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AN HYPERBOLIC-PARABOLIC PREDATOR-PREY MODEL
INVOLVING A VOLE POPULATION STRUCTURED IN AGE

G. M. COCLITE, C. DONADELLO, AND T. N. T. NGUYEN

ABSTRACT. We prove existence and stability of entropy solutions for a predator-prey system consisting of an
hyperbolic equation for predators and a parabolic-hyperbolic equation for preys. The preys’ equation, which
represents the evolution of a population of voles as in [2], depends on time, ¢, age, a, and on a 2-dimensional
space variable x, and it is supplemented by a nonlocal boundary condition at a = 0. The drift term in the
predators’ equation depends nonlocally on the density of preys and the two equations are also coupled via
classical source terms of Lotka-Volterra type, as in [4]. We establish existence of solutions by applying the

vanishing viscosity method, and we prove stability by a doubling of variables type argument.

1. INTRODUCTION

1.1. The model and the assumptions. Our goal in this paper is to investigate the wellposedness
of a predator-prey model extending the model for a vole population structured in age we introduced
in [2]. To this end we couple the latter equation to the hyperbolic equation for predators proposed in
[4] in which the drift depends nonlocally on the density of preys, so that the predators tend to move
toward the regions in which preys are more abundant. The system we consider writes as follows
(1.1)

Opu + divy (uv () = (b(¢) — B)u, (t,z) € (0,T) x R?,
Oip + Dap + divy (px1(a)v(2)Yy(d — R)) = plep —0(t,a,2)p — p(a,u)p, (t,a,7) € (0,T)* x R?,
p(t.0,0) = A@) ([ plt. 2 vala)da) i), (t,2) € (0,T) x B?,
p(0,a,z) = po(a,x), (a,x) € (0,T) x R,

L u(0,2) = uo (@), z R,

where u = u(t,z) and ¢ = ¢(t,x) represent the respective density of predators and preys at (¢,x).
Since the prey population is also structured on age its dynamics is better described by p = p(t, a, x),
which is the density of preys of age a at (¢,z). More precisely, the relation between ¢ and p is given
by

(12) ota) = [ plt.aahnala) da

where x2(a) is an approximation of the indicator function of the interval (o, T'), where T is the target
time of our observation and 0 < ¢ < 1. The parameter ¢ does not play a role in the modeling, but
allows to avoid technical difficulties in our analysis. In the first equation, the function b(¢) represents
the reproduction rate of predators depending on preys’ availability, while 5 > 0, the predators’ mor-

tality rate, is assumed to be constant. As in [4] the flux of u is driven to the direction of higher preys’
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concentration by a nonlinear, nonlocal velocity v of the form

V(g *n)

v(#) =k
V1+ V(62

)

where k > 0 is the maximal speed of predators and 7 is a positive smooth mollifier with fRZ ndr =1
so that the convolution (¢(t) * n)(x) represents an average of the density of preys in a neighborhood
of x at time t.

The equation for the preys, introduced in [2], is related to classical models for the dynamics of a
population structured in age, see [3, 10, [13], but the choice of the coefficients and boundary conditions
at a = 0 takes into account the data collections and ecological considerations in [l 5] [6] 8, 12]. We
recall here the essential assumptions on the form of the coefficients.

We introduce constants 0 < A; < Aj so that a vole is young (baby) if its age a is in (0, A1), juvenile
if its age is in (Aj, A2) and adult otherwise. The three age classes differ as babies do not reproduce,
adults’ mortality rate is lower and juveniles exhibit a significant spatial dynamic during dispersals.
Dispersal is a characteristic phenomenon of vole populations, correlated to overcrowding. Whenever
the density of voles ¢ rises above a threshold value R > 0, representing a fraction of the capacity of
the environment, the juvenile individuals leave their original colony and disperse over relatively large
distances (0.5 to 5 km) with velocity v(z). We fix # > 0 and we consider an approximation of the

Heaviside function, Yy, defined as

1, if€>0, ,
Y() = rezo  w©-v(5).
0, ife<—1,

From Yy we costruct the approximations of the indicator functions of the intervals (o,T), (A1, 42),
and (A41,7)

x1(a) =Yy(a — A1)Yy(A2 —a), x2(a) =Ys(a—0)Yo(T —a), x3(a)=Ys(a— A1)Yy(T — a).

The mortality rate of voles splits into two terms: p = p(a,u) represents the mortality due to the
presence of the specific predator whose density is u, while @ = 0(¢, a, z) stands for all other casualties
(sickness, starvation, generic predation, etc).

The second-order term puA,p represents short range spatial dynamics related to foraging activities.
Everywhere in the following 6 and p > 0 are fixed.

In the boundary condition at a = 0, the function w = w(t,z) is the reproduction rate of voles
depending on time and position. Both these parameters are significant here, as the beginning and the
end of the reproduction season are strongly connected to the average temperature over one week, see
[7] and references therein. The function A(¢) describes the influence of the total density of voles on

natality. Examples of non constant A are functions of the form

ag?
(1.3) AWF:@IEW’

for different choices of «, 8 and ~.

The fourth and fifth equations are the respective initial conditions at ¢ = 0 for voles and predators.
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i

sumptions

1.2. Assumptions. The coefficients b, v,0,p, A,w and the initial data pg,ug of system (1.1]) satisfy

the following conditions:

(1.4) be C®R)NWHS(R), b(-) >0,
(1.5) v e C®R*)NLARY) NL>®(R?), div,(v) € LY(R?)NW>*(R?), v >0,
(1.6)  0€ C™([0,00) x [0,00) x R*) N W3%°((0,00) x (0,00) x R?),  0<d, <0(-,-,-) < d,
(L7 pe0®([0,00) x R)NW2((0,00) x R), 0 < py <p(-,-) <p
(1.8) A€ C®R)NL>[R),  A()=0, A0)=0, A (E¢E] [A" (¢ < Co,
(1.9) we C™®([0,00) x R:) NWH>®((0,00) x R?),  w(,-) >0,
ssiinit.1] (1.10)  po € L'((0,00) x R?) N L¥((0,00) x R?), pg >0,
et a] (L11) s o)l o0y [ TV ((a))de < G,
ss:iniv.3] (1.12)  wo € L'(R®) N BV(R*) N L®(R?),  up >0,

for some positive constants d., d*, ps, p*, Co.

For what the velocity of predators, v, is concerned, we assume that the mollifier n satisfies

ssumption| (1.13) Van € (02 Nw2n Wl’oo)(R27 Rz).

|

1.3. Main result. Our main result is the wellposedness of entropy weak solutions for system (|1.1)),
stated in Theorem We adopt the following definitions of weak solution and entropy solution.

ksolution| Definition 1.1. We say that the pair (u, p) is a weak solution of (L.1|) if the following holds for every
T >0.

def:1] (D.1) p>0, pe€ L>(0,T; L1((0,00) x R?)) N L*>®((0,T) x (0,00) x R2) N L2((0,T) x (0, 00); H?(R?)).
def:2 | (D.2) ue LY(0,T) x RN BV((0,T) x R?).
gef:3| (D.3) For almost every (t,z) € (0,T) x R2, p(t,-,x) € BV (0,00) and

g5

plt.0%,0) = A(0) ([ t.a.onalayia) wit.o),

where p(t,0%, x) is the trace of p(t,-,x) at a = 0.
def:4| (D.4) For every test function & € C°(R*)

/ / / (PO + pOu& + px1(a)v - VilYy(¢ — R) + upAs& — 0p€ — pp€) d da dt
0 0 R2
=[] A@ st e apa@ut. e, 0.0)ds daa
s [0 mlasng.a.0)ds da =0,
0 R2

L[ [ o+ uwo) Vas + 00) - ) dedadt+ [ [ wola)e(0.0,0)de da o
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Definition 1.2. We say that a weak solution (u,p) is an entropy solution of (L.1)) if for any non-
negative test function & € C(R*) with compact support and for any constant ¢ € R there hold

/Oo /OO/ (10— c| (946 + 0a8) — diva (| — clx1vY (6 — R)) €
0 0 R2

+ulg|p — ¢l —sign(p — ) (0 +p)p€) dx da dt
(1.14) +/O /RQ |p(t, 07, ) — c[&(t, 0, ) dx dt

+ /0 /R ool ) — €0, ) e da

> /Ooo /Ooo /R2 csign (p — ¢) x1(a)div, (v(z)Ys(¢ — R)) € dx da dt

and

/ / / (lu— c|0kE + u— i) - Vaf + sign (u — ©) (b(6) — B)ué) do da ds
115

//uo —c\g(o”dxdm/ / /RQcmgnu—c)dwx((gb))fda:dadt.

Theorem 1.1. Assume (1.4)-(2.4)), then the initial boundary value problem (1.1) admits a unique
entropy solution (u,p) in the sense of Definition [1.2l Moreover, if (u1,p1) and (usz,p2) are the two
entropy solutions of (1.1 having initial data (ui0,p1,0) and (ug0,p2,0), then there ezists a positive

constant C such that the following estimate holds for almost every t > 0

Hul(ta ) — ua(t )HL1 (R2) +Hp1( ) 7') _pQ(t7'7')HL1((O,oo)><R2)
(1.16) Ct CeCt
< Ce“ lpro — P2,0HL1((o,oo)xR2) +Ce lut,0 = uszHLl((RQ) '

The fixed point argument used in [4] to prove existence and stability for a predator-prey system
does not apply to our system in a straightforward way because it requires extremely fine information
on the coefficients appearing in the a priori estimates for both predators’ and preys’ equations. This
is not easy to obtain in our case, as the equation we use for preys comes from a specific population
model and its analytical study is rather technical.

In Section [2| we introduce a sequence of parabolic approximations of problem , for which we
prove suitable a priori estimates. Then we apply the compensated compactness lemma by Panov,
see [I1], to show the strong compactness of the sequence for voles, while the strong convergence of
the sequence of predators is ensured by Helly’s theorem. Lemma [2.14] establishes the existence of an
entropy solution in the sense of Definition The uniqueness and stability of such solutions are

proved in Section [3| using a doubling of variables type argument.

2. EXISTENCE

The existence argument is based on the compactness analysis of a sequence of solutions to approx-

imating problems defined as follows. For any given € > 0, we let (p: = p(t,a,2),us = u:(t,x)) be a
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solution of the problem
Opue + divy (uev(de)) = (b(ge) — Bue + eAgue, (t,z) € (0,T) x R?,

Oipe + Oape + dive (pexi1(a)v(z)Yp(¢e — R))
= /’LA.Ipa - D(tv a, x)/)e - p(av ue)Pe + Eaa(X(a)aapa)a (tv a, CC) € (07 T)2 X R27

pett.0.2) = Alloc) ([ loett.omlba(alda) wito). (o) € 0.7) x B2

p<(0,a,z) = poc(a,x), (a,7) € (0,T)% x R?,

model_eps (2.1)

\us(oax) = uO,E(x)a HAS ]Rz,

where

[setips] (22) ota) = [ pelt.ahna(a)da

x(a) € C*(]0,400), [0, 1]) satisfies x(0) = 0, and {(poe,uoc)}e is a family of approximations of the

initial condition (pg, ug) such that
poe € C%°((0,00) x R?), Upe € C>(R?), g >0,
poe — po, a.e. and in LP((0,00) X R2), 1<p<oo,ase—0,

upe —> up, a.e. and in LP(RQ), 1<p<oo,ase—0,
nit-v-eps| (2.3)

i

poe 2 0, ||PO,5||L1((0,OO)><]R2) <, e >0,
sup HPO,e(‘vaf)HLI(R) , sup || po,(a, ')”LI(R2)7 ”8aPO,6”L1((07OO)XR2) <C, e >0,
rER2 a>0

||u0,8||L1(R2) , ||va:u0,EHL1(R2) y € ||A:cu0,£”L1(R2) <C, Uge = 0, e > 0.

2.1. A priori estimates. In this section we establish the a priori estimates on (ue, pe) which are
necessary to pass to the limit as ¢ — 0 in (2.1).

From now on we use the notation C' for all the positive constants independent on € appearing in the
text or in the statements of our results, while in proofs we write ¢ to indicate any positive constant
non depending on ¢, and er for quantities of the form ce, ¢t € (0,T). The proof of the following

preliminary Lemma is postposed to Section 4] (see also [4, Lemma 4.1]).

lem:eta| Lemma 2.1. Let n be such that
ssumption| (2.4) Ven € (02 NW22n Wl’oo)(RQ, RQ).
Then the map v : LY(R%;R) — C®(R) N WL (R2; R?) satisfies

ass:nui| (2.5) (D) Lo (m2sr2) < K NPl L1 (ro )

2.6) [dive ((@) | 2o ry < K9l 2 gy »
2.7) Ve (D)l oo (2 m2x2) < K (9]l 11 (r2;R) »
2.8)
)

ass:nu2

ass:nud (1) — V<¢2)HL°°(R2,R2) < K¢ — ¢2HL1(R2,R) )
IV (dive (V@) 2re gy < K (1+ K 10l 1z ) 191121 go )

sssme] (210)  [ldive (v(61) = (62) | ey < K (14 K 16allpree ) 161 = all s oy

(
(
ass:nu3| (
(
(

ass:nub

where K is a positive constant.
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Lemma 2.2 (Nonnegativity of p., ¢., u:). We have that

(2.11) p: >0, ¢>0, uc>0.

Proof. Consider the function

and observe that

From we obtain
d [ oo ,
o7 n(pe)dz da = 1 (pe)Orpedx da
0 R2 0 R2
== / / n/(ps)aapsdfb da — / / div, (pex1vYp) n,(pg)dx da
0 R2 0 R2
o o0
+ u/ / 1 (pe) Agpedr da — / / 7 (pe) (@ + p)pedz da
0 R2 0 R2
+ 8/0 /R? n,(p€>aa(X(a)aapa)Psdx da

- / n(pe(t,0,2)) da + / / pext (v - Vape) Yo" (p2)dz da
R2 N ——— 0 R2

=0
=0
i [T [ ) (Vepazda= [T [ @+ pintp)dada

<0 <0
+ 8/000 /Rz aa (n/(pE)X(a)aapg) dzda —¢ /OOO /]R2 U//(pg)X(a)(aapa)2 dz da

<0

<_ s/ 7 (p-(t,0,2)) x(0) Bupe(t, 0, z)da = 0.
e

Thus, integrating on (0,¢) we obtain 1(p:(t,a,x)) = 0 which implies that p. > 0, and then ¢. > 0.
From ([2.1) we obtain

d U(Ua)diﬂ = / n/(ug)atugdx
R2

i |
. / o (ue)div, (uzp(ge)) da + / 1 (ue) (6(9) — B) ueda + ¢ / 7 (ue) Aguade
R2 R2 \jfc_/ ]RQ
=0 = <0

< c/ n(us)dx.
R2

Integrating on (0,¢) and applying Gronwall Lemma we obtain n(u.(¢,z)) = 0, so that u. > 0.
1_eps_new| Remark 2.1. We can remove the absolute value in the boundary condition for pe in (2.1)).

L1 of rho| Lemma 2.3 (L' estimate on p.). For allt > 0, we have that

oA

eq:rel (2.12) ||,05(t, 'y ')||L1((0,oo)><R2) < eCtC.
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Proof. Due to the nonnegativity of p. and the boundedness of 9,p we have

d [ d [
— drda = — dxd
i, Jpdraa=g [ [ petrac
—/ / 8ap€dmda—/ / div, (peleYg)dacda—i—,u,/ Azp-dxda
0o Jr2 0 Jr2 0o Jr2
=0

/ / p= (0 +p) da:da—i—e/ 04 (x(a)0ype) dz da
R2

§/ ps(t,O,x)dx—}—c/ / pedx da
R2 0 R2

[ A (/Oo ot a,x)xg(a)da> Wit z)dz + c/ooo /R podzda

/ / pedzx da.
RQ

Integrating on (0,t) we get (2.12) thanks to the Gronwall Lemma and the assumptions in (2.3]) .

em:12 tho| Lemma 2.4 (L? estimate on p.). For anyt > 0, we have

(2.13) 192t 5 M £2((0,00) x2) + VP2l 12((0,6) x (0,00) xB2) + VE X0zl 12((0,0) x (0,00) x2) < €°C
Proof. We recall the equation of p.

(214) Oipe + Oape + divy (pexi(a)v(z)Yy(de — R))
-eq:re .
=plAzpe —0(t,a,x)p: — p(a,u:)pe + €0a(x(a)dape).

We multiply (2.14) by p. and have

/ / 'O’deda—/ / peOpedx da
R2 0 R2
o o
_/ / psaapadxda_/ / pediv, (IOEXIVYG) dz:da—i—,u/ / PsAxpdeda
0 R2
/ / p€ 0+p) d:cda+s/ / P04 (x(a)Ogpe) dz da

</ 'Os(tox)d:p—/ / |V 2 el dq:da+c/ / (pex1vYs)?dz da
R2
—l—c/ / pgdxda—s/ / (Oape) 2dzda
R2 R2
1
2 .A2 (¢2) </ pe(t,a,x)xs(a )da> (t,z daz—}—c/ / 2dz da
R2
/ / |V e da:da—a/ / (Dape)* dz da
/ / dxda / / |V 2pe| dxda—&?/ / (Oape) 2 dz da.
R2 R2

Integrating over (0,¢) and using the Gronwall Lemma we gain

t o0
llpe(t, -, ')||%2((0700)sz) + eCt,u/ / / e~ %|Vope|?dz dads
o Jo JRr2
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t [ee)
+ €Ct2€/0 /0 /RQ e_csx(a) <8ap€)2 dzdads S €Ct HPO,E('y ')HQLQ((O,oo)XRQ) .

We obtain ([2.13]) by using the fact that

t o]
IO 01 ereiy < Wlimomy | [ [ (@) 0upe)Par das

sf%f@ﬁmmﬁmmm

We consider the class of functions
x
Getpei] (2.15) veltn) = [ pelta)g(ada,
0

for £ € C2°((0,00)) such that

|k

eq:suppxi| (2.16) supp (§) C (0,7).

In particular any of the functions y;, ¢ = 1, 2,3, can play the role of £, so that the estimates obtained

for 1. apply to ¢.. Thanks to the definition of . in (2.15) and the results in (2.12f), (2.13]), the

following inequalities hold for every ¢t > 0
g:nonlocl| (2.17) llve(t, ’)HLl(R2) < BCtC,
q:nonloc2| (2.18) [[9e(t, ')||L2(R2) , |’V:r¢e”L2((o,t)xR2) <ed'e.

timate re| Lemma 2.5 (H? estimate on p.). For anyt >0, we have

eq:re3 (2.19)

70 bk

2 2 Ct
IVape(t; 5 )l L2((0,00) xB2) 5 DrPEHL'Z((o,oo)x(o,t)xRQ)’5HX(G)(VwaaP6) HLI((o,oo)x(o,t)xR2) <e’C,

Proof. In the proofs, we will use the following remark

con:¥Y (2-20) Ya/(¢6 - R)Cbsa Yaﬁ(d)s - R)¢z—: <C.
We multiply (2.14]) by —A,p. then

d e’} |prs|2 e’} 0
— dzda = Vape - 0:Vzpedrda = — Ay p:0ipedx da
dt 0 RQ 2 0 RQ 0 RQ

:—u/ / |D§p€|2dxda+/ / A pedivy (peleYg)d:z:da—i—/ Ay p0yp-dx da
0 Jr2 0 Jr2 0o Jr2

+ / / pe (=0 —p) Aypedada — 5/ 0a(x(a)0upe) Arpedx da
0 RQ \—Z—/ 0 ]RQ

e’} 0 - t, , 2
/ / |D2p.|?da da—i—/ / (divy (pex1vYs))?da da+/ Mdm
0o Jr2 0o Jr2 R2 2
+ c/ / pgdx da — 6/ / X(a)\Vw(?ape\Qdm da
o Jr2 o Jr2
< — N/ / ]DngIde da — 6/ / X(a)|Vx8ap5\2dzL‘ da + c/ / pgdw da
2 J)o Jre 0o Jr2 0o Jr2
2

0o 0o 2
+ c/ (/ Va,pa.VXlYgda) dx + c/ (/ anldaYé> (V.V¢C¢€)2dx
Rr2 \Jo Rr2 \Jo

<c, since
o) 2
+c/ </ pex1Ypdivy (V) da) dz
r2 \Jo

S_

VIS
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[e'e) 2
o [ 1A@IP ( / pa<t,a,x>><3<a>da) Ve P2(t, 2)da
R2 0

<, since (|1.8)

ve [ (4 ([T Wapetta ) ot} ar

2

v [ (40 [ nttampa@aa¥stol ) ao

/ / |D2p.| dxda—s/ / )|V 20qpe| dxda+c/ / 2dz da

+c/ |Vzp€\ d:cda+c/ |V o0 |2dzz.
0

Integrating over (0,t), using the Gronwall Lemma, and estimates (2.13)), (2.18) we gain (2.19).

Lemma 2.6 ( L™ estimate on u.). For everyt > 0, we have
(2.21) [[ue(t, )| oo ®2) = Ce.
Proof. Let C be a positive constant that will be fixed later. We define
— _ —Ct
Ue(t,x) = e “tue(t, x),
and we consider the associated problem
Ot + divy (Tev(¢2)) = (b(¢e) — B — C)ue + €Ay,
Ue (0, 2) = upe(z).

We claim that for any given T > 0 there exist a sufficiently large constant £ > 0 and a suitable C such
that u-(t,z) < k for any t <T and x € R?, provided ug(z) < k for all x € R2.

Consider the function
= n(z) = (v — k)L 00 (T),
and observe that
7(@) = Lioo)(2), 20 (2) = n(z) + ki (2).

We have

d

D ) de = / ()04, da
dt ]R2 R2
= = / 77/(@5

RQ

s - /R 1 (@e)divy (T — k)v(ge)) dz —k /R 1 (@e)dive (v(¢2)) da
=0

+ / (n(Te) + ko (5e))(b() — B — C) da
RQ

Vdiv, (Tv(6.)) dz + /RQ 7 (1) (6() — B — C)t. da + 5/ o (0.) A Ao

RQ

<0

< / n(@:) (b(¢e) — B — C)d — k / 7 (@.)(C + B + diva (v(6.)) — b(6.)) da
R2 R2
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From the inequality ||div, (v(¢e))|| 0 < 2[|VV(de)|| ~ and the estimates in (2.7) and ([2.17)), it follows
that for C large enough

C + B - b(¢e) Z 07 C + 5 + diV;z (V((Zsa)) - b(¢e) 2 07

thus,
d

— ue )dz < 0.

Integrating over (0,¢) we obtain
0 S/ n(ue(t, ) dz S/ n(uge(x))dz =0,
R2 R2

which means u. < k. The inequality (2.21)) follows. O

;

ate for u| Lemma 2.7. For allt > 0, the following estimates on u. hold

eqiul] (2.22) lue(t, ) L1 g2y < eC,
(2.23) e (b, ) L2 @2y » | Vatie | 20,0 xr2y < €€°C,
(2.24) IVaue(t, )l r2me) » [ Aatell L2¢0,4xr2) < e“'C.

[0 [0]
20 e
el e
w N

Proof. We recall the equation of wu,
(2.25) Opue + divy (uev (o)) = (b(pe) — Bue + eAgue.

(2.22]). Using the nonnegativity of u. we have

& wdae = 5 [ o= [ Apedo— [ div, (uro0) da
dt Jpe dt Jg2 R2 R2

=0

+ /R2 (b(¢€<) — B u.dx < c/]R2 uedz.

Then, applying the Gronwall Lemma we gain
e, Mz rey < Nuoe ()l paggey e

(2.23)). We multiply (2.25)) by u. to obtain

d u?
7 - ?dx = /]R2 U Opuedx

=— / divy (uev(¢e)) usdx —|—/ (b(p:) — B)udx + 5/ Agucucdr
R2 R2 R2

S/ ugy(gzﬁa).Vugdx—Fc/ ugdw—&?/ ]qug\2d3:
R2 R2 R2

2
</ Va <u€> .y(¢€)dx+c/ ulda —z-:/ Vue2dz
R2 2 R2 R2

2
< / kdivx (v(¢s))dx + c/ uldr — 5/ |V pue|?da
R2 2 R2

RQ

SCT/ \ua\dx—i—c/ ugdm—a/ |V pue 2.
R? R? R?

Integrating over (0,¢) and then using the Gronwall Lemma we get

t
e (8, ) z2aey + 2 / €™ [ Vate(s, ) za(ge) ds < e [lu(0, ) Z2(gey + ce™.
0



AN HYPERBOLIC-PARABOLIC PREDATOR-PREY MODEL 11

(2.24)). We multiply (2.25) by —Azu. to obtain

i |qu5|2
dt Jpe 2

dz = / Ve - O Vucdr = — AzucOudr
]RQ

RQ

:/ Aguedivy (usv(¢e)) do —/ Azue(b(de) — Bucdr —5/ \Axu€|2dac
R2 ]R2 R2

= VoV (Ve (6) + ucdive (v(6))) da + / (6(6) — B)| Ve P

RQ

R?

+/ b/(¢)vx¢vxua usd$—€/ |Axu<:_‘|2dx
R2 R2

<[ JAmfdose [ [VoPdoter [ (Vo
R2 R? R?

Ra

Vel

2

)tote + [Vl [Ta@) e+ [ 190 divs (o0 ds

<er <cr

+ / IV tte ||V odiv (1(9)) |
]RZ

§—5/ |Azu€|2dx—|—cT/ |Vzu€|2dx—|—cT/ |wa5|2da:+c;p/ IV, div, () [2dz.
R2 R2 R2 R2

Integrating over (0,¢) and using the estimates in (2.9)) and (2.18) we gain

IVaue(t, )l L2me) + € | Azue (-, ')||L2((0,t)xR2) < ce.

r phi_e 3| Lemma 2.8. For every t > 0, the following estimates on 1. hold

nonloc2.1

nonloc2.2

nonloc2.4

Hilll g

nonloc2.5

get,

231

4
dt

< K

0o 2 0o
5 / | D24 |2da + c/ <divx <</ pexlﬁda> vY9>> dz + c/ Yida + c/ / p2dzda
R2 R2 0 R2 0o Jr2

(

(
nonloc2.3| (2.28

(

(

Hvrwe@, '>HL2(R2) ) HDid}EHLQ((O,t)XRQ) S €tha
D20t )| 222y - 1P3%e | L2 0.0y xme) < €°C
[l (2, ‘)HLOO(W) < BCtCa

<ed'C,

1D @ )| ez » [Pt | 2 o,y xre)

190be (£ M1 g2y 10 (E ) 2oy » [ Vot (t, )| oo (r2y < 7°C.

Proof. We multiply by £(a) the equation for p. in system ([2.1]) then, integrating with respect to a, we

O — pAgrpe + divy <</Oo ,05X1§da> V§/9>
0

- / (0 + pla,u.))pecda + / pe (14 ex)€ + exe”) da.
0 0
(2.26)). We multiply (2.31)) by —Az1).

2

Vetpe|? _
dz = Ve - 8tvx¢sdl‘ = - A:(ﬂ/}satd}adx
R2 R2 R2

— 1 / | D24p.|*dx + / Agthodivy << / peleda> ng> dz + / / p& (0 +p) Aptp-dade
R2 R2 0 R2 JO N——

<c

- / /OO Pe ((1 + 5X/)£, + 5X£H) Aztpedadr
R2 JO

<c
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2
Iv|?Y$ dx
N——

o0
<t [ pzvpasse [ |9 [" oo
R2 R2 0
<c

o0 2 o) 2
+C/2 </ Psxufda) |div, (v) |2Y92 dx+c/2 (/ st1£da> (Y9’)2|v|2 !chbs\gdx
R 0 —_—— R 0

<c
<e (see (216))

+c/ ¢§dx+c/ / p2dz da.
R2 0 R2

Since the functions

b (L) /0 pexi&da

have the same structure as 1., using the Gronwall Lemma and estimates (2.13)), (2.18]) we get (2.26]).
(2.27)). We multiply (2.31)) by D1t to have

dt 2

—u [ AsbDbeds - | Diwadivx« / anlfda> er> da
R2 R2 0

+/R2 /Ooo p£(—0 —p(a, ua))Di%dader /Rz /OOO Pe ((1 +5X/)€/+€X§”) Diwedadx

=—1 / |D34pe|?da + / D34, - V,div, (( / peleda) vY9> dz
R2 R2 0

- / v, < / oom&(—a—p(a,us))da) D3ede + / / TV (14 )€ + ex€”) D¥edada
R2 0 RrR2 Jo

<c
" [e's] 2
< - / \Diws\de + c/ (deivx <</ pEXléda> vY9)> dx
2 R2 R2 0

o) 2 0o
+c/ Vm/ p& (=0 —p(a,u)) da d:n—i—c/ / |V 2pe|?dz da
R2 0 0 Jr2

2
4y [ A ddar = [ Divods
R2 R2 R?

0o 2 o0 2
s—g/ \DinPdHc/ Di/ pex1§da \vPYa?dHC/ / pexiéda| |DIv[*Yg da
R R 0 — R2 |Jo —
ScC =c¢

2 2
V(¥5)? | D262 da

+ C/ / pex1&da
R2 0

V3 oo e [ ][ poaea
0

<c, see ([2.16)) <c, see
S 2 0o 2
—l—c/ Vx/ pex1&da |Vggv|2Y92 d:c—l—c/ / pex1éda ]VIV\Q(YG/)2\VI¢E\2d:L‘
R2 0 — R2 |JO
= gc,sez2.16
2
) 2 0o
+c/ vl,/ pex1€da \V\Q(Yg)Q\vxgba\?derc/ / p|Veo|da | dx
R2 0 T RQ 0 \-Z-/
XcC <c

2

o0 00 2
+ c/ / Vaip€ 0+ pla,ue))da| dz+ c/ / pe Oup(a,us) Vyu€da| de
R2 0 N—— R2 0 N——
+ c/ / |V ep:?dz da
0o Jr2

<c <c
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2 )
dx + c/ / pex1€da
R2 |Jo

dx—l—c/ |V 0| 2dx+c/ V2| da

2

o
—% / D3y e+ e / ‘Di pex1€da da
R

+c

Vg; / pex1&da
0

+c/ |D2¢. |2 dx—i—c/ ‘ p5X1§da dx—i—c/ Yida+
R2

+c/ ]wa€|2dx+c/ wgdx+c/ ]Vggug]A‘da:—i—c/ / V.pe|?dz da,
R2 R2 R2 0 R2

Integrating over (0,t) we get

HD:% HL2 R?2) +“HD 1/15HL2 ((0,¢) xR2)

t 00
< 0200 ey + [ (| poacaa) )

t [e%s) 4
+c/ (Vx/ psxﬁda) (s)
0 0 L4(R2?)

t t
C/O H%(S,‘)”%%R?) d5+0/0 Hvxpa(&'7')||%2((o,oo)xR2) ds

t t
e [ 19t Wiy ds-to [ [ et M ds
0 0 JR?

t t
CAHVMAaM;m%m+cAHVwAawm;wmwmw&

2 t
®+C/H%@Jﬁmwﬂs
H2(R2) 0

t
dS"‘C/ \|Vz¢e(3,‘)Hi4(R2) ds
0

Using (2.13), (2.18), (2.26)), ([2-24) and the embedding H'(R?) c L*(R?) we gain (2.27).
(2.28)). Directly follows from (2.18), (2.26)), (2.27) and the embedding H?(R?) c L>(R?).

(2:29). We multiply @31) by DS,

D34.|?
dt ‘ 1/16‘ / D3¢s atD edr = — / D3 weatwadx

— / Ayth Dotpeda + / DEy.div, (( / h psxlfda) er) da

/R?/ p& (=0 —p(a,u.)) xwgdadx—/RQ/ pe (1 +ex §+€X§") DS¢.dade

=—pu / | DypePda + / DypeAgdiv, (( / anlfda> vYQ) dz
—/RQAJ;</OOOpa§< b(a,u)) )wasdx

—/ A, </ pe (L4ex)¢ +exg”) da )Dwsd:r
R2 0

< - g/Rz \D§¢s\2dx+0/w (A div, <(/0 PsX1€da> ng))de
—i—c/]Rz A, (/Ooopebﬁda> 2da:+c/RQ A, (/Ooopep(a,ug)ﬁda>

(o)
< — ';L/ \Diwg\Qdaﬂ— c/ ‘Di/ pex1éda
R2 R2 0

2 o9
dx—l—c/ / |Azpe|*dadz
R2 Jo

2
vI*Yy da
——

<c
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+C/ Dﬁ/ pexiéda

R2 0

e [ 1] pougda
R2 0

e[ 1] pougda
R2 0

00 2
Ve / pexiéda| |DIv|PYg dx
R2 0 N——
<c <c

2 2
|D3v|?Y{ dz + c/
————

2
|Vv|?Y7 dz + c/
N—_——

D2 / pexi€dal [VA(Y))? [Vaie 2da
RQ 0 \“,—/

<c <c

2 00 2
D2V Ve Pe + c [ \vx | pecisdal] (B P04 1920,
R2 0 %,—/

<c
<c
o 2 o0 2
+ C/ vz/ pex1&da |V|2(Y9H)2 |vm§b€|4d33 + C/ vm/ pex1§da |V|2(}/g)2 |D§¢e|2d$
R2 0 — R2 0 ~—
<c <c

00 2 00
iy / / poxréda| [Vav2(Y])? [Vade *de + / ‘ / poxaéda
R2 0 R2 0
<c <c

00 2 00
+ C/ / pex1§da |V|2(Y0m)2 |vz¢e|6dx + C/ ’/ pex1&da
R2 0 R2 0

~~

<c <c

2
Vav]?(Yg)? [D3¢e|*da

2
V(Y5 | Dige P Vael*da

o) 2
+c/ / pexi1€da yvyZ(}fé)ZyD§¢62dx+c/ V0% | Vet |2da
R2 |JO R2 NY—~—

<c

<c
2

+c dx

T

02 |AI¢€|2dx+c/ |A$D|2|¢52dx+c/ ‘/ Vipe - Vaue & Oup(a,us) da
~~ R2 S—— r2 | Jo ———

<c <c <c

) 2 2
/ Azpelp(a,us)dal dz+ c/
0 R2
<cr

dz
2 oo
dx—i—c/ / |Azpe|*da dz
R2 JO

2 00
dx + c/ ’Di/ pex1€da
R2 0

00 2 0o
| pexagda] doe [ 102 [T pongda
0 R2 0

dx—l—c/ |D§;¢€|2dx+c/ |Dggbs|2daj+c/ |D2¢. | da
R2 R2 R2

+c

5

/ pe€ 02,p(a, ) [Vauel2da
R2 0 S—————
—_——

<c

_|_
o

/ pe § Oup(a, ue) Agucda
R2 0 N— e’

<c
<er

2
dx

IN

o
—g |D§¢E|2dx+ C/ ‘Di/ pex1éda
R2 R2 0

2
+c/ dx—l—c/
R2 R2
4
—l—c/
R2

+c / Vede|?dz + ¢ / Vaoge|'da + ¢ / |Va¢e|®dz + ¢ / Ve |3da
R2 R2 R2 R2

4
dx

v, / poxiéda
0

v, / poxiéda
0

+c/ wgderc/ ]Vx¢5|2dx+c/ 1D3¢5|2dx+c/ |V ptbe|*da
R2 R2 R2 R2

—i—cT/ |qu5|4d:1:+cT/ |A$u5]2d:1:+c// ]Axp5|2dad:c.
R2 R2 R2 Jo

We integrate over (0,¢) and using the estimates (2.19)), (2.18), (2.26), (2.27), (2.24]), together with the
embedding H'(R?) C LP(R?) for very 1 < p < oo give us

“Dgw‘f(t? )HiZ(RZ) +p HDiweHiz((w)mg) < ce.
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(2.30). Tt follows from (2.17), 2.18), [@-26), (2.27), (2-29), (2.31) and the embedding H?(R?) C
L>(R?). a

on:nonloc| Lemma 2.9 (Estimates on the trace of p. at a = 0). Define p%(t,x) = p-(t,0,x). For everyt >
0 the following estimates hold

2, ')HLl(RQ)’ mPsHLl (0,t)xR2) ? }atPEHLl (0,t) xR2) <eC'C,
P2t 2 (R2) * ope(t HL2(]R2) <e'C,

HVzpaHp (0,t)xR2) ? . 96p8HL2((0t)><]R2 Hat/)aHL2(0t)xR2) < e'C,
o2t )| oo 2y < 7€

Proof. Directly deduce from the definition of p. at a = 0, using Lemma the estimates in (2.17)),

(2.18), and the assumptions on A(¢) in (1.8). O
:linftyro| Lemma 2.10 (L*° estimate on p.). We have that
‘linftyro| (2.32) et ) Lo (0.00) xm2) < CE,

for every t > 0.

Proof. Let M be a positive constant that will be fixed later. Define

p(tya,x) =e Mp (t,a,z).

p. satisfies the problem
8tﬁ5 + Mﬁs + aflps + divg (ﬁsxl (a)V}/@(ng - R)) = :U’AIL"ﬁE + Saa(X(a)aaﬁe) - (D + p)psa
odeleps-o| (2.33) p.(t,0,2) = A(0) (fOOO p(t,a, x)X3(a)da) w(t, x),
ﬁe(oa a, IE) = ,00,5(@7 .’If)

Moreover, for any given 1" > 0 there exists a sufficiently large constant 5 > 0 such that for any ¢t < T

and z € R? (23), [@11), and (29) imply
(234) 0< ﬁg(t,0,$), pﬂyf(avl‘) <B.

Consider

n(€) = (§ = B)1(5,5)(§),
and observe that

1) =1 (&),  &n'(§) =n(&) + Br'(§).
From the equation we have

d o0 o0
G [nwodzaa= [ [ poop.drda
dt 0 R2 0 R2
=-M / / 7' (p.)p=dw da — / / 1 (p)Oup-dz da — / / div, (px1vYe) 0 (p.)dz da
R2 R2 R2
+u/ / n (pe) xpadwda—/ / (P)(@+p padwda%/ / 1 (P)0a(x(a)0ap, )dx da
R2 R2

:—M/ / n(p.)dzr da — MB/ / (Ps dxda—l—/ n(p.(t,0,x))dx
Rz R2
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/ /Rz div, ((p. — B)x1vYs) 7' (p.)dx da

B / / dive (x1vY) 1/ (p.)de da —u / / 7 (3)x(a) (Vop.)? dz da
0 R2 0 R2

— / 1 (p=(t,0,2))0up,(t,0, z)dx —¢ / / 1" (p:)(ap.)*dada
R2 0 R2
<0
S/ n(p(t,0,z dm+/ / B)x1(v - Vap.) Yo" (pc)da da
RQ
=0

= B/ (M + div,: (x1vYs))7' (p.)dz da — 6/ 7' (p(t,0,2))0ap.(t,0, x)dx.
0 R2 R2

Thanks to (2.9)), (2.34), and (2.30) we have for M large enough

77(55(12 07 1')) = 07 n/(ﬁa(ta 07 x)) = 07 M + din (le}/@) > 07

d oo
z 7.)dzda < 0.
dt/ﬂ /RQn(pe) zda <

Thus, we integrate over (0,t) we obtain

0 S/ / n(p.(t,a,z))dzda S/ / n(poe(a,z))drda =0,
0 R2 0 R2

77(55(75’ a, I)) =0.

which imply

and

As a consequence we have that p, < B.
In:1iro_a| Lemma 2.11 (L! estimate on 9,p.). We have that

Haaps(ta B ')HLl((O,oo)x]Rz) < CeCt

for every t > 0 and a suitable constant C' independent on .

Proof. Differentiating the equation in (2.14) with respect to a we get

(2.35) 02 pe + 02, pe + divy (Dupex1VYy) + divy (pex1vYy)
-eq:rea .
= uDg0ape + €05, (X (a)Bape) — (920 + ap(a, us))pz — (0 + P)aps.
Then

d o o
/ / 8ap5|da:da:/ / 02 pesign (0,p.) dz da
0o Jr2

/ | (€O x(@0up) = Oape)sien Gupe) dedatu [ [ Auupusien (0upe) de da
0 Jr?
<0
—/ / divy (Oapex1VYp) sign (8ap€)dxda—/ Vpe - VX Yosign (94p:) dz da
R2 o Jr2

=0

- / /R2 peX1divy (v) Yysign (9,p:) dor da — / /R2 peX1V - Vo Yysign (0yp:) dx da
0 0
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- / / (900 + Bu(p(a, 1)) posign (up2) dada — / / (0 + p)|@apelde da
0 R2 0 R2

-

<c v
<0

< |, 102 ((0)9ape(t, 0,2)) = Dape(t, 0, 2)ldx + € [Vape(ts s Nlr2(000)xr2) [Vl 2(2)
+ c|lpe(t, -, ')||L2((07oo)xR2) [dive (V)HL?(R?) + cllpe(t, -, ')||L2((0700)XR2) [Vaoe(t, ')HL?(R?)
+c ”,05(75, ) ')”Ll((O,oo)X]R{Z) :

Since

€0q (X(O)aapa(t, 0, I)) - aap&(t7 0, Jj) = 815102 - MAIPS + nga

we use the Gronwall Lemma, (2.3), (2.17), (2.26)), (2.12)), (2.13)), (2-19), (2.6) and Lemma [2.9|to obtain

the inequality (2.35]). O
Lemma 2.12 (BV estimate w.r.t. 2 on u:). For every t > 0 the following estimate holds
q:BV in x (2.36) ”qug(t, ')HLl(RQ) < CECt.

Proof. From the equation of u, in we have the equation
OiVate + Va (Ve - v(¢e) + uedive (v(¢:))) = (b(¢) — B)Vaue + b'(6:) Vade te +eValaue,
We define
sign (Vyue) = (sign (0z, (ue)) , sign (Op, (ue))),
where x = (21, z2). Then, using the L> bounds on V,¢. and v(¢.) in , , we get
(jt/Rz |V ue|de = /R2 sign(V,uz )0,V pude

=— / Vi (Veue - v(¢e)) sign(Vu: )dr —/ Vi (uedivy (v(¢e))) sign(Vue )dx
R2 R2

-~

=0
+e€ VaAzue Sign(vxus)dx Jr/ b,(¢s)vx¢s Ue Sign(vxus)d-T + / (b(¢5) - ﬁ) |qu5|dx
R2 R2 _,—/ R2 j/_/
<er <c
<0

< /R2 |Vue||divy (v(¢e)) | de — /R2 ueVy(divy (v(¢e))) sign (Vyue) de

-I-CT/ ugd:z—i—c/ |V pue|dx
R2 R2

gc/ ]VIua\dw—i-cT/ ]ugldx—i-c/ ugdx—l—c/ |V pue|?da
R2 R2 R2 R2

. 2 : 2
+ /R2 |divy (v(¢e)) |“dx + /R2 |V (divy (v(¢e)))|*d.

We obtain the desired inequality (2.36) integrating over (0,t), using the Gronwall Lemma and the
estimates in (2.6) and (2.9) and Lemma[2.7] O

Lemma 2.13 (BV estimate w.r.t. ¢t on u:). For everyt >0, the following estimate holds

q:BV in t (2.37) ||8tu€(t,-)||L1(R2) < CeCt.
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Proof. From the definition of v(¢) in (1.2) we compute

at¢€ * Vmﬂ

aty(¢€) =k 3/2)
(1+ llge = Vanl?)

then from (2.30) we have
100 (de) | oo r2m2y < RV poo m2 gy 10:0e | 1 g2 gy < Ce .

Similarly, explicit computations give us

e * Agm
3/2°
(1 + -  Zaml?)

(2.38) divy (v(¢e)) = K

and
O e * Agn
(1+ llée = Vanl?)

Therefore, from (2.17)), (2.30), we obtain

Oe * Van 8t¢a * Vg

Odivy (v(de)) = K ) :
t 1+ 10e e Vel (14 6+ Vo)’

3/2 - 3/{(¢€ * Azn

10edive (v(e)) | L2 (m2;m)

< £ )|0tde * Aanll f2ger) + 36 |0 * Aan| oo (r2;R) 1068 * Vanll 22 r2)
< £ )|0edel 11 m2.r) (HAMHB(R?;R) + 31 Aenll oo (m2ry IVl 2 (r2;m2) ”‘bsHLl(R?;R))
< Ce’t,

The estimates above allow us to prove (2.37). From the equation ([2.25)) for u. we have

815215“6 + divy (Qpuev(de)) + divy (u0iv(pe)) = (b(¢e) — B)0rus + b,(Cbz-:)athsUs + eAz 0.,

then we consider
d
p7 /2 |Opue| dox = — /2 div, (Qpuev(pe)) sign (Opue ) da +e . A, Opu sign (Opue ) dz
R R R
-0 <0

— / (Vue O (pe) +ue0divy (v(¢e)))sign (Orue ) da
R2 SN——

<er

+ / (6(6e) — B) |Oyuz|da + / O (6)Drotsign (Dhu.) da
R2 N ——

RE

<c

§CT/ |Vzu€|daz+c/ u?dx—i—/ |Opdiv,, (Ij(gzﬁg))|2 dx
]R2 ]R2 R2
+CT/ ]8t¢5]d$—|—c/ |Opue|da.
R2 R2

Integrating on (0, t) we obtain (2.37)) thanks to (2.23]), (2.30) and (2.36]) and the Gronwall Lemma. [

We are now ready to prove the compactness of the families {p.}. and {u.}., and the first part of
Theorem establishing the existence of entropy solutions for the system ({1.1)).



AN HYPERBOLIC-PARABOLIC PREDATOR-PREY MODEL 19

lem:exist| Lemma 2.14 (Strong compactness of {p.}. and {u.}.). There exists a couple of functions (u, p)
and a sequence {e}ren € (0,00), e — 0, such that, for every T >0

per = py aee. in (0,T) x (0,00) x R* and in LP ((0,00) x (0,00) x R?), 1 < p < o0,

loc
gence rho| (2.39) p(-,-,-) >0, p(t,-,z) € BV(0,00), fora.e. (t,z)ec (0,00) X RQ,
p € L>®(0,T; L' ((0,00) x R?)) N L>°((0,T) x (0,00) x R*) N L3((0,T) x (0,00); H*(R?)),

;

and
Ue, —u ae in (0,7) x R* and in LY, ((0,00) x R?), 1 < p < oo,
ergence u| (2.40) "
u(-,+) >0, u e L®((0,T) x RHNBV((0,T) x R?).

Proof. Rewrite equation of p. in (2.14)

. P22 .
Oppe + div(y z) 9 = (pe = 1)0ape + pedivg (pe)
pz/2

— divy (pex1(a)vYy(de — R)) + pAype + €0a(x(a)dape) — (0 4 p)pe-

Let n € C%(R?) be a convex entropy with flux Q € C?(R;R?) such that

Q'(p) = (pn:(p)> .
pn’ (p)
Multiplying both sides of by 7' (p:) we get
In(pe) + div(ez) (Q(p2))
=1 (p2) [ (P = V)ape + pediva (p) — diva (px1 (VY (6z = R)) + pldape — (2 -+ P)pc]
242

+ Oa(en' (p)x(a)ape) — EU//(Pa)X(a)(aapa)%‘
Lo L3,e

For every K CC (0,00) x (0, 00) x R?, thanks to Lemmas and the estimates
in (2.17), , we have

1L1ell ey < Hn/(PE)HLw(K) [(HPsHLoo(K) + D) 10apell iy + loell 2050y [Vapell L2k

eq:convex| (2.41

+ cllpell L2erey IVa®ell L2 rey + € ldell L2 xey 10ell 2k
+ cll@ell 2y Vapell 2y + ¢ 1Azpell 20y + 1100 oo iy 1ol L2 iy | < €5
HEW'(PE)X(G)@%HL%K) s¢ Hn/(Ps)HLw(K) IX(a)apell 2k < e =0,
HE&EHLl(K) <e Hn//(pE)HLOO(K) HX(G)aangLl(K) <ec
Applying the Murat Lemma in [9] to get
{0m(pe) + divia (Q(pe))}e is compact in Hy,}((0,00) x (0,00) x R?),

this implies the strong compactness of {p¢}e.
Thanks to Lemmas [2.21} [2.13] [2.12] {u.}. is bounded in L>((0,T) x R?)N BV ((0,T) x R?) so that
Helly’s Theorem applies. U

Lemma 2.15. The couple of functions (u, p) introduced in Lemma is an entropy solution of (1.1
in the sense of Definition [1.2]
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Proof. 1t is clear that the couple (u, p) is a weak solution of in the sense of Definition thanks
to the strong convergence results in Lemma In particular, the fact that p is a weak solution
comes directly from [I1, Th. 5].

We obtain as in [2 Lemma 2.10], then we only have to verify that holds. Let £ €
C*(R%) be a nonnegative text function with compact support and ¢ € R be a constant. Multiplying
the equation of u. in by sign(u. — ¢) we have

Otlue — ¢ + divy (Jus — ¢|v(¢e)) + csign(ues — ¢)divy (v(¢e))
< sign(ue — ¢)(b(Pe) — Bue + eAglue — ¢f.

Then,
L[] e = i e = elotén) - V.6 -+ sentue = )(6(00) - Buct
o Jo Jr
+elue — ] A& — csign(us — ¢)divy (v(de)) §) dedadt
+/ / |ug o(z) — ¢|€(0,a,z)dxzda > 0.
0o Jr2
By taking the limit for ¢ — 0, we get (1.15]). O

3. UNIQUENESS AND STABILITY

In this section we establish the inequality (1.16)), which concludes the proof of Theorem To

this end we introduce the following preliminary lemma.

Lemma 3.1. Let (u1,p1) and (ug, p2) be two entropy solutions of (1.1|) obtained from the initial data
(u1,0,p1,0) and (uz,, p2,0) respectively. For every nonnegative test function & € C°(R*) the following

inequalities hold

(3.1)
/Ooo /000 /R2 (|p1 — po| (0¢€ + 04€) — divy (|p1 — p2|x1v(Ye(o1 — R) + Ya(do — R))) €

+ 1lalpr = p21€ — |pr — p2[0€ — [p1 — p2lp(a, u1)€
— sign (p1 — p2) (p(a, 1) — pla, uz))ps€ ) do da dt
[T ] Im072) = ot 0% e 0,01t + [ [ lprofae) = profasa)|6(0.0.2) do da
0 R 0 R

> /Ooo /Ooo /R sign (p1 — p2) X1 (p2divs (VYa(d1 — R)) — p1div, (v(2)Ye(pe — R))) € d da dt,

where
bt x) = / piltsa,2)xe(a)da,  fori=1,2,
0

and

/°° /oo/ (|u1 — uz| 0 — divy (Jur — ue|(v(d1) + v(d2))) €
0 0 R2
+ Jur — ua|(b(¢1) — B)E + sign (ug — ug) (b(¢p1) — b(¢2))u2§) e da dt
(3.2) N
—I—/O /R2 lu10(z) — u20(x)[€(0, a, z) dr da

> /OOO /Ooo /]R2 sign (u1 — ug) (ug divy (v(¢1)) — uy divy (v(¢2))) € dx da dt.



entropy.1

entropy.2

AN HYPERBOLIC-PARABOLIC PREDATOR-PREY MODEL 21

Proof. We double the variables and write

P1 :pl(taavx)a P2 :p2(87bay)7 ¢1 :¢1(t,$), ¢2 :¢2(S7y) Ui :'U,l(t,.fU) U2 :u2(87y)7

where ©x = (ml,mz) and y = (Z/lv yg).

Consider the test function

- B t+s a+b x4y s—t b—a Y1 — T1 Yo — T
—'n(t,s,a,b,l',y)—é( 2 ) 2 9 2 >/\n< 2 >)\TL< 2 )An< 2 )An< 2 9

where

An (1) = nA(nu), A € C*(R), A >0, (Al L@y =1, supp (A\) C [-1,1].

To prove inequality (3.1)) we follow the doubling of variables argument appearing in [2, Lemma 3.1],
and use the regularity of p and the L* bounds on uj, uz. Then we have only to verify (3.2). We write
(1.15) for uy(t,x) using us(s,y) as a constant and integrate over (s,y)

(3.3)
////// (lur — u2|0Zn — divy (Jur — ua|v(61)) =y + sign (w1 — ug) (b(¢1) — flwEy) dzdy dadbdtds

+ ///// [u0(x) — u2|=(0, 5, a,b, ,y)dr dy da dbds
- / / / / / / sign (u1 — ua) uadive (v(¢1)) Epdz dy dadbdt ds,

and we write ([1.15)) for ua(s,y) using u;(t,z) as a constant and integrate over (¢, x)

(3.4)
////// (lur — u2|0sZp — divy (Jur — uzlv(¢2)) En — sign (u1 — u2) (b(¢2) — B)uz=y) dzdydadbdtds

+ //// lur — u2,0(y)|ZEn(t,0,a,b, z,y)dr dy dadbdt
> —////// sign (u1 — ug) urdivy, (v(p2)) Epde dy dadbdt ds.

Summing (3.3]) and (3.4)) we have

(Jlur — u2| (0= + 0sEp) — divy (Jur — ualv(d1)) En — divy (Jur — ua|v(d2)) En
I

Flu1r — u|(b(p1) — B)Zn + sign (w1 — uz2) (b(¢1) — b(d2))u2Ey) dzdy dadbdt ds

+ //// |ur0(x) — u2|=,(0, s,a,b, 2, y)dz dy dadbds
+ //// |ur — u2,0(y)|ZEn(t,0,a,b, z,y)dz dy dadbdt
> ////// sign (u1 — ug) uediv, (v(¢1)) Epde dy dadbdtds
- ////// sign (u1 — ug) urdivy (v(¢2)) Epde dy dadbdt ds.

As n — oo we get (3.2]). O
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Lemma 3.2. For every t > 0, the following inequality holds
(3.5)

t
161(t,) = d2(t, ) Zagaa + e’ / €O 1Ta(6r = 00) o s < Ce g = paolfs ey

Ct// / $(p1 — po)? dxdads—f—C’eCt// S(uy — ug)? dr ds.
R2 R2

In particular, we have that

t 1/2
</0 /R2 Vel - ¢2)|2dxd8) < Celpro = p20ll 1 (0 00) i)

. 1/2 ¢
+ Ce’t </0 lp1(s,-5-) — pa(s, -, ‘)H%l((o,oo)xu@) d3> +Ce </0 [ui(s, ) — ua(s, ')”%WRQ) ds)

Proof. Since ¢, satisfies

at¢5k - MAx¢sk+diVx (</Ooo paleda) V}/@(Qbsk - R)>

1/2

o0

- / PstQ (_D - p(aa uak)) da + / Pak ((1 + 5X/)X/2 + €XX/2/) da’7
0 0

as k — oo we get the equation of ¢. Then, subtracting the equation for ¢o from the equation for ¢

we obtain
Du(1 — b2) — (1 — b2) + div, (( /0 “on - ,o2>><1da) VWaldr — R))
(3.7) +div, (< /0 h p2xlda> v(Yo(o1 — R) — Y(ds — R)))
= /0 (pl _p2) (XIZ — 0x2 _p(avul)XQ) da_/O P2 (p(a’7 ul) _p(a7u2))X2 da.
Then
d
o RQdew/ V(b1 — )2 da

:/RQ(% — ¢2) </DOO(P1 — p2) (x5 — ox2 — p(a, ur)x2) da) dz
- [ or- @)( [ o2 ptasm) bl u) da) da

< cluy—usz|

_ /R2(¢1 — ¢2)div, (</000(p1 - pz)xlda> vYo(h1 — R)> da

_ /RQ(% — ¢2)divy ((/000 P2X1da> v(Yp(¢r — R) — Ya(¢o — R))> da

< C/ (1 — p2)? da + ceCt/ (u1 — ug)* da + ceCt/ / (p1 — p2)*dzda
R2 R2 0 R2
2 [ 19aor - )
R2

Using Gronwall Lemma we get

t
161(t,) — dalt, )2 sy + e / / €5 |V (61 — o) da ds

t
/// dxdads—i—ceCt// e (uy — ug)? dx ds.
R2 R2

<e|pr0—




AN HYPERBOLIC-PARABOLIC PREDATOR-PREY MODEL

Finally, we obtain (3.5)) and (3.6)) from the definition of ¢ and ¢s.

We are now ready to complete the proof of Theorem
Proof. Our goal is to prove the inequality (1.16). We rewrite (3.1)) and (3.2) as
(o] o0
/ / /2 (Io1 = p2| (Oekn + Bakn) — |p1 — p2lx1(Yo(p1 — R) + Yg(d2 — R))v - Vip
o Jo Jr

+ulpr = p2|Azén — |p1 — p20&n — |1 — p2|p(a, u1)én
—sign (p1 — p2) (p(a,ur) — p(a, u2))p2§n)d$ dadt

(38) +/ ‘p1(t,0+,$) _pZ(ta 0+7$)|£n(t, 07ﬂj)dﬂ§‘dt
0 JR?

+/ /2 ‘pl,O(a’u J") - p270(a,.§6)|€n(0,a,3§') drda
0 R

23

> /000 /Ooo /R2 sign (p1 — p2) x1 (p2divy (VYp(p1 — R)) — prdivy (v(z)Yy(d2 — R))) &, dz dadt,

and

/Ooo /OOO /R2 (|U1 - U2‘at§n + |U1 — u2|(7/(¢1) + IJ(QSQ)) . vxfn + |u1 _ u2‘(b(¢l) . B)gn

+ sign (u1 — uz) (b(¢1) — b(¢2))ué,) dodadt
(3.9)

+ /000 /R2 lu1.0(z) — ug,0()|€0(0, a, ) dz da
> /O /0 /R sign (w1 — ug) (ug divy (v(¢1)) — w1 dive (v(¢2))) &, da da dt,

where {£,}n is a sequence of nonnegative test functions approximating the characteristic function of

the strip (—o00,t) x R x R2. Sending n — oo, we have that

i (t,-) = wa(t, )l L1 (re)

t
< s = wnoll ey = [ sion s = ) (aadivs (v(1)) = v (+(62))) drds

+/ / |ur — ua| (1) +sign (u; — uz) (b(p1) — b(p2)) ug dzds
0 Jr2 —— —_—

<c <clp1—p2|

t
< Jluro — gl s ey + /0 /R s — wfdiv, (v(9n)) dds

t
— / / sign (ug — ug) uy divy, (v(¢1) — v(¢2)) deds
0 JR? ~
see

t t
—|—c/ ]ul—uQ]d:Uds—i—ceCt/ / |p1 — do| dxds
0o JRr2 o JRr2

t
< [luro — uzoll 1 ey + ceCt/ /2 |ug — ug|dz ds
0 Jr

deet [ t ([ taiva 060 - toa daz)m s

t t
—I—c/ / |ug —uQ]dxds—i—ceCt/ / |1 — po| dx ds
0 JR2 0 JR2

t
< Jur,o — w20l 1 ey +c(1+ eCt)/O l[u1(s, ) = ua(s, )|l 1 g2y ds
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t
+ CeCt/O Hp1(87 "y ) - p2(87 ) .)HLI((O7OO)XR2) ds,

and
[p1(t, -, -) — pal(t, -, ')||L1((0,oo)><]R2)

t
<llpro = P2l ooy = [ [ 101(5.0%2) = pa(s.07 )l s
t o)
=[] sn on = e xa(a) (padiv (v (61 = R) = prdiv (v¥i (62 = R))) dodads
0 JO
t 00
/ / / sign (p1 — p2) (p(a,u1) — p(a,u))p2 drdads
0 JO R2
t 00
< [lp1,0 = P20l 1((0,00)xR2) +/0 /0 o |A(¢1)p1 — A(d2)p2|xsw dz ds
t 0
=[] snon = e xa(a) (padiv (v¥i (61 = R) = prdiv (v¥i (62 ~ R))) dodads
0 JO
t 0
[ [ sien (o~ o) (e ) — pla wa))pa o dads
0 JO R2
t (o)
<lpso= ol = [ [ [ A @010 = palxawdedads
t o0
w7140 - A prxawdadads
0 JO R2
t o0
+/ / /2 lp1 — p2|x1(a)div, (VYy(p1 — R)) dxdads
0 JoO R
t o0
— / / /2 sign (p1 — p2) x1(a)p1divy (v) (Ye(p1 — R) — Yy(¢p2 — R)) dz dads
0 JO R
t 0
[ siento = e i@y - Valolor - B) - Yatén — B) de dads
0 JO R
t
+cect/ et (s, ) — (5, )l 1 ey s
0
t
< 10— ,02,0HL1((o,oo)xR2) + C/O [p1(s,+,) = pa(s, -, ')HLI((o,oo)xR'Z) ds
t
et [ 1A - A()|drds
0 JR2
t
+ ceCt/ / [Yy(¢1 — R) — Yp(¢o — R)|dx ds
0 JR2
t 1/2
+ ce (/ /2 IVa(Yy(¢1 — R) — Yy(¢o — R))|* da ds)
0 JR
t
+cect/ et (s, ) — (5, )l 1 ey s
0
t
<lp10— /02,0HL1((0700)><R2) +c(1+ eCt) /(; lp1(s,-,) = pa(s,, ')HLl((O,oo)XRQ) ds
¢ 1/2 ¢
+ ce® </ /2 Vao(d1 — ¢2)|* dz ds) + ceCt/ [ui(s, ) = ua(s, )|l 1 (g2) ds.
0 JR 0

Using (3.6)), we have

||U1(t, ) - Uz(t, )H%l(RQ) + le (t7 ) ) - PQ(t, "y ')||%1((07oo)><R2)
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2 t 2
< v s ea) + oL+ ¢) [ ua(s,) = s, )| ey d
0

t
+e(L+¢*) lpro = 200171 (0,00 xm2) + (1 + %) /O (s, ) = pa(s, ) Tn (0.00) xm2) -

Finally, we use the Gronwall Lemma to obtain the result (1.16)). O

4. Proof of Lemma [2.7]

Proof. This lemma is similar to [4, Lemma 4.1], in particular, and already appeared there.
For completeness we sketch the proof of the other estimates.
(2.6). directly comes from the definition of v in and the expression of div, (v(¢)) in (2.38).
. We compute V,v(¢) by using the fact that V,(fv) = fV.r +v @V, f
V(0 * Van) 4 (6% Van) OV, L
(1+ e Vo) (14 llg Vo)

¢ * Van (¢ % V20) (¢ * Ven)

(1116 % Van|?) (1+ llé = 7ol

then (notice that to shorten the notations we write L> for L°°(R?;R?*2)

Var () = K

[Var (o)l oo
¢ % V| oo n ¢ * Vg ¢ * Van ¢+ Van
= N N\ 1/2 N\ 1/2 N\ 1/2
(1+ ll6 + 7)) (116 + Vonl?) " (1 llox Vanl?) T (1 o Tanl?) |
¢ * Van ¢ x Van
<kllexVin|l . + 5 N\ 1/2 ¢ Vo] o N\ 1/2
(1+lo+ vanl?) || (1+ 1o Zanl®) ||
<2k Hgb* ViﬁHLoo < 2k vanHLoo ||¢||L1(]R2;]R) :
. We compute gradient of
VA, V2 Ve
Vadivy (1(6)) = 5PV (e Agy) 2T orvan

(1+ 10+ Vanl?) L9+ Vanl) (14 6 Vo))’

then
Hv$d1vl‘ (V<¢))HL2(R2;R2)
<k ||¢ * VAa:nHLz(Rz;Rz) + 3K ||d> * ALBT]HLQ(RQ;RQ) H¢ * vinHLOO(RQ;RMZ)
<k HqﬁHLl(Rz;R) (HVAH?HLQ(RQ;RQ) +3 HA;UUHLz(W;R) HVJQIEWHLOO(R2;R2><2) H¢HL1(R2;R)> .
. We have that
div, (v(¢1) — v(¢2))
=K (p1 — P2) 2773/2 + k(2 * Agn) o 5
<1+ |1 * Van|| ) (1+ o1 % Van|| ) (1+ 2 % Van| )

Using the inequality |(1 4 22)~%/2 — (1 +¢?)73/2| < -28_|z — y|, we obtain

= 255
[dive (v(d1) — v(92))l 2 (r2;R)
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48
< k(o1 — d2) * Danl 2m2r) + YA 162 % Aenl| oo (r2;my 1(D1 — @2) * Vanll 2 (ro r2y

48
< Klé1 = 2/l L1 re gy (”AMHL2(R2;R) + N IVanll L2 w2 2y 1827l oo (r2;R) H¢2||L1(R2,R)) :
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