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Abstract

Non-convex methods for linear inverse problems with low-dimensional models have
emerged as an alternative to convex techniques. We propose a theoretical framework
where both finite dimensional and infinite dimensional linear inverse problems can be
studied. We show how the size of the the basins of attraction of the minimizers of
such problems is linked with the number of available measurements. This framework
recovers known results about low-rank matrix estimation and off-the-grid sparse spike
estimation, and it provides new results for Gaussian mixture estimation from linear
measurements.

keywords: low-dimensional models, non-convex methods, low-rank matrix recovery,
off-the-grid sparse recovery, Gaussian mixture model estimation

1. Introduction

Many inverse problems can be modeled as follows. From m noisy linear measure-
ments y € C™ defined by a projection on functions (a;)i<i<m (e.g. Fourier measure-
ments):

yr = (o, q) + € (1)

where e = (e;)1<i<m is an additive noise with finite energy, we aim at recovering the
unknown zg. This model is particularly used for imaging problems where the signal
(e.g. a sound, an image, etc) must be recovered from digital measurements. The linear
form x — (z,qq) typically models the response of the I[-th sensor for a signal z. Let
D be a space containing functions used to measure xy (e.g. a Banach space of smooth
functions in infinite dimension or a set of vectors in finite dimension). The measurement
described by Equation (1) makes sense for any signal zp living in the dual space D*
of D. The bracket (-,-) is then a duality product between D* and D.

In our framework, D* is a locally convex topological vector space with weak-* topol-
ogy (we will recall in Section 2 some tools that are relevant for our study). The mea-
surement process is summarized

y = Axg + e, (2)
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where the linear operator A is a weakly-* continuous linear measurement operator from

D* to C™ defined, for [ = 1,...,m, by
(A.T())l = <1}0,0él>. (3)

The theory of inverse problems with low-dimensional models has shown that it is possible
to recover xy when it belongs to a low-dimensional model 3 with the procedure

z* € argmin|| Az — y||3 (4)
TeX

provided A is adequately chosen (e.g. fulfills a restricted isometry property (RIP) on
Y — X [5], see Section 2.3). The estimation method (4) is called an ideal decoder for
the considered inverse problem and low-dimensional model. It has been shown in very
generic settings that it is possible to build compressive measurement operators having
the required restricted isometry property for low-dimensional recovery [15, 23, 19].

In imaging applications, the goal is often to guarantee that x* is close to xg at a
given precision. To describe this, we suppose that such guarantees can be described
within a Hilbert space (H, || - ||%) such that ¥ C H (the Hilbert space assumption could
be dropped to a metric space setting in our proofs but all our examples fall within the
Hilbert space case). In other words, we want to ensure that the non-convex decoder (4)
satisfies

la* = x0l3 < Cllell3, (5)

where C' is an absolute constant with respect to e and zy € X.

We place ourselves in a context where the number of measurements, either deter-
ministic or random, guarantees that (5) is obtained with the non-convex decoder (4),
under a RIP assumption. The RIP is usually guaranteed by using a sufficient number of
measurements with respect to the dimension of the low-dimensional model 3. This as-
sumption has been a cornerstone of the qualitative study of compressed sensing, sparse
recovery [18] and general inverse problems with low-dimensional models [26].

Even if the decoder (4) is guaranteed to recover zy (up to the noise level), it is in
general not convex and thus difficult to evaluate. To cope with that, one can try to find
a convex regularized minimization problem with similar recovery guarantees. While
very successful in some examples (sparse recovery in finite dimension), this approach
leads to algorithms that have computational scaling problems in some other examples
(off-the-grid sparse recovery). Another general difficulty is the choice of the right convex
regularization given a low-dimensional model [27, 28]. Another approach is to directly
perform optimization (4) with a simple initialization followed by a descent algorithm
procedure. This non-convex approach has been proposed for low-rank matrix factoriza-
tion [32, 3], blind deconvolution [22, 7], phase recovery [31] and off-the-grid sparse spike
estimation [24, 25].

We propose a unified framework that follows the same idea. We consider inverse
problems where the low-dimensional model can be parametrized by R? and we propose
a general study of gradient descent in the parameter space (that can be easily extended



to other descent algorithms).

1.1. Parametrization of the model set ¥

Let the low-dimensional model set ¥ C D* be a union of subspaces (an assumption
we make throughout the whole article) and zp € ¥. We consider a particular (yet
wide) class of inverse problems, where the low-dimensional model can be described by
a (possibly constrained) parametrization in R,

Definition 1.1 (Parametrization of ). A parametrization of ¥ is a function ¢ : R* — D*
such that ¥ C ¢(RY) = {¢(0) : 6 € R},

Our goal is to study the optimization problem (4) in the parameter space.

Definition 1.2 (Local minimum). The point 0 € R? is a local minimum of g : R* — R
if there is € > 0 such that for any 6 € R? such that ||0 — 0|2 < €, we have g(0) < g(#").

We define the reciprocal image of ¥ in the parameter space as

0:=¢ (%) (6)
and the parametrized functional
9(0) = | Ab(8) — yl3. (7)
We consider the problem
0 in || Ap(0) — ylI3. 8
€ argmin | A¢(6) - y/|3 (8)

As we study descent algorithms in R, we suppose in this article that © is an open set
of RY. This guarantees that the gradient of g is 0 at * even when © ¢ R? and that
¢(0*) is a minimizer of (4).

The model we have just described encompasses the following situations that will be
studied in details within our framework in Section 3.

e Low rank symmetric positive semi-definite (PSD) matrix estimation. We set
D=D*=RP*P. d=pxr, ¢(Z) = ZZT (O is identified with the set of p x r
matrices, ¥ = ¥, the set of matrices of rank lower than r), see Section 3.1.

e Sparse off-the-grid estimation. D is the space CZ(RP) of twice-differentiable bounded
functions on RP with bounded derivatives. D* contains the space of compactly-
supported distributions on RP of order less than 2. d = k(p + 1), ¢(a,t) =
Zle a;0t;, X = X the set of e-separated sums of k spikes, see Section 3.2.

e Gaussian mixture modeling from compressed data set. D is the space CZ(RP). D*

contains the space of signed measures over R?, d = k(p(pizﬂ) +p+1), ¢(w,t,T) =

Zle wipi, T; Where g 1 is the Gaussian distribution with mean ¢ and covariances
I' = (I'y,...,T%). The set ¥ = X, p is the set of e-separated (with respect



to an appropriate metric) sums of k& Gaussian distributions with eigenvalues of
covariances bounded in (p, P). See Section 3.3 for the study of Gaussian mixture
models (GMM) with fixed covariance.

The important features needed for ¢ is a global weak differentiability assumption
(see Section 2) to calculate a descent direction, a local Lipschitz behavior around the
global minimum and local boundedness properties on its derivatives.

Note that ¢ is not injective in general. The consequence is that the differential of
¢ might have a non trivial kernel. This requires the framework to adapt conventional
convergence proofs to this generic setting (see Section 2.4).

1.2. Basin of attraction and descent algorithms

To perform the minimization (8), we consider the gradient descent with fixed step 7
Ops1 = 0 — Tvg(en) (9)

where 6y € R? is the initialization. Note that any descent algorithm could benefit from
our framework (e.g. one can consider block coordinate descent to deal with the case of
Gaussian mixtures with variable covariances). We choose the fixed step gradient descent
for the simplicity of the analysis.

As only recovery of x* € ¥ matters to us, we propose the following definition of
basin of attraction as we will work under conditions where any minimizer of g will lead
to recovery guarantees (5).

Definition 1.3 (Basin of attraction). We say that a set A C R? is a g-basin of attraction
of 0* € A if there exists T > 0 such that if 0y € A then the sequence g(0y,) with 0, defined
by (9) converges to g(6*).

This notion of basin of attraction is specific to this work in order to manage the
potential indeterminacies of the parametrization. In terms of performance of the esti-
mation, for any initialization in a g-basin of attraction of #*, we will have (Corollary 2.2)

I6(6) ~ sl < Cllel +0 (7). (10)

In other words, the gradient descent leads to an estimation of xy that verifies the
recovery guarantee (5) with respect to the norm || - || that was chosen to quantify the
estimation performance of minimization (4).

Following classical optimization results (see e.g. [1, 12]), an open set A containing
0* is a g-basin of attraction of a global minimizer 6* if

e g is differentiable with Lipschitz gradient;
e ¢ is convex on A ;

e for all n, 0, € A.



To deal with indeterminacy, we will show in our main theorem that the convexity
property is only needed in relevant directions chosen between the current point and the
closest minimizer (within equivalent parametrizations).

1.3. Related work

This work unifies recent results on descent algorithms for non-convex optimization
for inverse problems with low-dimensional models in both finite and infinite dimension,
such as low-rank matrix recovery, phase recovery, blind deconvolution (whose common
properties are highlighted in [10]) and off-the-grid sparse spike estimation [27, 28]. We
choose the point of view of optimization in the parameter space to keep things as simple
as possible from a practical perspective. Another approach is to define the descent
algorithm directly on the manifold ¥ C D* [4] or even a lifted version of D* [11].
The main difficulty with this approach is to define the gradient on the manifold, since
the tangent space of ¥ might not stay in a “natural” ambient space. For example,
for the case of recovery of separated Diracs on the space of measures, the “tangent
space” includes distributions of order 1 which are not measures. We define a minimal
framework starting from the measurement process that allows to study the non-convex
optimization method (4). Such minimal structures for regularized inverse problems in
Banach spaces have been mentioned in the case of off-the-grid spike recovery [14] and
they have been studied precisely in [30]. As no particular metric is needed for the
recovery process (only for measuring the success of recovery) on D*, we can give our
result with only the weak-* topology on D* and the norm used to quantify estimation
errors in X.

1.4. Contributions

We aim at giving a unified understanding at non-convex inverse problems with low-
dimensional models frequently found in signal processing and machine learning in finite
and infinite dimension. For low-dimensional models which can be parametrized in R%:

e We give a minimal framework where the gradient descent in the space of param-
eters can be described.

e We describe how basins of attraction of the global minimum can be studied,
and how their size can be linked to the number of measurements in general under
regularity conditions on the parametrization functional. This study is summarized
by the general Theorem 2.1 and its Corollary 2.1 (which is used for our examples).

e We describe how this framework can be applied to the examples of low rank matrix
recovery and off-the-grid spike super-resolution, and we give new results for the
estimation of Gaussian mixture models.

e We present the general initialization technique by backprojection within our frame-
work and we discuss its practical difficulties.



2. Explicit basins of attraction of the global minimizers

We define precisely a framework where commonly encountered linear inverse prob-
lems can be studied. In this framework, we can study the non-convex minimization
problem (8). In particular, we give conditions which guarantee that explicit basins of
attraction of the global minimizers of g can be given. Notations used in the article are
summarized in Section 6.1.

2.1. Definitions
In our motivating examples, D is a Banach space.

Definition 2.1. Let z, € D*. The sequence (z,,), converges to x € D* for the weak-*
topology if for all « € D

(Tn, ) = (@, ). (11)
In this case, we denote x, — .

By construction of D* and its weak-* topology, the operator A defined by (3) is a
linear weak-* continuous operator over D*, which implies that for any (z,), such that
T, =z, Az, — Az (see Section 6.2 for the precise definition of weak-* continuity).

In selected examples, the considered objects are generally not Fréchet differentiable.
We thus use the notion of weak-* Gateaux differentiability [16], which is based on
directional derivatives.

Definition 2.2 (Differential, directional derivative). In D*, a map ¢ : RY — D* is
weak-* Gateauz differentiable at 6 if there exists a linear map Lo(¢) : R — D* such
that for all v € R?,

POLI) =00 = Loy (12)

h h—0

We write 0,¢(8) = Lg(¢p)v, and 8%? the derivative in the direction of the i-th
canonical vector of R?.

In the following sections, we shall assume that ¢ is twice weak-* Gateaux differen-
tiable, i.e. ¢ is weak-* Gateaux differentiable and for any v, 9,¢ is weak-* Gateaux
differentiable. Note that we will not suppose weak-* continuity of the derivatives in our
analysis.

We summarize in Figure 1 the objects and structures used in this article.

2.2. Gradient and Hessian of the objective function
We calculate the gradient and Hessian of g in the two following propositions.

Proposition 2.1. Let A be a linear weak-* continuous operator from D* to C™ and ¢ a
weak-* Gateauz differentiable function. Then for any @ € R?, g is Gateaux differentiable

at 0 and
dg(0)
00;

_ 99(0)
= 2Re(A=50=, A0(0) =) (13)
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Figure 1: A summary of the objects and structures of the framework. The union of subspaces X is a
low-dimensional model set parametrized by ©. The measurements y = Axo can be projected in D for
initialization purpose (the ideal backprojection initialization z is described in Section 4).

In the following we will denote Vg(0) = (8%?) the Gateauz gradient.

) 1<i<d
Proof. See Section 6.3. 0
Proposition 2.2. Let A be a linear weak-* continuous operator from D* to C™ and ¢

a twice weak-* Gateauz differentiable function.
For any 6 € R?, g is twice Gateaux differentiable at 6 and

ij = gzgz; =Gij+ Fij (14)
where 0p(0)  0¢(8
Gi; = 2Re(A gél ),A(géj_)> (15)
and 52(0)
Fi; = 2R6<A80i80j ,AG(0) — y). (16)
Proof. See Section 6.3. 0

2.3. Secant sets and the RIP

The following definitions allow to express the restricted isometry property. We then
provide a fundamental lemma useful to make the connection between the RIP and the
Hessian.

Definition 2.3 (Secant). The secant set of the model set ¥ is S(X) =X —-X :={zx—y:
x € X,y € X}. A secant is an element of the secant set.

Definition 2.4 (Generalized secant). Suppose ¢ is weak-* Gateauz differentiable. A
generalized secant is either a secant or a directional derivative 0,¢(0) with ¢(6) € 3.
The generalized secant set S(X) is the set of generalized secants.

In the context of manifolds, the generalized secant set is linked with the tangent
space of the manifold ¥: it contains the directional derivatives of elements of ¥ (with
respect to their parametrization) which form the tangent space of ¥ (i.e. a tangent



vector is a limit of secants). We suppose the existence of a Hilbert space (H, || - ||#)
such that ¥ C H. The following assumption will be needed.

Assumption 2.1. For allz € S§(X) such that x = 0,¢(0), we have that ”WHH
converges for any |h,| — 0 to a limit that does not depend on the choice of the real se-
quence hy,. This limit is written ||0y@(0) || -

With this assumption, we can extend || - || to S(2).
While trivial in finite dimension, the last assumption must be considered carefully
in infinite dimension (see Section 3). We now have sufficient tools to define the RIP.

Definition 2.5 (RIP). The operator A has the RIP on S(X) with respect to || - |3 with
constant ~y if for all x € S(X)

(1=l < Azl < 1+ )]l (17)

The RIP is very useful for the qualitative study of inverse imaging problems: mea-
surement operators A are chosen such that the RIP constant v improves (i.e. decreases)
when the number of measurements increases. In many compressed sensing examples, it
can be guaranteed that appropriately chosen random operators A have the RIP with
high probability as long as m > O(dpolylog(d)) (the number of measurements is of the
order of the intrinsic dimension d of ¥). Thanks to Assumption 2.1, we can extend the

RIP to S(X) which contains the directional derivatives of ¢.

Lemma 2.1 (RIP on the generalized secant set). Suppose A has the RIP on ¥ — 3 with
constant v and ¢ is weak-* Gateaur differentiable. Suppose A is weak-* continuous.
Suppose that || - ||y verifies Assumption 2.1. Let v € S(X) then

(L= VI3 < 14wl < (1+7) (I, - (18)
Proof. See Section 6.4. O

2.4. Indeterminacy of the parametrization

The parametrization function ¢ is not injective in general, leading to an indetermi-
nacy in the parametrization. Theoretical complications appear especially when the set

of equivalent parameters {é : ¢(§) = gb(&)} is not a set of isolated points, e.g. in the low

rank matrix recovery case when the factors can only be recovered up to a multiplication
by an orthogonal matrix. While a basin of attraction exists, g might even not be locally
convex [10] (e.g. in the low rank matrix recovery case).

To cope with this indeterminacy, we study the Hessian of ¢ in the directions u
relevant to the proof of convergence of the gradient descent. To do this, we introduce
the following notations. Let 8* be a global minimizer of g on ©. We define

d(6,6*):= min [|§ -0z, and p(h,0%):= argmin || — 8| C O. (19)
_0€© 0co
B(6)=0(67) P(0)=¢(6")



We will study basins of attraction having the shape
={0e€0O : d0,0%) <} (20)

Notice that ¢~ ({¢(6*)}) is a closed subset of © when ¢ is weak-* continuous, which
allows to define d(6, 6*) as a minimum. Actually, d(6,0*) is the distance to the closed set
“L({#(6%)}) and p(0,6*) is the (set-valued) projection of # on ¢~ ({p(6*)}). However,
one should be warned that d(-,-) is not a true distance function. In practice, in our
examples, the set p(#,0*) is composed of a unique element in the basin of attraction.

2.5. Control of the Hessian with the restricted isometry property

We begin by giving a control on the Hessian of g around a minimizer 6*.

Lemma 2.2. Suppose A is weak-* continuous and has the RIP on ¥ — X. Suppose ¢
is twice weak-* Gateauz differentiable. Suppose that || - ||y verifies Assumption 2.1. Let
0* be a global minimizer of g on ©. Let A C R? be a set such that for all 0 € A, we
have ¢(0) — p(6*) € S(X). Let 0 € A and H be the Hessian of g at 6.

For all u € R?, we have

ul Hu > 2(1 = 7)[[0.6(0) 15, — 211 A056(0)|2(v/1 + 7[|¢(8) — ¢(6") [l + llell2)  (21)
ul Hu < 2||A8,¢(0) |5 + 2 Az (0) [2(v/1 + v(1¢(0) — ¢(0%) [l + llell2)  (22)
Proof. See Section 6.5. 0

It is possible to control the Hessian of g on a set A with Lemma 2.2 in the directions
which are relevant to guarantee convergence. We propose the following generic theorem
to show that a set Ag (defined in Section 2.4) is a g-basin of attraction.

Theorem 2.1. Let A be a weak-* continuous linear map from D* to C™. Suppose A
has the RIP on S(X) with constant v and ¢ is weak-* continuous and twice weak-*
Gateauz differentiable. Suppose that || - ||y verifies Assumption 2.1. Let 6* be a global
minimizer of g on ©. Let us assume that there exists f > 0 such that

1. 0 € Agg implies ¢(0) € ¥ (local stability of the model set);
2. there is Cy 9 > 0 such that

VO € Aog,  [[¢(0) — p(07)[l¢ < C9-d(0,67); (23)
3. the first-order derivatives of A¢ are uniformly bounded on ¢~ (6*):

My:= sup  sup ||A8u(8)||2 < +oo; (24)
0€p=1(0%) u:||ull2=1

4. the second-order derivatives of A¢ are uniformly bounded on Aog:

My:= sup  sup  [|40,0u6(0)||2 < +oo; (25)
0€A2p u,vi||ull2=1,||v]|2=1

9



5. for any 6 € Ag, there exists 0 € p(6,0%) such that

- (=195 40(2)ll3 1
Vz € [0,0], > Cy 0+ B + ———|e]|2 26
Then Ag is a g-basin of attraction of 6*.
Proof. See Section 6.5. O

This theorem highlights the regularity properties and the control on the derivatives
of ¢ that we require to ensure convergence. However, it does not give an explicit
expression of the basin of attraction at first sight. We propose a corollary that makes
it more explicit in the case when p(6, 6*) is composed of a unique element when € is in
the basin, which is the case in all the examples covered in the next section.

Corollary 2.1. Under the hypotheses of Theorem 2.1, let 51 > 0 such that

1. for any 6 € Ayp,, there exists a unique 0 € p(6,0%);
2. for any 0 € Agg,, #(0) € ¥ (local stability of the model set);
3. there is Cy 9 > 0 such that

VO € Magy,  [19(0) — &(07) |13 < C0-d(0,07); (27)
4. the first-order derivatives of A¢ are uniformly bounded on ¢~1(0%):

My := sup sup HAau(ﬁ(e)HQ < +00; (28)
0€p=1(0*) u;|lull2=1

5. the second-order derivatives of Ag are uniformly bounded on Agg, :

M := sup sup | A0yOud(0)]|2 < +o0; (29)
0€hap; u,vsllull2=1,||lv[2=1
6. we have
) 105_98(2) 1%, 1
B2 i = ———— inf inf — ell2 > 0. (30
27 Cop VT 0ehs, 2cod) \ [A02_6(2)]2 cd)ﬂ*mll 2 (30)

Then Apins, 8,) 8 @ g-basin of attraction of 0.
Proof. See Section 6.5. O

Remark 2.1. This technique for the study of basins of attraction yields results when
we can guarantee

inf )
0€Ns; 2€[0,0)

. ( 195_40(2)113;
inf

OO0 ) S0 where 8 € p(,6%) is unique. 31
|rAa§9¢<z>u2) (6.6°) (3D
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We will see that we can verify this in all our examples. In the low rank recovery ex-
ample where indeterminacy causes problems, we control the second order derivatives in
the relevant directions w = 0 — 0. For Dirac and Gaussian estimation, we can bound
uniformly the Hessian in all directions within the basin of attraction.

Remark 2.2. The fact that reqularity assumptions are on Mog, instead of Ag, is essen-
tially a technical argument to guarantee the stability of the iterates in Ag, in a general
theorem. It could be reduced to an assumption on Ag, 1, with n small, by reducing the
step size. In our examples (Dirac and Gaussian estimation), it could be reduced to Ag,
by using a specific convergence proof.

Note that in the noisy case, a small noise assumption (which is linked with the
smallest amplitudes in ¢(6*) in practice) guarantees the non-negativity of the Hessian
with Lemma 2.2. In the next section we will present the results in the noiseless case for
clarity purpose.

From the expression of 5y (i.e. the size of the basin), we observe a general behavior
that was already observed in the case of low rank matrix recovery and spike estimation:
when the RIP constant decreases (i.e. the number of measurements increases), the size
of the basin increases (possibly not strictly).

Finally, we provide the following Corollary to show that the gradient descent leads
to a solution that has the right estimation guarantees.

Corollary 2.2. Under the hypotheses of Theorem 2.1, let 0, be the iterates of a fized
step gradient descent such that g(6,,) — g(0*). Then

4
J6(6) — sl < 1= llel +0 (7). (32)

Proof. See Section 6.5. O

3. Application of the framework

In this section, we apply our framework to three examples. We highlight how it
relates to existing results and how it permits to give new ones. While suboptimal for
the study of non-convex algorithms in general (e.g. for low rank matrix recovery), we
are able to give new results for non-convex recovery of low-dimensional models where
such a study did not exist yet (Gaussian mixture models). For the sake of simplicity
we study the three following examples in the noiseless case |le||2 = 0.

3.1. Low rank matriz recovery

The low rank PSD matrix recovery problem falls into our analysis. We are able
to give explicit basins of attraction of global minimizers. Stronger results involving
the study of all critical points of the functional show that the global minimum is the
only local minimum, thus justifying the use of stochastic descents which escape saddle
points for global convergence results (see [10] for a complete overview). The set-up is
as follows:

11



e We measure matrices with projections on R™, i.e. D = D* = RP*P, the duality
product is the scalar product associated to the Frobenius norm, which also defines
the Hilbert structure. In the context of matrices the Euclidean norm is referred to
as the Frobenius norm |- |3, = || |%. The associated scalar product is (X,Y)r =
tr(XTY).

e The set of rank at most » PSD matrices is ¥ = %, = {ZZ1 : Z € RP*"}.

e We can simply parametrize ¥ by ¢(0) = ¢(Z) = ZZT where we identified the
d-dimensional parameter 6 € R? (d = pr) as a matrix Z € RPX" .

e Compressive sensing results (e.g. [9]) show that an appropriately chosen random
A has a RIP with high probability provided m > O(pr), hence ¢(0*) = 2y (we set
zo = ZoZ).

For low rank matrix recovery, the parametrized minimization (8) is written

in [|A(ZZ") —yl5. 33
,in [|A(ZZ7) - yll2 (33)
This minimization is often called the Burer-Monteiro method [6].

To apply our framework, we calculate dy¢(6) the directional derivative in the direc-
tion U € RP*". We have (see Section 6.6):

ovo(Z)=Uz" + zUT

Otp(Z) =20UT. (34)

We see that the directional derivative dy¢(Z) is 0 for (non-trivial) U such that
UZT + ZUT = 0. In the study of non-convex low-rank matrix recovery, most complica-
tions arise from this indeterminacy of the parametrization. To give a basin of attraction
of 0* = Zy, it is shown in the literature that the interesting directions of the Hessian are
the solutions of an orthogonal Procrustes problem, i.e. it is sufficient to lower bound the
Hessian in all directions U € RP*" that can be written U = Z'Hy — Zy with an arbitrary
7" and with Ho = argmingco() [|Z'H — Zo||% to guarantee the success of the gradient
descent [10] (O(r) is the orthogonal matrix group). This idea can be used within our
general framework to recover a g-basin of attraction of Zy. In our case we will instead
study the Hessian in the direction U = ZoHo—Z where Hy = argmingco( || ZoH—Z|%
for Z € Ag. While we cannot expect g to be convex in a neighborhood of Zj [10], there
is an underlying convexity property in these particular directions which allows to use
Corollary 2.1.

Theorem 3.1. Let A a be linear map on RP*P with the RIP on Yo, with constant ~y.

Suppose e = 0 and let Zy a rank-r global minimizer of (33). Let Brr = %%

Then Ag,,, :=1{Z :infyco) [|ZH — Zo||F < BLr} is a g-basin of attraction of Zy.

Proof. See Section 6.6. O
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Our theorem gives a result that is similar to the one of [29]: the size of our basin
of attraction depends on the smallest singular value of §*. It also shows explicitely the
dependency on the number of measurements through the RIP constant. Our result has
an added dependency on the conditioning of Zy. In return, we require the RIP only on
Yo, instead of Xg,..

Remark 3.1. The descent algorithm for LR matrix recovery coined as Procrustes flow
in the literature uses the expression of the gradient for measurements oy obtained from
symmetric matrices A. In this case

0vg(Z) = 2Re(A(UZT + ZUT), Ap(Z) — y) = 4Re(AUZT, Ap(Z) — y) (35)
Our analysis uses the true value of the gradient for any measurement operator A.

3.2. Off-the-grid sparse spike recovery

Off-the-grid sparse spike recovery is at the core of imaging problems in signal pro-
cessing [8, 14, 13]. They can also be used to perform some machine learning tasks such
as compressive clustering [21]. The size of basins of attraction is directly linked with the
number of measurements through RIP constants [24]. The proof of the results of [24]
is exactly the proof of Lemma 2.2 coupled with controls of the chosen norm || - || and
the explicit computation of the gradient and Hessian. We recall here the set-up leading
to explicit basins of attraction for this specific case.

e The off-the-grid sparse signals supported on RP are measured by projections on
twice differentiable functions with bounded derivatives (weighted Fourier mea-
surements) oy € C2(RP) = D. Hence D* contains the set of compactly-supported
distributions of order < 2 on RP.

e The low-dimensional model is the subset of finite signed measures over R? defined
by Y= Zkﬁ = {Zle aiétz. : ||th — t]‘HQ > e,t; € BQ(R)}, where BQ(R) = {t € RP:
1t]l2 < R}

e The parametrization function is defined for 0 = (ay,...,ak, t1,...,tx) € RF(P+1)
by ¢(0) = Zle a;0, (a = (ay,...,ax) is the vector of amplitudes, t = (¢1,...,tx)
defines the k positions in RP). Note that any parametrization is equivalent up to
a permutation of the positions and amplitudes.

e In this case, the minimization (8) must be performed on the constrained set
Oe = {(a1,....an,t1,..., t5) ERMPTD It — )]y > et € Bo(R)}  (36)

The fact that we place ourselves within the hypotheses of Theorem 2.1 permits to
guarantee that the gradient descent iterates stay in the constraint.

e The Hilbert structure on D* is induced by a kernel metric defined on the space of
finite signed measures over R? and extended to distributions of order 2 of interest.
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Such a kernel metric takes the following form on a linear combination of Dirac
masses

‘ E a,-éti
)
_lit=sli3

where K(t,s) oce” 202 is a Gaussian kernel with a variance o2 that defines the
precision at which we measure distances between elements of 3. It was shown
in [24] that this kernel verifies Assumption 2.1.

2

:—/K(t,s) (Zai déti(t)> Zaj doy; (s)
K i J

= ZaiajK(ti — tj)

Z Qg 5ti

2
H ‘ (37)

e Either random or regular Fourier measurements A over R% can be considered.
They have been shown to have a RIP with respect to the kernel metric || - || as
long as m = O(k?d(log(k))?log(kd/€)) (random Gaussian Fourier measurements)
orm = O(e%) (regular Fourier measurements).

For off-the-grid sparse spike estimation, the parametrized minimization (8) is written

k
A <Z aicst,) —y
=1

The derivatives of ¢ are given by 9,¢(a,t) = Y, v;idy, + a;0y,6, where u = (v, w)
(v is the direction for the derivative with respect to amplitudes and w is the direction
for the derivative with respect to positions) and 0,,d, is a directional derivative of the
Dirac in the distribution sense: for av € D, (0,01, ) = —0Oy, ().

Within this framework, the case of Dirac recovery is the one with the most compli-
cations as elements of S(X) are not elements of the set of finite signed measures which
is naturally considered for off-the grid Dirac recovery. In consequence, the considered
kernel metric || - ||y which is defined on the space of finite signed measures, must be
extended to elements of S(X) which are distributions of order 1 (the Dirac derivatives).
Such an extension uses the smoothness of the Gaussian kernel and the fact that S(X)
acts on a bounded domain.

We obtain the following theorem in the noiseless case.

Theorem 3.2. Suppose A has RIP with constant v on 8(3j,<).

Let 6% = (a1,...,a5,t1,...,t;) € O be a result of constrained minimization (38)
such that 0 < |a1| < |az|... < |ax|. Then there is an explicit Bspikes depending on
a*, v, K, A such that Ag_ ... :=1{0: |0 = 0%[|2 < Bspikes} is a g-basin of attraction of 6*.

2
(38)

min
a1,..,a,ERt1,.. .t €B2(R);ViAy,||ti—t;]2>€

2

We refer to [24, Corollary 3.1] for the proof and precise value of Bspires. The value of
Bspikes exhibits the behavior with respect to the RIP constant mentioned in Section 2.5.

It also shows a dependency on the smallest amplitudes in a*. The strong RIP assumption

(i.e with separation § instead of €) is used to guarantee that the first condition of

Theorem 2.1 is met (the same argument is used in the next section for GMM).

14



3.8. Gaussian mizture estimation from compressive measurements

Gaussian mixture model recovery from linear measurements can be used to model
blind deconvolution problems. Additionally, the estimation of GMM from compressive
measurements can be used to perform compressive statistical learning. Consider a
database x1,...,x, € RP and represent it with its associated empirical probability
measure r = %Z?:l 0z,. Let A be a random Fourier measurement operator. For
m < mp, we obtain a compressed version y = Ax of x called a sketch of the dataset
(using random Fourier features). It was shown that the parameters of a Gaussian
mixture (GMM) can be recovered by solving the minimization (4) with the appropriate
design of A [20, 19]. Recovery guarantees have been given for the case of a fixed
known covariance PSD matrix I' while practical results including the estimation of
diagonal covariances were obtained using a heuristic based on orthogonal matching
pursuit [20]. In such greedy methods, an unconstrained gradient descent step is used to
refine the solution within the algorithm. We give the expression of an explicit basin of
attraction in the fixed covariance case, which gives an understanding of the success of
such descent algorithms and we discuss how the result can be extended to the case of
variable covariance afterwards.

e The Gaussian mixtures on R? are measured by projections on bounded functions
(Fourier measurements) «; € Cp(RP) = D. Hence D* contains the set of finite
signed measures on RP,

e The low-dimensional model is a subset of finite signed measures over RP defined
by Y = Ek767p = {Zle Qi e, th — thF > €,t; € BQ(R)}, where d/ﬁti(t) =
1
e~ allt=tillf q¢ |ul|2 = w! Tty and T is the fixed known covariance matrix.

e The parametrization function is defined for 0 = (ay,...,ax,t1,...,tx) € RF(P+1)
by ¢(0) = Zle aipu; (a = (ai,...,a,) is the vector of amplitudes, t = (t1,...,t,)
defines the means). As in the spike estimation problem, any parametrization is
equivalent up to a permutation of the positions and amplitudes.

e The minimization (8) is performed on the constrained set @ C R(F+1d,

e The Hilbert structure on D* is obtained from a kernel metric || - ||y = || - ||x
defined on the space of finite signed measures over R where the kernel is a Gaus-
sian function with covariance proportional to I" that defines the precision at which
we measure distances between elements of ¥. Assumption 2.1 essentially comes
from the fact that the directional derivatives of Gaussian measures with respect
to amplitudes and positions are finite signed measures (they are obtained by dif-
ferentiating their C>° densities).

e Adequately chosen random Fourier measurements with Gaussian frequency mea-
surements have been shown to satisfy the RIP with respect to || - ||k as long as
€ > O(y/d(1 +log(k))) and m = O(k%dpolylog(k,d)) [19].
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For GMM estimation, the parametrized minimization (8) is written

k
A (Z az’l%) -y
i=1

The derivatives of ¢ are given by du¢(a,t) = >, vipt; + a;Ow,; pt; Where u = (v, w)
(v is the direction for the derivative with respect to amplitudes and w is the direction
for the derivative with respect to positions). As iy, has a smooth density with respect
to the Lebesgue measure its directional derivative 0,,, ¢, in the distribution sense is also
a finite signed measure with density

2

min

(39)
a1,..,ap€R;t1,.. tr EBa(R); Vi, || ti—t; |l >e

2

t = —wI T (t — t;)ezlt—HillE (40)

This makes the case of Gaussian mixtures slightly easier to manage than the Dirac
recovery case as the kernel metric || - ||x is well defined on the space of finite signed
measures.

We give an explicit uniform bound of the Hessian on a neighborhood of 6* in this
case. The main missing ingredient to give the bound is the mutual coherence of the
kernel metric. It can be shown that an appropriately chosen Gaussian kernel K satisfies
the following assumption [19] (by taking a kernel with small enough variance with
respect to the separation).

Assumption 3.1. The kernel K follows this assumption if

* [lpullx =1

e There is a constant cx such that for any k positions (ti)le that verifies for i # j,
It — thF > €, we have || Zz Vi, + @i O, fit, H%{ > (1—ck) Zz [vitee, + @iOuw, pir, ”%(

In the noiseless case we get the following basin of attraction.

Theorem 3.3. Suppose the Fourier measurement operator A has RIP v on S(Zké’p).
Suppose K is a Gaussian kernel with covariance proportional to I' that follows Assump-
tion 3.1. Suppose e = 0. Let 0* = (a1,...,ap,t1,...,t;) € O be a solution of the
constrained minimization problem (39) such that 0 < |a1| < |az]... < |ag|. Let

P— <Ew/Amm(r) Jar| (1 —)(1 — cx) min(1, dgc|as |?) )
8 7 2 78CsovVT+ AT FAVIF iV Die + 2lar| Dy )
()
where Apin (L) is minimum eigenvalue of T, ¢k, di and Dy are constants depending only
on the chosen kernel K, D 4 g is an explicit constant depending on K and the acquisition
operator A and Cy g« > 0. Additionally suppose that for all i, ||t;||2 < R — 2Bamm-
Then Aggyyy =10 : 10 — 0|2 < Bama} is a g-basin of attraction of 6*.

Proof. See Section 6.7. O
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With Theorem 3.3, we are able to control the non-negativity of the Hessian over an
explicit neighborhood of §*. Note that the assumption on the norm of the ¢; is technical
to guarantee the stability of iterates. It is not a very strong assumption in practice as
Baarm is generally small with respect to R. Also, it could be dropped with a dedicated
convergence proof. The constants involved in the expression lead to a size of the basin
of attraction having the same behavior with respect to parameters of the problem: it
increases with respect to the number of measurements (RIP constant) and it decreases
with respect to the minimum weight in xg. A dependency on the minimum amplitude
in #* is also observed similarly to the case of Dirac estimation.

Open questions for the extension to unknown variable covariances with low rank con-
straint. In practice, the covariance matrices of Gaussian mixtures are also estimated.
Often, a low rank approximation is made (flat-tail) to reduce the number of estimated
parameters. For example, a low-dimensional model can be defined as follows. We define
the parameters as 0 = (a1,...,ak, t1,...,tk, Z1,...,Z)) where the Z; are d X r matrices
used to model covariances I'; = ZiZZ-T + pl. In this case, the model is

k
Ek757r707p = {Zaiﬂti,l“i a; € R, th — thQ > E,ti S BQ(R),[) < )\j(Fi) < P, ( )
i=1 42

rank(I'; — pI) < 7‘}

where p; 1, is the Gaussian measure of mean ¢; and covariance I';. Recovery guarantees
of the ideal decoder have not yet been given in this more general case (and it is out of
the scope of this article). To do so, one would need to show the existence of a linear
measurement operator with a RIP on S(Xj . p)-

For off-the-grid sparse recovery, a block coordinate descent with respect to ampli-
tudes and positions is easier to implement in practice. To consider the case of variable
covariances, we suggest to follow this guideline and to perform a block coordinate de-
scent step with respect to each covariance matrix. With block coordinate descent, we
would just need to make sure the Hessian with respect to the coordinates of Z; is positive
over a neighborhood of 6* [2] to calculate explicitly a basin of attraction.

The directional derivative of ajj, 5. 7T +pr 10 the direction (v,w, W) has density
(proof in Section 6.7.1):

~Yle—tall2

- 1 - -
Z(’Ui - CLZ"UJTF~ 1(t - ti) + aii(t - ti)TFi 1(Z¢WiT + WZZZT)FZ 1(t - ti))e :

iZ;:T—Q—pI
7
i

(43)

Finding a lower bound of the kernel norm of this directional derivative is quite
technical. We observe that we would need to handle the indeterminacy of the low
rank parametrization as in Section 3.1. We propose the following lemma as a first step
towards building a theorem for an explicit basin of attraction in the variable flat tail

covariance case. The proof of this lemma shows the technicalities involved to deal with
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the full variable covariance case. With this lemma it is possible to show that the Hessian
blocks corresponding to the covariances in the full rank diagonal case are positive over
a neighborhood of the global minimum (in other words, 32 from Corollary 2.1 is strictly
positive) as long as the precision of the kernel is good enough. We leave the full study
of non-convex methods for the variable covariance case with low rank approximation
including establishing RIP recovery guarantees for future work.

Lemma 3.1. Let K be a Gaussian kernel with covariance %I. Suppose I' € RP*P s
a diagonal definite positive matriz. Let Owpr the directional derivative of pyr with
respect to I' in (diagonal) direction W such that |W||p = 1. There exists L > 0 such
that if X > L, it then holds:

10w pe,rlli > Dar (44)

where Dy > 0 is a constant that only depends on A\ and I'.

Proof. See Section 6.7.1. O

4. From ideal to practical backprojection initialization: the challenge of non-
convex low-dimensional recovery?

A common approach for the initialization of non-convex low-dimensional recovery
is the initialization by backprojection techniques. Such initialization is outdated for
low-rank matrix recovery as global convergence of descent algorithms has been proven.
However, it is still necessary for other models such as sparse spikes, Gaussian mixtures
and phase recovery (which is not developed in this article). Finding a practical initial-
ization technique is essentially a case by case heuristic design problem. We investigate
the usual backprojection method in the noiseless case y = Axg.

In finite dimension, backprojection techniques rely on the fact that A having the
RIP implies ||(A7A — I3 < v (where A is the adjoint of A). In our general
framework, the adjoint of A does not back-project in D*, but in D. We formalize such
backprojection within our framework.

Definition 4.1 (Ideal backprojection). Given measurements y = Axg € C™, we define
the ideal backprojection z € D with

m
z = Zylal. (45)
=1

We immediately have the following Lemma (which is a direct consequence of the
RIP):

Lemma 4.1. Suppose A has the RIP with constant y. Let z € D the ideal backprojection
for measurements y = Axg. Then

(1= lzollz < (wo,2) < (1+7)llwoll3- (46)
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Proof of Lemma 4.1.

(w0, 2) = (w0, Z yiou)

N
Il
—_

NE

- <l‘07 <I’0,0él>0[l>
= (47)
= Z <$0,0él><$0,0[l>
=1
= wo,ar)* = || Azo|3.
=1
Hence, with the RIP,
(1 =Nllzoll3; < (o, 2) < (1+7)llzoll3- (48)
O

Lemma 4.1 shows that the ideal backprojection preserves the energy in xg (up to a
RIP constant). Hence when the number of measurement increases, it can get arbitrarily
close to the global optimum (looking through the duality product). The main challenge
is to extract initial parameters 0;,;; from z.

In phase retrieval [31], spectral initialization techniques consist in taking a lead-
ing eigenvectors of a matrix constructed as linear combination of backprojections of
individual measurements.

In the case of spike super-resolution a heuristic based on a sampling on a grid of
the ideal backprojection followed by dimension reduction was proposed to initialize a
descent algorithm to perform spike recovery for Diracs supported on a low-dimensional
domain R? (e.g. p = 2 and possibly 3,4) [25]. Qualitative evidence that a grid step
size €, small enough permits the initialization in the basin of attraction are the only
recovery results for sparse spike recovery with descent methods in the parameter space.
Grid based initialization techniques also requires one algorithmic step (the backprojec-
tion) whose computational complexity e;d might be a drawback for high dimensional d
(curse of dimension). A practical alternative are greedy heuristics to initialize descent
algorithms by greedily adding spikes one by one (general theoretical recovery guarantees
for such method are still being investigated besides specific examples [17]).

For Gaussian mixture estimation, it is possible to imagine a grid based heuristic
to estimate the means followed by clustering (to backproject onto the separation con-
straint). However, it is an open question to determine if the curse of dimension can be
avoided in the initialization in order to outperform greedy methods [20].
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5. Conclusion

We have described a generic framework to perform low-dimensional recovery from
linear measurements using non-convex optimization. We showed how recent examples
of the literature can be studied within this framework and we gave new results for the
case of Gaussian mixture modeling.

The following open questions emerge from this work:

RIP based guarantees, while useful qualitative tools, are often too strong to give
useful quantitative guarantees. Can our framework be extended to a non-uniform
recovery case to obtain more precise estimates?

Is it possible in general to initialize within the basin of attraction, avoiding the
curse of dimension (for parametrized infinite dimensional problems), and providing
a full quantitative proof of convergence in the case of super-resolution and GMM
estimation?

6. Annex

6.1. Summary of notations

Spaces and sets:

D: Banach space of functions used to measure the unknown xzg.

D*: ambient space where the objects of interest (e.g. the unknown z() belong,
dual space of D.

>: low dimensional model set, i.e. a union of subspaces ¥ C D*.
S(X): secant set of ¥ (differences of elements of ).
O: set parametrizing 3, subset of R%.

‘H: Hilbert space containing the low dimensional model. The reconstruction error
is measured using the associated Hilbert norm.

C™: complex finite dimensional vector space containing the m finite measure-
ments.

Ag: basin of attraction for the appropriate 3 (given by our theorems).

Norms, functions and operators

(,-): depending on context: duality product between D and D*, conventional
scalar Hermitian product in finite dimension.

|| - [[7: norm associated with H.

|| - ||2: usual %-norm.
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e d(-,0): distance to the set of equivalent parametrizations of 6.

e p(-,0): projection on the set of equivalent parametrizations of 6.

e ¢: parametrization function (¢(©) = ).

e «;: measurement functions in D for 1 <1 < m.

e A : linear measurement operator ( D* — C™) defined by Az = ((z, a1))1<i<m.

e g: parametrized functional we want to minimize, g(8) = || A¢(6) — y||3.

6.2. Weak-* topology and continuity

Proposition 6.1 (Neighborhood). For all xy € D*, a basis of neighborhoods of xo for
the weak-* topology is formed with the sets

V. (xg) =={zeD*:Vi=1,...,n,[{x —x0,q;)| <€} (49)

s(@i)i<i<n
for all e > 0 and all o; € D* and n € N.
Continuity is defined as follows.

Definition 6.1 (Weak* continuity). Let A : D* — Re. A is weak-* continuous at xq if
for any € > 0, there is a neighborhood for the weak-* topology of xo such that

z € V(rg) = [If(z) - fwo)lla <e (50)

6.3. Proofs for Section 2.2

Proof of Proposition 2.1. Let z € C™, and let 2z be the Hermitian conjugate of z.
Remark that § — A¢(f) is a Gateaux differentiable function RY — C™. We have

= 2Re (‘W)H A(0) — 2Re<a[“g?i(9), y) (51)
= 2R L0 g0 ),
By linearity and continuity of A : 2440 — 420(0) ;g
agé?) = 2Re<A8§éf) L A(0) — y). (52)

O]

Proof of Proposition 2.2. Use Proposition 2.1 with the properties of the Hermitian prod-
uct. O
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6.4. Proof for Section 2.3
Proof of Lemma 2.1. Let v = 0,¢(0) € S(X). Using the fact that © is an open set, let

= W € §(X) with |hy| — 0 be a sequence of real numbers. Thanks to

Assumption 2.1, ||t ||y converges to ||0,¢(6)|%. Moreover, by definition v,, = 9,¢(6) €
S(X), and by continuity of A, we have that Av, — Av w.a.t to || - |J2. Using the
hypothesis,

(1 =) vl < Al < (147) Il - (53)
Taking both inequalities to the limit yields the result. O

6.5. Proofs for Section 2.5

Proof of Lemma 2.2. We write H = F' + G as in Proposition 2.2.
Let u € R%, with the linearity of A and the linearity of the Gateaux differential, we
have ), uiag(ge) = 0y¢(0) and

9¢(0) , 09(0)
T _ _
u Gu = ;j wuiGij = g . uju;2Re(A 20, ,A 2, )

= 2Re AZ AZ Uj—
=2 AZuzagée)

=2|A9,6(9)|3.

2

By definition of the generalized secant, we have 9,¢(f) € S(X). Using the RIP of A
with Lemma 2.1, we get

2(1 = NN0ug(0) I3, < u” Gu < 2(1+7)/|10up(0) 13- (55)
Moreover, with the Cauchy-Schwarz and triangle inequalities,

|u” Fu| = [2(A936(6), A¢(6) — y)|

. . (56)
< 2] A836(6) [l2(1| A6 (8) — Ag(67) |2 + [[A$(67) — y]l2)-
By definition of 0%, ||A¢(0*) — yll2 < ||Azo — y||2 = ||e]|]2. With the RIP,
[u” Ful < 2[|AG56(0)ll2(v/1 +116(0) — ¢(67)ll3¢ + llell2)- (57)

Combining (55) and (57) gives the lower bound. Combining the last equality of (54)

and (57) gives the upper bound.
O
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Proof of Theorem 2.1. We start the proof by showing that given 6 € Ag, there exists a
global minimizer § € © such that g is convex on the segment [5, 0]. We then show the
Lipschitz property of the gradient. These two facts lead to the proof of the stability of
iterates in Ag and permit to show the convergence of the fixed step gradient descent.

Convexity property. Let § € Ag and 0 € p(0,0%) (see Equation (19)) so that u :=
0 — 0 satisfies ||uls < 8. By hypothesis, we can assume that 0 satisfies (26). Let
also t € [0,1]. We have ||0 + tu — f|la = (1 —t)]|0 — 6|2 < B. This implies 6 4 tu € Ag
and ¢(0 + tu) C X. Denoting by Hyis, the Hessian of g at € + tu, Lemma 2.2 and
Hypothesis 2 imply that

ul Hopuu > 2(1 = )[|0u(0 + tw)[|F, — 21 A056(0 + tu) 2 (v/T +1[[6(8 + tu) — ¢(67) |3 + lle]l2)
> 2(1 =) 0ud (8 + tu) |3 — 2| A056(8 + tw)|2(v/1 +7Cop-d(6 + tu, %) + le]|2)
> 2(1 =) 0ug(8 + tu)3; — 2] A056(8 + tu) |2(v/1 +7Co,p- 10 + tu — G| + le]|2)
> 2(1 = 7)[0ud (8 + tu)3; — 2/ 4078 + tu) |2(v/1 +7Cp,0 8 + lle]|2)-

(58)

Therefore, using Hypothesis (26), we get that u?l Hyypuu > 0 for all t € [0,1], which
guarantees the convexity of g on [, 0]. Since g is Gateaux differentiable, the properties
of one-dimensional convex functions give

9(0) —g(0) = (Vg(0),0 —0). (59)

While g might not be convex in Ag due to indeterminacies, this generalized convexity
inequality is enough to prove the convergence of the gradient descent, if we have the
required Lipschitz nature of the gradient of g, which we address now.

Lipschitz gradient property. Let u be a vector such that [[ull2 = 1. Let 6 € Ayg and
0 € p(0,0%) such that ||0 — 0| < 20.
With Lemma 2.2 and Hypothesis 4, we get the upper control

u' Hou < 2||A0u6 ()13 + 2/ A056(0) 2(v/1 +~Cis.0-28 + [lell2).

(60)
< 2[[40up(0) 13 + 2M2(/1 + 7C,0+28 + |lel|2)-
Using again Hypothesis 4 and using Hypothesis 3 give
140,(0) — Adu(9)l2 < M2 — ]2
148,6(8)l|2 < | A0u(B) |2 + M2]|0 — ]| (61)

< || Au¢(0)[|2 + M228
< My + 2Msp.
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We conclude that

ul Hou < 2 (M + 2M3B8)? + 2Mo(\/1 +7Cs.6-28 + |le]|2) (62)
and finally
L:= sup sup ul Hou < +oo. (63)

0€Aap ui||ul2=1

Hence the gradient of g is L-Lipschitz on Agg.

Stability of iterates. Let (6,),>0 be the sequence of iterates of the gradient descent
with fixed step 7 and 6y € Ag. Since Vg is L-Lipschitz on Ag and ||Vg(0)||2 < oo (using

the fact that (agig”\ < 2| A% 5lella < 2Mile]l2), we have sup,, [[Vg(8)]2 < co. We
can thus set the descent step

2 B
T < min , . 64
<1+L supa, HVg(G)Hz> (4

For each n, we introduce 6,, € p(6,,0*) which satisfies (26) in order to have the convexity
property shown above. Suppose 6,, € Ag. We then have

d(0n+1,6") < [16n+1—Onll2 < 160 —Bnll2+ 7V g ()2 < ft7sup IVg(@)ll2 < 26. (65)
B

This proves that 6,41 € Asg and, using Hypothesis 1, that ¢(0,+1) € X. These last
inequalities also give [0, 0n+1] C Agp (by replacing 7 by 7’ such that 0 < 7/ < 7).
As shown in the first part of the proof, g is convex on [0, 6,], and thus

9(Ons1) — 9(02) = g(Onr1) — 9(0n) + 9(6n) — 9(0)
(Ont1) = 9(6n) + (Vg(0r), 0 — 6n)

I (66)
g

IN

Since g is twice Gateaux differentiable with L-Lipschitz gradient on Agg, we can use
the second-order Taylor inequality on the segment [0, 0,41] C Agg, which gives

L 2L
011) ~9(60) < ~7(Ta(6,). V9(6.)) + 5 1rVa(6.) 1 = (557 = ) IVat6,)B- (07
Since ¢(fpy1) € ¥ and 6, is a global minimizer, we get
- 2 5 -
(Vg(0n), 0 = On) = (7 = —=)IVg (B2 2 9(Bn+1) = 9(0n) 2 0. (68)

Now,

d(On+1,6")* < [16n41 = Oal3 = 160 — 6ull3 — 280 — 6n, 7V9(80)) + 72V g(8n) 13- (69)
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Plugging the previous inequality gives

16n+1 = Onl3 < 1100 = a3 — (27 = T2L)[V9(00) 13 + 721V 9(0) 13

. (70)
= (16 — 5 — ol Va(0) I3

where ¢g = 7(2 — (1 + L)7) > 0. In particular d(6p+1,6%) < d(0y,60%) and 0,41 € Ag.
By induction, we get that the iterates stay in Ag because tp € Ag.

Convergence of g(6,). We use the same notation 0,0, as in the last paragraph.
Using again (67), we get

9(9n+1) - 9(0*) = g(en) - 9(0*) + g(9n+1) - g(an)

2 (71)
< 9(6n) — 9(6) ~ (7~ “T) V(6 3

Remark that 7 — LTTZ =24 %2 > (0 Using the convexity on [0y, 0,] and the Cauchy-
Schwarz inequality, we get

9(0) —g(0%) = g(0) — g(én) <(Vg(n),0n — én)
< [V (6n)l2[16n — Bnll2 (72)
< IVg(0n)|28.

We get

72 ) — *))2
9Oni1) — g(07) < g(0) — g(6%) — (7 — L2 ) (9(0n) 529(9 ) .

= g(gn) - 9(9*) - Cl(g(en) - g(e*))2

d
;:1 <1-cd,
1 1 dn
— < —c 74
dy = dpg1 dnta (74)
< dn < 1 1
c1<c - —
t= ldn—H o dn+1 dn
We sum this inequality for 0,...,n — 1 and get
< 1 1 < 1
ne — - — < —
"Sd,  do T dy (75)
1
dp < —.
cin



O

Proof of Corollary 2.1. Let B = min(B1, 2), as Aag C Agg,, Hypotheses 1 to 4 required
for Theorem 2.1 are verified.

Let 0 € Ag C Ag, and let us consider the unique 6 c p(0,60%). Using the last
hypothesis, we have for all z € [6, 4] that

1 (1 =N95_g0()5 1

- ello > > 3. 76
Coe VITANAG 9(lls  Cpor/T i 122 220 (76)
which implies the last hypothesis of Theorem 2.1
(1= NN5_go(2)13, 1
> Cy o+ + ———]l€]|2- 7
TG o), = oo P+ g el (77)
O

Proof of Corollary 2.2. Consider zy € X, and (0,),>0 a sequence of iterates of the
gradient descent converging to #* under the hypotheses of Theorem 2.1. Using the RIP,
we have

V1 =Al6(0n) = zoll2 < [[Ad(0n) — Azoll2 < [[Ad(n) — yll2 + (€]l (78)

Using the rate of convergence of g(6,,) (inequality (75)), we have
. 1
140(6.) ~ v1B < 140(6") -l + 0 1) (79)

This gives, using the inequality (a + b)? < 2(a® + b?),

16(6,) — 7ol < 1_17<\/ I406°) ~ 15+ 0 (5 ) + lell?

IN

(a0 -yl +0 () + elB) (50)

2 1 4llell3 1
(e -yl +0 (3 ) el = 12 40 (1),

11— 0% n

IN

6.6. Proofs for Section 3.1
The expression of the directional derivative is deduced from the fact that
05,227 = (05, 2) 27 + 2(0;2)T = (0;;2) 2" + ((0:;2) 27T 1)
= EijZT + ZEjz
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where {E;; : 1 <1i <p,1 <j <r} is the canonical basis of RP*". Furthermore

0ij0u 22" = UE] + E;U". (82)
Lemma 6.1. Let U € RP*" and M € R™". Suppose M PSD, then

tr(UMUT) 2 amin(M)||U]| - (83)
Proof. Let U; be the rows of U. We have

(UMUT),; = Z U (MUT),;

I=1,r

= Z Ui,l Z Ml,sUi,s
I=1,r s=1,r

=) UM Uis (34)
I=1,r s=1,r

= U;MU]

> Opmin (MU UL
= Omin(M)||Ui|3

Summing over ¢ yields the result.
O

Proof of Theorem 3.1. For a rank r matrix M, we consider oz (M) = o1(M) > ... >
or(M) = opmin(M) the singular values of M in decreasing order. We will use the
following inequalities in this proof.

L Umam(M) < ”MHF
o |AB||F < Omaz(A)|B|lr

We verify the hypotheses of Corollary 2.1.
Hypothesis 2: First, remark that for any Z € RP*", we have ¢(Z) € X, (Hypothesis 2
of Corollary 2.1 is verified for any ).
Hypothesis 1: Let Z € Ag, ,. Consider Hy the solution of the orthogonal Procrustes
problem mingcoy [|[ZoH — Z||p. We have Hy = QRT where ZI'Z = QART is the

singular value decomposmon of Z1'Z (see e.g. [29, Proof of Lemma 5.7]). It gives
ZTZyHy = RAQTQRT = RART = RQTQARY = HI Zl'Z (85)

We have p(Z, Zy) = {ZoHo}. With Z = ZyHy, we have Z7Z = Z"Z and Z7Z PSD.
Notice that for U = Z — Z, we also have ZTU = UTZ and ZTU = UTZ. Note also
that for 1 <i < r, 04(Z) = 0:(Zo).

Hypothesis 3: We calculate a constant Cy 7z, (Hypothesis 3 of Corollary 2.1). Using
the triangle inequality, Z € Ag, . and 0y,0:(Z — Z) < |Z — Z||F, we have 0pmar(Z) <
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Umam(Z) + 5LR < 20mam(ZO) and

122" — 2025 \|p = 122" — ZZ" ||
=12z - 2)" +(Z - 2)Z"|r
<12(Z=2)"r+11(Z - 2)Z" ¥ (86)
< (0maw(Z) + Omac(D))(Z = 2) | r
< 30maa(20)1Z — Z| -

Hence we can set Cy 7z, = 30maz(20).
Hypothesis 4 and 5: They come from the fact that ¢ is infinitely differentiable on a
bounded domain.
Hypothesis 6: First note that, as Z € Ag, ., we have ||Z — Z||r < Brr < U’"""T(ZO).
Hence, using Weyl’s perturbation inequality, 0,(Z) > 0,(Z) — 01(Z — Z) > 0,(Zy) —
|Z - Z||F > 0,(Zo) — % > 0 and the rank of Z is r.

As 8[2]¢(Z) is an element of X, with the RIP on Yo,

|05 6(Z)|2 = 2| AUUT |2 < 2¢/1T+4|IUUT | 1 (87)
. Noud(Z+t)|% _ U(Z+tU)T+(Z+tU)UT||2 5 .
Now, we bound the ratio \\285¢>(Z)H2 = 0T E for U = Z — Z with
0<t<1.
We have

dud(Z +tU) =U(Z +tU)" +(Z +tU)U”

38
=vuz" + zUuT +2euUT (88)

For any Mj, My € RP*" with M; # 0, we have that |[tM; + Mg”% is minimized for
£ = — LA and [[¢* My + Mo} = |]M2||%—7<AﬁMﬁi£%. Hence if * > 1, ||tM; + Mo %
is minimized over [0,1] at t = 1, at t = 0 if ¢* < 0 and ¢ = ¢* otherwise. Applying this
to the case My = 2UUT and My, =UZT + ZUT

Case 1: t* > 1.

i \U(Z+t0)" + (Z +t0)U" |5 = |UZ" + ZUT )% (89)

Case 2: t* <0.

Juin [U(Z + tO)" +(Z +t) UM B = UZ" + 207 || (90)

We consider Case 1 and 2 together. Let Z = Z or Z = Z. We have
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\wz" + ZUT5 _ |UZT N5 + 1 2UT ) +2(UZT, ZUT ) e

200" 2|lUUT | p
7777 (|2 7T 17T 777T (91)
_ 2 ZUT |+ 2027, UTZUT)
2(|UUT| P
Using the fact that UTZ = ZTU,
[UZ7 + ZUT|3 _ | ZU7 |3+ (27, 270U
2(|UUT | F IUUT ||k
7777 (|2 77T T (92)
| ZUT | 4 (227,00
IUUT ||

Let A1, As be two positive symmetric matrices (e.g ZZT and UUT), then (Ay, As)r > 0.
1
Indeed, let A3 be a positive symmetric square root of A;. Remark that the matrix

1 1 1 1
A2 AT A2 = A2 AT (AZ)T is positive symmetric. Hence its trace is positive and we have

11 1 1
(A1, Ag)p = tr(AT Ap) = tr(AT A3 A2) = tr(A3 AT A3) > 0. (93)
We deduce
|ZzuT +UZT|% < |1ZUT)%  w(UZTZUT) (94)
20U lF  ~ IUUT|R Iwurie
But ZTZ is a full rank PSD matrix, hence, with Lemma 6.1,
tr(UZT ZUT) > 01in(ZT Z)tr(UUT) > (0min(Z) — Brr)*tr(UUT). (95)
Let \;(UUT) denote the eigenvalues of UUT, then
[0u(Z +tU) % _ |1 ZU7 + UZT |3
1036(Z +tU)|r —  2(UUT ||k
(UUt
> (szn(ZO) - /BLR)2 Zz ( T) 5
2. (A (UUT)) (96)

> (O'm'm(ZO) - /BLR)2
2
> (;Umm(ZO)> .

Case 3: 0 < t* < 1.
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Using the definition of t*, we have

0< _{My, Mo)p <1
[ M1 ])3
o< (ot vz + zuT — 20U -
2|UUT|[3 ’
0<— (WUT,UZ" + 2UT)r +1<1 (97)
2|UUT|[3 ’
- (out,uz" + ZU")p ~0
2|UUT % ’
0< (WUt uz" + ZUT\p < 2|UUT 2.
We calculate
My, My)p|? (Ut , Uzt + ZUT)p|?
MQ—K ) :UZT+ZUT2—
A T Ir U
(UUT,UZT + ZzUT —2uUT) g |?

= \Uz" + zuT —20U" % -

= |UZT + ZUT )2 —awUuT,uz" + ZUT)p + 4|UUT 2%
~ ~ 2
(ot vz + zuTyp — 20U, UUT) g
ITUT|3
= Uzt + zUuT )% —auUT,uzT + ZUT) g + 4|UUT||Z

T yzT o U7y |2 5 5
KU, UZ" + 2U7)F| —4|\UUT % +auUT, UZ" + ZUT)

IUUT|3
. - - Ut uZ" + ZUT) g |?
=21Uz" % +2(zZz7, UuUT _ K ’ .
H HF+ < ) >F HUUTH%
(98)
Using the last inequality of (97), we have
My, My)p|? . -
Il - L > 22T 4 24227, UV - AU ()
2

Using Equation (96) and the fact that |[UUT||p = />, 0:(UT)E < 3. 0:(UT)? =
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|UT||% < B2, we conclude

|0vé(Z + )3 _ NUZT |} + (227, UUT)p — 2| UUT |3
1086(Z +tU)]r = louT|e

7 2
> (80mm(Z0)> e

(100)
7 2
> (SUmm(Zo)) — 267 R
49 2 o 4T 9
U -
= (64 64)(Umm(ZO)) 64((7mm(ZO)) >0
This gives, for 82 from Corollary 2.1,
T AR | o o1 )
B2 = inf  inf 5
Coza Zehs, veiz.s) \VITANADL_o(¥ )]s
o 47 (1= ) (omin(Z0))” (101)

= 64 30mac(Z0)(1+7)
1 (1 =) (omin(Z0))*
> 8 0k VomalZe) Brr > 0,

which implies Ag, . C Ayin(s,,8,)- Using Corollary 2.1 yields the final result: Ag, . is a
g-basin of attraction of 6*.

O]

6.7. Proofs for the GMM example

We start by giving two lemma that bound derivatives of ¢.

Lemma 6.2. Suppose K (t) x e~ 3N IR, Then there is a strictly positive constant dx

such that ||Oypl|% > dic||w||3 where Oy, is the derivative of g, with respect to t in
the direction w.

Proof. Using Equation (40),

1uw 105 0</ / e 2N t=slb gy TP 1 gy TD L~z ls—tollE =3It —tolF gt 45 (102)
Rr JRP
Using the change of variables t — tg — ¢t and s — tg — s, we get

||8wuto!§<o</ / e~ 2N t=slE ) TP =1 gy TT g2 llslIE =2 IEIIF g 45 (103)
RP JRP
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Rewrite

N ls = tlfE + lIslF = (1 4+ MA)slf — 22%(s, ) + A? ]|

22 A2
= (142 (||s||%—2 <s,t>+lltll%>

14+ A2 14 22
2 2 2 2
A A (104)
= (1+ A2 -t 1—— )= t)?
(1+ )<S 1+ A2 F+( T2 Tl HF)
) 2 2
=(1+\ - ¢ — _|ItlI3.
1+ s = ||+ Tl

This leads to

1 2 A2 2 1 2 A2 2
ot [ [ wtm ottt b B g
RP JRP

1 A2 2 114232 02 (105)
:/ / WTT—Lsu T Lo 3+ ls— 202~ 3 L2202 o o
RP JRP
Let h(s) = ¢ Pl
TP~ 314X 5= 20t TPl A2
/wF se 2 1422 FdSZ/wF (8 — 73z t)h(s)ds
s s 14+ A
N
+ vkl r t/sh(s) ds (106)
A r
= [ Owh(s)d 'r=tc | ——
/Sw(s) s+1+)\2w (1+)\2>
where C <1+%> is the normalization constant of the Gaussian of covariance H% By
linearity
/ Duwh(s)ds = (w, / Vh(s)d,) = 0. (107)
S S

We make the change of variable v = T~/2¢

A2 114222

T _ _ ul|2
o e o 1 55€ (13 ) s ) [ e b2 SR . qaos)

With the linearity of the integral, the change of variable v — 11:2’\;2u and the fact
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that fR 22637 Ay = V2,

A2 T 114222y
utten I o | det (T 1/2>\1+A20<1+A2>Z/\u2 V2P o M gy

114222
3 / wy (T 2w) e T 1M gy
i#j

A2 r 12"
— —1/2 LA
| det(I' )|1+/\2C<1+>\2> < 1+2/\2>

A2 T 1+ X2
— 1'\—1/2
| det( >‘1+2A2C<1+A2>< 1+ 2\

_ A2 r 1+ A2 _
= |det(T 1/2)|1+2A20< > ( ) Var' || w3

\/—pz‘ 1/2

14+ A2

A2 r 14 A2
—1/2
> | det(T /)|1+2A20(1+A2>< e \/ 27" Apin (T) [ w]|3-

(109)

P
This gives the result with dg o< | det(F_1/2)| 1+2/\2 C <1+)\2) (\/ ff;%) 27rp)\min(F) > 0.
OJ

Lemma 6.3. Suppose K(t) o e 2N ItE,

constants Dg depending on K such that

Then there is an explicit strictly positive

10w, 7 < Dicllw]f3 (110)

and there is an explicit strictly positive constants D;L x depending on A and K such
that

1A% 4|2 < Dly s (w3 + [[w]]2) (111)

where 02 1, is the second derivative of pu, with respect to t in the direction w and

Dy = / K(t — 8)||T " s||o| T2t ||pe 2517 e~ 211 qr ds
€RP ERP

(112)
1 11402
Dy = sup |y (¢ 2max< Cc((r ,/ 't Qezt”r).
AK Z ‘ | Amln(r) ( ) - || H

tERP
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Proof. For the first bound, we have
Oty 13, = / K(t— s)leﬂflszF*Ite*%”5”%6*%Ht||% dtds
€RP JtecRP

< HwH%/ K(t — s)|T sl Tt [lae 1IR3 100E a5 (113)
cRP JteRP

= Dicl|wll3

where Dy := [\ o [icpe K(t — s)HI’_ISHQHI’_ltHze’%||s||12“e’%Ht||% dtds.
For the second bound, we have (with C (") the normalization constant of Gaussian
of covariance I'),

m

[EEATHEEDY

=1

/ c(t) dO2 gy (1)

2
(—w T 'w + w1t — to))e_%”t_t()”% dt)

(114)

This gives

1402, iz < | sup [au(t)? (c 0 ol + [

wl Tt — tg)e2llt=—tollt dt()

l:lteRp tcRP
_ _1 2
< Zsupiaz OF (OO ol + e [ 1T tae 219 at)
tGRP tcRP

1 101,012
- sup [og(1)[2 i e / -1y e2t”th>
< Z p |y (1) ( 0) 5yl el [ el

tGRT’

< Dy (|lwlf3 + [[w]l2)
(115)

- EEETHIE
where Dy 1o := /3 [ supegn | (t)[? max (Am;(r)C (1), frere 1T Mt]l2e 2Ht”r). O

Proof of Theorem 3.3. We prove this theorem by verifying the hypotheses of Corol-

lary 2.1. We take 81 = Boym < 7%”(“ and ¥ = Ek,g- We recall that we write

0F = (a1, ..., g, b1, ooy tr).
Hypothesis 2: Let § = (b1, ..., by, 51, ..., 55) € Agp,. Similarly to [24], ||s; — sj||r =

llsi —ti +ti —t; +t; —s;lle > [t: — t5llr — |t — sillr — |It5 — sjllr > € - m(ﬂti -
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sill2 + [[t; — sjl|2) > € — 2¢/4 > €/2. Moreover, using the hypothesis on the #;, ||s;||2 <
[till2 + 2B8cmm < R and ¢(0) € By <.

Hypothesis 1: The RIP and the properties of K guarantee the unicity of ¢(6*) as
a minimizer of (4). Now for § € Ayg,, the set p(#,0*) is included in the set of all
the possible orderings of amplitudes and positions. The fact that || - ||x increases with
respect to the distance between positions and that ||¢; — s;[|r < § imply p(6,0*) = {6*}.
Hypothesis 3: This hypothesis comes from the following. For > . a;us, — >, bipts;, €

D)
Z ajfby; — Z bifis,
; i

<Y llaip; = bigs, |l - (116)
K %

Moreover,

laspe, = bigus, i = (ai = b)* + 2a3bi (1 (pe,, s, ) 1c). (117)
It was shown in [19] that for a well designed Gaussian kernel, there is an explicit constant
Cx such that 1 — (i, s, ) v < Ckcl|ti — 5413 for ||t; — s;]|% < €/4. Hence for 0 € Agg,,
using the fact that |b;| < |a;| + 261 < 2]a;|, we have

16(0) — d(0)1% <> _(ai — b:)* + 4la;*Cxc ||t — sil3
i (118)

< max(1,4Cka})||0 — 6*||3

Hence we can set Cy g« = max(1,4Cka?).
Hypothesis 4 and 5: These hypotheses come from the fact that g is infinitely differ-
entiable on the bounded domain Agg, .
Hypothesis 6: Let 6 € Ag,,,,, such that ¢(0) = S°F_| bius, and u = (v, w) € R? such
that ||u|l2 = 1. We have, using the kernel assumption,

10u0(O)F = (1= cx) D llvises, + bilu, s, I
: 2 2 2 2 (119)
= (1—cx) ) (J0il*lpsi Ve + [0il* 10w, pos; e + 26103 (pis,, Ou s )

(2

We calculate the cross-product
(s Ougfis ) ¢ = —Q/RP | K(ts)yulT e~ sije2lemsillbemzlt=silt ads.  (120)
The kernel K is written K (¢, s) e=Nllt=sllt . With the translational invariance,

1321442 _ _l)lg—a 12 —Lli4_q.|I2
(s Ou 15, ¢ X / / e BVIsIR D1 (1 — ;) Hllo—sillh = 3lt—sill: gp
RP JRP

(121)
:/ / e~ 30—l Ty lslE o~ 112 g s
RPr JRP
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Using identity (104) gives

2
/ =3\ t=slf o= 3lIslE g — C< r )e—éliﬂ el (122)

1+ A2

1.2 2
where C(X) := 5, e~ allslk gs. Using the fact that ¢t — h(t) = wTT-1te=3lIE 2 T Il
is an odd function of ¢, the integral with respect to t is zero and

</J'S7;7 awi/isi>K =0. (123)

Hence, using the assumption that ||us,||% = 1 and ||(v, w)||2 = 1,
10up(O)F = (1 = cx) <Z [0l [l s, |17 + |bz‘\2\|3wms@-!§<>
i

> (1- ex) (Z o2 + bz-|2dmwz-||%) (124

i

> (1 = cg) min(1, dg min(|b;|?)).

where dg such that ||dyuol/% > di||w|)3 is given by Lemma 6.2.
We now bound

1455000 = | 3= A5 (125)
We have
agbz#s, = 0Oy (vi#si + bzaw“usl) = ’Uiawi,usi + bzagul,usl + Uiawi#si (126)
= 2“@'81112‘“51' + bzazzyzﬂs,
Hence
1ADZH(0)lae = 1D 240100, prs; + biDi s |12
<2V Y it llr + 1) biADS s, l2 (127)

<2y VT wita ck\/z V2Bt |2 + k] S 1 AD2, 1o, 2
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With Lemma 6.3, we have
14026(0) [l < 2¢/T+ VT + v/ Dicllolla + [0k Dly i Y (will3 + [[will2)

1
128
< 2y/T+ I+ aov/Drllvlla + el Dy (]l + [lwll2) (128)
< 24/1+ ’y\/l + Cckp\/ DK =+ 2|bk|D14,K

Using the fact that oy < l%‘, we have |b;| > |a;| — Bamar > |a1| — Bavm > laTll
and |bg| < 2|ag|. This gives, for B2 from Corollary 2.1,

T (1= )10s-—08(2) 13,
= inf inf
B2 Cy 0+ 0€As, 2€[0,0%] <\/1 + 7||A6§*79¢(z)||2
. 2
Cg.0+ 0hs, wllull2=1 \ /T + 7[[A020(8)||2

(1 —4)(1 — cx) min(1, dg|a1|?)

= >0
8Cs,0:vVI+ (VI + VI + eV Di + 2lar| D’y )

and Beyam < B2 which implies A,y C Aming,,8,)- Finally Agg,,,, is a g-basin of
attraction of 6*.
O

6.7.1. Proofs for GMM with variable covariances
We write Z; ;. ; the coordinate k, [ of matrix Z;. We have that aZi,k,uuti,Fi has density

2
|t_tiHFi .

1 _1
= 50zl = il yr e (130)

We also have, using the inverse matrix differentiation formula 9(A~!) = —A~19(A)A~!

8Zi,k,l Ht - ti”?ZiZiTerI) = _(t - ti)T(ZiZiT + pI)_lazi,k,l(ZiZiT)(ZiZiT + pI)_l(t - ti)'
(131)

Using the fact that 8W(ZZ-ZZ-T ) = WZZ»T +Z;WT, we get the expression of the directional
derivative Ow pu, 1, -

Proof of Lemma 3.1. We write (X;)?_; the diagonal terms of a matrix X € RP*P. With
the translational invariance of K we have ||Ow e r||% = [|0wporll%
The partial derivative in direction W of ugr has density

h(s) = %STF_1WF_1S€_%”S”%

= %STI‘_2WS€_%I|S‘I%,

(132)
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because diagonal matrices commute, and thus

lownorl = [ [ K(s.omoheasat (133)
Rr JRP

The aim of the following computations is to give a lower bound on |dw tio.r||%-

The rest of the proof is quite technical, and we thus split it into four steps for ease
of reading.
Step 1: rewriting ||Ow ror||%-

We have

IslE + Alls = 13 = s"(T~" + AL)s — 2X(s, ) + All¢[[3
=TT+ ADs — 25T (T AN + MDA+ AJt]3
= lls = AT+ XD Ty AEE = IMT + AD ™ o1 a1
(134)

Hence

1 2,1 —1 —1412
o = LT BB RINTTAD T Gy

K(s,t)h(s)d
= — Hls=A(C =LAD" 1¢2 (135)
></ ST 2Wse 2
seERP

(r=1ean-t g,
We calculate, using the change of variable s — A(I'"! + AI) "' — s,

s=AT 142D~ 1¢)2 _
Js=A( VMRt a1 g

_1
B ;:/ ST 2Wse 2
seRP
g2
= / (5+ AT+ AT 2 (s + AT+ A1) e 2 letian-1 g5
sERP

N / ésTF_QVVse_%”SH?F*“MI)*1 ds (136)
sERP

2

_1
2 HSH(F71+M>71 ds

+ 2/ AT+ AN )T 2 W se
sERP

_1 2
+ AT AN DT T + )\I)lt)/ ¢ 2lie—1an—1 g,
seRP

_ 2
The second term is 0 because s — se | “10=Lan~1 is odd. With C(X) the normalization
constant of the Gaussian of covariance matrix X, and

D(X,Y):/ sT X se~zlsI¥ s, (137)
SERP

we have

38



B=D( W, + A7) + AT 20 + M) 2WtC(D! + AD) !

138
=D(T2W, (T + MDY + 22T (1 + AD) 2wt 4+ A1)~ (138)

Going back to the full integral, (135) and (138) yield

1
10w po.r||% =1 / (DE2W, (T + AD™Y + AT (+ AD) 2WeC(T + A7)
t

€RP

1 2,1 -1 —1412
—sAtz+5 AT+ "t 1412
o 2 l[£124 2 [1AC ) \\(F_1+,\1)_1tTl—w—2”rte—5||t||F 1t

(139)
We have
— A+ A+ AD T gy — el
= TP ADt+ T ADN2@ T AN YT D)7 (140)
= (P XD DTt
2
= _HtH(F—1+/\If)\2(1‘—1+)\1)—1)—1'
Let Z= ("' 4+ A — X2(T"' + AI)~1) 7, we have
A2 724200 (07 +20r; !
L7+ A Ly +A | P )
Hence, we have the following equivalent when A — +o0:
T,
Zi ~ 5 (142)
Let us set
E(X,Y,Z) := /STXSSTYSe_%SPZdS. (143)

We then have

1
10w po.r [ =3 DCTW, (D7 + AT D(DT2W, (D71 + AL = A+ A1) ™) ™)

2
- )\—C(F‘l M) TET W, (L 4+ AD) W, (T AT = A2 D).

4
(144)

Step 2: dependency of D on W
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We explicit the dependency of D on W:

DI 2W,Y) = / ST 2Wse2llsl% gs
ERP

sERP

%

_ ZF QW/ s2¢= sl g

€RP (145)

sl
:ZFZ-2W¢/ S?HG 2 Y ds

seRP

_Zr 2y, /P! /HY/ o ds;.
i SZER

We make the change of variable s; = v/Yju and use the fact that [, e 2 dy =
Jg u? e=3%" du = v/21. We get

I2W,Y) = Zr 2W( /HY/ Y2u26 31l qy
J#i
- (mﬁ/H%Zw:“’Wi-
7 7

Step 3: dependency of E on W
We calculate E(T2W, (I + AT')"2W, Z)

(146)

E(T W, (I+A0)°W, Z) = > (14 ATy) T W, W / sfsge—%lisné ds.  (147)
R

.3

We make the change of variable s; = v/ Z;u;. We get

>+ )\Fi)_QF;2Win/ s2s2¢ 301 ds
i#] R

(\/%)2 (\/%)H [12 > (1 +ar)2zz, 02 ww,
i i
= (var)" [T1 %31+ Ar) 222,05 Wi
e
j (148)
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and, using the fact that [ _p ule 214 du = 3v/27, we get

doa+ /\Fi)QPfo/ stem3ls% = 3v/2mv2n" 12> a+xr)*r2 22w}

% % %

_3 (\/ﬂ)p [12 > (1 +Ar) ;2 22w?.

K3 (2

(149)

Hence

E(U2W, (1+ A1) 2W, 2) = [T] 2 (3 \/%)p S (14 ALy T 222w

)

> (4 AT) 22w

<.

)p
Var)” Qo+ ar) 2z W) (3 ZT7W))  (150)

? J

= /117 (V%)p <2 D (L +AT) T2 2P W

+(Z(1 + Afi)_ZZiWi)(Z ZJ’Ffmfj))'

? J

Step 4: computing a lower bound for ||Ow o r|%
Using ||W]|% = 1, we have

E(I W, (I + AI)*W, Z)

> (\/ﬂ)p /H Z; (2 inf (1 + AL T2 27 + (O (1 + )\Fi)_ZZiWi)(Z erfwj)).
A J

2

(151)

Also, we have

sign (3 (14AT) 2 ZW)(3_ ZiT52W;)) = sign (VX (LHAL) ZW) (3 205 °W)))
Z ’ Z SGED)
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and, using that Z;l — oo 21“;1 (from (141)),

NQ (A2 ZW) (Y Z072Wy)) = (O V(L4 AT 2 ZWa) (Y 2,05 W5))
7Aoo i(z Fj_le)?
’ (153)

Hence, for A large enough, (3 ,(1+ /\I‘i)_QZZ-VVZ-)(Zj Zjl“;ZWj) > 0. This implies

E(I W, (I + AI)*W, Z) > \/ﬁ( w) 2inf(1 + AL;)~°T; 227 (154)

Moreover, writing ¥; = (T';* + AI)~! we have

C(I 4+ A~ /HY (155)

Putting everything together, for A large enough, we deduce from (146) that

10w po.rl|% ( ) HYZYF 2w, HZZZF2W

” 1Y, [T] % - 2int(1 + Ar,) 1222

:i (27)7 /H Y;Zl-((z YiT2Wi)(Y Z,072W5) + 252 inf (1 + ATy)~2T;222)
i /Hyz )+ 202 inf(1 + Ay T 222)

1 / . —

(156)
Hence there is A large enough such that ||Owuor||% is lower bounded by a positive
constant that depends on A and I'. O
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