized 
approximation control [20-22,31-37] have used lumped approximation term combined with either PD term or nominal values. 
Banagi and Polycarpou [31] used the decentralized neural network (NN) control for adaptive control of the large-scale system. 
The unknown dynamics and the unknown interconnections are approximated by using linear parameterized NN assuming that 
the interconnection term is bounded by summation of analytic functions in terms of error. The dynamics are formulated in state 
space model. Tan et al. [32] used decentralized NN adaptive control for robotic manipulators. It is a model-free control strategy 
that is based on NN control, but the authors did not consider the actuator dynamics in their proposed strategy.  
Consideration of actuator dynamics is of importance for a robot with high-velocity movement and highly varying loads [27]. 
Fateh and Fateh [33] used decentralized fuzzy voltage control for robotic manipulators. The lumped uncertainty of 
interconnections at voltage level is approximated using fuzzy compensator. The authors considered the actuator dynamics using 
the voltage control mode. Therefore, Huang and Chen [27] investigated the effect of actuator dynamics on the performance of the 
actuator dynamics assuming that the motor torque/current constant is known; however, their control strategy was fully 
centralized. Zhu [42] proposed three motor control modes using the distributed virtual decomposition control. According to his 
strategy, an electric motor can be in the motor torque control mode when the armature current is well controlled by a current servo 
amplifier and the motor torque/current constant is known. Otherwise, an electric motor should be in the motor current control 
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mode when only the armature current is well controlled but the torque/current constant is unknown. Finally, an electric motor 
must be in the motor voltage control mode when no current servo control is available. For more details on actuators dynamics, the 
reader is referred to [41]. In addition, for more work on decentralized approximation control techniques, see [34-38]. 
In view of above, the partitioned approximation control is avoided in most decentralized control algorithms. However, it can be a 
strong solution to control high DOF robots since it is decentralized in nature but with some modifications. In this study, two 
important issues are considered: i) design of decentralized control law exploiting the feature of partitioned approximation 
technique, and ii) consideration of three actuator control modes: motor torque mode, motor current mode, and motor voltage 
mode. The proposed control law consists of three terms: partitioned approximation-based feedforward term, high-gain-based 
feedback term, and adaptive sliding mode term for compensating for modeling errors. The second issue coincides with virtual 
decomposition control proposed by Zhu [42]. These control modes are applied in sequence for adaptive control purposes without 
considering prior information of robot dynamics parameters, friction, actuator dynamics parameters, etc. In effect, this work is an 
extended version of the conference paper [60] in which the actuator dynamics are not considered and the focus was on torque 
control mode only. 
The remainder of the chapter is organized as follows. Section 4.2 introduces preliminaries and motivation for the problem. The 
methodology is presented in Section 2.3. Section 2.4 described simulation results and discussions. Section 2.5 concludes. 
 
4.2 Preliminaries and Motivation 
4.2.1 Preliminaries 
As stated previously, the function approximation technique (FAT) is an essential tool for approximating the unknown parameters 
of a dynamic system for adaptive control purposes. In general, there are two essential adaptive approximation techniques: 
lumped approximation technique (global approximation) [23-26,30,61,62], and partitioned approximation (local approximation) 
techniques [27-29,60]. The former approximation technique collects all uncertain parameters in one lumped vector term. The 
lumped vector can then be represented as linear combinations of basis functions using miscellaneous approximators (splines, 
orthogonal functions, intelligent techniques etc.). Its main drawback is the need for nominal (simplified) model. On the other 
hand, the partitioned approximation technique attempts to approximate (linearly parameterize) each dynamic matrix and vector 
(mass and Coriolis matrices, gravity vector, friction vector etc.) separately. In general, the procedure employed in constructing 
the FAT-based adaptive control includes a selection of a suitable approximator for the uncertain parameters, choosing an 
appropriate adaptation law for the weighting coefficient and designing the controller structure [29,30].  There are different 
classes of approximators such as polynomials, splines, radial basis functions, Cerebellar Model Articulation Controller (CMAC), 
multilayer perceptron, fuzzy approximation and wavelets. In this chapter, we will focus on orthogonal functions due to their 
simplicity and capability of achieving minimum approximation errors [27-30]. 
Theorem 1 (Weierstrass Approximation Theorem). [31] Let �(�) be a continuous function on [a, b], then for all � > 0, there 

exists a sequence of polynomials �� (�) of degree < � that converges uniformly to �(�) on [a, b], i.e. ��(�) − ��(�)� <  � 

where 

��(�) = ∑ ��
�
��� �� (�)   (4.1) 

where ��  and  ��are the weighting coefficients and basis functions respectively. 

This theorem indicates that each continuous function on a compact interval can be approximated by polynomials with any degree. 
The scope of this work focuses on orthogonal basis functions. 

Definition 1. [27] For any set of orthonormal functions ��� (�)�, (∀ � = 1, 2, … , �)on [a, b], an arbitrary function �(�) can be 

approximated using Eq. (1) under conditions of Theorem 1 with the following weighting coefficients being calculated as  

�� =
∫ �(�)

�
� ��(�)��

∫ ��
�(�)

�
�

   (4.2) 

The following important points should be noted [27, 39]: 

 Equation (4.2) is computed using the orthogonal property ∫ �(�)
�

�
�� �� �� �

= 0 � ≠ �
≠ 0 � = �

� 

 To guarantee convergence of the approximating series, the orthogonal set should be complete.  
 There are many orthogonal basis functions: Chebyshev polynomials, Legendre polynomials, Laguerre polynomials, etc. 
 The Chebyshev approximation formula is very close to the minimax polynomial since the approximation error is spread 

smoothly over the period [-1, 1]. Accordingly, this orthogonal approximation polynomials will be used as strong 
approximators in the current study. 

4.2.2 Motivation 
To motivate the core of this work, let us consider the following equation of motion of �-joint robotic manipulators in free space  
 

�(�)�̈ + �(�, �̇)�̇ + �(�) = �� (4.3) 
 
where � ∈ ℝ�×� is the inertia matrix of the links, � ∈ ℝ�×� is the Coriolis and centripetal matrix of the links, � ∈ ℝ�×� is the 
gravity vector, � ∈ ℝ�×� represents the displacement output joint variables after gear transmission, and �� ∈ ℝ�×� denotes to 
the output joint torques. 
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However, the detailed analysis of robotic manipulators dynamics considering actuator dynamics will be introduced in the next 
section. 
 
The following properties assumptions are necessary for adaptive approximation control (centralized and decentralized version) 
[28,40]. 
 
Property 4.1. The inertia matrix, Coriolis and centrifugal matrix, and the gravity vectors are uniformly bounded. 
The last property can be extended to include that the dynamic coefficients of the elements of each matrix/vector are uniformly 
bounded and satisfying theorem 4.1. 
 

Property 4.2 (Passivity property). The matrix � = �̇ − 2� is a skew-symmetric matrix, i.e., ���� = 0, if �(�, �̇) is defined 
using the Christoffel symbols.  
According to the property 4.2, each diagonal element of �, with �, � ∈ �, is equal to zero. This property is essential to prove the 
stability of the proposed decentralized control law. 
 
Assumption 4.1. The state variables of the target robots are measurable and bounded. 
 
Assumption 4.2. Each entry of dynamic matrices of �(�), �(�, �̇), and �(�)satisfies conditions of Theorem 1, i.e., they can be 
represented as linear combinations of orthogonal basis functions. 
The last assumption includes that each entry of the dynamic matrices can be bounded by analytic and continuous functions. 
Please for more details on properties of the dynamic matrices, the gravity vector and the residual dynamics, the reader is referred 
to [28,40,41]. 
 
In view of the partitioned approximation technique introduced in [27-29], Eq. (4.3) can be reformulated as 
 

��
� ∅��̈ + ��

�∅��̇ + ��
��� + � = ��       (4.4) 

 

where �� ∈ ℝ��×� , �� ∈ ℝ��×�  and �� ∈ ℝ��×�  are the weighting matrices, while ∅� ∈ ℝ��×� , ∅� ∈ ℝ��×� , and 

�� ∈ ℝ�� are the basis-function matrices. � ∈ ℝ� is the accumulated modeling error vector. 

For a 2-DOF robot, Eq. (4.4) can be written as  
 

�
����

� ���� ����
� ����

����
� ���� ����

� ����

� �̈ + �
����

� ���� ����
� ����

����
� ���� ����

� ����

� �̇ + �
���

� ���

���
� ���

� = ��(4.5) 

 
According to Eq. (4.5), the followings are noted: 
 The decoupled dynamics of each DOF can be represented as 

����
� �����̈� + ����

� �����̇� + ����
� �����̈� + ����

� �����̇� + ���
� ����������������������������

�������� ����������

= ��� 

����
� �����̈� + ����

� �����̇� + ����
� �����̈� + ����

� �����̇� + ���
� ����������������������������

�������� ����������

= ���(4.6) 

 The whole dynamics of the target robot is intrinsically decoupled by using the partitioned approximation technique, i.e.  
����

� �����̈� + ����
� �����̇� + ���

� ��� = ��� 

����
� �����̈� + ����

� �����̇� + ��� = ��� 
����

� �����̈� + ����
� �����̇� + ���

� ��� = ��� 

����
� �����̈� + ����

� �����̇� + ��� = ���                                      (4.7) 
  

These equations can recursively be solved; however, this technique results in a number of equations that are equal to �� which 
can be computationally tedious. 
 The partitioned approximation technique has flexibility in decentralization, e.g., a 6-DOF robot can be decoupled into two 

3-DOF subsystems and so on.  

4.3 Methodology 
4.3.1 Dynamics of contact-free motion robots 
The dynamics of electrically driven �-joint robot consist of three subsystems: the link dynamics, the joint dynamics, and 
armature controlled DC motor dynamics (Fig. 4.1). The classical Euler-Lagrangian formulation of the whole system dynamics 
can be expressed as 
 

��̈ + ��̇ + � = ��                              (4.8a) 
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���̈� + ��
� = ��

� − ���                                    (4.8b) 

 
��̇ + �� + ���̇� = �                                        (4.8c) 

 
where �� ∈ ℝ� is the angular motor displacement before the gear transmission and equal to ����with� ∈ ℝ�×� referring to 
the diagonal gear-ratio matrix, �� ∈ ℝ�×� is a diagonal effective inertia matrix of the actuator, ��

� is the joint friction torques, 

and ��
�  is the motor torque vector which is equal to ���, with �� ∈ ℝ�×�denoting to the torque constant, and � ∈ ℝ� referring 

to the armature current, � ∈ ℝ�×� is a diagonal inductance matrix, � ∈ ℝ�×� is a diagonal resistance matrix, �� ∈ ℝ�×� is a 
diagonal matrix representing the EMF constant, and � ∈ ℝ� is the input voltage control. 
Substituting Eqs. (8b) into Eq. (8a) leads to the simplified full dynamics of robotic manipulators 
 

��̈ + ��̇ + � + �� = ��                                   (4.9a) 

 
�� = ��                                            (4.9b) 

 
��̇ + �� + ��̇ = �                                      (4.9c) 

 
with          � =  � + �����, �� = ��� ��

�, � = ��� ��,  � = �����    

 
Remark 4.1. Equation (4.9) neglects the coupling effects between rotor and link motion [59]. This assumption has been made for 
electrically driven robots provided with high gear ratio. Due to the high gear ration, the motor rotor moves faster along its axis 
than other directions and hence its motion is a pure rotation with respect to an inertial frame [42].  
 
Remark 4.2.It is well-known that the electric time constant is smaller than the mechanical time constant leading to neglecting the 
inductance matrix. This assumption leads to simplified robot dynamics with reduced actuator dynamics. In other words, the full 
dynamics of robots can be simplified to one equation, please see chapter 7 of [15] for more details. 
 

 
Fig. 4.1. Schematic diagram showing the dynamics of the k-th subsystem consisting of a link, joint, and armature controlled DC motor with �� being denoted to 

the constant field current. 
 

4.3.2 Decomposition approach 
Based on Eq. (4.9), the �-th subsystem of the target robot, in which � = 1, 2, … , �, can be expressed as  
 

∑ ���(�)�̈� +�
��� ∑ ���(�, �̇)�̇� +�

��� ��(�) + ���(�, �̇) = ���                      (4.10a) 

 
��� =  ℎ����                                          (4.10b) 

 
�����̇ + ����� + ����̇� = ��                                (4.10c) 

 
where �(.) , �(.) , �� , ���(�, �̇) , ��� , ℎ�� , �� , ��� , ��� , ��� , �̇� , and ��  are the corresponding elements of the target 

matrix/vector. 
Eq. (4.10a) is a highly coupled nonlinear system, whereas Eq. (10b,c) is fully decoupled. Accordingly, Eq. (4.10a) should be 
modified to meet the conditions of decomposition. As aforementioned, the objective of decoupled control is to control every 
DOF individually; therefore, Eq. (10a) can be further re-written as 
 

���(�)�̈� + ���(�, �̇)�̇� + ∑ ���(�)�̈� +�
���
���

∑ ���(�, �̇)�̇�
�
���
���

+ ��(�) + ���(�, �̇) = ℎ����            (4.11) 
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or alternatively, 

 

���(�)�̈� + ���(�, �̇)�̇� + ∆�(�, �̇) = ���                          (4.12a) 

 

with  

∆�= � ���(�)�̈� +

�

���
���

� ���(�, �̇)�̇�

�

���
���

+ ��(�) + ���(�, �̇) 

 

��� =  ℎ����                               (4.12b) 

 

�����̇ + ����� + ����̇� = ��                        (4.12c) 

 
Equation (4.12) represents the standard dynamic representation that will be adopted to solve the problem of decoupled control. 
 
Assumption 4.3. The interconnection/disturbance term ∆�(�, �̇) is bounded with analytic and continuous functions satisfying 
theorem 1. 
 
Remark 4.3. The interconnection/disturbance term is assumed bounded with smooth analytic functions, e.g., see [31,32]. 
Accordingly, this assumption is enough to decompose this term as a linear combination of basis functions without using the 
inverse analysis proposed in most work. 
 
Let us recall the partitioned approximation technique described in details in [29]. Accordingly, the approximation-based 
dynamics can be expressed as 

 �
����

� ���� ⋯ ����
� ����

⋮ ⋱ ⋮
����

� ���� ⋯ ����
� ����

� �̈ + �
����

� ���� ⋯ ����
� ����

⋮ ⋱ ⋮
����

� ���� ⋯ ����
� ����

� �̇ + �
�∆�

� �∆�

⋮
�∆�

� �∆�

� + � = �            (4.13) 

where �(.) ∈ ℝ�, �(.) ∈ ℝ� represent the weighting-coefficient and basis-function vectors respectively, and � ∈ ℝ� denotes to 

the accumulated modeling error vector. 
According to Eq. (4.13), the partitioned approximation technique has inherently decentralization features that can be exploited 
for decentralized control. In view of properties 1,2, assumptions 1,2, and Eq. (4.13), Eq. (4.12a) can be reformulated as 

���
� ����̈� + ���

� ����̇� + �∆�
� �∆� + �� = ��                                 (4.14) 

where 

���(�) = ���
� ��� + ���  

���(�) = ���
� ��� + ��� 

∆�(�, �̇) = �∆�
� �∆� + �∆� 

with�(.)  being denoted to the corresponding modeling error. Accordingly, the dynamics of the coupled robotic system is 

transformed to decoupled subsystems based on linear combinations of basis function with constant weighting coefficients that 
should be updated using the Lyapunov’s theory; the details are next. 

4.3.3 Controller design 
The objective of the proposed controller is to control the k-th subsystem individually considering the possibly accompanied 
uncertainties. Accordingly, let us consider the case that ���, ���, ∆�, ℎ��, ���, ���, ��� are unknowns. In addition, consideration 
of actuator dynamics is important for a robot with high-velocity movement and highly varying loads. Three possible actuator 
control modes are possible for modeling and control of the motor [42]: (i) the torque control mode in which the armature current 
is well controlled by a current servo amplifier and the motor torque/current constant is known, (ii) current control mode in which 
only the armature current is well controlled but the torque/current constant is unknown, and (iii) voltage control mode in which 
no current servo control is available. The solution steps can be summarized in Fig. 4.2. 
 
 

Assumption 4.2.For controller design, it is assumed that there is no servo current amplifier and the current-to-torque constant is 
unknown. Accordingly, the mentioned three control modes will be introduced in sequence. 

4.3.3.1 Motor torque control mode 
The aim of this mode is to generate the desired output torque with guaranteed precise tracking for the desired angular joint 
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displacements. The control law for this mode (see Eq. (4.12a)) can be designed as  

��� = ����(�)�̇� + �̂��(�)�� + ∆�� − ���� − Γ��(�)���(��)                       (4.15) 
 
with  

���� = �� ��
� ��� 

 
�̂�� = �� ��

� ��� 
 

∆��= �� ∆�
� �∆� 
 

�� = �̇�� − Λ���, �� = �̇� − �� = �̇� + Λ���, �� = �� − ��� 
 

 
 
Fig. 4.2. (a) The control architecture of the whole system, (b) the k-th subsystem controller. There is an algebraic loop at the motor current control mode due to the 
dependence of the input signal on the output signal. 

 
where �� and �� are positive feedback gains, Γ��(�) denotes to the adaptive sliding gain that should be updated in order to 
avoid the demand of modeling error bounds. Please for more details on adaptive sliding mode control see [43], and  
 

���(�) =
|�|

�
                                    (4.16) 

 
The mathematical relationship of Eq. (4.16) is very useful in the stability proof discussed later. Substituting Eq. (4.15) into Eq. 
(4.14) leads to the output position closed loop dynamics 

 

����̇ + ���� + ���� + Γ��(�)���(��) = −(�� ��
� ����̇� + �� ��

� ����� + �� ∆�
� �∆�) − (��� − ��) + ��          (4.17) 

 

From Eq. (17), the closed-loop control system is stable if ��(.) → 0, ��� − �� → 0, �� → 0, and Γ��(�) → �� ≥ |��|. This 

requires finding suitable update laws for the weighting coefficients, and the adaptive sliding gain. Let us select the following 
updating adaptive laws for the weighting vectors and adaptive sliding gain. 
 

��̇ �� = −�������̇��� 
 

��̇ �� = −���������� 
 

��̇ ∆� = −�∆��∆��� 
 

Γ�̇�(�) =
�

��
|��|                                                (4.18) 
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where �(.) ∈ ℝ�×� is a positive-definite adaptation matrix, and �� is a positive adaptation gain. 

 
Theorem 4.2. The k-th subsystem of the robotic manipulator (� = 1,2, … , �) described by Eq. (4.12a) combined with the 
desired applied torque control law of Eq. (4.15), and with the adaptation laws of the weighting vectors, and the adaptive sliding 
gain of Eq. (4.18), subject to  
 

��� = ��                                 (4.19) 
 

is stable in the sense of Lyapunov stability [15,43,44]. 
 
Proof. 
Consider the following Lyapunov-like function candidate (��) along the trajectory of Eq. (4.17) 
 

��� =
�

�
�����

� +
�

�
�� ��

� ���
���� ��

� +
�

�
�� ��

� ���
���� ��

� +
�

�
�� ∆�

� �∆�
���� ∆�

� +
�

�
��Γ��

�              (4.20) 

 
Taking the derivative of the last equation leads to 
 

�̇�� = ������̇� +
�

�
�̇����

� − �� ��
� ���

����̇ �� − �� ��
� ���

����̇ �� − �� ��
� ���

����̇ �� − ��Γ��(�)Γ�̇�(�)         (4.21) 

 
By substituting Eq. (4.17) into Eq. (4.21), using the adaptation laws of Eq. (4.18), and applying the passivity property 4.2 lead to 
 

�̇�� = −����
� + ���� − ��Γ��(�)���(��) − ��� − Γ��(�)� |��| − ��(��� − ��)                                (4.22) 

 
Substituting Eq. (4.19) into Eq. (4.22) and using Eq. (4.16) yield 
 

�̇�� =  −����
� + ���� − ��|��| < 0            (4.23) 

 
Both �� and Γ��(�) reach zero in finite time resulting in position error approaching to zero provided that �� ≥ |��|. 
 

4.3.3.2 Motor current control mode 
As aforementioned, the motor current control mode is necessary if the motor current can be controlled directly, and the 
current-to-torque constant(ℎ��) is not available. Accordingly, the desired torque associated with the unknown ℎ��  can be 
expressed as 
 

��� = ℎ������                               (4.24) 
 

The updating adaptive law for unknown ℎ��� can be designed as 
 

ℎ�̇�� = ��������                       (4.25) 
 
Theorem 4.3. The k-th subsystem of the robotic manipulator (� = 1,2, … , �) described by Eqs. (4.12a) and (4.12b) combined 
with the desired applied torque control law of Eq. (4.15), the adaptation laws of the weighting vectors, the adaptive sliding gain of 
Eq. (4.18), and with updating law of current-to-torque constant of Eq. (4.25), subject to 
 

��� = ��                                  (4.26) 
 
is stable in the sense of Lyapunov stability [15,43,44]. 
 
Proof. 
The Lyapunov-like function candidate along the trajectory of Eq. (4.17) can be expressed as 
 

��� = ��� +
�

�
���

��ℎ���
�                   (4.27) 

 
Taking the time derivative of Eq. (4.27) and considering Eq. (4.22) lead to 
 

�̇�� = −����
� + ���� − ��Γ��(�)���(��) − (�� − Γ��)|��| + �(��� − ��) − ���

��ℎ���ℎ�̇��            (4.28) 
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However, the fifth term can be manipulated as 
 

��� − �� = ℎ��(��� − ��) − ℎ������                         (4.29) 
 
Substituting Eq. (4.29) into Eq. (4.28) and considering the simplification of the third and the fourth terms as made in Eq. (4.23) 
yield 

�̇�� = −����
� + ���� − ��|��| − ��ℎ��(��� − ��) + ��ℎ������ − ���

��ℎ���ℎ�̇�� 

�̇�� = −����
� + ���� − ��|��| − ��ℎ��(��� − ��) + ℎ���(����� − ���

��ℎ�̇��)   (4.30) 
 
Substituting Eq. (4.25) and Eq. (4.26) into Eq. (4.30) results in the same stability results of Eq. (4.23). 

4.3.3.3 Motor voltage control mode 
The motor voltage control mode is a complementary control mode necessary if a servo current amplifier is unavailable. The 
intuitive control law for the armature current dynamics described in Eq. (12c) can be selected as 
 

��� = �� ��
� ��� − ℎ����� − ���(�� − ���)                       (4.31) 

 
where  

�����̇� + ����� + ����̇� = ���
� ��� + ��� 

 

, ℎ��� can be calculated from Eq. (4.25), and 
 

��̇ �� = −������(��� − ��)                          (4.32) 
 

Substituting Eq. (4.31) into Eq. (4.12c) results in the following closed-loop dynamics (neglecting the approximation error 
associated with (4.31)) 
 

�� ��
� ��� + ���(�� − ���) + ℎ���� = ��(��̇� − ��̇) + (�� − ���)                      (4.33) 

 
Theorem 4.4. The �-th subsystem of the robotic manipulator (� = 1,2, … , �) described by Eqs. (4.12a)-(4.12c) combined with 
the desired motor torque control law of Eq. (4.7), the adaptation laws of the weighting vectors, the adaptive sliding gain of Eq. 
(4.10), updating law of current-to-torque constant of Eq. (4.25), The desired voltage control input of Eq. (4.31), updating 
adaptive law of weighting vector of Eq. (4.32), and subject to 
 

��� = ��                                    (4.34) 
 
is stable in the sense of Lyapunov stability. 
 
Proof. 
To prove the validity of controller law of Eq. (4.31) associated with adaptation law of Eq. (4.32), consider the following 
Lyapunov-like function candidate 
 

��� = ��� +
�

�
��(��� − ��)� +

�

�
�� ��

� ���
���� ��

�                (4.35) 

 
By taking the time derivative of Eq. (4.35) and considering Eq. (4.30) with adaptation law of Eq. (4.25), we can get 
 

�̇�� = −����
� + ���� − ��|��| − ��ℎ��(��� − ��) + ��(��� − ��)(��̇� − ��̇) − �� ��

� ���
����̇ ��     (4.36) 

 
Substituting Eqs. (4.32) and (4.33) into Eq. (4.36) results in 
 

�̇�� = −����
� + ���� − ��|��| − ���(�� − ���)� − (��� − ��)(�� − ���)               (4.37) 

 
In view of Theorem 4.4, Eq. (4.37) can be expressed as  
 

�̇�� = −����
� − ���(�� − ���)� + ���� − ��|��|              (4.38) 

 
The variables ��, ��  and Γ��(�) reach zero in finite time resulting in position error approaching zero provided that �� ≥ |��|. 
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Remark 4.4. The stability of the individual subsystems can guarantee the stability of the whole system. 
 
Remark 4.5.The function ���(. ) is a hard nonlinear function that can be approximated by a smoother function such as ���(. ) 
[27]. However, this can results in a modeling error due to this approximation. Therefore, in order to avoid the possible parameter 
drift, the robust adaptive laws can be used alternatively such as project modification, � −modification, � −modification, etc. 
[45]. 
 
Remark 4.6. If it is supposed that a sufficient number of basis functions (�) are used, then the modeling error can ideally be 
neglected, and hence no adaptive sliding mode term could be required [27]. 

4.4 Simulation Results and Discussions 
Two case studies have been simulated using MATLAB/SIMULINK to prove the validity of the proposed controller: a 2-link 
manipulator and a 6-link biped robot; the details are as follows. 
 
4.4.1 Two-link manipulator 
A fully actuated 2-link manipulator was simulated using MATLAB/SIMULINK to investigate the performance of the proposed 
controller (Figs. 4.3-5). The parameters of the simulated manipulators are borrowed from [27]. The target manipulator moves 

freely (without constrained motion) with the following desired trajectories [46]: t))cos(2(130q 0
d1   and 

t))cos(2(145q 0
d2  . However, there are some assumptions are made for simulation implementation: 

 The current-to-torque constant ℎ�� is known, 

 The joint drive system is directly constructed with gear ratio equal to one. As a result, there are two-stage control modes for 
the actuators: the motor torque control mode (Eqs. (4.15) and (4.18)) and the motor voltage control mode (Eqs. (31) and 
(32)).  

 It is supposed that a sufficient number of orthogonal Chebyshev basis functions (� = 15) are used for approximation 
purposes and hence the approximation error is neglected (it is a typical case used for simplicity in some previous work, see 
e.g. [27, 31]). 

 The friction consists of two terms: Coulomb friction, �� ������̇�, and viscous friction, ���̇; with �� = �� = 0.5. See [49] 

and the references therein for other possible friction models. 

 The saturated input control is not considered and it is assumed that the motors are strong to generate the required voltages. 

The feedback and the adaptation gains used are: 

Λ� = 75, ��� = 10 ���, ��� = 10 ���, �∆� = 25 ���, �� = 100, ��� = 50, ��� = 50 ���,  
Figure 4.6 show the position error and the input control voltage for the target robot. The robot tracks well the desired trajectory. 
One important point should be mentioned is that although the proposed controller does not track precisely the dynamic 

coefficients of the equation of motion for each subsystem, the controller tracks well the desired references. The objective of 
adaptive control is to follow the desired trajectory rather than convergence of unknown parameters of the system to their actual 
values. The system signals should be persistently excited in order to ensure good estimation for unknown parameters, see [44] for 

more details.  
A special case has been applied to the 2-link manipulator in order to test the superiority of the proposed controller comparing with 

the decoupled PD control. The PD control law can be described as: )( kkkkkk eeKsK   , with 100kK . Figures 4.7 and 

4.8 show the position errors and the input control torques respectively considering both the decentralized adaptive partitioned 
approximation control (APAC) and PD control. The feedback and adaptive gain matrices are tuned by gradually increasing their 

values from zero to a limit at which the instability occurs, then the matrices should be scaled down [42]. Both controllers work 
well with small position error; however, the APAC shows more accuracy than the PD considering the same high gain. 

 

 Fig. 4.3. The 2-link manipulator
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Fig. 4.4 A SIMULINK model describing the proposed control architecture for a two-link manipulator.  As noted the control system is decomposed into two subsystems representing the degrees of freedom of the system. See Fig. 5 for more 

details on the block diagrams used for each subsystem controller. 

The decentralized controller 
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Fig. 4.5. A SIMULINK model describing the 1stsubsystem decentralized adaptive approximation controller for joint 1. A similar control structure is used for the second subsystem. 
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Fig. 4.6. Simulation results for 2-R robot 

 
Fig. 4.7. The position errors for the 2-R robot using the PD and APAC controllers 

 

Fig. 4.8. The input control torques for the 2-R robot using the PD and APAC controllers 

 

4.2 Six-link biped robot 

In this subsection, a fully actuated 6-DOF biped robot is controlled by using the decentralized adaptive approximation control. 

There are different walking phases for biped locomotion; however, this section concentrates on the single support phase 

(SSP). The biped is considered an open chain during this walking phase in which the supporting foot is in full contact with the 

plane ground. This means that the dynamics of the support foot are neglected. This assumption coincides with the concept of 

zero-moment point (ZMP)-based balance criterion for biped locomotion. If the dynamics of the stance foot are considered 
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and it is allowed to rotate, the system will be underactuated and the stability of the biped mechanism cannot be governed by 

the ZMP and another balance criterion, e.g., Poincaré map, is used alternatively. See [48,49] for more details. 

Figure 4.9 shows the configuration of the biped robot during the SSP; for more details on modeling and control of biped 

robots see [47-57]. The physical parameters are borrowed from [58]. It should be noted that this short subsection is focused 

on low-level control of the biped robot. Control of the biped mechanism may require multi-level control architecture: the 

walking pattern generator control level, the stabilization controller for compensation of the deviation of the ZMP (as an 

example of balance criterion), and the low-level control strategy for precise tracking of the desired references (position, 

torque, etc.). One of the possible strategies for modeling the biped mechanism is to consider the support foot as fixed base and 

hence the biped mechanism can be dealt as fixed base robots. Therefore, the dynamics and control of robotic manipulators 

can be applied efficiently. This assumption coincides with ZMP-based walking. 

In similar to the previous simulation study, a Matlab/Simulink model used for implementing the simulation experiments. A 

similar control architecture described in Figs. 4.4,5 and the same assumptions are used for simulation implementation. 

Therefore,  two-stage control modes are used for motion control of the target biped: the motor torque control mode and the 

motor voltage control mode. The decentralized adaptive approximation control is applied with the following feedback and 

adaptation gains: 

Λ� = 50��� = 5 ������ = 5 ����∆� = 15 ���, �� = 100, ��� = 50, ��� = 50 ���,  

Figures 4.10 and 4.11 show the position error and the voltage input control for the simulated biped robot. The biped can track 

the desired references very well despite the presence of the unknown parameters of the system and the high degrees of 

freedom. 

 
Fig. 4.9. The configuration of the biped robot during the single support phase 
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Fig. 4.10. The angular position errors associated with the angular joints of the biped robot depicted in Fig. 4.7.  

 
Fig. 4.11. The input voltage control for the biped robot during the SSP 

4.5 Conclusion 

This chapter proposes a decentralized adaptive partitioned approximation control strategy for robotic manipulators 

considering actuator dynamics. Three actuator control modes are considered: torque control mode, current control mode, and 

voltage control mode. In the torque control mode, the armature current is well controlled by a current servo amplifier and the 

motor torque/current constant is known. Whereas in the current control mode only the armature current is well controlled but 

the torque/current constant is unknown. On the other hand, the voltage control mode is necessary when no current servo 

control is available. In general, the proposed control law consists of three terms: a feed-forward control term, a high gain 

feedback control term, and a robust sliding term. The proposed control architecture has been applied to fully actuated and 

fixed base robotic systems. Further work is required to consider underactuated and overactuated robotic systems and even the 

floating base robots. In addition, the design of a decentralized control strategy for a robot moving in constrained space 

considering hybrid motion/force control or impedance control is necessary for different applications where the computational 

complexity inherently exists such as cooperating manipulators, robotic arm/hand systems and so on. 

Despite most decentralized control strategies are designed based on the Euler-Lagrange (E-L) formulation, exploiting the 

current strategy with the integration of the Newton-Euler (N-E) formulation is a powerful technique for dealing with 
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modeling and control of complex robotic systems. Despite the work of [42] has been focused on this point for modeling and 

decoupled control of N-E based robotic systems, the proposed controller for the whole system is distributed (not fully 

decentralized). Future work may focus on this point using a fully decentralized control approach considering free and 

constrained motion with different applications. 
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