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The basins of attraction of the global minimizers of non-convex inverse
problems with low-dimensional models in infinite dimension
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Non-convex methods for linear inverse problems with low-dimensional models have emerged as an alter-
native to convex techniques. We propose a theoretical framework where both finite dimensional and
infinite dimensional linear inverse problems can be studied. We show how the size of the basins of
attraction of the minimizers of such problems is linked with the number of available measurements. This
framework recovers known results about low-rank matrix estimation and off-the-grid sparse spike esti-
mation, and it provides new results for Gaussian mixture estimation from linear measurements.

Keywords: low-dimensional models, non-convex methods, low-rank matrix recovery, off-the-grid sparse
recovery, Gaussian mixture model estimation

1. Introduction

Many inverse problems can be modeled as follows. From m noisy linear measurements y € C™ defined
by a projection on functions (0y)<;<m (e.g. Fourier measurements):

yi = (X0,04) +e (1.1

where e = (e;)1</<m 1S an additive noise with finite energy, we aim at recovering the unknown xg. This
model is particularly used for imaging problems where the signal (e.g. a sound, an image, etc) must be
recovered from digital measurements. The linear form x — (x, 0y) typically models the response of the
[-th sensor for a signal x. Let 2 be a space containing functions used to measure xy (e.g. a Banach space
of smooth functions in infinite dimension or a set of vectors in finite dimension). The measurement
described by Equation (1.1) makes sense for any signal xp living in the dual space Z* of &. The bracket
(+,-) is then a duality product between Z* and 2.

In our framework, the space * is a locally convex topological vector space with weak-* topology
(we will recall in Section 2 some tools that are relevant for our study). The measurement process is
summarized

y=Axg+e, (1.2)

where the linear operator A is a weakly-* continuous linear measurement operator from Z* to C™”
defined, for/ =1,...,m, by

(Axo); := (x0, 0). (1.3)
This weak topology is natural for the study of inverse problems in spaces of measures and distributions
where many signals can be modeled (e.g. off-the-grid spikes [11]). We will see in particular that the

related weak notion of differentiability is sufficient to study descent algorithms that we will consider in
this article.

© The author 2022. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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The theory of inverse problems with low-dimensional models has shown that it is possible to recover
xo when it belongs to a low-dimensional model X with the procedure

x* € argmin||Ax —y||3 (1.4
xeX

provided A is adequately chosen (e.g. fulfills a restricted isometry property (RIP) on the secant set
XY — X [8], see Section 2.3). The estimation method (1.4) is called an ideal decoder for the considered
inverse problem and low-dimensional model. It has been shown in very generic settings that it is possible
to build compressive measurement operators having the required restricted isometry property for low-
dimensional recovery [18, 22, 23, 30].

In imaging applications, the goal is often to guarantee that x* is close to xy at a given precision.
To describe this, we suppose that such guarantees can be described within a Hilbert space (7, || - || )
such that X C J# (the Hilbert space assumption could be dropped to a metric space setting in our proofs
but all our examples fall within the Hilbert space case). In other words, we want to ensure that the
non-convex decoder (1.4) satisfies

[lx* —x0l| % < Cllell3, (1.5)

where C is an absolute constant with respect to e and xp € X.

We place ourselves in a context where the number of measurements, either deterministic or random,
guarantees that (1.5) is obtained with the non-convex decoder (1.4), under a RIP assumption. The RIP
is usually guaranteed by using a sufficient number of measurements with respect to the dimension of
the low-dimensional model X. This assumption has been a cornerstone of the qualitative study of com-
pressed sensing, sparse recovery [21] and general inverse problems with low-dimensional models [36].

Even if the decoder (1.4) is guaranteed to recover xq (up to the noise level), it is in general not convex
and thus difficult to evaluate. To cope with that, one can try to find a convex regularized minimization
problem with similar recovery guarantees. Although very successful in some examples (sparse recovery
in finite dimension), this approach leads to algorithms that have computational scaling problems in
some other examples (off-the-grid sparse recovery). Another general difficulty is the choice of the right
convex regularization given a low-dimensional model [37, 38]. Another approach is to directly perform
optimization (1.4) with a simple initialization followed by a descent algorithm procedure. This non-
convex approach has been proposed for low-rank matrix factorization [5, 42], blind deconvolution [29],
blind calibration [10], phase recovery [41] and off-the-grid sparse spike estimation [34, 35].

We propose a unified framework that follows the same idea. We consider inverse problems where the
low-dimensional model can be parametrized by R and we propose a general study of gradient descent
in the parameter space (that can be easily extended to other descent algorithms).

1.1 Parametrization of the model set X

Let the low-dimensional model set £ C &* be a cone (an assumption we make throughout the whole
article) and xo € X. Cones are positively homogenous sets, i.e. foranyx € X and A >0, Ax € X.

We consider a particular (yet wide) class of inverse problems, where the low-dimensional model can
be described by a (possibly constrained) parametrization in R.

DEFINITION 1.1 (Parametrization of X) A parametrization of X is a function ¢ : RY — 2* such that
ZCoRY)={0(0):0 cR}.

Our goal is to study the optimization problem (1.4) in the parameter space.
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DEFINITION 1.2 (Local minimum) The point 8 € R? is a local minimum of g : RY — R if there is £ > 0
such that for any 8’ € R? such that ||@ — 6|2 < &, we have g(0) < g(6’).

We define the reciprocal image of X in the parameter space as

0:=¢ 1(2) (1.6)
and the parametrized functional
5(6) == |49 (8) — ¥ (1.7)
We consider the problem
0" € argmin |49 (6) -yl (1.8)

As we study descent algorithms in R?, we suppose in this article that ® is an open set of R?. This
guarantees that the gradient of g is 0 at 8* even when ©® ¢ R and that ¢(6*) is a minimizer of (1.4).

The model we have just described encompasses the following situations that will be studied in details
within our framework in Section 3.

* Low-rank symmetric positive semi-definite (PSD) matrix estimation. We set ¥ = Z* = RP*P,
d=pxr, ¢(Z)=2ZZ" (O is identified with the set of p x r matrices and X = X, is the set of PSD
matrices of rank lower than r), see Section 3.1.

* Sparse off-the-grid estimation. The space & is the set (f,f(Rp ) of twice-differentiable bounded
functions on R? with bounded derivatives. The space Z* contains the set of compactly-supported
distributions on R” of order less than 2. We have thatd =k(p+1), ¢(a,t) =Y~ a;5,, L = i,
the set of £-separated sums of k spikes, see Section 3.2.

« Gaussian mixture modeling from compressed data set. We have 2 = %72 (R?) and Z* contains the

space of signed measures over R?, d = k(@ +p+1),0wt,I) = Y5 will, ; where p, - is
the Gaussian distribution with mean 7 and covariances I' = (I3, ...,I}). The set X = Ziep,pis the
set of €-separated (with respect to an appropriate metric) sums of k Gaussian distributions with
eigenvalues of covariances bounded in (p,P). See Section 3.3 for the study of Gaussian mixture

models (GMM) with fixed covariance.

In order to link the gradient of g with properties of A, we must be able to apply a chain rule that
uses the derivatives of ¢. The weak-* topology permits to define such derivatives in a weak sense. The
important features needed for ¢ will be to follow this weak differentiability assumption (see Section 2), a
local Lipschitz behavior around the global minimum and local boundedness properties on its derivatives.

Note that ¢ is not injective in general. A consequence is that the differential of ¢ might have a
non trivial kernel. This requires to adapt conventional convergence proofs to this generic setting (see
Section 2.4).

1.2 Basin of attraction and descent algorithms

To perform the minimization (1.8), we consider the gradient descent with fixed step T

6nJrl = en_TVg(en) (19)
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where 6y € R? is the initialization. Note that any descent algorithm could benefit from our framework
(e.g. one can consider block coordinate descent to deal with the case of Gaussian mixtures with variable
covariances). We choose the fixed step gradient descent for the simplicity of the analysis.

As only recovery of x* € X matters to us, we propose the following definition of basin of attraction
as we will work under conditions where any minimizer of g will lead to recovery guarantees (1.5).

DEFINITION 1.3 (Basin of attraction) We say that a set A C R is a g-basin of attraction of 8* € A if
there exists 7y > 0 such that for any 7 € (0, 79], if 6y € A, then the sequence g(6,) with 6, defined by
(1.9) converges to g(6*).

This notion of basin of attraction is specific to this work in order to manage the potential indeter-
minacies of the parametrization. In terms of performance of the estimation, for any initialization in a
g-basin of attraction of 6*, we will have (Corollary 2.2)

106,) ~xalRe < Clel3+0 1 ). (1.10)
In other words, the gradient descent leads to an estimation of x( that verifies the recovery guaran-
tee (1.5) with respect to the norm || - || s~ that was chosen to quantify the estimation performance of
minimization (1.4), provided the initialization is in a basin of attraction of 6*.
Following classical optimization results (see e.g. [3, 15]), an open set A containing 6* is a g-basin
of attraction of a global minimizer 6* if

* g is differentiable with Lipschitz gradient;
e gisconvexonA ;
e foralln, 6, € A.

To deal with indeterminacy, we will show in our main theorem that the convexity property is only
needed in relevant directions chosen between the current point and the closest minimizer (within equiv-
alent parametrizations).

Finding a good initialization is a difficult problem that was solved practically and theoretically in
selected applications such as phase recovery, and only practically for some others (e.g. of the grid super-
resolution in 2D). We discuss possible leads for the systematic study of this problem in Section 4. Also,
note that we focus on convergence of descent algorithms in this article, thus leading to the convergence
speed (1.10). The study of faster convergence (i.e. geometric convergence) typically requires strong
convexity, and thus would require a notion of “strong basin of attraction”, which is left for future work.

1.3 Related work

This work unifies recent results on descent algorithms for non-convex optimization for inverse problems
with low-dimensional models in both finite and infinite dimension, such as low-rank matrix recovery,
phase recovery, blind deconvolution (whose common properties are highlighted in [13]) and off-the-grid
sparse spike estimation [34, 35]. We choose the point of view of optimization in the parameter space
to keep things as simple as possible from a practical perspective. In [2], conditions on constraints in
the parameter space were given in addition to a local convexity hypothesis on the studied functional to
guarantee the success of projected gradient descent. We systematically link the measurement operator
properties and the properties of the parametrization function to give explicit basins of attraction for
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simple gradient descent. This requires to work in infinite dimensional spaces where the low dimensional
model can live. The authors of [6] give properties of measurement operators that are sufficient for the
success of iterative projections (which can be seen as a projected gradient descent) and an application
for infinite union of subspaces (symmetric cones in real vector spaces). While of great interest in some
of our examples (such as sparse spike estimation [35]), performing the projection step is in general not
trivial, thus motivating the study of the simpler gradient descent.

Another approach is to define the descent algorithm directly on the manifold X C Z* [7] or even a
lifted version of 2* [14]. The main difficulty with this approach is to define the gradient on the mani-
fold, since the tangent space of X might not stay in a “natural” ambient space. For example, for the case
of recovery of separated Diracs on the space of measures, the “tangent space” includes distributions of
order 1 (that is, distributions that only involve derivatives of order < 1 of the test functions, see [24])
which are not measures. We define a minimal framework starting from the measurement process that
allows us to study the non-convex optimization method (1.4). Such minimal structures for regularized
inverse problems in Banach spaces have been mentioned in the case of off-the-grid spike recovery [17]
and they have been studied precisely in [40]. As no particular metric is needed for the recovery pro-
cess (only for measuring the success of recovery) on %, we can give our result with only the weak-*
topology on Z* and the norm used to quantify estimation errors in X.

1.4 Contributions

We aim at giving a unified understanding at non-convex inverse problems with low-dimensional models
frequently found in signal processing and machine learning in finite and infinite dimension. For low-
dimensional models which can be parametrized in R?:

* We give a minimal framework where the gradient descent in the space of parameters can be
described.

* We describe how basins of attraction of the global minimum can be studied, and how their
size can be linked to the number of measurements in general under regularity conditions on the
parametrization functional. This study is summarized by the general Theorem 2.8 and its Corol-
lary 2.1 (which is used for our examples).

* We describe how this framework can be applied to the examples of low-rank matrix recovery
and off-the-grid spike super-resolution, and we give new results for the estimation of Gaussian
mixture models (such results were never given in the GMM case to the best of our knowledge).

* We present the general initialization technique by backprojection within our framework and we
discuss its practical difficulties.

2. Explicit basins of attraction of the global minimizers

We define precisely a framework where commonly encountered linear inverse problems can be studied.
In this framework, we can study the non-convex minimization problem (1.8). In particular, we give
conditions which guarantee that explicit basins of attraction of the global minimizers of the function g
can be given. Notations used in the article are summarized in Section 6.1.

2.1 Definitions

In our motivating examples, & is a Banach space.
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DEFINITION 2.1 Let x, € Z*. The sequence (x,), converges to x € Z* for the weak-* topology if for
alae 2

(xn, o) = {x, @). 2.1)
In this case, we denote x, Ao

By construction of Z* and its weak-* topology, the operator A defined by (1.3) is a linear weak-*
continuous operator over 2*, which implies that for any (x,), such that x, A x, Ax,, — Ax (see Sec-
tion 6.2 for the precise definition of weak-* continuity).

In selected examples, the considered objects are generally not Fréchet differentiable. We thus use
the notion of weak-* Gateaux differentiability [19], which is based on directional derivatives.

DEFINITION 2.2 (Differential, directional derivative) In %, a map ¢ : R — Z* is weak-* Gateaux
differentiable at @ if there exists a linear map Lg(¢) : RY — &* such that for all u € R9,

(6 +hu)—9(0)
e S Lo 2.2)

We write d,¢(6) = Lo (¢)u, and % the derivative in the direction of the i-th canonical vector of R?.

In the following sections, we shall assume that ¢ is twice weak-* Gateaux differentiable, i.e. ¢ is
weak-* Gateaux differentiable and for any u, d,¢ is weak-* Gateaux differentiable. Note that we will
not suppose weak-* continuity of the derivatives in our analysis.

We summarize in Figure 1 the objects and structures used in this article.

D* cm D

R 2l zo = ¢(6o)
S (H, [ - 1)

span(ag)™,

FIG. 1. A summary of the objects and structures of the framework. The cone X is a low-dimensional model set parametrized by ©.
The measurements y = Axp can be projected in Z for initialization purpose (the ideal backprojection initialization z is described
in Section 4).

2.2 Gradient and Hessian of the objective function

We calculate the gradient and Hessian of the function g (defined in (1.7)) in the two following proposi-
tions.

PROPOSITION 2.3 Let A be a linear weak-* continuous operator from 2* to C” and ¢ a weak-* Gateaux
differentiable function. Then for any 6 € R4, the function g is Gateaux differentiable at 6 and

J P
%?) —2%e(A gg)) A0(8) — ). 2.3)
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In the following we will denote Vg(0) = (%)1 .,
i/ 1<i<

Proof. See Section 6.3. O

the Gateaux gradient.

PROPOSITION 2.4 Let A be a linear weak-* continuous operator from Z* to C" and ¢ a twice weak-*
Gateaux differentiable function.
For any 0 € R4, g is twice Gateaux differentiable at 8 and

2°g(6)
H;j:= 89,'89]‘ =G;j+F; 2.4)
where
d9(0) ,99(0)
Gij:=2%e(A 50 A 50 ) 2.5)
i J
and ) )
. 9(0 _
Proof. See Section 6.3. O

2.3 Secant sets and the RIP

The following definitions allow to express the restricted isometry property. We then provide a funda-
mental lemma useful to make the connection between the RIP and the Hessian.

DEFINITION 2.5 (Secant) The secant set of the modelset Zis /() =X —X:={x—y:x€ X, ye X}.
A secant is an element of the secant set.

DEFINITION 2.6 (Generalized secant) Suppose ¢ is weak-* Gateaux differentiable. A generalized
secant is either a secant or a directional derivative d,¢(0) with ¢(6) € . The generalized secant set
Z(X) is the set of generalized secants.

In the context of manifolds, the generalized secant set is linked with the tangent space of the manifold
X it contains the directional derivatives of elements of X (with respect to their parametrization) because
a tangent vector is a limit of secants. We suppose the existence of a Hilbert space (¢, || - || ) such that
X C . The following assumption will be needed.

ASSUMPTION 2.1 (Compatibility of || - || s~ with generalized secants) For all x € .#’(X) such that x =

0,9(0), we have that ‘ W ij converges for any |h,| — 0 to a limit that does not depend on

the choice of the real sequence £,,. This limit is written ||d, ¢ (0)]] .

With this assumption, we can extend || - || » to .7 (X).
While trivial in finite dimension, the last assumption must be considered carefully in infinite dimen-
sion (see Section 3). We now have sufficient tools to define the RIP.

DEFINITION 2.7 (RIP) The operator A has the RIP on . (X) with respect to || - || ,» with constant y if
forall x e .7 (Z)

(1= DlxlZe < lAx]3 < (1+7)llx]3- @7

The RIP is very useful for the qualitative study of inverse imaging problems: measurement operators

A are chosen such that the RIP constant y improves (i.e. decreases) when the number of measurements



8 of 42 Y. TRAONMILIN, J.-F. AUJOL AND A. LECLAIRE

increases. In many compressed sensing examples, it can be guaranteed that appropriately chosen ran-
dom operators A have the RIP with high probability as long as m > O(dpolylog(d)), i.e. the number
of measurements is of the order of the intrinsic dimension d of X, with a dependency on the dimen-
sion of .7 (or the choice of || - || s in infinite dimension) in log factors. Thanks to the compatibility
assumption 2.1, we can extend the RIP to . (X) which contains the directional derivatives of ¢.

LEMMA 2.1 (RIP on the generalized secant set) Suppose A has the RIP on X — X with constant ¥ and
¢ is weak-* Gateaux differentiable. Suppose A is weak-* continuous. Suppose that | - || ,» verifies
compatilbiltiy assumption 2.1. Let v € .(X) then

(L= VIZ < Av]E < A+ [VIZ - (2.8)
Proof. See Section 6.4. O

2.4 Indeterminacy of the parametrization

The parametrization function ¢ is not injective in general, leading to an indeterminacy in the parametriza-
tion. Theoretical complications appear especially when the set of equivalent parameters { 6:¢ (0)=0( 9)}
is not a set of isolated points, e.g. in the low-rank matrix recovery case when the factors can only be
recovered up to a multiplication by an orthogonal matrix. While a basin of attraction exists, the function
g might even not be locally convex [13] (e.g. in the low-rank matrix recovery case).

To cope with this indeterminacy, we study the Hessian of g in the directions u relevant to the proof
of convergence of the gradient descent. To do this, we introduce the following notations. Let 8* be a
global minimizer of g on ®@. We define

d(0,0"):= min [|6—6]>, and p(0,0%):= argmin |0 —6|,CO. (2.9)
_6co 0co
#(6)=9(6%) 0(6)=0(6")

We will study basins of attraction having the shape
Ag:={0€0 :d(6,07) <B}. (2.10)

Notice that ¢ ' ({¢(6*)}) is a closed subset of @ when ¢ is weak-* continuous, which allows to
define d(6,60*) as a minimum. Actually, d(8,6*) is the distance to the closed set ¢ ' ({¢(6*)}) and
p(6,0%) is the (set-valued) projection of 8 on ¢ ~'({¢(6*)}). However, one should be warned that
d(-,) is not a true distance function. In practice, in our examples, the set p(6,0*) is composed of a
unique element in the basin of attraction.

This notion of distance plays an important role in the proof of our main result to show the stability
of iterates of the gradient descent. The use of a ¢>-based distance between parameters permits to use
classical arguments relying on the scalar product.

2.5 Control of the Hessian with the restricted isometry property
We begin by giving a control on the Hessian of g around a minimizer 6*.

LEMMA 2.2 Suppose A is weak-* continuous and has the RIP on X — X. Suppose ¢ is twice weak-*
Gateaux differentiable. Suppose that || - || s verifies the compatibility assumption 2.1. Let 6* be a
global minimizer of g on the open set ®. Let A C R be a set such that for all & € A, we have
9(0)—¢(6%) € L(X). Let 0 € A and H be the Hessian of g at 6.



BASINS OF ATTRACTION OF THE GLOBAL MINIMIZERS OF NON-CONVEX INVERSE PROBLEMS 9 of 42

For all u € R?, we have

u"Hu>2(1-7)]9.9(6)% —2[149;9(6)[2(+/1+7ilo(6 0%)|le +llell2) 2.11)
u"Hu < 2||A3,9(6)|3 +2[14979(6)[2(+/T+ i[9 (6 07)[le + llell2) (2.12)
Proof. See Section 6.5. ([

It is possible to control the Hessian of g on a set A with Lemma 2.2 in the directions which are
relevant to guarantee convergence. For 6,6, € R?, let us define the line segment [01,6,] ={t6;+ (1 —
)60, : t € [0,1]}. We gather technical hypotheses in the following assumption.

ASSUMPTION 2.2 (Technical assumption on ¢ and radius ) Given 68* € ®, 8 > 0, we say that the
technical assumption on ¢ and on radius f3 are fulfilled with constants Cy g+, M and M, if

1. 8 € Ay implies ¢(0) € X (local stability of the model set);

2. there is Cy g+ > 0 such that

VO € Ayg,  [|9(8) —9(6%)]| < Cp0-d(6,0%)  (local control of]| - || s ) ; (2.13)

3. the first-order derivatives of A are uniformly bounded on ¢ ! (¢(68*)):

M, = sup sup ||Adud(0)]]2 < oo (2.14)
0co=1(9(67))u:lull2=1

4. the second-order derivatives of A¢ are uniformly bounded on Ayg:

M, := sup sup 40,049 (0)][2 < +oo. (2.15)
02 uvi[|ull2=1,[|vll2=1

We propose the following generic theorem to show that a set Ag (defined by (2.10)) is a g-basin of
attraction.

THEOREM 2.8 Consider the following two set of hypotheses.

Framework hypotheses: Let A be a weak-* continuous linear map from 2* to C”. Suppose A has
the RIP on .¥(X) with constant y and ¢ is weak-* continuous and twice weak-* Gateaux differentiable.
Suppose that || - || s verifies the compatibility assumption 2.1. Let 6* be a global minimizer of g on the
open set 0.

Specific hypotheses: Assume that there exists > 0 such that

1. the technical assumption 2.2 on ¢ and on radius f3 is fulfilled with constants Cy g+, M and Mp;

2. forany 6 € Ag, there exists 6 € p(6,60*) such that

= (1=7)9_60 )5
vz € [6.0], VIF7IAdZ 0@

> Cp 0B+ ——=l|lell2. (2.16)

\/l—i-)/

Then Ay is a g-basin of attraction of 6*.
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Proof. See Section 6.5. O

This theorem highlights the regularity properties and the control on the derivatives of ¢ that we
require to ensure convergence. However, it does not give an explicit expression of the radius of the
basin of attraction at first sight. We propose a corollary that makes it more explicit in the case when the
projection p(6,0*) is composed of a unique element when 8 is in the basin, which is the case in all the
examples covered in the next section.

COROLLARY 2.1 Under the framework hypotheses of Theorem 2.8, let 3; > 0 such that
1. forany 6 € Ayp,, there exists a unique 6 € p(6,6");

2. the technical assumption 2.2 on ¢ and on radius S, is fulfilled with constants Cp.0+, My and Mp;

3. we have
d-v .. . 19599 (2) 1% 1
Br:=———— inf inf — e|l2 > 0. (2.17)
Coo T 702, 001 \ 1432 0()l2) ~ CoorvTT7 )
Then Apin(g, 5,) 1S @ g-basin of attraction of 6.
Proof. See Section 6.5. O

REMARK 2.1 This technique for the study of basins of attraction yields results when we can guarantee

inf inf_ M >0 where 6 € p(0,0%) is unique. (2.18)
othg, 8.8 \ [AG2_,0(2)Il

We will see that we can verify this in all our examples. In the low-rank recovery example where inde-
terminacy causes problems, we control the second order derivatives in the relevant directions u = 6 — 6.
For Dirac and Gaussian estimation, we can bound uniformly the Hessian in all directions within the
basin of attraction.

REMARK 2.2 The fact that regularity assumptions are on Ay, instead of Ag, is essentially a technical
argument to guarantee the stability of the iterates in Ag, in a general theorem. It could be reduced to
an assumption on Ag, , with 17 small, by reducing the step size. In our examples (Dirac and Gaussian
estimation), it could be reduced to Ag, by using a specific convergence proof.

Note that in the noisy case, a small noise assumption (which is linked with the smallest amplitudes
in ¢(6*) in practice) guarantees the non-negativity of the Hessian with Lemma 2.2. In the next section
we will present the results in the noiseless case for clarity purpose.

From the expression of 3, (i.e. the size of the basin), we observe a general behavior that was already
observed in the case of low-rank matrix recovery and spike estimation: when the RIP constant decreases
(i.e. the number of measurements increases), the size of the basin increases (possibly not strictly).

In Hilbert spaces, when . (X) has finite dimension d (for the upper-box counting dimension), it was
shown in [30] that it is possible to construct a random linear operator that have, with high probability,
the RIP on .7 (X) with constant ¥ such that

m_o<i>. (2.19)

}/2
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With such operators, we can write Yy = #ﬁ where c is a constant independent of m. This gives the
explicit dependency on the number of measurements. Note that the constants involved are dependent on
the model X and typically include log factors (see Section 3).

In all our examples, random operators following a similar relation can be constructed (even for
sparse spike reconstruction and GMM estimation [22]).

Finally, we provide the following Corollary to show that the gradient descent leads to a solution that
has the right estimation guarantees.

COROLLARY 2.2 Under the framework hypotheses and specific hypotheses of Theorem 2.8, let 6, be
the iterates (constructed in the proof of Theorem 2.8) of a gradient descent with sufficiently small fixed
step size such that g(6,) — g(6*). Then

4 1
106 -l < - lel3+0 (1 ). .20

Proof. See Section 6.5. ([

3. Application of the framework

In this section, we apply our framework to three examples. We highlight how it relates to existing
results and how it permits to give new ones. While suboptimal for the study of non-convex algorithms
in general (e.g. for low-rank matrix recovery), we are able to give new results for non-convex recovery
of low-dimensional models where such a study did not exist yet (Gaussian mixture models). For the
sake of simplicity we study the three following examples in the noiseless case ||e||2 = 0.

3.1 Low-rank matrix recovery

The low-rank PSD matrix recovery problem falls into our analysis. We are able to give explicit basins of
attraction of global minimizers. Stronger results involving the study of all critical points of the functional
show that the global minimum is the only local minimum, thus justifying the use of stochastic descents
which escape saddle points for global convergence results (see [13] for a complete overview). We still
apply our framework to this case to check its validity against well known results. It is also a first step for
the understanding of more complex models such as Gaussian mixture models with low-rank modeling
of covariances (see Section 3.3).
The set-up is as follows:

* We measure matrices with projections on R™, i.e. 9 = @* = RP*P, the duality product is the
scalar product associated to the Frobenius norm, which also defines the Hilbert structure. In the
context of matrices the Euclidean norm is referred to as the Frobenius norm || - |2, = || - ||%. The
associated scalar product is (X,Y)r = tr(XTY).

* The set of rank at most » PSD matrices is £ = X, = {ZZT : Z ¢ RP*"},

» We can simply parametrize the model set £ with ¢(8) = ¢(Z) = ZZ" where we identified the
d-dimensional parameter 8 € R¢ (d = pr) as a matrix Z € R?*" . Note that given Z;,Z, such that
0(Z1) = Z\ZF = 2,7 = ¢(Zy), then there exists an orthogonal matrix H such that Z,H = Z;.

* Low-rank matrix recovery results (e.g. [12]) show that an appropriately chosen random A has a
RIP on X,, with constant y with high probability provided m > 0(%), hence ¢(6*) = xo (we set

x0 = ZoZY).
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For low-rank matrix recovery, the parametrized minimization (1.8) is written

min [A(ZZT) —y|)5. 3.1
min A(ZZ") -3 G.1)
This minimization is often called the Burer-Monteiro method [9].

To apply our framework, we calculate dy ¢ (Z) the directional derivative in the direction U € RP*".
We have (see Section 6.6):

duo(z)=Uz" +zU"

o(z)=2uU". G-

We see that the directional derivative dy ¢ (Z) is 0 for (non-trivial) U such that UZT +ZU” = 0. In
the study of non-convex low-rank matrix recovery, most complications arise from this indeterminacy
of the parametrization. To give a basin of attraction of 8* = Z, it is shown in the literature that the
interesting directions of the Hessian are the solutions of an orthogonal Procrustes problem, i.e. it is
sufficient to lower bound the Hessian in all directions U € RP*” that can be written U = Z'Hy — Zy
with an arbitrary Z' and with Hy = argming, ) |Z'H — Zy||% to guarantee the success of the gradient
descent [13] (&(r) is the orthogonal matrix group). Qualitatively, in the parameter space, the important
directions of the Hessian are those between the unkown Zj; and matrices Z minimizing the Frobenius
distance to Zy within its class of equivalent parametrizations {Z : ZZT = 7Z"}.

This idea can be used within our general framework to recover a g-basin of attraction of Zy. In our
case we will instead study the Hessian in the direction U = ZoHy — Z where Hy = argmingc () |ZoH —
Z H%- for Z € Ag. While we cannot expect the function g to be convex in a neighborhood of Zy [13], there
is an underlying convexity property in these particular directions which allows to use Corollary 2.1.
Within our framework, we have d(Z,Zy) = ||ZoHo — Z||% and p(Z,Zy) = ZoHj.

THEOREM 3.1 Let A be a linear map on R”*? with the RIP on X,, with constant y. Suppose e =

(177)(6min(20))2. Then AﬁLR = {Z

0 and let Zy be a rank-r global minimizer of (3.1). Let Brg := % T57)men (Z0)

infyeo(r) [|ZH — Zo||F < Brr} is a g-basin of attraction of Zj.

Proof. See Section 6.6. O
Our theorem gives a result that is similar to the one of [39]: the size of our basin of attraction

depends on the smallest singular value of ¢ (6*). It also shows explicitly the dependency on the number

of measurements through the RIP constant. Our result has an added dependency on the conditioning of
Zy. In return, we require the RIP only on X, instead of Xg,.

REMARK 3.1 The descent algorithm for low-rank matrix recovery coined as Procrustes flow in the lit-
erature uses the expression of the gradient for measurements ¢ obtained from symmetric measurement
matrices A. In this case

Oug(Z) =2%e(A(UZT +ZUT),Ad(Z) —y) = 4Re(AUZT A9 (Z) —y) (3.3)
Our analysis uses the true value of the gradient for any measurement operator A.

3.2 Off-the-grid sparse spike recovery

Off-the-grid sparse spike recovery is at the core of imaging problems in signal processing [11, 16, 17].
They can also be used to perform some machine learning tasks such as compressive clustering [26].
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The size of basins of attraction is directly linked with the number of measurements through RIP con-
stants [34]. The proof of the results of [34] is exactly the proof of Lemma 2.2 coupled with controls of
the chosen norm || - || s and the explicit computation of the gradient and Hessian. We recall here the
set-up leading to explicit basins of attraction for this specific case.

* The off-the-grid sparse signals supported on R” are measured by projections on twice differen-
tiable functions with bounded derivatives (weighted Fourier measurements) o € ‘sz (R”) = 2.
Hence * contains the set of compactly-supported distributions of order < 2 on R?.

* The low-dimensional model is the subset of finite signed measures over R” defined by X = X; . :=
(Y5 a8, : ||t —tj||la > &,t; € Bo(R)}, where %, (R) := {t € RP : ||t]| < R}.

« The parametrization function is defined for 8 = (ay,...,ax,11,. .., %) ERKPT by ¢(0) =YX, 4,8,
(a = (ay,...,a;) is the vector of amplitudes, t = (¢1,...,#) defines the k positions in R?). Note
that any parametrization is equivalent up to a permutation of the positions and amplitudes.

* In this case, the minimization (1.8) must be performed on the constrained set
@k’g = {(al, RN T ,l‘k) rai €Rt € ggz(R), Ht,‘ — thz > 8} 3.4)

The fact that we place ourselves within the hypotheses of Theorem 2.8 permits to guarantee that
the gradient descent iterates stay in the constraint.

* The Hilbert norm for X can be induced by a kernel metric defined on the space of finite signed
measures over R? and extended to distributions of order 2 of interest. Such a kernel metric takes
the following form on a linear combination of Dirac masses

2

= [K(.9) (Zafd&,«r)) (Zafd&f@)
. - - (3.5)
= Y aiaK (i~ 1)

ZaiSZi ZaiSZi

2
A

=513
where K (¢,s) o<e” 207 is a Gaussian kernel with a variance ¢ that defines the precision at which
we measure distances between elements of X. It was shown in [34] that this kernel verifies the
compatibility assumption 2.1.

* Either random or regular Fourier measurements A over R can be considered. They have been
shown to have a RIP on .7 (X ¢ ) with constant y with respect to the kernel metric || - || »~ as long as

m=0( k;—zd (log(k))*1log(kd/¢€)) (random Gaussian Fourier measurements) or m = O(SLd) (regular
Fourier measurements).

For off-the-grid sparse spike estimation, the parametrized minimization (1.8) is written

k
A <Z a,~5,l.> -y
i=1

The derivatives of ¢ are given by d,¢(a,t) = Y,;vi8, + aidy,&; where u = (v,w) (v is the direc-
tion for the derivative with respect to amplitudes and w is the direction for the derivative with respect

2

min (3.6)
aysar€ERt . EB (RN ] ti—tjll2>€

2
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to positions) and d,,, 6, is a directional derivative of the Dirac in the distribution sense: for o € 2,
(Ow; Oy, ) = — Iy, 0t(1;).

Within this framework, the case of Dirac recovery is the one with the most complications as ele-
ments of the generalized secant set .’ (X) are not elements of the set of finite signed measures which
is naturally considered for off-the-grid Dirac recovery. In consequence, the considered kernel metric
|l - ||~ which is defined on the space of finite signed measures, must be extended to elements of .77 (X)
which are distributions of order 1 (the Dirac derivatives). Such an extension uses the smoothness of the
Gaussian kernel and the fact that .#(X) acts on a bounded domain.

We obtain the following theorem in the noiseless case.

THEOREM 3.2 Suppose A has RIP with constant y on Y(Zké ).

Let 0% = (ai,...,akt,...,t) € O be a result of constrained minimization (3.6) such that 0 <
lai| < |az|... <|ag|. Then there is an explicit f;pi.s depending on the a;,7, K, A such that Aﬁspikes ={6:
|6 — 0*||2 < Bspikes } is a g-basin of attraction of 6*.

We refer to [34, Corollary 3.1] for the proof and precise value of B k.. The value of Byt exhibits
the behavior with respect to the RIP constant mentioned in Section 2.5. It also shows a dependency on
the smallest amplitudes in 6*. The strong RIP assumption (i.e with separation § instead of €) is used to
guarantee that the first condition of Theorem 2.8 is met (the same argument is used in the next section
for GMM).

3.3 Gaussian mixture estimation from compressive measurements

Gaussian mixture model recovery from linear measurements can be used to model blind deconvolu-
tion problems. Additionally, the estimation of GMM from compressive measurements can be used to
perform compressive statistical learning. Consider a database x1,...,x, € R? and represent it with its
associated empirical probability measure x = % 1 Oy,. Let A be a random Fourier measurement opera-
tor. For m < np, we obtain a compressed version y = Ax of y called a sketch of the dataset (using random
Fourier features). It was shown that the parameters of a Gaussian mixture (GMM) can be recovered by
solving the minimization (1.4) with the appropriate design of A [22, 23, 25]. Recovery guarantees have
been given for the case of a fixed known covariance PSD matrix I" while practical results including the
estimation of diagonal covariances were obtained using a heuristic based on orthogonal matching pur-
suit [25]. In such greedy methods, an unconstrained gradient descent step is used to refine the solution
within the algorithm. We give the expression of an explicit basin of attraction in the fixed covariance
case, which gives an understanding of the success of such descent algorithms and we discuss how the
result can be extended to the case of variable covariance afterwards.

+ The Gaussian mixtures on R are measured by projections on bounded functions (Fourier mea-
surements) o € 6,(R?) = 9. Hence 2* contains the set of finite signed measures on R?.

* The low-dimensional model is a subset of finite signed measures over R” defined by X = X . r :=
Uil g2 .
(X5 aity, : ||ti— 1|l > &, € Ba(R)}, where du,, (1) = e~ 2I74lF dz, |ju||2 = W' 1w and T is
the fixed known covariance matrix.

« The parametrization function is defined for 8 = (ay,...,ax.11,...,tx) € RKPT) by ¢(0) = ):{'(:1 ailly,
(a = (ay,...,ay) is the vector of amplitudes, t = (#1,...,#,) defines the means). As in the spike
estimation problem, any parametrization is equivalent up to a permutation of the means and ampli-
tudes.
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» The minimization (1.8) is performed on the constrained set @ , C RK+1)4,

* The Hilbert norm for £ can be obtained from a kernel metric || - ||, := || - ||k defined on the
space of finite signed measures over R? where the kernel is a Gaussian function with covariance
proportional to I that defines the precision at which we measure distances between elements of X.
The compatibility assumption 2.1 essentially comes from the fact that the directional derivatives
of Gaussian measures with respect to amplitudes and means are finite signed measures (they are
obtained by differentiating their 4’ densities).

* Adequately chosen random Fourier measurements with Gaussian frequency measurements have
been shown to satisfy the RIP on the secant set (X ¢ ) with constant y with respect to || - ||x
as long as € > O(1/d(1 +1log(k))) and m = O(k;—zdpolylog(k,d)) [22].

For GMM estimation, the parametrized minimization (1.8) is written

2

k
min Al Y aiw, | =y - 3.7)
ay,ar Ry, B (R)Vid j|lti—t; |- >€ = 5

The derivatives of ¢ are given by 9, (a,t) = ¥, vills, + a;0, iy, where u = (v,w) (v is the direction
for the derivative with respect to amplitudes and w is the direction for the derivative with respect to
means). As U, has a smooth density with respect to the Lebesgue measure its directional derivative
O, l; in the distribution sense is also a finite signed measure with density

t— —wlT Y (r —g)e 2 ltlE (3.8)

This makes the case of Gaussian mixtures slightly easier to manage than the Dirac recovery case as the
kernel metric || - || is well defined on the space of finite signed measures.

We give an explicit uniform bound of the Hessian on a neighborhood of 8* in this case. The main
missing ingredient to give the bound is the mutual coherence of the kernel metric. It can be shown that
an appropriately chosen Gaussian kernel K satisfies the following assumption [23] (by taking a kernel
with small enough variance with respect to the separation).

ASSUMPTION 3.1 The kernel K follows this assumption if

* sk = 1.

* There is a constant cx such that for any k means (#;)¥_, that verifies for i  j, ||t; —t;||r > €, we
have || X, vitt; + aiow; | & > (1= cx) i l|vitts, + aioh, g |-

In the noiseless case we get the following basin of attraction.

THEOREM 3.3 Suppose the Fourier measurement operator A has RIP y on (X, ¢ ). Suppose K is
a Gaussian kernel with covariance proportional to I" that follows Assumption 3.1. réuppose e=0. Let
0* = (ai,...,ax,t,...,1) € O ¢ be a solution of the constrained minimization problem (3.7) such that
0< |a1| < |a2|... < |ak|. Let

. 8\/)%,‘,,(1—‘) |a1| (1—y)(l—cK)min(l,dK|a1|2)
BGym = min ST ; (3.9)
8 2 "8Cs,0-VT+Y(VT+ 11+ ckv/Dk +2|ai|D)y i)
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where Ay, (I7) is minimum eigenvalue of I', ¢k, dx and Dk are constants depending only on the chosen
kernel K, Dy k is an explicit constant depending on K and the acquisition operator A and Cy g« > 0.
Additionally suppose that for all 7, ||#;]|2 < R —2Bcmm-

Then Ag,,,,, =16 : /0 — 67[|2 < Bomm } is a g-basin of attraction of 6.

Proof. See Section 6.7. O

With Theorem 3.3, we are able to control the non-negativity of the Hessian over an explicit neigh-
borhood of 6*. Note that the assumption on the norm of the #; is technical to guarantee the stability of
iterates. It is not a very strong assumption in practice as Bgpy is generally small with respect to R. Also,
it could be dropped with a dedicated convergence proof. The constants involved in the expression lead
to a size of the basin of attraction having the same behavior with respect to parameters of the problem:
it increases with respect to the number of measurements (RIP constant) and it decreases with respect to
the minimum weight in xo. Note that with Fourier measurements proposed in [23] the constant Dy g is
independent of m. A dependency on the minimum amplitude in 6* is also observed similarly to the case
of Dirac estimation.

OPEN QUESTIONS FOR THE EXTENSION TO UNKNOWN VARIABLE COVARIANCES WITH LOW-RANK
CONSTRAINT For real world applications, the known covariance case can be too simplistic to perform
compressive statistical learning with good results. In practice, the covariance matrices of Gaussian
mixtures are also estimated. Often, a low-rank approximation is made (flat-tail) to reduce the number
of estimated parameters. For example, an unknown low-rank covariances model was used in [32, 33]
to learn an image patch model from a compressed database. This model is then used to perform patch
based image denoising.

A low-dimensional model with unknwon low-rank covariances can be defined as follows. The
parameters are 0 = (ay,..., a1, .., Z1,. .., Z;) where the Z; are d X r matrices used to model covari-
ances I; = ZiZiT + pl. In this case, the model is

k
Lierpp = { Y aitl i ai €R, [t — 12 > &,6: € Ba(R),p < A;(I7) <P,
= (3.10)

rank(I; — pI) < r}

where 1, 1; is the Gaussian measure of mean #; and covariance I;. Recovery guarantees of the ideal
decoder have not yet been given in this more general case (and it is out of the scope of this article). To do
so, one would need to show the existence of a linear measurement operator with a RIP on . (X ¢ .5 p).

For off-the-grid sparse recovery, a block coordinate descent with respect to amplitudes and means is
easier to implement in practice. To consider the case of variable covariances, we suggest to follow this
guideline and to perform a block coordinate descent step with respect to each covariance matrix. With
block coordinate descent, we would just need to make sure the Hessian with respect to the coordinates
of Z; is positive over a neighborhood of 6* [4] to calculate explicitly a basin of attraction.

The directional derivative of a;, . 2T pr in the direction (v, w, W) has density (proof in Section 6.7.1):

4 l-sl2

zzl el (311)

l

1
Y (vi—aw' It —1) +ais (- ) LN Zw! +wizDE (i —1))e

i
Finding a lower bound of the kernel norm of this directional derivative is quite technical. We observe
that we would need to handle the indeterminacy of the low-rank parametrization as in Section 3.1. We
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propose the following lemma as a first step towards building a theorem for an explicit basin of attraction
in the variable flat tail covariance case. The proof of this lemma shows the technicalities involved to deal
with the full variable covariance case. With this lemma it is possible to show that the Hessian blocks
corresponding to the covariances in the full rank diagonal case are positive over a neighborhood of the
global minimum (in other words, the radius 8, from Corollary 2.1 is strictly positive) as long as the
precision of the kernel is good enough. We leave the full study of non-convex methods for the variable
covariance case with low-rank approximation including establishing RIP recovery guarantees for future
work.

LEMMA 3.1 Let K be a Gaussian kernel with covariance %I . Suppose I € RP*? is a diagonal definite
positive matrix. Let dw i, r the directional derivative of p,  with respect to I" in (diagonal) direction
W such that |W||p = 1. There exists L > 0 such that if A > L, it then holds:

lOwir ||k = Dar (3.12)

where Dy, - > 0 is a constant that only depends on A and I'.
Proof. See Section 6.7.1. O

4. From ideal to practical backprojection initialization: the challenge of non-convex low-dimensional
recovery?

A common approach for the initialization of non-convex low-dimensional recovery is the initialization
by backprojection techniques. Such initialization is outdated for low-rank matrix recovery as global
convergence of descent algorithms has been proven [27]. However, it is still necessary for other models
such as sparse spikes, Gaussian mixtures and phase recovery (which is not developed in this article).
Finding a practical initialization technique is essentially a case by case heuristic design problem. We
investigate the usual backprojection method in the noiseless case y = Axy.

In finite dimension, backprojection techniques rely on the fact that the RIP of A implies || (A7A —
I)xo||3 < v (where A" is the adjoint of A). In our general framework, the adjoint of A does not back-
project in Z*, but in 2. We formalize such backprojection within our framework.

DEFINITION 4.1 (Ideal backprojection) Given measurements y = Axg € C”, we define the ideal back-
projection z € & with

=Y v “.1

We immediately have the following Lemma (which is a direct consequence of the RIP):

LEMMA 4.1 Suppose A has the RIP with constant y. Let z € & the ideal backprojection for measure-
ments y = Axg. Then

(1=l 3 < (x0,2) < (1+7)llxo13- (4.2)
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Proof of Lemma 4. 1.

(¥0,2) = (0, Y i)
=1

m

= (xo, Z<x07051>061>

=1

" 4.3)
= Z (x0, o) (x0, 01
=1
m
=Y [{xo, 1) > = [|Axo 13-
=1
Hence, with the RIP,
(1 =DlxollZe < (x0,2) < (14 7)ol - (4.4)
O

Lemma 4.1 shows that the ideal backprojection preserves the energy in xo (up to a RIP constant).
Hence when the number of measurement increases, it can get arbitrarily close to the global optimum
(looking through the duality product). The main challenge is to extract initial parameters 0;,; from z.
One possibility would be to separate this task in two steps: define 6;,; minimizing a “distance” between
¢(6) and z for theoretical study and then find practical ways to minimize such distance. Such distance
could be built using the norm || - || s or even directly the duality product.

In phase retrieval [41], spectral initialization techniques consist in taking the leading eigenvectors of
a matrix constructed as linear combination of backprojections of individual measurements.

In the case of spike super-resolution a heuristic based on a sampling on a grid of the ideal backpro-
jection followed by dimension reduction was proposed to initialize a descent algorithm to perform spike
recovery for Diracs supported on a low-dimensional domain R? (e.g. p = 2 and possibly 3,4) [35].
Qualitative evidence that a grid step size &, small enough permits the initialization in the basin of attrac-
tion are the only recovery results for sparse spike recovery with descent methods in the parameter space.
Grid based initialization techniques also requires one algorithmic step (the backprojection) whose com-
putational complexity €, 4 might be a drawback for high-dimensional d (curse of dimension). A prac-
tical alternative consists in greedy heuristics to initialize descent algorithms by greedily adding spikes
one by one (general theoretical recovery guarantees for such methods are still being investigated beyond
specific examples [20]).

For Gaussian mixture estimation, it is possible to imagine a grid based heuristic to estimate the
means followed by clustering (to backproject onto the separation constraint). However, it is an open
question to determine if the curse of dimension can be avoided in the initialization in order to outperform
greedy methods [25].

5. Conclusion

We have described a generic framework to perform low-dimensional recovery from linear measurements
using non-convex optimization. We showed how recent examples of the literature can be studied within
this framework and we gave new results for the case of Gaussian mixture modeling.

The following open questions emerge from this work:
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Other applications: The objective of our framework is to be used for other applications where such
results do not exist. For example, our results should apply to low-rank tensor recovery, where
recent works study the RIP in this context [31] and study convergence of the Burer-Monteiro
method [28]. It might be also possible to apply directly our framework for inverse problems using
generative models with deep neural networks (e.g. in [1], a neural network is used to learn the
parametrization function ¢). We would then need to be able to show the existence of a RIP on
such models first.

RIP based guarantees, while useful qualitative tools, are often too strong to give useful quantitative
guarantees. Can our framework be extended to a non-uniform recovery case to obtain more precise
estimates?

Is it possible in general to initialize within the basin of attraction, avoiding the curse of dimen-
sion (for parametrized infinite dimensional problems), and providing a full quantitative proof of
convergence in the case of super-resolution and GMM estimation?

6. Annex

6.1

Summary of notations

Spaces and sets:

2: Banach space of functions used to measure the unknown xg.

2*: ambient space where the objects of interest (e.g. the unknown xp) belong, dual space of Z.
X: low dimensional model set, i.e. a cone X C &*.

S (XZ): secant set of X (differences of elements of X).

@: open subset of R? which parametrizes the model X.

¢ Hilbert space containing the low dimensional model. The reconstruction error is measured
using the associated Hilbert norm.

C™: complex finite dimensional vector space containing the m finite measurements.

Apg: basin of attraction for the appropriate 3 (given by our theorems).

[61,62]: for 6,6, € RY, denotes the line segment {10, + (1 —1)6,:1 € [0,1]}.

Norms, functions and operators:

(+,-): depending on context: duality product between 2 and 2*, conventional scalar Hermitian
product in finite dimension.

|| - || #: norm associated with 7.
|| - ||2: usual £2-norm.
d(-,0): distance to the set of equivalent parametrizations of 6.

p(-,0): projection on the set of equivalent parametrizations of 6.
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* ¢: parametrization function (¢(®) = X).
¢ o;: measurement functions in & for 1 <1 < m.
* A : linear measurement operator ( 2* — C™) defined by Ax = ({x, %)) 1<i<m-

* g: parametrized functional we want to minimize, g(0) = [|A9(0) — y||3.

6.2 Weak-*topology and continuity

PROPOSITION 6.1 (Neighborhood) For all xo € 2%, a basis of neighborhoods of xy for the weak-*
topology is formed with the sets

ng(ai)léign(xo) = {x e D :Vi= 1,... ,n,|<x—x0,(x,~)| < 8} (6.1)

foralle >0and all o; € Z* and n € N.

Continuity is defined as follows.
DEFINITION 6.2 (Weak* continuity) Let A : 2* — RY. A is weak-* continuous at xq if for any £ > 0,
there is a neighborhood V (xg) for the weak-* topology of xq such that

xeV(x) = [If(x) = f(xo)ll2 <e. (6.2)

6.3 Proofs for Section 2.2

Proof of Proposition 2.3. Let z € C™, and let z/ be the Hermitian conjugate of z. Remark that
6 — A¢(0) is a Gateaux differentiable function RY — C™. We have

9g(0) _ (91A)(0)\" n9lAgl(6) , , 9IA9](6)
S = () a00)-+ (ro(0))" PN 2 PETNCL
B d[A0](6)\" d[A¢](0) 6.3
d[A¢](6
= 20e(ZA01C) 4o6) ),
By linearity and continuity of A : a[Afgi(e) =A agé?) and
98(6) _ 99(6)
0
Proof of Proposition 2.4. Use Proposition 2.3 with the properties of the Hermitian product. O

6.4 Prooffor Section 2.3

Proof of Lemma 2.1. Let v =0,¢(0) € .#(X). Using the fact that ® is an open set, let v, =

W with |h,| — O be a sequence of real numbers. Since X is a cone, v, € .#(X). Thanks
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to the compatibility assumption 2.1 on || - || s, || Va|| 2~ converges to ||d,¢(0)]] . Moreover, by defini-
tion v, — 9,0(0) € 7 (Z), and by continuity of A, we have that Av, — AV w.r.t to | - ||». Using the
hypothesis,

2
(L= IVallZe < 1AVAll3 < (1+9) Va2 - (6.5)
Taking both inequalities to the limit yields the result.

6.5 Proofs for Section 2.5

Proof of Lemma 2.2. 'We write H = F 4 G as in Proposition 2.4.
Let u € RY, with the linearity of A and the linearity of the Gateaux differential, we have ¥, u; 290(6) _

96,
d,9(0) and
4 29(6) ,99(6)
u' Gu = uin;jG; j =y uiu2%e(A———= A———=)
T, ~E s 200 %0
_meAZul AZ ,
(6.6)

2
99(6)
=2|AY ui——
=96 |,
=2(|49.,0(0)]5-

By definition of the generalized secant, we have d,¢(0) € .”(X). Using the RIP of A with Lemma 2.1,
we get

2(1=7)(19u9(0) 12 < u" Gu <2(1+7)9.9(6)] 2 (6.7

Moreover, with the Cauchy-Schwarz and triangle inequalities,

lu" Ful = 2(A9;¢(6),49(6) — )|

. . (6.8)
<2(14979(6)[2(14¢(6) —A9(67) 2+ (A (67) —yll2).
By definition of 6%, |A¢(6*) — y||» < [|Axo — y||2 = |le||2. With the RIP,
lu" Fu| < 2[|A979(6)l12(v/T+7l9(6 o+ lell2)- (6.9)

Combining (6.7) and (6.9) gives the lower bound. Combining the last equality of (6.6) and (6.9) gives
the upper bound.

(]
Proof of Theorem 2.8.

We start the proof by showing that given 6 € Ag, there exists a global minimizer 6 € O such that g
is convex on the segment [0, 0]. We then show the Lipschitz property of the gradient. These two facts
lead to the proof of the stability of iterates in Ag and permit to show the convergence of the fixed step
gradient descent.
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Convexity property. Let 6 € Ag and 6 c p(6,0%) (see Equation (2.9)) so that u := 6 — 6 satis-

fies [lufl2 < B. By hypothesis, we can assume that 6 satisfies (2.16). Let also t € [0,1]. We have
|0 +tu— 82 =(1-1)||6 — 6] < B. This implies 6 +tu € Ag and ¢(6 +tu) C X. Denoting by Hy
the Hessian of g at 6 4 ru, Lemma 2.2 and technical assumption 2.2 number 2 imply that

u" Ho g > 2(1 = )| 0,9(8 +110) |5 — 2/| A7 6 (8 + 1) |2(v/T+ 1|9 (6 +1u) — 9 (67) Lo + [lel]2)
> 2(1—7)[19u0 (8 + 1) |24 — 2|97 9 (6 +1u) |2(\/T+ ¥Cy,0+d (6 +1u, 8") + [le]|)
> 2(1=7)[10.9(8 + 1) |5, — 2/|Ad76 (8 +1u) |2(v/T+¥Cy.0+1|0 + 11— B2 + [le]|2)
> 2(1=7)[10.0(8 +1u)|3 —2[|1A079 (6 +110) |2(\/ T+ 7Co.0+ B + le]|2)-

(6.10)

Therefore, using Hypothesis (2.16), we get that u’ Hg,u > 0 for all ¢ € [0, 1], which guarantees the
convexity of g on [0,0]. Since g is Gateaux differentiable, the properties of one-dimensional convex
functions give

g(6) —g(8) > (Vg(0),6 —0). (6.11)

While g might not be convex in Ag due to indeterminacies, this generalized convexity inequality is
enough to prove the convergence of the gradient descent, if we have the required Lipschitz nature of the
gradient of g, which we address now.

Lipschitz gradient property. Let u be a vector such that |lu[|> = 1. Let 6 € Ayg and 6 € p(6,6%) such
that |0 — 8] < 28.

With Lemma 2.2 and technical assumption 2.2 number 4, we get the upper control
2(49.(8) 13+ 214976 (8)l2(v/ T+ ¥Cs,6:2B + [le]]2).
2|49, (6) (13 +2Ma(\/T+ ¥Cy,0-2B + e]2).

Using again technical assumptions 2.2 number 4 and 3 give

uTng
(6.12)

NN

||Aau¢(9) _Aau¢(é)||2 < MZHG - éHZ
140,0(0) 2 < [A0u9(8)l2+ M2|6 — 6]
~ (6.13)
< 1409 ()2 + M22p

<My +2M,8.

We conclude that

u Hou < 2 (M 4 2MaB)* +2Ms (/T + ¥Cy 0+2B + |le[|2) (6.14)

and finally
L:= sup sup ulHgu < +oo. (6.15)
GEAzﬁ u:||u||2:1

Hence the gradient of g is L-Lipschitz on Ayg.

Stability of iterates. Let (6,),>0 be the sequence of iterates of the gradient descent with fixed step

7 and 6y € Ag. Since Vg is L-Lipschitz on Ag and [[Vg(0)||> < e (using the fact that ag_g?)‘ <
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2||Aag—§f>||2||e|\2 < 2Mi||e||2), we have SUpy, [IVg(0)]]2 < e. We can thus set the descent step

(1 B
S — 6.16
Femn <L Sup, ||Vg(9)||2> (€10

For each 7, we introduce 8, € p(6,,0*) which satisfies (2.16) in order to have the convexity property
shown above. Suppose 6, € Ag. We then have

d(0,11,0%) < |61 — Oull2 < 1|65 — Ball2+ [17V8(6) |12 < B+ Tsup||Vg(6)]2 < 2B. (6.17)
Ap

This proves that 6,1 € Ayg and, using technical assumption 2.2 number 1, that ¢(6,,1) € Z. These
last inequalities also give [6,, 6,1 1] C Ayp (by replacing 7 by 7’ such that 0 < 7/ < 7).
As shown in the first part of the proof, g is convex on [6,, én], and thus

8(Ony1) — g(én) =8(6+1) — g(6,) +8(6n) — g(é,,)

B (6.18)
< g(9n+1) —g(e,,) + <Vg(6,,), 60, — On)

Since g is twice Gateaux differentiable with L-Lipschitz gradient on A,g, we can use the second-
order Taylor inequality on the segment [6,,, 6, 1] C Ayg, which gives

£(6,.1) ~5(6,) < ~t(Ve(6,).V5(0) + S1eve(@)3 = (SE <) ve(@E .19
Since ¢(6,,1) € X and 6, is a global minimizer, we get
(V2(6,).6,— B) — (= =5 V(0,3 > £(0,.1) ~5(8) > 0. (6:20)
Now,
d(6n11,0")7 < (1611 — 6413 = 110, — 6413 — 2(6, — 6., TV2(6,)) + [ Vg (6,) 3 (6.21)

Plugging the previous inequality gives

1611 — Ball3 < 116 — Bull3 — (27° — TL)[|V(8) |3 + 7| Vg (60) 13

- (6.22)
=16, — 9,,||% - co||Vg(9,,)||%

where ¢ = 7%(1 — L7) > 0. Because 7 < 1/L, we deduce that d(6,,11,60%) < d(6,,6%) and 6, € Ag.
By induction, we get that the iterates stay in Ag because 6y € Ag.

Convergence of g(6,). We use the same notation 6,,, §, as in the last paragraph. Using again (6.19), we
get

8(6ny1) —8(0") = g(6,) — g(0%) +8(6n11) — 2(6n)
) 12 ) (6.23)
< 8(6,) —(6") = (1= —-)lIVa(6n)ll2
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Remark that 7— £ = 7(1—Lt/2) > t/2 > 0. Using the convexity on [6,, 6,] and the Cauchy-Schwarz

2
inequality, we get

8(6,) —g(8") = g(6n) _g(én) < (Vg(6,),6, — é,,>
< ”Vg(en)HZHen—énHZ (6.24)
<[[Ve(6n)ll2B-
We get
. . L7 (g(6a) —2(6%))?
8(6n1) —2(0%) < g(6,) —g(0) — ( _T) . B2 6.25)
= g(6,) — g(6%) —c1(g(6,) — (6%))?
with ¢y := (T— inz)é
Letd, = g(6,) —g(6*) > 0, using d,,; < d,, we have that
d
%1 <1-cyd,
i ! —c1 dn (6.26)
dn dn+1 dn+1 '
< d, 1 1
ci1<c < - —
: 1dﬂ+1 dn+1 dn
We sum this inequality for O,...,n — 1 and get
merc L1
e do (6.27)
d, <
cin
O

Proof of Corollary 2.1. Let B = min(By, o),
required for Theorem 2.8 is verified.

as Apg C Ayp,, the whole technical assumption 2.2

Let 6 € Ag C Ag, and let us consider the unique 6 € p(6,6*). Using the last hypothesis, we have

for all z € [0, ] that

1 (1=7)[195_69G)]%

Coo VITHA2 002

which implies the last hypothesis of Theorem 2.8

(1-7)195_o0 @I
VI 7142 9G]

1
— >B, = p. 6.28
C¢,6*\/m/||e”2 ﬁz ﬁ ( )
1
>C¢7e*ﬁ+ﬁ,”€|\z- (6.29)
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Proof of Corollary 2.2.  Consider xy € X, and (6,),>0 a sequence of iterates of the gradient descent
converging to 6* under the hypotheses of Theorem 2.8. Using the RIP, we have

V1=710(6) —x0ll oz < [[Ad(6,) —Axoll2 < |A9(6,) — yll2+ [le]|2 (6.30)

Using the rate of convergence of g(6,) (inequality (6.27)), we have

06, ~315 < lag(6") 313 +0( ). (631

This gives, using the inequality (a + b)> < 2(a? + b?),

—

10(6) —x0ll3p < —— \/|A¢ y|2+0< >+| )’

—(l49(6") ~ y||%+0(%)+||e|§) (6.32)

1 4le|13 1
(|Axo—Y|z+0< )+l =R o0 ( 1),

<

—_ —_

6.6  Proofs for Section 3.1

The expression of the directional derivative is deduced from the fact that

027" = (8;2)2" +2(9;2)" = (9,;2)Z" + ((9:;2)Z")"

T (6.33)
= EijZ + ZEj,'
where the family {E,'j 11 <i< p,1 <j<r}is the canonical basis of R”*". Furthermore
0ijouZZ" =UE}+E;U". (6.34)
LEMMA 6.1 Let U € RP*" and M € R™". Suppose M PSD, then
wr(UMU") 2 i (M) || U7 (6.35)
Proof. Let U; be the rows of U. We have
MU= Y, Uy (MUT),;
I=1,r
= Z Ui,l Z Ml,sUi,s
I=1,r s=1,r
=Y Y vuM Ui (6.36)

I=1,rs=1,r
=umuf
> Cpin(M)UUT
= O'min(M)”UiH%
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Summing over i yields the result.

0
Proof of Theorem 3.1. For arank r matrix M, we consider Gyqc(M) = 01(M) > ... 2 0,(M) = Cpin(M)
the singular values of M in decreasing order. We will use the following inequalities in this proof.

* Omax(M) < [|M||F
* |AB||F < Omax(A)[|B||F

We verify the hypotheses of Corollary 2.1.
Technical assumption 2.2 number 1: First, remark that for any Z € R”*", we have ¢(Z) € Z, (i.e. this
assumption is verified for any f3).
Hypothesis 1: Let Z € Ag,,. Consider Hy the unique solution of the orthogonal Procrustes problem
minge g () | ZoH — Z| ¢ Then it has been shown that Hy = QR” where Q and R are obtained from the
singular value decomposition ZOTZ = QART of ZgZ (see e.g. [39, Proof of Lemma 5.7]). It gives

7" ZoHy = RAQT OR" = RAR" =RQTQAR" =H!Zl'Z. (6.37)

We get the projection p(Z,Zy) = {ZoHo}

Denoting Z := ZoH,, we have Z' Z = Z"Z and Z" Z PSD. Notice that for U = Z — Z, we also have
Z"U=U"Z and Z"U = U” Z. Note also that for 1 <i < r, 6;(Z) = 6;(Z).
Technical assumption 2.2 number 2: We calculate a constant Cy z,. Using the triangle inequality on
the opertor norm Gy, the fact that Z € ABLR and the typical matrix norm inequality Gax(Z — Z) <
|Z - Z||F, we have 6,41 (Z) < Omax(Z) + Brr < 26max(Zp) and

122" - 20Z§ ||r = 22" — ZZ" ||
=zz-2)" +(z-2)7Z"||r
<zzZ-2)"lr+1(z-2)Z"||r (6.38)
< (Onax(Z) + Onax(2)(Z - Z)||F
< 36ma(Z0) | Z—Z| -

Hence we can set Cy 7, = 3Gmax(Z0).
Technical assumption 2.2 number 3 and 4: They come from the fact that g is infinitely differentiable
on a bounded domain.
Hypothesis 3: First note that, as Z € Ag, ., we have ||Z — Z||F < Bir < G””'"T(Z"). Hence, using Weyl’s
perturbation inequality, 6,(Z) > 6,(Z) — 61(Z—Z) > 6,(Zy) — |Z—Z||r = 0+(Zy) — % > 0 and the
rank of Z is r.

As 8§¢(Z) is an element of X,, with the RIP on X,,,

1A05¢(2)||2 =2/|AUU" |2 <2/ T+ AUV | . (6.39)

lovpZ+)|z  |U@Z+0)T +(z+u)u”
4950 (2)]2 2luuT|F

2 -
Now, we bound the ratio I forU=Z—-Zwith0<r<1.

We have
d¢(Z+1U)=UZ+tU)" +(z+t0)U"

(6.40)
=vuz'+zuT +210U".
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(M M) F

and
[

For any M;,M, € RP*" with M # 0, we have that |[tM; + M,||% is minimized for t* = —

(M7 ,M;
oMy + Mo = Mo} — S

t =0ift* <0andt =t* otherwise. Applying this to the case M; = 2UU” and M, = UZ" +ZU".
Casel:t" > 1.

Hence if * > 1, ||tM; + Ma||% is minimized over [0,1] at ¢ = 1, at

Jin [U(Z+0) +Z+10)U" [[p = U2+ Z0" - (6.41)
Case 2: t* < 0.

min [|U/(Z+1U)" +(Z+0)U" [} = U2 +2U7 |- (6.42)

telo,

We consider Case 1 and 2 together. Let Z = Z or Z = Z. We have

lwz" +ZU|7 _ UZM||E+ 20T |7+ 2027, 207 )

2luuT - 2luuT
loUtle . |_|T T”f . (6.43)
_ 22U [ +2(Z7 . U ZU " )F
2lUUT ||k
Using the fact that UTZ = ZTU,
|[UZ" +ZU" ||} ||ZUT ||+ (2", Z"UUT )F
21lUUT B vuT
|[UUT||F ] [ __HF (6.44)
_ZUT ||+ (22" ,uUT)p
|UUT||r

Let A1,A> be two positive symmetric matrices (e.g ZZT and UUT), then <A1,A2> > 0. Indeed

let A be a positive symmetric square root of A;. Remark that the matrix A ATA =A AT A
2 p Y q 2 2 2 2
positive symmetric. Hence its trace is positive and we have

(A1, Ax)F = tr(ATAy) = tr(AlTAZ%AZ%) = tr(AZ%AlTAZ%) >0. (6.45)
We deduce
|zv” + Uz |Z2UT|E _ u(uZ'ZuT) 646)
2(lUUT|F VU VU
But Z7Z is a full rank PSD matrix, hence, with Lemma 6.1,
tr(UZTZUT) > 6in(ZT 2)0(UUT) > (Gin(Z) — Brr)*e(UUT). (6.47)

Let 4;(UUT) denote the eigenvalues of UUT, then



28 of 42 Y. TRAONMILIN, J.-F. AUJOL AND A. LECLAIRE

190 ¢(Z+1U)lIE _ 12UT +UZ" |3
19GeZ+U)llr = 200U r

> (omin(Zo) — BLr) Y, (L (UUT)2 (6.48)

> (Omin(Zo) — Brr)?
2
2 <%Gmin(20)) .

Case3: 0<r* < 1.
Using the definition of #*, we have

My, M.
0< - MMo)r 22>F<1,
M7
(vut,uz"+zuT —20U")r
2|uuT|z
vut,uzt +zuT
0<—< : JrU>F+1<1,
2luutz
L (uuTuZ"+ ZU" )k
1< 5 <0,
2uUT ||

0< (WUt Uz +zu")p <2|UUT |}

0<—

<1,

(6.49)

We calculate
(UUT,UZ" +ZU7 )p|?
luuT|z
(UT UZT +ZUT —20U7)p|?
[UUT||z

—lUZ" +ZUT |2 —4(UUT,UZ" + 20" ) + 4| UUT |2

[(UUT,UZ" + ZUT)r —2(UUT,UUT)r | (6.50)
- 0UTTE |
—|UZT + ZUT |2 — 4(uUT ,UZ" +ZUT)p + 4| UUT |2

(UT,UZT +ZUT)p |2

- —4lluuT ||z +4wUuT,uz" +ZUT

Uz +zUT |3 -

= |uz" +ZzuT —2uUT |7 -

vuT,uzZ" + ZuT)p|?

. 5 5 K
=2\ UZ" |2 +2(ZZ" ,uUT)F - 00T
F

Using the last inequality of (6.49), we have

(M), M) |?

17213 —
1113

>20|UZ"||F +2(2Z" . uU" ) —4|UUT |7 (6.51)
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Using Equation (6.48) and the fact that |[UUT||r = \/¥;0;([UT)* < ¥, 0:(UT)? = ||[UT |2 < BPg, we
conclude

|00 @+ _ |UZT |3+ 22" UUT)r 2 UUT
1926(Z+10)r TOar

7 2
> <—Gmin(Zo)) U

8 (6.52)

7 2
> (gomn(z0)) 26

49 2
>

o2 47
“ 64 64

)(Gmin(ZO))z = a(o-min(Z()))z > 0.

This gives, for B, from Corollary 2.1,

B

 Cyzy zehg vezz)\ VT+VAZ_,0(Y)]2

470 — ) (Onin(Z0))? (6.53)
~ 64 36u:(Z0)(1+7)
1 (1= 7)(0nin(Z0))?

2 S = > 07
8 (17 Domn(Z0) P

inf  inf <(1 - Y)Ilazz¢(Y)|§f>

which implies Ag, , C Apin(g, p,)- Using Corollary 2.1 yields the final result: the set Ag, , is a g-basin of
attraction of 0*.

O

6.7 Proofs for the GMM example

We start by giving two lemma that bound derivatives of ¢.

14211412 . . ..
LEMMA 6.2 Suppose K (t) o< e~ 24 [T Then there is a strictly positive constant di such that ||, || % >
dx||w||3 where 9,1, is the derivative of i, with respect to ¢ in the direction w.

Proof. Using Equation (3.8),
[ENTAIES / / e M=l T =1 g T 1 2lls—t0llF o= 2 l=t0llE gy g (6.54)
JRP JRP
Using the change of variables t —#y — ¢ and s — 9 — s, we get

122 - 1 —Llsie — L2
H&Mutoﬂ%(oc/ / e~ A=l T =g T P Ve 2 I8l o= 2 Il gr ds (6.55)
re JRP
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Rewrite

A2s =t +lIsliF = (L+A%)Is]F = 24%(s,1) + A2

A? A?
— 2 2 2
= (142 (bl ~ 2t + gl )

2P A2 A2 (6.56)
= (1422 -——t 1———)—||? '
(1+ )< g 1+ A2 1—+( 1+)»2)1+AZH ”F>
A2 1P a2
=(1+A)|s— t 1|3
(1422 s = |+l
This leads to
1 N A2 2 1 2, A2 2
Jutiolos [ [ wir st potie I 3 () g
Re JRP 6.57)
:/ / WTF?ISWTF*IZ[%(le)llﬁliizt”%ef% 1112/{122“”‘% drds.
rRr JRP
_1 24— A2 12
Let h(s) =e 2(1+45)ls 1+/12IHF,
1 2\l A2 2 22
‘/SWTI—HISE 5 (14+47)|Is let“rds:/SWTrfl(s_mt)h(s)ds
A e
+ T t/h(s)ds (6.58)
N
A s r
:[dvh(s)ds—f— v r tC(1+Az)
where C (#) is the normalization constant of the Gaussian of covariance # By linearity
/ duh(s)ds = (w, / Vh(s)dy) = 0. (6.59)
s N
We make the change of variable u =I" —1/2;
A? r 11y o
”aw“fo”i“mc(m)ldetw1/2>| [T e R 6.60)

. . . . . 1.2
With the linearity of the integral, the change of variable u — llj—z’llzzu and the fact that [p e 1% dx =
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V2T,

2 r 1142222
sl = 90T € (g | [t e 5
i u

1122202
+ Y [ Py (2w e 2 1t 10 gy
i)

14
A? r 1+A2
_ —1/2
|det(I )|1+12C<1+12) \ 1+222

14+A2 _ L2
<X /umludf V2w) e 21405 du
\ P
A? r [ 1422
_ —1/2 PZ —1/2. .12
|det(I" )|1+ZAZC(1+AZ> 1+2A2 2m i|(r Wi
A? AZ\ ’
_ r 1+ _
_ 1/2 P 1/2, 112
| det(I )|1+2,12C<1+,12> V15222 | VAT vl

B A2 r 1+A2
> |det(I" 1/2)|1—|—2/'LZC(1—|—/'LZ> 11222 ZEP)Vmin(F)”WH%'

p
This gives the result with di o< [det(I" ') Z5C (5 ) (/5252 ) V27 Awin(I) > 0.
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(6.61)

O

LEMMA 6.3 Suppose K(r) o ¢~ 22?1l Then there is an explicit strictly positive constants Dg depend-

ing on K such that
19wt [[% < Dxllwl3

and there is an explicit strictly positive constants D/, ;. depending on A and K such that
2 2
1495 11 [|2 < Dy g ([Wll2 + [[wll2)

where 9?2 Uy, is the second derivative of p,, with respect to 7 in the direction w and

D= [ K(t = )T sl 0]l 2Io1F e 0 ar as
seRP JteRP

i 1 12
D, g = sup |0y (t)|* max <7C r ,/ 't e?tr>.
=1 sup e (s e). [ r- el
Proof.

For the first bound, we have
[T :/ K(t—s)waflszffltef%H“'le"e*%HtH% drds
seRP JteRP
< |wl3 / K(t—5)|[T sl e e 2 Wl e 217 ar ds
SERP JteRP

2
= D||wll2

(6.62)

(6.63)

(6.64)

(6.65)
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1 2 1 2
where D := [\ cpp frepp K(t — )| T s||2 )| T 2|2 2 I8l e 2 IelIT dr ds.
For the second bound, we have (with C(I") the normalization constant of Gaussian of covariance
I),

m 2

1403 013 = Y| [ ()42, 1)

=11

m 2
< (z sup |al<r>|2> (/R RE™ <r>!) (6.66)

|=1t€RP
2
dt) .

m
- (Z sup |al<r>|2> (/
IZI[E]RP JteRP
m
1432 il < 1§ sup ) (D)l + [ w0 mge 210l ]
! teRP

|=1t€RP

m
< sup |y (1)> ( C(I) [|w|F + ||w / r eilllll%dt)
VL s la (€t + el [ I 66
<\ X s o) (€ 0) sl Il | I3 )
X = ||V w e
lzltG]RB’ ' A’min(r) 2 2 teRP 2

<Dy (I3 + [[wll2)

(—wITYwwIT (- to))ef%“t*"’HZF

This gives

- L2
where Dy  := \/Y/ sup,egp |04 (1) [? max (mC(F),fteRp It ||2e zH’Hr)_ O
Proof of Theorem 3.3.  We prove this theorem by verifying the hypotheses of Corollary 2.1. We take
V Amirz r
Br = Bomm < Vi)

< g andlzlké.We recall that we write 0% = (ay, ..., ag, 11, ..., ).
Technical assumption 2.2 number 1: Let 6 = (b1,...,b,s1,...,5¢) € Aypg,. Similarly to [34], ||s; —

sile = llsi—ti+ti—tj+1; = sjllr = |t —tjllr — 1t — sille — |1t = s;r > € = —=——(|lti = sill2 +
2fmiﬂ(r)

ltj —sjll2) > € —2¢/4 > /2. Moreover, using the hypothesis on the #;, ||si[|2 < ||#i]|2 +2Bcmm < R and
¢(0) € Xy c.

Hypothesis 1: The RIP and the properties of K guarantee the unicity of ¢(6*) as a minimizer of (1.4).
Now for 8 € Ap,, the set p(68,0%) is included in the set of all the possible orderings of amplitudes
and positions. The fact that || - ||x increases with respect to the distance between positions and that
lti—sillr < & imply p(6,6%) = {6°}.

Technical assumption 2.2 number 2: This hypothesis comes from the following. For Y, a;u;, —
Zi bi,usi SPIEPIN

Zai“[i - Zbiusi

<Y llaitty, — bipts; | g - (6.68)
K i
Moreover,
llaitty, — bitts; || = (ai — bi)* + 2aibi(1 — (W, s, )k )- (6.69)

It was shown in [22] that for a well designed Gaussian kernel, there is an explicit constant Cx such
that 1 — (u;,, tts; )k < Cx||ti — si||3 for ||; — si||}- < /4. Hence for 6 € Ayp,, using the fact that |b;| <
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|ai| +2B1 < 2|ai|, we have

16(8) — 9(6)[Ix < Y (ai —bi)* +4lail*Ck|lti — si3
i (6.70)
< max(1,4Cka;)||6 — 673

Hence we can set the constant Cy g+ = max(1,4Cxa?).
Technical assumption 2.2 number 3 and 4: These hypotheses come from the fact that the function g
is infinitely differentiable on the bounded domain Ayg, .
Hypothesis 3: Let 6 € Ag,,,,, such that ¢(0) = Y5, bipt, and u = (v,w) € R such that ||u||, = 1. We
have, using the kernel assumption,

198 (0)1% = (1= cx) ) lIvitts, + bidw, s I

(6.71)
= (1= i) X (9t 4 2Bt [+ 20011t s ) ).
We calculate the cross-product
(Mg;, O, s )k = —2/ / K(t,s)wI TV (¢ — s;)e 2ls il o= 3l=sillF g g, (6.72)
re JRP
The kernel K is written K (t,s) o< e~ **I1=sI7_ With the translational invariance,
<umawumKoi/ / o 3RSl T 1 gy Sl o= 3lesill gy g
RP JRP
711{2HZ7SH2 T1—1 71“ 2 1 2 (673)
— [ [ et e b et gr s
re JRP !
Using identity (6.56) gives
22
/ o 325l o~ 48l g5 — © (ﬁ) il (6.74)

1yl . Lz =322
where C(X) := [pp e 2I9lx ds. Using the fact that 1 — h(t) = wI T~ te 2ltlr e 2742 W is an odd
function of #, the integral with respect to ¢ is zero and

(Mo B s = 0. (6.75)

Hence, using the assumption that ||, ||% = 1 and ||(v,w)|]2 = 1,

1

19.0(8) % > (1 - c) <Z Vil 1 + 181 [ Dbt ||?<>

1

(6.76)
> (1—ck) <Z|w|2+ IbilszIWi|§>

> (1 — ck) min(1,dg min(|b;|?)).
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where dk such that || 9, to||% > di||w||5 is given by Lemma 6.2.
‘We now bound

1A020(0)[le = | Y AGZbipss | - (6.77)
1
We have
auzbiusi = au(viusi + biawi'usi) = Viaw#si + biaﬁ,#si + Viaw#si (6.78)
= zviawi“Si + biav%,».uSi' .
Hence

1407 0(8)le = || Y 2Avidu s, + bid3 s 12
SEAAE() WL PR D WAL E 679
2y VIVt [ Y 9wbts |3 + 15 1497 15,12
With Lemma 6.3, we have
1A979(8)l77 < 2/ T+ 7/ T+ e/ DIV ll2 + B Dy e Y- (IIwill3 + [will2)

2/ T+ 1/ T+ /D |Vl + [ Dl g (Iw]3 + W) (6.80)
2/ 1+ 7/ 1+ cxv/Dx +2|b| D) .

Using the fact that By < @, we have |b;| > |ai| — Boum = |a1]| — Bemm = @ and |bg| < 2|ay.

This gives, for B, from Corollary 2.1,

<
<

B ( _Y)|36*9¢(z)|2jf>

1
= inf in
Cp,0+ 0EAg, z€(0,0°] <\/1 +7A05. _¢9()ll2
(I (1—y>||au¢<6>|§f)
> inf  inf
Cpo+ 0€Ag, u:|lulr=1 (\/1 +714979(0)||2
(1—y)(l—cK)min(l,dK|a1|2)
~ 8ChoVIF VT WT+aVDi +2|aD) 4)

(6.81)

>0

and Beym < B which implies Ag,,,. C Anin(g, 5,)- Finally the set Ag, = is a g-basin of attraction
of 6*.
O

6.7.1 Proofs for GMM with variable covariances. We write Z; ;; the coordinate k,/ of matrix Z;. We
have that dz, , ,;, ; has density

1 D ATPPATY)
= 5O =1l e 2 6.82)
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We also have, using the inverse matrix differentiation formula d(A~!) = —A~19(A)A~!

azi,k,l It — tiH%ZiZiTerl) =—(t— l‘,’)T(ZiZ,'T + pI)*laziM (Z,'Zl-T)(Z,'ZiT + pI)*l (t—1t). (6.83)

Using the fact that dy (Z;Z] ) = WZ! + ZWT, we get the expression of the directional derivative dy Ly, 1.

Proof of Lemma 3.1. 'We write (Xi)f: | the diagonal terms of a matrix X € R”*?. With the translational
invariance of K we have | dw t; || % = ||9w to.r || %-
The partial derivative in direction W of uo r has density

h(s) = %sTfleFflsef%”sH%
[ (6.84)
= Es I' “Wse 210,

because diagonal matrices commute, and thus
lowror|% = / / K(s,1)h(s)h(t)dsdt. (6.85)
JRP JRP

The aim of the following computations is to give a lower bound on ||dw o r||%-
The rest of the proof is quite technical, and we thus split it into four steps for ease of reading.

Step 1: rewriting ||dw to.r ||
We have

IsIE+Alls =3 =s" (I~ + AD)s = 2A(s,1) + A3
=sT(C H ADs = 25T (D AN + A1) A+ At |3
=|s— A ' +An) "7 ot A= A AN P

(r=14A1
(6.86)
Hence
_1 2,1 —1 —1,2
/ K(S,t)h(s)ds:ie PGS AT AT Ry
JseRP
T2y~ 2ls= 2@ ean 2 oy (6.87)
x/ s’ I'“Wse = +AD~" ds.
seRP
We calculate, using the change of variable s — A ("' + A1) "'t — s,
B ::/ STF*ZWsei%”sil(ril+M>711”%F*'+M)*1 ds
sERP
_Lyg2
— [ AT AD I T W (s A+ AD e 2t gg
seRP
_Lyg)2
:/ sTT " *Wse 29l 12 ds (6.88)
JseRP

_Lyg2
+2 A A1) )T 2wse 2 lirtan1 g
seRP

_1ysl2
FA@C AN T W AT AL ) / ¢ lirrian-1 g,

seRP
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2
. — ISl = -1 - . . .
The second term is O because s — se Wl is odd. With C(X) the normalization constant of the

Gaussian of covariance matrix X, and

D(X,Y) :/ sTXsef%”sle’ds,
seRP

we have

B=D(*W, (T "+ A )+ 2% T 2(C "+ A 2weC(T "+ A1) !
=D(C W, (L AN ) + A (1 +AD) 2 WeC(T !+ A1) L

Going back to the full integral, (6.87) and (6.90) yield

1

|| Ow o || % =21 / . (DI 2w, (C "+ AN Y+ AHT (1 +AD) WD+ A0 71
JteRP

e 25 2 I AD T T 2wee 2 IF g

‘We have

= A3+ NA@ A e = lE
=T AN+ T ADA T AN TN (T AT
=TT A= 22T A

- 2
= =lelir-1iar-a2-1ean-1-1-
LetZ= (I '+ A1 —A*C '+ 2AI)~")~!, we have

A2 nrarnt (t+2arn!

i L'4A LT4a Y
Hence, we have the following equivalent when A — +oo:

I

Zi~ 5

Let us set
.
E(X.Y,Z) = /STXssTYsg*QHSH%dS_

We then have

1
|| Ow o || % :ZD(F*ZW, (C A D2 w (C A= AX A

(6.89)

(6.90)

(6.91)

(6.92)

(6.93)

(6.94)

(6.95)

2
+ %C(F’l FADTE(TW,(L+AD) 2W, (T + A= A2 A~ 7).

(6.96)
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Step 2: dependency of D on W
We explicit the dependency of D on W:

D(I*W,Y) :/ ST 2w se 2187 ds
€RP
_ 22y~ 38l
= I “W;)e 2¥lv d
IO
—ZF 2W/ eiéusH%’ds
\3

RP
—ZF 2W/ . 2I_'Ie : i ds

2
L sil”
—ZFZW\/—pl ||Y/ spe 20 ds;.
]7& S,ER
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(6.97)

We make the change of variable s; = \/Yu and use the fact that [ e 1% du = Jr we 17 du— V2T,

We get

rew) =YL w; (vor /HY/ v e 3 du
J#i
=(vaz)" [Ivyve 2w
Jj i

Step 3: dependency of E on W
We calculate E(I' 2W, (I + A')*W,Z)

E(I W, (I+AL)*W,2) = Y (1 +AL5) T} ZWW/s 2o 3813 4.
L,j

We make the change of variable s; = \/Z;u;. We get

Y (1+AL) Wi, / siste —3lIslZ g
i#j
2 p—2
= (var)" (var) | [TIZ L (1 +A0) 222,02 ww,
i i
P
= (var)" [Tz L0+ A0 22,1y W,
i A
and, using the fact that [ p wbe 2l dy = 3V2m, we get

Y (1 +AR) 1 ZWZ/ st 1z = 327v20" [1z Y (1+an) 252 Zw?
i i

i

_3 (m)” [12Y(+A0) 22 W2.

(6.98)

(6.99)

(6.100)

(6.101)
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Hence
E(2W, (I + AL) W, Z) = Hz,(3( n) Z(1+AFI-)*2F;ZZ,?W,.2
— (\/ﬁ)pz:(l +AL) LW
+(var) " (pa+ An)zzfvvf)<;zjl}zwj)) 6.102)

1

\/m ( 27:) (22(1+AE)’2F,»’ZZ?WI-2

+(1+ AE)’ZZ,‘VW)(ZZJITZWJ)) :
7

i

Step 4: computing a lower bound for ||y o r||%
Using |W||2 = 1, we have

E(I*W,(I+A')*W,Z)
> (vaz)" 1z (21 +A0) 2522 + (L (1+AL) 2ZW) (L 215 2W))). (6.103)
i ! i J
Also, we have

sign ((2(1 +AL)2ZW)(Y erj*QW,)) = sign (12(2(1 FAL)2ZW) (ZZ,F;QW,)) (6.104)
J

i j i
and, using that Z; ' —, .. 2! (from (6.93)),

PAE (14 AD) 2 ZW) (L 2T W) = (L A1+ AL) 2ZW) (2T, W)
’ ’ L ' (6.105)
) o0 1(21371Wj)2 >0
J

Hence, for A large enough, (¥;(1+ A7) 2ZW;)(¥; ZJ-ITZWj) > 0. This implies
E(T2W,(I+AT)2W,Z) /Hz ( 27:) 2inf(1 -+ AL) 2222 (6.106)

Moreover, writing ¥; = (I; "' +A1)~! we have

cr'+an'=v2zr’ /HY (6.107)
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Putting everything together, for A large enough, we deduce from (6.98) that

lownor | > (v2r)” [TIRExr 2w [Tz L2t W,
i i i i

A \/2_2,, Y; Z:-2inf(1 + AI}) 2272
A (v T, [T 20

=i @n) [TT6z((LYn > W) (L 22 W) +22%inf(1 4+ A1) °L°2F) - (6.108)

1 1 . e
21(27:)" /]:[nz,»(O(I)Jrzxzul;f(Hm) 1277

1
o 21" Ty Zinf2
Ao g (2m) |i|Y,Z, Hl.lsz .

Hence there is A large enough such that ||y po.r || % is lower bounded by a positive constant that depends
onAandI. O
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