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COX RINGS OF ALMOST HOMOGENEOUS SL,-THREEFOLDS

ANTOINE VEZIER

Abstract

We study Cox rings of normal threefolds on which SL» acts with a dense orbit. Exploiting the method
of U-invariants, we obtain combinatorial criteria for the total coordinate space and the base variety to
have log terminal singularities. Also, we develop a general approach to the description of the Cox ring
by generators and relations which is effective for normal SLs /u,-embeddings.

1 Introduction

The complexity of the action of a connected reductive group is a very important birational invariant
in studying the geometry of the action. This is the minimal codimension of an orbit of a Borel subgroup.
The normal algebraic varieties of complexity zero are the spherical varieties, they constitute a natural
generalization of toric varieties and have a well understood geometry ([31, Chap. 5]). The next step is the
study of varieties of complexity one, which is not so well developed, except for the case of actions by tori
([16], [1], [20]). In general, two cases are possible for a normal variety of complexity one: either it is almost
homogeneous (i.e. there exists a dense orbit), or it admits a one-parameter family of spherical orbits. The
first examples of the former case consist of almost homogeneous SLy-threefolds, that is, normal SLo-varieties
of dimension three with a dense orbit. Various aspects make this class of examples especially important, and
one can view their study as a preliminary step toward a better understanding of general almost homogeneous
varieties of complexity one. For example, these examples yield all homogeneous spaces of complexity and
rank one via "parabolic induction", as shown by Panyushev in [24].

An almost homogeneous SLo-threefold X can be viewed as a normal embedding of a homogeneous space
of the form SLy /F where F is a finite subgroup. This means that the orbit morphism associated to a point
in the dense orbit factors through a SLg-equivariant open immersion SLy /F < X. This point of view is
interesting because one can take advantage of the combinatorial data defining the embedding to approach
various questions. The setup of this combinatorial framework goes back to the seminal work of Luna and
Vust ([21]). It has been considerably clarified in the complexity zero case by Brion, Knop, Luna, Vust, and
by Timashev in the complexity one case ([29]). In fact Timashev’s description doesn’t restrict to almost
homogeneous spaces but allows to classify varieties in any fixed equivariant birational class in terms of
objects of convex geometry. The combinatorial description of normal SL, /F-embeddings has been obtained
by Luna and Vust ([21]) when F is trivial, Moser-Jauslin ([22]) who extended the classification of Luna-Vust
for arbitrary F', and Timashev ([29]) who put these results in his framework.

In the present work, we focus on Cozx rings of normal SLy /F-embeddings. The Cox ring of a normal
variety X, denoted Cox(X), is an important invariant that encodes a lot of geometric information, see [2]
for a comprehensive reference on this rich subject. It is the ring of global sections of the Cox sheaf, which
is, roughly speaking, the direct sum

Rx =B Feamx) F

indexed by elements of the class group of X, i.e. the group of isomorphism classes of divisorial sheaves on
X. Under mild assumptions, Rx can be endowed with a structure of quasi-coherent Cl(X)-graded Ox-
algebra, whence a structure of Cl(X)-graded ring on Cox(X). When Rx is of finite type as an Ox-algebra,
its relative spectrum X is a normal [Ceyx)-variety over X, where I'cy(x) is the diagonalizable group with
character group CI1(X). This is called the characteristic space of X, and the structural morphism X = Xis
a good quotient by I'ci(x). For a finitely generated Cox ring, its spectrum X is called the total coordinate

space of X, and the affinization morphism X5 Xisa ¢y x)-equivariant open immersion whose image has

a complement of codimension > 2 in X. When X is smooth, the characteristic space is a I'pic(x)-torsor over
X called the universal torsor.



Let X be a normal SLy /F-embedding. In fact, we consider the equivariant Cox ring of X introduced
and studied in [32]. For the case of SLs, it is canonically isomorphic to the ordinary Cox ring ([32, 2.3.4]).
However, we take advantage of the structure of graded SLs-algebra provided by the construction of the
equivariant Cox ring. Also, we occasionally use general results from [32]. In particular, Cox(X) is a finitely
generated normal domain, and we use the description of the k-subalgebra of U-invariants Cox(X )Y, where U
is the unipotent part of the standard Borel subgroup B of SLsy. For the convenience of the reader, we recall
in Section 2 useful facts on normal rational varieties of complexity one and their (equivariant) Cox ring. In
Section 3, we describe the class group of X by generators and relations. Then, we provide a combinatorial
criterion for X to have log terminal singularities, extending a previous result of Degtyarev ([11]).

The study of the Cox ring of X starts in Section 4.1. We put to light some interesting new phenomena
with regard to the special fiber, i.e. the schematic fiber at zero of the quotient morphism

X // SLa

A,

where N is the number of SLo-invariant prime divisors in X ([32, 2.8.5]). The general fibers of this mor-
phism are isomorphic to the total coordinate space of the dense orbit ([32, 2.8.1]). For a spherical variety,
the quotient morphism is faithfully flat, and the special fiber is a normal affine variety which is moreover
horospherical, in the sense that the product of two irreducible representations, say Vy, V,, in its coordinate
algebra is their Cartan product Vi, ([8, 3.2.3]). These nice geometric properties are important ingredients
for the determination of a presentation of the Cox ring of a spherical variety in loc. cit. We show by examples
that these properties do not extend to the complexity one world. Nevertheless, we give a criterion for the
special fiber to be a normal variety, in terms of the basic geometry of X.

Pursuing our investigation, we turn to singularities of the Cox ring. It is well known that Cox rings
are normal integral domains. However, they can be quite singular in general. They are not necessarily
Cohen-Macaulay although it has been recently shown by Braun that they are Q-Gorenstein ([5]). Our goal
is to provide a condition of combinatorial nature for the total coordinate space X to have log terminal
singularities. This is an interesting question, for example a QQ-factorial normal projective variety is of Fano
type if and only if its Cox ring is finitely generated with log terminal singularities ([2, 4.3.3.7]). To treat
this question, we first make a link with the work of Arzhantsev, Braun, Hausen and Wrobel on singularities
of varieties of complexity one under a torus action ([1]). Indeed, we show in Section 4.2 that the categorical
quotient of X by U is an almost principal U-bundle that identifies X //U with the total coordinate space Y
of a certain T-variety Y of complexity one, where T is the standard maximal torus of B. This fact yields a
strong connection between iterations of Cox rings for X and Y. Roughly, iteration of Cox rings consists in
studying the sequence of total coordinate spaces

e X 5 X s X(@) Ly X

where X (™ denotes the total coordinate space of X(n=1) A basic question is whether this sequence is finite,
in which case X is said to have finite iteration of Cox rings, and the last obtained Cox ring is called the
master Cox ring. This question seems to be related to the characterization of singularities of X ([1], [5]).
In Section 4.3, we study the iteration sequence for X. By virtue of [32, 3.4.1], it is finite with a finitely
generated factorial master total coordinate space X (™). In particular, we obtain

Proposition 1. The length m of the iteration of Coz rings sequence of X is bounded by 4.

See the statement 4.3.13 where more precise bounds are given depending on the finite subgroup F' C SLs.
Also, we obtain a commutative diagram

QNN (I
L]
DN (O 4




where the horizontal arrows are structural morphisms of characteristic spaces, the vertical arrows are almost
principal U-bundles, and all squares are cartesian. This construction allows us to make use of our second
main ingredient which is a corollary from a result of Braun ([5, 2.6]). This corollary roughly states that log
terminal singularities behave well under iteration of Cox rings. Putting these ingredients together yields our
main result (4.4.1)

Theorem. Let X be a normal almost homogeneous SLa-threefold. Then, we have

X has log terminal singularities <= Vi € [1,m], X has log terminal singularities
< X has Gorenstein canonical singularities

— Cox(X)Y is a Platonic ring

The above condition on Cox(X)V is of combinatorial nature, and has been introduced in [1]. It translates
into a condition on the combinatorial data defining X (see Section 2.2).

Finally, we develop in Section 4.5 an approach for the description of the Cox ring by generators and
relations. In the same way as it is important for projective geometry to have explicit homogeneous coor-
dinates, it is an important problem to find an explicit description by generators and relations of the Cox
ring. Moreover, the shape of the equations defining the total coordinate space turns out to have important
arithmetic consequences for the base variety, see for example the recent preprint [4] related to the Manin-
Peyre conjecture. Our approach is effective for normal SLg /u,-embeddings. This eventually leads us to
compare our treatment with previous work by Batyrev and Haddad in the particular case of affine almost
homogeneous SLo-threefolds ([3]).

Acknowledgements. I am very grateful to Michel Brion for a lot of helping discussions, and a very careful
reading of the present work. I also thank Jiirgen Hausen for interesting discussions during my stay in
T{ibingen.

Conventions. Let k£ denote an algebraically closed base field of characteristic zero. In this text, we work
in the category of algebraic schemes, that is, separated k-schemes of finite type. Hence, a morphism (f, f*) :
X — Y of algebraic schemes is meant to be a k-morphism. A wariety is an integral algebraic scheme.
Without further precision, a point of a variety is meant to be a closed point. The sheaf of regular functions
(or structure sheaf) on an algebraic scheme X is denoted Ox. A subvariety of a variety X is a locally closed
subset equipped with its reduced scheme structure. The sheaf of units associated to Ox is denoted O%.

In this text, an algebraic group is an affine algebraic group scheme. The character group of an algebraic
group G is denoted Gor X *(G). Given a finitely generated abelian group M, we let I'j; denote the
diagonalizable (algebraic) group Spec(k[M]) with character group M. Without further precision, the letter
T denotes an arbitrary torus. An almost homogeneous variety is a normal variety on which a connected
algebraic group acts with a dense orbit.

Let G be an algebraic group, X an algebraic G-scheme, and ¢ : X — Y a G-invariant morphism. We
say that ¢ is a G-torsor (or principal G-bundle) over Y if ¢ is faithfully flat, and the natural morphism
G x X = X Xy X is an isomorphism. As algebraic groups are smooth in characteristic zero, ¢ is faithfully
flat if and only if it is smooth and surjective. We say that g is a trivial G-torsor over Y if there is a
G-equivariant isomorphism X ~ G X Y over Y, where G acts on G x Y via left multiplication on the first
factor. A fact that will be used implicitly many times in the text is that a torsor under a torus or a unipotent
algebraic group is locally trivial in the Zariski topology.

Let G be an algebraic group and X an affine algebraic G-scheme. If O(X)% is a finitely generated k-
algebra, then the affine algebraic scheme X//G := Spec(O(X)%) is called the categorical quotient of X by
G. Tt is the universal object in the category of G-invariant morphisms from X to affine algebraic schemes.

Our convention is that a reductive group is a linearly reductive group, that is, every finite dimensional
representation of such group is semisimple. In particular, a reductive group is not necessarily connected. Let
G be a reductive group and X an algebraic G-scheme. A good quotient of X by G is an affine G-invariant
morphism ¢ : X — Y such that ¢* induces an isomorphism Oy — (¢.Ox)¢. It is a universal object in the
category of G-invariant morphisms from X to algebraic schemes.



Let X be a normal variety, the group of Weil divisors is denoted WDiv(X). Every Weil divisor defines
a coherent sheaf Ox (D) whose non-zero sections over an open subset U are rational functions f € k(X)*
such that div(f) 4+ D defines an effective divisor on U. A divisorial sheaf on X is a coherent reflexive sheaf
of rank one. The class group (resp. Picard group) of X, denoted Cl(X) (resp. Pic(X)), is the group of
isomorphism classes of divisorial sheaves (resp. invertible sheaves) on X. It is isomorphic to the group of
Weil divisors (resp. Cartier divisors) modulo linear equivalence through the morphism [D] — [Ox(D)]. Let
G be an algebraic group acting on a normal variety X. The equivariant class group (resp. equivariant Picard
group) of a normal G-variety X is denoted C1(X) (resp. Pic® (X)), and the equivariant Cox ring is denoted
Cox¥(X) (see [32, Sec. 2.2 and 2.3|). A pointed normal variety (X, z) consists of a normal variety X and
a smooth point 2 € X. For each class [F] € C1%(X), there exists a canonical representative F* called the
rigidified G-linearized divisorial sheaf associated to [F] (see [32, Sec. 2.3]).

The canonical sheaf wx on a normal variety X is the pushforward on X of the sheaf of differental forms
of maximal degree on the smooth locus Xg,,. It is a divisorial sheaf, and any Weil divisor Kx such that
Ox(Kx) ~ wx is a canonical divisor. A Q-Gorenstein variety is a normal variety such that some non-zero
power of the canonical sheaf is invertible. A Gorenstein variety is a normal Cohen-Macaulay variety whose
canonical sheaf is invertible.

Let X be a normal variety. We say that X has rational singularities if there exists a proper birational
morphism

w:Z—=X,

where Z is a smooth variety (a resolution of singularities), and such that Rip.Oz = 0, Vi > 0. This last
property doesn’t depend on the choice of a resolution. We say that X has log terminal singularities (resp.
canonical singularities) if the following conditions are satisfied:

e X is Q-Gorenstein.

e There is a resolution of singularities ¢ : Z — X such that
Kz =¢"Kx + Y oFE;, a; > —1 (resp. oy > 0),

where the sum runs over the exceptional divisors E; of .

2 Normal rational varieties of complexity one

Let G be a connected reductive group, and (X, ) be a pointed normal rational G-variety of complexity
one. Fix a Borel subgroup B, a maximal torus T in B, and denote by U the unipotent part of B. Suppose
that G has trivial Picard group, so that any divisorial sheaf on X admits a G-linearization (see [32, 2.2.2]; this
can always be achieved by replacing G’ with a finite cover). In this section, we recall facts on the geometry
of X following [31], [26], and [32].

2.1 DB-stable divisors
By a theorem of Rosenlicht ([31, 5.1]) there is a rational quotient
m:X - P}

by B. Thus, general B-orbits determine a one-parameter family of B-stable prime divisors in X. This
rational map is defined by two global sections a, b of a rigidified G-linearized divisorial sheaf F* on X ([32,
Sec. 3.2]). The pullback of Weil divisors on P} corresponds to the usual pullback of Cartier divisors and is
given by

7* : WDiv(P}) — WDiv(X),p = [a : 8] = div(Ba — ab),



where [ : 3] are homogeneous coordinates of p € Pj. All the B-stable prime divisors in X but a finite
number lie in the image of 7* ([32, Sec. 3.1]).

Definition 2.1.1. [26, 3] The prime divisors in X lying in the image of 7* are the parametric divisors.
The finite set of B-stable prime divisors that are not parametric is the set of exceptional divisors. For an
exceptional divisor F, the image of g is either dense or a point in P}. In the former case, we say that £
dominates P}, in the latter case, the image point is called ezceptional.

2.2 The algebras Cox“(X)V and Cox(X)Y

Suppose that O(X)* ~ k*, so that both Cox®(X) and Cox(X) are well defined and finitely generated
([32, 3.1.4]). We recall the description of the k-algebra Cox®(X)V of U-invariants obtained by Ponomareva
in [26, Thm. 4] and generalized in [32, 3.2.3]. Also, considering the canonical structure of U-algebra on
Cox(X), we recall an interpretation of Cox(X)Y as the Cox ring of a complexity one T-variety ([32, 3.3.2]).

Notation 2.2.1. Let (x;);er be the finite family of exceptional points with respective homogeneous coordi-
nates [o; : 3;]. For all i € I, let (E}"); be the finite family of exceptional divisors that are sent to z; by .
Let (Ej)x be the finite family of exceptional divisors dominating P}. Equip O(E;*)* (resp. O(E)) with
arbitrary G-linearizations, and let s;; (resp. sj) denote the canonical sections of these sheaves associated
with the divisors £ (resp Ej), and let h;; denote the (integral) coefficient of E7* in the divisor 7 (z;).

Theorem 2.2.2. [32, 3.2.3] The k-algebra Cox®(X)V is generated as a k[G]-algebra by the elements
a,b,(si5)ij, (sk)k. The ideal of relations contains the following identities

Bia — azb = N ] SZU,
where for all i € I, )\; is a certain character of G. If moreover, the condition
() the common degree of the sections a and b is Z-torsion free in C1%(X) x T
is satisfied, then the above relations generate the whole ideal.
Remark 2.2.3. [32, 3.2.4] Examples of situations where the condition (x) is satisfied are given by
e rational normal T-varieties of complexity one such that O(X)T ~ k.

e almost homogeneous varieties of complexity one.

In [2, 3.4.2], are studied the coordinate algebras of certain trinomial varieties, that is, affine varieties which
are the intersection in an affine space of hypersurfaces defined by trinomial equations. These algebras are
obtained via a construction taking in input certain matrices A and P, storing the coefficients and exponents
of the trinomials. Their spectrum defines normal affine varieties of complexity one under the action of (the
connected component) of a diagonalizable group, and such that the invariant regular functions are constant.

Moreover, these algebras turn out to be Cox rings of varieties of complexity one under the action of a torus
[2, 3.4.3].

Construction 2.2.4. [2, 3.4.2.1] Fix integers r € Zx1, m € Zxq, a sequence of integers ng, ...,n, € Z>1,
and let n := ng + ... + n,.. Consider as inputs

e A matrix A := [ao, ..., a,] with pairwise linearly independent column vectors ay, ..., a, € k2.

e An r x (n+ m) block matrix Py := [L 0,,,], where L is an r x n matrix built from the n;-tuples
L= (L, ooy lin,) € Z;“l, 0 <4 < r, called exponent vectors, as below



Now consider the polynomial algebra k[Tij7Sk}, where 0 < i <7, 1 <7< ng,and 1 <k < m. For every
0 < i < r, define a monomial

li . mlin lin;
Th =TT

cediing o

whence the name "exponent vector". Denote .# the set of triples (i1, 42,43) with 0 < i1 < iy < i3 < r, and
for all I € .#, consider the trinomial

l l l

i1 i ig
gr := det L Tt T
Agq (0798 Qg

We introduce a grading on k[T};, Sk by the abelian group Ko := Z"*™ /Im(*Fy), where P, is the transpose
of Py. Let Qg : Z"*™ — K, be the projection, and set

deg T := Qo(esj), and deg Sy, := Qo(ex),
where (e;;, ex) is the standard basis of Z"*™. Finally consider the Ky-graded k-algebra
R(A, Ry) := k[Tij, Sk]/(91)1c.s-

Proposition 2.2.5. [32, 3.53.2] Suppose that the condition (x) of 2.2.2 is satisfied. Then, the k-algebra
Cox(X)Y is isomorphic to an algebra R(A, Py) constructed as in 2.2.4.

Remark 2.2.6. By [32, 3.3.2], the input data to be used in Construction 2.2.4 in order to obtain Cox(X)Y
can interpreted geometrically:

e m is the number of exceptional divisors in X dominating ]P’,lc,
° h di Pi of th ional poi
ap, ---, @ are homogemeous coordinates on P of the exceptional points xg, ..., ;.

e the exponent vectors are the vectors formed by the multiplicities of the exceptional divisors in the
pullbacks 7*(x;), i =0, ..., r.

Remark 2.2.7. Consider the spectrum Y of an algebra R(A, Py) viewed as the total coordinate space of a
normal rational variety Y of complexity one under a torus action. The geometries of Y and Y highly depend
on the exponent vectors l;, ¢ = 0, ..., 7, involved in the equations. In [1], the study of singularities on Y leads
to the following notion that will be used later: a ring R(A, Py) is a Platonic ring either if r < 1, or if every
tuple (15, ..., lri,.) i Platonic, i.e. after ordering it decreasingly, the first triple is one of the Platonic triples

(53 37 2)7 (4? 3’2)7 (3? 3’ 2)7 (x7 2’ 2)7 (:177 y’ 1)7 z 2 y 2 17

and the remaining integers of the tuple equal one.

2.3 Combinatorial classification

In this section, we present the combinatorial framework for the classification of complexity one normal
rational G-varieties lying in a fixed G-birational class. Our reference for this material is [31]. Let K be the
field of rational functions of X. Recall that a geometric valuation of K is a discrete valuation K* — Q of
the form avp, where a € Q4, and vp is the normalized discrete valuation associated to a prime divisor D
in a normal variety Z whose field of fractions is identified with K.

Notation 2.3.1. We set D = D(K) for the set of prime divisors of X that are not G-stable, and D the
subset of B-stable ones. This last subset consists of the so-called colors of K. These sets don’t depend on
X up to G-birational equivalence and we identify them with the corresponding sets of normalized geometric
valuations of K. Let V denote the set of G-valuations of K, that is, the geometric G-invariant valuations of
K. Let V(X) denote the subset of normalized G-valuations corresponding to G-stable prime divisors of X.
The element of V(X)) corresponding to a G-stable prime divisor D is denoted vp.



There is an exact sequence of abelian groups
1= (KB ~k(PL) - KB) - A(X) — 1,

where K(B) is the multiplicative group of rational B-semi-invariant functions and A(X) is the associated
group of weights. The abelian group A(X) is the weight lattice of the G-variety X. It is a subgroup of T
whose rank is the rank of the G-variety X. After choosing a splitting A — f\ of the above sequence, we
view A(X) as a submodule of K (%), Then, considering a geometric valuation v of K, the restriction VB 18
determined by a triple (x, h,l), where z € P}, h € Q4, and | € £ := Hom(A(X), Q). Indeed, the restriction
of v to k(P}) is again a geometric valuation [31, B.8], hence of the form hv,, where z € P}. On the other
hand, vjz(x) yields an element [ € £.

Definition 2.3.2. For all z € P}, consider the closed half-space &, = Q4 x £. The hyperspace & associated
to K is the union of the &, glued together along &.

The set V embeds in & ,and V, :=VNE, is a simplicial convex polyhedral cone for all z € ]P’,lf. Also, the
natural map o : DB — £ is not injective in general. Notice that from the preceding section, all but a finite
number of B-stable prime divisors are sent in £ to a vector of the form e, := (z,1,0) € &, for a certain
T € IE”,IC.

Definition 2.3.3. The pair (V, DP) is the colored equipment of K. We say that (c‘j',V,DB, 0) is the colored
hyperspace of K.

Definition 2.3.4. A cone in £ is a cone in some &,, = € PL. A hypercone in £ is a union C = Uzep1 Ca of
convex cones, each generated by a finite number of vectors, and such that

1. C, =K+ Que, forall z € IE”,lC but a finite number, where K :=CN¢E.
2. One of the following cases occurs

(A) Iz e PL, C, =K.
B) 0 #B:=> B, CK, where e, + B, =C, N (e, +&).

The hypercone is said of type (A) (resp. (B)) depending on the alternative of condition 2. The hypercone is
said strictly convex if each C, is, and 0 ¢ B.

Definition 2.3.5. Let Q C & a subset all of whose elements but a finite number are of the form e, for some
z € P}. Let £, + P, the convex hull of intersection points of the half-lines Q1q,q € Q with £, + £. We say
that the hypercone C = C(Q), where the C, are generated by QN &, and P := > P,, is generated by Q.

The fundamental result is that strictly convex hypercones (C,R) := C(WUg(R)), where W C V, R C D5,
and 0 ¢ o(R), classify affine B-stable open subvarieties of normal G-models of K (the so-called B-charts).
These hypercones are called colored hypercones.

Remark 2.3.6. Let X be a B-chart defined by a colored hypercone (C,R). Then O(X,)? ~ k if and only
if (C,R) is of type (B).

A finite set of colored hypercones (C,R) defines B-charts )G(i and G-models X; := G)D(i. These G-models
can be glued together into a G-model if and only if these colored hypercones defines a colored hyperfan.
In turn, the colored hyperfans classify normal G-models of K. To make this last notion precise we need
the notion of a hyperface of a hypercone, which is defined through the notion of a linear functional on the
hyperspace. We can think of the abelian group K(®) as the dual object to the hyperspace. Indeed, every
f = fofr € KB defines a so-called linear functional on g, namely the restriction to each &, is a Q-linear
form ((,7) — hvg(fo) +v(\)). Conversely, considering a linear functional on £, a multiple of it is given by
a rational B-semi-invariant function.



Definition 2.3.7. A face of a hypercone C is a face C’ of a certain cone C, such that C'NB = ). A hyperface
of C is a hypercone C' = C Nker ¢, where ¢ is a linear functional on C such that ¢(C) > 0. If C is of type B,
its interior is by definition int C := U,epr int C; U int K.

Definition 2.3.8. A colored hypercone (C,R) of type (B) is supported if intC NV # 0. A (hyper)face of
(C,R) is a colored (hyper)cone (C’,R’), where C’ is a (hyper)face of C, and R’ = RN o *(C"). A colored
hyperfan is a set of supported colored cones and hypercones of type (B) whose interiors are disjoint inside V,
and which is obtained as the set of all supported colored (hyper)faces of finitely many colored hypercones.

An interesting feature of this classification framework is that the lattice of G-stable subvarieties of X
can be read from the combinatorial representation of X as a colored hyperfan. Indeed, consider a G-stable
subvariety Y C X, and a B-chart X intersecting Y which is defined by a hypercone C (WU o(R)). Denote
Vy C W, DE C R the respective subsets which correspond to the B-stable prime divisors in X whose
closure in X contains Y, and let Cy be the (hyper)cone spanned by Vy U o(DZ). Then for any other
G-stable subvariety Z, we have Y C Z if and only if (Cz, DZ) is a (hyper)face of (Cy,DE).

2.4 Structure of B-charts

The local structure theorem of Brion, Luna and Vust ([10, Thm 1.4]) is a very useful tool for the study
of varieties with group action, the following variant is due to Knop.

Theorem 2.4.1. [17, 1.2] Let G a connected reductive group, X a G-variety equipped with an ample G-
linearized invertible sheaf L, and s € E(X)(B) a B-semi-invariant section. Let P the parabolic subgroup
stabilizing s in P(L(X)), with Levi decomposition P, x L, T C L. Then the open subvariety X is P-stable,
and there exists a closed L-stable subvariety Y C X, such that the morphism induced by the P-action

P, xY — X,
18 a P-equivariant isomorphism.

Consider a B-chart V' C X, the G-variety Xy := GV, and the B-stable effective divisor D := X, \ V.
By [30, Lemma 2], Ox, (D) is an ample (G-linearized) line bundle on X;. The canonical section associated
with D is B-semi-invariant. Thus, its projective stabilizer P is a parabolic subgroup containing B. Then,
the above theorem yields a P-equivariant isomorphism

P, xY —=V.
Corollary 2.4.2. Suppose that G = SLy and V' is not G-stable. Then, there is a B-equivariant isomorphism
UxY =V,

where Y is a normal affine T-variety of complexity one.

3 Almost homogenous SLso-threefolds

3.1 Generalities

Consider the algebraic group G := SLy identified with its group of rational points, namely the matrices

g= g1 g2

g3 94
such that g; € k and det(g) = 1. By abuse of notation, we also let g; denote the corresponding matrix
coordinates on G. Consider also the Borel subgroup B whose elements are upper triangular matrices, and



the maximal torus 7" C B whose elements are diagonal matrices. The character group of T is free of rank
one generated by
t 0

oJ::(O t=1

1n—>t).

In the sequel, we fix a normal embedding i : G/F — X, where F is a finite subgroup of G. This means
that there exists a point x in the G-variety X such that the associated orbit morphism factors through a
G-equivariant open immersion ¢ : G/F — X. In the sequel, we identify G/F with this dense orbit. It is well
known that F' is conjugate either to a cyclic subgroup p,, C T of order n > 1, or to one of the famous binary
polyhedral groups ([28, 4.4]):

e [p, := Binary dihedral group of order 4n, n > 1,
e [ := Binary tetrahedral group,
e [ := Binary octahedral group,
e [71:= Binary icosahedral group.

The pointed normal G-variety (X,z := i¢(F/F)) is rational of complexity one, and the rational quotient
T X --» Pi by B induces a geometric quotient mg/p : G/F — IP’}C. The situation is summarized in the
commutative diagram
¢ 2 B\G~P!
J/ F J{/F
B\ | m1 1
G/F —— P, /F ~ P,

where B acts on G/F by left multiplication. Denote F* the unique G-linearized rigidified divisorial sheaf
associated to [7*Opi1 (1)], and a,b € F*(X )(B) the two global sections corresponding to the pullbacks of (a
choice) of coordinates on Pi. Also, let now be the common B-weight of a, b.

The colored equipment associated to k(G/F) has been described by Timashev in [29, Sec. 5| for the
various finite subgroups. For convenience, we recall the associated basic facts in Appendix 5. When F =
Mn,n = 3, the morphism 7,/ defines exactly two exceptional colors £, E®> corresponding to the two
n-fixed points xg, T of IED}C. When F' is binary polyhedral, m g/ defines exactly three exceptional colors
E*v, E% and E*f. The subscripts are aimed to suggest (when k = C) vertices, edges and faces of the
corresponding Platonic solids inscribed in P}, identified with the Riemann sphere. These exceptional colors
correspond exactly to the degenerate F-orbits in P} (see [28, 4.4]). The homogeneous space G/F being affine,
the complement of G/F in X is a finite union of G-stable prime divisors and every G-stable prime divisor
lies in this complement. By Section 2.3, there is at most one G-stable prime divisor X in X dominating
P}. It consists of infinitely many G-orbits, all isomorphic to P}.

3.2 Class group of X

Because the divisor class group of X is the grading group of the Cox ring, a good understanding of its
structure is a preliminary to the approach of the structure of Cox(X). In this section, we give a description
of CI(X) by generators and relations. There are two classes of embeddings where this description is easy:

Proposition 3.2.1. Suppose that F' = Fy or is trivial. Then, C1(X) is freely generated by the classes of the
G-stable prime divisors.



Proof. Let (D;); denote the family of G-stable prime divisors in X. In our situation, the localization exact
sequence [32, 2.2.4] reads

0 — @Dp), ZD; — CI°(X) = Pic%(G/F) — 0.

Using the exact sequence [32, 2.2 (1)], the remark [32, 2.2.2], and the fact that G is a semisimple simply
connected algebraic group, we obtain an isomorphism CIG(X ) == CI(X). Also, there is an isomorphism
Pic®(G/F) ~ F (]2, 4.5.1.2]). Finally, it suffices to remark that F is trivial (5.4). O

For the description of C1(X) in the general case, the ideas in [7] apply well (see also [25] for a similar
approach in the context of T-varieties of complexity one). The fundamental remark is that in virtue of
the G-module structure on the spaces of sections of divisorial sheaves on X, every Weil divisor is linearly
equivalent to a B-stable one. From this we get an isomorphism

CI(x) ~ Boepriviy 2D

PDiv(X)E
where PDiv(X)? is the group of B-invariant principal divisors. These divisors are the divisors of B-semi-
invariant rational functions. After the choice of a section

AX) = agZw — k(X)B)| kagw — f*

ow

of the exact sequence
1= kPL* = k(X)P) - A(X) = 1,

every such semi-invariant rational function can be written uniquely as a product g fgfow for a certain g €
k(Pi)*, and k € Z. The divisor of this function is then

div(gft) = S v’ () + Y. kipD, (3.1)

z€P}, DeDBUV(X)

where Ip 1= vp(faew) is the coordinate on £ ~ Q of vp seen in é, and 7* is the pullback of Weil divisors
associated to the rational quotient 7 : X --» P} by B.

Proposition 3.2.2. The class group of X is generated by the classes of exceptional divisors, and the classes
of parametric divisors whose projection on & is non-zero. Moreover, after choosing an exceptional point
xo € P}, the relations are generated by

[1*(20)] = [7*(x)],Vz € P} exceptional,
ZDEDBLIV(X) Ip[D] = 0.

Proof. For any parametric divisor Z, and exceptional point z, we have [Z] = [7*(z)] in C1(X). Also, 7*(z) is
a linear combination of exceptional divisors. It follows that C1(X) is indeed generated by the elements listed
in the statement. By the general form (3.1) of a principal divisor, every relation between these generators is
a Z-linear combination of the relations of the statement. O

3.3 Singularities of X

In this section, we give a combinatorial criterion for the singularities of X to be log terminal. In fact we
extend a previous result from Degtyarev for the case of a normal G-embedding ([11, Thm 1]). Our method
is however quite different, namely we reduce to studying singularities of normal rational affine T-varieties of
complexity one using the particular structure of B-charts. This allows us to take advantage of a previous
work of Liendo and Siiss ([20]), and of the description of the T-equivariant Cox ring for these varieties.

Consider a G-orbit & in X. To study the singularities along &, it suffices to consider a B-chart Xg
intersecting & because the translates by elements of G of this chart cover ¢ and are isomorphic. We
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examine the different types of orbits case by case, and use the classification and terminology for orbits by
Luna and Vust in [21, Section 9], that is, we consider orbits of type A4; (I > 1), AB, By, B_, By, and C.

Consider the colored hyperspace (5‘ ,V, DB, 0) associated with X, and choose coordinates on € as defined
in Appendix 5. In general, a G-orbit is characterized by the colors and G-stable prime divisors containing it
(131, 16.19]). For example, an orbit & of type 4; (I > 1) is defined by the G-valuations vx«; = (2, ki, l;) € &,
it = 1,...,1 corresponding to the G-stable exceptional divisors X?*¢ containing & (all the colors but the
exceptional colors E% contain &, and the exceptional points x;, i = 1,..,] are pairwise distinct). We say
that an orbit of type A; (I > 1) is Platonic if either | < 2 or the associated tuple (hq, ..., h;) is Platonic.
Furthermore, X can contain at most one orbit of type A;.

Proposition 3.3.1. The singularities of X are log terminal if and only if it has no G-fixed point and the
orbit of type A, if it exists, is Platonic.

Proof. For 0 a fixed point (type By), F is necessarily a cyclic group pu,, and any B-chart X4 intersects all
the colors, so is G-stable ([29, Sec. 5]). Hence, X is a normal affine G/u,-embedding. By [23, Thm 2 and
Prop 4], the canonical class is torsion-free in Cl(X ), and Pic(Xy) is trivial. From this, we conclude that
X is not Q-Gorenstein. In particular, its singularities are not log terminal.

For orbits of type C, AB and B, the chart Xz is given by a colored hypercone of type (A). By 2.4.2,
there is a (trivial) U-torsor Xg — Yg, and Yy is toroidal ([31, 16.21]) in the sense of [16, Chap IV]. As we
consider an isolated singularity of a toroidal surface, we can suppose that Yy is toric ([15, Thm 4.2.4]). We
conclude by using the fact that toric surface singularities are log terminal ([15, 7.4.11 and 7.4.17]).

Now suppose that & is an orbit of type A;, | > 1. Then, there are finitely many G-stable exceptional
divisor X*1 ..., X" containing &, with x1,...,x; pairwise distinct exceptional points. We consider the B-
chart X of & given by the colored hypercone of type (B) generated by the X* and the colors associated
to the points of P; \ {1, ..., x;}. Again, we have a U-torsor Xy — Y. Moreover, since Yy has an attractive
fixed point for the T-action (2.3.6), its Picard group is trivial. It follows that Yy is Q-Gorenstein if and
only if a multiple of Ky, is a principal divisor. By [20, Prop 4.3], this is in turn equivalent to asking for a
certain system of linear equations Az = y written in matrix form to have a solution, where A has linearly
independant columns ([20, Prop 4.6]). But in our case, A is a square matrix so that Yy is Q-Gorenstein.
Now, we can apply the criterion [20, Cor 5.8] to obtain that Yy (hence Xs) has log terminal singularities if
and only if the tuple (hq, ..., h;) is Platonic, where h; is the multiplicity of X in 7*(x;).

Orbits of type B_ can only occur when F = p, (|29, 5]), we suppose that & is of this type. If n > 3,
there are two exceptional points xg, T~ associated to the dense orbit and & lies in exactly one of the two
exceptional colors, say E¥ ([29, 5.2]). Consider the B-chart X4 given by the colored hypercone of type (B)
generated by all the colors but E¥>~, and by the G-stable exceptional divisor sent to z., which contains 0.
As before, we are reduced to studying the singularities of a normal rational affine T-surface Yy of complexity
one admitting an attractive fixed point, whence O(Yg)* ~ k*. By 2.2.2 and 2.2.3, the T-equivariant Cox
ring COXT(Y@’) is a polynomial ring over k[T] As a consequence, Yy is toric and we conclude as above. The
same method applies when n < 2. O

4 Cox ring of an almost homogeneous SL,-threefold

Keep the notation of section 3.1. By [32, 2.3.4 and 3.1.4], the G-equivariant Cox ring of X is well-defined,
finitely generated and canonically isomorphic to the ordinary Cox ring. We slightly modify the notation of
2.2.2 in order to distinguish G-stable prime divisors and colors. It is natural to make this distinction as colors

don’t depend on the embedding, whereas G-stable prime divisors do. We choose homogeneous coordinates
on P /F ~ P}, and let

o (z; = [a; : fi]); be the family of exceptional points of g/ — P} /F. Possible families are () when F
is cyclic of order n < 2, (z9, ) when F is cyclic of order n > 3, and (z,, 2y, z.) for the others F,

o (@} = [a}: B]]); be the family whose elements are the others exceptional points of 7 : X --» P} /F,
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° W*(LL'Z) =n; B + Zj hZJXJx’, n; > 1,

m(af) = B 4+ X0, WX

s:)i (resp. (s});) the family of canonical sections corresponding to the family (E%); (resp. (E%i);),

(
® (rij)ij (vesp. (rj;)i;) the family of canonical sections corresponding to the family (X7*);; (resp.
(

o N := ﬂ(Xle)” if Vxoo ¢ V()()7 N = ﬂ(Xle)U +1 OthGI’WiSG,
. V= 1),
® (D®)zepi\{(2:).(x})} the family of parametric colors of X.

With this notation, the number of G-stable prime divisors in X is N + N’, and we identify the subgroup of
WDiv(X) generated by these divisors with ZV+V". By 2.2.2, we have the following presentation of Cox(X)Y:

e Generators: a, b, (Si)ia (82)1‘, (rij)ija (’/‘gj),'j.

e Relations: (f;a — a;b— s} Hj(rij)hif)i, 1 <4< #(xy)s, and (Bla — alb— s Hj(r;j)h;j)i, 1< < t(ah)s.

4.1 Geometry of the special fiber
The good quotient

> //G_ \ N+N’
f:X—)Ak+

)

is a 'y x)-equivariant morphism, where 'y x) acts on Ag +N through the surjective morphism
Caixy = G

dually defined by the natural injective morphism ZV+V . Cl(X) which sends a G-stable divisor in X to
its class. The morphism f pulls back the standard coordinates of the affine space to the canonical sections
associated with the corresponding G-stable prime divisors. It follows from [32, 2.8.1] that the general
schematic fibers of f are normal varieties isomorphic to the total coordinate space of the open orbit G/F.

In this section, we study the geometry of the special fiber, that is, the schematic zero fiber Xg := F71(0).
By virtue of the permanency of a lot of properties when taking U-invariants ([31, D.5]), we in fact study the
zero fiber Yy := Xy //U of the induced morphism

fU : }7 — A]ICV+N,7

where Y := X //U. We suppose that X doesn’t admit an exceptional divisor dominating P}, (vxe ¢ V(X)).
This is indeed harmless for our purpose as if vx~ € V(X), then one has to add the associated canonical
section to the generating set of Cox(X)V from 2.2.2, but this generator doesn’t appear in any relation.

4.1.1 F=p,, n<2
In this case, we have N = 0 and the presentation of Cox(X)Y reads

o Generators: a,b, (s})i, (r};)ij-

e Relations: (Sla — ajb — s Hj(rgj)h/if)i, 1< i< #(xh),.

12



If 4(z}); < 2, then Cox(X)Y is a polynomial k-algebra. Indeed, each relation can be used to remove a
generator (first a and then possibly b) from the generating set, so that we end up with a polynomial algebra.
If #(a}); > 2, each new exceptional point starting from the third defines a new relation between the remaining
generators. In any case, denote ¥ the new generating set. The coordinate algebra of Yy is Cox(X)V/ ((ri5)i)s
and is freely generated by the elements of the set X\ {(r7;)i;}. Indeed, all the relations become trivial in
this quotient. This yields the

Proposition 4.1.1. The special fiber Xy is a normal variety. Moreover, Yy = XO//U is an affine space.
Remark 4.1.2. For a spherical variety Z under a connected reductive group G, the quotient morphism
ZGl — ZGl //G1

is faithfully flat, and the special fiber is a normal horospherical variety (|8]). Both results does not extend
to varieties of complexity one. Indeed, the general fibers of f are isomorphic to G, thus of dimension three.
On the other hand, when #(x}); > 2, the quotient by U of the special fiber is an affine space of dimension
#(z});, thus f is not flat when f(z}); > 3. For a non-horospherical example, consider the case where X = G.
Then X = Xy = X which is not horospherical.

41.2 F=p,,n=>3
Recall (5.1), that we defined 7 := n if n is odd, and 7 := n/2 otherwise, and that the morphism ¢/,
defines two exceptional points zg = [0 : 1], 700 = [~1: 0] € P}, with respect to the homogeneous coordinates
g%, g¢. These points define the two relations
— o hoj _ 7 hooj
a = sg eroj , and b—sool_[jrooj i
Using these relations, we remove a and b from the set of generators. This yields the following presentation
of Cox(X)Y:
o Generators: 8o, Sco, (T05)js (Tooj)i» (51)is (T7)is-

e Relations: (3;sg [[; rg;j — s 1 ngjj = s; Hj(Téj)h;’j)i, 1< < ()i

Consider the coordinate algebra Cox(X)V /((ro;);, (Tooj) ;s (ri;)ij) of Y,. The elements sg, Sco. (s); generate
this algebra, and we obtain the following criterion via a case by case analysis.

Proposition 4.1.3. We have the following equivalences:

Xo is a normal variety <= Yy s a normal variety

<« Yy is an affine space
= ((X]°); # 0 and (X7=); #0) or (7)i =0

Example 4.1.4. Suppose that (X7°); =0, (X7>); = 0, and (z}); consist of a unique point ) = [} : B7].
Then, the ideal of relations is principal, generated by the relation ﬁ{sg —a} s = 0. It follows that the special
fiber is a reducible reduced non-normal algebraic scheme. Indeed, Yj is the union of 7 planes intersecting

along the line of equation sy = s, = 0 in k3 with coordinates s, o0, 5}-

Example 4.1.5. Suppose that (Xfo)j =0, (Xf”c ); = 0, and (z}); consists of at least two points. Then,
the ideal of relations is generated by sl = 0 and s, = 0. It follows that the special fiber is an irreducible
non-reduced algebraic scheme.
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4.1.3 F' is binary polyhedral

As a typical example, we give the generators and relations when F' = Fr is the binary tetrahedral group.
We can assume that the three exceptional points x,, ., s have homogeneous coordinates

[O : 1]3 [1 : 0]7 [71 : 71]3
and obtain the following presentation of Cox(X)Y:

o Generators: Sy, Se, 87, (Tv,5)j, (Te,i)is (T£,5)5 (81)is (7i5)i-

e Relations: s3 []; TUJ+82H]7” T+ s3], rf T =0, (BisyI1;r :“’]J+a52HJ ee],: si 11 ()" i0);.

Consider the coordinate algebra
(Cox(X))Y /((rv.)i> (re.)is (r5.3)55 (775)i5)

of Yy. The elements s,, e, $ 7, (s})i generate this algebra, and we obtain the following criterion by again
analyzing the different cases.

Proposition 4.1.6. Suppose that F is binary polyhedral. Then X is a normal variety if and only if one of
the following conditions is satisfied:

o (X5); #0 and (X7°); # 0 and (X;7); #0
o (z7)i =0 and (Xj*); = (Xj); = (X;7); =0

Example 4.1.7. Suppose that (X7"); = (Xj); = (X;f)j =), and (x}); consists of a unique point z} of
homogeneous coordinates [y : £1] (distinct from [1 : 0],[0 : 1],[~1 : —1]). Then, the coordinate algebra of
Y is generated by sy, se, sy, s} with the two relations s% + 52 + sF = 0 and 3]s} + o/ s? = 0. We check that
the special fiber is a non-normal Variety

Let I = (s3 + s2 + 5%, 8155 + as2) be the ideal of the polynomial algebra k[s,, s¢, 5, 51], we claim that
it is a prime ideal. To prove this, we can work 1n k[sy, Se,s7] and replace I by I N k[sy,Se,ss]. Then,
consider A := k[s,,s.], and J := I NA = (B]s> + 0/132). The algebra B := A/J is integral, and to
prove the claim, it now suffices to prove that I = (5,3 + §.2 + s?’p) is prime in B[sf]. But it is clear
that 5,3 + s.2 + s‘} is irreducible in Frac(B)[s;], hence a prime element of this polynomial algebra. As
((8,° + 8.2 + s%) Frac(B)[ss]) N Blsy] = (5, + 8. + s7}) we obtain that (5,% + 5. 4 s7) is a prime ideal.
It follows that the special fiber is an affine variety. As a surface in k* with coordinates sy, e, s 7,51 having
a one-dimensional singular locus, Yj is not normal. Indeed, the line of equation s, = s. = sy = 0 is the
singular locus. Hence, the special fiber is not normal either.

4.2 Cox(X)Y is the Cox ring of a T-variety of complexity one

By Section 2.2, Cox(X)V can be interpreted as the Cox ring of a T-variety Y of complexity one. We
build such a variety Y in a natural way from X. The idea is to find a B-stable open subvariety V of X
whose complement is of codimension > 2 in X, and which is a U-torsor over a normal rationa T-surface
Y of complexity one. Notice that we can always suppose that V' (hence Y) is smooth, up to replacing V
by its smooth locus. For such V and Y, both Cox rings are well-defined, finitely generated ([32, 3.1.4]),
and Cox(X) ~ Cox(V). Moreover, using [32, 2.2 (2)], [32, 2.2.2], [32, 2.2.4], and [32, 2.5.2], we obtain
isomorphisms

Cl(X) ~ Q1Y (X) ~ PicY (V) ~ Pic(Y).
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Also by [32, Sec. 2.10], we have a cartesian square

Y
J{/FPiC(Y) (4'1)

v
Iy

/FPic(V)l
v

where the horizontal arrows are U-torsors and the vertical arrows are universal torsors. This implies that
we have Cox(Y) =~ Cox(X)Y, as desired.

Now, we proceed to the construction of V. For simplicity, denote z1, ...,z € Pi the exceptional points
of X. For each GG-stable prime divisor X ;’” in X, we consider a B-chart V;; intersecting the open G-orbit in
X;”, the open G-orbit in X, and no other orbits. Such a B-chart is given by the colored hypercone of type
(A) spanned by Xf", and by all the colors but E¥ and D*¢, where z4 is an arbitrary fixed (distinguished)
non-exceptional point. If vxe~ € V(X), that is, X contains a G-stable prime divisor X*° dominating ]P’}C, we
consider the B-chart V,, defined by the colored hypercone of type (A) spanned by vx~ and all the colors

but E*1, ..., E%, and D%. Otherwise, we set Vo = (). By 2.4.2, we have trivial U-torsors
Wiji‘/ij":UXYvij—}Y;‘j,

where the Y;; are normal affine T-surfaces of complexity one. If Voo = (), we set Yoo = (), otherwise we also
have a trivial U-torsor

Moo : Voo 2 U X Yoo — Yo,

where Y is a normal affine T-surface of complexity one. Finally, the open G-orbit Vj ~ G/F is a U-torsor
over an affine normal T-surface Yy of complexity one

o : Vo — Y.

Indeed, F acts freely on G/U ~ A \ {0} with closed orbits. Alternatively, we can consider two covering
B-charts of V. Proceeding in this way, Yj is obtained by gluing two affine T-surfaces of complexity one Yg 1
and Y072.

Proposition 4.2.1. The varieties (Yi;)ij, Yoo, Yo,1 and Yo o glue together to a normal rational T-variety Y
of complexity one. The morphisms (m;j)ij, Too, To glue together to a morphism

T: V.= Uij‘/ijUVooUVo—)Y,
which is a U-torsor over Y. Moreover, V is B-stable, with a complement in X of codimension > 2.

Proof. Denote (f:'T, Vr) the hyperspace of k(X)Y in which live the hypercones defining the T-charts (Y;;);,
Y. These hypercones are obtained from the colored hypercones associated with the B-charts (Vj;):j, Voo-
Indeed, they are respectively spanned by the T-stable divisors in these T-charts, and these T-stable divisors
are the images by m;; (resp. 7o) of the respective intersections of the colors and G-stable prime divisors
of X with Vj; (resp. V). We can define the varieties Yy and Yj o in the following way: consider the
subset DE C Vr of all the T-valuations obtained via my from the colors of G/F. Then choose two distinct
elements vp ;1 and v o in this set and consider the two varieties defined by the hypercones of type (A)
generated respectively by D2\ {v 1} and DE\ {vg2}. The proper non-trivial supported (hyper)faces of the
hypercones defining the varieties (Y;;)ij, Yoo, Y0,1, Yo,2 are cones which by construction don’t overlap in Vp.
By Section 2.3, the latter varieties glue together into a normal T-variety of complexity one. The morphisms
(7ij)ijs Too, Mo coincide on intersections so that they glue together. The assertion that 7 : X — Y is a
U-torsor has already been checked locally above, and it implies that Y is rational. For the last assertion, it
suffices to notice that V' contains the open G-orbit and meets every boundary divisor, whence the claim on
the codimension of X \ V in X. O

15



4.3 Iteration of Cox rings

In this section, we use the construction of the preceding section to uncover a connection between iterations
of Cox rings for X and Y. We first recall the definition of an almost principal bundle under an algebraic group.
Hashimoto introduced this notion in [13, Def. 0.4] where he systematically studies properties preserved by
almost principal bundles.

Definition 4.3.1. Let H be an algebraic group, and let Z;, Z5 be normal H-varieties such that H acts
trivially on Z5. We say that a H-equivariant morphism ¢ : Z; — Z5 is an almost principal H-bundle over Zs
if there exists H-stable open subvarieties Vi C Z1, Vo C Zs whose respective complements are of codimension
> 2 and such that ¢ induces a H-torsor V; — V5.

Example 4.3.2. In the framework of Cox rings, an almost principal bundle ¢ : Z; — Z5 under a diagonal-
izable group such that

e 7, is a normal variety with finitely generated class group and only constant invertible regular functions,
e ¢ is a good quotient,
e 7 is a normal variety with only constant invertible homogeneous regular functions,

is precisely a quotient presentation in the sense of [2, 4.2.1.1]. For example, the structural morphism of the
characteristic space Zy — Zo, if it exists, is a quotient presentation of Zs.

In [1], the authors introduce the notion of iteration of Cox rings: Let Z be a normal variety with finitely
generated Cox ring. If the total coordinate space Z has non-trivial class group and satisfies O(Z )* ~ k*, then
it has a non-trivial well-defined Cox ring. If the latter is finitely generated, we get a new total coordinate
space Z® and so on. This iteration process yields a sequence of Cox rings which stops if and only if one of
the following cases occurs at some step:

e we obtain a total coordinate space whose Cox ring is not well defined (i.e. there exists n > 0 such that
C1(Z™) has a non-trivial torsion subgroup, and O(Z™)* % k*).

e we obtain a total coordinate space whose Cox ring is not finitely generated.
e we obtain a factorial total coordinate space (i.e. with trivial class group).

If we never fall in one of the cases above, Z is said to have infinite iteration of Coz rings. Otherwise, Z is said
to have finite iteration of Coz rings, and the last obtained Cox ring is the master Cox ring. In [14], Hausen
and Wrobel prove that a trinomial variety Z obtained from Construction 2.2.4 admits finite iteration of Cox
rings with a finitely generated factorial master Cox ring if and only if Z is rational and the tuple (Iy, ..., [;))
is Platonic, where [; is the greatest common divisor of the integers appearing in the exponent vector [;. It
is immediate to check that Y indeed satisfies these properties. Also by [14, Cor. 1.4], the length of the Cox
ring iteration sequence of Y (hence of X) is determined by the tuple (lo, ..., ), and is bounded by 4.

By virtue of [32, 3.4.1], X admits finite iteration of Cox rings with a factorial finitely generated master
Cox ring X0 m > 1. This also follows from the next proposition and [14, Cor 1.4], which moreover yield
the bound m < 4.

Proposition 4.3.3. For 1 <i < m, the categorical quotient of X by U identifies X(i)//U with the total
coordinate space of Y=Y . Moreover, the categorical quotient

s X0 Yy

is an almost principal U-bundle.

Proof. By virtue of the cartesian square (4.1), the categorical quotient m; : X //—U> X //U is an almost

principal U-bundle, and X //U identifies with Y. Consider the categorical quotient
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m: X@ Y %@y,
where both are affine normal varieties ([31, D.5]). We claim that X®@)//U is the total coordinate space of Y.
Indeed, X //U is naturally a variety over Y with an affine structural morphism. Moreover, the morphism
o can be viewed as the morphism corresponding to the graded Oy-algebras morphism
(7T1*RX)U — 7T1*'R)*(.
Using the exact sequence [32, 2.2 (1)], and the Proposition [32, 2.5.2], we can write R ¢ = @rjcciy) 717>
which yields an isomorphism of graded Oy -algebras
(Wl*Rx)U >~ Rf/,

again by [32, Proposition 2.5.2]. This proves the claim, and we have a cartesian square (see [32, Sec. 2.10])
xX@ ™, y(©
/Mo |/
X 2y,
where horizontal arrows are almost principal U-bundles, and vertical arrows are structural morphisms of
characteristic spaces. Iterating this construction, we obtain the result. O

Corollary 4.3.4. For i = 1,...,m, the total coordinate space Y is an affine normal rational variety of
complexity one under a torus action, and the reqular invariant functions on Y9 are constant.

. Sy U S o i
Proof. Everything stems from the fact that X L) Y is an almost principal bundle, and that X
is almost homogeneous of complexity one under the action of a connected reductive group of the form
G x Tz O

Below, we give a construction which is useful for the study of iteration (see also [5], and [32, Sec. 3.4]).
We then notice that the Platonic property behaves well under iteration of Cox rings (4.3.7). Finally, we
give another proof for the bound m < 4 which gives more precise bounds depending on the finite subgroup
F C G, and uses arguments of different nature (4.3.13). This yields interesting intermediate results (4.3.8,
4.3.10, 4.3.11, 4.3.12).

Construction 4.3.5. Using the isomorphism PicG(G JF) ~ F, and that G is semisimple and simply con-
nected, the localization exact sequence [32, 2.2.4] applied to the open orbit in X reads

0— zZNTN' 5 CUX) = F — 0. (4.2)

From this sequence we obtain that C1(X ), embeds in F via restriction of divisorial sheaves to G /F. Hence,
Cl(X)tor is canonically identified with a subgroup of X*(F/D(F)) ~ F/D(F), where D(F') denotes the
derived subgroup of F. The exact sequence

0 — Cl{X)tor = CI(X) > M —0

translates into the factorization

5 g1=/T, f1=/Tc1(x)por

X

X' X

of the characteristic space ¢ : X — X, where Ty := I'j; is a torus, and X’ is a normal G/ F1-embedding.
Similarly to [32, 2.5.12], one shows that Fj is the intersection of the kernels of characters in F' corresponding
to elements of Cl(X)io;. This yields a canonical isomorphism Cl(X )ior ~ X*(F/Fy). Applying [32, 2.10.1],
we obtain that X is a characteristic space of both X and X' Iterating this construction, one obtains a
commutative diagram
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(m)*m. EELEND ‘(LI ¢

INE N ng\

X<m EELENS 4

J ] i

G/Fm — .. — G/Fy — G/F} —— G/F

where the ¢;, ¢, and g,, are structural morphisms of characteristic spaces, the f; are quotient presentations
by the finite diagonalizable groups F;/F;_1, and X (m) is a factorial characteristic space. Notice that X (™) =
X'(m=1) if Pic(X (m=1) is torsion-free, and X (™ = X'(m) if Pic(X (m~1)) is finite. This latter case occurs
if and ounly if X = G/F. The sequence of subgroups F, F}..., F,,, yields a normal series of F with abelian
quotients, and each X "(4) i a normal G / Fi-embedding.

Proposition 4.3.6. Suppose that X is a normal G/py,-embedding, and let d be the order of the torsion
subgroup of CI(X). Denote i :=n/2 if n is even, and n := n otherwise. Similarly let n/d :=n/2d if n/d is

n

even, and n/d := n/d otherwise. Finally, let d := T Consider a point © € Pi/un, and a B-stable prime
divisor E* in X such that 7(E*) = x. Then,

)= {5 fr = ore =
Ef + ...+ E3, otherwise,

where the Ef are pairwise distinct B-stable prime divisors in X.

Proof. Consider the commutative square

X " P/,
where 71, 7 are the rational quotients by B, and ¢, is the geometric quotient of I[”,lc [ ton /d by pg. In view of
5.1, we have
Jx’l, ifx =29 or v =2,

pi(z) =
xp+ .+ x -, otherwise,

where the z/ are pairwise distinct points of PL/pu, sd- Moreover, denoting 3, the set of B-stable prime
divisors in the support of f;(E?®), the morphism 7; defines an equivariant map of transitive pq-sets

Y, — o ().
Using this and the fact that f is étale, we obtain that
-1 ’ /
f(B7) = S, O Bl 4 BT

where the E"+ are pairwise distinct B-stable prime divisors in X’ satisfying respectively w1 (E+) = T,
and [ is the cardinality of the orbit Stab,, (2}).E™1. In fact, we have | = 1 because for a given k, each
Eoki j = 1,...,I defines the same B-stable valuation (see Section 2.3 and notice that the map o : DB — £
is injective for almost homogeneous G-threefolds). Now, the statement follows from the observation that
q = f191 and that g7 is a torsor under a torus. O

Proposition 4.3.7. For 0 <i<m —1, Cox(Y®) is a Platonic ring if and only if Cox(Y“+1) is so.
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Proof. The claim stems from the analysis of the operations induced on exponent vectors via the iteration
process, for which we refer to [14, 2.7]. O

Lemma 4.3.8. Suppose that X is a normal G/, -embedding. Then, CI(X) is free of rank (j, 1)N’, where
d is the order of the torsion subgroup of CI(X), and d is defined as in Proposition 4.3.0.

Proof. By [32, 2.8.6], the open G x T'¢y(x)-orbit X, in X is isomorphic to G x#n Ccix), where pu,, is identified
with a subgroup of I'cy(x) and acts on the latter by translation. Using [32, 2.5.2] and that G is semisimple
and simply connected, we obtain isomorphisms

Pic(Xo) =~ Pic(G x#n Tgyx)) =~ Pic(Dayx)/tin) =~ Pic(GNHN") = 0.

We deduce that CI(X ) is generated by the classes of the prime divisors lying in X \ X,. Consider the free
Z-module K on these prime divisors. Using the notation introduced at the beginning of Section 4, we claim
that the relations in K defining CI(X) are given by

o div(ri;) = ¢"(Xj*) = 0, Vi, j,

e div(rg;) =¢q (XIO) =0, Vj,

o div(reos) = ¢*(Xj>) =0, Vj,
(roo) = ¢* (X)), if vx~ € V(X).

o div

Indeed, on one hand we have the exact sequence [32, 2.2.4]

D—[0x (D)]
TR

0= O(X)*9 = O(X0)*® ™ @ p), ZD; C1%(X) ~ CL(X) — 0,

where (D;) is the family of prime divisors lying in X \ Xo. In view of Proposition 4.3.6, the cardinality of
this family is dN’ 4+ N. On the other hand, using [32, 2.8.5], the G-invariant units in O(X) are constant, and
the G-invariant units in O(XO) are Laurent monomials in the canonical sections associated to the G-stable
prime divisors in X (namely, the 77;, 70, 7ocj; Too). By Proposition 4.3.6 again, we see that the submodule
of K generated by the above relations is a direct factor of rank N + N”. Tt follows that C1(X) is free of rank
dN'+N —(N+N')=(d—1)N". O

Remark 4.3.9. Proposition 3.2.2 provides an effective method for the description of the class group of an
almost homogeneous G-threefold X. Hence, the order d of the torsion subgroup of CI(X) can be computed in
practice. Also, for the computation of C1(X X) in the general case, recall that we have C1(X) ~ Cl(Y) because
X — Y is an almost principal U-bundle. Now it suffices to use Wrobel’s computations of class groups of
affine trinomial varieties in term of arithmetic data from the exponent vectors ([33]).

Lemma 4.3.10. With the notation of Construction 4.3.5, there is a natural identification of CUX")tor with
a subgroup of C1(X )tor-

Proof. Using [32, 2.5.2] and [32, 2.2 (1)], we obtain an exact sequence
0— Ty — CI"(X) ~ CI(X") = CI(X) — 0,
from which we deduce that the torsion subgroup of Cl(X’) embeds in that of CI1(X). O

Lemma 4.3.11. With the notation of Construction 4.3.5, suppose that X is a normal G/Fp,, -embedding.
Then, CI(X)tor is identified with a subgroup of Z/nZ.

Proof. As X' — X is a quotient presentation, we can suppose that X, X’ are smooth, and consider Picard
groups instead of class groups. By [32, 2.8.6], the open G x I'pj(x)-orbit X, in X can be identified with
G/pin xH27*H2 T'pioxy, where pp X po is identified with a subgroup of I'pic(x) and acts on the latter by
translation. By [32, 2.5.2], we have Pic(Xy) ~ Pic"2*"2(G/u, x I'pic(x)), and we show that the forgetful
morphism
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¢ : Pich?* 2 (G pin, X Tpic(x)) = Pic(G/pn X Tpic(x)) ~ Z/nZ

has a trivial kernel. By [18, Lemma 2.2], this kernel is identified with the group of classes of algebraic cocycles
H;lg(/.tQ X 2, O(G/,un X FPiC(X))*)' I\IOVV7 it follows from [97 413] that O(G/,U,n X FPiC(X))* ~ O(FPIC(X))*
This last fact allows to view ker ¢ as a subgroup of

Pic"2#2 (Ppio(xy) = Pic(Tpie(x)/p2 X p2) = 0.

As a consequence, ker ¢ is trivial and we obtain an injective morphism Pic(XO) — Z/nZ.
On the other hand, the localization exact sequence [32, 2.2.4] reads in our situation

0= O(X)"@ = O(%0)*¢ % @, zD; 222D,

Pic(X) — Pic(Xy) — 0,

where (D;); denotes the family of prime divisors lying in the complement of Xy in X. By [32, 2.8.5],
the G-invariant units in O(X) are constant, and the G-invariant units in O(X,) are Laurent monomials
in the canonical sections associated to the G-stable prime divisors in X. Because ¢ is the composition
of torsor by a torus followed by a torsor by a finite diagonalizable group, the divisor of such a canonical
section 7 (seen as a regular function on X ) is a sum of pairwise distinct elements of (D;);. Moreover, the
intersection of the supports of any two such divisors is empty. It follows that the cokernel of the morphism

(’)(XO)*G div, @(D)i 7.D; is a free abelian group. This implies that Pic(X)tor embeds as a subgroup of
Pic(Xy), thus of Z/nZ. By Lemma 4.3.10, the same holds for Pic(X')tor- O

Lemma 4.3.12. With the notation of Construction 4.3.5, suppose that Cl(X )ior is cyclic. Then Cl(X')tor
is not cyclic of even order.

Proof. As before we can suppose that X, X’ are smooth, and consider Picard groups instead of class groups.
By contradiction, suppose that Pic(X')or is cyclic of even order. Then, there exists a unique subgroup
of order two generated by a non-trivial element [£] € Pic(X')tor. Consider the natural action of I' :=
pic(X)or = #n on X'. Let L be the line bundle over X’ associated with £, and let g; denote a generator
of T'(k) viewed as an automorphism of the variety X’. As the pullback by g; induces an automorphism of
Pic(X')tor, we have gi £ ~ L. By [9, 3.4.1 (ii)], there exists an automorphism g of L viewed as a variety
such that g, commutes with the G,,-action on fibers, and restricts on X’ to ¢g;. By [9, 3.4.1 (ii)] again, g}
is the multiplication in the fibers of L by a non-zero scalar (recall that O(X’)* ~ k* because X’ is almost
homogeneous under G). Hence, up to compose §; with an automorphism of L viewed as a line bundle, we
can suppose that i = Id;. By abuse, we also let I' denote the subgroup of the automorphism group of the
variety L spanned by g;. This is a finite group acting on L compatibly with the G,,-action on the fibers and
the I'-action on the base. By definition, we have built a I'-linearization of £, and we now prove that this
yields a contradiction. Using [18, 2.3] and the fact that O(X’)* ~ k*, we obtain an exact sequence

11 = Pic"(X') & Pic(X"),

where the image of the morphism I' — Pic (X”) is the subgroup of the (classes of) linearizations of Ox,
and ¢ is defined by forgetting the linearization. On the other hand, we have Pic! (Xtor = Pic(X)or >~ I
([32, 2.5.2]). It follows that the image of ¢ is a free abelian subgroup of Pic(X’). This is a contradiction as
[£] is of order two in Pic(X’) and linearizable. O

Proposition 4.3.13. We have the following upper bounds for the length m of the iteration of Cox rings:
e m =0 (i.e. X is factorial) exactly when X = G or X = G/F,
e m < 1 if F is binary icosahedral or cyclic of order < 2,
e m < 2 if Fis cyclic of order > 3,

e m < 3 if F is binary dihedral or binary tetrahedral,
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e m < 4 if F is binary octahedral.

Moreover, X™) is the characteristic space of a normal almost homogeneous G-threefold X' (M) with torsion-
free class group.

Proof. Except for the upper bounds on m, the statement is clear from Construction 4.3.5. We have m =0
if and only if X is factorial (i.e. C1(X) = 0). In view of the exact sequence (4.2), this amount to X = G/F
with ' = 0, whence F is trivial or icosahedral. If F is trivial or icosahedral, then Cl(X) is torsion-free by
3.2.1. This in turn implies that X is factorial by [2, 1.4.1.5], whence m < 1 in this case. If F' = pug, then
m =1 by virtue of Lemma 4.3.8. Also, if F' = p,,, n > 3, then m < 2 by Lemma 4.3.8 and [2, 1.4.1.5].

Now suppose that F' = Fp. Then, either X has torsion-free class group and m = 1, or we obtain a
normal G/Fr-embedding X’. Indeed, there is no other possibility as Fr is the derived subgroup of Fp and
Fop/Fr ~ ps is a simple group. Then, either X’ has torsion-free class group and m = 2, or we obtain a
normal G/Fp,-embedding X (), Indeed, there is no other possibility as Fp, is the derived subgroup of Fr
and Fr/Fp, ~ ps3 is a simple group. The derived subgroup of Fp, is po and Fp,/us =~ po X po. In view of
Lemma 4.3.12, we now have only two possibilities

1. CI(X'®) is torsion-free, whence m = 3,
2. CUX' ) ~ 7Z/27 x 7./ 27.

In the second case, we obtain a normal G/pus-embedding X '(®) and Lemma 4.3.8 gives that X ¥ is factorial,
thus m = 4 in this case.

In the case F' = Fr, we have m < 3 by the last paragraph. It remains to treat the case F' = Fp,_, n > 2.
We have D(Fp, ) ~ p, and Fp, /pn =~ pa X pe when n is even, and Fp,_ /p, =~ pg when n is odd. In this
last case, the proper subgroups of Fp containing its derived subgroup are cyclic. Hence, either Cl(X) is
torsion-free and m = 1, or we obtain a normal embedding X’ of G modulo a cyclic group, whence m < 3.
If n is even, the subgroups of Fp, containing its derived subgroup are Fp,,, two copies of Fp, ,, pon, and
tn. Hence, either Cl1(X) is torsion-free (m = 1), or we obtain a normal embedding X’ of G modulo a cyclic
group (m < 3), or we obtain a normal G/Fp, ,-embedding X’. In this last case, C1(X")tor must be trivial,
thus m = 2. Indeed, the order of Cl(X’);o; cannot be 2 by Lemma 4.3.12. Suppose by contradiction that
this order is 4. By Lemma 4.3.12 again, we must have Cl(X")ioy =~ Z/2Z x Z /27, but this is impossible in
view of Lemma 4.3.11. O

4.4 Application to the singularities of Cox(X)

In this section, we characterize when the singularities of X are log terminal. More specifically, we prove
the

Theorem 4.4.1. Let X be a normal almost homogeneous G-threefold. Then,
X has log terminal singularities <= Vi € [1,m], X has log terminal singularities

< X has Gorenstein canonical singularities

= Cox(X)Y is a Platonic ring

As a direct consequence of the two following results of Braun, X has log terminal singularities if and only if
each of the iterated total coordinate spaces X (9, 1 < i < m has log terminal singularities.

Proposition 4.4.2. [5, Prop 2.6/ Let H be a linearly reductive algebraic group, Z a normal H-variety, and
@ : Z — Z' an almost principal H-bundle which is moreover a good quotient. Suppose that Z and Z' are
Q-Gorenstein. Then, the singularities of Z are log terminal if and only if those of Z' are so.

Theorem 4.4.3. [5, Thm 5.1] Finitely generated Cox rings are Q-Gorenstein.
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Having in mind that X (™) is factorial, it stems from [15, 6.2.12, 6.2.14 and 6.2.15] that

XM hasg log terminal singularities <= X (™) has rational singularities
= X is Gorenstein canonical.
On the other hand, X (™) has rational singularities if and only if~)~( (m) / /U ~ Y (™) has rational singularities
([31, D.5] and 4.3.3). Using again 4.4.2, 4.4.3 and the fact that Y (™) is factorial, we obtain the equivalences
X has log terminal singularities <= X (™) is Gorenstein canonical
<= Y has log terminal singularities.

Now we rely on a theorem of Arzhantsev, Braun, Hausen and Wrobel which provides a criterion for certain
normal affine T-varieties of complexity one to have log terminal singularities.

Theorem 4.4.4. [1, Thm. 1] Let Z be a normal affine Q-Gorenstein rational T-variety of complexity one
such that O(Z)" ~ k. Then Z has log terminal singularities if and only if its Cox ring is Platonic.

By 4.3.4, the variety Y satisfies the assumptions of the theorem, thus we obtain
Y has log terminal singularities <= Cox(Y) is a Platonic ring.

In view of Proposition 4.3.7, this latter condition is again equivalent to Cox(Y') = Cox(X)Y being a Platonic
ring. This finishes the proof of 4.4.1.

4.5 Presentation of Cox(X) by generators and relations

In this section, we develop a general strategy for the description of Cox(X) by generators and relations.
In the sequel, we always suppose that X doesn’t admit a G-stable divisor dominating IP’}W and admits at
least two exceptional points. These assumptions are aimed to simplify the notation, the cases left aside can
be treated with the same method. To begin with, an easy consequence of Theorem 2.2.2 is the

Proposition 4.5.1. The Coz ring of X is generated as a k-algebra by the simple G-modules spanned by the
canonical sections of the exceptional divisors.

This result provides us with homogeneous generators for Cox(X), namely the elements of k-bases of these
simple G-modules. The more difficult task is now to describe the ideal of relations between them. We use as
basic tools some elementary facts from the representation theory of G. For each n > 0, denote V,, the space
of binary forms of degree n. These spaces are naturally G-modules, G acting by linear change of variables.
Moreover, they are up to isomorphism the simple G-modules (see [28]). Also, recall the Clebsch-Gordan
decomposition

Vi @k Vi, nt+m D Vn+m—2 ® Vn+m—4 G...0Voem, nz=m.
For a B-stable effective divisor E in X, let Vg C Cox(X) denote the simple G-module spanned by the
canonical section associated with E.
4.5.1 Normal G/u,-embeddings, n > 1

In this section, X is a normal G/u,-embedding (n > 1). Remark that if n < 2, we can still choose two
distinct exceptional points xg, zo € P} which play the same role as in the case n > 3. Indeed, we can suppose
up to a G-equivariant automorphism of X that the pairwise distinct exceptional points on B\G/u, ~ P},
are

Ty = [0 : 1]73300 = [1 : 0},I1 = [al :Bl]a--'axr = [ar : 57’]3
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with respect to the homogeneous coordinates g7, g7 (5.1). The last proposition provides a surjective mor-
phism of graded k-algebras

@ S = Symk(VEmo b VE%O D (@::1 VELL)) ®;€ k[(”j)ie{o,oo,l,..‘,r};j] — COX()()7

where k[(rij)ie{0,00,1,....r};j] € Cox(X) is a polynomial k-algebra, Vgzo ~ Vpzeo =~ Vi and Vg=; ~ V5. We
view Cox(X) as a graded k-subalgebra of the coordinate algebra of the open G x I'cy(x)-orbit X, in X, and
use the description of this orbit provided by [32, 2.8.6]

XO ~ G xHn FCI(X)~
This implies an isomorphism of graded k-algebras

0(Xy) ~ D O(@){DelPl,

(kw,[D])ETXCI(X), k mod n=[D]|G/u,,

where [P denote the character of I'cy(x) associated with [D], and Cl(G/py,) is identified with Z/nZ. The
canonical sections

50, Soos Sis Tij
are respectively identified with
g3elP™1 g,elP™1 (Bigh — aigf)e[EwiLe[X;ﬂ_
We consider respectively the following k-bases of T-eigenvectors
o (so,t0) == (g3el®™], g1elF™)

4 (Sooatoo) = (g4e[sz]7926[EIOC])

of the simple G-modules Vg=z, and Vges . To start with, we have the simple case where the only exceptional
points are xg and To:

Proposition 4.5.2. If r =0, the ideal ker ¢ is principal, generated by the G-invariant relation
Sooto — Soteo = Hj rg;"j jr;no;"j,
where (mo;);,(Mocj); are the families of non-negative integers defined by

[Eo] 4 [BT] = 325 moj [X5°] + 325 meoi [ X7].

Proof. In this situation, S is a polynomial k-algebra of dimension 4+4((70;);)+#((7oc;);), and the dimension
of Cox(X) is 3+ £((ro;);) + #((Ts0;);). It follows that ker ¢ is a principal ideal generated by a G-invariant
relation. The determinant s.otg — Soteo = elZ 1TE"] is a non-zero G-invariant homogeneous element in
Cox(X). Using [32, 2.8.5], we obtain a G-invariant irreducible relation as in the above statement which
necessarily generates ker . O

We now treat the case where r > 1 (i.e. X admits at least three exceptional points). For this, we first
show that X can be assumed to satisfy the following technical conditions:

e the special fiber is a normal variety,
e the class group of X is torsion-free.
Recall that the special fiber is a normal variety if and only if

n<2,or (X7°); #0and (Xj~); #0  (Propositions 4.1.1 and 4.1.3).
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Consider the G-stable open subvariety V consisting of the orbits of codimension < 1. We have Cox(V) =~
Cox(X) because V has a complement of codimension > 2 in X. Thus, we can replace X by V. Also, consider
an almost homogeneous G-threefold Y having three orbits, namely the open orbit and two G-stable prime
divisors YY and Y>°. We can choose Y so that vyo, vy~ ¢ V(X) and 7(Y") = 29, 7(Y>°) = 2. Using the
valuative criterion of separation ([31, App. B]), it is immediate to verify that X and Y glue together into
an almost homogeneous G-threefold X;. By [32, 2.8.1], we have an isomorphism

Cox(X) ~ Cox(X1)/(ro — 1,750 — 1),

where 7,7+ are the canonical sections respectively associated to Y, Y. Also, X; has by construction at
least three exceptional points and an associated special fiber which is a normal variety.

Now, if X7 has a class group with a non-trivial torsion subgroup. Then, we can consider a smooth complete
almost homogeneous G-threefold X| containing the smooth locus of X; as an open G-stable subvariety
([32, 2.8.4]). By [32, 3.1.7], Pic(X]) is free of finite rank, and it is directly checked that X{ has at least
three exceptional points, and an associated special fiber which is a normal variety. As above, we have an
isomorphism

Cox(X1) 2= Cox(X1)/((ri — 1)s),

where the r; are the canonical sections associated to the G-stable prime divisors lying in X7 \ (X1)sm.

Possibly replacing X by X; or X1, we can suppose that X has a torsion free class group, at least three
exceptional points, and a special fiber which is a normal variety. In Proposition 4.5.3, we prove that certain G-
submodules of S generate the ideal ker ¢, we start by defining these G-submodules. For k,1 € {0,00,1,...,7},
consider the natural surjective morphisms of G-modules

Okl - Ve, Qp Vezy — Ve Vg C COX(X)[Ezk]Jr[Ezl], k<l
i Symg (Vaer) = Ve, C Cox(X)a(men],

obtained via restriction of . Using the Clebsch-Gordan decomposition, we obtain via a direct computation
that any B-semi-invariant in a product Vge, Vg=; is a non-zero scalar multiple of an element of the form

95" gy elEIHE € Cox(X)pon) 4 pe) © O(G)el P IHIE,
As Cox(X)Y is generated as a k-algebra by the elements

(Si)ie{o,oo,l,...,r}v (Tij)ie{o,oo,l,...,r};jv
it follows from the form of this B-semi-invariant that it equals a monomial

no,kl Moo, kl i klj
Sg Soo Hie{o,oo,l,...m};jrij )

where the (a; x15)ie{0,00,1,...,r};; 5 the family of non-negative integers defined by
[E7F] + [E™] = no gt [E™] + Mookt [E™] + 3 ic(0,00,1,....r}55 Gikt [X5]-

The table below lists the B-weights occurring in the products Vgz=i Vg=,. For each B-weight mw in the table,
the third column provides an explicit B-semi-invariant ;.. To shorten the notation, we let

Akl,mw «— Qi klj
r = licto.001,.r14 T3
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G-module B-weight: mw B-semi-invariant: i m.,
VEzo VEroo 2w 50500
0 r000,0
Ve, 2w s
Viin 2w 82,
Vigeo Vs (n+ 1w 808;
(1<igr) (7 — 1w S’go_lraoi,(ﬁfl)w
VEow VE=i (7 + Dw S00Si
(1<igr) (A — 1w 5o~ tr@eei -1
9 ) 2nw 52
VE"Lz (1<igr) Mpw, My = Q(ﬁ _ 2p),p —1,.., I_%J Sg_stgo_QpI'a”’mP“’
Vi Vgeo; 2nw 58
(1<i<j<r, @i Bj+a; Bi#0) mpw,my =2( —p),p=1,..,7 S0P g PpRismpe
VEe: Vie; 2nw §iS;
(I<i<j<r, @iBi+a;8:=0) | myw,m, =2(h — (2p+1)),p =0, ..., LﬁTflJ sg*(2p+1)8i7(2p+1)ra'ij,nlpw

For k,l € {0,00,1,...,7}, 0 < k < I < 00, and mw a B-weight occurring in Vg, Vger, let Ypime be the
unique B-semi-invariant in S sent to Tx;mw by @ri- Then, consider the following G-submodules of ker ¢:

My = (D, < G-(Tki,mw — Yki,mw) >) © ker @y,

where Ty e is naturally identified with an element of S. Also, in view of the description of Cox(X)Y by
generators and relations (Section 4.1.2), define for ¢ = 1, ..., 7 the following G-submodules of ker ¢:

N; =< G.(Bisy @ []; Tg;j — s, @[ r:o";-j -5 ® Hj(Tij)h”) >~ Vi,
Proposition 4.5.3. The ideal ker ¢ is generated by the G-modules My; and N;.

Proof. Consider the natural Cl(X)-grading on S induced by the canonical projection WDiv(X) — CI(X),
and let I be the homogeneous ideal generated by the G-modules Mj; and N;. We prove that the surjective
morphism of graded k-algebras

@:S5/I — Cox(X)

induced by ¢ is an isomorphism. This follows from the claim that (S/I)V is generated as a k-algebra by the
images of the s;, r;;, i € {0,00,1,...,7}. Indeed, the algebra (S/I)U can then be presented as the quotient of
the polynomial k-algebra in the elements s;, r;; modulo an ideal J of relations. In view of the presentation
of Cox(X)Y and of the morphism

v : (S/1)Y — Cox(X)Y

induced by @, the ideal J is contained in the ideal generated by ©7_, NY. As we have the reverse inclusion
by definition of I, it follows that the morphism @y is an isomorphism, thus ¢ is so.

We now prove the above claim. Remark that because the special fiber is a normal variety, the G-modules
N; become zero modulo ((7ij)ie{0,0,1,....r}:j)- Lhe k-algebra S/(I,(ri;)i;) is generated by the simple G-
modules Vge;, i € {0,00,1,...,7}, and it follows from Lemma 4.5.5, the preceding remark, and the definition
of the G-modules My, that the product of any two of them in S/(I,(r;;);;) is their Cartan product. As
a consequence of a result of Kostant (see e.g. [6, 4.1 Lemme]), the product of any two simple G-modules
in S/(I, (r;)i;) is again their Cartan product or zero. This implies that (S/(Z, (r;;)i;))V is generated as a
k-algebra by the images of the s;, i € {0,00,1,...,7}. Let A be the k-subalgebra of (S/I)V generated by
the images of the s;, 75, i € {0,00,1,...,7}. Viewing A and (S/I)V as Cl(X)-graded k[(r;;);;]-modules, the
above description of (S/(I, (ri;)i;))V yields
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(S/D)Y = A+ ((rij)i)(S/D)Y.

By Lemma 4.5.6, the regular functions on X are constant. This implies that S/I (hence (S/I)V and A) can
be endowed with a coarser positive grading such that the elements r;; have non-zero degree. Indeed, S/I is
naturally graded by the cone of effective divisors in C1(X)g, but this cone contains no line as O(X) ~ k. Thus,
we can choose convenient positive integers a;; such that the linear map C1(X) — Z defined by [Xj”“] = ag;

is positive on generators. Now, the graded Nakayama lemma yields (S/I)V = A, whence the claim. O
Corollary 4.5.4. Suppose that n < 2. Then, the ideal ker o is generated by the G-invariant relations

spt; — sty = (Ozkﬁl — Ozlﬂk) HiE{O,OO,l,.A.,T};j TZLMU, ke {O,OO7 1, ...,T}, 0<k<l<oo,

where (Myyi5)i; are the families of non-negative integers defined by

(B ]+ [E] = 3 miig (X5,

and the simple G-modules Nj;.

Proof. Tt suffices to notice that in this case, the My, are trivial, and the My, k < [ are the G-invariant lines
spanned by the elements sgt; — s;tx — (a8 — ay By )r2io. O

Lemma 4.5.5. Let Z be a normal G/uy,-embedding (n > 1) whose associated special fiber is a mnormal
variety, and admitting three or more exceptional points. Then, the special fiber is a horospherical variety.

Proof. In view of the table above, it suffices to show that the total degrees of the monomials r®+.m« are
non-zero. This is equivalent to prove that the divisors

o E%0 4 FTee

o E%0 + E% — (n—1)E%, i=1,..,r,

o F¥e + E% — (p—1)E* i=1,..,r,

o 2E% — (i —2p)(E® + E*=), 1<i <7, p=1,..,|2],

o E¥ + F% — (R —p)(B® 4+ E*=), 1<i<j<r,p=1,..,n.

are not principal. We verify this for the divisor E** + E¥2 — k(E® 4+ E%=), 0 < k < i — 1, where s = n
is assumed to be odd. We skip the proof for the other cases which are treated similarly. We look for a
B-semi-invariant rational function gf), v € Z, where f,, is defined in 5.1, and g € k(g% /g7})*, whose divisor
is the above one. Necessarily, zeroes and poles of g are located on the points zq, oo, 1, T2, T4, and their
orders are respectively a, «, 1,1, 8. In order to simplify the notation, we suppose that for each of the points
T, Too, T1, T2, there is exactly one G-stable prime divisor sent to this point, the general case being treated
the same way. Coordinates on the hyperspace are defined as in Section 5.1, and we set vx=; = (x4, h;, 1),
i €{0,00,1,2}. This gives

div(gf)) = a(n(E™ + E°=) + hoX™ + hoo X¥>) + E™* + hi X*' + E"2 4 hy X2 4 D"

1
+ (D% — "T(Ewo FET) 4 1o X0 4 1o X T 4+ [ X 4 [ X72),

It follows that we must have § = —v, and an — ,Yanl = —k, the general solution of this last equation being
of the form

(o, ) = (=K, —2k) + u("T_l,n)7 u € 7.
Recall that we must have 2a 4+ 2 + 5 = 0, so that u = 2. Now, this principal divisor reads
div(gfl) = E™ + E™2 — k(B + E"=) 4 (ahg +vlp) X 70 + (hoo +Yloo ) X T 4 (h1 +711) X ™t + (ha +vl2) X *2.
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It follows that we must impose ]l711 = —% = —ﬁ. This condition cannot be satisfied as soon as k < n—1,
because we must have }% < —%. Thus, we suppose that £k = n—1, and we look at the condition ,% = —% =0
which cannot be satisfied. O

Lemma 4.5.6. Let Z be a normal G/ p,-embedding (n > 1) whose associated special fiber is a normal variety
and with three or more exceptional points. Then, O(Z) ~ k.

Proof. Tt suffices to prove that every B-semi-invariant regular function v € O(X) is necessarily constant.
Let o := 1 if n is odd, and « := 2 otherwise. We can write u = ¢gf7,, where g € k(9% /97)*, and faw is
defined in Section 5.1. Moreover the divisor of w is effective by assumption, so that we have vp(u) > 0,
VD € WDiv(X)E. By summing these inequalities over the set of colors we obtain the inequality

m(—3+35 —5+35 +1) =0,
which implies that m > 0. In view of Proposition 4.1.3, Z admits at least three G-stable prime divisors
XTo XTee XT1 gent to pairwise distinct exceptional points xg, Zeo, 1. Consider the set of B-stable prime

divisors consisting of X*0, X*¥~ X% and all the colors except E*°, E¥>~ and E®'. By summing the in-
equalities over this set we obtain the inequality

m(e 4= 4+ 2 4+1) >0,

hl

where (zo,lo, ho), (Too, loos hoo), and (z1,11, h1) are the respective coordinates in the hyperspace associated
with X of the valuations vx=o, Vxse and vx=1. Because ;L—% + }lﬁ + ;L—ll +1 < 0 (see 5.1), the above inequality
is equivalent to m < 0, and we obtain that m = 0. Thus, we have that g € k* because the divisor of g has
to be effective. Indeed, any non-constant rational function on P}, /u, admits at least one pole. We conclude
that u is constant. O

Remark 4.5.7. Suppose that n < 2. From the above description of Cox(X), we have
X is a complete intersection <= f#(z;); <2 <= X is a hypersurface.
- /)G
Furthermore these equivalent conditions characterize when the good quotient morphism X L> AV is
faithfully flat. Indeed, this morphism has equidimensional fibers if and only if #(;); < 2 (see Section 4.1.1).
Moreover, X is Cohen-Macaulay under these assumptions, so that the quotient morphism is flat ([12, 111,
Ex 10.9]).

Example 4.5.8. Consider a normal G-embedding X with four exceptional points
z1=[1:0,22=[0:1),z3=[1:1],z4 =[2:1] € P},
to which are sent the exceptional divisors
Er ) X* P2 X®2 [P X8 T4 and X P4,
We choose the section w — f,, of the exact sequence
1= k(PL* = k(X)B) = Zw — 1,
such that div(f,) is the color E** on G. This provides coordinates on & for which we have
vxer = (21,2, —1),0x22 = (22,3, —5),vx=s = (x3,1,—1), and vx=s = (24,5, —4).

By 3.2.2, the generators ([E™],[X*],...,[E™], [X™*]) of the class group give the following presentation
matrix

-1 -2 1 3 0 0 0 O
P -1 -2 0 0 1 1 0 O
-1 -2 0 0 0 0 1 5
1 -1 0 -5 0 -1 0 -4

From this presentation of Cl(X) we obtain
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o [E™] = [X"1] 4+ 5[X"] + [X*2] 4 4[X "] o [E7] = 3[X7"] +5[X™ ] +4[X]
o [B72] = 3[XT'] 4 2[X "] + [X*2] + 4[X™] o [E™] = 3[X7!] +5[X "] + [X*2] — [X*]
Finally, we find
Cox(X) = k[s1,t1, 2, t2, S3,t3, Sa,ta, 71,72, 73, T4],

with ideal of relations generated by the following

® 51ty — Sot — ri‘r%r%ri ® Soty — Suto + 27’?7“57’%7“2 ° 527’3 + 2517’% — 847”2
o sit3 — szt — riralrard o s3ty — satz + rSrifrgrd o tors + 2t173 — tyr]
o sty — sqt; — rirdOr3rd o Sors + 8177 — s373
[ ] 52t3 — S3t2 + T‘?’I‘g’rg?"g [ ) tQTg + tl’f‘% — t37"3

Example 4.5.9. Consider a normal G/us-embedding X with three pairwise distinct exceptional points
zo=[0:1],200 =[1:0],21 = [a: B8] € P}, to which are sent the following exceptional divisors:

Eo, X% Fte X% [™ and X1

We choose coordinates on the hyperspace as described in Section 5.1, and the G-valuations associated to the
G-invariant exceptional divisors have the following coordinates in &£:

vx=o = (o, 1, —1),Vxee0 = (Teo, 1, —1), and vx=1 = (21,1, —1).

The class group of X is free of rank 3 and the special fiber is a normal variety, so the preceding proposition
applies. We consider the following k-bases for the simple G-modules generating Cox(X):

o Vigzo : (s0,t0) := (s0,g1eZ™°)),
o Virw & (Soostoo) i= (Soo,gge[Ez‘”])’
o Vier s (st u1,01) = (s1, (Brgdr — crgigo)el™™), (Bugag? — argagh)el™™), (Brgf — argd)el”™)),
® Vieiy i=0,00,1: () = (7).
We have
Cox(X) ~ Symy, (Vgzo @ VEree @ Vige1) Q4 k[1ro, Toc, 71] mod I,

where k[rg, 7o0,71] is a polynomial k-algebra, and T is generated by the simple G-modules of relations given
in the following table:

’ G-module ‘ B-semi-invariant ‘ B-weight
Vo >~ Moo C VEzo Qf VEreo = Vo B Vo 10500 — Sotoo — TOTooT 0
Vo ~ My, C Vigao @k Ve = V3 & Vo t159 — s1tg — as?, @ rori ry 2w
Vo~ Mooy C Ve @ Vger = Vi@ Vo | 1800 — S1teo — B85 @ 13700T1 2w
Vo ~ My C Symi; (Ve ) ~ Vs @ Va 12 — s1u1 — aB80Sce @ TR TE 2w
Ny~ V3 B3 @19 — asd, @ Too — 81 @1 3w
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4.5.2 Example of affine almost homogeneous G-threefolds

Consider the case where X is affine. In [27], Popov classifies these varieties up to isomorphism by means
of numerical invariants. These results can be reinterpreted in term of the combinatorial description of these
varieties. Indeed, the colored hypercone defining X must have all the colors among its generators, which
is only possible if F' ~ pu, ([29, 5.2]). We use coordinates on the hyperspace as defined in Section 5.1,
and define v := 2 if n is even, and u := 1 otherwise. The combinatorial description of the normal affine
G/ pin-embeddings shows that X admits a unique G-orbit of codimension 1 corresponding to a G-stable prime
divisor X, which is sent to zo by the rational quotient 7 : X --» P} by B. Moreover, the condition

vx=o = (2o, h, 1) €PE X Zso x 27, with - — L <L <L and hAul =1

is satisfied. Remark that if n < 2, we can still choose two distinct points zg, o € P} which play the same
role as in the case n > 3. In general, X admits a G-fixed point, except in the case where [/h = —1/2.
Concretely, this exceptional embedding is realized as the G-linearized line bundle

GxT AL - G/T,

associated to the T-action on A} defined by the character w™. The generators ([E%], [E®], [X 0], [E®=]) of
the class group give the presentation matrix

-1 7 h 0
P:=]-1 0 0 n
u  —ult ol —ust

2

Transforming this matrix to its Smith normal form by means of elementary operations on the rows and
columns yields an isomorphism

Cl(X) ~ Z x ZdZ, (4.3)

where d :=n A h if nis odd or h + 21 is even, and d := (i + h) A (it — h) otherwise. Panyushev computed
this class group in [23, Thm 2] taking as input Popov’s numerical invariants.

By Proposition 4.5.2, the Cox ring is generated by the elements sg, g, Soo, too, 0, and the relations are
generated by a relation of the form

70" = Sooto — Sotoo-
On the other hand, computing Ly + Lo + %Lg on the rows of P, we obtain
[E¥] + [E®=] = —(h + 2])[ X *°].
It follows that the sought relation is r, (h+2l) _ Soolo — Sotso- This presentation of the Cox ring is similar to
the one obtained by Batyrev and Haddad in [3].
4.5.3 Comparison with the results of Batyrev and Haddad

In [27], Popov associates to the isomophism class of X a unique pair (hp,n) where hp €]0, 1] is a rational
number called the height of X, and n is the order of the cyclic group stabilizing a point in the open orbit.
With [19, 111.4.3], the height has the following useful interpretation: the algebra of U-invariant regular
functions on X identifies with the algebra of the monoid

My, ={(i,j) € Z% ;j < hpi and nli — j}.
More precisely, by considering the injective graded morphism

p: O(X)V = O(G/ 1)V = B, ;50.n1i—; Vecti(ghal)

29



given by the restriction of functions, we identify elements of the monoid Mj, , with the monomials in the
image of . As in the preceding section, consider the G-valuation vx=o = (xo,h,l) € £ By normality of X,
a monomial gig) € O(G/u,)Y belongs to O(X)Y if and only if

9394 f(H-J)/u) 0

Vxzo (gggi) 20 <= 'UXmo(f (i+9)/u

9394
f&(l:rj)/u
n—1i4+7

2

!

hvg, ( Y+ U(i+35)=0

h
<:>%(z‘+u Y+l +4) =0
h(n+1)+2n

< j < i, wh =7 =
j < ai, where a (= 7) = 2n

Remark that together with the condition —% —5= < ¥ g , we verify that 0 < a < 1, with o = 1 exactly
when [/h = —1/2. By unicity of the cone in Z2 deﬁned by the monomials of O(X)Y, we have o = hp.

In [3], Batyrev and Haddad consider in the affine space Ai endowed with coordinates y,t1,ta,t3,t4 the
hypersurface Hy defined by the equation

yb = tity — tats,

where b:= £k := (¢ —p) An, and p/q = hp with p A g = 1. Then, they set a := %, and let G,, X p, act

on A? by allocating the following weights to coordinates

deg(y) = (k,0),deg(t1) = (—p, —1),deg(t2) = (—p, —1),deg(t3) = (¢, 1), and deg(ts) = (¢,1).

This action stabilizes Hj, and realizes it as the total coordinate space of X ([3, 2.6]).
We now verify that this coincides with the presentation of the Cox ring given in the last section. For
simplicity, we assume that n is odd. By identification, we have

Then, the following identity holds

g—p_  —(h+2l)n

F - mAR-pnAn)
—(h +2D)n

(0 A B) (P )
—(h+2)n

n(—(h+20) AnAh)

—(h +21)

—2lAnAhR

—(h +20).

Turning to the grading of the Cox ring, recall that the isomorphism
ClX)~ZXxZ/(nANh)Z

has been obtained by considering the four generators [E®?], [E¥0], [X®0], [E**] of C1(X), and looking for a
Z-basis of the free Z-module on these generators adapted to the submodule of relations. Let u,v € Z be
such that

30



—qu + kv =1.

By the above isomorphism, the elements [E*°], [X*°], and [E¥>=] are sent respectively to (—p,ub—v), (k,u),
and (g,v), where the second coordinate is computed in Z/(n A h)Z. This gives us the corresponding degrees
for the generators of the Cox ring. This degrees correspond to the degrees of Batyrev and Haddad up to an
automorphism f of Z x Z/(n A h)Z. Indeed, it suffices to set f((1,0)) = (1,5 u) and £((0,1)) = (0,k1).

5 Appendix: Colored equipment of k(G/F)

In this appendix, we recall from [29] the colored equipment of k(G/F) for F either cyclic or one of the
binary polyhedral groups in G = SLy. There is a natural bijection between the monoid of effective B-stable
divisors in G/F, and the monoid O(G)F*¥) /k*, Indeed, it suffices to consider the well-defined morphism

O(G) B*E) Jk* — WDiv(X)B, f = divg,p(f).

Via this bijection, B-stable prime divisors in G//F correspond to indecomposable elements of O(G)(F*F) /k*.

Remark that we can again see these elements as indecomposable homogeneous elements of Cox(G/F)5) /k*.
Efoﬁt\)o) of dimension two over k that defines the morphism 7, p, and a
ESOXWIRO)) ~ P} that gives the indecomposable elements of O(G)B*) /f*
corresponding to the parametric colors of G/F. The finite set of exceptional colors of G/F is obtained by
taking divisors of zeroes of the non-invertible C1(G/F)-prime elements appearing in the decompositions of

the decomposable elements of O(G)(BXF) C Cox(G/F).

(now,No)

There exists a linear system O(G)

non-empty open subset of P(O(G)

Definition 5.0.1. [31, 16.1] The C1(G/F)-prime elements of O(G)ESOZF)?O) C Cox(G/F) are called the regular
(BXF)

(now,Ao)
semi-invariants are the non-invertible Cl(G/F)-prime B-semi-invariants appearing in the decomposition of
the exceptional semi-invariants as a product of C1(G/F')-prime elements.

semi-invariants. The others elements O(Q) are called the exceptional semi-invariants. The subregular

Any G-valuation or color v of k(G/F) is located in the hyperspace & by a triple
(‘Iah7l) € ]P)}i: X Q+ X Q7

where = and h are defined by the restriction of v to k(IE”,lc)7 and the coordinate [ is obtained by evaluating v
at a fixed generator of the weight group A(G/F) viewed in k(G/F)®) via the choice of a section A — fy
(2.3).

5.1 Fis cyclic of order n > 1

We identify the character group of F' = pu,, with Z/nZ. If n < 2, there is no exceptional semi-invariant.
If n > 3, there are, up to non-zero scalar multiple, two subregular semi-invariants gs and g4 whose respective
weights are (w,1 mod n), (w,—1 mod n). Let

_ n, n odd,
n =
n/2, n even.
We have (’)(G)Ei)ﬁ“ ;0)) = O(G)Egjg" )mo 4 n) generated by the two exceptional semi-invariant g% and g7'. There

are two exceptional points xg, Z~ and two exceptional colors 7* () = RE®, 1" (2o ) = nE*>~. Let A be an
arbitrary regular semi-invariant, and x4 be the corresponding distinguished point of P}/, ~ ]P’,lc. We define
a section of A(G/pun) — k(G/u,)B) by the choice of the generator

fw = W, of Welght w, (TL Odd),

2 .
fow 1= W, of weight 2w, (n even).
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In order to have a uniform description of the hyperspace, the third coordinate [, of a G-valuation (or color) v
is defined by 1, :== v(f,) if n is odd, and I, := v(fa,,)/2 if n is even. The elements of V,, C &, are the vectors
(z,h,1) in & whose coordinates satisfy the inequalities 20 + h < 0 for z # x4 and 20 — h < 0 for z = z4.
The colors are sent to the vectors e, for & # x4, zg, oo, to (4,1,1) for x4, and to (xg, 71, —(7 — 1)/2) (resp.
(oo, 1, —(n — 1)/2)) for ¢ (resp. for x).

5.2 F' is binary tetrahedral

The character group of Fr identifies with the cyclic group of order 3, for which we choose a generator
¢. Up to a constant, there are three subregular semi-invariants f,, f, fr whose respective weights are

(4w, €), (6w, 1), (4w, ¢~ 1). We have O(G)ESOZFAT())) = O(G)EEZFF)) generated by the three exceptional semi-

invariant f7, fZ, f} with the relation f) 4 fZ 4 f} = 0. This defines three exceptional points ., T, =y,
and three exceptional colors 7*(z,) = 3E™, n*(z.) = 2E%, and n*(xy) = 3E*/. We define a section of
A(G/Fr) — k(G/Fr)®) by the choice of the generator fa,, = f}ﬂ The elements of V, C &, are the vectors

(z,h,1) of & whose coordinates satisfy the inequalities | + h < 0 for = # x¢,2,, and | < 0 for x = xy or
x = x,. The colors are sent to the vectors e, for « # x,,z., 2y, and to (z,,3,1), (z.,2,—1), and (x¢,3,1)
for 7*(z,), 7" (x.) and 7" (x§).

5.3 F is binary octahedral

The character group of Fp identifies with the cyclic group of order 2. Up to a constant, there are
three subregular semi-invariants f,, fe, ff whose respective weights are (8w, (), (12w, 1), (6w,(™"). We have

O(G)Efofffg) = O(G)Eiﬁﬁ@)) generated by the three exceptional semi-invariant f2, f2, f;} with the relation

2412+ f;} = 0. This defines three exceptional points x,, ., =, and three exceptional colors 7*(z,) = 3E*,
7*(z.) = 2E%, and 7*(xf) = 4E%f. We define a section of A(G/Fp) — k(G/Fg)®) by the choice of the
generator fo, = % The elements of V, C &, are the vectors (z, h,l) of & whose coordinates satisfy the
inequalities [ + h < 0 for = # x¢,x,, and [ < 0 for = 2y or = x,,. The colors are sent to the vectors ¢,

for x # xy, x., ¢, and to (zy,3,1), (z¢,2,—1), and (xy,4,1) for 7*(z,), 7*(z.) and 7*(zy).

5.4 F' is binary icosahedral

The character group of Fj is trivial. Up to a constant, there are three subregular semi-invariants f,, fe, fy

whose respective weights are (12w, (), (30w, 1), (20w, ¢~1). We have O(G)Efﬂiﬁ)o) = O(G)Eg)zl?[)) generated
by the three exceptional semi-invariant f2, f2, ff3 with the relation f5 + f2 + f? = 0. This defines three
exceptional points x,,Ze, s, and three exceptional colors 7*(z,) = BE™, n*(z.) = 2E%, and 7*(zy) =

3E%s. We define a section of A(G/Fj) — k(G/F;)®) by the choice of the generator fo, := % The

elements of V, C &, are the vectors (z,h,l) of & whose coordinates satisfy the inequalities [ + h < 0 for
T F# Ty, Ty, and [ < 0 for £ = x¢ or = x,. The colors are sent to the vectors €, for x # x,, 2, s, and to
(20,5,1), (ze,2,—1), and (zy,3,1) for 7*(x,), 7" (z.) and 7 (zy).

5.5 F'is binary dihedral of order 4n, n > 1
The group Fp,, is generated by the elements

hzlc O] et r= 0 1],
0 ¢! 1 0

where ( is a primitive 2n*" root of unity. A character of Fp, is determined by a pair of values h +— (¥,
r + i', where i> = —1. The subregular semi-invariants are fr = 9394, fe = g5 — (—iga)”, and f, =
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g% + (ig4)™ of respective weights (2w, (1,—1)), (nw, (=1, —i")), and (nw, (—1,7")). We have O(G) foiﬂ”g)) =

(

(
O(G)EQBHEF(DI"‘()A)”)) generated by the three exceptional semi-invariants f}, 2 f2 with the relation 4(—i)" i+
J2 — f2 = 0. This defines three exceptional points x,, ., s, and three exceptional colors 7*(z,) = 2E7,
7 (z.) = 2E%, and 7*(x;) = nE". We define a section of A(G/Fp,) — k(G/Fp, )®) by the choice of the

generator fo, 1= Z,{fl . The elements of V, C &, are the vectors (x, h,l) of & whose coordinates satisfy the

inequalities | + h é 0 for x # s, x,, and [ < 0 for x = xy or x = x,. The colors are sent to the vectors ¢,
for x # zy,x, xy, and to (zy,2,1), (z¢,2,1), and (zy,n,1 —n) for 7*(z,), 7*(ze) and 7*(zy).
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