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Abstract

In this brief note we consider the transient stabilization and voltage regulation prob-
lem addressed in Ref. (1) for a synchronous generator connected to an infinite bus.
We show how a much simpler output feedback controller can be obtained if a dif-
ferent stability analysis is carried out: a suitable change of coordinates is performed
so that advantageous triangularity properties of the regulation error dynamics are
highlighted. A novel first order estimator for the uncertain mechanical input power
is designed which, in contrast to Ref. (1), is the only adaptation scheme used by
the controller. The innovative crucial step in the presented control design relies on
relaxing the constraint imposed by the backstepping techniques adopted in Ref. (1)
and constituted by the required availability of the regulation/tracking error variables:
the converging estimate of the mechanical input power directly becomes the reference
value for the electrical power and allows for the straightforward computation of the
uncertain power angle constant value guaranteeing voltage regulation at steady-state.

Introduction

The control of synchronous generators constitutes a very important and challenging
topic in the power systems operation field: transient stability is to be enhanced and ter-
minal voltage is to be regulated to its reference value in spite of sudden mechanical and
electrical perturbations which may permanently change the power network structure.
Nonlinear controllers, in contrast to the classical Power System Stabilizer/Automatic
Voltage Regulator schemes, are not designed on the basis of linearizations around
operating conditions but incorporate nonlinear feedback terms which allow for enlarg-
ing the machine stability region. Their structures can be however rather complicated
- with consequent implementation difficulties - especially when the transient stabi-
lization and voltage regulation problems are simultaneously solved in the presence of
system parameter uncertainties: among the most relevant results, see Ref. (2) for a
state feedback solution1 in the presence of uncertainties in almost all system parame-
ters and Ref. (1) for an output feedback solution in the presence of transmission line
impedance and mechanical power uncertainties.
In this paper we show how a nonlinear adaptive output feedback controller, which is
much simpler than the one presented in Ref. (1), solves the same problem addressed
in Ref. (1). A stability analysis which involves an advantageous change of coordi-
nates is carried out: it highlights the triangularity properties of the regulation error

1Theoretical foundations can be found in Ref. (3).
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dynamics so that the constraint, imposed by the back-stepping techniques adopted in
Ref. (1) (see also Refs. (2; 4; 5; 6) for similar approaches) and constituted by the
required availability of the regulation/tracking error variables, is definitely removed.
The gap between simple structure of the controller and large stability regions of the
machine is thus filled: the new controller is a simple feedback linearizing controller
which only incorporates a reduced order estimator for the uncertain mechanical input
power and does not rely on the knowledge of the transmission line impedance and
on the measurements of the power angle (both computed, as in Ref. (1), via static
formulas). In contrast to the strategy adopted by the classical PSS/AVR scheme (see
Refs. (7; 8)) which considers the terminal voltage as the natural controlled output
(with minimum phase characteristics), the strategy adopted in this paper (as well as
in Refs. (1; 2; 4)) transforms the power angle in the controlled output by means of the
inversion formula derived in Ref. (1). The resulting control law is, at the same time,
a feedback linearizing and an input-output linearizing control in which the converging
estimate of the mechanical input power directly constitutes the reference value for the
electrical power and allows for the straightforward computation of the uncertain power
angle constant value guaranteeing voltage regulation at steady-state.

Problem statement

The third order dynamic model of a synchronous generator connected to an infinite
bus (see Ref. (1) for its description and Ref. (6) for a more general model) is given by

δ̇ = ω

ω̇ = −D

H
ω − ωs

H
Pe +

ωs

H
Pm

Ṗe = − 1

T ′
d0

Pe +
(Xd −X ′

d)

XdsX ′
ds

V 2
s ω sin2 δ + Peωcotgδ +

VsKc

XdsT ′
d0

(sin δ)uf (1)

in which: δ(rad) denotes the generator power angle with respect to the infinite bus ro-
tating at synchronous speed ωs; ω = ωg−ωs(rad/s) is the difference between the gener-
ator angular speed ωg and ωs; Pe(p.u.) denotes the active electrical power delivered by
the generator to the infinite bus; uf (p.u.) is the input to the SCR amplifier of the gen-
erator; Pm(p.u.) is the mechanical input power; H(s) is the inertia constant, D(p.u.) is
the damping constant and Pm(p.u.) is the mechanical input power; Vs(p.u.) is the volt-
age at the infinite bus; Xds = Xs + Xd

.
= XT + 1

2
XL + Xd(p.u.) is the total reactance

which takes into account the generator direct axis reactance Xd(p.u.), the transmission
line reactance XL(p.u.) and the transformer reactance XT (p.u.); X ′

ds(p.u.) is equal to
Xs + X ′

d with X ′
d denoting the generator direct axis transient reactance; Kc is the

gain of the excitation amplifier and T ′
d0 is equal to Td0X

′
ds/Xds with Td0(s) being the

direct axis short circuit time constant. The variables (δ, ω, Pe) constitute the states
of model (1) while uf is the control signal to be designed. The generator terminal
voltage is given by

Vt =

2
4 X2

s P 2
e

V 2
s sin2δ

+
X2

dV 2
s

X2
ds

+
2XsXd

Xds
Pecotgδ

3
5

1
2

which is to be regulated to its reference value Vtr = 1(p.u.) (voltage regulation) while
the relative speed ω is to be kept close and regulated to zero (transient stabilization).
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In order to obtain a more compact notation, we use the reparameterized model

δ̇ = ω

ω̇ = −D

H
ω − ωs

H
Pe +

ωs

H
Pm

Ṗe = −θ1Pe + θ2ω sin2 δ + Peωcotgδ + θ3(sin δ)uf

where the three positive parameters θi > 0, 1 ≤ i ≤ 3, are defined as

θ1 =
1

T ′
d0

, θ2 =
(Xd −X ′

d)

XdsX ′
ds

V 2
s , θ3 =

VsKc

XdsT ′
d0

.

In order to avoid the physical singularities at δ = 0 and δ = π, we have to restrict the
operation of the system to an arbitrarily large compact set B contained in the open
set

D =

(
(δ, ω, Pe) : (δ, ω, Pe) ∈ (0, π)× R× R+

)
.

The asymptotically stable operating condition is given by

δ = δs, ω = 0, Pe = Pm

where (see Ref. (1))

δs = arccotg

2
4− Vs

2Xd

XsPm(Xs + Xd)
+

s
Vs

2Vtr
2

Xs
2Pm

2 − 1

3
5 ∈

�
0,

π

2

�

guarantees terminal voltage regulation [Vt = Vtr]. Note that, according to the formula
(see Ref. (2))

δ = arccotg

2
4− Vs

2Xd

XsPe(Xs + Xd)
±

s
Vs

2Vt
2

Xs
2Pe

2 − 1

3
5, (2)

there is another value δu ∈
�

π
2
, π

�
for δ which also guarantees terminal voltage regu-

lation and corresponds to an unstable equilibrium for system (1) fed by the open loop
control

ufu =
θ1Pm

θ3 sin δu
.

As remarked in Ref. (1), the mechanical input power and the transmission line
impedance are to be necessarily considered, in the control design, as uncertain pa-
rameters: the mechanical input power may abruptly change to a faulted value in the
case of turbine failures (mechanical perturbations) while Xs, which is the impedance
of the transmission line up to the point of the power network in which the voltage
is equal to Vs, may undergo sudden variations when faults on the transmission line
occur (electrical perturbations). Furthermore, the power angle δ is not simply mea-
surable and assuming its availability in the control design makes rather difficult the
implementation of the resulting controller. Accordingly, while the values of Xs and δ
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are computed in this paper through the following formulas derived in Ref. (1) (Q is
the reactive power)

δ = arccotg

2
4− Vs

2Xd

XsPe(Xs + Xd)
±

s
Vs

2Vt
2

Xs
2Pe

2 − 1

3
5 (3)

Xs =
−QV 2

s ±
p

Q2V 4
s − (Q2 + P 2

e )(V 2
s − V 2

t )V 2
s

Q2 + P 2
e

, (4)

the mechanical input power (assumed to be constant), as in Ref. (6), is exponentially
estimated by the first order estimator (γp is an arbitrary positive design parameter
while ξp(0) is chosen so that P̂m(0) > 0)

P̂m = γp
H

ωs
ω + ξp

ξ̇p = γpPe − γpξp − γ2
p

H

ωs
ω + γp

D

ωs
ω (5)

which, as we shall see, in contrast to Ref. (1) will be the only adaptation scheme used
by the controller. If we define the mechanical power estimation error P̃m = Pm − P̂m,
by straightforward computations we obtain

˙̃P m = −γpP̃m;

the estimation error P̃m(t) thus exponentially decays to zero with an arbitrarily large
exponential rate of convergence. As we shall see, this converging estimate P̂m will con-
stitute the reference value for the electrical power Pe and will allow for the straightfor-
ward computation of the uncertain power angle constant value δs guaranteeing voltage
regulation at steady-state. Define, in fact, the regulation errors δ̃ = δ − δs, ω̃ = ω,
P̃e = Pe − Pm so that we can write

˙̃
δ = ω̃

˙̃ω = −D

H
ω̃ − ωs

H
P̃e

˙̃P e = −θ1Pe + θ2ω sin2 δ + Peωcotgδ + θ3(sin δ)uf .

In contrast to the back-stepping techniques adopted in Ref. (1) (see also Refs. (2; 4;
5; 6) for similar approaches), the constraint constituted by the required availability
of the regulation/tracking error variables will be definitely removed so that a much
simpler controller will be obtained2. On the other hand, in contrast to the strategy
adopted by the classical PSS/AVR scheme which considers the terminal voltage as the
natural controlled output (with minimum phase characteristics), the strategy which
will be adopted in this paper (as well as in Refs. (1; 2; 4)) will transform, by means
of the inversion formula (2), the power angle in the output to be controlled. To this
purpose, define the feedback linearizing and input-output linearizing control

uf =
1

θ3(sin δ)

�
θ1Pe − θ2ω sin2 δ − Peωcotgδ + v

�
(6)

2It is however worth noting that the two procedures are, in practice, not totally equivalent
(see for instance the effect of a time-varying perturbation on the mechanical input power on
the regulation errors (z1, z2, z3) which will be introduced in the following).
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where v is the additional control input yet to be designed, so that the regulation error
dynamics

˙̃
δ = ω̃

˙̃ω = −D

H
ω̃ − ωs

H
P̃e

˙̃P e = v

are linear and input-output linearized with respect to the controlled output δ̃ and
the new input v. We now introduce a suitable change of coordinates with the aim of
highlighting advantageous triangularity properties of the regulation error dynamics.
If we perform the change of coordinates

z1 = δ̃

z2 = ω̃

z3 = −D

H
ω̃ − ωs

H
P̃e,

then we obtain the triangular linear system

ż1 = z2

ż2 = z3

ż3 = −D

H
z3 −

ωs

H
v.

It is clear that, if the error variables z1, z2, z3 were available for feedback, then the
virtual control

v = −H

ωs

�
−k1z1 − k2z2 −

�
k3 −

D

H

�
z3

�

would guarantee exponential transient stabilization and voltage regulation (with arbi-
trarily large exponential rate of convergence)3: the arbitrary positive constant control
parameters k1, k2, k3 are to be chosen in order to assign suitable Hurwitz roots to the
polynomial s3+

P1
i=3 kis

i−1 and thus to impose satisfactory transient behaviours to the
regulation error dynamics. Both the error variables z1 and z3 are however not measur-
able since they depend on the uncertain Pm (which, as in Ref. (1), will be reasonably
assumed to belong to the known compact set [Pm,m, Pm,M ] with Pm,M > Pm,m > 0).
Since a converging estimate for Pm is provided by the estimator (5), we thus modify
the virtual input v into the implementable one

v = −H

ωs

�
−k1ẑ1 − k2z2 −

�
k3 −

D

H

�
ẑ3

�

= −H

ωs

�
−k1ẑ1 − k2ω̃ −

�
k3 −

D

H

�
ẑ3

�
(7)

3According to the definition of z1, z2, z3, guaranteeing their exponential convergence to
zero implies guaranteeing exponential convergence to zero of the regulation errors δ̃(t), ω̃(t),
P̃e(t) (so that transient stabilization is achieved). On the other hand, since (Nvδ, Nvp are
suitable positive reals)

|Vt − Vtr| ≤ Nvδ|δ̃|+ Nvp|P̃e|

for any trajectory belonging to B and for any t ≥ 0, exponential voltage regulation is guaran-
teed.
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where the estimated variables ẑ1 and ẑ3 are intuitively chosen as

ẑ1 = δ − δ̂s

ẑ3 = −D

H
ω̃ − ωs

H

�
Pe − P̂ s

m

�
(8)

with4

δ̂s = arccotg

2
4− Vs

2Xd

XsP̂ s
m(Xs + Xd)

+

vuut Vs
2Vtr

2

Xs
2
�
P̂ s

m

�2 − 1

3
5

P̂ s
m = sat

�
P̂m

�
. (9)

In this way, as announced the converging estimate P̂m of the mechanical input power
not only constitutes the reference value for the electrical power Pe but it also allows
for the straightforward computation of the uncertain power angle constant value δs

guaranteeing voltage regulation at steady-state. The closed loop system can be con-
sequently written as

ż1 = z2

ż2 = z3

ż3 = −k1z1 − k2z2 − k3z3 + h
�
t, Pm − P̂ s

m

�

where h
�
t, Pm − P̂ s

m

�
is a suitable continuous function which satisfies (Nh is a suitable

positive real) ���h�t, Pm − P̂ s
m

���� ≤ Nh

���Pm − P̂ s
m

��� , ∀ t ≥ 0.

Since the estimation error P̃m(t) exponentially decays to zero with an arbitrarily large
exponential rate of convergence, by virtue of the Lemma A.4 in Ref. (9), we can
establish that transient stabilization and exponential voltage regulation are achieved
(with an arbitrarily large exponential rate of convergence) for restricted generator ini-
tial conditions which keep the state variables inside the admissible set B for any time
t ≥ 0. In conclusion, the resulting controller (3)-(9), which is apparently much simpler
than the one presented in Ref. (1), is able to solve the same problem addressed in Ref.
(1).

Conclusions

The transient stabilization and voltage regulation problem addressed in Ref. (1) for
a synchronous generator connected to an infinite bus is considered. A much simpler
output feedback controller is presented in which the converging estimate of the me-
chanical input power directly constitutes the reference value for the electrical power
and allows for the straightforward computation of the uncertain power angle constant
value guaranteeing voltage regulation at steady-state.

4Even though its introduction is not necessary for the stability analysis, we use, for ro-
bustness issues, the saturation function sat(x) which is equal to: i) x in the compact set
[Pm,m, Pm,M ]; ii) Pm,m for x ≤ Pm,m; iii) Pm,M for x ≥ Pm,M .
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