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COX RINGS OF ALMOST HOMOGENEOUS SL2-THREEFOLDS

ANTOINE VEZIER

Abstract

We study Cox rings of normal threefolds on which SL2 acts with a dense orbit. Exploiting the method
of U -invariants, we obtain combinatorial criteria for the total coordinate space and the base variety to
have log terminal singularities. Then, we investigate the iteration of Cox rings and obtain a bound on
its length. Finally, we develop a general approach to the description of the Cox ring by generators and
relations which is effective for normal SL2 /µn-embeddings.

1 Introduction
The complexity of the action of a connected reductive group is a very important birational invariant

in studying the geometry of the action. This is the minimal codimension of an orbit of a Borel subgroup.
The normal algebraic varieties of complexity zero are the spherical varieties, they constitute a natural
generalization of toric varieties and have a well understood geometry ([32, Chap. 5]). The next step is the
study of varieties of complexity one, which is not so well developed, except for the case of actions by tori
([17], [1], [21]). In general, two cases are possible for a normal variety of complexity one: either it is almost
homogeneous (i.e. there exists a dense orbit), or it admits a one-parameter family of spherical orbits. The
first examples of the former case consist of almost homogeneous SL2-threefolds, that is, normal SL2-varieties
of dimension three with a dense orbit. Various aspects make this class of examples especially important, and
one can view their study as a preliminary step toward a better understanding of general almost homogeneous
varieties of complexity one. For example, these examples yield all homogeneous spaces of complexity and
rank one via "parabolic induction", as shown by Panyushev in [25].

An almost homogeneous SL2-threefold X can be viewed as a normal embedding of a homogeneous space
of the form SL2 /F where F is a finite subgroup. This means that the orbit morphism associated to a point
in the dense orbit factors through a SL2-equivariant open immersion SL2 /F ↪−→ X. This point of view is
interesting because one can take advantage of the combinatorial data defining the embedding to approach
various questions. The setup of this combinatorial framework goes back to the seminal work of Luna and
Vust ([22]). It has been considerably clarified in the complexity zero case by Brion, Knop, Luna, Vust, and
by Timashev in the complexity one case ([30]). In fact Timashev’s description doesn’t restrict to almost
homogeneous spaces but allows to classify varieties in any fixed equivariant birational class in terms of
objects of convex geometry. The combinatorial description of normal SL2 /F -embeddings has been obtained
by Luna and Vust ([22]) when F is trivial, Moser-Jauslin ([23]) who extended the classification of Luna-Vust
for arbitrary F , and Timashev ([30]) who put these results in his framework.

In the present work, we mainly focus on Cox rings of normal SL2 /F -embeddings. The Cox ring of a
normal variety X, denoted Cox(X), is an important invariant that encodes a lot of geometric information,
see [2] for a comprehensive reference on this rich subject. It is the ring of global sections of the Cox sheaf,
which is, roughly speaking, the direct sum

RX :=
⊕

[F ]∈Cl(X) F

indexed by elements of the class group of X, i.e. the group of isomorphism classes of divisorial sheaves on
X. Under mild assumptions, RX can be endowed with a structure of quasi-coherent Cl(X)-graded OX -
algebra, whence a structure of Cl(X)-graded ring on Cox(X). When RX is of finite type as an OX -algebra,
its relative spectrum X̂ is a normal ΓCl(X)-variety over X, where ΓCl(X) is the diagonalizable group with
character group Cl(X). This is called the characteristic space of X, and the structural morphism X̂ → X is
a good quotient by ΓCl(X). For a finitely generated Cox ring, its spectrum X̃ is called the total coordinate
space of X, and the affinization morphism X̂ → X̃ is a ΓCl(X)-equivariant open immersion whose image has
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a complement of codimension > 2 in X̃. When X is smooth, the characteristic space is a ΓPic(X)-torsor over
X called the universal torsor.

Let X be a normal SL2 /F -embedding. In fact, we consider the equivariant Cox ring of X introduced
and studied in [33]. For the case of SL2, it is canonically isomorphic to the ordinary Cox ring ([33, 2.3.4]).
However, we take advantage of the structure of graded SL2-algebra provided by the construction of the
equivariant Cox ring. Also, we occasionally use general results from [33]. In particular, Cox(X) is a finitely
generated normal domain, and we use the description of the k-subalgebra of U -invariants Cox(X)U , where U
is the unipotent part of the standard Borel subgroup B of SL2. For the convenience of the reader, we recall
in Section 2 useful facts on normal rational varieties of complexity one and their (equivariant) Cox ring. In
Section 3, we describe the class group of X by generators and relations. Then, we provide a combinatorial
criterion for X to have log terminal singularities, extending a previous result of Degtyarev ([11]).

The study of the Cox ring of X starts in Section 4.1. As an application of [33, 3.4.3], we obtain a
criterion of combinatorial nature for the total coordinate space X̃ to have log terminal singularities. This
is an interesting question, particularly since the work of Gongyo, Okawa, Sannai and Takagi characterizing
varieties of Fano type via singularities of Cox rings ([12]).

In Section 4.2, we put to light some interesting new phenomena with regard to the special fiber, i.e. the
schematic fiber at zero of the quotient morphism

X̃
// SL2−−−−→ ANk ,

where N is the number of SL2-invariant prime divisors in X ([33, 2.8.5]). The general fibers of this mor-
phism are isomorphic to the total coordinate space of the dense orbit ([33, 2.8.1]). For a spherical variety,
the quotient morphism is faithfully flat, and the special fiber is a normal affine variety which is moreover
horospherical, in the sense that the product of two irreducible representations, say Vλ, Vµ, in its coordinate
algebra is their Cartan product Vλ+µ ([8, 3.2.3]). These nice geometric properties are important ingredients
for the determination of a presentation of the Cox ring of a spherical variety in loc. cit. We show by examples
that these properties do not extend to the complexity one world. Nevertheless, we give a criterion for the
special fiber to be a normal variety, in terms of the basic geometry of X.

Pursuing our investigation, we turn to the study of the iteration of Cox rings for X in Sections 4.3 and
4.4. Roughly, iteration of Cox rings consists in studying the sequence of total coordinate spaces

...→ X̃(n) → X̃(n−1) → ...→ X̃(2) → X̃,

where X̃(n) denotes the total coordinate space of X̃(n−1). A basic question is whether this sequence is finite,
in which case X is said to have finite iteration of Cox rings, and the last obtained Cox ring is called the
master Cox ring. By virtue of [33, 3.5.1], X has finite iteration of Cox rings with a factorial master Cox
ring. More precisely, we obtain

Proposition. The length of the iteration of Cox rings sequence of X is bounded by 4.

See the statement 4.4.13 where more precise bounds are given depending on the finite subgroup F ⊂ SL2.
Also, we obtain a commutative diagram

X̃(m) ... X̃(2) X̃

Ỹ (m) ... Ỹ (2) Ỹ ,

where the horizontal arrows are structural morphisms of characteristic spaces, the vertical arrows are almost
principal U -bundles, and all squares are cartesian. Moreover, X̃(m), Ỹ (m) are factorial and Ỹ is the total
coordinate space of a certain variety of complexity one under the standard maximal torus of SL2.

Finally, we develop in Section 4.5 an approach for the description of the Cox ring by generators and
relations. In the same way as it is important for projective geometry to have explicit homogeneous coor-
dinates, it is an important problem to find an explicit description by generators and relations of the Cox
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ring. Moreover, the shape of the equations defining the total coordinate space turns out to have important
arithmetic consequences for the base variety, see for example the recent preprint [4] related to the Manin-
Peyre conjecture. Our approach is effective for normal SL2 /µn-embeddings. This eventually leads us to
compare our treatment with previous work by Batyrev and Haddad in the particular case of affine almost
homogeneous SL2-threefolds ([3]).

Acknowledgements. I am very grateful to Michel Brion for his help, and a very careful reading of the
present work. I also thank Jürgen Hausen for interesting discussions during my stay in Tübingen, and Lukas
Braun for enlightening email exchanges on a preliminary version of this paper.

Conventions. Let k denote an algebraically closed base field of characteristic zero. In this text, we work
in the category of algebraic schemes, that is, separated k-schemes of finite type. Hence, a morphism (f, f ]) :
X → Y of algebraic schemes is meant to be a k-morphism. A variety is an integral algebraic scheme.
Without further precision, a point of a variety is meant to be a closed point. The sheaf of regular functions
(or structure sheaf) on an algebraic scheme X is denoted OX . A subvariety of a variety X is a locally closed
subset equipped with its reduced scheme structure. The sheaf of units associated to OX is denoted O∗X .

In this text, an algebraic group is an affine algebraic group scheme. The character group of an algebraic
group G is denoted Ĝ or X∗(G). Given a finitely generated abelian group M , we let ΓM denote the
diagonalizable (algebraic) group Spec(k[M ]) with character group M . Without further precision, the letter
T denotes an arbitrary torus. An almost homogeneous variety is a normal variety on which a connected
algebraic group acts with a dense orbit.

Let G be an algebraic group, X an algebraic G-scheme, and q : X → Y a G-invariant morphism. We
say that q is a G-torsor (or principal G-bundle) over Y if q is faithfully flat, and the natural morphism
G×X → X ×Y X is an isomorphism. As algebraic groups are smooth in characteristic zero, q is faithfully
flat if and only if it is smooth and surjective. We say that q is a trivial G-torsor over Y if there is a
G-equivariant isomorphism X ' G × Y over Y , where G acts on G × Y via left multiplication on the first
factor. A fact that will be used implicitly many times in the text is that a torsor under a torus or a unipotent
algebraic group is locally trivial in the Zariski topology.

Let G be an algebraic group and X an affine algebraic G-scheme. If O(X)G is a finitely generated k-
algebra, then the affine algebraic scheme X//G := Spec(O(X)G) is called the categorical quotient of X by
G. It is the universal object in the category of G-invariant morphisms from X to affine algebraic schemes.

Our convention is that a reductive group is a linearly reductive group, that is, every finite dimensional
representation of such group is semisimple. In particular, a reductive group is not necessarily connected. Let
G be a reductive group and X an algebraic G-scheme. A good quotient of X by G is an affine G-invariant
morphism q : X → Y such that q] induces an isomorphism OY → (q∗OX)G. It is a universal object in the
category of G-invariant morphisms from X to algebraic schemes.

Let X be a normal variety, the group of Weil divisors is denoted WDiv(X). Every Weil divisor defines
a coherent sheaf OX(D) whose non-zero sections over an open subset U are rational functions f ∈ k(X)∗

such that div(f) +D defines an effective divisor on U . A divisorial sheaf on X is a coherent reflexive sheaf
of rank one. The class group (resp. Picard group) of X, denoted Cl(X) (resp. Pic(X)), is the group of
isomorphism classes of divisorial sheaves (resp. invertible sheaves) on X. It is isomorphic to the group of
Weil divisors (resp. Cartier divisors) modulo linear equivalence through the morphism [D] 7→ [OX(D)]. Let
G be an algebraic group acting on a normal variety X. The equivariant class group (resp. equivariant Picard
group) of a normal G-variety X is denoted ClG(X) (resp. PicG(X)), and the equivariant Cox ring is denoted
CoxG(X) (see [33, Sec. 2.2 and 2.3]). A pointed normal variety (X,x) consists of a normal variety X and
a smooth point x ∈ X. For each class [F ] ∈ ClG(X), there exists a canonical representative Fx called the
rigidified G-linearized divisorial sheaf associated to [F ] (see [33, Sec. 2.3]).

The canonical sheaf ωX on a normal variety X is the pushforward on X of the sheaf of differental forms
of maximal degree on the smooth locus Xsm. It is a divisorial sheaf, and any Weil divisor KX such that
OX(KX) ' ωX is a canonical divisor. A Q-Gorenstein variety is a normal variety such that some non-zero
power of the canonical sheaf is invertible. A Gorenstein variety is a normal Cohen-Macaulay variety whose
canonical sheaf is invertible.
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Let X be a normal variety. We say that X has rational singularities if there exists a proper birational
morphism

ϕ : Z → X,

where Z is a smooth variety (a resolution of singularities), and such that Riϕ∗OZ = 0, ∀i > 0. This last
property doesn’t depend on the choice of a resolution. We say that X has log terminal singularities if the
following conditions are satisfied:

• X is Q-Gorenstein.

• There is a resolution of singularities ϕ : Z → X such that

KZ = ϕ∗KX +
∑
αiEi, αi > −1,

where the sum runs over the exceptional divisors Ei of ϕ.

2 Normal rational varieties of complexity one
Let G be a connected reductive group, and (X,x) be a pointed normal G-variety of complexity one.

Suppose moreover that X is a rational variety, so that its Cox ring is finitely generated ([33, 3.1.4]; this is
verified e.g. when X is almost homogeneous). Fix a Borel subgroup B, a maximal torus T in B, and denote
by U the unipotent part of B. Suppose that G has trivial Picard group, so that any divisorial sheaf on X
admits a G-linearization (see [33, 2.2.2]; this can always be achieved by replacing G with a finite cover). In
this section, we recall facts on the geometry of X following [32], [27], and [33].

2.1 B-stable divisors
By a theorem of Rosenlicht ([32, 5.1]) there is a rational quotient

π : X 99K P1
k

by B. Thus, general B-orbits determine a one-parameter family of B-stable prime divisors in X. This
rational map is defined by two global sections a, b of a rigidified G-linearized divisorial sheaf Fx on X ([33,
Sec. 3.2]). The pullback of Weil divisors on P1

k corresponds to the usual pullback of Cartier divisors and is
given by

π∗ : WDiv(P1
k)→WDiv(X), p = [α : β] 7→ div(βa− αb),

where [α : β] are homogeneous coordinates of p ∈ P1
k. All the B-stable prime divisors in X but a finite

number lie in the image of π∗ ([33, Sec. 3.1]).

Definition 2.1.1. [27, 3] The prime divisors in X lying in the image of π∗ are the parametric divisors.
The finite set of B-stable prime divisors that are not parametric is the set of exceptional divisors. For an
exceptional divisor E, the image of π|E is either dense or a point in P1

k. In the former case, we say that E
dominates P1

k, in the latter case, the image point is called exceptional.

2.2 The algebras CoxG(X)U and Cox(X)U

Suppose that O(X)∗ ' k∗, so that both CoxG(X) and Cox(X) are well defined and finitely generated
([33, 3.1.4]). We recall the description of the k-algebra CoxG(X)U of U -invariants obtained by Ponomareva
in [27, Thm. 4] and generalized in [33, 3.2.3]. Also, considering the canonical structure of U -algebra on
Cox(X), we recall an interpretation of Cox(X)U as the Cox ring of a complexity one T -variety ([33, 3.3.2]).
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Notation 2.2.1. Let (xi)i∈I be the finite family of exceptional points with respective homogeneous coordi-
nates [αi : βi]. For all i ∈ I, let (Exij )j be the finite family of exceptional divisors that are sent to xi by π.
Let (Ek)k be the finite family of exceptional divisors dominating P1

k. Equip O(Exij )x (resp. O(Ek)x) with
arbitrary G-linearizations, and let sij (resp. sk) denote the canonical sections of these sheaves associated
with the divisors Exij (resp Ek), and let hij denote the (integral) coefficient of Exij in the divisor π∗(xi).

Theorem 2.2.2. [33, 3.2.3] The k-algebra CoxG(X)U is generated as a k[Ĝ]-algebra by the elements
a, b, (sij)ij , (sk)k. The ideal of relations contains the following identities

βia− αib = λi
∏
j s
hij
ij ,

where for all i ∈ I, λi is a certain character of G. If moreover, the condition

(?) the common degree of the sections a and b is Z-torsion free in ClG(X)× T̂

is satisfied, then the above relations generate the whole ideal.

Remark 2.2.3. [33, 3.2.4] Examples of situations where the condition (?) is satisfied are given by

• rational normal T-varieties of complexity one such that O(X)T ' k.

• almost homogeneous varieties of complexity one.

In [2, 3.4.2], are studied the coordinate algebras of certain trinomial varieties, that is, affine varieties which
are the intersection in an affine space of hypersurfaces defined by trinomial equations. These algebras are
obtained via a construction taking in input certain matrices A and P0 storing the coefficients and exponents
of the trinomials. Their spectrum defines normal affine varieties of complexity one under the action of (the
connected component) of a diagonalizable group, and such that the invariant regular functions are constant.
Moreover, these algebras turn out to be Cox rings of varieties of complexity one under the action of a torus
[2, 3.4.3].

Construction 2.2.4. [2, 3.4.2.1] Fix integers r ∈ Z>1, m ∈ Z>0, a sequence of integers n0, ..., nr ∈ Z>1,
and let n := n0 + ...+ nr. Consider as inputs

• A matrix A := [a0, ..., ar] with pairwise linearly independent column vectors a0, ..., ar ∈ k2.

• An r × (n + m) block matrix P0 := [L 0r,m], where L is an r × n matrix built from the ni-tuples
li := (li1, ..., lini) ∈ Zni>1, 0 6 i 6 r, called exponent vectors, as below

L =


−l0 l1 . . . 0
...

...
. . .

...
−l0 0 . . . lr


Now consider the polynomial algebra k[Tij , Sk], where 0 6 i 6 r, 1 6 j 6 ni, and 1 6 k 6 m. For every
0 6 i 6 r, define a monomial

T lii := T li1i1 ...T
lini
ini

,

whence the name "exponent vector". Denote I the set of triples (i1, i2, i3) with 0 6 i1 < i2 < i3 6 r, and
for all I ∈ I , consider the trinomial

gI := det

[
T
li1
i1

T
li2
i2

T
li3
i3

ai1 ai2 ai3

]
.

We introduce a grading on k[Tij , Sk] by the abelian group K0 := Zn+m/ Im(tP0), where tP0 is the transpose
of P0. Let Q0 : Zn+m → K0 be the projection, and set

5



deg Tij := Q0(eij), and degSk := Q0(ek),

where (eij , ek) is the standard basis of Zn+m. Finally consider the K0-graded k-algebra

R(A,P0) := k[Tij , Sk]/(gI)I∈I .

Proposition 2.2.5. [33, 3.3.2] Suppose that the condition (?) of 2.2.2 is satisfied. Then, the k-algebra
Cox(X)U is isomorphic to an algebra R(A,P0) constructed as in 2.2.4.

Remark 2.2.6. By [33, 3.3.2], the input data to be used in Construction 2.2.4 in order to obtain Cox(X)U

can interpreted geometrically:

• m is the number of exceptional divisors in X dominating P1
k,

• a0, ..., ar are homogemeous coordinates on P1
k of the exceptional points x0, ..., xr.

• the exponent vectors are the vectors formed by the multiplicities of the exceptional divisors in the
pullbacks π∗(xi), i = 0, ..., r.

Remark 2.2.7. Consider the spectrum Ỹ of an algebra R(A,P0) viewed as the total coordinate space of a
normal rational variety Y of complexity one under a torus action. The geometries of Ỹ and Y highly depend
on the exponent vectors li, i = 0, ..., r, involved in the equations. In [1], the study of singularities on Y leads
to the following notion that will be used later: a ring R(A,P0) is a Platonic ring either if r 6 1, or if every
tuple (l0i0 , ..., lrir ) is Platonic, i.e. after ordering it decreasingly, the first triple is one of the Platonic triples

(5, 3, 2), (4, 3, 2), (3, 3, 2), (x, 2, 2), (x, y, 1), x > y > 1,

and the remaining integers of the tuple equal one.

2.3 Combinatorial classification
In this section, we present the combinatorial framework for the classification of complexity one normal

rational G-varieties lying in a fixed G-birational class. Our reference for this material is [32]. Let K be the
field of rational functions of X. Recall that a geometric valuation of K is a discrete valuation K∗ → Q of
the form αvD, where α ∈ Q+, and vD is the normalized discrete valuation associated to a prime divisor D
in a normal variety Z whose field of fractions is identified with K.

Notation 2.3.1. We set D = D(K) for the set of prime divisors of X that are not G-stable, and DB the
subset of B-stable ones. This last subset consists of the so-called colors of K. These sets don’t depend on
X up to G-birational equivalence and we identify them with the corresponding sets of normalized geometric
valuations of K. Let V denote the set of G-valuations of K, that is, the geometric G-invariant valuations of
K. Let V(X) denote the subset of normalized G-valuations corresponding to G-stable prime divisors of X.
The element of V(X) corresponding to a G-stable prime divisor D is denoted vD.

There is an exact sequence of abelian groups

1→ (KB)∗ ' k(P1
k)∗ → K(B) → Λ(X)→ 1,

where K(B) is the multiplicative group of rational B-semi-invariant functions and Λ(X) is the associated
group of weights. The abelian group Λ(X) is the weight lattice of the G-variety X. It is a subgroup of T̂
whose rank is the rank of the G-variety X. After choosing a splitting λ 7→ fλ of the above sequence, we
view Λ(X) as a submodule of K(B). Then, considering a geometric valuation v of K, the restriction v|K(B) is
determined by a triple (x, h, l), where x ∈ P1

k, h ∈ Q+, and l ∈ E := Hom(Λ(X),Q). Indeed, the restriction
of v to k(P1

k) is again a geometric valuation [32, B.8], hence of the form hvx, where x ∈ P1
k. On the other

hand, v|Λ(X) yields an element l ∈ E .

Definition 2.3.2. For all x ∈ P1
k, consider the closed half-space Ex = Q+ ×E . The hyperspace Ĕ associated

to K is the union of the Ex glued together along E .
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The set V embeds in Ĕ , and Vx := V ∩ Ex is a simplicial convex polyhedral cone for all x ∈ P1
k. Also, the

natural map % : DB → Ĕ is not injective in general. Notice that from the preceding section, all but a finite
number of B-stable prime divisors are sent in Ĕ to a vector of the form εx := (x, 1, 0) ∈ Ex for a certain
x ∈ P1

k.

Definition 2.3.3. The pair (V,DB) is the colored equipment of K. We say that (Ĕ ,V,DB , %) is the colored
hyperspace of K.

Definition 2.3.4. A cone in Ĕ is a cone in some Ex, x ∈ P1
k. A hypercone in Ĕ is a union C = ∪x∈P1

k
Cx of

convex cones, each generated by a finite number of vectors, and such that

1. Cx = K + Q+εx for all x ∈ P1
k but a finite number, where K := C ∩ E .

2. One of the following cases occurs

(A) ∃x ∈ P1
k, Cx = K.

(B) ∅ 6= B :=
∑
Bx ⊂ K, where εx + Bx = Cx ∩ (εx + E).

The hypercone is said of type (A) (resp. (B)) depending on the alternative of condition 2. The hypercone is
said strictly convex if each Cx is, and 0 /∈ B.

Definition 2.3.5. Let Q ⊂ Ĕ a subset all of whose elements but a finite number are of the form εx for some
x ∈ P1

k. Let εx + Px the convex hull of intersection points of the half-lines Q+q, q ∈ Q with εx + E . We say
that the hypercone C = C(Q), where the Cx are generated by Q∩ Ex and P :=

∑
Px, is generated by Q.

The fundamental result is that strictly convex hypercones (C,R) := C(W∪%(R)), whereW ⊂ V, R ⊂ DB ,
and 0 /∈ %(R), classify affine B-stable open subvarieties of normal G-models of K (the so-called B-charts).
These hypercones are called colored hypercones.

Remark 2.3.6. Let X0 be a B-chart defined by a colored hypercone (C,R). Then O(X0)B ' k if and only
if (C,R) is of type (B).

A finite set of colored hypercones (C,R) defines B-charts X̊i and G-models Xi := GX̊i. These G-models
can be glued together into a G-model if and only if these colored hypercones defines a colored hyperfan.
In turn, the colored hyperfans classify normal G-models of K. To make this last notion precise we need
the notion of a hyperface of a hypercone, which is defined through the notion of a linear functional on the
hyperspace. We can think of the abelian group K(B) as the dual object to the hyperspace. Indeed, every
f = f0fλ ∈ K(B) defines a so-called linear functional on Ĕ , namely the restriction to each Ex is a Q-linear
form ((h, γ) 7→ hvx(f0) + γ(λ)). Conversely, considering a linear functional on Ĕ , a multiple of it is given by
a rational B-semi-invariant function.

Definition 2.3.7. A face of a hypercone C is a face C′ of a certain cone Cx such that C′∩B = ∅. A hyperface
of C is a hypercone C′ = C ∩ kerϕ, where ϕ is a linear functional on C such that ϕ(C) > 0. If C is of type B,
its interior is by definition int C := ∪x∈P1

k
int Cx ∪ intK.

Definition 2.3.8. A colored hypercone (C,R) of type (B) is supported if int C ∩ V 6= ∅. A (hyper)face of
(C,R) is a colored (hyper)cone (C′,R′), where C′ is a (hyper)face of C, and R′ = R ∩ %−1(C′). A colored
hyperfan is a set of supported colored cones and hypercones of type (B) whose interiors are disjoint inside V,
and which is obtained as the set of all supported colored (hyper)faces of finitely many colored hypercones.

An interesting feature of this classification framework is that the lattice of G-stable subvarieties of X
can be read from the combinatorial representation of X as a colored hyperfan. Indeed, consider a G-stable
subvariety Y ⊂ X, and a B-chart X̊ intersecting Y which is defined by a hypercone C(W ∪ %(R)). Denote
VY ⊂ W, DBY ⊂ R the respective subsets which correspond to the B-stable prime divisors in X̊ whose
closure in X contains Y , and let CY be the (hyper)cone spanned by VY ∪ %(DBY ). Then for any other
G-stable subvariety Z, we have Y ⊂ Z if and only if (CZ ,DBZ ) is a (hyper)face of (CY ,DBY ).
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2.4 Structure of B-charts
The local structure theorem of Brion, Luna and Vust ([10, Thm 1.4]) is a very useful tool for the study

of varieties with group action, the following variant is due to Knop.

Theorem 2.4.1. [18, 1.2] Let G a connected reductive group, X a G-variety equipped with an ample G-
linearized invertible sheaf L, and s ∈ L(X)(B) a B-semi-invariant section. Let P the parabolic subgroup
stabilizing s in P(L(X)), with Levi decomposition Pu o L, T ⊂ L. Then the open subvariety Xs is P -stable,
and there exists a closed L-stable subvariety Y ⊂ Xs such that the morphism induced by the P -action

Pu × Y → Xs

is a P -equivariant isomorphism.

Consider a B-chart V ⊂ X, the G-variety X0 := GV , and the B-stable effective divisor D := X0 \ V .
By [31, Lemma 2], OX0

(D) is an ample (G-linearized) line bundle on X0. The canonical section associated
with D is B-semi-invariant. Thus, its projective stabilizer P is a parabolic subgroup containing B. Then,
the above theorem yields a P -equivariant isomorphism

Pu × Y → V .

Corollary 2.4.2. Suppose that G = SL2 and V is not G-stable. Then, there is a B-equivariant isomorphism

U × Y → V ,

where Y is a normal affine T -variety of complexity one.

3 Almost homogenous SL2-threefolds

3.1 Generalities
Consider the algebraic group G := SL2 identified with its group of rational points, namely the matrices

g =

[
g1 g2

g3 g4

]

such that gi ∈ k and det(g) = 1. By abuse of notation, we also let gi denote the corresponding matrix
coordinates on G. Consider also the Borel subgroup B whose elements are upper triangular matrices, and
the maximal torus T ⊂ B whose elements are diagonal matrices. The character group of T is free of rank
one generated by

ω := (

[
t 0

0 t−1

]
7→ t).

In the sequel, we fix a normal embedding i : G/F ↪→ X, where F is a finite subgroup of G. This means
that there exists a point x in the G-variety X such that the associated orbit morphism factors through a
G-equivariant open immersion i : G/F ↪−→ X. In the sequel, we identify G/F with this dense orbit. It is well
known that F is conjugate either to a cyclic subgroup µn ⊂ T of order n > 1, or to one of the famous binary
polyhedral groups ([29, 4.4]):

• FDn := Binary dihedral group of order 4n, n > 1,

• FT := Binary tetrahedral group,

• FO := Binary octahedral group,

• FI := Binary icosahedral group.
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The pointed normal G-variety (X,x := i(F/F )) is rational of complexity one, and the rational quotient
π : X 99K P1

k by B induces a geometric quotient π|G/F : G/F → P1
k. The situation is summarized in the

commutative diagram

G B\G ' P1
k

G/F P1
k/F ' P1

k

X

B\

/F /F

B\

i π

where B acts on G/F by left multiplication. Denote Fx the unique G-linearized rigidified divisorial sheaf
associated to [π∗OP1

k
(1)], and a, b ∈ Fx(X)(B) the two global sections corresponding to the pullbacks of (a

choice) of coordinates on P1
k. Also, let n0ω be the common B-weight of a, b.

The colored equipment associated to k(G/F ) has been described by Timashev in [30, Sec. 5] for the
various finite subgroups. For convenience, we recall the associated basic facts in Appendix 5. When F =
µn, n > 3, the morphism π|G/F defines exactly two exceptional colors Ex0 , Ex∞ corresponding to the two
µn-fixed points x0, x∞ of P1

k. When F is binary polyhedral, π|G/F defines exactly three exceptional colors
Exv , Exe , and Exf . The subscripts are aimed to suggest (when k = C) vertices, edges and faces of the
corresponding Platonic solids inscribed in P1

k identified with the Riemann sphere. These exceptional colors
correspond exactly to the degenerate F -orbits in P1

k (see [29, 4.4]). The homogeneous space G/F being affine,
the complement of G/F in X is a finite union of G-stable prime divisors and every G-stable prime divisor
lies in this complement. By Section 2.3, there is at most one G-stable prime divisor X∞ in X dominating
P1
k. It consists of infinitely many G-orbits, all isomorphic to P1

k.

3.2 Class group of X
Because the divisor class group of X is the grading group of the Cox ring, a good understanding of its

structure is a preliminary to the approach of the structure of Cox(X). In this section, we give a description
of Cl(X) by generators and relations. There are two classes of embeddings where this description is easy:

Proposition 3.2.1. Suppose that F = FI or is trivial. Then, Cl(X) is freely generated by the classes of the
G-stable prime divisors.

Proof. Let (Di)i denote the family of G-stable prime divisors in X. In our situation, the localization exact
sequence [33, 2.2.4] reads

0→
⊕

(D)i
ZDi → ClG(X)→ PicG(G/F )→ 0.

Using the exact sequence [33, 2.2 (1)], the remark [33, 2.2.2], and the fact that G is a semisimple simply
connected algebraic group, we obtain an isomorphism ClG(X) ' Cl(X). Also, there is an isomorphism
PicG(G/F ) ' F̂ ([2, 4.5.1.2]). Finally, it suffices to remark that F̂ is trivial (5.4).

For the description of Cl(X) in the general case, the ideas in [7] apply well (see also [26] for a similar
approach in the context of T-varieties of complexity one). The fundamental remark is that in virtue of
the G-module structure on the spaces of sections of divisorial sheaves on X, every Weil divisor is linearly
equivalent to a B-stable one. From this we get an isomorphism

Cl(X) '
⊕
D∈DBtV(X) ZD

PDiv(X)B
,

where PDiv(X)B is the group of B-invariant principal divisors. These divisors are the divisors of B-semi-
invariant rational functions. After the choice of a section

Λ(X) = α0Zω → k(X)(B), kα0ω 7→ fkα0ω
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of the exact sequence

1→ k(P1
k)∗ → k(X)(B) → Λ(X)→ 1,

every such semi-invariant rational function can be written uniquely as a product gfkα0ω for a certain g ∈
k(P1

k)∗, and k ∈ Z. The divisor of this function is then

div(gfkα0ω) =
∑
z∈P1

k

vz(g)π∗(z) +
∑

D∈DBtV(X)

klDD, (3.1)

where lD := vD(fα0ω) is the coordinate on E ' Q of vD seen in Ĕ , and π∗ is the pullback of Weil divisors
associated to the rational quotient π : X 99K P1

k by B.

Proposition 3.2.2. The class group of X is generated by the classes of exceptional divisors, and the classes
of parametric divisors whose projection on E is non-zero. Moreover, after choosing an exceptional point
x0 ∈ P1

k, the relations are generated by[π∗(x0)] = [π∗(x)],∀x ∈ P1
k exceptional,∑

D∈DBtV(X) lD[D] = 0.

Proof. For any parametric divisor Z, and exceptional point x, we have [Z] = [π∗(x)] in Cl(X). Also, π∗(x) is
a linear combination of exceptional divisors. It follows that Cl(X) is indeed generated by the elements listed
in the statement. By the general form (3.1) of a principal divisor, every relation between these generators is
a Z-linear combination of the relations of the statement.

3.3 Singularities of X
In this section, we give a combinatorial criterion for the singularities of X to be log terminal. In fact we

extend a previous result from Degtyarev for the case of a normal G-embedding ([11, Thm 1]). Our method
is however quite different, namely we reduce to studying singularities of normal rational affine T -varieties of
complexity one using the particular structure of B-charts. This allows us to take advantage of a previous
work of Liendo and Süss ([21]), and of the description of the T -equivariant Cox ring for these varieties.

Consider a G-orbit O in X. To study the singularities along O, it suffices to consider a B-chart XO

intersecting O because the translates by elements of G of this chart cover O and are isomorphic. We
examine the different types of orbits case by case, and use the classification and terminology for orbits by
Luna and Vust in [22, Section 9], that is, we consider orbits of type Al (l > 1), AB,B+, B−, B0, and C.

Consider the colored hyperspace (Ĕ ,V,DB , %) associated with X, and choose coordinates on Ĕ as defined
in Appendix 5. In general, a G-orbit is characterized by the colors and G-stable prime divisors containing it
([32, 16.19]). For example, an orbit O of type Al (l > 1) is defined by the G-valuations vXxi = (xi, hi, li) ∈ Ĕ ,
i = 1, ..., l corresponding to the G-stable exceptional divisors Xxi containing O (all the colors but the
exceptional colors Exi contain O, and the exceptional points xi, i = 1, .., l are pairwise distinct). We say
that an orbit of type Al (l > 1) is Platonic if either l 6 2 or the associated tuple (h1, ..., hl) is Platonic.
Furthermore, X can contain at most one orbit of type Al.

Proposition 3.3.1. The singularities of X are log terminal if and only if it has no G-fixed point and the
orbit of type Al, if it exists, is Platonic.

Proof. For O a fixed point (type B0), F is necessarily a cyclic group µn, and any B-chart XO intersects all
the colors, so is G-stable ([30, Sec. 5]). Hence, XO is a normal affine G/µn-embedding. By [24, Thm 2 and
Prop 4], the canonical class is torsion-free in Cl(XO), and Pic(XO) is trivial. From this, we conclude that
XO is not Q-Gorenstein. In particular, its singularities are not log terminal.

For orbits of type C,AB and B+, the chart XO is given by a colored hypercone of type (A). By 2.4.2,
there is a (trivial) U -torsor XO → YO , and YO is toroidal ([32, 16.21]) in the sense of [17, Chap IV]. As we
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consider an isolated singularity of a toroidal surface, we can suppose that YO is toric ([16, Thm 4.2.4]). We
conclude by using the fact that toric surface singularities are log terminal ([16, 7.4.11 and 7.4.17]).

Now suppose that O is an orbit of type Al, l > 1. Then, there are finitely many G-stable exceptional
divisor Xx1 , ..., Xxl containing O, with x1, ..., xl pairwise distinct exceptional points. We consider the B-
chart XO of O given by the colored hypercone of type (B) generated by the Xxi and the colors associated
to the points of P1

k \ {x1, ..., xl}. Again, we have a U -torsor XO → YO . Moreover, since YO has an attractive
fixed point for the T -action (2.3.6), its Picard group is trivial. It follows that YO is Q-Gorenstein if and
only if a multiple of KYO is a principal divisor. By [21, Prop 4.3], this is in turn equivalent to asking for a
certain system of linear equations Ax = y written in matrix form to have a solution, where A has linearly
independant columns ([21, Prop 4.6]). But in our case, A is a square matrix so that YO is Q-Gorenstein.
Now, we can apply the criterion [21, Cor 5.8] to obtain that YO (hence XO) has log terminal singularities if
and only if the tuple (h1, ..., hl) is Platonic, where hi is the multiplicity of Xxi in π∗(xi).

Orbits of type B− can only occur when F = µn ([30, 5]), we suppose that O is of this type. If n > 3,
there are two exceptional points x0, x∞ associated to the dense orbit and O lies in exactly one of the two
exceptional colors, say Ex0 ([30, 5.2]). Consider the B-chart XO given by the colored hypercone of type (B)
generated by all the colors but Ex∞ , and by the G-stable exceptional divisor sent to x∞ which contains O.
As before, we are reduced to studying the singularities of a normal rational affine T -surface YO of complexity
one admitting an attractive fixed point, whence O(YO)∗ ' k∗. By 2.2.2 and 2.2.3, the T -equivariant Cox
ring CoxT (YO) is a polynomial ring over k[T̂ ]. As a consequence, YO is toric and we conclude as above. The
same method applies when n 6 2.

4 Cox ring of an almost homogeneous SL2-threefold
Keep the notation of section 3.1. By [33, 2.3.4 and 3.1.4], the G-equivariant Cox ring of X is well-defined,

finitely generated and canonically isomorphic to the ordinary Cox ring. We slightly modify the notation of
2.2.2 in order to distinguish G-stable prime divisors and colors. It is natural to make this distinction as colors
don’t depend on the embedding, whereas G-stable prime divisors do. We choose homogeneous coordinates
on P1

k/F ' P1
k, and let

• (xi = [αi : βi])i be the family of exceptional points of π|G/F → P1
k/F . Possible families are ∅ when F

is cyclic of order n 6 2, (x0, x∞) when F is cyclic of order n > 3, and (xv, xf , xe) for the others F ,

• (x′i = [α′i : β′i])i be the family whose elements are the others exceptional points of π : X 99K P1
k/F ,

• π∗(xi) = niE
xi +

∑
j hijX

xi
j , ni > 1,

• π∗(x′i) = Ex
′
i +

∑
j h
′
ijX

x′i
j ,

• (si)i (resp. (s′i)i) the family of canonical sections corresponding to the family (Exi)i (resp. (Ex
′
i)i),

• (rij)ij (resp. (r′ij)ij) the family of canonical sections corresponding to the family (Xxi
j )ij (resp.

(X
x′i
j )ij),

• N := ](Xxi
j )ij if vX∞ /∈ V(X), N := ](Xxi

j )ij + 1 otherwise,

• N ′ := ](X
x′i
j )ij ,

• (Dx)x∈P1
k\{(xi),(x

′
i)} the family of parametric colors of X.

With this notation, the number of G-stable prime divisors in X is N +N ′, and we identify the subgroup of
WDiv(X) generated by these divisors with ZN+N ′ . By 2.2.2, we have the following presentation of Cox(X)U :

• Generators: a, b, (si)i, (s′i)i, (rij)ij , (r′ij)ij .

• Relations: (βia−αib− snii
∏
j(rij)

hij )i, 1 6 i 6 ](xi)i, and (β′ia−α′ib− s′i
∏
j(r
′
ij)

h′ij )i, 1 6 i 6 ](x′i)i.
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4.1 Characterizing log terminality in the total coordinate space
In this section, we provide a condition of combinatorial nature for the total coordinate space X̃ to have

log terminal singularities. This is an interesting question, for example a Q-factorial normal projective variety
Z is of Fano type (i.e. there exists an effective Q-divisor ∆ such that −(KZ+∆) is ample and the pair (Z,∆)
is Kawamata log terminal) if and only if its Cox ring is finitely generated with log terminal singularities ([12,
Thm 1.1]). In the following proposition, the condition on Cox(X)U translates into a condition on a geometric
data attached to X (see 2.2.6, 2.2.7).

Proposition 4.1.1. The total coordinate space X̃ has log terminal singularities if and only if Cox(X)U is
a Platonic ring.

Proof. Apply [33, 3.4.3].

4.2 Geometry of the special fiber
The good quotient

f : X̃
//G−−→ AN+N ′

k ,

is a ΓCl(X)-equivariant morphism, where ΓCl(X) acts on AN+N ′

k through the surjective morphism

ΓCl(X) → GN+N ′

m

dually defined by the natural injective morphism ZN+N ′ ↪−→ Cl(X) which sends a G-stable divisor in X to
its class. The morphism f pulls back the standard coordinates of the affine space to the canonical sections
associated with the corresponding G-stable prime divisors. It follows from [33, 2.8.1] that the general
schematic fibers of f are normal varieties isomorphic to the total coordinate space of the open orbit G/F .

In this section, we study the geometry of the special fiber, that is, the schematic zero fiber X̃0 := f−1(0).
By virtue of the permanency of a lot of properties when taking U -invariants ([32, D.5]), we in fact study the
zero fiber Ỹ0 := X̃0//U of the induced morphism

fU : Ỹ → AN+N ′

k ,

where Ỹ := X̃//U . We suppose that X doesn’t admit an exceptional divisor dominating P1
k (vX∞ /∈ V(X)).

This is indeed harmless for our purpose as if vX∞ ∈ V(X), then one has to add the associated canonical
section to the generating set of Cox(X)U from 2.2.2, but this generator doesn’t appear in any relation.

4.2.1 F = µn, n 6 2

In this case, we have N = 0 and the presentation of Cox(X)U reads

• Generators: a, b, (s′i)i, (r′ij)ij .

• Relations: (β′ia− α′ib− s′i
∏
j(r
′
ij)

h′ij )i, 1 6 i 6 ](x′i)i.

If ](x′i)i 6 2, then Cox(X)U is a polynomial k-algebra. Indeed, each relation can be used to remove a
generator (first a and then possibly b) from the generating set, so that we end up with a polynomial algebra.
If ](x′i)i > 2, each new exceptional point starting from the third defines a new relation between the remaining
generators. In any case, denote Σ the new generating set. The coordinate algebra of Ỹ0 is Cox(X)U/((r′ij)ij),
and is freely generated by the elements of the set Σ \ {(r′ij)ij}. Indeed, all the relations become trivial in
this quotient. This yields the

Proposition 4.2.1. The special fiber X̃0 is a normal variety. Moreover, Ỹ0 = X̃0//U is an affine space.

Remark 4.2.2. For a spherical variety Z under a connected reductive group G1, the quotient morphism
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Z̃G1 → Z̃G1//G1

is faithfully flat, and the special fiber is a normal horospherical variety ([8]). Both results does not extend
to varieties of complexity one. Indeed, the general fibers of f are isomorphic to G, thus of dimension three.
On the other hand, when ](x′i)i > 2, the quotient by U of the special fiber is an affine space of dimension
](x′i)i, thus f is not flat when ](x′i)i > 3. For a non-horospherical example, consider the case where X = G.
Then X̃ = X̃0 = X which is not horospherical.

4.2.2 F = µn, n > 3

Recall (5.1), that we defined n̄ := n if n is odd, and n̄ := n/2 otherwise, and that the morphism π|G/µn
defines two exceptional points x0 = [0 : 1], x∞ = [−1 : 0] ∈ P1

k with respect to the homogeneous coordinates
gn̄3 , g

n̄
4 . These points define the two relations

a = sn̄0
∏
j r

h0j

0j , and b = sn̄∞
∏
j r

h∞j
∞j .

Using these relations, we remove a and b from the set of generators. This yields the following presentation
of Cox(X)U :

• Generators: s0, s∞, (r0j)j , (r∞j)j , (s
′
i)i, (r

′
ij)ij .

• Relations: (β′is
n̄
0

∏
j r

h0j

0j − α′isn̄∞
∏
j r

h∞j
∞j = s′i

∏
j(r
′
ij)

h′ij )i, 1 6 i 6 ](x′i)i.

Consider the coordinate algebra Cox(X)U/((r0j)j , (r∞j)j , (r
′
ij)ij) of Ỹ0. The elements s0, s∞, (s

′
i)i generate

this algebra, and we obtain the following criterion via a case by case analysis.

Proposition 4.2.3. We have the following equivalences:

X̃0 is a normal variety ⇐⇒ Ỹ0 is a normal variety

⇐⇒ Ỹ0 is an affine space
⇐⇒ ((Xx0

j )j 6= ∅ and (Xx∞
j )j 6= ∅) or (x′i)i = ∅

Example 4.2.4. Suppose that (Xx0
j )j = ∅, (Xx∞

j )j = ∅, and (x′i)i consist of a unique point x′1 = [α′1 : β′1].
Then, the ideal of relations is principal, generated by the relation β′1sn̄0−α′1sn̄∞ = 0. It follows that the special
fiber is a reducible reduced non-normal algebraic scheme. Indeed, Ỹ0 is the union of n̄ planes intersecting
along the line of equation s0 = s∞ = 0 in k3 with coordinates s0, s∞, s

′
1.

Example 4.2.5. Suppose that (Xx0
j )j = ∅, (Xx∞

j )j = ∅, and (x′i)i consists of at least two points. Then,
the ideal of relations is generated by sn̄0 = 0 and sn̄∞ = 0. It follows that the special fiber is an irreducible
non-reduced algebraic scheme.

4.2.3 F is binary polyhedral

As a typical example, we give the generators and relations when F = FT is the binary tetrahedral group.
We can assume that the three exceptional points xv, xe, xf have homogeneous coordinates

[0 : 1], [1 : 0], [−1 : −1],

and obtain the following presentation of Cox(X)U :

• Generators: sv, se, sf , (rv,j)j , (re,j)j , (rf,j)j , (s′i)i, (r′ij)ij .

• Relations: s3
v

∏
j r

hv,j
v,j + s2

e

∏
j r

he,j
e,j + s3

f

∏
j r

hf,j
f,j = 0, (β′is

3
v

∏
j r

hv,j
v,j + α′is

2
e

∏
j r

he,j
e,j = s′i

∏
j(r
′
ij)

h′ij )i.

Consider the coordinate algebra
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(Cox(X))U/((rv,j)j , (re,j)j , (rf,j)j , (r
′
ij)ij)

of Ỹ0. The elements sv, se, sf , (s′i)i generate this algebra, and we obtain the following criterion by again
analyzing the different cases.

Proposition 4.2.6. Suppose that F is binary polyhedral. Then X̃0 is a normal variety if and only if one of
the following conditions is satisfied:

• (Xxv
j )j 6= ∅ and (Xxe

j )j 6= ∅ and (X
xf
j )j 6= ∅

• (x′i)i = ∅ and (Xxv
j )j = (Xxe

j )j = (X
xf
j )j = ∅

Example 4.2.7. Suppose that (Xxv
j )j = (Xxe

j )j = (X
xf
j )j = ∅, and (x′i)i consists of a unique point x′1 of

homogeneous coordinates [α′1 : β′1] (distinct from [1 : 0], [0 : 1], [−1 : −1]). Then, the coordinate algebra of
Ỹ0 is generated by sv, se, sf , s′1 with the two relations s3

v + s2
e + s3

f = 0 and β′1s3
v + α′1s

2
e = 0. We check that

the special fiber is a non-normal variety.
Let I = (s3

v + s2
e + s3

f , β
′
1s

3
v + α′1s

2
e) be the ideal of the polynomial algebra k[sv, se, sf , s

′
1], we claim that

it is a prime ideal. To prove this, we can work in k[sv, se, sf ] and replace I by I ∩ k[sv, se, sf ]. Then,
consider A := k[sv, se], and J := I ∩ A = (β′1s

3
v + α′1s

2
e). The algebra B := A/J is integral, and to

prove the claim, it now suffices to prove that Ī = (s̄v
3 + s̄e

2 + s3
f ) is prime in B[sf ]. But it is clear

that s̄v3 + s̄e
2 + s3

f is irreducible in Frac(B)[sf ], hence a prime element of this polynomial algebra. As
((s̄v

3 + s̄e
2 + s3

f ) Frac(B)[sf ]) ∩ B[sf ] = (s̄v
3 + s̄e

2 + s3
f ) we obtain that (s̄v

3 + s̄e
2 + s3

f ) is a prime ideal.
It follows that the special fiber is an affine variety. As a surface in k4 with coordinates sv, se, sf , s′1 having
a one-dimensional singular locus, Ỹ0 is not normal. Indeed, the line of equation sv = se = sf = 0 is the
singular locus. Hence, the special fiber is not normal either.

4.3 Cox(X)U is the Cox ring of a T -variety of complexity one
By Section 2.2, Cox(X)U can be interpreted as the Cox ring of a T -variety Y of complexity one. We

build such a variety Y in a natural way from X. The idea is to find a B-stable open subvariety V of X
whose complement is of codimension > 2 in X, and which is a U -torsor over a normal rationa T -surface
Y of complexity one. Notice that we can always suppose that V (hence Y ) is smooth, up to replacing V
by its smooth locus. For such V and Y , both Cox rings are well-defined, finitely generated ([33, 3.1.4]),
and Cox(X) ' Cox(V ). Moreover, using [33, 2.2 (2)], [33, 2.2.2], [33, 2.2.4], and [33, 2.5.2], we obtain
isomorphisms

Cl(X) ' ClU (X) ' PicU (V ) ' Pic(Y ).

Also by [33, Sec. 2.10], we have a cartesian square

V̂ Ŷ

V Y,

/U

/ΓPic(V ) /ΓPic(Y )

/U

(4.1)

where the horizontal arrows are U -torsors and the vertical arrows are universal torsors. This implies that
we have Cox(Y ) ' Cox(X)U , as desired.

Now, we proceed to the construction of V . For simplicity, denote x1, ..., xr ∈ P1
k the exceptional points

of X. For each G-stable prime divisor Xxi
j in X, we consider a B-chart Vij intersecting the open G-orbit in

Xxi
j , the open G-orbit in X, and no other orbits. Such a B-chart is given by the colored hypercone of type

(A) spanned by Xxi
j , and by all the colors but Exi and Dxd , where xd is an arbitrary fixed (distinguished)

non-exceptional point. If vX∞ ∈ V(X), that is, X contains a G-stable prime divisor X∞ dominating P1
k, we

consider the B-chart V∞ defined by the colored hypercone of type (A) spanned by vX∞ and all the colors
but Ex1 , ..., Exr , and Dxd . Otherwise, we set V∞ = ∅. By 2.4.2, we have trivial U -torsors
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πij : Vij ' U × Yij → Yij ,

where the Yij are normal affine T -surfaces of complexity one. If V∞ = ∅, we set Y∞ = ∅, otherwise we also
have a trivial U -torsor

π∞ : V∞ ' U × Y∞ → Y∞,

where Y∞ is a normal affine T -surface of complexity one. Finally, the open G-orbit V0 ' G/F is a U -torsor
over an affine normal T -surface Y0 of complexity one

π0 : V0 → Y0.

Indeed, F acts freely on G/U ' A2
k \ {0} with closed orbits. Alternatively, we can consider two covering

B-charts of V0. Proceeding in this way, Y0 is obtained by gluing two affine T -surfaces of complexity one Y0,1

and Y0,2.

Proposition 4.3.1. The varieties (Yij)ij, Y∞, Y0,1 and Y0,2 glue together to a normal rational T -variety Y
of complexity one. The morphisms (πij)ij, π∞, π0 glue together to a morphism

π : V := ∪ijVij ∪ V∞ ∪ V0 → Y ,

which is a U -torsor over Y . Moreover, V is B-stable, with a complement in X of codimension > 2.

Proof. Denote (ĔT ,VT ) the hyperspace of k(X)U in which live the hypercones defining the T -charts (Yij)ij ,
Y∞. These hypercones are obtained from the colored hypercones associated with the B-charts (Vij)ij , V∞.
Indeed, they are respectively spanned by the T -stable divisors in these T -charts, and these T -stable divisors
are the images by πij (resp. π∞) of the respective intersections of the colors and G-stable prime divisors
of X with Vij (resp. V∞). We can define the varieties Y0,1 and Y0,2 in the following way: consider the
subset DBT ⊂ VT of all the T -valuations obtained via π0 from the colors of G/F . Then choose two distinct
elements v0,1 and v0,2 in this set and consider the two varieties defined by the hypercones of type (A)
generated respectively by DBT \ {v0,1} and DBT \ {v0,2}. The proper non-trivial supported (hyper)faces of the
hypercones defining the varieties (Yij)ij , Y∞, Y0,1, Y0,2 are cones which by construction don’t overlap in VT .
By Section 2.3, the latter varieties glue together into a normal T -variety of complexity one. The morphisms
(πij)ij , π∞, π0 coincide on intersections so that they glue together. The assertion that π : X → Y is a
U -torsor has already been checked locally above, and it implies that Y is rational. For the last assertion, it
suffices to notice that V contains the open G-orbit and meets every boundary divisor, whence the claim on
the codimension of X \ V in X.

4.4 Iteration of Cox rings
In this section, we use the construction of the preceding section to uncover a connection between iterations

of Cox rings forX and Y . We first recall the definition of an almost principal bundle under an algebraic group.
Hashimoto introduced this notion in [14, Def. 0.4] where he systematically studies properties preserved by
almost principal bundles.

Definition 4.4.1. Let H be an algebraic group, and let Z1, Z2 be normal H-varieties such that H acts
trivially on Z2. We say that a H-equivariant morphism ϕ : Z1 → Z2 is an almost principal H-bundle over Z2

if there exists H-stable open subvarieties V1 ⊂ Z1, V2 ⊂ Z2 whose respective complements are of codimension
> 2 and such that ϕ induces a H-torsor V1 → V2.

Example 4.4.2. In the framework of Cox rings, an almost principal bundle ϕ : Z1 → Z2 under a diagonal-
izable group such that

• Z2 is a normal variety with finitely generated class group and only constant invertible regular functions,

• ϕ is a good quotient,
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• Z1 is a normal variety with only constant invertible homogeneous regular functions,

is precisely a quotient presentation in the sense of [2, 4.2.1.1]. For example, the structural morphism of the
characteristic space Ẑ2 → Z2, if it exists, is a quotient presentation of Z2.

In [1], the authors introduce the notion of iteration of Cox rings: Let Z be a normal variety with finitely
generated Cox ring. If the total coordinate space Z̃ has non-trivial class group and satisfies O(Z̃)∗ ' k∗, then
it has a non-trivial well-defined Cox ring. If the latter is finitely generated, we get a new total coordinate
space Z̃(2), and so on. This iteration process yields a sequence of Cox rings which stops if and only if one of
the following cases occurs at some step:

• we obtain a total coordinate space whose Cox ring is not well defined (i.e. there exists n > 0 such that
Cl(Z̃(n)) has a non-trivial torsion subgroup, and O(Z̃(n))∗ 6' k∗).

• we obtain a total coordinate space whose Cox ring is not finitely generated.

• we obtain a factorial total coordinate space (i.e. with trivial class group).

If we never fall in one of the cases above, Z is said to have infinite iteration of Cox rings. Otherwise, Z
is said to have finite iteration of Cox rings, and the last obtained Cox ring is the master Cox ring. By
virtue of [33, 3.4.1], X admits finite iteration of Cox rings with a factorial finitely generated master Cox ring
X̃(m), m > 1. In the following proposition, Y = Ỹ (0) is the T variety of complexity one constructed in the
preceding section.

Proposition 4.4.3. For 1 6 i 6 m, the categorical quotient of X̃(i) by U identifies X̃(i)//U with the total
coordinate space of Ỹ (i−1). Moreover, the categorical quotient

πi : X̃(i) //U−−→ Ỹ (i)

is an almost principal U -bundle.

Proof. By virtue of the cartesian square (4.1), the categorical quotient π1 : X̃
//U−−→ X̃//U is an almost

principal U -bundle, and X̃//U identifies with Ỹ . Consider the categorical quotient

π2 : X̃(2) //U−−→ X̃(2)//U ,

where both are affine normal varieties ([32, D.5]). We claim that X̃(2)//U is the total coordinate space of Ỹ .
Indeed, X̃(2)//U is naturally a variety over Ỹ with an affine structural morphism. Moreover, the morphism
π2 can be viewed as the morphism corresponding to the graded OỸ -algebras morphism

(π1∗RX̃)U ↪−→ π1∗RX̃ .

Using the exact sequence [33, 2.2 (1)], and the Proposition [33, 2.5.2], we can write RX̃ =
⊕

[F ]∈Cl(Ỹ ) π
∗
1F ,

which yields an isomorphism of graded OỸ -algebras

(π1∗RX̃)U ' RỸ ,

again by [33, Proposition 2.5.2]. This proves the claim, and we have a cartesian square (see [33, Sec. 2.10])

X̃(2) Ỹ (2)

X̃ Ỹ ,

π2

//ΓCl(X̃) //ΓCl(Ỹ )

π1

where horizontal arrows are almost principal U -bundles, and vertical arrows are structural morphisms of
characteristic spaces. Iterating this construction, we obtain the result.
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Corollary 4.4.4. For i = 1, ...,m, the total coordinate space Ỹ (i) is an affine normal rational variety of
complexity one under a torus action, and the regular invariant functions on Ỹ (i) are constant.

Proof. Everything stems from the fact that X̃(i) //U−−→ Ỹ (i) is an almost principal bundle, and that X̃(i)

is almost homogeneous of complexity one under the action of a connected reductive group of the form
G× Ti.

Corollary 4.4.5. There is a commutative diagram

X̃(m) ... X̃(2) X̃

Ỹ (m) ... Ỹ (2) Ỹ ,

where X̃(m), Ỹ (m) are factorial, the horizontal arrows are structural morphisms of characteristic spaces, the
vertical arrows are almost principal U -bundles, and all squares are cartesian.

In [15], Hausen and Wrobel prove that a trinomial variety obtained from Construction 2.2.4 admits finite
iteration of Cox rings with a finitely generated factorial master Cox ring if and only if it is rational and the
tuple (l0, ..., lr) is Platonic, where li is the greatest common divisor of the integers appearing in the exponent
vector li. It is immediate to check that Ỹ indeed satisfies these properties. Also by [15, Cor. 1.4], the length
of the Cox ring iteration sequence of Y (hence of X) is determined by the tuple (l0, ..., lr), and is bounded
by 4. Below, we give another proof for the bound m 6 4 which gives more precise bounds depending on the
finite subgroup F ⊂ G, and uses arguments of different nature (4.4.13). This yields interesting intermediate
results (4.4.8, 4.4.10, 4.4.11, 4.4.12). We start by recalling a useful construction for the study of iteration
(see also [5], and [33, Sec. 3.5]).

Construction 4.4.6. Using the isomorphism PicG(G/F ) ' F̂ , and that G is semisimple and simply con-
nected, the localization exact sequence [33, 2.2.4] applied to the open orbit in X reads

0→ ZN+N ′ → Cl(X)→ F̂ → 0. (4.2)

From this sequence we obtain that Cl(X)tor embeds in F̂ via restriction of divisorial sheaves to G/F . Hence,
Cl(X)tor is canonically identified with a subgroup of X∗(F/D(F )) ' F/D(F ), where D(F ) denotes the
derived subgroup of F . The exact sequence

0→ Cl(X)tor → Cl(X)→M → 0

translates into the factorization

X̂
g1=/T1−−−−−→ X ′

f1=/ΓCl(X)tor−−−−−−−−−→ X

of the characteristic space q : X̂ → X, where T1 := ΓM is a torus, and X ′ is a normal G/F1-embedding.
Similarly to [33, 2.5.12], one shows that F1 is the intersection of the kernels of characters in F̂ corresponding
to elements of Cl(X)tor. This yields a canonical isomorphism Cl(X)tor ' X∗(F/F1). Applying [33, 2.10.1],
we obtain that X̂(2) is a characteristic space of both X̂ and X ′. Iterating this construction, one obtains a
commutative diagram

X̂(m) ... X̂(2) X̂

X
′(m) ... X

′(2) X ′ X

G/Fm ... G/F2 G/F1 G/F

qm

gm q′m

q3

g2

q2

q′2 qg1

fm f3 f2 f1
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where the qi, q′i and gm are structural morphisms of characteristic spaces, the fi are quotient presentations
by the finite diagonalizable groups Fi/Fi−1, and X̂(m) is a factorial characteristic space. Notice that X

′(m) =
X
′(m−1) if Pic(X

′(m−1)) is torsion-free, and X̂(m) = X
′(m) if Pic(X

′(m−1)) is finite. This latter case occurs
if and only if X = G/F . The sequence of subgroups F, F1..., Fm yields a normal series of F with abelian
quotients, and each X

′(i) is a normal G/Fi-embedding.

Proposition 4.4.7. Suppose that X is a normal G/µn-embedding, and let d be the order of the torsion
subgroup of Cl(X). Denote n̄ := n/2 if n is even, and n̄ := n otherwise. Similarly let n/d := n/2d if n/d is
even, and n/d := n/d otherwise. Finally, let d̃ := n̄

n/d
. Consider a point x ∈ P1

k/µn, and a B-stable prime
divisor Ex in X such that π(Ex) = x. Then,

q∗(Ex) =

Êx1 , if x = x0 or x = x∞,

Êx1 + ...+ Êx
d̃
, otherwise,

where the Êxi are pairwise distinct B-stable prime divisors in X̂.

Proof. Consider the commutative square

X ′ P1
k/µn/d

X P1
k/µn,

π1

f1 ϕ1

π

where π1, π are the rational quotients by B, and ϕ1 is the geometric quotient of P1
k/µn/d by µd. In view of

5.1, we have

ϕ∗1(x) =

d̃x′1, if x = x0 or x = x∞,

x′1 + ...+ x′
d̃
, otherwise,

where the x′i are pairwise distinct points of P1
k/µn/d. Moreover, denoting Σx the set of B-stable prime

divisors in the support of f∗1 (Ex), the morphism π1 defines an equivariant map of transitive µd-sets

Σx → ϕ−1(x).

Using this and the fact that f1 is étale, we obtain that

f∗1 (Ex) =
∑|ϕ−1(x)|
k=1 Ex

′
k,1 + ...+ Ex

′
k,l ,

where the Ex
′
k,i are pairwise distinct B-stable prime divisors in X ′ satisfying respectively π1(Ex

′
k,i) = x′k,

and l is the cardinality of the orbit Stabµd(x′1).Ex
′
k,1. In fact, we have l = 1 because for a given k, each

Ex
′
k,i i = 1, ..., l defines the same B-stable valuation (see Section 2.3 and notice that the map % : DB → Ĕ

is injective for almost homogeneous G-threefolds). Now, the statement follows from the observation that
q = f1g1 and that g1 is a torsor under a torus.

Lemma 4.4.8. Suppose that X is a normal G/µn-embedding. Then, Cl(X̂) is free of rank (d̃− 1)N ′, where
d is the order of the torsion subgroup of Cl(X), and d̃ is defined as in Proposition 4.4.7.

Proof. By [33, 2.8.6], the open G×ΓCl(X)-orbit X̂0 in X̂ is isomorphic to G×µn ΓCl(X), where µn is identified
with a subgroup of ΓCl(X) and acts on the latter by translation. Using [33, 2.5.2] and that G is semisimple
and simply connected, we obtain isomorphisms

Pic(X̂0) ' PicG(G×µn ΓCl(X)) ' Pic(ΓCl(X)/µn) ' Pic(GN+N ′

m ) = 0.

We deduce that Cl(X̂) is generated by the classes of the prime divisors lying in X̂ \ X̂0. Consider the free
Z-module K on these prime divisors. Using the notation introduced at the beginning of Section 4, we claim
that the relations in K defining Cl(X̂) are given by
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• div(r′ij) = q∗(Xxi
j ) = 0, ∀i, j,

• div(r0j) = q∗(Xx0
j ) = 0, ∀j,

• div(r∞j) = q∗(Xx∞
j ) = 0, ∀j,

• div(r∞) = q∗(X∞), if vX∞ ∈ V(X).

Indeed, on one hand we have the exact sequence [33, 2.2.4]

0→ O(X̂)∗G → O(X̂0)∗G
div−−→

⊕
(D)i

ZDi
D 7→[OX(D)]−−−−−−−−→ ClG(X̂) ' Cl(X̂)→ 0,

where (Di) is the family of prime divisors lying in X̂ \ X̂0. In view of Proposition 4.4.7, the cardinality of
this family is d̃N ′+N . On the other hand, using [33, 2.8.5], the G-invariant units in O(X̂) are constant, and
the G-invariant units in O(X̂0) are Laurent monomials in the canonical sections associated to the G-stable
prime divisors in X (namely, the r′ij , r0j , r∞j , r∞). By Proposition 4.4.7 again, we see that the submodule
of K generated by the above relations is a direct factor of rank N +N ′. It follows that Cl(X̂) is free of rank
d̃N ′ +N − (N +N ′) = (d̃− 1)N ′.

Remark 4.4.9. Proposition 3.2.2 provides an effective method for the description of the class group of an
almost homogeneous G-threefold X. Hence, the order d of the torsion subgroup of Cl(X) can be computed in
practice. Also, for the computation of Cl(X̃) in the general case, recall that we have Cl(X̃) ' Cl(Ỹ ) because
X̃ → Ỹ is an almost principal U -bundle. Now it suffices to use Wrobel’s computations of class groups of
affine trinomial varieties in term of arithmetic data from the exponent vectors ([34]).

Lemma 4.4.10. With the notation of Construction 4.4.6, there is a natural identification of Cl(X ′)tor with
a subgroup of Cl(X̂)tor.

Proof. Using [33, 2.5.2] and [33, 2.2 (1)], we obtain an exact sequence

0→ T̂1 → ClT1(X̂) ' Cl(X ′)→ Cl(X̂)→ 0,

from which we deduce that the torsion subgroup of Cl(X ′) embeds in that of Cl(X̂).

Lemma 4.4.11. With the notation of Construction 4.4.6, suppose that X is a normal G/FDn-embedding.
Then, Cl(X ′)tor is identified with a subgroup of Z/nZ.

Proof. As X ′ → X is a quotient presentation, we can suppose that X,X ′ are smooth, and consider Picard
groups instead of class groups. By [33, 2.8.6], the open G × ΓPic(X)-orbit X̂0 in X̂ can be identified with
G/µn ×µ2×µ2 ΓPic(X), where µ2 × µ2 is identified with a subgroup of ΓPic(X) and acts on the latter by
translation. By [33, 2.5.2], we have Pic(X̂0) ' Picµ2×µ2(G/µn × ΓPic(X)), and we show that the forgetful
morphism

φ : Picµ2×µ2(G/µn × ΓPic(X))→ Pic(G/µn × ΓPic(X)) ' Z/nZ

has a trivial kernel. By [19, Lemma 2.2], this kernel is identified with the group of classes of algebraic cocycles
H1
alg(µ2 × µ2,O(G/µn × ΓPic(X))

∗). Now, it follows from [9, 4.1.3] that O(G/µn × ΓPic(X))
∗ ' O(ΓPic(X))

∗.
This last fact allows to view kerφ as a subgroup of

Picµ2×µ2(ΓPic(X)) ' Pic(ΓPic(X)/µ2 × µ2) = 0.

As a consequence, kerφ is trivial and we obtain an injective morphism Pic(X̂0)→ Z/nZ.
On the other hand, the localization exact sequence [33, 2.2.4] reads in our situation

0→ O(X̂)∗G → O(X̂0)∗G
div−−→

⊕
(D)i

ZDi
D 7→[OX(D)]−−−−−−−−→ Pic(X̂)→ Pic(X̂0)→ 0,
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where (Di)i denotes the family of prime divisors lying in the complement of X̂0 in X̂. By [33, 2.8.5],
the G-invariant units in O(X̂) are constant, and the G-invariant units in O(X̂0) are Laurent monomials
in the canonical sections associated to the G-stable prime divisors in X. Because q is the composition
of torsor by a torus followed by a torsor by a finite diagonalizable group, the divisor of such a canonical
section r (seen as a regular function on X̂) is a sum of pairwise distinct elements of (Di)i. Moreover, the
intersection of the supports of any two such divisors is empty. It follows that the cokernel of the morphism
O(X̂0)∗G

div−−→
⊕

(D)i
ZDi is a free abelian group. This implies that Pic(X̂)tor embeds as a subgroup of

Pic(X̂0), thus of Z/nZ. By Lemma 4.4.10, the same holds for Pic(X ′)tor.

Lemma 4.4.12. With the notation of Construction 4.4.6, suppose that Cl(X)tor is cyclic. Then Cl(X ′)tor

is not cyclic of even order.

Proof. As before we can suppose that X,X ′ are smooth, and consider Picard groups instead of class groups.
By contradiction, suppose that Pic(X ′)tor is cyclic of even order. Then, there exists a unique subgroup
of order two generated by a non-trivial element [L] ∈ Pic(X ′)tor. Consider the natural action of Γ :=
ΓPic(X)tor

' µn on X ′. Let L be the line bundle over X ′ associated with L, and let g1 denote a generator
of Γ(k) viewed as an automorphism of the variety X ′. As the pullback by g1 induces an automorphism of
Pic(X ′)tor, we have g∗1L ' L. By [9, 3.4.1 (ii)], there exists an automorphism g̃1 of L viewed as a variety
such that g̃1 commutes with the Gm-action on fibers, and restricts on X ′ to g1. By [9, 3.4.1 (ii)] again, g̃n1
is the multiplication in the fibers of L by a non-zero scalar (recall that O(X ′)∗ ' k∗ because X ′ is almost
homogeneous under G). Hence, up to compose g̃1 with an automorphism of L viewed as a line bundle, we
can suppose that g̃n1 = IdL. By abuse, we also let Γ denote the subgroup of the automorphism group of the
variety L spanned by g̃1. This is a finite group acting on L compatibly with the Gm-action on the fibers and
the Γ-action on the base. By definition, we have built a Γ-linearization of L, and we now prove that this
yields a contradiction. Using [19, 2.3] and the fact that O(X ′)∗ ' k∗, we obtain an exact sequence

1→ Γ̂→ PicΓ(X ′)
φ−→ Pic(X ′),

where the image of the morphism Γ̂ → PicΓ(X ′) is the subgroup of the (classes of) linearizations of OX′ ,
and φ is defined by forgetting the linearization. On the other hand, we have PicΓ(X ′)tor ' Pic(X)tor ' Γ̂
([33, 2.5.2]). It follows that the image of φ is a free abelian subgroup of Pic(X ′). This is a contradiction as
[L] is of order two in Pic(X ′) and linearizable.

Proposition 4.4.13. We have the following upper bounds for the length m of the iteration of Cox rings:

• m = 0 (i.e. X is factorial) exactly when X = G or X = G/FI,

• m 6 1 if F is binary icosahedral or cyclic of order 6 2,

• m 6 2 if F is cyclic of order > 3,

• m 6 3 if F is binary dihedral or binary tetrahedral,

• m 6 4 if F is binary octahedral.

Moreover, X̂(m) is the characteristic space of a normal almost homogeneous G-threefold X
′(m) with torsion-

free class group.

Proof. Except for the upper bounds on m, the statement is clear from Construction 4.4.6. We have m = 0
if and only if X is factorial (i.e. Cl(X) = 0). In view of the exact sequence (4.2), this amount to X = G/F
with F̂ = 0, whence F is trivial or icosahedral. If F is trivial or icosahedral, then Cl(X) is torsion-free by
3.2.1. This in turn implies that X̂ is factorial by [2, 1.4.1.5], whence m 6 1 in this case. If F = µ2, then
m = 1 by virtue of Lemma 4.4.8. Also, if F = µn, n > 3, then m 6 2 by Lemma 4.4.8 and [2, 1.4.1.5].

Now suppose that F = FO. Then, either X has torsion-free class group and m = 1, or we obtain a
normal G/FT-embedding X ′. Indeed, there is no other possibility as FT is the derived subgroup of FO and
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FO/FT ' µ2 is a simple group. Then, either X ′ has torsion-free class group and m = 2, or we obtain a
normal G/FD2

-embedding X
′(2). Indeed, there is no other possibility as FD2

is the derived subgroup of FT
and FT/FD2

' µ3 is a simple group. The derived subgroup of FD2
is µ2 and FD2

/µ2 ' µ2 × µ2. In view of
Lemma 4.4.12, we now have only two possibilities

1. Cl(X
′(2)) is torsion-free, whence m = 3,

2. Cl(X
′(2)) ' Z/2Z× Z/2Z.

In the second case, we obtain a normal G/µ2-embedding X
′(3), and Lemma 4.4.8 gives that X̂(4) is factorial,

thus m = 4 in this case.
In the case F = FT, we have m 6 3 by the last paragraph. It remains to treat the case F = FDn , n > 2.

We have D(FDn) ' µn and FDn/µn ' µ2 × µ2 when n is even, and FDn/µn ' µ4 when n is odd. In this
last case, the proper subgroups of FDn containing its derived subgroup are cyclic. Hence, either Cl(X) is
torsion-free and m = 1, or we obtain a normal embedding X ′ of G modulo a cyclic group, whence m 6 3.
If n is even, the subgroups of FDn containing its derived subgroup are FDn , two copies of FDn/2 , µ2n, and
µn. Hence, either Cl(X) is torsion-free (m = 1), or we obtain a normal embedding X ′ of G modulo a cyclic
group (m 6 3), or we obtain a normal G/FDn/2 -embedding X ′. In this last case, Cl(X ′)tor must be trivial,
thus m = 2. Indeed, the order of Cl(X ′)tor cannot be 2 by Lemma 4.4.12. Suppose by contradiction that
this order is 4. By Lemma 4.4.12 again, we must have Cl(X ′)tor ' Z/2Z × Z/2Z, but this is impossible in
view of Lemma 4.4.11.

4.5 Presentation of Cox(X) by generators and relations
In this section, we develop a general strategy for the description of Cox(X) by generators and relations.

In the sequel, we always suppose that X doesn’t admit a G-stable divisor dominating P1
k, and admits at

least two exceptional points. These assumptions are aimed to simplify the notation, the cases left aside can
be treated with the same method. To begin with, an easy consequence of Theorem 2.2.2 is the

Proposition 4.5.1. The Cox ring of X is generated as a k-algebra by the simple G-modules spanned by the
canonical sections of the exceptional divisors.

This result provides us with homogeneous generators for Cox(X), namely the elements of k-bases of these
simple G-modules. The more difficult task is now to describe the ideal of relations between them. We use as
basic tools some elementary facts from the representation theory of G. For each n > 0, denote Vn the space
of binary forms of degree n. These spaces are naturally G-modules, G acting by linear change of variables.
Moreover, they are up to isomorphism the simple G-modules (see [29]). Also, recall the Clebsch-Gordan
decomposition

Vn ⊗k Vm ' Vn+m ⊕ Vn+m−2 ⊕ Vn+m−4 ⊕ ...⊕ Vn−m, n > m.

For a B-stable effective divisor E in X, let VE ⊂ Cox(X) denote the simple G-module spanned by the
canonical section associated with E.

4.5.1 Normal G/µn-embeddings, n > 1

In this section, X is a normal G/µn-embedding (n > 1). Remark that if n 6 2, we can still choose two
distinct exceptional points x0, x∞ ∈ P1

k which play the same role as in the case n > 3. Indeed, we can suppose
up to a G-equivariant automorphism of X that the pairwise distinct exceptional points on B\G/µn ' P1

k

are

x0 = [0 : 1], x∞ = [1 : 0], x1 = [α1 : β1], ..., xr = [αr : βr],

with respect to the homogeneous coordinates gn̄3 , gn̄4 (5.1). The last proposition provides a surjective mor-
phism of graded k-algebras
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ϕ : S := Symk(VEx0 ⊕ VEx∞ ⊕ (
⊕r

i=1 VExi ))⊗k k[(rij)i∈{0,∞,1,...,r};j ]→ Cox(X),

where k[(rij)i∈{0,∞,1,...,r};j ] ⊂ Cox(X) is a polynomial k-algebra, VEx0 ' VEx∞ ' V1 and VExi ' Vn̄. We
view Cox(X) as a graded k-subalgebra of the coordinate algebra of the open G× ΓCl(X)-orbit X̂0 in X̂, and
use the description of this orbit provided by [33, 2.8.6]

X̂0 ' G×µn ΓCl(X).

This implies an isomorphism of graded k-algebras

O(X̂0) '
⊕

(kω,[D])∈T̂×Cl(X), k mod n=[D]|G/µn

O(G)
(T )
kω e

[D],

where e[D] denote the character of ΓCl(X) associated with [D], and Cl(G/µn) is identified with Z/nZ. The
canonical sections

s0, s∞, si, rij

are respectively identified with

g3e
[Ex0 ], g4e

[Ex∞ ], (βig
n̄
3 − αign̄4 )e[Exi ], e[X

xi
j ].

We consider respectively the following k-bases of T -eigenvectors

• (s0, t0) := (g3e
[Ex0 ], g1e

[Ex0 ])

• (s∞, t∞) := (g4e
[Ex∞ ], g2e

[Ex∞ ])

of the simple G-modules VEx0 and VEx∞ . To start with, we have the simple case where the only exceptional
points are x0 and x∞:

Proposition 4.5.2. If r = 0, the ideal kerϕ is principal, generated by the G-invariant relation

s∞t0 − s0t∞ =
∏
j r

m0j

0j

∏
j r

m∞j
∞j ,

where (m0j)j,(m∞j)j are the families of non-negative integers defined by

[Ex0 ] + [Ex∞ ] =
∑
jm0j [X

x0
j ] +

∑
jm∞j [X

x∞
j ].

Proof. In this situation, S is a polynomial k-algebra of dimension 4+]((r0j)j)+]((r∞j)j), and the dimension
of Cox(X) is 3 + ]((r0j)j) + ]((r∞j)j). It follows that kerϕ is a principal ideal generated by a G-invariant
relation. The determinant s∞t0 − s0t∞ = e[Ex0 ]+[Ex∞ ] is a non-zero G-invariant homogeneous element in
Cox(X). Using [33, 2.8.5], we obtain a G-invariant irreducible relation as in the above statement which
necessarily generates kerϕ.

We now treat the case where r > 1 (i.e. X admits at least three exceptional points). For this, we first
show that X can be assumed to satisfy the following technical conditions:

• the special fiber is a normal variety,

• the class group of X is torsion-free.

Recall that the special fiber is a normal variety if and only if

n 6 2, or (Xx0
j )j 6= ∅ and (Xx∞

j )j 6= ∅ (Propositions 4.2.1 and 4.2.3).

Consider the G-stable open subvariety V consisting of the orbits of codimension 6 1. We have Cox(V ) '
Cox(X) because V has a complement of codimension > 2 in X. Thus, we can replace X by V . Also, consider
an almost homogeneous G-threefold Y having three orbits, namely the open orbit and two G-stable prime
divisors Y 0 and Y∞. We can choose Y so that vY 0 , vY∞ /∈ V(X) and π(Y 0) = x0, π(Y∞) = x∞. Using the
valuative criterion of separation ([32, App. B]), it is immediate to verify that X and Y glue together into
an almost homogeneous G-threefold X1. By [33, 2.8.1], we have an isomorphism
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Cox(X) ' Cox(X1)/(r0 − 1, r∞ − 1),

where r0, r∞ are the canonical sections respectively associated to Y 0, Y∞. Also, X1 has by construction at
least three exceptional points and an associated special fiber which is a normal variety.

Now, ifX1 has a class group with a non-trivial torsion subgroup. Then, we can consider a smooth complete
almost homogeneous G-threefold X ′1 containing the smooth locus of X1 as an open G-stable subvariety
([33, 2.8.4]). By [33, 3.1.7], Pic(X ′1) is free of finite rank, and it is directly checked that X ′1 has at least
three exceptional points, and an associated special fiber which is a normal variety. As above, we have an
isomorphism

Cox(X1) ' Cox(X ′1)/((ri − 1)i),

where the ri are the canonical sections associated to the G-stable prime divisors lying in X ′1 \ (X1)sm.
Possibly replacing X by X1 or X ′1, we can suppose that X has a torsion free class group, at least three

exceptional points, and a special fiber which is a normal variety. In Proposition 4.5.3, we prove that certainG-
submodules of S generate the ideal kerϕ, we start by defining these G-submodules. For k, l ∈ {0,∞, 1, ..., r},
consider the natural surjective morphisms of G-modulesϕkl : VExk ⊗k VExl → VExkVExl ⊂ Cox(X)[Exk ]+[Exl ], k < l

ϕkk : Sym2
k(VExk )→ V 2

Exk ⊂ Cox(X)2[Exk ],

obtained via restriction of ϕ. Using the Clebsch-Gordan decomposition, we obtain via a direct computation
that any B-semi-invariant in a product VExkVExl is a non-zero scalar multiple of an element of the form

g
n0,kl

3 g
n∞,kl
4 e[Exk ]+[Exl ] ∈ Cox(X)[Exk ]+[Exl ] ⊂ O(G)e[Exk ]+[Exl ].

As Cox(X)U is generated as a k-algebra by the elements

(si)i∈{0,∞,1,...,r}, (rij)i∈{0,∞,1,...,r};j ,

it follows from the form of this B-semi-invariant that it equals a monomial

s
n0,kl

0 s
n∞,kl
∞

∏
i∈{0,∞,1,...,r};j r

ai,klj
ij ,

where the (ai,klj)i∈{0,∞,1,...,r};j is the family of non-negative integers defined by

[Exk ] + [Exl ] = n0,kl[E
x0 ] + n∞,kl[E

x∞ ] +
∑
i∈{0,∞,1,...,r};j ai,klj [X

xi
j ].

The table below lists the B-weights occurring in the products VExkVExl . For each B-weight mω in the table,
the third column provides an explicit B-semi-invariant xkl,mω. To shorten the notation, we let

rakl,mω :=
∏
i∈{0,∞,1,...,r};j r

ai,klj
ij .
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G-module B-weight: mω B-semi-invariant: xkl,mω

VEx0VEx∞
2ω s0s∞

0 ra0∞,0

V 2
Ex0 2ω s2

0

V 2
Ex∞ 2ω s2

∞
VEx0VExi
(16i6r)

(n̄+ 1)ω s0si

(n̄− 1)ω sn̄−1
∞ ra0i,(n̄−1)ω

VEx∞VExi
(16i6r)

(n̄+ 1)ω s∞si

(n̄− 1)ω sn̄−1
0 ra∞i,(n̄−1)ω

V 2
Exi (16i6r)

2n̄ω s2
i

mpω,mp = 2(n̄− 2p), p = 1, ..., b n̄2 c sn̄−2p
0 sn̄−2p

∞ raii,mpω

VExiVExj
(16i<j6r, αiβj+αjβi 6=0)

2n̄ω sisj

mpω,mp = 2(n̄− p), p = 1, ..., n̄ sn̄−p0 sn̄−p∞ raij,mpω

VExiVExj
(16i<j6r, αiβj+αjβi=0)

2n̄ω sisj

mpω,mp = 2(n̄− (2p+ 1)), p = 0, ..., b n̄−1
2 c s

n̄−(2p+1)
0 s

n̄−(2p+1)
∞ raij,mpω

For k, l ∈ {0,∞, 1, ..., r}, 0 6 k 6 l 6 ∞, and mω a B-weight occurring in VExkVExl , let ykl,mω be the
unique B-semi-invariant in S sent to xkl,mω by ϕkl. Then, consider the following G-submodules of kerϕ:

Mkl := (
⊕

mω < G.(xkl,mω − ykl,mω) >)⊕ kerϕkl,

where xkl,mω is naturally identified with an element of S. Also, in view of the description of Cox(X)U by
generators and relations (Section 4.2.2), define for i = 1, ..., r the following G-submodules of kerϕ:

Ni :=< G.(βis
n̄
0 ⊗

∏
j r

h0j

0j − αisn̄∞ ⊗
∏
j r

h∞j
∞j − si ⊗

∏
j(rij)

hij ) >' Vn̄.

Proposition 4.5.3. The ideal kerϕ is generated by the G-modules Mkl and Ni.

Proof. Consider the natural Cl(X)-grading on S induced by the canonical projection WDiv(X) → Cl(X),
and let I be the homogeneous ideal generated by the G-modules Mkl and Ni. We prove that the surjective
morphism of graded k-algebras

ϕ̄ : S/I → Cox(X)

induced by ϕ is an isomorphism. This follows from the claim that (S/I)U is generated as a k-algebra by the
images of the si, rij , i ∈ {0,∞, 1, ..., r}. Indeed, the algebra (S/I)U can then be presented as the quotient of
the polynomial k-algebra in the elements si, rij modulo an ideal J of relations. In view of the presentation
of Cox(X)U and of the morphism

ϕ̄U : (S/I)U → Cox(X)U

induced by ϕ̄, the ideal J is contained in the ideal generated by ⊕ri=1N
U
i . As we have the reverse inclusion

by definition of I, it follows that the morphism ϕ̄U is an isomorphism, thus ϕ̄ is so.
We now prove the above claim. Remark that because the special fiber is a normal variety, the G-modules

Ni become zero modulo ((rij)i∈{0,∞,1,...,r};j). The k-algebra S/(I, (rij)ij) is generated by the simple G-
modules VExi , i ∈ {0,∞, 1, ..., r}, and it follows from Lemma 4.5.5, the preceding remark, and the definition
of the G-modules Mkl, that the product of any two of them in S/(I, (rij)ij) is their Cartan product. As
a consequence of a result of Kostant (see e.g. [6, 4.1 Lemme]), the product of any two simple G-modules
in S/(I, (rij)ij) is again their Cartan product or zero. This implies that (S/(I, (rij)ij))

U is generated as a
k-algebra by the images of the si, i ∈ {0,∞, 1, ..., r}. Let A be the k-subalgebra of (S/I)U generated by
the images of the si, rij , i ∈ {0,∞, 1, ..., r}. Viewing A and (S/I)U as Cl(X)-graded k[(rij)ij ]-modules, the
above description of (S/(I, (rij)ij))

U yields
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(S/I)U = A+ ((rij)ij)(S/I)U .

By Lemma 4.5.6, the regular functions on X are constant. This implies that S/I (hence (S/I)U and A) can
be endowed with a coarser positive grading such that the elements rij have non-zero degree. Indeed, S/I is
naturally graded by the cone of effective divisors in Cl(X)Q, but this cone contains no line asO(X) ' k. Thus,
we can choose convenient positive integers aij such that the linear map Cl(X) → Z defined by [Xxi

j ] 7→ aij
is positive on generators. Now, the graded Nakayama lemma yields (S/I)U = A, whence the claim.

Corollary 4.5.4. Suppose that n 6 2. Then, the ideal kerϕ is generated by the G-invariant relations

sktl − sltk = (αkβl − αlβk)
∏
i∈{0,∞,1,...,r};j r

mklij
ij , k, l ∈ {0,∞, 1, ..., r}, 0 6 k < l 6∞,

where (mklij)ij are the families of non-negative integers defined by

[Exk ] + [Exl ] =
∑
ijmklij [X

xi
j ],

and the simple G-modules Ni.

Proof. It suffices to notice that in this case, the Mkk are trivial, and the Mkl, k < l are the G-invariant lines
spanned by the elements sktl − sltk − (αkβl − αlβk)rakl,0 .

Lemma 4.5.5. Let Z be a normal G/µn-embedding (n > 1) whose associated special fiber is a normal
variety, and admitting three or more exceptional points. Then, the special fiber is a horospherical variety.

Proof. In view of the table above, it suffices to show that the total degrees of the monomials rakl,mω are
non-zero. This is equivalent to prove that the divisors

• Ex0 + Ex∞ ,

• Ex0 + Exi − (n̄− 1)Ex∞ , i = 1, ..., r,

• Ex∞ + Exi − (n̄− 1)Ex0 , i = 1, ..., r,

• 2Exi − (n̄− 2p)(Ex0 + Ex∞), 1 6 i 6 r, p = 1, ..., b n̄2 c,

• Exi + Exj − (n̄− p)(Ex0 + Ex∞), 1 6 i < j 6 r, p = 1, ..., n̄.

are not principal. We verify this for the divisor Ex1 + Ex2 − k(Ex0 + Ex∞), 0 6 k 6 n̄ − 1, where n̄ = n
is assumed to be odd. We skip the proof for the other cases which are treated similarly. We look for a
B-semi-invariant rational function gfγω , γ ∈ Z, where fω is defined in 5.1, and g ∈ k(gn3 /g

n
4 )∗, whose divisor

is the above one. Necessarily, zeroes and poles of g are located on the points x0, x∞, x1, x2, xd, and their
orders are respectively α, α, 1, 1, β. In order to simplify the notation, we suppose that for each of the points
x0, x∞, x1, x2, there is exactly one G-stable prime divisor sent to this point, the general case being treated
the same way. Coordinates on the hyperspace are defined as in Section 5.1, and we set vXxi = (xi, hi, li),
i ∈ {0,∞, 1, 2}. This gives

div(gfγω ) = α(n(Ex0 + Ex∞) + h0X
x0 + h∞X

x∞) + Ex1 + h1X
x1 + Ex2 + h2X

x2 + βDxd

+ γ(Dxd − n− 1

2
(Ex0 + Ex∞) + l0X

x0 + l∞X
x∞ + l1X

x1 + l2X
x2).

It follows that we must have β = −γ, and αn− γ n−1
2 = −k, the general solution of this last equation being

of the form

(α, γ) = (−k,−2k) + u(n−1
2 , n), u ∈ Z.

Recall that we must have 2α+ 2 + β = 0, so that u = 2. Now, this principal divisor reads

div(gfγω ) = Ex1 +Ex2−k(Ex0 +Ex∞)+(αh0 +γl0)Xx0 +(αh∞+γl∞)Xx∞+(h1 +γl1)Xx1 +(h2 +γl2)Xx2 .
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It follows that we must impose l1
h1

= − 1
γ = − 1

2(n−k) . This condition cannot be satisfied as soon as k < n−1,
because we must have l1

h1
6 − 1

2 . Thus, we suppose that k = n−1, and we look at the condition l0
h0

= −αγ = 0
which cannot be satisfied.

Lemma 4.5.6. Let Z be a normal G/µn-embedding (n > 1) whose associated special fiber is a normal variety
and with three or more exceptional points. Then, O(Z) ' k.

Proof. It suffices to prove that every B-semi-invariant regular function u ∈ O(X) is necessarily constant.
Let α := 1 if n is odd, and α := 2 otherwise. We can write u = gfmαω, where g ∈ k(gn̄3 /g

n̄
4 )∗, and fαω is

defined in Section 5.1. Moreover the divisor of u is effective by assumption, so that we have vD(u) > 0,
∀D ∈WDiv(X)B . By summing these inequalities over the set of colors we obtain the inequality

m(− 1
2 + 1

2n̄ −
1
2 + 1

2n̄ + 1) > 0,

which implies that m > 0. In view of Proposition 4.2.3, Z admits at least three G-stable prime divisors
Xx0 , Xx∞ , Xx1 sent to pairwise distinct exceptional points x0, x∞, x1. Consider the set of B-stable prime
divisors consisting of Xx0 , Xx∞ , Xx1 , and all the colors except Ex0 , Ex∞ , and Ex1 . By summing the in-
equalities over this set we obtain the inequality

m( l0h0
+ l∞

h∞
+ l1

h1
+ 1) > 0,

where (x0, l0, h0), (x∞, l∞, h∞), and (x1, l1, h1) are the respective coordinates in the hyperspace associated
with X of the valuations vXx0 , vXx∞ and vXx1 . Because l0

h0
+ l∞
h∞

+ l1
h1

+1 < 0 (see 5.1), the above inequality
is equivalent to m 6 0, and we obtain that m = 0. Thus, we have that g ∈ k∗ because the divisor of g has
to be effective. Indeed, any non-constant rational function on P1

k/µn admits at least one pole. We conclude
that u is constant.

Remark 4.5.7. Suppose that n 6 2. From the above description of Cox(X), we have

X̃ is a complete intersection ⇐⇒ ](xi)i 6 2 ⇐⇒ X̃ is a hypersurface.

Furthermore these equivalent conditions characterize when the good quotient morphism X̃
//G−−→ AN is

faithfully flat. Indeed, this morphism has equidimensional fibers if and only if ](xi)i 6 2 (see Section 4.2.1).
Moreover, X̃ is Cohen-Macaulay under these assumptions, so that the quotient morphism is flat ([13, III,
Ex 10.9]).

Example 4.5.8. Consider a normal G-embedding X with four exceptional points

x1 = [1 : 0], x2 = [0 : 1], x3 = [1 : 1], x4 = [2 : 1] ∈ P1
k,

to which are sent the exceptional divisors

Ex1 , Xx1 , Ex2 , Xx2 , Ex3 , Xx3 , Ex4 , and Xx4 .

We choose the section ω 7→ fω of the exact sequence

1→ k(P1
k)∗ → k(X)(B) → Zω → 1,

such that div(fω) is the color Ex1 on G. This provides coordinates on Ĕ for which we have

vXx1 = (x1, 2,−1), vXx2 = (x2, 3,−5), vXx3 = (x3, 1,−1), and vXx4 = (x4, 5,−4).

By 3.2.2, the generators ([Ex1 ], [Xx1 ], ..., [Ex4 ], [Xx4 ]) of the class group give the following presentation
matrix

P :=


−1 −2 1 3 0 0 0 0

−1 −2 0 0 1 1 0 0

−1 −2 0 0 0 0 1 5

1 −1 0 −5 0 −1 0 −4

 .
From this presentation of Cl(X) we obtain
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• [Ex1 ] = [Xx1 ] + 5[Xx2 ] + [Xx3 ] + 4[Xx4 ]

• [Ex2 ] = 3[Xx1
1 ] + 2[Xx2 ] + [Xx3 ] + 4[Xx4 ]

• [Ex3 ] = 3[Xx1
1 ] + 5[Xx1 ] + 4[Xx4 ]

• [Ex4 ] = 3[Xx1
1 ] + 5[Xx1 ] + [Xx3 ]− [Xx4 ]

Finally, we find

Cox(X) = k[s1, t1, s2, t2, s3, t3, s4, t4, r1, r2, r3, r4],

with ideal of relations generated by the following

• s1t2 − s2t1 − r4
1r

7
2r

2
3r

8
4

• s1t3 − s3t1 − r4
1r

10
2 r3r

8
4

• s1t4 − s4t1 − r4
1r

10
2 r2

3r
3
4

• s2t3 − s3t2 + r6
1r

7
2r3r

8
4

• s2t4 − s4t2 + 2r6
1r

7
2r

2
3r

3
4

• s3t4 − s4t3 + r6
1r

10
2 r3r

3
4

• s2r
3
2 + s1r

2
1 − s3r3

• t2r3
2 + t1r

2
1 − t3r3

• s2r
3
2 + 2s1r

2
1 − s4r

5
4

• t2r3
2 + 2t1r

2
1 − t4r5

4

Example 4.5.9. Consider a normal G/µ3-embedding X with three pairwise distinct exceptional points
x0 = [0 : 1], x∞ = [1 : 0], x1 = [α : β] ∈ P1

k, to which are sent the following exceptional divisors:

Ex0 , Xx0 , Ex∞ , Xx∞ , Ex1 , and Xx1 .

We choose coordinates on the hyperspace as described in Section 5.1, and the G-valuations associated to the
G-invariant exceptional divisors have the following coordinates in Ĕ :

vXx0 = (x0, 1,−1), vXx∞ = (x∞, 1,−1), and vXx1 = (x1, 1,−1).

The class group of X is free of rank 3 and the special fiber is a normal variety, so the preceding proposition
applies. We consider the following k-bases for the simple G-modules generating Cox(X):

• VEx0 : (s0, t0) := (s0, g1e
[Ex0 ]),

• VEx∞ : (s∞, t∞) := (s∞, g2e
[Ex∞ ]),

• VEx1 : (s1, t1, u1, v1) := (s1, (β1g
2
3g1 − α1g

2
4g2)e[Ex1 ], (β1g3g

2
1 − α1g4g

2
2)e[Ex1 ], (β1g

3
1 − α1g

3
2)e[Ex1 ]),

• VXxi , i = 0,∞, 1 : (ri) := (e[Xxi ]).

We have

Cox(X) ' Symk(VEx0 ⊕ VEx∞ ⊕ VEx1 )⊗k k[r0, r∞, r1] mod I,

where k[r0, r∞, r1] is a polynomial k-algebra, and I is generated by the simple G-modules of relations given
in the following table:

G-module B-semi-invariant B-weight

V0 'M0∞ ⊂ VEx0 ⊗k VEx∞ ' V0 ⊕ V2 t0s∞ − s0t∞ − r0r∞r
2
1 0

V2 'M01 ⊂ VEx0 ⊗k VEx1 ' V4 ⊕ V2 t1s0 − s1t0 − αs2
∞ ⊗ r0r

2
∞r1 2ω

V2 'M∞1 ⊂ VEx∞ ⊗k VEx1 ' V4 ⊕ V2 t1s∞ − s1t∞ − βs2
0 ⊗ r2

0r∞r1 2ω

V2 'M11 ⊂ Sym2
k(VEx1 ) ' V6 ⊕ V2 t21 − s1u1 − αβs0s∞ ⊗ r3

0r
3
∞r

2
1 2ω

N1 ' V3 βs3
0 ⊗ r0 − αs3

∞ ⊗ r∞ − s1 ⊗ r1 3ω
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4.5.2 Example of affine almost homogeneous G-threefolds

Consider the case where X is affine. In [28], Popov classifies these varieties up to isomorphism by means
of numerical invariants. These results can be reinterpreted in term of the combinatorial description of these
varieties. Indeed, the colored hypercone defining X must have all the colors among its generators, which
is only possible if F ' µn ([30, 5.2]). We use coordinates on the hyperspace as defined in Section 5.1,
and define u := 2 if n is even, and u := 1 otherwise. The combinatorial description of the normal affine
G/µn-embeddings shows that X admits a unique G-orbit of codimension 1 corresponding to a G-stable prime
divisor Xx0 , which is sent to x0 by the rational quotient π : X 99K P1

k by B. Moreover, the condition

vXx0 = (x0, h, l) ∈ P1
k × Z>0 × 1

uZ, with −
1
2 −

1
2n̄ <

l
h 6 − 1

2 , and h ∧ ul = 1

is satisfied. Remark that if n 6 2, we can still choose two distinct points x0, x∞ ∈ P1
k which play the same

role as in the case n > 3. In general, X admits a G-fixed point, except in the case where l/h = −1/2.
Concretely, this exceptional embedding is realized as the G-linearized line bundle

G×T A1
k → G/T ,

associated to the T -action on A1
k defined by the character ωn. The generators ([Exd ], [Ex0 ], [Xx0 ], [Ex∞ ]) of

the class group give the presentation matrix

P :=

−1 n̄ h 0

−1 0 0 n̄

u −u n̄−1
2 ul −u n̄−1

2

 .
Transforming this matrix to its Smith normal form by means of elementary operations on the rows and
columns yields an isomorphism

Cl(X) ' Z× Z/dZ, (4.3)

where d := n ∧ h if n is odd or h + 2l is even, and d := (n̄ + h) ∧ (n̄ − h) otherwise. Panyushev computed
this class group in [24, Thm 2] taking as input Popov’s numerical invariants.

By Proposition 4.5.2, the Cox ring is generated by the elements s0, t0, s∞, t∞, r0, and the relations are
generated by a relation of the form

rm0 = s∞t0 − s0t∞.

On the other hand, computing L1 + L2 + 2
uL3 on the rows of P , we obtain

[Ex0 ] + [Ex∞ ] = −(h+ 2l)[Xx0 ].

It follows that the sought relation is r−(h+2l)
0 = s∞t0 − s0t∞. This presentation of the Cox ring is similar to

the one obtained by Batyrev and Haddad in [3].

4.5.3 Comparison with the results of Batyrev and Haddad

In [28], Popov associates to the isomophism class of X a unique pair (hP , n) where hP ∈]0, 1] is a rational
number called the height of X, and n is the order of the cyclic group stabilizing a point in the open orbit.
With [20, III.4.3], the height has the following useful interpretation: the algebra of U -invariant regular
functions on X identifies with the algebra of the monoid

Mh,n = {(i, j) ∈ Z2
>0 ; j 6 hP i and n|i− j}.

More precisely, by considering the injective graded morphism

ϕ : O(X)U ↪→ O(G/µn)U =
⊕

i,j>0,n|i−j Vectk(gi3g
j
4)

28



given by the restriction of functions, we identify elements of the monoid Mh,n with the monomials in the
image of ϕ. As in the preceding section, consider the G-valuation vXx0 = (x0, h, l) ∈ Ĕ . By normality of X,
a monomial gi3g

j
4 ∈ O(G/µn)U belongs to O(X)U if and only if

vXx0 (gi3g
j
4) > 0 ⇐⇒ vXx0 (

gi3g
j
4

f
(i+j)/u
uω

f (i+j)/u
uω ) > 0

⇐⇒ hvx0(
gi3g

j
4

f
(i+j)/u
uω

) + l(i+ j) > 0

⇐⇒ h

n̄
(i+ u

n̄− 1

2

i+ j

u
) + l(i+ j) > 0

⇐⇒ j 6 αi, where α :=
h(n̄+ 1) + 2ln̄

h(1− n̄)− 2ln̄
.

Remark that together with the condition − 1
2 −

1
2n̄ <

l
h 6 − 1

2 , we verify that 0 < α 6 1, with α = 1 exactly
when l/h = −1/2. By unicity of the cone in Z2 defined by the monomials of O(X)U , we have α = hP .

In [3], Batyrev and Haddad consider in the affine space A5
k endowed with coordinates y, t1, t2, t3, t4 the

hypersurface Hb defined by the equation

yb = t1t4 − t2t3,

where b := q−p
k , k := (q − p) ∧ n, and p/q = hP with p ∧ q = 1. Then, they set a := n

k , and let Gm × µa act
on A5

k by allocating the following weights to coordinates

deg(y) = (k, 0),deg(t1) = (−p,−1),deg(t2) = (−p,−1),deg(t3) = (q, 1), and deg(t4) = (q, 1).

This action stabilizes Hb and realizes it as the total coordinate space of X ([3, 2.6]).
We now verify that this coincides with the presentation of the Cox ring given in the last section. For

simplicity, we assume that n is odd. By identification, we havep = 1
2(n∧h) (h(n+ 1) + 2nl)

q = 1
2(n∧h) (h(1− n)− 2nl)

.

Then, the following identity holds

b =
q − p
k

=
−(h+ 2l)n

(n ∧ h)((q − p) ∧ n)

=
−(h+ 2l)n

(n ∧ h)(−n(h+2l)
n∧h ∧ n)

=
−(h+ 2l)n

n(−(h+ 2l) ∧ n ∧ h)

=
−(h+ 2l)

−2l ∧ n ∧ h
= −(h+ 2l).

Turning to the grading of the Cox ring, recall that the isomorphism

Cl(X) ' Z× Z/(n ∧ h)Z

has been obtained by considering the four generators [Exd ], [Ex0 ], [Xx0 ], [Ex∞ ] of Cl(X), and looking for a
Z-basis of the free Z-module on these generators adapted to the submodule of relations. Let u, v ∈ Z be
such that
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−qu+ kv = 1.

By the above isomorphism, the elements [Ex0 ], [Xx0 ], and [Ex∞ ] are sent respectively to (−p, ub− v), (k, u),
and (q, v), where the second coordinate is computed in Z/(n∧ h)Z. This gives us the corresponding degrees
for the generators of the Cox ring. This degrees correspond to the degrees of Batyrev and Haddad up to an
automorphism f of Z× Z/(n ∧ h)Z. Indeed, it suffices to set f((1, 0)) = (1, k−1u) and f((0, 1)) = (0, k−1).

5 Appendix: Colored equipment of k(G/F )

In this appendix, we recall from [30] the colored equipment of k(G/F ) for F either cyclic or one of the
binary polyhedral groups in G = SL2. There is a natural bijection between the monoid of effective B-stable
divisors in G/F , and the monoid O(G)(B×F )/k∗. Indeed, it suffices to consider the well-defined morphism

O(G)(B×F )/k∗ →WDiv(X)B , f̄ 7→ divG/F (f).

Via this bijection, B-stable prime divisors in G/F correspond to indecomposable elements of O(G)(B×F )/k∗.
Remark that we can again see these elements as indecomposable homogeneous elements of Cox(G/F )(B)/k∗.
There exists a linear system O(G)

(B×F )
(n0ω,λ0) of dimension two over k that defines the morphism π|G/F , and a

non-empty open subset of P(O(G)
(B×F )
(n0ω,λ0)) ' P1

k that gives the indecomposable elements of O(G)(B×F )/k∗

corresponding to the parametric colors of G/F . The finite set of exceptional colors of G/F is obtained by
taking divisors of zeroes of the non-invertible Cl(G/F )-prime elements appearing in the decompositions of
the decomposable elements of O(G)

(B×F )
(n0ω,λ0) ⊂ Cox(G/F ).

Definition 5.0.1. [32, 16.1] The Cl(G/F )-prime elements ofO(G)
(B×F )
(n0ω,λ0) ⊂ Cox(G/F ) are called the regular

semi-invariants. The others elements O(G)
(B×F )
(n0ω,λ0) are called the exceptional semi-invariants. The subregular

semi-invariants are the non-invertible Cl(G/F )-prime B-semi-invariants appearing in the decomposition of
the exceptional semi-invariants as a product of Cl(G/F )-prime elements.

Any G-valuation or color v of k(G/F ) is located in the hyperspace Ĕ by a triple

(x, h, l) ∈ P1
k ×Q+ ×Q,

where x and h are defined by the restriction of v to k(P1
k), and the coordinate l is obtained by evaluating v

at a fixed generator of the weight group Λ(G/F ) viewed in k(G/F )(B) via the choice of a section λ 7→ fλ
(2.3).

5.1 F is cyclic of order n > 1

We identify the character group of F = µn with Z/nZ. If n 6 2, there is no exceptional semi-invariant.
If n > 3, there are, up to non-zero scalar multiple, two subregular semi-invariants g3 and g4 whose respective
weights are (ω, 1 mod n), (ω,−1 mod n). Let

n̄ =

n, n odd,

n/2, n even.

We have O(G)
(B×µn)
(n0ω,λ0) = O(G)

(B×µn)
(n̄ω,n̄ mod n) generated by the two exceptional semi-invariant gn̄3 and gn̄4 . There

are two exceptional points x0, x∞ and two exceptional colors π∗(x0) = n̄Ex0 , π∗(x∞) = n̄Ex∞ . Let A be an
arbitrary regular semi-invariant, and xd be the corresponding distinguished point of P1

k/µn ' P1
k. We define

a section of Λ(G/µn)→ k(G/µn)(B) by the choice of the generatorfω := A
(g3g4)(n−1)/2 , of weight ω, (n odd),

f2ω := A2

(g3g4)(n/2−1) , of weight 2ω, (n even).
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In order to have a uniform description of the hyperspace, the third coordinate lv of a G-valuation (or color) v
is defined by lv := v(fω) if n is odd, and lv := v(f2ω)/2 if n is even. The elements of Vx ⊂ Ex are the vectors
(x, h, l) in Ĕ whose coordinates satisfy the inequalities 2l + h 6 0 for x 6= xd and 2l − h 6 0 for x = xd.
The colors are sent to the vectors εx for x 6= xd, x0, x∞, to (xd, 1, 1) for xd, and to (x0, n̄,−(n̄− 1)/2) (resp.
(x∞, n̄,−(n̄− 1)/2)) for x0 (resp. for x∞).

5.2 F is binary tetrahedral
The character group of FT identifies with the cyclic group of order 3, for which we choose a generator

ζ. Up to a constant, there are three subregular semi-invariants fv, fe, ff whose respective weights are
(4ω, ζ), (6ω, 1), (4ω, ζ−1). We have O(G)

(B×FT)
(n0ω,λ0) = O(G)

(B×FT)
(12ω,1) generated by the three exceptional semi-

invariant f3
v , f

2
e , f

3
f with the relation f3

v + f2
e + f3

f = 0. This defines three exceptional points xv, xe, xf ,
and three exceptional colors π∗(xv) = 3Exv , π∗(xe) = 2Exe , and π∗(xf ) = 3Exf . We define a section of
Λ(G/FT)→ k(G/FT)(B) by the choice of the generator f2ω :=

fvff
fe

. The elements of Vx ⊂ Ex are the vectors
(x, h, l) of Ĕ whose coordinates satisfy the inequalities l + h 6 0 for x 6= xf , xv, and l 6 0 for x = xf or
x = xv. The colors are sent to the vectors εx for x 6= xv, xe, xf , and to (xv, 3, 1), (xe, 2,−1), and (xf , 3, 1)
for π∗(xv), π∗(xe) and π∗(xf ).

5.3 F is binary octahedral
The character group of FO identifies with the cyclic group of order 2. Up to a constant, there are

three subregular semi-invariants fv, fe, ff whose respective weights are (8ω, ζ), (12ω, 1), (6ω, ζ−1). We have
O(G)

(B×FO)
(n0ω,λ0) = O(G)

(B×FO)
(24ω,1) generated by the three exceptional semi-invariant f3

v , f
2
e , f

4
f with the relation

f3
v +f2

e +f4
f = 0. This defines three exceptional points xv, xe, xf , and three exceptional colors π∗(xv) = 3Exv ,

π∗(xe) = 2Exe , and π∗(xf ) = 4Exf . We define a section of Λ(G/FO) → k(G/FO)(B) by the choice of the
generator f2ω :=

fvff
fe

. The elements of Vx ⊂ Ex are the vectors (x, h, l) of Ĕ whose coordinates satisfy the
inequalities l + h 6 0 for x 6= xf , xv, and l 6 0 for x = xf or x = xv. The colors are sent to the vectors εx
for x 6= xv, xe, xf , and to (xv, 3, 1), (xe, 2,−1), and (xf , 4, 1) for π∗(xv), π∗(xe) and π∗(xf ).

5.4 F is binary icosahedral
The character group of FI is trivial. Up to a constant, there are three subregular semi-invariants fv, fe, ff

whose respective weights are (12ω, ζ), (30ω, 1), (20ω, ζ−1). We have O(G)
(B×FI)
(n0ω,λ0) = O(G)

(B×FI)
(60ω,1) generated

by the three exceptional semi-invariant f5
v , f

2
e , f

3
f with the relation f5

v + f2
e + f3

f = 0. This defines three
exceptional points xv, xe, xf , and three exceptional colors π∗(xv) = 5Exv , π∗(xe) = 2Exe , and π∗(xf ) =

3Exf . We define a section of Λ(G/FI) → k(G/FI)
(B) by the choice of the generator f2ω :=

fvff
fe

. The
elements of Vx ⊂ Ex are the vectors (x, h, l) of Ĕ whose coordinates satisfy the inequalities l + h 6 0 for
x 6= xf , xv, and l 6 0 for x = xf or x = xv. The colors are sent to the vectors εx for x 6= xv, xe, xf , and to
(xv, 5, 1), (xe, 2,−1), and (xf , 3, 1) for π∗(xv), π∗(xe) and π∗(xf ).

5.5 F is binary dihedral of order 4n, n > 1

The group FDn is generated by the elements

h =

[
ζ 0

0 ζ−1

]
et r =

[
0 −1

1 0

]
,

where ζ is a primitive 2nth root of unity. A character of FDn is determined by a pair of values h 7→ ζk,
r 7→ il, where i2 = −1. The subregular semi-invariants are ff = g3g4, fe = gn3 − (−ig4)n, and fv =
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gn3 + (ig4)n of respective weights (2ω, (1,−1)), (nω, (−1,−in)), and (nω, (−1, in)). We have O(G)
(B×FDn )

(n0ω,λ0) =

O(G)
(B×FDn )

(2nω,(1,(−1)n)) generated by the three exceptional semi-invariants fnf , f
2
e , f

2
v with the relation 4(−i)nfnf +

f2
e − f2

v = 0. This defines three exceptional points xv, xe, xf , and three exceptional colors π∗(xv) = 2Exv ,
π∗(xe) = 2Exe , and π∗(xf ) = nExf . We define a section of Λ(G/FDn)→ k(G/FDn)(B) by the choice of the
generator f2ω :=

fvff

fn−1
e

. The elements of Vx ⊂ Ex are the vectors (x, h, l) of Ĕ whose coordinates satisfy the
inequalities l + h 6 0 for x 6= xf , xv, and l 6 0 for x = xf or x = xv. The colors are sent to the vectors εx
for x 6= xv, xe, xf , and to (xv, 2, 1), (xe, 2, 1), and (xf , n, 1− n) for π∗(xv), π∗(xe) and π∗(xf ).
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