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Welfare as Equity Equivalents®

Loic Berger' and Johannes Emmerling?

Abstract

Equity (or, its counterpart, inequity) plays a fundamental role in the eval-
uation of social welfare in different dimensions. In this paper, we revisit the
concept of inequity —in the sense of unequal distributions— across individuals,
time, and states of the world using a unified framework that generalizes the
standard expected discounted utilitarianism approach. We propose a general
measure of welfare as equity equivalents and a corresponding inequity index.
We show that allowing for different attitudes toward inequity across different
dimensions covers a scope of possible inequity preferences with different inter-
pretations. We then prove that the order of aggregation across the different
dimensions matters for welfare evaluations. Finally, we show that many of
the welfare-theoretical approaches recently developed in the literature can be

interpreted as special cases of this general framework.
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1 Introduction

Distributional issues are at the heart of economics. Problems related to allocation
efficiency, distribution of consumption, wealth, and other socio-economic variables
have been at the core of economic analyses since the emergence of the discipline. In
particular, distributional issues across individuals —be it within national boundaries
(redistribution of resources) or across countries (economic development)- continue to
be an important topic of research. Yet distributional issues have typically not been
considered only along the individual dimension. The distribution of resources over
time and the related questions of savings, intergenerational distribution stemming
from capital dynamics, or the intertemporal use of natural resources have added
another dimension to the problem. Finally, distributions across different “states of
the world” due to the presence of uncertainty affecting the realizations of random
variables have surrounded virtually all economic problems.

While the literature has historically considered the fundamentally different di-
mensions of individuals, time and states of the world separately, it is now clear that
different potential dimensions of “inequity” (i.e. unequal distribution in a particular
dimension) are potentially closely intertwined: inequality between contemporaneous
individuals might be correlated with intergenerational inequity between generations,
uncertainty might affect individuals differently, and so on. Focusing on one dimen-
sion of inequity in isolation therefore runs the risk of neglecting potentially impor-
tant interaction effects. In this paper, we outline a unified approach for the study of
inequity in different dimensions. Specifically, we consider inequity across the three
dimensions of individuals (i.e. inequality issue), time (i.e. inter-generational inequity
issue) and states of the world (i.e. uncertainty issue). Using a general framework
that encompasses most of the approaches recently proposed in the literature on wel-
fare and inequity, we analyze the implications of considering multiple dimensional

inequity issues jointly.

Background Economics has traditionally tried to represent societies’ basic ob-
jectives that guide policy-making by means of social welfare functions (SWFs). In
principle, any policy recommendation regarding the allocation of resources should
take these objectives into account. SWFEs serve as tools for coherently organizing our
thoughts about welfare and its distribution over different dimensions. To do so, they
need to be defined and characterized. In particular, as SWFs may be used to advise
on resource allocations, the way they are formulated may also have important policy

implications. The workhorse model that has frequently been followed to aggregate
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different dimensions of social welfare is the weighted utilitarian (WU) criterion.! In
line with this approach, an SWF may be constructed by considering the utility U5
of an individual n, at time ¢, in state of the world s. Social welfare then simply
consists of the weighted sum of the different utilities over individuals, time, and
states of the world. That is, social welfare represents the threefold (weighted) sum

of utilities

SWEF = Z QntsUntsa (1)

n,t,s
where ¢,45 is a scalar representing the weight associated with utility U, evaluated
in the three dimensions “n,t,s”. The individual, time, and state dimensions can
be considered in isolation or can be combined in different ways. In this sense, the
weights ¢,+s have different interpretations depending on the dimension considered.
When aggregating over individuals, they typically represent individual weights (in
case they are equal, they may be omitted). In the time dimension, they usually
refer to a (relative) discount factor. Finally, in the state dimension, they represent
probabilities.? The WU approach has several advantages, as it is grounded on a set
of desirable axioms, defined across the three dimensions separately (see Koopmans,
1960; von Neumann and Morgenstern, 1944; and Maskin, 1978). Combining the
respective one-dimensional welfare aggregations together therefore seems, at first
glance, a natural extension and generalization of various one-dimensional concepts.
In accordance with the discussion of Fleming (1952) on cardinal welfare in the three
dimensions, the SWF approach formalized by Harsanyi (1955) presented in expres-
sion (1) has indeed been the most widely used criterion to evaluate welfare. Yet

alternative approaches have also emerged.

This paper In this paper, we revisit and categorize many of the alternative social
welfare concepts and specifications that have been proposed in the literature. We
then discuss how standard analyses considering a single dimension of the inequity
issue can be naturally extended when considering the other dimensions simultane-
ously. In particular, our contribution is fourfold. (i) We propose a way to articulate
the different dimensions by providing a unifying welfare concept based on “equity
equivalents”. (ii) We then show how allowing for different attitudes toward inequity

across different dimensions covers a scope of possible inequity preferences with dif-

Tt is also sometimes called expected discounted utilitarian or EDU criterion in the literature.
2In what follows, we typically assume, as in Harsanyi (1955), that these probabilities are objec-
tively known.



ferent interpretations. (iii) Comparing our welfare measure with the workhorse WU
criterion, we also show how the order of aggregation matters for welfare considera-
tions. (iv) Finally, we show how most of the welfare-theoretical approaches recently
developed in the literature can be interpreted as special cases of our general frame-
work.

The paper proceeds as follows. In Section 2, we review recent literature that has
investigated inequity issues in one or more dimensions. In Section 3, we introduce
a unified framework generalizing the utilitarianism paradigm in one dimension and
show that many of the existing welfare concepts can be deemed as special cases
of this general framework. We also compute a generalized inequity index and pro-
vide numerical estimates of inequity in the three dimensions of individual, time and
state separately. In Sections 4 and 5, we extend the analysis to a multi-dimensional
framework that takes into account two or more dimensions simultaneously. In Sec-
tion 6, we pay particular attention to the time dimension and propose a recursive

formulation of our general welfare formulation. Section 7 concludes the paper.

2 Related literature

A large part of the economics literature has explicitly or implicitly focused on the
study of a general idea of inequity. While it is often convenient to abstract from
multi-dimensional considerations and focus on one particular dimension when study-
ing specific problems, most economic issues encompass multi-dimensional compo-
nents. In particular, the discussion on the implications of climate change have
spawned a wealth of literature in welfare economics and normative philosophy. Is-
sues that have been raised in this context include inter-generational inequity (e.g.
the social discount rate), the notion of inequality and distributional justice, and the
role of (deep) uncertainty together with the related idea of a precautionary principle.
The common feature across these seemingly unrelated concepts is that losses and
benefits of given policies need to be compared along different dimensions. As the
climate change problem is a particularly well-adapted example that combines the
three dimensions of individuals, time and states together, in what follows, we specif-
ically focus on (but do not limit ourselves to) reviewing approaches that have gone
beyond the study of one dimensional distributions in this specific context. Impor-
tantly, we restrict the analysis to a particular class of welfare concepts of the nested
additively separable class, so that welfare can be expressed, in each dimension, as a

(weighted) sum of utilities. Other approaches such as dual approaches based on a
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transformation of weights and rank-dependent functions also use alternative welfare

functions in each of the dimensions, but they are beyond the scope of this paper.

Time and beyond Recently, the need to aggregate welfare over long time horizons
has been at the core of the discounting debate. Initially, only the time dimension of
the problem was considered (Ramsey, 1928; Baumol, 1968). However, recent exten-
sions and generalizations of the discount rate formula have also incorporated other
dimensions. In particular, the discussion has been extended to take into account
the state dimension, for example when incorporating the uncertainty related to eco-
nomic growth (Gollier et al., 2008) or focusing on uncertain individual discount
rates (Gollier and Weitzman, 2010). In the same vein, research has explored the
question of discounting along the individual dimension, focusing for example on the
heterogeneity of discount rates (Gollier and Zeckhauser, 2005; Feng and Ke, 2018)
or considering explicitly the question of inequality (Gollier, 2015). This literature
has thus primary focused on the time dimension, while introducing elements of the

state and individual dimensions, respectively.

States of the world and beyond In the states of the world dimension, risk
considerations have typically been realized under the expected utility (EU) frame-
work. When an additional dimension is considered, allowing for distinct attitudes
toward different dimensions, the aggregation of welfare across dimensions becomes
less trivial. Notably, the approaches disentangling inter-temporal and risk prefer-
ences proposed by Selden (1978) and Kreps and Porteus (1978) and later extended
by Epstein and Zin (1989) and Weil (1989, 1990) have been widely applied in many
different fields of economics. These approaches, however, are primary oriented to
the time dimension as they are geared toward preserving dynamic consistency and
independence of unrealized and past alternatives, while departing from the inde-
pendence axiom of the EU theory. Alternatively, a less widely used formulation,
which dates back to Kihlstrom and Mirman (1974), also disentangles preferences for
risk and time but focuses on maintaining the linearity in probabilities.® In the con-
text of climate change economics, several authors have used the Epstein-Zin/Weil
framework to evaluate welfare across time and states of the world. Examples of

studies using this welfare framework include Ha-Duong and Treich (2004), Crost

3From a practical standpoint, this approach has received little attention because of the impor-
tance attached to time consistency issues and to the very convenient recursive formulation proposed
by the Epstein-Zin/Weil framework. A notable exception is Bommier (2007).



and Traeger (2014), Ackerman et al. (2013), and Lontzek et al. (2015).* In general,
these applications rely on global analytical or numerical models that consider the
world as a whole —often based on Nordhaus’s (1993) DICE model®~ and thus ab-
stract from heterogeneity across individuals. In the more welfare economic-oriented
literature, extensions toward more general welfare criteria, for example considering

ex-ante and ex-post concepts of prioritarianism, include Adler and Treich (2017).

Individuals and beyond The third dimension traditionally analyzed in the lit-
erature concerns inequality across individuals.” When considering distributional
issues in the individual dimension in a global or international context, as in the
context of climate change, individuals typically refer to countries (or group of coun-
tries). In most optimization models with country or regional disaggregation, the
issues of inequality and distributional effects have typically been left aside by using
Negishi weights (Nordhaus and Yang, 1996). This approach however has several
conceptual flaws (Stanton, 2011), which could make alternative welfare approaches
more desirable. In particular, employing the measurement of inequality pioneered
by Pigou (1912); Dalton (1920); and Atkinson (1970) several studies have recently
applied similar concepts to the modeling of global policy issues. Note that there is
also a wealth of literature that has extended this work to capture multi-dimensional
inequality issues, such as inequality across individuals (or countries), but along dif-
ferent dimensions such as income, health, and education (Maasoumi, 1986; Tsui,
1995; Decancq et al., 2009).

In the context of climate change, the discussion on “equity weights” has, since
Fankhauser et al. (1997), received a great deal of attention. The general idea relies on

extending standard welfare measures over time to include inequality considerations

4See also Berger et al. (2017) for an application using an extension of the Epstein-Zin/Weil
formulation that goes beyond the analysis of risk, by considering deep uncertainty.

SDICE stands for Dynamic Integrated Climate and Economy, see Nordhaus (1993) and Nord-
haus and Sztorc (2013) for more details.

SPrioritarianism is a welfare concept that goes beyond utilitarianism in that the welfare of
worse-off individuals are given a higher weight (Adler and Fleurbaey, 2016). In our framework,
using a single utility function in the one-dimensional case, it can be interpreted as a concave trans-
formation of the utility function. In the specific case of the two dimensions time and individuals,
prioritarianism has been reinterpreted to consider intertemporal welfare and the distribution within
generations across individuals (Adler, 2012; Adler and Treich, 2017). These welfare frameworks can
be comprised in the general framework of this paper. Other welfare concepts include egalitarianism
(an even more extreme welfare concept in which equality across individuals is prioritized), rank-
based welfare concepts (Zuber and Asheim, 2012), inter-generational egalitarianism (Piacquadio,
2014), and the Rawlsian maxmin welfare function. As these are based on more complex welfare
functions going beyond the paradigm of weighted utilitarianism, we do not consider them herein.

"This type of inequity is also called “intra-generational inequity”.



(in the spirit of Atkinson’s approach) at any point in time. Since then, research has
proposed a separation between the inequality concerns from time preferences (An-
thoff and Tol, 2009; Tol, 2010). These studies explicitly separate inequality aversion
between countries from inter-temporal fluctuations aversion and introduce the con-
cept of a “certainty, equity, and balanced growth equivalent” level of consumption
as a welfare measure. Finally, in welfare economics, the separation between individ-
ual and state dimensions has been formally analyzed by Grant et al. (2012), who
build on the approaches of Fleurbaey (2010) (“expected equally distributed equiv-
alent utility”) Epstein and Segal (1992) and Diamond et al. (1967) (“generalized
utilitarianism”), or by Fleurbaey and Zuber (2013).

Finally, while most of the literature has focused on one or two dimensions of
the inequity issue, a few recent contributions have also proposed a combination of
the three dimensions at the same time. For example, Schmidt et al. (2012) extend
the intertemporal DICE model to take into account both the uncertainty and the
heterogeneity across populations using a simple parametric distribution of income at
any point in time. However, they do not make explicit the separation between the
different attitudes over these dimensions. Fleurbaey and Zuber (2015) also consider
all three dimensions in the context of the optimal discount rate. In Appendix A, we
provide a graphical representation of how the existing studies on inequity relate to

each dimension in a three-dimensional simplex.

3 A unified framework for the study of inequity:

the one-dimensional case

In this section, we focus on evaluating the distribution of one variable (e.g., con-
sumption income, health) across one dimension. We remain in the WU paradigm by
assuming that the social evaluation function belongs to the nested additively sepa-
rable class. In other words, we assume that welfare can be expressed as a (weighted)
sum of utilities. We begin by defining a general framework for the analysis of welfare

and inequity.

3.1 General setting

Let C be a variable of interest distributed in a three-dimensional state space C C (R™)
Let G be a measure of C' over C. We denote by {cnts ceRt neN,teT, se S}
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the realization of C' = (Chs),en et sess

vidual n at time ¢ in state of the word s.® In this expression, N, T and S are index

which represents the consumption of indi-

sets representing the individual, time, and state dimensions, respectively. These sets
may be countable or uncountable. For example, the time set 7" may represent either
the (possibly infinite) discrete periods of time or continuous time. If one dimen-
sion is not considered, its respective index sets is singleton, and we simply omit it
in our notation. In this sense, ¢; denotes the realized consumption level in dimen-
sion ¢ € {n,t,s} only, and ¢;; is the realized consumption level in dimensions ¢, j
€ {n,t, s} with i # j. For the sake of simplicity, we assume that the consumption
(or income, health, etc.) levels are bounded. Finally, in a slight abuse of notation,
we let n, t and s also denote the dimensional space they index when used as a

superscript.

3.2 Welfare as equity equivalent

We now introduce a general framework that we use to analyze welfare and inequity
across different dimensions. To do so, we begin by defining the concept of equity

equivalent in one dimension.

Definition 1. For each C of C and each ¢ € {n,t, s}, the equity equivalent of C' in
dimension 7, denoted by £(C), is the level of consumption that if assigned uniformly

across dimension ¢ leaves social welfare unchanged. We formally define it as:

£(C) = [ B [f:(O)], (2)

where f; : RT — R is a strictly increasing function capturing preferences over C' in

dimension 7 and E’ represents the expectation operator taken over dimension 1.

Aversion toward inequity in dimension 7 is modeled by a concave f;, which can be
interpreted as aversion to (mean preserving) spreads in consumption levels. The
expectation —or weighted sum— operator takes the form E![f;(C)] = X, ¢ fi(ci),
where ¢; represents the weights attached to elements ¢; such that 3, ¢ = 1.2 In
this sense, the measure GG can be taken as a probability measure. We then define
the one-dimensional social welfare evaluation function to rank unequal distributions

according to this equity equivalent.

8The order in which indices are specified does not matter here, such that c,is = Cotn = Cins = ...

9In the limiting case in which the distribution of C'is continuous over dimension i, the operator
E* is simply defined as the (Lebesgue) integral E* [f;(C)] = [ fi(C)dG; with respect to the marginal
distribution G;.



Definition 2. The SWF over dimension i is the function W* : C — R* defined as

WHC) = E(C) Vie{n,t,s}. (3)

To understand why W*(C') can be interpreted as an index of social welfare, note that
for any C, C' € C, £(C) > EY(C") means that the distribution C of consumption
levels across dimension ¢ is deemed socially at least as good as the distribution
C’. This formulation of welfare is slightly different from the formulation V*(C) =
>iq.fi(c;) —with the sum Y, ¢/ that does not necessarily sum up to 1— which is
typically used in the literature. However, because both the re-scaling (consisting of

writing ¢; = Zqigq,) and the transformation f; ' induced by the equity equivalent

formulation arelstzrictly monotonic transformations of V¥(C), they do not alter the
ordinal properties of the welfare ranking. The certainty equivalent formulation (3)
also allows for both a more intuitive interpretation of the welfare concept and easier
generalizations.!® Under extreme inequity aversion, the equity equivalent (2), and

thus the SWF W, reduces to the maxmin criterion given by!!
£Y(C) = min {c;} . (4)

3.3 Inequity measure

One useful characteristic of this general welfare concept is that it can be related
to a general measure of inequity. In particular, we can define a general measure of

inequity as follows:

Definition 3. For each C of C and each i € {n,t, s}, the inequity index of C' in

dimension 7 is defined as

B ] ©)

where E*[C] = Y, ¢ic; is the mean of the actual distribution of C' across the di-
mension considered.'? Importantly, this inequity index depends on the underlying

function f; used to compute the equity equivalent. If the distribution of consumption

10 Another advantage of the equity equivalent formulation is that it leads to numerical values of
welfare that are closer to the variable of interest in terms of orders of magnitude. This might be
useful in numerical applications because it can help improve numerical optimization algorithms.

HSee the discussion in Section 3.5. For a general proof, see Klibanoff et al. (2005, p. 1867).

12E¢ [C] can equivalently be obtained from (2) in the special case of neutrality toward inequity
in dimension i(i.e. if f; is an affine function).



becomes more equally distributed in dimension ¢, the equity equivalent of someone
who is averse to inequity rises, and the inequity index falls. The inequity index I°
also has the convenient property of being bounded between 0 (perfect equity) and 1

(perfect inequity).

3.4 Applications in the literature

Different strands in the literature have proposed one-dimensional inequity measures.
In what follows, we show how our general framework can capture the various existing

concepts. We also discuss a new interpretation along the time dimension.

Individual dimension When considering the dimension across individuals (1 =
n), the equity equivalent £"(C') corresponds to the equally distributed equivalent
(EDE, see Atkinson, 1970; Fleurbaey, 2010). The EDE represents the level of con-
sumption that, if it were equally distributed over individuals, would give the same
level of welfare as the actual distribution of consumption. In this context, g = f,, Vn
is a function capturing preferences toward inequality across individuals and ¢, cor-
responds to the relative weight attached to individual n. In the same vein, I™

corresponds to Atkinson’s (1970) inequality index.

State dimension For the state dimension (i = s), the equity equivalent £%(C')
corresponds to the standard certainty equivalent (CE) defined over the uncertain
variable C' in the risk theory literature. In this context, s represents the different
states of the world; v = f; Vs is the von Neumann-Morgenstern cardinal utility
capturing preferences toward risk; and E® is the expectation operator with ¢4 repre-
senting the probability of being in state s, in which the level of consumption is c,.
Finally, note that E* [C] represents the expected value of C' and I* is the relative

risk premium.!?

Time dimension For the time dimension (i = t), the equity equivalent £*(C') rep-
resents the variable level, constant over time, that would give the same social welfare
as the actual stream of (Cy),.,. In this case, the function v = f; V¢ captures the
attitude toward intertemporal fluctuations (i.e. preferences toward unequal distri-

bution of consumption over time). Note that this attitude toward intertemporal

3The relative risk premium corresponds to the share of the mean consumption that one is ready
to pay to get rid of a risk on the consumption level. It is implicitly defined by >, gsu(cs) =
u(E®[C] (1 —I?)), (see Eeckhoudt et al., 2005). Notably, it has the advantage to be a unit-free
measure contrary to the absolute risk premium.

10



fluctuations may pertains to either the same individual living at different periods of
time or the same dynasty (or family) made of different generations linked through
operative inter-generational transfers. In the latter case, f; could be interpreted as
capturing inequity preferences across generations. The relative weights, ¢;, represent
utility discounting, potentially coupled with changes of generation size over time.!4

This concept of equity equivalent over the time dimension is closely related to
the notion of balanced growth equivalent (BGE) introduced by Mirrlees and Stern
(1972).1 In particular, the two concepts exactly coincide with a zero growth rate
(A =0) of the BGE: BGE\_¢(C) = £(C). To our knowledge, an analogous measure
of the inequity index has never been defined along the time dimension. However,
we can compute it easily from equation (5). This “intertemporal inequity index”,
I*, provides an index of intertemporal inequity from the social planner’s perspec-

tive. When C represents consumption, it can be interpreted as the share of average

discounted consumption that is lost from the unequal distribution over time.

Extension to other dimensions While the three dimensions we discuss are those
that have been the most widely studied, the general approach we propose can be
easily extended to other dimensions. For example, the set of dimensions can be ex-
tended to incorporate an element m representing an extra dimension of uncertainty
known as model uncertainty (Marinacci, 2015). In this case, f,, would capture atti-
tudes toward model uncertainty, and ¢, would represent the prior belief associated
with each potential probability model. Other possible extensions include differen-
tiated preferences over one’s lifetime, over future generations, or over individuals
within and between countries. Another important related topic is the literature
on multi-dimensional inequality across individuals, which does not focus solely on
monetary consumptions levels but considers multiple attributes, e.g., health, food
consumption, environment, education (see Maasoumi, 1986; Tsui, 1995; Bosmans
et al., 2015).1% However, treating these dimensions departs from our framework that

focuses on variables of comparable scale belonging to the same monetary consump-

14 These weights can be computed as ¢, = EP B where  is the utility discount factor and

A t
t/ Py’

P, is the size of the generation living at time t.

5The BGE measures the level of today’s consumption that, assuming it grows at a constant
growth rate A\, would yield the same level of consumption as a given consumption path.

16Notably, aggregating across the dimensions of the Human Development Index (HDI), con-
sumption, health, and education, Foster et al. (2005) develop a welfare-based axiomatic framework,
showing that using the same welfare function to aggregate across individuals and dimensions can
be desirable.
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tion domain.

3.5 Constant inequity aversion

The equity equivalent £ and inequity index I’ thus refer to different concepts,
depending on the dimension considered. For each dimension, a particular function
fi serves to capture inequity preferences. The concavity of f; may in turn capture
inequality aversion, intertemporal inequity aversion, or risk aversion. In the spirit of
Arrow (1964) and Pratt (1964), we can define a’(c;) = 3{,{(/0(50 and ¢'(¢;) = 70]0,]%2()0)
as local measures of, respectively, the “absolute inequity aversion” and the “relative

inequity aversion” in dimension ¢. In particular, the absolute inequity aversion is
constant and equal to o > 0 if the f; function is of the exponential type
1 i
file) = =o', ()
Alternatively, the relative inequity aversion is constant and equal to ¢; > 0 if the f;

function is of the isoelastic type

zl- ’ : i
1_:i lf SD # 1

filx) = o
In(z) if o' =1.

(7)
The constant absolute inequity aversion formulation (6) is particularly useful to il-
lustrate our limit result provided in expression (4). In this case, the equity equivalent

is written as

- 1 i
ELC) = —— Y ge ™™,

where o' > 0. Here, when inequity aversion goes to infinity (a’ — oo), we can easily

show a return to the maxmin criterion:

lim &£:(C) = min {c¢;} .

at—o00
The literature has also widely used the isoelastic formulation (7) in various dimen-
sions. In particular, research has used it in the context of the Ramsey rule for social
discounting, in the context of inequality for computing the family of Atkinson’s
indices of inequality measurement, and in the risk theory literature as a function
exhibiting constant relative risk aversion (CRRA). For this special case, and to make
the dependence of the inequity index I* on the degree of inequity aversion evident,

we denote by I'(¢") the degree of inequity in the special case of isoelastic function

12



f; with parameter ¢*.

In Online Appendix S1, we discuss and compare the different degrees of inequity
aversion that have been typically used in the literature. In Online Appendix S2, we
then use actual data to further illustrate the comparability of our general inequity

index across different dimensions.

4 A unified framework for the study of inequity:

the two-dimensional case

As argued previously, there may be many situations in which different dimen-
sions simultaneously affect the distribution of the variable of interest. As a con-
sequence, welfare considerations and inequity issues are generally not analyzed in
uni-dimensional contexts, but rather among several dimensions simultaneously. In
this section, we extend the scope of our framework to analyze inequity issues by al-
lowing for different attitudes toward two dimensions of inequity. We then show how

our framework covers different welfare criteria recently proposed in the literature.

4.1 Two-dimensional equity equivalent and inequity mea-

sure

When we move from a one-dimensional distribution to a multi-dimensional one,
different orders of aggregation become possible.!” We begin by defining the notions of
welfare and inequity in terms of equity equivalents, before comparing these different

orders of aggregation.

Definition 4. The SWF over the ordered dimensions 7 and j is the function W¥ :
C — R defined as

WY(C) =& (E(C)) Vij € {n,t,s} withi # j, (8)

17Using different sets of axioms, Tsui (1995) and Gajdos and Weymark (2005) discussed the
role of different orders of aggregation when evaluating multi-dimensional inequality measures. In
particular, in this literature, multi-dimensional Atkinson-based measures (Weymark, 2006; Aristei
and Bracalente, 2011) and generalized Gini indices (Weymark, 2006; Decancq and Lugo, 2012) have
been developed. Yet the “dimensions” in that literature all refer to the same qualitative dimension
(attributes of individuals), whereas we focus on the different dimensions of individuals, time, and
states of the world. A notable exception is Gajdos and Maurin (2004), who provide an axiomatic
characterization of social welfare functions under under uncertainty.
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where W% (C') captures the preferences of a social planner who first aggregates con-
sumption through dimension j by considering the equity equivalent £7, before ag-
gregating it through dimension 4, using £'. In the special case in which the two
functions f; and f; capturing the social planner’s attitudes toward dimensions ¢ and
j are identical, this welfare measure collapses to the standard WU equivalent defined

as

WWU(C) = (B'E [£(C)]) Vi, € {n,t,s} withi # ] (9)

In this special case, the order of aggregation does not matter, and the function

f = fi = [; captures attitudes toward inequity in both dimensions ¢ and j.

Definition 5. Analogously to expression (5), we define the two-dimensional inequity

index of C' as

£ (7(C))

M=1- =
E'E [C] ’

(10)
where E'E’ [C] represents the mean of C' taken over both dimensions i and j.

For the welfare measure, it should be clear that the order of aggregation in the case
of identical inequity preferences for dimensions ¢ and j does not affect this index.

We formally discuss this result in the following paragraphs.

4.2 Welfare and inequity comparisons for different orderings

In this section, we formally compare different orders of aggregation. The first propo-
sition and its corollary summarize what was previously observed when attitudes to-
ward inequity are the same in each dimension. Their proofs trivially follow from the

separability across dimensions of the aggregation (equity equivalent) operator.

Proposition 1. Let f; and f; be two functions capturing inequity attitudes in dimen-
sions i and j, respectively. If f; and f; are cardinally equivalent (i.e. if fi = af; +b
where a,b € R and a # 0), the order of aggregation does not matter, and the social

welfare measure is the standard WU equivalent (9).

Conversely, when the attitudes of the social planner toward different dimensions are
distinct, the order of aggregation does affect the level of welfare and its corresponding
measure of inequity. We now derive conditions on how the levels of welfare can

be compared for the different orders of aggregation. We first introduce a useful
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lemma before stating a general result that holds for any pair of combinations of the

dimensions n,t and s.

Lemma 1. Let f; be a four times continuously differentiable, strictly increasing
and strictly concave (convex) function. Then, the equity equivalent E'(C) is concave

(convex) if and only if the absolute inequity tolerance — f!/ f!' is concave (convex).
Proof. All proofs are relegated to Appendix B. n

This lemma enables us to compare the two welfare functions W% (C) and W7(C') in
the trivial case in which the attitude toward one of the two dimensions is neutral.
For example, if f; is linear, Lemma 1 indicates that W% (C') > WJ(C'), provided
that the absolute inequity tolerance of f; is concave.'® When both attitudes toward
inequity are non-neutral, extra conditions emerge, as summarized in the following

proposition:

Proposition 2. Let f; and f; be strictly increasing, strictly concave, four times
continuously differentiable functions. Suppose that ¢ = f; o fj_1 exhibits concave
absolute inequity tolerance. Then, it holds that W% (C) > WI(C) if and only if f;

is strictly more concave than f; (i.e. —f'/fi > —f]/f;)

This result shows that it is possible to compare different orders of aggregation in
terms of welfare in the general case, under a set of conditions both on the relative
concavity of the functions f; and f;, and on the concavity of a composition of them.
The interpretation of this latter condition is not trivial though.

To gain further intuition, we now focus on the special case in which functions f;
and f; are of the isoelastic type. In Appendix C, we also treat the more general class

of harmonic absolute inequity aversion functions (also called harmonic absolute risk
aversion [HARA])).

Proposition 3. Let f; and f; be of the isoelastic type, with coefficients of relative

inequity aversion ¢; > 0 and p; > 0, respectively. Then,

(i) W9 (C) > WI(C) if and only if ¢ > ¢ # 1, unless Fa € R s.t. ¢yj = ac;j
Vi, j € {n,t,s} withi # j;

(i) W9(C) > WH(C) if and only if ¢ > o = 1, unless b € R s.t. ey = iy +b
Vi, j € {n,t,s} withi # j;

18 As expressed in Lemma 1, the absolute inequity tolerance refers to the inverse of its absolute
inequity aversion (see Gollier, 2001). Note that this tolerance is concave if f; belongs to the class of
functions exhibiting harmonic absolute inequity aversion (see Appendix C for more details). This
class of functions includes the isoelastic, exponential, and quadratic functions as special cases.
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(iii) W9 (C) = WI(C) if and only if either o' = ¢! #1 or Ja € R s.t. cyj = acy;
Vi, j € {n,t,s} with i # j; and

(iv) W4(C) =W (C) if and only if either o' = ¢ =1 or 3b € R s.t. cyj = ci;+b
Vi, j € {n,t,s} withi # j.

The intuition behind these results is simple. First, the two cases must be separated
depending on the degree of inequity aversion in dimension j. The first case (¢’ # 1)

implies that the combination ¢ = f; o fi! is itself of the isoelastic type, while the

J
second (p’ = 1) implies that ¢ is of the exponential type. Then, Proposition 3 indi-
cates that welfare will be higher when aggregating first over the dimension that is
associated with the lower level of inequity aversion, unless the consumption stream
is either multiplicative or additive (depending on the functional form of ¢) in di-

mension 7, in which case the order of aggregation does not matter.!®

Finally, another important difference between the possible welfare orderings is
the correlation structure of C' (see the following example and the discussion in Bom-
mier, 2007). While clear-cut results are difficult to obtain in general, in the case of

independence between the dimensions, it is possible to show the following:

Proposition 4. If C is independently distributed across dimensions, that is, G(C') =
Gi(C)G;(C), the order of aggregation does not matter for welfare evaluation.

In this case indeed, W¥(C) = W7 (C'), and the next result trivially follows.

Corollary 1. Under the assumption of Proposition /, we can compute the two-

dimensional inequity index as IV = I + 17 — '],

4.3 Applications in the literature

With this set-up in mind, we now consider some particular cases of our general two-

dimensional framework. In particular, we connect them with the various welfare

criteria that have been proposed in the literature.?

YA consumption stream that is multiplicative in dimension 7 such that 3a € R s.t. Cirj = QCyj
Vi, j, is automatically also multiplicative in dimension j: 3a € R s.t. ¢;; = ac;; Vi, j <= Jd’ €
R s.t. ¢;;r = d’c;; Vi, j. The same property holds for the additive case.

20As previously, we use g, u, and v to represent the functions capturing attitudes toward the
individual, time, and state dimensions, respectively.

16



Time and state If the two dimensions considered simultaneously are time and
state and a single-agent is considered, the equity equivalent formulation (8) is equiva-
lent to the well-known criteria proposed by Selden (1978); Kreps and Porteus (1978),
or Kihlstrom and Mirman (1974). These criteria have been widely used and applied
in many different contexts in economics. To show the link with our formulation, we
consider the case with two periods (i.e. |T'| = 2) and let C; denote (Cys) g - We also
assume that first-period consumption, C, is deterministic and that second-period
consumption, Cs, is risky. When the aggregation is first realized over states of the

world and then over time, the equity equivalent (8) is

U(C1) +

ts -1 B -1 s
W = E : 11
(€) = u <1+5 Trptev | [U(C2)])> (11)
Similarly, if the order of aggregation is first realized over time and then over states

of the world, the equity equivalent (8) becomes

steeny — =1 (s a1 s
W(C) = v (E lv ou (u(Cl) + Hﬁu(@))b . (12)

1+8
When u = v, both expressions W*(C') and W*!(C) collapse to the equity equivalent
version of the standard expected value of discounted utility. Using this framework,
we can easily show that criterion W*(C) in expression (11) is just a monotonic trans-
formation of the intertemporal welfare criterion proposed by Selden (1978, 1979) and
Kreps and Porteus (1978) (S-KP) and is usually written as

WKL) = u(Ch) + Buo v (E* [o(Ch)]). (13)

Analogously, criterion W*(C') in expression (12) corresponds to the equity equivalent
version of Kihlstrom and Mirman’s (KM, 1974) criterion in the context of a two-
period, additively separable model (see Bommier et al., 2012). To see this, note that

the KM criterion is usually written as

WHM(C) = E* [ (u(Ch) + Bu(Cr))], (14)

1

where ¢ is increasing and concave and ¢ = vowu~". However, the concavity of ¢

amounts to v being more concave than u.?! Finally, when preferences are represented

2Ly more concave than v implies the existence of a strictly increasing and concave function k,

such that v = ko u.
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by functions of the isoelastic type, the formulation W*(C') is also equivalent to the
widely used Epstein and Zin (1989) and Weil (1989, 1990) (EZW) preferences (see

Section 6 for cases when there are more than two periods), which can be written as

G5l (B [a]) (15)

WEZWC —

where 1/n is the intertemporal elasticity of substitution and p is the coefficient of
relative risk aversion. With such isoelastic functions, we know from Proposition 3
that if relative risk aversion is stronger than the inverse of the intertemporal elasticity
of substitution, the welfare evaluated under Selden’s (1978) preferences is generally
higher than that under Kihlstrom and Mirman’s (1974) preferences.

Alternatively, if the problem is one of inter-generational equity between different
generations of individuals (i.e. multi-agent problem), our general formulation may
also be encompassing different SWFs that have been proposed in the literature. The
first and most obvious one is the utilitarian (U) criterion, which is recovered by
letting =1 (i.e. future generations’ utility is not discounted) and u = v. In this

case, our WWY(() is equivalent to

WY(C) = v(Cy) +E* [u(Cy)] . (16)

Under this criterion, the two generations have the same utility function v, but the
risk is only born by the second generation. Alternative welfare criteria that have
been proposed instead follow the prioritarian approach, by associating greater weight
with changes in well-being affecting worse-off generations. These include ex ante
prioritarianism (EAP) and ex post prioritarianism (EPP) (see Adler and Treich,
2017). The main difference between utilitarianism and prioritarianism is that the
latter takes into account total well-being and the distribution of well-being over
generations. Under EAP, the SWF is written as

WHAP(C) = (¢ o) (C1) + & (B [u(Ca))) (17)

where ¢ is an increasing, concave function transforming generations’ expected util-
ities. In this case, the SWF consists of a sum of transformed expected utilities, in
accordance with the ex ante approach. By denoting ¢ = uov™!
show that the notion of WEAP(C) and our formulation W*(C) are equivalent (recall

that 5=1). In this case, the concavity of ¢ amounts to u being more concave than

, we can then easily
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v. Under EPP, the SWF is written as

WEPP(C) = (¢0v) (C1) + E*[(¢ov) (Ca)]. (18)

In this case, welfare comprises the expectation of transformed utilities, in line with
the ex post approach. The concavity of ¢ captures inequity aversion in the space of
utility or welfare and not in the space of consumption levels. Under concavity of ¢,
this criterion takes the same form as (16) (and thus is equivalent to W"V(C')) but
this time is evaluated under a more concave function (capturing stronger aversion

toward inequity).

State and individual If, instead, we consider the atemporal distribution of risks
over individuals, we can relate our general formulation to recent welfare criteria that
have been proposed to assess social situations involving risk. In particular, we can
write the two welfare functions W*"(C') and W™*(C') as

(@) =g (S agor (Taloen ) (19)

neN sES

and

W (C) = v (qu [v og™! (Z 4ng (csn)ﬂ > (20)

sES neN
where ¢, = ¢, is the realized level of consumption for individual n in state of the

world s. In the special case when v = g, the two SWFs collapse to

W(E) = (X 4 X acwlens) ). 1)

neN seSs
Criterion (21) is the equity equivalent version of the standard utilitarian approach
in which social welfare is the sum of individual expected utilities or equivalently the
expected value of the sum of individual utilities (Harsanyi, 1955). In welfare eco-
nomics, the individual weights are typically assumed to be uniform ¢, = 1/ |N|. Yet,
as we already noted when dealing with different generations, a disturbing feature of
utilitarianism is its indifference to the distributions of utilities. As is now clear, the
absence of preference for equality in utility terms comes from the equal treatment
of state and individual (i.e. v = g). Research has proposed different alternative ap-
proaches that accommodate such shortcoming. For example, Diamond et al. (1967)

and Epstein and Segal (1992) proposed the ex ante egalitarianism (EAE) approach.
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This approach evaluates the SWF using a concave function ¢, which transforms the

individual expected utilities:??

WHHO) = 3 o S oo ()] ) )

neN seS
We can then show that the EAE welfare criterion (22) is ordinally equivalent to
our formulation W™*(C') in (19), in which the inequality aversion is stronger than

risk aversion (i.e. ¢ = goov™!

is concave). Another option, known as the ex post
egalitarianism (EPE, Adler and Sanchirico, 2006), involves applying the concave
function on an individual’s utilities and evaluating welfare as the expected value of

such transformations as

WEPE(C) =3¢ D and [v (ens)]- (23)

ses neN
In the context of our framework, such transformation is equivalent to considering a
version of the utilitarian SWF, using a more concave function for both inequity aver-
sion over states and individuals. Finally, a third approach, proposed by Fleurbaey
(2010) and known as the expected equally distributed equivalent (EEDE) approach,
computes the expected value of a SWF taking the form of an EDE(Atkinson, 1970):

W) = S o7t (S ol ) 21
sES neN

Note that WEEPE((C') is ordinally equivalent to our double equity equivalent W (C)
computed in expression (20), provided that inequality aversion is stronger than
risk aversion (i.e. ¢ = gowv™! is concave). Finally, the EAE and EEDE criteria
both collapse to the standard utilitarian criterion when inequality aversion and risk

aversion coincide.

The two orders of aggregation W*"(C) and W"(C) —or, equivalently, WFAE(C)
and WEFPE(C)— can also characterize situations of “global” and “individual” risk
aversion, respectively. In general, global risk aversion considers the risk at the global
level and therefore takes into account risk sharing possibilities permitted by the level
of inequality between individuals. By contrast, individual risk aversion considers the
risk at the individual level only and evaluates inequalities in terms of CEs. Therefore

the order of aggregation of the SWF implicitly determines how risk is being shared

2Note that in the original version of the EAE ¢, is equal to unity (which is equivalent to
gn = 1/ |N] in our equity equivalent notation) because the individual weights are typically assumed
to be uniform.
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by the social planner. To illustrate the difference between the two concepts, consider

the simple scenario in Table 1.

state 1 | state 2 co];::s{llirelf;t)fi(i)n state 1 | state 2 co]fl:ﬁrc;lc;f?oll
country 1 10 20 15 country 1 15 5 10
country 2 20 10 15 country 2 30 10 20
| Mean | 15 5 | 15 | | Mem |25 | 75 | 15
(a) situation A (b) situation B

Table 1: Examples of distributions of consumption over individuals and states of
the world

Imagine two individuals (in this case, represented by two countries of equal pop-
ulation size) and two states of the world, each one realizing with probability 0.5.
Table 1 presents the consumption levels associated with these distributions, as well
as the average consumption for each state, the expected consumption for each coun-
try, and the mean expected consumption E"E? (C) (equal to 15 in both situations).
In situation A, the mean consumption is certain because of the perfectly negative
correlation between the distributions of consumption over states. In this case, risk
aversion does not play any role if the social planner considers the risk affecting global
consumption only. In other words, SWF W**(C) —or equivalently, WEFPE(C)- does
not depend on risk preferences. By contrast, if risk is considered for each country
separately, the resulting CEs are lower than the expected level of consumption in
each country, and the aggregation over both countries results in a lower level of eq-
uity equivalent consumption. Intuitively, the two concepts of EAE and EEDE yield
different results when there is room for welfare enhancing, risk sharing transfers.
In situation B, the risk proportionally affects one relatively poor (country 1) and
one relatively rich country (country 2). In relative terms, the degree of inequality is
thus constant across states of the world so that, ex-post, country 2 always consumes
twice as much as country 1.

In Table 2, we compute social welfare in terms of equity equivalents, based on
isoelastic utility functions. In particular, we use relative risk (p) and inequality
() aversion coefficients that can take the value of either 0.7 or 2. In line with
Proposition 1 and its corollary, we can directly check that the order of aggregation
does not matter when p = ~. In situation A, as we previously noted, risk aversion
does not affect the welfare measures if the aggregation is first realized according
to the individual dimension. In other words, W*"(C') and I*" do no depend on p.

In line with Proposition 3, the order of aggregation also affects the evaluation of
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p 0.7 2 y p 0.7 2
wen(c) [ wee(c) [ were) [ wes(c) wen(C) [ wes(c) | wen(c) | wns(c)
0.7 14.4 14.4 14.4 13.3 0.7 13.0 13.0 12.1 12.1
2 13.3 14.4 13.3 13.3 2 10.8 10.8 10.0 10.0
(a) situation A (b) situation B

Table 2: Welfare and inequity measures with different orders of aggregation and
relative inequity aversion coefficients

social welfare. In situation A, for example, W*"(C') > W"(C) when p > v. We
can then easily compute the levels of inequity for each order of aggregation using
formula (10) as relative differences from the expected value (which equals 15 in both
situations). In situation B, regardless of whether risk is considered at the global
or the individual level, the same level of social welfare, W**(C) = W™ (C) (and
thus of inequity), emerges. The reason for this is that the consumption stream is

multiplicative over countries, as in part (iii) of Proposition 3.

Extension to time and individual While we followed two strands of literatures
when making explicit the distinction between prioritarianism criteria (when different
generations are considered —in our notation the time dimension) and egalitarianism
criteria (when different individuals are considered), note that the distinction may
seem artificial from a welfare perspective. Indeed, the welfare economic literature
does not usually distinguish between individuals living contemporaneously and indi-
viduals living at different periods of time. Yet, in some cases, the distinction between
the individual and time dimensions may be warranted. For example, such distinction
enables separately considering the issues of intertemporal inequity (among genera-
tions of individuals) and inequality (among individuals living at the same period).
Under the general framework we propose, two orders of aggregations emerge as
measures of welfare across individuals and time. Following previous notations, we

can write these as W™ (C') and W™ (C) or more specifically as

W"(CO) =ut <thu o g1< > qng(cm))), (25)

teT neN

and

W™(C) = g1< > qugo ul(thu(cnt)>>. (26)

neN teT
The distinction between the individual and time dimensions from a normative stand-

point is not trivial. Yet the literature focusing on inequality measurement has ex-
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plicitly examined the possibility of different functions capturing attitudes toward
the individual and time dimensions (e.g., Atkinson and Bourguignon, 1982). More-
over, some arguments may be advanced to justify such a distinct treatment of the
two dimensions. Imagine the case in which a distinction is made between different
countries (individual dimension), each consisting of a dynasty made up of different
generations (time dimension). In a situation in which socio-economic decisions are
taken at the national level, such a situation would result in decisions affecting the
time but not the individual dimension. How should the welfare be evaluated in this
case? If attitudes toward the two dimensions are identical, the order of aggregation is
irrelevant, and the welfare measure (discounted utilitarian) is essentially equivalent
to the one adopted in many (deterministic) empirical models examining regionally
disaggregated welfare problems. This is the case in most of the so-called integrated
assessment models of climate change, which are based on welfare maximization and
analyze the interaction between climate change and the economy. Yet, although it
may seem relevant to treat the inequity attitude across time and state distinctively,
expressions (25) and (26) reveal different interpretations. For example, in W (C),
where the aggregation is first realized across countries and then over time, we can
show that under inequality neutrality, the inner part of the welfare criterion simply
becomes the average global per-country consumption level at time ¢. Under this as-
sumption, the welfare criterion is equivalent to the idea proposed by Stanton (2011)
of simply maximizing the sum of consumption across countries. The other possible
order of aggregation, W™ (C'), is a weighted sum, taken today, over the utility of

dynasties in each country.

5 Extension to three dimensions

Given the previous discussion on the separation of the individual and time dimen-
sions, a natural extension allowed by our general framework is to take welfare as
equity equivalents along the three dimensions of individual, time, and state. In
this case, the SWF would directly follow from extending the aforementioned two-

dimensional analysis.

Definition 6. The SWF over the ordered dimensions i, j, and k is the function
Wik . C — RY defined as

WIR(C) = £ (&7 (EF(C))) Vi k€ {s,t,n} withi#j#k  (27)
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As indicated by the order of superscripts, this SWF would represent the preferences
of a social planner who first aggregates consumption through dimension k, then
through dimension j, and finally through dimension . As before, the standard WU
equivalent consumption represents the preferences of a social planner whose attitudes
toward the three dimensions are identical. This relatively tractable welfare function
is ordinally equivalent to that typically used in applied economic models. In this
case, the order of aggregation does not alter the social welfare evaluation. Yet, as
should be clear from criterion (27) and the discussion in the two-dimensional case,
the order of aggregation over the different dimensions is relevant from the social
planner’s perspective. In particular, given different attitudes toward the different
dimensions, 3! = 6 potential different welfare orders of aggregation are admissible.?

In Appendix D, we consider some of these special cases in more details.

6 Recursive representations and the special treat-

ment of time

While we have, thus far, treated the three dimensions analogously, we now pay
particular attention to the time dimension. The time dimension presents a “natural”
order over its elements and is possibly unbounded (e.g. when infinitely-lived agents
are considered). These special features give rise to a recursive representation of
social preferences in this dimension. In what follows, we relax the nested additive
separability structure of our equity equivalent in the time dimension and allow for
a recursive, non-additive representation of social preferences. This representation is
particularly useful when time and state are jointly considered in dynamic setups;
this alternative representation also allows us to extend our analysis to incorporate
general representations that have been widely used in the literature (e.g. preferences
with more than two periods; see Kreps and Porteus, 1978; Epstein and Zin, 1989;
Weil, 1989, 1990).

230ne of these orders can be linked to an extended BGE referred to as the “certainty, equity,
and balanced growth equivalent” (CEBGE). Anthoff and Tol (2009) and Schmidt et al. (2012) use
this concept in the context of climate change. It measures the level of today’s consumption that,
provided it were certain, equally distributed, and grew at a constant growth rate A, would yield the
same level of WU welfare as the actual consumption path (subject to inequality and uncertainty). In
particular, our welfare measure in this case can be computed as W¥*(C) = £ (CEBGE(1 + \)*).
If f; is isoelastic and A = 0, then CEBGE = W¥¥((). In this sense, the three-dimensional welfare
function of (8) can be considered a special case of the CEBGE with a zero growth rate.
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Recursive representation in the one dimensional case The one-dimensional
criterion (3) we propose is defined over all the elements of the set to which the su-
perscript i refers. Yet, in some instances, it might be useful to characterize welfare
recursively in the time dimension. This can be done by letting th(C) be the recur-
sive form (as indicated by the hat) of the SWF over dimension ¢ (as denoted by the
superscript) evaluated at date ¢ (as denoted by the running index ¢ as subscript).
We defined this as

WHC) = F (e, W), (28)

where F : R? — R is a so-called time aggregator in the sense of Koopmans (1960).
It takes the form

Fla,y) = v (u(@) + Gauly)) (29)

where §;41 is the weight attached to element t + 1 relative to element ¢ (typically
constant and equal to § in the exponential discounting model). When we evaluate
SWF starting from the first period, we can show that expressions (3) and (28) are

equivalent.

Recursive representation in the multi-dimensional case For general prob-
lems involving the time and state dimensions, the equity equivalent representation
(8) we propose may however be dynamically inconsistent. Specifically, if risk is
present in different periods, our formulation W*(C') in (11) implicitly assumes that
the expectation over states of the world is taken in each period separately, while
formulation W*(C') in (12) implicitly assumes the existence of single one-for-all in-
tertemporal risk.?* Instead, a desirable property of the welfare function should be to
assume that welfare at time t is evaluated on the basis of the expectation of future
consumption at time ¢t. By allowing an agent to care intrinsically about the timing
of the resolution of uncertainty, the recursive model proposed by Kreps and Porteus
(1978) achieves this flexibility for the case in which the aggregation is first realized
over states and then over time. Their model does not perfectly match formulation
(8), but remains tractable due to recursivity. Specifically, preferences in time t are
built up from preferences in time ¢t + 1, which do not themselves depend on unreal-
ized contingencies. In other words, the recursive formulation of the welfare function

has both the desirable properties of being dynamically consistent and independent

24See Epstein and Zin (1989, pp. 950-952) for a critical analysis of Kihlstrom and Mirman’s
(1974) EU approach in an intertemporal setting.
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of both unrealized alternatives and past consumption levels. Thus, we reformulate
the recursive version of the SWF W/(C') at time ¢ (denoted by the subscript t) as

Wi (C) = F (e & (Wi21)) (30)
where F the time aggregator defined in (29) and & is the CE operator, taken at

time ¢, which is written as

& (Wit) =v" (B [0 (Wi)]) (31)
Here, E] is the expectation operator conditional on all the information available at
time t. As before, we obtain the standard case of exponential discounting by setting
Giv1 = P in (29), where [ is the discount factor. A standard specification of the
temporal aggregator is, for example, the constant elasticity of substitution (CES)
aggregator obtained when v is isoelastic: u(z) = z'77/1 — 5. Unsurprisingly, the

recursive welfare formulation (30) simplifies

W)=t (B2 [T 5rutann)] ) (32)

when v = v and exponential discounting is considered. With W*(C') in (11), for-
mulation W/*(C) in (30) allows for a separation of preferences between attitudes
toward time and state. Marinacci and Montrucchio (2010) show that the solution of
(30) is unique and globally attractive (i.e., it allows for a solution to be found itera-
tively starting from any initial point) when using the CES aggregator, if v exhibits
increasing relative risk aversion (IRRA). This includes the widely used isoelastic (or
CRRA) specification, giving rise to the popular version of Epstein and Zin (1989)
and Weil (1989, 1990). Similarly, if three or more dimensions are considered jointly,
a proper dynamic setting disentangling attitudes toward different dimensions may
be required. In Appendix D, we show how recursive (time consistent) formulations
of the SWF in the three dimensions can be obtained when the order of aggregation

through the state dimension takes place before time.

7 Conclusion

The concepts of economic welfare and inequity are closely intertwined. In this pa-
per, we show that inequity encompasses different notions depending on whether

consumption is spread across individuals, time, or states of the world. We analyze
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welfare and inequity in these dimensions using a generalized framework extending
the WU paradigm. In particular, we propose an “equity equivalence” in each dimen-
sion as a useful measure of welfare and derive an inequity index from its value. This
generalized framework enables us to gather different concepts that have been inves-
tigated separately in different dimensions in various strands of literature. We then
extend the analysis to cases in which two or three dimensions are jointly considered.
In these cases, the order of aggregation matters for welfare evaluation, unless the in-
equity preferences are identical across all dimensions. In particular, when inequality,
risk, and time-dependent distributions are jointly considered, six different orders of
aggregation are possible, leading to different welfare concepts. In this case, the role
of correlations across the different dimension and the characteristics of the functions

representing preferences become important to rank the levels of welfare.
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Appendix

A A simplex representation of the literature on

the three dimensions of inequity preferences

To complete the extensive literature review of Section 2, we provide a graphical
representation of how the existing studies on inequity relate to the three dimensions
and show their possible interactions in the three-dimensional simplex presented in
Figure A.1.
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Figure A.1: A simplex representation of the extant literature on welfare across the
three dimensions

In general, the location on the simplex reflects which dimension is considered
and, if multiple dimensions are taken into account, how they are separated. This
representation allows a broad mapping of the extant literature in the field across the
three axes: at the center of the simplex, the threefold simple (weighted) sum of util-
ities considers all three dimensions jointly with an identical utility function across
all dimensions; in other words the center represents the standard case of the WU

criterion, where all dimensions are treated equally. At the three vertices, only one
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dimension is considered in isolation: for example, for the time dimension, the stan-
dard Ramsey model evaluates welfare only through time, while EU only considers
utility across states, and Atkinson’s measure deals with inequality issues. The three
triangular areas going through the center represent two-dimensional considerations,
in which welfare evaluation is, to some extent, disentangled between the two di-
mensions considered. The closeness to either of the three Cartesian axes represents
the importance of each dimension. For example, several studies on the extended
Ramsey rule include (and disentangle) both risk and time, but specifically focus on
the time dimension of welfare —and thus are closer to the time axis. Finally, on the
area spanning the three outward vertices, all three dimensions are considered in a
disentangled fashion, as proposed in this paper, possibly with a focus on either di-
mension. Recall that we restrict the analysis to approaches of the utilitarian type, in
which welfare can be expressed, in each dimension, as a (weighted) sum of utilities.
Other approaches using more complex welfare functions in each of the dimension
are indicated but go beyond the scope of this paper. We thus deliberately restrict

our analysis to the boundaries of the utilitarian simplex outlined in Figure A.1.

B Proofs

Proof of Lemma 1. The proof for the case in which f; is strictly convex is
available in Hardy et al. (1952, Theorem 106, p. 88). The case in which f; is
strictly concave is then trivially obtained by introducing the transformation f;(z) =

—F;(—x), where Fj is increasing and convex (Hennessy and Lapan, 2006). O
Proof of Proposition 2. First note that function ¢ = f;o f is strictly increasing

and strictly concave if and only if —<% > —f—”,. Then, we can write the condition
W4(C) > W7(C) as

(zquz 4(2%13 cw))>ijfj (zquz ) B.1)

which can be rewritten as
- (Z i (Z quj(cij))) > 40 <Z qi¢(fj(cij))> : (B.2)

From Lemma 1, we know that the equity equivalent is a concave operator so that
Foad (Zj ijj<CrL'j)) > > 4;€%(fi(cij)), where £2(X) = ¢ 'E'p(x). This is exactly
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what is represented in expression (B.2). O

Proof of Proposition 3. When both f; and f; are of the isoelastic type with

coefficients of the relative aversion ¢’ and (7, respectively, we can write ¢ as

1 %

1 . 1 A T 1:;1" lf 7 1
ola) = {17 Lﬁ ¢l a7 (B.3)
G if ¢/ = 1.

In this case, ¢ is itself of the harmonic absolute inequity aversion (HARA) class.
In particular, it is an isoelastic function when ¢’ # 1, while it is an exponential
function when ¢/ = 1. In accordance with the discussion on the general HARA
class provided in Appendix C, this function is only defined on the domain Rt when
¢’ < 1 and in the domain R~ when ¢; > 1. Moreover, this function ¢ is increasing,
strictly concave when ¢ > ¢’ strictly convex when ¢° < ¢’ and linear when
¢ = . The results therefore directly follow from Proposition 5 and Corollary 2
presented in Appendix C. In particular, cases (i) and (iii) follow as special cases
when 7 = 0, which leads to b = 0 (because ¢ is of the isoelastic type), and cases (ii)
and (iv) follow as special cases when 7 — oo, which leads to a = 1 (because ¢ is of

the exponential type).? O

Proof of Proposition 4. To simplify notations, we first write W7¢(C') using a
continuous distribution of C'as W7 (C) = f;' [ fj o f; (f fi(C’)dGﬂj) dG;, where
dG;); denotes the conditional cumulative distribution of C' across dimension i. Given
the independence assumption, dG;; = dG;, such that we obtain

Wi(C) = fi! (f fjde) it (f fi(c)dGi) = W% (C). That is, in the case of inde-
pendence it holds that W (C) = £ (C) E7 (C) = &7 (C) £ (C) = WI((C). O

Proof of Corollary 1. Applying the result of Proposition 4 to the definition in the

two-dimensional inequity index presented in equation (10) gives [ = 1 — %ﬁé?
Then, applying the definition in equation (5) simply leads to I/ =1 — (1 — I')(1 —
). m

25We can compute the absolute inequity tolerance of ¢ = fio f;l with isoelastic specifications
as ¢'(z)/ — ¢"(x) = (¢j — ¢i)(1 — @;)x, which is linear in .
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C  Welfare comparisons in the two-dimensional
HARA cases

Most of the parametric functions used to represent preferences in economics, finance,
and decision theory belong to the class of harmonic absolute inequity aversion func-
tions. This class is best known as HARA because the dimension considered is
generally the risk one. A function f; is of the HARA class if its absolute inequity
tolerance (i.e. the inverse of its absolute inequity aversion) is linear in consumption.

In particular, f; is of the HARA class if it can be written as:

1—9Y[ ax ¥
filr) = —— + 77} , C.1
@ = 1)
which is defined for values of x, such that % +n > 0, and is strictly increasing

and concave when a > 0. The function is also of the isoelastic type when n = 0
and of the exponential type when ¢y — —oc0o. In the special case of HARA functions,

Proposition 2 can be expressed as follows:

Proposition 5. Let f; and f; be strictly increasing, strictly concave, four times
continuously differentiable functions such that f; # af; +b, where a # 0, b € R, and
let = f;io f' be of the HARA form. Then, W¥(C) = W3 (C) if and only if

J

Yijr = QYij + b Viajvj/7

where yi; = fi(ci;), a = [a&%(yiy) + 7]/[a&®(yi;) + 7],
b= [E%yij) — E2(yiy)|T/[a€%(yis) + 7], 7= (1 =) and E2(X) = ¢~ (B¢ (X)).

Proof. First, Wi (C) = WW(C) < &¢ (Zj qjyij) = 32, 4;€% (y;;). The proof for
the case when there are only two elements in the set indexed by j is available in
Hennessy and Lapan (2006, Proposition 1 (iii), p. 3). It is then easy to extend
the proof to the general cases by proceeding as follows: Subdivide y;; into y;; =
v+ (1 —v)x, with v € (0,1), and note that with z;; and x;;,, W% (C) = W7 (C)
if and only if z;;; = a"z;; + b°, where a* = [a&%(zy) + 7]/[aE?(zi;) + 7] and
b = [E%(xijr) — EP(xy;) |7/ [a€? (i) +7]. When considering y;; and y;;, we therefore
have y;; = a(vz;j+ (1 —v)x;j) +b = a(ve; + (1 —v)(a®x;; +b%)) +b. Algebra enables
us to write this as y;jy = a¥x;; + bY, where a¥ = [a€%(yi;) + 7]/[a€?(xi;) + 7] and
W = [E(yiyr) — E(iy)|T /[ (xij) + 7]. Thus, if we let z;; = y;jn and x50 = yjm,
the Proposition’s statement holds when there are three elements in the set indexed

by j. Repeating this procedure gives the result. O]
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The combination of Propositions 2 and 5 leads us to the following corollary:

Corollary 2. Let f; and f; be strictly increasing, strictly concave, four times con-
tinuously differentiable functions such that f; # af; +b, where a # 0, b € R, and let
o= fio fj_1 be of the HARA form and the conditions of Proposition 5 not to hold,
then W9(C) > W(C) if and only if f; is strictly more concave than f;.

Proof. If ¢ is of the HARA form, its absolute risk tolerance is linear in consumption,
and we therefore know from Proposition 2 case (i) that W% (C) > W7 (C) if and
only if f; is strictly more (less) concave than f;. Moreover, from Proposition 5 and
the properties of HARA functions, we also know that W% (C) = W7(C) only holds
under specific conditions when f; # af; + b, where a # 0, b € R. Combining these

two results therefore proves Corollary 2. O

D Welfare orderings in three dimensions

As outlined in the main body of the paper, six welfare orderings are admissible in
the three-dimensional case. Table D.1 summarizes these six orderings of W¥*(C) in

terms of how the dimensions are aggregated.

SWF Outer | Intermediate | Inner Description Time consistent

interpretation recursive form
wisn(C) T S N "global risk aversion" Y
Wins(C) T N S "individual risk aversion' Y
wnts(C) N T S dynastic recursive preferences Y
wnst(C) N S T dynastic welfare of KM?6 preferences N
wstn(C) S T N | KM preferences, intertemporal welfare N
went(C) S N T KM preferences over dynastic welfare N

Table D.1: Possible orders of aggregation of the SWF in three dimensions

As the table shows, an ordering in which the aggregation over states of the world
is taken after the time aggregation does not admit a recursive time-consistent form.

In what follows, we consider the first three orderings in more details.

Global risk aversion We first consider the case W*"(C'). It could be interpreted
as an instance in which the social planner considers welfare from a global perspective,

when evaluating different states of the world. This social planner is referred to being

Z6KM refers to Kihlstrom and Mirman (1974) preferences when expectation is taken over the
full intertemporal stream of consumption.

32



“globally risk averse” in the sense that she considers risky payoffs at the aggregated
level (i.e. over several individuals). Yet the difference in the global risk aversion
problem discussed in Section 4.3 is that a time dimension is also considered. (An
alternative way to show the same problem is to start from the the Kreps-Porteus
formulation W/*(C) for different individuals, so that the EDE £"(C) is itself risky.)
In this case, we can write the time-consistent version of welfare function W/ (C)

recursively as

Wi (C) = F (n(Cy), & (W), (D.1)

where, as before, F is the temporal aggregator defined as in (29) and &7 is the time
t CE operator.?” Intuitively, global risk aversion assumes that the social planner has
access to risk sharing technology (within the bounds of her inequality attitude). In
particular, this means that negatively correlated risks can be mediated (see also the

application in Emmerling, 2018).

Individual risk aversion The second order of aggregation we consider is W"s(C').
Compared with the previous case, the orders of aggregation across individuals and
states of the world are inverted here. This means that the social planner, in-
stead, considers individual risky consumption and then aggregates the individual
CEs across individuals and time. In this case, the social planner exhibits individual
risk aversion. In such a situation, the recursive form of the welfare function takes

the form

Wi (C) = F (e, €™ (& (W119))) - (D.2)

The implication of having such an SWF is that if risk aversion increases, the implicit
welfare weight increases for the individual having the lowest level of consumption in

any state of the world.

Dynastic recursive preferences Finally, if the aggregation over countries is
realized after the intertemporal aggregation over time, global inequality is evaluated
by considering, for each individual, the welfare computed over an intertemporal time
horizon. In this case, we can write the time consistent version of the recursive welfare

function as

2"In the special case in which the social planner is inequality neutral, it is nothing but the
adjusted average consumption taken over the different individuals. In this case, the SWF W™ (C)
becomes a version of (30) computed for the average per-individual consumption.
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We(e) = e (W), ). (D.3)

where (thS(C’)) L the Kreps-Porteus recursive SWF defined in expression (30),
but is defined for each individual separately. That is, the social planner aggregates
the welfare of the different individuals, all of whom consider weighted utility over

their lifetime.
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