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Abstract

This survey contains short accounts of publications related to applied sciences. The
main topics which are dealt with are the well known models of pattern formation
in reaction-diffusion systems, namely Gierer-Meinhardt, Gray-Scott and Klausmeier
models, and the linear elasticity in the context of homogenization. These topics are
not usually combined in a single document. It aims is to be a useful reference for young
reseachers in mathematics and applied sciences.
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INTRODUCTION
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1 Pattern formation in reaction-diffusion systems
Set-up (This section is taken from A. Doelman [4]).

Definition 1. An N-component reaction-diffusion system for U = (Uy, Uy, ...Uy) € RV
is a system of the form
U, = DAU 1 F(U, 1), 1)

where U(z,t) depends on (z,t) € @ x Rt with Q@ C R”, D is a diffusion matrix i.e. a
diagonal N x N matrix with strictly positives entries, A is the Laplace/diffusion operator,
i € R™ represents parameters and the vector field F(U, ) : RY — RY represents the
nonlinear reaction terms.

Definition 2. In [I1], A.M. Turing wrote “a system of chemical substances, called
morphogens, reacting together and difffusing through a tissue, is adequate to account
for the main phenomena of morphogenesis. Such a system, although it may originally be
quite homogeneous, may later develop a pattern or structure due to an instability of the
homogeneous equilibrium.

Definition 3. The trivial patterns of are solutions U = (Uy,...Uyx) of the
algebraic equations:

F(Up)=0o0r F(Up)=0,..,Fn(U,p) =0 (2)
~ From now on, N=2, n=1, Q = R(Cf. [4], Section 2). Following the notations of [4], set
Up=U,U,=V,F; =G,F, =H.

1.1 Linear stability analysis: stability of the trivial patterns

Linearizing (1)) around the trivial pattern (U + ae?**+* V 4+ BetF*+Al) we obtain the 2 x 2
linear eigenvalue problem:

wn(@-Ci ) ()0 o



where
oG 0G

Guli) = 55O, V(i) go(p) = 55U (), V(1); ), (4)
and where
i) = 28O0 ). Vi), o) = D (D), V(1)) )

The charasteristic polynomial associated to (3)) is
N = [(gu+ ho) = (1 + DEA + [(gu = £?)(ho — dk?) = gohu] =0 (6)
It defines 2 functions £ € R — Ay 2(k; p) € Csuch that (for instance) Re(A2(k)) < Re(Ai(k)).
The trivial state (U, V) is spectrally stable for the values of u, for which
Re(Aa(k; p)) < Re(Ai(k; p)) <0, (7)
for all k € R.

1.2 Destabilization by the Tiiring mechanism

As k — 00, A\; ~ —dk? and Ay ~ —k? (or vice versa), and condition @ is satisfied. Let p.
be the critical value beyond which there are values of k for which Re(\;(k, 1)) > 0, and
k. such that

Re(A(xke; ue) =0 and  Re(Aa(k, pe)) > 0,Vk € R (8)
The planar reaction ODE, associated to (I, with (U(z,t),V(z,t)) = (u(t),v(t)) is consid-
ered:

i =G(u,v;p), 0= H(u,v;p). (9)
The following notations are introduced when g is taken just beyond ., and € is smalll
b= pe+ €0, k=ke+ ek (10)

and

) . 02 i 2 fi
Mk, ) = EXR ), Ny = oMo ie) M = i (bes i), ale k) = 477 (1)
k2

Under the conditions

Gu <0, hy >0, gyohy <0, 0<d<1lorg, >0, h, <0, gyhy, >0, d>1, (12)

it is proved ([, Lemma 2.1) that the trivial state (U, V) loses stability as fi crosses through
0. For i\, > 0, there are two symmetric intervals k = +k. + ek with k € (—a(c, i1, k) +
O(¢),a(c, fi, k) + O(e)), such that there exist (real) perturbations of (U, V) of the form

i(koteR) st A(h it (@ + O(e)
e (5f +0(e) + c.c. (13)

where (af, 57) are the eigenvectors of A(ke, i) corresponding to the eigenvalue A (kc, ptc) =
0. With ‘
£ =ex, T =X, B (x) = e, (14)

the above result can be written

U(J?, t) _ U ai )
(V(m, t)) = (V) + €A, T) (ﬂf) E.(z) 4 c.c. + O(€?) (15)
where A(¢,7) : R x RT — C satisfies the Ginzburg-Landau equation
1., N
Ar = =5 N Age + N A+ LA|AP; 16)

Here, L € R is the Landau coefficient.



1.3 The onset of patterns formation: the Turing/Ginsburg-Landau
bifurcation

Tt is assumed that L < 0. In fact, the author ([4]) shows that no (small amplitude) Turing
patterns can exists beyond the destabilization if L > 0. Introducing the new variables

A e - - A L
T=pA, T, §=ale, i, k), A= /,L)\L A (17)
m

and dropping the hats, equation becomes

Ar = Age + A— A|AP. (18)

This equation has a family of stationary spatially periodic solutions A(¢,7) = Re’59) R > 0
with
K*4+R*=1 and —-1<K<1. (19)

and by the Eckhaus/Benjamin-Feir-Newell criterion (cf. subsubsection [2.2.3)), this periodic
solution is spectrally stable for —% <K< \% and unstable for |K| € (%, 1) (M], Lemma
2.3).
The main result. Under the above conditions, when e is sufficiently small, a Turing/Ginzburg-
Landau bifurcation takes place as fi crosses through 0 i.e. for gAj, > 0, there exists a con-
tinuous band of asymptotically stable stationary spatially periodic patterns (U, (x; k), Vp(z; k))
of , with wave number

k(K) = k. +ea(c, i, k)K (20)

and —% +0(e) < K < % + O(€). These spatially periodic patterns are O(e) close to the
trivial state (U, V) and are approximated by

(Bh ) = (7) + V=R otnatcim (Gemiti T4 T0) e

i

for any phase shift § € R, [4], Theorem 2.4.

Remark 1. In [4], Section 2.5, the author investigates the case of Hopf bifurcation in
@ i.e. the generation of patterns as u passes through the critical value p..

1.4 The particular case of the 1D-Gray-Scott model and chemistry

(Cf. David S. Morgan et al. [§]). The Gray-Scott model, related to chemical rections
between two species U and V), consists of the reaction-diffusion system

U= DyAU —UV2 4+ A(1 -U) 99
V; = DyAV +UV? — BV (22)
Where U = U(z,t),x € R,V = V(x,t), are the concentrations of & (inhibitor) and V
(activtator) , A and B are rate constants, Dy and Dy are diffusivities. Here, for convenience,
Dy =1and Dy = §%7,0 < § < 1,0 > 0.The stationary states (trivial patterns) solutions of
the system

~UV?+A(1-U)=0 and UV?-BV =0 (23)

are U =1,V =0 and, when 482 < A,
4B2. A 4B2

(U2, Ve) = GGl 1= 2] o sy /1- 2] (24)



The state (U = 1,V = 0) is is linearly stable for all A; B > 0. On the other hand, it is
proved ([8], p.117) that the state (U, V,) cannot be marginally stable (cf. Definition [6)
Therefore the authors focus only on (U_,V_).
Linear stability of (U_,V_), Turing/Ginsburg-Landau bifurcation. Linearizing
around the stationary state (U_, V_) leads to

()

k2 -V2-5% 200
M= ( V2 5%k + 5%) (26)

where

with A, B rescaled as A = 6%, B = 6°b, o,/ > 0. The analysis of the eigenvalues of M
shows that (U_,V_) is linearly stable if and only if 2o < 33 and determines the values a.
and k. of the parameter a and the wavenumber k such that (U_,V_) is marginally stable.
In particular,

a? = (3 —2V2)b%. (27)
Remark 2. 1) With the above scaling for A and B, one has, to leading order

b? a
(U=, Vo) = (82077 —, 077 2) (28)

2) For the Gray-Scott model, the Ginsburg-Landau equation (cf.(L6)) has the form

2 2
Ar = A+ 2V2A¢ — S(10V2 - 7)| AP A 29
7 g~ 5 )IA| (29)
After setting A(&,7) = Re®™ ¢, solutions R and & satisfy the equation
K%+ i(20 ~TV2)R? = L (30)
18 V2b

The main result. Finally, the following result is obtained ([§], Theorem 3.2): Let
a=a.—v%and 38 = 2(c + a). For 0 < 7 < 1 small enough, there exists a one parameter
family of stationary spatially-periodic solutions of (cf definition |4f) that are close to the
stationary state (U_,V_):

Uz, k) _(U_ (et y) 58—z 9528—a
(V(x’ H)) - (V_> + ’YRe _(2 . ﬁ)éaiﬂ + c.c. + h.O.t., (3]_)

where R and k are related by .

2 (Generalized Klausmeier-Gray-Scott model and echosys-
tems

2.1 Initial Kausmeier model

In [6], C. A. Klausmeier considers the nondimensionalized system:

ow __ 2 ow
T —a—w—wn® +vas (32)
on o? 92



for water w and plant biomass n, defined on an infinite two-dimensional domain indexed by
x and y. In , a controls water input, m measures plant losses and v contols the rate at
which water flows downhill. The corresponding nonspatial model is

a—w—wn®=0

2

wn® —mn =20 (33)

He shows that this model has a bare stable state w = a, 7 = 0 and an other one vegetated.
These stable states correspond to spatially homogeneous equilibria of . Then he uses
linear stabiliy analysis, for system , in two cases: hillsides i.e. v > 0, and flat ground.
On hillsides, for given m and v, there is a critical value of water input a, below which regular
stripes form. Moreover, this pattern oscillates in time and the strip moves uphill because the
eigenvalue that determines the instability of this homogeneous equilibrium is complex with
a negative imaginary part. On flat ground, regular pattern formation is impossible when
the spatially homogeneous equilibrium is stable. Numerical solutions of show that, in
this case, irregular patterns can arise but for parameters which are ecologically unrealistic.
His results are illustrated by figures obtained with ecologically realistic parameters.

2.2 Results by S. van der Stelt et al. [12]
2.2.1 The model

On one-dimensional domain, the model introduced by C. A. Klausmeier reads:

U = kolly + k1 — kou — ksksuv?

vy = dyUge — kav + kguv? (34)

where u(z,t),v(z,t) : Rx Ry — R, and k; > 0,4 = 0,...,5,d > 0.The flow of water is
denoted by wu;, the slope of the aera by k,u;, the constant precipitation rate by ki, an
evaporation rate by —kou, and an infiltration rate by —ksksuv?. The change of biomass is
assumed to be controlled by a diffusion term d,v,,. The death rate is denoted by —k4v
and the infiltration feedback by ksuv?. In [12], system is completed by the nonlinear
diffusion term d,, (u?)z:

g = dy (U ) ze + kotty + k1 — kou — ksksuv?

vy = dyUpe — kav + ksuv? (35)
where v > 1 and 0 < d,, < d,,, and rescaled as
U =U),+CU,+A1-U)-UV? (36)
V; = 0%V, — BV +UV?
with 0 < d <« 1 and
627 = @(@)V*1 o>0 (37)
du kl ’ .
Remark 3. For ecosystems without a slope kg = 0 and therefore
k2ks . ks Ky 1
C=koa—ldur(—)"%"2=0 38
Ok%kS[uks(kZ) ] 2 ( )

Definition 4. Spatially periodic solutions (patterns) or wave trains are solutions
u(z,t) that can be written
u(z,t) = up(kx + Q) (39)

that satisfy u,(§) = u,(€ + 27). Here k is called the nonlinear wave number.



Definition 5. A Busse balloon for system is a set B in the (A, k)-space with
the following property: a point (A4, ) lies in B if system with parameter A allow for at
least one stable periodic solution (U,,V,,) with parameter x (cf.([12], p.66).

It is pointed out that the ecologically relevant parameter values of v are v =1 or v = 2.
For v =1 and C = 0, system is the gray-Scott system . In [8] Section 6.2, the
existence of a Busse balloon, for the Gray-Scott model, is investigated.

2.2.2 The background states and the Turing-hopf instability

The model has the same homogeneous background states as the Gray-Scott model for
A > 4B?% namely (cf and (24)).

1 1
Up=1Vp=0, and (Us,Vi) = (57 [AF VA2 —4AB2), S(A+ VA2 —4AB?). (40)

The state (Up, Vo) = (1,0) represents the desert since, in this case, v = k’:—}%VO = 0. The
state (U_, V_) does not represent a homogeneously vegetated state. By linearization of
about the state uy = (Uy, V) we have :

Ut = Dgy + Cuy + 0y F(uy; A, B)u =: L(0y)u (41)

with u = (U, V), F(U,V;A,B) = (A(1 —=U) —UV?,—BV + UV?), and suitable matrices C
and D. Let M be the matrix defined by

(= (U)T R 4 icd"k — VE — 5% —2b8 o
Ma.cit) = v ) =) ()
where 0 < § < 1 and
A=as®, B=0b", C=ct"; o,8>0, veR, (43)

with a,b,c¢,= O(1) with respect to . Here k is refered to as the linear wavenumber.
Remark 4. For ecosystems without a slope, C=0 (cf. remark ) and therefore ¢ = 0.

Remark 5. With the above scaling, (U4, V4 ) can be written out to leading order in §
b2 28—« a a—f3
a

The L?-spectrum of is the set of A € C such that
d(\,ik) = det[M(a,c,ik]) —A] =0 (45)

Definition 6. L£(9,) is called marginally stable with critical Fourier mode uge®**%associated
to the critical eigenmode iw,, up to complex conjugaison, if

d(iws, ik) = 0, d(iws, k) # 0 for all k # +k, (46)

and d(\,ik) # 0, for all k € R, all A € C with A # iw, and Re\ > 0. In this case, we also
say that the background state (Uy, V) of is marginally stable.

Definition 7. The instability is called a Turing-Hopf [resp. Turing] instability if
ki # 0,w, # 0 [resp.ky # 0, w, = 0].



Main results:1) when C=0, (U, V,) is marginally stable for o,a = a., k = k. satis-
fying, to leading order in 6,

29+ 1)8 — (v + Do =20, k2= 1 1 — g)bs— 2B+ le g+l — g 27t 47
2

where g = 3 — 2v/2, ([12], Proposition 1),
2) when C=cdzB-10Ft0=28 £ 0 get T = I'(y,a) = ’y(%)"y_l, k=6 z0tDethrg and
drop the tilde on k. Then, the stationary state (U, V4 ) undergoes a Turing-Hopf insta-

bility at a uniquely defined critical parameter ¢ = a, and a critical wavenumber k = k,
that satisfy

al™ > gyp® T and k2 < b, (48)
moreover, if ¢ = %bI‘,
1 1
al™t = g’ybz'ﬁ'l and k2 = gb (49)
and, if c> 1
1 1
alt3(c) = %b27+3c2 +0(c) and k() = 5(1 = g)b+ O(2). (50)

to leading order in ¢ and § ([I2] Proposition 2).

2.2.3 Ginzburg-Landau equation

If
la — a.| = re? (51)

and e is small enough, the Ginzburg-Landau equation associated to has the form
A = (a1 +iag)Ae e + (b1 + b)) A+ (L1 + iLo)| Al A (52)

whose coeflicients are functions of b, ¢, and + ([12], Proposition 3) .The Turing-Hopf insta-
bility of (U, V4) is supercritical if L; < 0 and subcritical if L; > 0.

The Benjamin-Feir-Newell criterion. If the Turing-Hopf bifurcation is supercritical,
there exists a band of stable spatially periodic patterns if and only if

L
1+022

ol, > 0. (53)
By means of the computing system Matematica, the authors evaluated the coefficients of
(52), for v = (1,2). These evaluations lead them to acute results:

1)For v = {1, 2}, the coefficients L; in , is negative for all values of b and ¢ up to ¢ ~ 10°
and b ~ 102, and condition is satisfied. Therefore, the Turing Hopf bifurcation at
a = a, of the stationary state (U, V,) of (36), with C' > 0 and v = {1,2} is supercritical
(2] Claim 1, p. 59).

2) For with C' > 0 and v = {1, 2}, there exists a stable band of periodic patterns that
appears at the Turing-Hopf instability ([I12] Claim 2 p. 60).

3) For ¢ = 0, all coefficients of are real and Ly = Li(vy) becomes positive for large
~v and equals 0 for v ~ 13.0446. Therefore the Turing bifurcation for with ¢ = 0 is
supercritical for v < 7,4, and subcritical for v > vss ([I2] proposition 4).

Remark 6. In Section 3 of [12], existence of stable patterns if a is not closed to a. is
studied. Busse Ballons (cf. Definition [5)) are numerically constructed for different values of
a and fixed values of b, ¢,y



3 Gierer-Meinhardt system and biology

The Gierer-Meinhardt system (cf.[5]) is one of the most popular models in biological pattern
formation. Let (S, g) be a compact two-dimensional Riemannian manifold without bound-
ary.(For definitions related to Riemannian manifolds, see W. Kiihnel [7]). In [10], W. Tse
et al. consider the system

A= ENA— A+ 4

PH, = LA H — H T A2 (54)

in S. Here, A(p,t), H(p,t) > 0 represent the activator and the inhibitor concentrations,

repectively, at a point p € S and at time ¢; their corresponding diffusivities are denoted by

€2 and é; 7 is the time-relaxation constant of the inhibitor and A, is the Laplace-Beltrami

operator with respect to the metric g. Their assumptions on the parameters € and [ are: €

is small enough and lim f—j =k > 0. Let Gobe the Green function defined by

1 .
AyGo(p,q) — +6,(¢q) = in S, and / Go(p, q)dvg(q) =0, (55)
s

5]
K(p) denote the Gauss curvature on S, and w be the solution of the problem

Aw —w+w? =0,w > 0 in R* w(0) = mz]%gz{w(y), w(y) = 0 as |y| — oo, (56)
ye

They introduce the function F(p) = ¢1 K (p) + coR(p) where R(p) denotes the diagonal of
the regular part of the Green function, and

T [ 0w, g |Slm B2 [,
Cl:Z/O (E)rdr 2= "3 ; wrdr. (57)

3.1 Existence and stability of a single spike solution
3.1.1 Existence
If pp € S is a non-degenerate critical point of F(p), i.e.
VE(po) =0, det(V2F(p,)) # 0, (58)

it is proved that problem has a positive spiky steady state (A¢, H¢) such that

Ada) = & (w(=) + 0(), (59)
uniformly for x € S, where
Ee = S +O(lo 1) with p. — po as € = 0 (60)
€ — 2 fR2 w2(y)dy g € ) Pe Po )

and
H.(x) = £(1 4 O(€®)) uniformly in S (61)

([10], Theorem 1.1).
Remark 7. It is assumed that &, is the height of the peak and that p € As is the

location of the peak, where As = .5 N By(p,, ), with 6 = €%, for some 0 < a < 1.(Bg(po, )
is the ball with center p, and radius §, with respect to the metric g).



3.1.2 Linear stability

Linearizing around the equilibrium states (A, + ¢ce*t, He + e<t,) the following
eigenvalue problem L. is obtained

62Ag¢e - Qbs + 2?& ¢e - ;‘%27/)5 = >\e¢e (62)
%(%Agd]e - qpe + 2Ae¢e) = )\ewe

where (A, H.) is the above solution of system .

Definitions The solution (A, H) is called linearly stable if the spectrum o(L.) of L.
lies in the left half plane {\ € C: Re(\) < 0}. It is called linearly unstable if there exists
an eigenvalue A\, of L., with Re(A.) > 0.

Main result (Cf. [I0], Theorem 1.2). Let p, be a non-degenerate local maximum point
of F(p) i.e.
VFE(p,) =0 V?F(p,) is negative definite, (63)

let (A, H.) be the above single peaked solution, whose peak approches p,, then, there exists
a unique 7y > 0 such that (A, H) is linearly stable [resp. unstable], if 7 < 7y [resp. 7 > 7].

3.2 Stationary Gierer-Meinhardt system

(Cf. [10], Section 3). The proof of the existence theorem, subsection (3.1)), is based on the
stationary system associated to i.e.

2 _ A% o
elAgA A+ H;O, 1QS (64)
WAngHJrA =0, in S
With the rescaled amplitudes
1 1
a(p) = —A(p), hlp)=—H(p) (65)
gf,p é-eap
an equilibrium solution (a,h) solves the rescaled Gierer-Meinhardt system
ezAga—a—&—%:O, a>0in S (66)
Agh — B2h+ %6 pa® =0, h>0 inS

with a = O(1) and h = O(1)

3.3 Existence and stability of a cluster of two spikes for the sta-
tionnary Gierer-Meinhardt system

In [2], W. Ao et al. consider the stationnary Gierer-Meinhardt system

2 AZ
{eAgA—A+H—0, (67)

DA,H — H + A? =0,
on a compact two-dimensional Riemannian manifold (M, ¢g) without boundary. They assume

0<e<<1l, 0<D<<I1. (68)

10



It is assumed that there is a non-degenerate local maximum point of the Gaussian curvature
function K (p) of M at p, =0, i.e. VK(0) =0 and

V2K (0) = (KO” 1(022> : (69)

with K71, Koo < 0. Let p, be a non-degenerate local maximum point of the gaussian curva-
ture K(p) of M. they show that, under stronger conditions on € and D, namely

1
0<e<<VD<<1, 0<VDlog—— <<1, (70)
€D log@

the system has, at least, two different 2-spike cluster solutions (A;, H;) for i=1,2.
Moreover, one of the solutions is stable and the other one is unstable ([?] Theorems 1.1
and 1.4)

4 Homogenization and linear elasticity

This section is an introduction to the theory of homogenization. Complements will be found
in the references.

4.1 H and G-convergences
(Cf. G. Allaire [1] ). Let Q be a bounded open set in RY

Definition 8. Let My be the space of square real matrices of order N and define

Map={M € MN|MEE > al¢?, M6 > BIE)°,VE e RYY (71)
or
Mg ={M e My| a|é> < ME-€ < B7HE2,VE € RN Y, (72)
and also
55 =1{M € MN|IMEE > al¢, M £ > BI¢f°, Ve e RVY (73)

where o, > 0 and a8 < 1, and M7 is the space of real symmetric matrices of order N.

Definition 9. A sequence of matrices A°(z) € L™(2; M, g) is said to converge in
the sense of homogenisation, or H-converge, to an homogenized limit or H-limit matrix
A* € L>®(M,, ) if, for any f € H'(Q), the sequence of solutions u, of

—divA“(2)Vuc(z) = f(x) in Q, and u. =0 on 99, (74)

satisfies
ue — u weakly in H}(Q) and A°Vu, — weakly in L*(Q)", (75)

where u is the solution of the homogenized equation
—divA™(z)Vu(z) = f(z) in Q, and v =0 on 99, (76)

(cf.[1], Definition 1.2.15 and Remark 1.2.17). This definition is justified by the following
result: for any sequence A¢(z) of matrices in L*(€2; M, g) there exist a subsequence, still
denoted by A€, and an homogenized matrix A*(z) € L (; M, ) such that A¢ H-converges
to A*, ([I],Theorem 1. 2. 16)
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Definition 10. A sequence of matrices A°(z) € L>(Q2; M, 4) is said to G-converge,
to an homogenized limit or G-limit matrix A* € L>(Q; M, 4) if, for any f € H=Y(Q), the
sequence of solutions u. of

—divA“(x)Vuc(z) = f(x) in Q, and u. =0 on 9, (77)
satisfies
ue — u weakly in Hj(Q) (78)
where u is the solution of the homogenized equation
—divA*(z)Vu(z) = f(z) in Q, and u. =0 on 99, (79)

(cf.[1], Definition 1.3.8). This definition is justified by the following result: for any
sequence A¢(z) of matrices in L*>(Q; Mg, 5) there exist a subsequence, still denoted by
A€, and an homogenized matrix A*(z) € L*(; Mg, 5) such that A° H-converges to A*,
([, Theorem 1.3.9)

Remark 8. For symmetric matrices, H and G convergences are equivalent ([I], Propo-
sition 1.3.11).

4.2 Spectral problems
4.2.1 The case of abstract operators defined in different Hilbert spaces

(Cf. [], Section 1.2, p.266). Let H., Hy be separable Hilbert spaces, A, : H. — H.,0 <
e<1, A,:H,— H,, be continuous linear operators, and V be a subspace of H, with
ImA, C V C H, satisfying the following conditions:

1-There exist linear continuous operators R, : H, — H. and a constant ~ such that

(Refa Ref)Hg — 7(f7 f)Hm as € — Oa for any f eV. (80)

2-The operators A, A, are positive, compact, self-adjoint and the norms [|Ac||p(s,) are
bounded by constant independent of e.
3-For any f €V,

||A€R6f - Rerf‘

4-For each sequence f€ € H, such that sup||f¢||g. < oo, one can extract a subsequence, still
€

. —~0ase—0. (81)

denoted f€, such that, for some w € V,

|Acf¢ — Rew| g, — 0 as € — 0. (82)
The following spectral problem, for the operators A, and A,, is considered
Aeuic = ,u’:uf, k=1,2,.., u’e‘ € H. (83)
Aoulg = ,u’gu]g, k=1,2,.., u’j e H, (84)
with, for € > 0 or € = o,
o2 p 2 2 i 1> 0, (UG ul)m, = O (85)

It is proved that there is a sequence {8*} such that g¥ — 0 as e — 0, 0 < B¥ < u¥, and

ko—1/2
b — k| < — sup  ||AeReu — ReAoully,, k=1,2,.. (86)
0 € ueENE |ull,=1

where N is the eigenspace of operator A, corresponding to the eigenvalue p¥ ([9] ,Theorem
1.4, p.268)
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4.2.2 Weak * convergence

Definition 11. A sequence (u,)e>o is said to converge weakly * in L>(Q) to a limit u
if, for any ¢ € L1(Q), it satisfies

lim ue(m)qb(x))dx:/u(m)gb(x)dx. (87)

e—=0 Jo Q

This definition is valid for vector valued functions.

4.2.3 Main result

Let A€ € LOO(Q;M; 5) be a sequence of symmetric matrices which H-converges to an
homogenized matrix A*. Let p. be a sequence of positive functions, such that

0 < p- < pe(x) < py <0 (88)

which converges weakly * in L*°(Q) to a limit p(z). Let (A™)m > 1 be the eigenvalues,
labeled by increasing order, and (u™),,>1 be associated normalized, in L?({2), eigenvectors
of the spectral problem

—divA“ (x)Vu* (x) = A" pe(z)ul*(x) in Q and ul* = 0 on ON. (89)
Then, for any fixed m > 1,
lim A7 = A" (90)
e—

and, up to a subsequence, u™ converges weakly in H{(f2), to a normalized eigenvector
associated to A", which are solutions of the homogenized eigenvalue problem

— divA* (2)Vu™(x) = A" p(x)u™(x) in Q, and v™ = 0 on 09, (91)

and (A™),,>1 is the complete family of eigenvalues of (9I), labeled in increasing order ([,
Theorem 1.3.16).
A similar result is obtained in O. A. Oleinik et al. [9], Chapter III Theorem 2.1.

4.3 Periodic homogenization

Cf. [1], Section 1.3.4. Let Y = (0,1)" be the unit periodic cell which is identified with the
unit N-dimensional torus.

4.3.1 Spaces L{(Y),1 <p < oo

Definition 12.
LY(Y)={f e L] (RY) such that f is Y-periodic} (92)

loc

equipped with the norm || f|[Ls(y).

4.3.2 Example

Let A(Y') be a matrix which belongs to Lg°(Y; Ma g) (c£.(92)). Let © be a bounded open
set in RN, For f € H~(Q), let u. € H}(Q2) be the unique solution of

- div(A(E)Vue) =finQ, wu.=0o0nadN (93)
€
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Remark 9. Here the conductivity A(2) of Q shows that the domain € is highly
heterogeneous with periodic heterogeneities of lengthscale e.

For each unit vector e;, in the canonical basis of R™, let w; be a solution of the following
problem in Y:

—divA(y)(e; + Vw;(y)) =0in Y, y — w;(y) is Y-periodic (94)

Then, the sequence A.(x) = A(%£), H-converges to A* € M, g defined by its entries

A = / [A) (e + V) -(e; + Yy )]dy (95)
Y

The starting point of the proof of this result is to write the solution u. of equation (93 on
the form of a two-scale asymptotic expansion :

+oo
ue(z) = Z 'uy(x, %) (96)
i=0

where u;(z,y) is a function of z and y, periodic in y with period Y.

4.4 Homogenization and linear elasticity
4.4.1 The linear elasticity operator

In [9], the usual linear elasticity operator, in a domain 2 C R™, is defined, with the usual
convention of repeated indices, as

0 ou
7(Ahk ) ——

L =
(u) &nh aaﬁk

) (97)
where u = (uy,...,u,) is the displacement vector, and A*"(x) are (n x n)-matrices whose
elements afjk (z) are bounded measure functions such that
hk kh ik
Qjj (z) = aj; (z) = aZj(x)a x €, (98)

and

Fminnin < alf (2)ninnk < KaMintin, © € Q (99)
for any symmetric matrix with real elements {7, }, with positive constants x1, ko.
Remark:
Are also associated to the above operator the matrix e(u) whose elements are e;;(u) =

%(g;? + %) which is called the strain tensor, and the Neumann boundary operator
: i

o

=V hkx
o(u) = A" (@)

(), =€ (100)
where v = (v1, ..., vp,) is the unit outward normal to 9f.

4.4.2 Homogenization in perforated domains

Notations and assumptions (Cf.[9], chapter 1). Let w be a smooth unbounded domain
of R™ invariant under the shifts by any z = (21,22,...,2,) € Z", Q = {z]0 < z; < 1,j =
1,2,...,n}, G = {z|e 'z € G} satisfying the conditions: w N Q is a domain with Lipschitz
boundary, the sets Q\w and V5 N9OQ consistof a finite number of Lipshitz domains separated
from each other and from the edges of @ by a positive distance, where Vj is a - neighorhhod
(6 < §) of Q.
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Definition 13. Let Q be a bounded smooth domain in R™. A domain € is of type I if
Qe=QNew (101)
The boundary of €2, can be represented as

Qe =T US, where ' =0Q New, Se=(92:) NN (102)

Example (Cf. [O], p. 119-134). Let Q. be a domain of type ((101]). Consider the following

mixed problem:
0 A x . Oue

i
8131( (€>3Ij

where the coefficients az of matrices AY are sufficiently smooth, satisfont — and are
1-periodic in &, with the boundary conditions

Lc(ue) = )= feoin Q. (103)

O

8:z:j

e = P on T,  oc(u) = 1;,AY =0on S.. (104)

Here, f. € L?() and ®. € H'(Q.). The homogenized operator corresponding to L. has

the form
0

L= oz,

(Aija(zj) (105)

where the coefficients matrices A% (i,j = 1,...,n) are given by the formula

A7 = es @iyt [ (an(e) + k(2

d 106
o a8, % (106)

and matrices N7(£) are 1-periodic in & with fQﬁw NI(£)d¢é = 0 and are solutions of the
following boundary problem:

O kjieONT 9y )
8751@(14 J(f)aigj) = 3§kA 1(¢) inw (107)
with
o(N?) = -1, A*(€) on dw. (108)

Let u,(z) be a weak solution of the problem
K(UO) = fO in Qa U, = ®, on 9N (109)

where fo € HY(Q), and ®, € H3(Q). If f. is the restriction to Q¢ of f,, and ®, is the
restriction to T'c of ®,, then (109)) is the homogenized system corresponding to system (103))
and (104) and ||ue — uo||12(q,) — 0 as € tends to 0.

4.5 Homogenization and Steklov eigenproblems

In [3], Chechkina, D’Apice and De maio consider a smooth domain € in R? d > 2, whose
boundary is 92 = y; U~ UT.. Here, € is a small, positive, parameter, I'.consists of N, sets
whose diameter is less than or equal to € and the distance between then is greater than or
equal to 2¢, and 7. = 9Q\(y1 UT,). The boundary value problem for the elasticity
system (E):

0 oul

L (ue) = %(a;’ga?;) =0inQ, k=1,....d (110)
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and

te = 0 on v U, (111)
o(uc) = A (x) ng vi =g(z) on T, (112)
J

is considered. Here, the elements a% of the d x d-matrices A are bounded measurable
functions, with

afj;(af) = a{]i(x) = afzj(l"% K1kl < azjé($>fkiflj < k2kilri, €L, (113)

where k1,k9 are constants > 0, v = (v1,19,..;14) is an outward normal vector to the
boundary 09, g(z) € (L2(09))4. Let H'(Q,v1 U~.) be the completion of the space of
functions v € C*°(Q),v = 0 on 1 U7, with respect to the norm

ol = ( /Q (o2 + Vo)) (114)

The solution u. of system (E) is in the space (H*(Q,71 U~.))?. The following results are
proved:
R1-the solutions u. of system (E) are uniformly bounded with respect to ¢, in H(Q) ([3],
Lemma 3) i.e. each u! is bounded in H'(Q)
R2- )
/ jucPdr < Cline| 0 <5 <2~ 2 (115)
Q
([3], Theorem 3). In particular u. — 0, in L?(2), as € — 0.
The Steklov-type problem

oul

= ai (a o) =0inQ k=1,..d (116)
i J

L(u?)

€

with the boundary conditions

ul =0 on vy U, (117)
and
O
81:j
is considered. The set {\"},n = 1,2, ... is the set of eigenvalues such that \! < \2 < ... <
Al < ..., where the eigenvalues repeat according to their multiplicities.
The following estimate is established, for e sufficiently small, and N, = O(|ln\(1_%)d_1)

o(ue) = AV ()

v; = Alul on T, (118)

A > C|lnel?, (119)
where C'is a constant independent of ¢, ( [3], Theorem 5).The proof is based on an adaptation
of the general abstract result (subsection [4.2.1]), thanks to the above results R1 and R2.
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