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Introduction

Investigating exotic nuclei far-off stability is necessary to validate or constrain many nuclear models operating in different regions of the chart of nuclei. It is a step towards understanding the structure of exotic nuclei and explaining complex astrophysical phenomena. The technological challenges of creating and studying these nuclei are being met in all major radioactive beam facilities in the world through the development of new beams and instruments. Of all the properties of a nucleus, its mass is one of the most fundamental ones, since the mass defect accounts for the sum of all nuclear interactions within. This makes mass measurement an essential (although incomplete) test for any predictive nuclear model. Electromagnetic traps have been the most successful devices used in mass separation and measurement, owing to long observation times and predictable particle trajectories. A fairly recent and thorough overview of traps and their use in experimental nuclear physics can be found in [START_REF] Eronen | Ion traps in nuclear physics-recent results and achievements[END_REF]. In particular, Penning traps have been known to measure the mass of radioactive nuclei with a precision down to 10 -8 -10 -9 [START_REF] Orford | Precision mass measurements of neutronrich neodymium and samarium isotopes and their role in understanding rare-earth peak formation[END_REF][START_REF] Karthein | Precision mass measurements using the Phase-Imaging Ion-Cyclotron-Resonance detection technique[END_REF][START_REF] Gulyuz | High precision determination of the β decay Q ec value of 11 C and implications on the tests of the standard model[END_REF][START_REF] Hakala | Precision mass measurements beyond 132 Sn: Anomalous behavior of odd-even staggering of binding energies[END_REF][START_REF] Bollen | Experiments with thermalized rare isotope beams from projectile fragmentation: A precision mass measurement of the superallowed β emitter 38 Ca[END_REF]. Many such setups are already in operation [START_REF] Ringle | Penning trap mass spectrometry of rare isotopes produced via projectile fragmentation at the lebit facility[END_REF][START_REF] Ramirez | Recent developments for high-precision mass measurements of the heaviest elements at shiptrap[END_REF][START_REF] Kreim | Recent exploits of the isoltrap mass spectrometer[END_REF][START_REF] Van Schelt | First results from the caribu facility: Mass measurements on the r-process path[END_REF][START_REF] Kolhinen | Recommissioning of jyfltrap at the new igisol-4 facility[END_REF][START_REF] Chaudhuri | Titan: an ion trap for accurate mass measurements of ms-half-life nuclides[END_REF][START_REF] Ketelaer | Mass measurements on stable nuclides in the rare-earth region with the penning-trap mass spectrometer triga-trap[END_REF] or under construction [START_REF] Ramirez | Conception of piperade: A high-capacity penning-trap mass separator for high isobaric contamination at desir[END_REF][START_REF] Mehlman | Status of the tamutrap facility and initial characterization of the rfq cooler/buncher[END_REF][START_REF] Schüssler | Recent developments at the high-precision mass spectrometer pentatrap[END_REF][START_REF] Huang | Status of lanzhou penning trap for accurate mass measurements[END_REF], showing both the need for measuring the ground-state properties of exotic nuclei and the success of the Penning trap in doing so. The review presented in [START_REF] Lunney | New mass measurements with trapped (radioactive) ions and related fundamental physics[END_REF] overviews recent ion traps and the masses they have allowed to measure.

As the most recently operational and upcoming facilities explore regions of the chart of nuclei further away from the valley of stability, the increasingly exotic nuclei produced are now always accompanied by large amounts of contaminants, complicating the study of the species of interest. Isobaric contaminants in particular are deleterious to trap-based mass measurements as they are hard to resolve and their own space charge can alter the trajectory of the ion of interest. For this reason most measurement Penning traps used in nuclear physics are preceded by a purification trap to clean the incoming ion bunch. While some systems use an independent magnet for the purification trap [START_REF] Orford | Precision mass measurements of neutronrich neodymium and samarium isotopes and their role in understanding rare-earth peak formation[END_REF][START_REF] Kreim | Recent exploits of the isoltrap mass spectrometer[END_REF], most second-generation setups have mounted both traps within the same magnet [START_REF] Ramirez | Recent developments for high-precision mass measurements of the heaviest elements at shiptrap[END_REF][START_REF] Kolhinen | Recommissioning of jyfltrap at the new igisol-4 facility[END_REF][START_REF] Ketelaer | Mass measurements on stable nuclides in the rare-earth region with the penning-trap mass spectrometer triga-trap[END_REF][START_REF] Ramirez | Conception of piperade: A high-capacity penning-trap mass separator for high isobaric contamination at desir[END_REF][START_REF] Huang | Status of lanzhou penning trap for accurate mass measurements[END_REF][START_REF] Kolhinen | Commissioning of the double penning trap system mlltrap[END_REF].

MLLTRAP was initially designed for high precision mass measurements of exotic nuclei. The setup uses a 7-T superconducting magnet and was built at the Maier-Leibnitz-Laboratory (MLL) of the Ludwig-Maximilians-University of Munich. It was commissioned off-line using a surface ionisation Rb ion source and proved capable of separating ions with a resolving power of 1.39 * 10 5 and measuring masses with a statistical precision of 2.9 * 10 -8 [START_REF] Kolhinen | Commissioning of the double penning trap system mlltrap[END_REF]. MLL-TRAP is currently installed at ALTO in Orsay, France, pending on-line commissioning [START_REF] Ramirez | New program for measuring masses of silver isotopes near the n=82 shell closure with mlltrap at alto[END_REF].

Complementary to mass measurements in traps, decay spectroscopy can provide direct insight into the nuclear structure of the daughter nuclei (nuclear level energy, spin, parity) or even the deep electronic structure of an atom. If the setup allows so, measuring the lifetime of some nuclear levels can bring additional information on the nuclear wavefunction. The combination of a Penning trap and particle/γ detectors perfectly befits decay spectroscopy: the Penning trap can be used either to clean the bunch from isobaric or isomeric contaminants and thus provide a purified sample to a post-trap decay station (trap-assisted decay spectroscopy), or to simply confine an ion bunch that then behaves like a point-like source of decay radiation in vacuum (in-trap decay spectroscopy). Of course a double Penning trap can be used for both by performing purification in the first trap and in-trap decay in the second trap.

An alternative double-trap assembly for MLLTRAP is being developed at CSNSM, Orsay, aiming to perform both in-trap decay spectroscopy of heavy α-particle emitters and mass measurements. In order to avoid confusion from here on, we will refer to this assembly as the second/novel tower and to the mass measurement double trap as the first tower. In the novel tower, the usual central ring of the second trap is replaced by a cubic arrangement of four silicon-strip detectors (SSD), and the operational bias of the detectors provides the trapping potential. Because of the strong magnetic field, conversion electrons are very efficiently guided outside the trap, while the comparatively heavy α particles can be detected by the in-trap SSD, allowing unperturbed detection of the α particles. When combined with a position-sensitive detector placed in the fringe field of the 7-T magnet to detect the electrons, this setup allows to implement the new DARING method [START_REF] Chauveau | 12 Application of in-trap spectroscopy to lifetime measurements with mlltrap[END_REF] to measure the lifetime of excited states populated in the α decay of exotic nuclei. This first-of-its-kind double-trap system has already been described by Weber et al. in [START_REF] Weber | Recent developments at mlltrap: Improving the system for mass measurements and in-trap observation of nuclear decays[END_REF][START_REF] Weber | Developments in penning trap (mass) spectrometry at mlltrap: Towards in-trap decay spectroscopy[END_REF][START_REF] Weber | Status of the mlltrap setup and future plans[END_REF], and recent simulations strongly support the feasibility of this lifetime measurement technique [START_REF] Chauveau | 12 Application of in-trap spectroscopy to lifetime measurements with mlltrap[END_REF]. Both assemblies will be commissioned at ALTO using existing or future beams. The neutron rich beams produced by photofission will allow to probe the mass surface near the magic numbers 50 and 82. ALTO currently lacks the necessary beams to test the second tower, although a fusion-evaporation target ion-source system is being studied to synthesise 196 Po (t 1/2 = 5.8s) in the framework of the TuLIP project (Target Ion Source For Short Lived Ion Production, ANR grant 18-CE31-0023). The magnet and its two towers will ultimately be installed at DESIR [START_REF] Blank | Perspectives for mass spectrometry at the desir facility of spiral2[END_REF], the low-energy experimental hall of the SPIRAL2 facility [26] at GANIL, Caen, France. There, MLLTRAP will receive beams from the existing SPIRAL facility as well as from the S3 spectrometer [START_REF] Déchery | The super separator spectrometer s3 and the associated detection systems: Sirius & leb-reglis3[END_REF], which will include very heavy and super-heavy elements as well as neutron-deficient nuclei at or near the N=Z line. This contribution describes the design of the novel tower and the simulations related to mass measurements with this assembly. Although this tower was not initially intended for mass measurements, we decided to design it with this objective in mind, as having an all-in-one system capable of decay spectroscopy, lifetime measurements and mass measurements would be an operational advantage. Simulations of the DARING technique completing those already covered in [START_REF] Chauveau | 12 Application of in-trap spectroscopy to lifetime measurements with mlltrap[END_REF] will be detailed in a forthcoming publication. The next section describes the geometry of the doubletrap and the features allowing for mass measurements. A brief introduction to Penning trap theory is then given in order to cover the basic equations used in this article. The following section details how the traps were optimised in order to enable mass measurements with the detector-trap. The last section covers the simulation of a typical mass measurement cycle in the second tower with a bunch of 100 ions, from its injection into the first trap to its ejection from the second trap.

Geometry of the trap

A precise description of the SSDs has already been given in [START_REF] Weber | Developments in penning trap (mass) spectrometry at mlltrap: Towards in-trap decay spectroscopy[END_REF] and a general description of the novel tower is featured in [START_REF] Chauveau | 12 Application of in-trap spectroscopy to lifetime measurements with mlltrap[END_REF]. Here, we give additional details on the design of the second trap. The middle panel of Fig. 1 shows the mechanical assembly of the second trap used at MLL for the tests of the SSD with an α-source. This assembly, however, did not yet allow for trapping. In this configuration the detectors are "plugged" into the copper electrodes using tenon joints. The new geometry is shown in the right panel of Fig. 1 and exhibits several features enabling mass measurements. Although it is clear that the cubic trap breaks the cylindrical symmetry usually found in precision Penning traps, it will be shown that this geometry does not prevent precision mass measurements with the ToF-ICR [START_REF] König | Quadrupole excitation of stored ion motion at the true cyclotron frequency[END_REF] or PI-ICR [START_REF] Eliseev | A phase-imaging technique for cyclotron-frequency measurements[END_REF] techniques.

In order to perform mass measurements or second-stage purification, the spectroscopic trap needs to have segmented electrodes for dipolar and quadrupolar excitation and a high-quality hyperbolic potential. The cubic layout of the trap conveniently provides the four segments required for the excitation. The oscillating potential, usually applied on the central electrode of the trap, will be applied on the flat correction electrodes (4 on Fig. 1). Since the support electrodes [START_REF] Bollen | Experiments with thermalized rare isotope beams from projectile fragmentation: A precision mass measurement of the superallowed β emitter 38 Ca[END_REF] in which the tenon joints are inserted are at the same potential as the correction electrodes, they have to be segmented as well. These support electrodes also fulfill the role of a shield, effectively closing the trap box from an electric point of view, in order to cancel any anharmonic contributions that can come from the support rods or cables. Instead of being located next to the side electrodes [START_REF] Ringle | Penning trap mass spectrometry of rare isotopes produced via projectile fragmentation at the lebit facility[END_REF], the support electrodes are wrapped around them, so as to keep the side electrodes close to the trap center. The axial length of these side electrodes has been optimised to reduce the higher order components of the trap's electric field. These changes have been supported by simulations detailed in the next sections. Overall a special attention was given to the shape of the electrodes to avoid direct line of sight between the trapped ions and the insulators so as to prevent them from charging.

Penning trap basics

Isobaric cleaning, in-trap decay spectroscopy and precision mass measurements all require to be able to trap ions in a confined space for extended periods of time. Earnshaw's theorem implies that a charged particle cannot be statically trapped by a purely electrostatic field. It allows, however, a particle to be dynamically trapped in a purely electrostatic field (Multi-Reflection device [START_REF] Wollnik | Time-of-flight mass spectrometers with multiply reflected ion trajectories[END_REF], Orbitrap [START_REF] Makarov | Electrostatic axially harmonic orbital trapping: a high-performance technique of mass analysis[END_REF]) in an oscillating electric field (Paul trap [START_REF] Paul | Electromagnetic traps for charged and neutral particles[END_REF]) or by a combination of electric and magnetic fields (Penning trap, storage ring). In a uniform, purely magnetic field B, a particle of charge q and mass m revolves perpendicularly to the field axis at the cyclotron frequency:

ω c = qB m (1) 
In a Penning trap, a static harmonic electric field is superimposed on the magnetic field, ensuring axial and radial confinement, respectively. The perfect Penning trap is an especially elegant solution to Earnshaw's theorem: the electric field is static and harmonic in every direction and the stability of an ion inside the trap does not depend on its mass-over-charge ratio or its initial occupation of the phase space. As ω c (also dubbed the true cyclotron frequency) is inversely proportional to the mass, all mass measurement methods in a Penning trap revolve around measuring this frequency. Solving Poisson's equation in vacuum with the harmonicity condition (i.e. the potential depends on the spatial dimensions to the second order only) one finds:

V(x, y, z) -V(0, 0, 0) = V 0 4d 2 (2z 2 -x 2 -y 2 ) ( 2 
)
Where d is the characteristic trap dimension calculated from the dimensions of the ring electrode and endcaps [START_REF] König | Quadrupole excitation of stored ion motion at the true cyclotron frequency[END_REF][START_REF] Brown | Geonium theory: Physics of a single electron or ion in a penning trap[END_REF], and V 0 is the potential difference between these electrodes. When using cylindrical or flat electrodes, the characteristic trap dimension does not match any mechanical length and must be calculated from the shape of the potential itself. The magnetic field is aligned with the z-axis. The motion of a charged particle in such a trap is a combination of three independent eigenmotions of frequencies:

ω z = qV 0 md 2 (3) 
ω + = 1 2 ω c + ω 2 c -2ω 2 z (4) ω -= 1 2 ω c -ω 2 c -2ω 2 z (5)
The axial motion of frequency ω z is simply due to the harmonic electric potential and is of the order 50 kHz for very heavy ions, depending on the trapping potential. The two radial motions of frequency ω + and ω -are called reduced cyclotron motion and magnetron motion, respectively. The superposition of the electric field onto the magnetic field slightly modifies the pure cyclotron motion and thus its frequency, hence the name. However, ω + remains very close to ω c and is therefore almost perfectly linearly dependent on the mass ( 400 kHz at 250 amu). The slow magnetron motions originates from the E × B drift in an axially symmetric field and its frequency can be approximated to first order by ω -V 0 /2Bd 2 (i.e. 1 -5 kHz depending on the potential) and is therefore almost independent of the mass. Equations ( 4) and ( 5) yield

ω + + ω -= ω c (6) 
and

ω 2 + + ω 2 -+ ω 2 z = ω 2 c ( 7 
)
Eq. ( 6) implies that an excitation at the true cyclotron frequency can couple the two radial motions. This equality is, however, affected by imperfections in the electric field. Eq. ( 7) is generally used in the highest precision applications, as it is little sensitive to small trap imperfections [START_REF] Brown | Geonium theory: Physics of a single electron or ion in a penning trap[END_REF]. Indeed, in a real trap, the potential differs from the one given in Eq. ( 2). The true potential around the trap center can be conveniently expressed in spherical coordinates as:

V(r, θ, φ) = V 0 2 l,k C l,k r d l P k l (cosθ)cos(kφ) (8) 
with P k l being the associated Legendre polynomial of degree l and order k with -l < k < l1 . From here on, we arbitrarily fix d = 10 mm and calculate an equivalent V 0 so that C 2,0 = 1. This allows to have comparable C l,k for traps with different geometries or voltage settings. In a perfect trap, the only non-zero coefficients are C 0,0 and C 2,0 and effectively, optimising a trap is equivalent to minimising or canceling all coefficients but these two. Imperfections of the electric and magnetic fields affect the eigenmotions and their frequency, thus possibly impairing the mass measurement capabilities of a trap. The precise effect of these imperfections on the different eigenfrequencies has already been described through a quantum mechanical approach [START_REF] Brown | Geonium theory: Physics of a single electron or ion in a penning trap[END_REF][START_REF] Bollen | The accuracy of heavyion mass measurements using time of flightion cyclotron resonance in a penning trap[END_REF] and a classical one [START_REF] Ketter | First-order perturbative calculation of the frequency-shifts caused by static cylindrically-symmetric electric and magnetic imperfections of a penning trap[END_REF].

One can notice that several of these coefficients are already cancelled owing to symmetries in the trap. Symmetry along the z-axis cancels the terms of odd l, while cylindrical symmetry guarantees that C l,k = 0 for all k 0. Thus in most cases, the study of trap imperfections is limited to C 4,0 and C 6,0 , higher order terms being neglected [START_REF] Eliseev | A phase-imaging technique for cyclotron-frequency measurements[END_REF][START_REF] Brown | Geonium theory: Physics of a single electron or ion in a penning trap[END_REF][START_REF] Bollen | The accuracy of heavyion mass measurements using time of flightion cyclotron resonance in a penning trap[END_REF][START_REF] Blaum | High-accuracy mass spectrometry with stored ions[END_REF][START_REF] Ramirez | An investigation of the accuracy of the pi-icr technique at shiptrap by a measurement of the mass difference between ¡sup¿132¡/sup¿xe and ¡sup¿131¡/sup¿xe[END_REF][START_REF] Nesterenko | Phaseimaging ion-cyclotron-resonance technique at the jyfltrap double penning trap mass spectrometer[END_REF]. Since in our case neither of the two traps from the novel tower are perfectly symmetric along the z-axis, the odd l coefficients will be discussed as well. In the second trap the cubic arrangement of the SSDs forces us to consider the k 0 coefficients, but the azimuthal π/2-periodicity imposes that k must be an integer multiple of 4.

Following the method shown in [START_REF] Brown | Geonium theory: Physics of a single electron or ion in a penning trap[END_REF][START_REF] Bollen | The accuracy of heavyion mass measurements using time of flightion cyclotron resonance in a penning trap[END_REF], one can calculate the shift in energy due to the terms of even l and deduce the resulting shifts in eigenfrequencies. In the second trap, it can be proven that the energy shift, and thus the frequency shift, due to the first k 0 terms C 4,4 and C 6,4 is zero. Therefore, we only need to consider the C l,0 coefficients, or simply C l . The impact of the term C 4 on the sum frequency is:

∆(ω + + ω -) C 4 = 3C 4 ω 2 z 4d 2 (ω + -ω -) [ρ 2 --ρ 2 + ] (9) 
And the one of C 6 :

∆(ω + + ω -) C 6 = 30C 6 ω 2 z 16d 4 (ω + -ω -) [3z 2 (ρ 2 --ρ 2 + ) + (ρ 4 + -ρ 4 -)] (10) 
Where ρ + and ρ -are the radii of the reduced cyclotron and magnetron motions, respectively. These equations show that the sum frequency will be equal to the true cyclotron frequency only when ρ + = ρ -. This happens only punctually during the conversion of a radial motion into another, but is generally not the case for any mass measurement procedure inside a Penning trap. Therefore all C l coefficients should be minimised to reduce the frequency shift between the measured sum frequency and the actual true cyclotron frequency, and thus allow for unbiased mass measurements. In the next section we describe how the potentials of both traps of the second tower were optimised.

Trap optimisation

We optimised the potentials of the different electrodes of both traps in order to enhance the quality of the electrostatic field. Practically, the first trap will be used for cooling and isobaric purification but not for mass measurement, which diminishes the interest of a precise potential optimisation. Indeed the mass resolution of the sideband cooling technique is typically a factor 50 larger than for ToF-ICR spectrometry for identical trapping times [START_REF] König | Quadrupole excitation of stored ion motion at the true cyclotron frequency[END_REF]. However, optimising the first trap is interesting for two main reasons:

• The mass measurement tower is composed of two identical cylindrical traps. Thus an optimisation of the first trap of the spectroscopy tower is valid for the second trap of the mass measurement tower and the calculated potentials could be used as a starting point for a manual optimisation.

• Simulated measurements of the cyclotron frequency in the first trap improve in accuracy after optimisation of the potentials (see further) and the frequency shift is consistent with the experimental mass precision measured during the offline tests [START_REF] Kolhinen | Commissioning of the double penning trap system mlltrap[END_REF]. This serves as a proof-of-principle for the optimisation and supports the performance expectation of the second trap.

Closed Open

Cylindrical trap Detector trap In the second trap, the axial lengths of the first two side electrodes were also optimised. From Eq. ( 2), we see that the quantity

H = V(x, y, z) -V(0, 0, 0) (x 2 + y 2 -2z 2 ) (11) 
must be a constant in an ideal Penning trap. We thus chose to optimise the different potentials by minimising the goal function σ H / < H > over a certain volume near the trap center. This simple minimisation parameter allows quick and robust optimisation, though it does not give any direct insight on the mass measurement capabilities of a trap. Indeed σ H / < H > is a global parameter calculated over a volume and depends on the different C l,k coefficients. Yet, as seen before, each of these components has a different influence on the sum frequency ω + + ω -, therefore the frequency shift is correlated to σ H / < H > but cannot be derived from it. We thus decided to optimise the field with this parameter and check a posteriori the effect of this optimisation on the cyclotron frequency by simulation. Practically, H(x, y, z) was calculated at regularly spaced points in the trap using the potential array V built by the Poisson solver of SIMION 8.1 [START_REF]Simion charged particle optics simulation software[END_REF], and the goal function was minimised using the ROOT-implemented version of the MINUIT algorithm [START_REF] James | Minuit -a system for function minimization and analysis of the parameter errors and correlations[END_REF]. The potentials along the z-axis are shown in Fig. 2.

The coefficients C 1 to C 6 have been calculated from the potential array for both traps after optimisation and are reported in Table 1. We also included the results obtained with the potential set used in [START_REF] Kolhinen | Commissioning of the double penning trap system mlltrap[END_REF] for comparison (Non optimised or NO in the table). For the first trap, one can see that the optimisation decreased the even order coefficient and increased the odd ones. However, since odd components are very small by construction compared to even components, their impact is comparatively small. Also the first order parameter C 1 only slightly shifts (of the order of nanometers) the position of the potential center but does not impact the frequencies. In addition, it was shown in [START_REF] Brown | Geonium theory: Physics of a single electron or ion in a penning trap[END_REF] that the combination of first and third orders yields a frequency shift in the eigenfrequency ω z , which affects ω -and ω + but not the sum frequency. In the detector trap, the even order coefficients are comparable to those of the optimised first trap. The great difference in odd order terms between the two traps is due to the absence of a collimator on the exit side of the second trap, thus breaking the axial symmetry, while the first trap has collimators on both sides.

Figure 3 shows the simulated and theoretical shift in the frequencies of the radial motions. Simulations of the ion trajectories were done with SIMION and the fact that they mostly follow the theoretical trends demonstrates their reliability. The effect of the optimisation in the first trap is striking, as it almost cancels the frequency shifts. However, one can notice that the frequency shift in the second trap is much larger than in the first trap when both are optimised, while having comparable C l and even a smaller C 4 . This is due to the fact that the shifts are proportional not only to the C l coefficients, but also to the depth of the potential well, which is typically 5.4 times bigger in the second trap.

Although we chose to show the frequency shifts with the same axial amplitude in both traps, it should be noticed that it should be smaller in the second trap for the same trapping energy. Should the axial amplitude in the second trap be reduced, the corresponding frequency shifts would be reduced as well, though not uniformly for all ρ +/-.

With the Phase Imaging Ion Cyclotron Resonance technique (PI-ICR) [START_REF] Eliseev | Phase-imaging ion-cyclotron-resonance measurements for short-lived nuclides[END_REF], ions are excited to a quasi pure radial motion (either magnetron or reduced cyclotron) and then accumulate the phase from which the frequency of the corresponding motion can be deduced. If indeed ρ -can be neglected while measuring ω + and ρ + can be neglected while measuring ω -, then the theoretical frequency shifts are symmetric (as can be seen in Equations ( 9) and ( 10) and Figure 3) and the net effect on the sum frequency is 0. However, it was still important to minimise C 4 and C 6 as the ρ-dependency of the frequency could induce a smearing of the ion bunch after the phase accumulation and thus limit the precision of the mass measurement [START_REF] Eliseev | A phase-imaging technique for cyclotron-frequency measurements[END_REF].

It can be noticed in Figure 3 that the cyclotron frequency shift in the second trap follows nicely its theoretical lineshape, while the magnetron frequency shift steers away from it. In order to investigate this unexpected asymmetry we repeated the same simulations in SIMION, ignoring this time the potential calculated from the geometry and using instead a theoretical potential of our choice. This way, it was possible to artificially "turn on and off" the coefficients C 4 , C 6 , C 4,4 and C 6,4 to identify which was responsible for this effect. The additional frequency shift on the magnetron motion was observed to depend only on C 4,4 and to be proportional to C2 4,4 , which is quite remarkable since until now all calculated frequency shifts depended linearly on the C l . Thus this result does not contradict the previous statement that the expected frequency shifts due to non-cylindrical components should be 0, as this calculation was only considering linear dependencies on the C l coefficients 2 .

By summing the reduced cyclotron and magnetron frequency shifts, we can estimate that the systematic error in the estimation of the true cyclotron frequency is 5.3 * 10 -8 at a radius of 1 mm and 32 * 10 -8 at 2 mm. For comparison the systematic error in the first trap is 3.2 * 10 -8 at both radii, in both optimised and non-optimised configurations. Nevertheless, for small motion radii typically used in PI-ICR (< 1 mm), our cubic geometry is still comparable to a cylindrical Penning trap regarding the frequency shifts, the ρ-dependency of those shifts and the systematic error on the sum frequency.

The Time of Flight Ion Cyclotron Resonance technique (ToF-ICR) [START_REF] König | Quadrupole excitation of stored ion motion at the true cyclotron frequency[END_REF] raises different issues, as it does not feature a pure radial motion during most of the procedure. During a typical cycle of a ToF-ICR measurement, an initially pure magnetron motion is converted to a pure reduced cyclotron motion by a quadrupolar RF excitation. The motion conversion becomes resonant when the excitation frequency ν r f is close to the sum frequency. Because the 
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Figure 3: Simulated deviations of the magnetron (top) and reduced cyclotron (bottom) frequencies from the expected values in an ideal Penning trap as a function of the corresponding motion radius. Frequency deviations are shown for the non-optimised first trap (blue squares), optimised first trap (green crosses) and optimised second trap (yellow triangles). The magnetron (resp. reduced cyclotron) frequency has been obtained by simulating a trajectory with mixed magnetron (resp. cyclotron) and axial motions and measuring the accumulated phase of the radial motion over a 200 ms period. The amplitude of the axial motion was 1 mm in all cases. The curves of matching colour and trend are the theoretical frequency shifts calculated from Equations ( 9) and ( 10) and the C 4 and C 6 coefficients from Table 1. energy of the magnetron motion is negligible in comparison to the one of the reduced cyclotron motion in such electric and magnetic fields, the conversion resonance leads to an energy resonance that can eventually be measured by ToF. Without initial cyclotron motion, the two motion radii are related through:

ρ 2 -(t) = ρ 2 -(0) -ρ 2 + (t) (12) 
Provided that the excitation potential is constant, the radii of both these motions follow two beating curves of opposite phase [START_REF] König | Quadrupole excitation of stored ion motion at the true cyclotron frequency[END_REF] and match each other only once per conversion cycle. This means that the frequency shifts expressed in Equations ( 9) and ( 10) cancel for a very short time and that the excitation is off-resonance during most of the motion conversion. However, for a complete conversion, ∆(ω + + ω -) C 4 /C 6 will be time-antisymmetric with respect to the point ρ + = ρ -and thus the average deviation at the resonance frequency due to ( 9) and (10) will be 0.

We simulated with SIMION the motion conversion of a single ion with an initially pure magnetron motion in both traps. Figure 4 (top) shows the well known energy vs frequency resonance for the optimised first trap and fitted by the theoretical curve from [START_REF] König | Quadrupole excitation of stored ion motion at the true cyclotron frequency[END_REF]. If the excitation frequency is different from the unperturbed cyclotron frequency, the motion conversion will always be incomplete, and the average magnetron radius will be larger to the average reduced cyclotron radius. Thus, although the central peak of the resonance will be almost unperturbed, the side peaks will be shifted in frequency in the same direction. This distortion is barely visible on the resonance itself, but its effect is much clearer on the fit residues shown in the bottom panel of Figure 4. The residues in all three cases (non-optimised and optimised first trap, optimised second trap) are close to 0 at the resonance frequency and the shift of the side peaks makes the residues antisymmetric. When using the unoptimised set of potentials in the first trap, the distortion of the resonance induces a shift in the estimation of the cyclotron frequency of 2.4 * 10 -7 , while with optimised potentials, it drops to 2.0 * 10 -8 . Because the trapped ions actually have a continuous distribution in z-amplitude and initial ρ -, these shifts are responsible for resonance broadenings and systematic uncertainties of the same order. Thus the frequency shift in the first trap can be rightfully compared to the mass uncertainty of 2.9 * 10 -8 and the accuracy of 3.6 * 10 -8 obtained during the commissioning of the measurement tower [START_REF] Kolhinen | Commissioning of the double penning trap system mlltrap[END_REF].

The shift in the estimation of the cyclotron frequency in the cubic trap is 8.6 * 10 -8 . Once again, the larger error mostly results from the fact that the potential well in the detector-trap is much deeper than in the first trap. The residues and the systematic error would be lower if the ions had a smaller axial amplitude in the second trap. The inaccuracy difference could also be partially due to the difference in the C 4/6 factors, which is a consequence of the suboptimal aspect ratio of the second trap (i.e. the ratio of the width of the trap to its length) imposed by the size of the detectors.

In any case, it should be noticed that the reduced performances of the second trap are not caused by its cubic nature, since the average energy shift from the azimuthal components of the field over a turn of cyclotron/magnetron motion is 0, as is the resulting frequency shift. Thus the mass measurement capabilities of our detector trap seem mostly limited by the octupolar and dodecapolar components of the electric field and the depth of the potential well. This conclusion remains valid for any trap geometry featuring square-shaped electrodes. In our case the geometry of the silicon box and the potentials to be applied are constrained by the α-decay spectroscopy requirements.

Bunch Manipulation

In order to obtain more realistic expectations of the trap's performances, we simulated the flight path of a bunch of 100 ions through both the preparation and measurement traps. In the first trap the ions where exited by a dipolar pulse of 20 ms of amplitude 200 mV at the magnetron frequency, followed by a quadrupolar excitation of amplitude 45 mV for 250 ms at the cyclotron frequency. As the magnetron motion is slowly converted into reduced cyclotron motion, the latter is continuously dampened by helium buffer gas with a pressure of 10 -4 mbar. The ion-gas interaction was simulated by a simple viscous damping model. The centering of the bunch is illustrated in Figure 5. The centered bunch was then transferred to the second trap and submitted to a ToF-ICR excitation pattern. A 10 ms dipolar magnetron excitation of 420 mV was followed by a 250 ms quadrupolar cyclotron excitation of 300 mV. The energy resonance for the complete ion bunch is shown in Figure 6. The measured frequency is shifted from the true cyclotron frequency by 10(10) mHz, i.e. a relative shift of 23(23) * 10 -9 at mass A = 250, confirming the quality of the field. The results are better with a realistic bunch than with a single pure-motion ion as considered in the previous section. This can be explained by the fact that the simulated transfer of the ion bunch from the first trap to the second leaves the ions with an axial amplitude below 0.5 mm. It is possible that the electric field imperfections in the real trap will turn out to be larger than what has been estimated, since our model does not account for misalignments or the possible charging of the small fraction of the PCB surface not covered by any electrode (see Fig. 1), though in the latter case, small plate-electrodes could be inserted to shield the insulating parts. However, our simulations show that this geometry itself is at least compatible with mass measurements with an uncertainty of a few 10 -8 .

Conclusion and perspectives

In this paper we have described the goals and layout of a new double-trap assembly initially designed for in-trap decay spectroscopy and explored the possibility of using the same apparatus for precision mass measurements. The geometry and potentials of the novel trap have been adjusted to allow for dipolar and quadrupolar excitations required by the ToF-ICR and PI-ICR techniques. Simulations of the first trap with realistic bunches are consistent with the theory and simulations of the second trap support the feasibility of mass measurement with an uncertainty down to 23(23) * 10 -9 . Should the second trap of the novel tower be able to reach such precision, it could be used for mass measurements of exotic nuclei, wether they are α-emitters or not, and could provide valuable inputs in different regions of the chart of nuclides.

Mass measurements in the VHE and SHE regions allow to probe the evolution of shell structure and onset of deformation, and could be performed "simultaneously" with α-decay spectroscopy. Indeed, since an α-decaying ion is lost for mass measurement anyway, it does not matter wether its decay product is detected or not.

If the novel trap is limited to a precision of 10 -7 it could still measure masses of astrophysical interest, in particular those relevant to the paths of the rapid capture processes responsible for the abundances of elements heavier than iron. The first assembly will already measure masses of neutron-rich nuclei produced at ALTO, especially in the silver chain [START_REF] Ramirez | New program for measuring masses of silver isotopes near the n=82 shell closure with mlltrap at alto[END_REF], and the second assembly could be tested for mass measurement as well. In DESIR, the S3-beams will provide many mass measurement opportunities along the rp-process line. Finally, mass measurements in the 10 -7 -10 -8 precision range could be used as inputs or discrimination tests for the many nuclear interaction models that describe the exotic regions of the chart of nuclei to be covered by ALTO and S3.

Figure 1 :

 1 Figure 1: Left, PCB-mounted silicon detector with (1) silicons strips, (2) guard ring, (3) contact pads and (4) gold-plated sections used as correction electrodes. Center, mechanical assembly used at MLL to test the silicon detectors inside the magnet, showing (5) customized PEEK connectors. Right, CAD view of the designed trap structure, featuring (6) segmented support electrodes and (7) side electrodes.

Figure 2 :

 2 Figure 2: Top, SIMION view of the two-trap system. The potential maps of each trap have been superimposed and exhibit the expected hyperbolic equipotentials. Bottom, potential along the beam axis. The potential depth of the second trap results from the optimisation after imposing a 100 V difference between the silicon strips and the guard rings.

Figure 4 : 2 (

 42 Figure 4: Top, kinetic energy of an ion after simulated quadrupolar excitation as a function of the detuning (first trap with optimised potentials). The shape of the resonance is remarkably well fitted by the theoretical curve sin 2 (ω B T r f )/ω 2 B with ω B = 1 2 (ω r f -ω c ) 2 + k 2 0 . : parameters used for the simulation are z(0) = 2 mm, ρ -(0) = 1.18 mm, A/Q = 250, V r f = 25 mV and T r f = 102.4 ms. Bottom, fit residues of the resonances in a non-optimised first trap (blue squares), an optimised first trap (green crosses) and an optimised second trap (yellow triangles).

Figure 5 :

 5 Figure 5: Bunch of 100 ions before (black) and after (green) cooling in the first trap.

Figure 6 :

 6 Figure 6: Energy distribution of the ion bunch as a function of the detuning frequency. The resonance is fitted with a reduced χ 2 of 1.3, owing to the trap imperfections.

Table 1 :

 1 Comparison of the C l coefficients and the optimisation goal function σ H /H for non-optimised (NO) and optimised (O) sets of potentials for both traps.

		First Trap	Second Trap
		NO	O	O
	σ H /H	9.84 10 -3	1.56 10 -3	4.17 10 -3
	C 1	1.09 10 -7	3.02 10 -7	7.77 10 -6
	C 2	1.0	1.0	1.0
	C 3	4.10 10 -8	1.14 10 -7	1.23 10 -4
	C 4	-1.01 10 -2	1.07 10 -3	8.82 10 -4
	C 5	4.75 10 -9	1.31 10 -8	1.33 10 -5
	C 6	-6.78 10 -3 -5.61 10 -3	-9.38 10 -3

The order of the associated Legendre polynomials is almost always referred to as "m" in the literature. We chose to use "k" here instead to avoid confusion with the mass.

In[START_REF] Ketter | First-order perturbative calculation of the frequency-shifts caused by static cylindrically-symmetric electric and magnetic imperfections of a penning trap[END_REF] for example, these have been called "first order frequency shifts", but we avoid this term here to avoid confusion with the order k of the Legendre polynomial.
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