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Abstract: We report the experimental observation of more than four Fermi-Pasta-Ulam-Tsingou
recurrences in an optical fiber thanks to an ultra-low loss optical fiber and to an active loss
compensation system. We observe both regular (in-phase) and symmetry-broken (phase-shifted)
recurrences, triggered by the input phase. Experimental results are confirmed by numerical
simulations.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The Fermi-Pasta-Ulam-Tsingou (FPUT) recurrence process describes the ability of a strongly
multimodal nonlinear system to come back to its initial state after the (potentially complex)
redistribution of modal energies, as discovered by Fermi and co-workers in the 50s by numerically
modelling nonlinear chains of oscillators [1]. Several recurrences can occur before the system
exhibits the tendency to evolve towards a thermalized state ultimately characterized by the
equipartition of the energy between all the modes. Parametric conversion and in particular
seeded modulational instability (MI) in focusing cubic media offers the possibility to investigate
experimentally FPUT recurrence, as demonstrated in hydrodynamics [2] and optics, both in
fibers [3–7] and in the spatial domain in bulk crystals [8]. In this case the hallmark of FPUT
recurrence is the return of Fourier modes to their input amplitude and relative phase after the
growth into a triangular frequency comb (this is distinct from other mechanisms of recurrence due
to multi-soliton fission, characteristic for example of regimes described by the weakly dispersing
Korteweg-de Vries model [9–11]). In the context of the FPUT phenomenon, a major issue is to
investigate and understand the transition from the recurrent regime to the thermalized state. Such
transition usually requires very long times in weakly nonlinear FPUT chains [12]. However, it is
expected to be relatively fast when driven by MI in the presence of noise, as ruled by the nonlinear
Schrödinger equation [13]. Nevertheless, an essential prerequisite for such studies becomes the
ability to extend the detection to the regime of several recurrences beyond the current limit of
two or three recurrences, as reported recently in fibers [5–7] or bulk [8], respectively.
Fiber optics constitute a fantastic test bed to perform FPUT experiments since they offer

an easy tuning of initial conditions and a precise control of fiber parameters. However, the
attenuation, though very low in modern optical fibers with a recent record of 0.1424 dB/km [14],
constitutes the main limitation of such waveguides to investigate FPUT process because even
very weak losses prevent the appearance of several recurrences. In standard fiber optics systems,
the observation of more than a single recurrence has been critical due to this limitation [3,4,6].
Recently, we reported the observation of two recurrences [5] thanks to an active compensation
of the loss using a counter-propagating Raman pump. A different group took benefit of a
recirculating loop to also record a limit of two recurrences [7]. Reaching two recurrence cycles
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has a been a qualitative major advance since it allowed to explore, on one hand, the rich dynamics
of these nonlinear systems through the observation of the intrinsic symmetry breaking nature of
FPUT [5] and, on the other hand, the invariance of the nonlinear spectrum of the system in the
inverse scattering sense [7]. Nonetheless, much remains to be done, since at present it is not
clear how far one can go in observing a higher number of recurrences, which is preparatory for
further studies on the onset of thermalization.
In this work, we make a step further in this direction by reporting for the first time the

observation of more than four recurrences by exploiting an ultra-low loss optical fiber developed
for ultra-long-haul submarine telecommunication systems [14]. More specifically, our aim
is to further show that the four recurrences manifest themselves according to the two distinct
types of possible evolutions without exhibiting cross-over over the whole fiber length. The two
evolution scenarios are determined solely by the input relative phase of the MI sidebands and are
characterized by successive shifted versus unshifted temporal patterns at the points of maximum
compression, respectively [5]. To this end, using an ultra-low loss optical fiber appears the most
natural choice since it is known from the numerics [15] and experiments [16] that too large
linear losses have the detrimental effect to induce all evolutions to become of the shifted type,
regardless of the initial condition. Nevertheless, due to the long fiber span considered here, even
the residual ultra-low losses are critical thereby requiring adequate compensation. As a result,
the use of such ultra-low loss fiber has required to considerably improve our setup as described
below.

2. Experimental setup

We basically exploited the same vector heterodyne optical time domain reflectometer (HOTDR)
system described in details in Ref. [5]. The experimental setup is sketched in Fig. 1. In this paper,
for the sake of simplicity, we will only provide a short description of the HOTDR system. In
particular, we will only focus on the modifications required to improve its performances in order
to be able to record these four recurrences. A 1550 nm CW laser signal is intensity modulated
to get 50 ns duration square shaped pulses with a repetition rate of 4.9 kHz (see the inset in
the right-bottom of Fig. 1). It is then phase modulated and filtered to create a strong pump
surrounded by two weak symmetric sidebands (idler and signal waves) whose relative phases
can be tuned thanks to a commercial complex optical filter (Waveshaper, Finisar). These are
injected into the ultra-low loss optical fiber (ULLF) of 18.35 km length. The amplitude and
phase evolution of the three frequencies (pump and sidebands) along the fiber are recorded thanks
to the Rayleigh backscattered light via a multiple heterodyne detection system (beating with a
multi-lines local oscillator). The group velocity dispersion of the ULLF is β2 = -24×10−27 s2/m
and the nonlinear coefficient is γ= 0.77/W/km. The pump power is set to P= 840 mW and the
signal/idler to pump ratio is −10 dB. The frequency shift from the pump is set to f= 34 GHz,
very close to the peak MI gain frequency (fpeak=37 GHz from spontaneous MI spectrum, in
agreement with well known expression fpeak=[γP/(2 π2 | β2 |)]1/2). The original HOTDR system
performances were reported by using a standard SMF28 fiber which did not allow to record more
than two recurrences [5]. Thus we had to improve its performances to generate and observe
more. The main modifications of the original HOTDR system are the following: we used (i) an
ultra-low loss fiber and (ii) an optimized Raman pumping scheme to actively compensate the
losses. The ULL is a commercial fiber (Corning Vascade EX2000 fiber) with 0.147 dB/km. This
very low loss value is very close to the record of 0.1419 dB/km obtained for non-commercial
fiber [14]. This impressive performance is due to a lowering of the microscopic glass network
structure disorder by using Ge-free silica core included fluorine co-doping. However, such a
fiber has a lower nonlinear coefficient than the one of the SMF28 used in Ref. [5]. Consequently,
we add to increase the pump power to get similar nonlinear lengths, as detailed above. A higher
amplification at the input by EDFA1 (Fig. 1) induces an important degradation of the signal
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to noise ratio of the signal launched inside the fiber. This degradation prevented the recording
of clean back reflected traces. This problem was circumvented by adding a booster just before
the intensity modulator (SOA in Fig. 1). The amplification by EDFA1 can then be reduced and
the intensity modulator combined with the Waveshaper cut significantly the background noise
amplified by the booster. In our experimental system, the fiber length is more than two times
the length of the one used in Ref. [5] (18.35 km vs 7.7 km). The repetition rate of the signals
launched inside the fiber was reduced from 9.8 kHz to 4.9 kHz to prevent the temporal overlap
between two consecutive back-reflected OTDR traces. One OTDR trace has a duration of 179 µs
corresponding to one round-trip within the fiber which is shorter than the period of the signal
launched in the fiber (1/4.9 kHz= 204 µs). Concerning the Raman pump used to get an active
compensation of the loss, in these new experiments, we implemented a Raman pump located at
1450 nm (against 1480 nm in Ref. [5]) to take benefit of the maximum Raman gain on the signal
to be amplified located at 1550 nm (13.2 THz away).

Fig. 1. Experimental setup. Laser 1 is a narrow linewidth (100 Hz at FWHM) CW laser
and laser 2 is a continuous distributed feedback laser diode. IM(1,2): intensity modulator,
PM: phase modulator, AWG: arbitrary waveform generator, EDFA(1,2): erbium-doped fibre
amplifier, ISO: isolator, AO: acousto-optic modulator, MUX: multiplexer or de-multiplexer,
SOA : semiconductor optical amplifier, PID: proportional, integral, derivative controller,
PD: photo-detector, PC: polarization controller, PBS: polarisation beam splitter, RF: radio
frequency, LNA: low-noise radio frequency amplifier, ULL : ultra-low loss fiber. All the
instruments of the setup (including the oscilloscope) are referenced to the same 10 MHz
clock. Inset: temporal shape of the pulses launched inside the fiber.

Hence, these improvements allowed us to achieve a quasi-transparent optical fiber of 18.35 km
length, corresponding to about 10 nonlinear lengths (LNL=(γP)−1=1546 m) which is remarkable
in a quasi-purely conservative system. We further estimate that, due to Raman pump depletion
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and losses, the total power experiences along the fiber a maximum variation of 10% around its
initial value.

3. Results/discussion

In the following, we report the observation of the two types of recurrences that can arise in a
FPUT system as long as more than two recurrences can be observed [17–19]. Here a single cycle
of recurrence is intended as the evolution of the modulated input into the stage of maximally
amplified sidebands (or maximally compressed pulse train in time domain) followed by the
return to a minimum of the modulation (sidebands). We remind that the two possible types of
dynamics involve either regular or symmetry-broken recurrences, with the difference between
the two becoming mostly evident with reference to spatio-temporal evolution portraits. Indeed,
either successive maximum compression points can occur in phase (regular recurrences) or
π-phase shifted (symmetry broken recurrences). Incidentally, we emphasize that evolutions with
π-phase shift are correctly defined as recurrences with broken symmetry, as they correspond to
the equivalent motion of a particle in a double-well or Mexican hat potential characteristic of
any symmetry breaking process [5]. However, they can be regarded as more natural in the sense
that they are the continuation of the Fourier mode evolution dominated by the dispersion [20].
Conversely, regular recurrences are more exotic in the sense that they are uniquely produced by
the onset of MI and are intrinsically associated to the phase-space deformation induced by this
nonlinear effect [20].

To get a global overview of the system, it is convenient to plot the evolution of the signal power
and phase in a phase plane (η cos(∆Φ), η sin(∆Φ)), where ∆Φ is the relative phase between the
pump, signal and idler waves, defined as ∆Φ=½ (2ϕpump – ϕsignal – ϕidler), η(ζ) the signal power
normalized to the total power, ζ being the generic distance along the fiber [5,17]. In such phase
plane, regular recurrences correspond to trajectories confined within the right (or left) semi-plane
while those with broken symmetry span the whole plane [5,17,21]. They are separated by a
homoclinic loop or separatrix (the Akhmediev breather), being internal or external to the latter,
respectively [5,17,19,20,22]. In a lossless system, it is possible to address one type of recurrence
or the other by controlling the initial conditions. Note that, experimentally, it is more convenient
to keep constant the initial amplitude of the sidebands and to change the initial phase value
∆Φinit =Φ(0) rather than tuning the power of the perturbation. Indeed, switching from inner to
outer trajectories at a fixed phase may require sidebands with large powers, which are not easily
accessible in experiments. Moreover, the injection of powerful sidebands may lead to irregular
behavior, and seemingly chaotic behavior, dictated by the high sensitivity to initial conditions
around a separatrix [23]. Thus, as we did in previous experiments [5,21,22], the power of the
sidebands was adjusted in order to excite regular lowest order solutions and at the same time to
generate several recurrences. The relative phase between the input wave was modified to control
the excitation of these two regimes.
Firstly, the input phase, is set to ∆Φinit = -π/2. This allows to select the regime described by

phase-shifted recurrences [16]. In Fig. 2(a), the power evolutions along the fiber length are
represented in blue solid line for the pump and red solid line for the signal, respectively. In
the first stage, the signal is exponentially amplified until reaching a maximum power level at
about 2.4 km while the pump is progressively depleted over this distance. At this stage, the
energy transfer is reversed and the signal power is reduced to reach a minimum value at about 4.5
km almost identical to its initial value (0.075 at 4.5 km against 0.085 at the fiber input). This
corresponds to the first recurrence. By further propagating within the fiber, the same scenario
reproduces itself three more times, leading to the formation of almost four complete recurrences
at the fiber output. For each recurrence, the spatial location of the maxima of the pump power
coincides well with the minima of the signal power, as expected from theory. These results are
validated with numerical simulations achieved by integrating the lossless nonlinear Schrödinger
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equation (NLSE) [15]. They are reported as dotted lines in Fig. 2. It is remarkable that both
the position and the amplitude of the extrema of the pump and signal waves from experimental
recordings along the fiber are in good agreement with the numerics. Moreover, the values of the
pump maxima decrease only slightly along the fiber from 0.83 (first maximum) to 0.73 (fourth
maximum). We remind that without loss compensation the overall losses amount to 2.7 dB
which corresponds to an attenuation factor of 0.54 for the pump power at the fiber output. This
highlights the key role played by the active loss compensation system that we implemented in the
experiment. The relative phase evolution is depicted in Fig. 2(b). As shown, the phase is free
running, increasing monotonically with much faster variations across the points of maximum
depletion corresponding to maximum temporal compression stages. Noteworthy, the phase
shows a variation of across each recurrence or across two points of maximum depletion. This
means that the phase returns to its initial value (modulus 2π) only after a pair of recurrences. In
other words, when also the phase is properly considered the spatial period of the evolution is
twice the recurrence distance. The agreement with numerical simulations (grey dotted lines)
is excellent. Finally, the evolution of the system is represented in a phase plane in Fig. 2(c)
in order to confirm the broken symmetry nature of the recurrence. The curve describing the
dynamics of the system spans first the right semi-plane of the phase plane and then extend to the
left semi-plane, confirming the symmetry-breaking nature of the recurrence, in agreement with
theoretical predictions for this initial phase value [16].

Fig. 2. Longitudinal evolution of (a) the pump (blue line) and signal/idler (red line) powers
and (b) their relative phase for ∆Φinit = - π/2; (c) Phase-plane representation. Here η is the
signal power normalized to the total power. Solid and dashed lines stand for experimental
results and numerical simulations from NLSE, respectively. Bottom line: Numerical results
showing (d) spatio-temporal evolution of the power along the fiber length; (e) Spectral and
(f) temporal profiles at the first compression point.

The π-shift between two successive maximum compression points is equivalent to a shift of
half period in time domain, as explicitly shown in the spatio-temporal evolution of the power
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reported in Fig. 2(d), and obtained from numerical integration of the NLSE. For reference, we
also report the relative triangular spectrum and the temporal profile at the first compression stage.
We point out that, the reconstruction of the temporal evolution in the experiment would require
the measurement of higher-order sidebands [21], which is not carried out with the present setup.
In a second set of measurements, we set the input phase to ∆Φinit = 0 to observe regular

(unshifted) recurrences. All other parameters are identical to those used in the previous case. The
results are displayed in Fig. 3. The first important feature is that five maximum depletion points
(or maximally amplified sidebands), in turn corresponding to nearly four and a half recurrences
over the same fiber length, are observed. Hence, this case exhibits an excess of nearly half
recurrence compared with the previous configuration (see Fig. 3(a)). This is in good agreement
with the numerical simulations (see dashed lines in Fig. 3). Moreover, also in this regime, we
observe that the spatial location of the extrema of the pump and the signal nearly coincide. The
most striking difference with previous case is the boundedness of the phase evolution shown in
Fig. 3(b). At variance with the previous case, in Fig. 3(b) the phase exhibits nonlinear oscillations
around the input value, not exceeding maximal variation of ±π/2.

Fig. 3. Same as in Fig. 2 with ∆Φinit = 0.

In this case, the spatial period coincides with the recurrence distance. The reversals of the
direction of energy exchanges correspond to the changes of sign of the phase. The overall
dynamics of Fourier modes is summarized in the phase plane displayed in Fig. 3(c). As
shown, the trajectory remains confined in the right semi-plane as a consequence of the bounded
oscillating phase, in agreement with the expectation from theory for this value of input phase
[17]. Importantly, the fact that this curve remains bounded over a semi-plane highlights once
again the efficiency of the active loss compensation. Indeed if the system was not almost perfectly
conservative, the dissipation could qualitatively modify the nature of the recurrences possibly
forcing it to switch from a regular to π-shifted recurrences (see discussion in Ref. [15–16]). The
spatio-temporal pattern obtained numerically and displayed in Fig. 3 confirms that no shift is



Research Article Vol. 28, No. 12 / 8 June 2020 / Optics Express 17779

experienced in this system and that the maximally compressed trains were indeed formed at five
locations along the fiber. It is important to note that the agreement with numerical simulations
(dotted lines) is not as good as in the previous case. This is connected to the fact that the inner
orbits are less robust and more sensitive to noise and environmental perturbations compared with
outer (phase shifted) orbits, as our simulations suggest. In particular, at the level of sideband
power of the experiment (which, by the way, is necessary to induce several recurrences over such
fiber length), the evolution presents significant deviations from perfectly periodic evolutions that
are numerically observed in the noise-less case for sufficiently weak modulations (i.e. signal
power below −20 dB). This phenomenon can be also evinced by comparing Fig. 2(d) and Fig. 3(d).
In Fig. 2, the repeated leitmotiv in the spatio-temporal representation looks very similar from
one recurrence to another. Conversely, as shown in Fig. 3(d), the longitudinal evolution around
the third maximum compression point occurring at about 10 km exhibits some features (before
and after the peak) that makes it significantly different from the evolutions around the other
peak conversion points. This indicates that the system does not evolve in a strictly spatially
periodic fashion, but is rather following quasi-periodic orbits in the infinite dimensional space
that might be closer to a higher-order solution of the NLSE [23]. A deeper and rigorous analysis
is required to exactly identify what type of full solution and the relative order that one is expected
to excite by means of the truncated three-wave input condition, as it was done in the context of
Akhmediev breathers [24]. This is a challenging issue, definitely out of the scope of the present
paper which aims at demonstrating the experimental accessibility of a regime characterized by
more than four FPUT recurrences of two different qualitative types along an optical fiber. Finally,
we emphasize that, in our experiment, the system is found to undergo four or more regular cycles
of conversion and back-conversion without showing the strong departures that characterize the
onset of thermalization, as discussed in Ref. [13], and numerically estimated to appear after very
few cycles of recurrences. Clearly, we expect the noise level to have a central role in the onset of
thermalization, which, in our system, we believe to occur at longer distances, unfortunately not
accessible with the present set-up.

4. Conclusions

We reported the observation of four Fermi-Pasta-Ulam-Tsingou recurrences in an optical fiber
by employing an ultra-low loss optical fiber and an active compensation of the losses. We
obtained a pretty good agreement with numerical simulations based on the lossless NLSE
confirming the efficiency of the active loss compensation scheme that we implemented by using
a counter-propagating Raman pump. These results open the way to investigate further complex
problems such as the role of multiple unstable sideband pairs and the route to the thermalization
using longer fiber spans, following the inspiration from the original work by Fermi, Pasta, Ulam
and Tsingou, which, though widely investigated in theory, is rarely addressed in real experiments.
In order to extend the measurements to longer fiber lengths and possibly explore the thermalization
stage, we envisage to improve further the Raman amplification system, also considering the use
of dual Raman pump injected in both the co-propagating and counter-propagating directions [25].
The recirculating loops also employed in [7] represents a valid alternative to reach extremely
long distances, which can be combined with lumped or partially distributed amplification [26],
though, in this case, the unavoidable periodic output coupling represents a significant deviation
from the ideally lossless situation described by the integrable model considered here.
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