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AN HYPERBOLIC-PARABOLIC PREDATOR-PREY MODEL INVOLVING A VOLE
POPULATION STRUCTURED IN AGE

G. M. COCLITE, C. DONADELLO, AND T. N. T. NGUYEN

ABSTRACT. We prove existence and stability of entropy solutions for a predator-prey system consisting of an
hyperbolic equation for predators and a parabolic-hyperbolic equation for preys. The preys’ equation, which
represents the evolution of a population of voles as in [2], depends on time, ¢, age, a, and on a 2-dimensional
space variable x, and it is supplemented by a nonlocal boundary condition at a = 0. The drift term in the
predators’ equation depends nonlocally on the density of preys and the two equations are also coupled via
classical source terms of Lotka-Volterra type, as in [4]. We establish existence of solutions by applying the

vanishing viscosity method, and we prove stability by a doubling of variables type argument.

1. INTRODUCTION

1.1. The model and the assumptions. Our goal in this paper is to investigate the wellposedness
of a predator-prey model extending the model for a vole population structured in age we introduced
in [2]. To this end we couple the latter equation to the hyperbolic equation for predators proposed in
[4] in which the drift depends nonlocally on the density of preys, so that the predators tend to move
toward the regions in which preys are more abundant. The system we consider writes as follows
(1.1)

Opu + divy (uv () = (b(¢) — B)u, (t,z) € (0,T) x R?,
Oip + Dap + divy (px1(a)v(2)Yy(d — R)) = plep —0(t,a,2)p — p(a,u)p, (t,a,z) € (0,T)* x R?,
p(t.0,0) = A@) ([ plt 2 vala)da) i), (t,2) € (0,T) x B?,
p(0,a,z) = po(a,x), (a,x) € (0,T) x R,
(0, 2) = uo (@), z €R?,

where u = u(t,z) and ¢ = ¢(t,x) represent the respective density of predators and preys at (¢,x).
Since the prey population is also structured on age its dynamics is better described by p = p(t, a, x),
which is the density of preys of age a at (¢,z). More precisely, the relation between ¢ and p is given
by

(12) ota) = [ plt.aahnala) da

where x2(a) is an approximation of the indicator function of the interval (o, T'), where T is the target
time of our observation and 0 < ¢ < 1. The parameter ¢ does not play a role in the modeling, but
allows to avoid technical difficulties in our analysis. In the first equation, the function b(¢) represents
the reproduction rate of predators depending on preys’ availability, while 5 > 0, the predators’ mor-

tality rate, is assumed to be constant. As in [4] the flux of w is driven to the direction of higher preys’
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concentration by a nonlinear, nonlocal velocity v of the form
V(¢ *n)
V1+IV@ =)l

where k > 0 is the maximal speed of predators and 7 is a positive smooth mollifier with fR2 ndx =1

v(¢) =

)

so that the convolution (¢(t) * n)(x) represents an average of the density of preys in a neighborhood
of x at time t.

The equation for the preys, introduced in [2], is related to classical models for the dynamics of a
population structured in age, see [3, [9], but the choice of the coefficients and boundary conditions at
a = 0 takes into account the data collections and ecological considerations in [, [5, [6l [7, [TT]. We recall
here the essential assumptions on the form of the coefficients.

We introduce constants 0 < A; < Aj so that a vole is young (baby) if its age a is in (0, A1), juvenile
if its age is in (Aj, A2) and adult otherwise. The three age classes differ as babies do not reproduce,
adults’ mortality rate is lower and juveniles exibit a significantspatial dynamic during dispersals.
Dispersal is a characteristic phenomenum of vole populations, correlated to overcrowding. Whenever
the density of voles ¢ rises above a threshold value R > 0, representing a fraction of the capacity of
the environment, the juvenile individuals leave their original colony and disperse over relatively large
distances (0.5 to 5 km) with velocity v(z). We fix # > 0 and we consider an approximation of the
Heaviside function, Yy, defined as

1, if&>0,

) > , (€
o4 o0 Y@z e v (5)

From Yy we costruct the approximations of the indicator functions of the intervals (o,T), (A1, 42),
and (A, 7T)

x1(a) = Yg(a — A1)Yp(A2 —a), x2(a) =Yg(a—0)Yp(T —a), xs(a)=Ys(a— A1)Yy(T — a).

The mortality rate of voles splits into two terms: p = p(a,u) represents the mortality due to the
presence of the specific predator whose density is u, while @ = 0(¢, a, z) stands for all other casualties
(sickness, starvation, generic predation, etc).

The second-order term puA,p represents short range spatial dynamics related to foraging activities.
Everywhere in the following 8 and p > 0 are fixed.

In the boundary condition at a = 0, the function w = w(t,z) is the reproduction rate of voles
depending on time and position. The function A(¢) describes the influence of the total density of
voles on natality.

The fourth and fifth equations are the respective initial conditions at ¢ = 0 for voles and predators.

1.2. Assumptions. The coefficients b, v,0,p, A, w and the initial data pg,ug of system (|1.1]) satisfy

the following conditions:

(1.3)  beC¥R)NW'S(R), b()>0,

(1.4) v eC®R*)NLARY) NL>®(R?), div,(v) € L'(R*)NW>>*(R?), v >0,

(1.5)  2€0%([0,00) x [0,00) x R?) N W2((0,00) x (0,00) x R?), 0 <dy <0(,-,-) < d",
(1.6)  peC™([0,00) x R) NW?*((0,00) x R), 0 <py <p(,-) <p,

1.7 AeC®R)NL>[R),  A()=0, A0)=0,  JA(E¢E] [A" (¢ < Co,
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(1.8)  we C™®([0,00) x RZ) NWH>((0,00) x R?),  w(-,-) >0,
(1.9)  po € L'((0,00) x R?) N L™=((0,00) x R?), po >0,

(1'10) sSup ”pU('7x)||L1(0,oo) » Sup Hpo(a7 ')HLl(RQ) ’ / TV(po(‘,x»da? < Co,
z€R? a>0 R2
(1.11) g € LY(R*) N BV(R?*) N L*®(R?),  wg > 0.

for some positive constants d, d*, p«, p*, Co.
For what the velocity of predators, v, is concerned, we fix the mollifier 77 so to ensure the estimates

in the following Lemma, whose proof is postposed to Section {4| (see also [4, Lemma 4.1])
Lemma 1.1. Let n be such that
(1.12) Ven € (C2 N W22 N Wh) (R, R?).

Then the map v : LY(R?;R) — C°(R) N W1H°(R?; R?) satisfies

(1.13) [V (D)l oo (r2r2) < K ([0l L1 (R2,R) -

(1.14) [ dive ((O)) 2 (re ) < K 0]l 1 m2g) »

(1.15) ||VxV(¢)HLoo(R2,R2x2) <K ”¢HL1(R2;R) )

(1.16) (1) — V<¢2)HL°°(R2,R2) < K¢ — ¢2HL1(R2,R) ’

(L17)  Va(dive () | agaezey < K (14K 19ll1 s ) 19111z )

(L18)  dive (1) = v(62) 2oy < K (14 K Io2ll ey ) 191 = 02l g gy

where K is a positive constant.

1.3. Main result. Our main result is the wellposedness of entropy weak solutions for system (1.1)),
stated in Theorem We adopt the following definitions of weak solution and entropy solution

Definition 1.1. We say that the pair (u, p) is a weak solution of (1.1)) if the following holds for every
T>0

(D.1) p>0, pe L%(0,T; L'((0,00) x R?)) N L>®((0,T) x (0,00) x R) N L2((0,T) x (0,00); H?(R?)).

(D.2) u € LY((0,T) x R N BV((0,T) x R?).
(D.3) For almost every (t,x) € (0,T) x R?, p(t,-,x) € BV(0,00) and

plt.0%,2) = A@) ([ plt o) ala)da) wit.o),

where p(t,0%, x) is the trace of p(t,-,z) at a = 0.
(D.4) For every test function & € C2°(RY)

L[ [ 00+ i+ pra(@v - 9o£80(6 = R) + 1ipisot — v — o) i da
0 0 R2
+ / / A (@) p(t,a,z)xs(a)w(t, z)E(t, 0, z)dr da dt
0 0 R2

-F/Ooo/Rz po(a,x)€(0,a,x)dr da =0,

/OOO /Ooo /R (0§ +uv(9) - Vo€ + (b(9) — Buf) do da dt + /Ooo /R uo(2)€(0, a, z)dx da = 0.
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Definition 1.2. We say that a weak solution (u,p) is an entropy solution of (1.1 if for any non-
negative test function & € C(R*) with compact support and for any constant ¢ € R there hold

/Oo /OO/ (10— c| (946 + 0a8) — diva (| — clx1vY (6 — R)) €
0 0 R2

+ulg|p — ¢l —sign(p — ) (0 +p)p€) dx da dt
[o.¢] + B
(1.19) +/O /R2 Ip(t,07, ) — ¢[£(t,0,z)dx dt
+/0 /R2 lpo(a,x) —¢|£(0,a,x) dx da

> /Ooo /Ooo /R2 csign (p — ¢) x1(a)div, (v(z)Ys(¢ — R)) € dx da dt

and

(1.20)
/ / / (it — €04 + [u — €|(6) - Vol + sign (u — ¢) (b(6) — B)u€) dr da dt
0 0 R2

* /000 /W luo(z) — ¢|£(0, a, ) dx da > /OOO /Ooo /R2 csign (u — ¢) div, (v(¢)) € dx da dt.

Theorem 1.1. Assume (1.3)-(1.12), then the initial boundary value problem (L.1) admits a unique
entropy solution (u, p) in the sense of Definition [L.2] Moreover, if (u1,p1) and (ug,p2) are the two
entropy solutions of (1.1)) having initial data (ui0,p1,0) and (ug0,p2,0), then there exists a positive

constant C such that the following estimate holds for almost every t > 0

Jua(t,-) — ua(t, ')||L1(]R2) + le () = pa(t,-, ')|’L1((O,OO)XR2)
(1.21) CeCt CeC?
< Ce 11,0 = P2,0ll 11 ((0,00)xr2) T CE luro = w20l Ly (ge) -

The fixed point argument used in [4] to prove existence and stability for a predator-prey system
does not apply to our system in a straightforward way because it requires extremely fine information
on the coefficients appearing in the a priori estimates for both predators’ and preys’ equations. This
is not easy to obtain in our case, as the equation we use for preys comes from a specific population
model and its analytical study is rather technical.

In Section [2| we introduce a sequence of parabolic approximations of problem , for which we
prove suitable a priori estimates. Then we apply the compensated compactness lemma by Panov, see
[10], to show the strong compactness of the sequence for voles. Lemma establishes the existence
of an entropy solution in the sense of Definition [1.2] The uniqueness and stability of such solutions

are proved in Section [3] using a doubling of variables type argument.

2. EXISTENCE

The existence argument is based on the compactness analysis of a sequence of solutions to approx-

imating problems defined as follows. For any given € > 0, we let (p: = p(t,a,2),us = u:(t,x)) be a
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solution of the problem

Bpe + diva (e (62)) = (6(62) — B)ute + g, (t,2) € (0.T) x R?,
Depe + Dape + dive (pex1(a)v(z)Yy(¢e — R))
— Aupe — O(t, a, @) pe — play u)pe + €02 pr, (t,a,2) € (0,T)% x R?,
CD Y 0.0 = A6 ([T etaaiatana) wit.o) (o) € 0.1) xR
pe(0,,2) = oo, ), (4,2) € (0,T)? x B,
ue(0, ) = up (), x € R?,
where

¢=(t,x) = /OOO pe(t,a,x)x2(a)da,
and {(poe,uoe)}e is a family of approximations of the initial condition (po, ug) such that
poe € C™((0,00) x R?), ug. € C*(R?), e >0,
poe — po, a.e. and in LP((0,00) X R?),1 < p < 0o, as € — 0,

upe — up, a.e. and in L”(]R2), 1<p<oo,ase—0,

2.2

(2.2) poe = 0, ”pova”Ll((O,oo)xRQ) <C, e >0,
sup HPO,a(‘vx)HLl(R) , sup || po e (a, ‘)HLl(Rz)a ”8af70,a”L1((07oo)XR2) <, >0,
reR2 a>0

||U0,5HL1(R2) ) ||quo,e||L1(R2) y € ||A$UO,E L1(R2) <C, Uge = 0, e > 0.

2.1. A priori estimates. In this section we establish the a priori estimates on (ue,ps) which are
necessary to pass to the limit as e — 0 in (2.1]).

From now on we use the notation C' for all the positive constants independent on ¢ appearing in the
text or in the statements of our results, while in proofs we write ¢ to indicate any positive constant

non depending on ¢, and cp for quantities of the form ce, t € (0,T).

Lemma 2.1 (Nonnegativity of p., ¢-, u:). We have that
(2.3) pe >0, ¢=>0, wu:>0.

Proof. Consider the function

and observe that
77’(.%) = _]l(fm,O)(x)a 77(3“) = 3577/(35)
From (2.1)) we obtain

d [ 00
dt/ / U(Pe)dﬂﬂda:/ / ' (pe)Oyp-dx da
0 R2 0 R2

——/ / n’(pe)aapsdxda—/ / divy (pex1vYa) ' (pe)dx da
o Jr2 o Jr2
+u/ / n’(ps)Axpedwda—/ / n’(ps)(0+P)p5dwda+6/ / 1 (pe) 02, peda da
o Jr2 0o Jr2 o Jr2

- / n(p=(t, 0, ) da + / / pext (v - Vape) Yo" (p2)de da
R2 Y———— 0 R2

=0
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—,u/ / (pe) (Vape) d:rda—/ / 0+ p)n(pe)dzda
R2

<0

+ 5/ / aps) dz da _5/ / 77”(/08)<8ap€)2 dzda
R2 0 R2

<0

< — 5/ 0 (pe(t,0,2)) Bupe(t,0,x)dz = 0.
R2 S ——

Thus, integrating on (0,¢) we obtain 7(p:(t,a,z)) = 0 which implies that p. > 0, and then ¢. > 0.
From ([2.1) we obtain

d
7 n(ue)dz = / ' (ug)Opuedr
R2 R2
_ / 1 (ue)divy (us(de)) da + / 7 (ue) (6(8) — B) ueda + ¢ / 0 (u) A guada
R2 R2 — R2
=0 = <0
< c/ n(ue)dx.
R2
Integrating on (0,¢) and applying Gronwall Lemma we obtain n(u.(t,z)) = 0, so that u. > 0. O

Remark 2.1. Without loss of information, we can remove the absolute value in the boundary condition

for pe in .
We consider the class of functions
vuttea) = [ pultaalgaa
for £ € C*°([0, 00]) such that
(2.4) supp (§) C (0, 7).

In particular any of the functions y;, ¢ = 1,2, 3, can play the role of £, so that the estimates obtained

for 1. apply to ¢..
Lemma 2.2 (L' estimate on 1.). For all t > 0, we have that
(2.5) e (t, ) 1 2y < e*C.

Proof. We multiply by &(a) the equation for p. in system (2.1)) then, integrating with respect to a, we
get

[e.e] [e.e]
(2'6) aﬂ/’s - MAst + div, (</ stlfda) VYb) = / Pe (55,/ + 5, -0 — p(a, us)f) da.
0 0
Due to the nonnegativity of p., 1. and the boundedness of £'/¢, " /£, 0, p we have
G [ede =5 [ vado = [ Ao~ [ i ([ poagda) i) ao
dt Jp2 dt Jp2 R2 R2 0
=0

+/Rz/ooopg(55”+§'—0§—Pf)dad$SC/RQ?/Jadx-

<c€

The result comes from the Gronwall Lemma and the assumptions in (2.2). O
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Lemma 2.3 (L? estimate on 1).). For anyt >0, we have
(2.7) et Moy » 198 2oy < €8C

Proof. We multiply (2.6)) by 1. and have

4o
< /R = /R edubeda

—u /]R el tinde - /R dediv, (( /0 N psxlﬁda> vY9> da

[ ] o (e € =06 v) vedaas

<c§

g—u/ |Vx1/1€|2d:1:+/ Ve - v / pex1&da Yedx+0/ P2da
R2 R2 0 R2

1 o0 ?
s—“/ |Vx¢a|2dx+/ v|? / pex1&da YedHC/ vide
2 Jgr2 21 Jr2 0 R2

<ey?
<- “/ |vx¢5|2dx+c/ Yidz.
2 Jgr2 R2
Integrating over (0,t) and using the Gronwall Lemma we get ([2.7]). O

Lemma 2.4 ( L™ estimate on u.). For every t > 0, we have

(2.8) [[ue (2, ')HLOO(]RQ) < Ce,

Proof. Let C be a positive constant that will be fixed later. We define
T (t, ) = e Clu(t, x),

and we consider the associated problem

Ortie + divy (Uev(9e)) = (b(@e) — B — C)ue + eAsTe,

e (0, 2) = up(z).
We claim that for any given T > 0 there exist a sufficiently large constant £ > 0 and a suitable C such
that u.(t,z) < k for any ¢t < T and x € R?, provided ug(z) < k for all x € R2.

Consider the function
z = n(z) = (2 = k)L 100) (),
and observe that
1'(2) = Lo (@), 2/(z) = n(z) + kn' (2).

We have

d

- n(ue)dx:/ ' (Ue ) Oy dz
dt R2 R2

—— [ v, (w(o0) do+ |

o (3.)(6(62) — B — C)ii. dz + 5/ 0 (7.) Ay da
R2

R2

~~

<0

s - /R ) 1 (Ge)div, ((Te — k)v(¢:)) dz —k / 1 (@) divy (v(¢e)) da

R2

=0
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+ [ 0t + b @) 000) - 6 - €)

< / n(ﬂs)(b(QZ)s) - ﬁ - C) dz — k/ nl(ﬂs)(c + 5 + dng; (V(¢s)) - b(¢6)) dz.
R2 R2

From the inequality ||div, (v(¢e))|| ;e < 2[|VV(de)|| ~ and the estimates in ((1.15)) and (2.5)), it follows
that for C large enough

C+ 5 - b(¢e) > 07 C+ ﬁ + dngg (1/((;55)) - b(¢e) > 07

thus,
d

— ue )dz < 0.

Integrating over (0,t) we obtain
0< / n(us(t, z))de < / N(uoe(z)) de =0,
R2 R2
which means @, < k. The inequality (2.8)) follows. O

Lemma 2.5. For allt > 0, the following estimates on u. hold

(2.9) e (t, ) 1 ey < €€,
(2.10) e (b, ) L2 g2y » | Vatic | 20,0 xr2y < €€°C,
(2.11) I Vzue(t, ')||L2(]R2) ) ”AxUs”L2((0,t)><R2) < ef'C.

Proof. We recall the equation of u,
(2.12) Orue + divy (uev(de)) = (b(¢e) — B)us + eAgue.
(2.9). Using the nonnegativity of u. we have

o s =5 [ o= [ Apude— [ div, (ur60) do
dt Jr2 dt Jg2 R2 R2

=0

+ /R2 (b(¢e) — B) uedzx < C/W uedz.

<c

Then, applying the Gronwall Lemma we gain

e (6, Moy < Trtoe ()l g gy

(2.10)). We multiply (2.12)) by u. to obtain

d u?
7 - ?dx = /]R2 U Opuedx

=—- / div, (UEV(¢£)) uedr + / (b(¢a) - ﬁ)ugdx + 6/ Agusucdr
R2 R2 R2

S/ ugy(gzﬁa).Vugdx—Fc/ ugdw—&?/ |V pue |2dx
R2 R2 R2

2
S/ Vi <u5> .y(¢€)dx+c/ ulda —5/ Vue2de
R2 2 R2 R2

2
< / kdivx (v(¢s))dx + c/ uldr — 6/ |V pue|*da
R2 2 R2

RQ

SCT/ \ua\dm—i—c/ ugdm—a/ |V pue2de.
R? R? R?
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Integrating over (0,¢) and then using the Gronwall Lemma we get
t
e (8, Y z2aey + 22 / €™ [ Vate(s, ) za(ga) ds < e [lu(0, ) Z2(gey + ce™.

(2.11]). We multiply (2.12]) by —A,u. to obtain

d |Vaue|?
dt R2 2

- / Aguodivy (uav(6.)) do — / At (b(62) — Blucda — ¢ / 1Ay Pda
R2 R2 R2

dx = Ve - O Vzudr = — ApuOpusdr
R2 R2

=— VeV (Ve v(9) + ucdivy (v(9))) dz + / (b(¢) — B)|Vpue|*dz
R2 R2

+ bl(¢)vm¢vxua usdx — 6/ |Aaju5|2dx
R2 R2

g—s/ yAgEuey?derc/ \qua\zdx—i—c;r/ |Vt | da
R2 R2 R2

+ / v, ('V“') V(@)dz + / Voul? [Var(é)] dz + / Vaul? [divy (v()) | dz
R2 2 R2 N——— R2 S——

<cr <cr

+ / IVt |V dive ((6)) |dee
R2

< - 8/ |Axus|2dx + CT/ |vxue|2dl‘ + CT/ |VI¢E|2dx + CT/ |deiV:1: (V(¢)) ‘2(133.
R2 R2 R2 R2
Integrating over (0,t) and using the estimates in (1.17) and (2.7 we gain

IV ate(t, )| pogrey + € 1At (s ) p2 g0 xrz) < ce-

Lemma 2.6. For everyt > 0, the following estimates on . hold

<ed'C,

) 9082 ey« |1 D20 0y

) | D3 (t, ')HL2(R2)’ DU%waHLQ((O,t)XRQ) < e,
15) [0e(t, ) oo (r2) < e“'c,

)

)

3 4 ct
[ D20e(t, )| 22y - (| Davel| L2 0.4y xmzy < €7
”8t7/)z-:(75, ')||L1(R2) ) Hat'(;bs(t? ')||L2(]R2) ) ||Vz¢s(t, ')HLoo(R2) < BCtC.
Proof. (2.13]). The proof is identical to the proof of [2, Lemma 2.2, Eq. (2.8)], due to the boundedness

of the mortality rate related to predation p(-,u).
(2.14)). At first, we consider the following estimate

d <¢€U5)2

dz = / (ugweatﬂ)e + wzueatus)dx
dt RQ 2 R2

= u/ uz¢EAxw€dx —/ ugi/)gdivx <</ pgxlgda> va) dz
R2 R2 0

+ /Rz u? /000 pe (€ + & — 0 — p€) Yedadr — /R2 uey2divy (uev(¢:)) do
<c, see

2 a2 2
+ [ 020060 - B+ < [ 02Asuuda
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< —pu /R ] Vo () Vpipodr — e /R ) Ve (¥2u ) Viuder + ¢ / (o) 2da

RQ

o] 2
+ cr /R2 1[)?d:ﬁ+ cr /R2 <divm <</0 peleda> VY@)) dx

+ /2 vx(@bgus) : V(QSE)UEdCL‘
R
u2 wQ
< —u/ w2 |Vt |Pd — 5/ V2|V pue Pdx — 2(u+5)/ Va (E) Ve (E) dz
RQ ]RQ ]RQ 2 2
2
v[Yy da
N —

+c/ (waue)zdx—i-cT/ ngdx+cT/ ’vx/ pexiéda
R2 R2 R2 0 >

[e's) 2 00 9
+ CT/ </ pEXléda> ’le:p (V) ’21/92 dz + CT/ (/ P:—:Xlﬁda> (YH/)QIV‘Q ‘V$¢5‘2dx
R2 0 —— R2 0

<ec
- <c, see
2
+ 2/ Votethe utv(¢.) da +/ V2V, (uE) V(¢ )dx
R2 —— R2 2
<cr
< _M/ U?!Vx¢a|2d$ - 5/ ¢g|vxu5|2d$ + (/‘ + 5)/ u?: (’vxw5|2 + wanwa) dz
R2 R2 R2 ~~

<er

—I—c/ (@bEuE)de—l—cT/ wgd:n+cT/ ‘Vm/ pex1éda
R2 R2 R2 0

0o 2 2
+ CT/ </ Peleda> dx + CT/ ‘Vx¢s|2dx + CT/ vstwsdl' + / &divz (V(Cbs)) d}gdl'
r2 \Jo R? R? R2 2

—_—
<cr

< —u/ u§|wa€|2d:L‘—e/ w€2|qu€|2dx+cT/ |Vm¢€2dm+c;p/ |A 1) ?dz
R2 R2 R2 R2

+e / (eue)2dz + o7 / Y2d+ er / v, / poxi€da
R2 R2 R2 0

o0 2
+er / < / stlgda> dz + er / |V 0e|2dz.
R2 0 R2

Using the Gronwall Lemma and the estimates in (2.7)), (2.13) we gain

2
dx

2
dx

t
ot e ) ey + 2 [ e [ (5, o) P

¢
(2.18) +2866t/ e [ (s, x)|Viue(s, z)|*dads < ce.
0 R2

Then, we multiply (2.6) by Di1. to have

2
i %dx :/ Agtpe - O Agipeda :/ ch cOppede
dt R2 2 R2 R

—u [ Acv.Dlvds [ Diwadm« / pgxlsda> er) dz
R2 R2 0

> 1 /_ B 4
+/RQ/O pe (6" +& =0 — p(a, uc)€) Dythedade

=— ,u,/ | D34, |2dx +/ D31, - V,div, ((/ stlﬁda) vY9> dz
R2 R2 0

_ / V. ( / e (€ + € — 06 — pla,u)e) da) DYz
R2 0
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<

o) 2
— ,u/ |D34p.|*da + c/ (Vzdivgc ((/ anlfda) vY9>) dz
2 Jre R? 0

~ 2
+C/ vm/ Pe (5§H+§I —Df—p(a, u€)€) da| dz
R? 0
00 2 00 2
S—”/ |D§’;we\2dx+c/ Di/ px1€da \VIQYeQdeJrC/ / pexiédal |D2v?Yy da
2 Jre R2 0 — R [/0 —
<c ¢

2 2
VP (¥9)? D262 de

te / / pexaédal V()2 [Vadel'da + / ] / poxiéda
R2 0 R2 0

-~ -~

<c, see (2.4) <c, see (2.4)

o 2 o0 2
—I—c/ Vx/ pex1éda |sz|2Y92 d:n—{-c/ '/ pex1€da
R2 0 — R2 |JO

<c ~~
<c, see (24)

Vv 2(¥9)2 Voo e

2

oo 2 oo
e / v, / poxacdal [VA(Y3) [Voo.Pdr +c / ’vx / pe (6" + € — ) da| da
R2 0 T R2 0
o0 ; (%) 2
o[ |7 Vapeplaugda) doe [ | [ g dup(a o) Vauctdal da
R2 0 R2 0 \7_/
00 2 . 00 2
§'u/ |D§¢E|2dx+c/ Di/ pex1&da dx+c/ / pex1édal dx
2 Jre R 0 Rr2 |Jo
o
+c/ Vx/ pex1€da dm+c/ |V 20| dx+c/ V¢ da
0
4
v [ IDNoPase [ ‘ " pexidal d
2 0 2
—|—c/ Vz/ pg(sﬁ”—l—{ §)+da dm—{—c/ Vx/ pg(z—:ﬁ”—l—{'—bg)ida dx
R2 0 R2 0

where

C/ ‘vx¢a|2dx+0/ ¢§|qua|2d$,
R2 R2

(e€" +¢& —0¢) , =max{(e" + & —0¢),0},
(e¢” + & —0¢) =max{— (e£" + ¢ —0¢),0}.

Integrating over (0,t) we get

HDE: HL?(R? +“HD waHLZ (0,t) xR2)

< 1026 (0.9 e, / H( pexlwa) (s)
+/0 ( . st1€da>( ) .

t OO 1! !
—l—/o (Vx ; pe (€ + ¢ —D§)+da> (s)

t oo
+ / (Vx p(E Ef// +¢ - 05)7 da) (s)
0 0

2 t
ds + / 6= (5, ) 122 ey s
H2(R?) 0

t
ds + /O IV22(5, )44z ds

2
ds

L2(R2)

2

ds
L2(R?)
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t , t
+ / IVathe(s, )12 (r2) ds + / /2 V2 (s, )| Voue(s, 2)|?deds.
0 o Jr

We remark that a classical regularization argument applied to the continuous cut-off functions in
o0
L= [ pe(e+€—0), da
0

shows that estimates , , apply to ..

Then ([2.7), (2.13), and the embedding H'(R?) C L*(R?) give us (2.14).
(2.15)). Directly follows from (2.7), (2.13), and the embedding H?(R?) C L>(R?).
. We prove first the following estimate using the L*° bounds on u. and .

d v$ 2,,2
2 / VatelTuz / W2 Vb0 Vathoda + / Vot [2ucOyucda
dt ]R2 2 ]RQ ]RZ

= _/ UgAz¢at¢sdw _/ vz(ug) : vstaﬂj}z—:dﬁ +/ |VZ¢E|2u58tu€d:L‘
R2 R2 R2

o
= ,u/ Ug|D31/}€|2d.'E +/ uzAgﬂjJEdivz <(/ pgxlﬁda> VY]g) dx
R2 R2 0

= [ [T o (e 46 06— p) Arvrdads
R2 0 ~

<c€

— 1 / Ve(u?) - Voo Aptpda + /R ) Ve(u?) - Vppdiv, (( /0 stlfd(z) vY9> dz

R2
— / Va(u?) - V;EQ/)E/ Pe (65” +& -0 - pﬁ) Agpedade
R2 0
<c§

- / ‘vxwePUadivz (UEV(¢E)) dz + / |vx¢a‘2(b(¢a) - 5)16?0195 + 5/ ‘vxweyzAzuauedx
R2 R2 R2

00 2
< —g/ ug|D§w£|2dx + CT/ (divx <</ anlfda> vY9>) dzr + cT/ ¢§u§dx
R2 R2 0 R2

+cT/ |D§zp€\2dx+c;p/ \vxweydeJrcT/ |D34p.|?da
R2 ]R2 RQ

[e'e) 2
+cr / <deivx << / anlgda> vY9>> dz + cp / |V ptbe|*da
R2 0 R2

u2 .
+3 [ IVabl|D2 uv(6e)do+ [ dive ((00) [VatePdo b e [ (Va0 Puids
R2 — R2

RZ

ser <cr
2 “g 2 2
— 25/ Ve D510V <> dazs/ |V 7|V pue |“dx
R2 2 R2

2

o0
< g/ ug|D§¢g|2dx6/ |Vx1/)5]2|vzug|2d:c+cT/ ‘Dg/ pex1édal dx
R2 R2 R2 0

2 00
+ CT/ dz + CT/ / pex1€da
R2 r? |Jo

+or / Vool ida + ¢ / D26, 2z + e / Y2uldz + cr / D2 2da + e / Vot 2da
R2 R2 R2 R2 R2

2
dx—l—cT/ \VI¢E|2dx
R2

v, / poxiéda
0

ter / D3y da + e / Vathel*da + / VatePulde.
R2 R2 R2
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Using the Gronwall Lemma and the estimates in (2.7)), (2.13), (2.14)), (2.18) we gain

t
/2 ’vzws(tax”zue(tax)zdx+M€Ct/ 6_08/2u5(37$)2‘D920¢6(3ax)‘2dxd3
R 0 R

t
(2.19) +2660t/ e_cs/ \Vathe (5, 2) ||V pue (s, 2)|?deds < ce.
0 R2
We continue by proving (2.16). We multiply (2.6) by —DSv.

3 2
o [P e = [ Dt ontuds — - [ Dbvoas

= N/ Az D x"/}adx +/ DS ¢ale:c << anlfda) VYb) dz

[ [ e €~ 06 - pau)e) Db
]R2

= —,u/ |D4¢€| dx+/ D? T Apdivy << pexlgda> VYg) dx

- / Ax (/Oo Pe (55” + 5/ - Df - p(a, Ua)g) da> Diwsdx
R2 0

00 2
<- / |D4ws| dz + C/ <Axdivz <</ Plegda> VY9>> dz
2 R2 R2 0

Jrc/]R2 Dg/ooopg(ef"+§'—af)+da2
+C/]R? A, </Ooopsp(a,us)£da> 2

dx
"

[e’e) 2
<-= |Ddape|2da + c/ ‘Di/ pex1§da
R2 R2 0

2

D? /OO pe (e€” +¢ —0¢)_da| dx
0

dx +c
RQ

2

[ee]
e[ 102 7 poagda
R2 0
(o) 2
e / / poyiéda
R2 0
[e'e) 2
e / / povi€da
R2 0

<c

00 2
+C/ Vx/ p=x1§da
R2 0

VY da
——
<c

2 2
D2v|?Y? dx
‘ x 7]
e e’

Vv Y2 de +c / v, / pexiéda
N—— R2 0

<c <c

o0 2
|D3v|*Y da + c/ D? / pex1éda
S——— 0

VI (¥5)? [Vaie|*da
R2 N———
<c <c

2
Vav]?(Yg)? [Vaie|*dz
—_—

<c

DR Vol +c |
R

v, / poxi€da
0

2
vI*(Y))? | Dige*dw

VP Vadeltda + c / \vx / pexiéda
N e’ R2 0

<c <c
+C/R2 /OOO pex1€§da 2’vxv| 2(Y))? |V ¢s|4dx+c/ ’/ pex1€da IVzv\ (V})? | D2¢.|2dx
<c Sc
+C/1R2 /OOOPEX1§da V2 (Y])")? |V, ¢6’6dw+c/ ’/ pex1€da \V\ (Y} ) D26 2|V e |2dae

<c <c
2
dx

00 2 00
o [ [ ponsaa] 1vPOD2 D20cPds e [ \D JAACET IR
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00 2 00 2
+c/ Da%/ De (Ef" +& — Of)_da dx + c/ / Vape - Vaue & Oup(a,u:)da| dzx
R2 0 R2 | Jo \7—’
00 2 0o 2_
o [ |7 Auptpteudal doe [ | [ po Ohuplane) Vuda) da
R2Z |JO R2 0 j/_/
0 2 -
—|—c/ / p€ Oup(a, us) Agueda| da
R2 0 \7_/
B [e.e] 2 o0 2
H 4.1 12 3 2
<-= | D e| dx—}—c/ Dm/ pex1&da dx—{—c/ Dz/ pex1€dal dx
2 Jre R2 0 R2 0
o0 2 o0 2 [e’s) 4
+c/ Vx/ pex1€da dl’+6/ / pex1€da dx—|—c/ ‘Di/ pex1€dal dzx
R2 0 R2 [JO R2 0

4
d:n+c/ |D2¢€|2d$—|—c/ |D§¢)€|2dm+c/ ]D§¢E|4d3:
R2 R2 R2

vx / Peleda
0

e[| |Vepe?dz +c / Vege|'dz + ¢ / Va¢e|®da + ¢ / Ve [P da
R2 R2 R2 R2

+C/
R2

/ |D? 1/}8\2da:+c/2 |Vx¢6\2lvxu5]2dx+cT/2 ]qu6]4dx+c:r/2 |Agu.*de.
R R

2 %S 2
da:+c/ ‘Dg/ pe (e€” + & —0¢)_da| da
R2

0

D2 [ (e 46 —06). da

We integrate over (0, t), and we remark once again that, up to a regularization argument, the estimates
obtained for 1. apply to I+ as well. Then (2.7)), (2.13) and (2.14), (2.19), (2.11)), together with the
embedding H'(R?) C LP(R?) for very 1 < p < oo give us

3 2 4 2 ct
[ D2e(t, )| Lo gey + 1 [ Datoe | 20,0y wme) < e
(2.17)). Tt follows from (2.7), (2.13)), (2.14)), (2.16)), (2-6) and the embedding H?(R?) C L>°(R?). O

The following two lemmas provide keys estimates on p., its derivatives and its trace at a = 0. We

omit their proofs as they closely follow the argument used in the proofs of [2, Corollary 2.1, Lemma
2.3], using Lemmas and the boundedness of p.

Lemma 2.7 (Estimates on the trace of p. at a = 0). Define p(t,z) = p.(t,0, 7).
For every t > 0 the following estimates hold

Hps HLl (R2) xPsHLl (0,t)xR2) ? }atngLl((O,t)xRQ) <e'C,
Hps 7' HL2 (R2) > xpg (t,) HL2 (R2) <eC'C,

HvﬂfngLQ((O,t)xRQ)’ xpsHL2( 0,£)xR2) * HL2 (0,6)xR2) = “*C,
P2, HLoo(R?) <efle

Lemma 2.8 (Estimates on p.). For every t > 0 the following estimates hold

=8, o (0.1 < O

1025 M L1 ((0,00) xR2) < Cett,

(2.20)

(2.21)

(222)  [lpe(ts s M 2((0.00)xR2) » V2Pl L2((0,6)% (0,00)xB2) » VE 10aPell L2((0,6)% (0,00)xR2) < Cce’t,
(2.23)  [[Vape(t, )l 20,00 xR2) » HD?cPeHL2((0¢)X(0700)X]R2), VE10aVapell L2((0.)x (0.00) B2y < Ce,s
(2.24)

Haaps(t, * ')HLl((O,oo)X]RQ) < CeCt.



AN HYPERBOLIC-PARABOLIC PREDATOR-PREY MODEL INVOLVING A VOLE POPULATION STRUCTURED IN AGE 15
Lemma 2.9 (BV estimate w.r.t. x on u.). For every t > 0 the following estimate holds
(2.25) IVaue(t, )l 1 ®2) < Ce".
Proof. From the equation of u, in we have the equation
OiVate + Vi (Ve - v(¢:) + uedive (v(¢e))) = (b(de) — B)Vaue + b/ (¢) Vade ue + eValaue.
We define
sign (Vyue) = (sign (Oxy (ue)) , sign (O, (ue))),

where x = (z1,x2). Then, using the L> bounds on V,¢. and v(¢.) in (2.17)), (1.13)), we get
d
/ |Vyue|de = / sign(V4ue )0rVpude
dt R2 R2

- /]R2 vﬂ:(vrue : V(¢s)) Sign(vmus)dw - 2 vx(uedivr (V(¢s))) Sign(vfﬂus)dx

=0

+e | ViAyuesign(Vyue)dz +/ "(¢e) Ve ue sign(Vzue )da + / (6(de) — B) |Vyue|dz
RQ R,—/ RQ %,—/

<cr <c
<0

< [ IVseldiva (v02)) o = [ V(v (v(00)) sign () do

RQ

+CT/ uedx—kc/ |V pue|dx

R2 R2

§c/ ]qug\dx—kc:p/ |u5|dx+c/ ugdx+c/ |V pue|?da
R2 R2 R2 R2

. 2 : 2
+/RQ div, (v(62)| dm+/R2 V. (div, (v(6.))) [2da.

We obtain the desired inequality (2.25)) integrating over (0,t), using the Gronwall Lemma and the
estimates in Lemma (1.14) and (1.17). O

Lemma 2.10 (BV estimate w.r.t. ¢t on u.). For everyt > 0, the following estimate holds
(2.26) |1Osuc (t, )| 1 2y < Ce™".
Proof. From the definition of v(¢) in (1.2) we compute
6t¢z—: * vxn
N\ 3/2
(1+ llg= = Ven|?)

at”(¢£) =K

then from (2.17) we have
180 (de) | oo (r2m2y < RVl oo (m2 gy 1060l 1 g2 gy < Ce

Similarly, explicit computations give us
e * Agm

(2.27) divy (v(¢e)) = K 72
(14 1162 Vom?)”

and

Budivy (v(p2)) = n 2102 * Bal

(1+ llge = Vanl?)

Ge * Vg Orpe * V)
I+ 6+ Tanl? (14 62+ Tan)?)

3/2 - 3'%(5255 * Aaﬂ?
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Therefore, from ([2.5)), (2.17]), we obtain
[0 divy (V(¢€))HL2(R2;R)
< k|0 * A:r??HLZ(RZ;R) + 3k || pe * AmﬁHLoo(RZ;R) [|Orpe * Vx77||L2(R2;R2)
<K ||3t¢s||L1(R2;R) (HAWHB(W;R) +3 ”A:H?HLOO(R?;R) ||V:v77HL2(R2;R2) ||¢e||L1(R2;R)>
< CeCt.
The estimates above allow us to prove (2.26)). From the equation for u. we have
at2tua + div, (8757/«57/(@56)) + div, (Uaaty(d)e)) = (b(¢e) - B)atue + b/(¢6)8t¢eua + €A, Oy,

then we consider

d/ |Opue| do = —/ div, (Qpucv(de)) sign (Opue ) do +5/ A, Opue sign (Opue ) dz
dt R2 R2 R2

~~

=0 <0

- / (Vue O (pe) +ue0divy (v(¢e)))sign (Orue ) da
R2 S——

<er

+/ (b(¢s) _/8) latusdx"i'/ b/(ﬁbs)at@sueSign (atuz-:) dz
R2 Y —/—

RQ

<c

gcT/ |qu5]dx+c/ ugdx+/ 1O,divy (1(6)) |2 da
]R2 ]R2 R2
—I—CT/ lﬁtqﬁsldx—l—c/ |Opue|da.
R2 R2

Integrating on (0, t) we obtain (2.26)) thanks to (2.10)), (2.17) and (2.25) and the Gronwall Lemma. [

We are now ready to prove the compactness of the families {p:}. and {u.}., and the first part of
Theorem establishing the existence of entropy solutions for the system (|1.1]).

Lemma 2.11 (Strong compactness of {p.}. and {u.}c). There exists a couple of functions (u, p)

and a sequence {e}ren € (0,00), e — 0, such that, for every T > 0

per, — p,  a.e. in (0,T) x (0,00) x R* and in LY ((0,00) x (0,00) x R?), 1 < p < oo,

loc
(2.28)  p(-,-,) >0, p(t,-,x) € BV(0,00), fora.e. (t,x) € (0,00) x R?,
p € L®0,T; L*((0,00) x R?)) N L®((0,T) x (0,00) x R?) N L3((0,T) x (0,00); H*(R?)),

and

Ug, —> U @€ in (0,7) x R* and in L? ((0,00) x R?), 1 < p < oo,

loc

u(-,-) >0, u € L*®((0,T) x R* ) N BV((0,T) x R?).

k

(2.29)

Proof. The proof of the strong convergence (up to a subsequence) for {p.} follows the argument used
in [2, Lemma 2.9], which is based on the Murat Lemma, [§], and the compensated compactness result
in [0, Th. 5]. Thanks to Lemmas [2.8] {uc}e is bounded in L°((0,T) x R?)N BV ((0, T) x R?)
so that Helly’s Theorem applies. O

Lemma 2.12. The couple of functions (u, p) introduced in Lemma is an entropy solution of (1.1
in the sense of Definition [1.2]
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Proof. 1t is clear that the couple (u, p) is a weak solution of in the sense of Definition thanks
to the strong convergence results in Lemma In particular, the fact that p is a weak solution
comes directly from [10, Th. 5].

We obtain as in [2 Lemma 2.10], then we only have to verify that holds. Let £ €
C*(R%) be a nonnegative text function with compact support and ¢ € R be a constant. Multiplying
the equation of u. in by sign(u. — ¢) we have

Or|ue — ¢ + divy (Jus — ¢|v(¢z)) + csign(u. — ¢)divy (v(¢:))
< sign(ue — ¢)(b(¢e) — Bue + eAglue — ¢l

Then,
L[ e = i fue = elutén) - V.6 -+ sentuc = )(6(00) - Buct
o Jo Jr
+elue — | A& — csign(us — ¢)divy (v(¢e)) §) dezdadt
+ / / |ueco(x) — ¢|€(0, a, z)dz da > 0.
0o Jr2
By taking the limit for e — 0, we get ({1.20]). O

3. UNIQUENESS AND STABILITY

In this section we establish the inequality (1.21)), which concludes the proof of Theorem To

this end we introduce the following preliminary lemma.

Lemma 3.1. Let (u1, p1) and (uz, p2) be two entropy solutions of (L.1|) obtained from the initial data
(u1,0,p1,0) and (uz,, p2,0) respectively. For every nonnegative test function & € C°(R*) the following

inequalities hold

(3.1)
/Ooo /000 /R2 (|p1 — pa| (0¢€ + 04€) — divy (|p1 — pa|x1v(Ye(o1 — R) + Ya(do — R))) €

+ 1lalpr = p21€ — |pr — p2[0€ — [p1 — p2lp(a, u1)€
— sign (p1 — p2) (p(a, 1) — pla, uz))ps€ ) do da dt
[T ] I 2) = ot 0% e 0,01t + [ [ lprofae) = profasa)l6(0.0.2) do da
0 R 0 R

> /Ooo /Ooo /R sign (p1 — p2) X1 (p2divs (VYa(d1 — R)) — p1div, (v(2)Ye(pe — R))) € d da dt,

where

¢i(t, ) ::/0 pi(t,a,x)x2(a)da, fori=1, 2,

and

/ ) / OO/ (e = welng — diva (fur — o ((61) + v(2))) €
0 0 R2

+lun = wl(b(61) = B)6 + sign (w1 — us) (b(9n) = b(g))uat ) dr da s
+ /OOO /R2 |u1 0(z) — ua2,0(x)|€(0,a, ) dz da

> /OOO /Ooo /]R2 sign (u1 — ug) (uz divy (v(¢1)) — uy divy (v(¢2))) € dx da dt.
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Proof. We double the variables and write

P1 :pl(taavx)a P2 :p2(87bay)7 ¢1 :¢1(t,$), ¢2 :¢2(S7y) Ui :'U,l(t,.fU) U2 :u2(87y)7

where ©x = (ml,mz) and y = (Z/lv yg).

Consider the test function

- B t+s a+b x4y s—t b—a Y1 — T1 Yo — T
—'n(t,s,a,b,l',y)—é( 2 ) 2 9 2 >/\n< 2 >)\TL< 2 )An< 2 )An< 2 9

where

An (1) = nA(nu), A € C*(R), A >0, (Al L@y =1, supp (A\) C [-1,1].

To prove inequality (3.1)) we follow the doubling of variables argument appearing in [2, Lemma 3.1],
and use the regularity of p and the L* bounds on uj, uz. Then we have only to verify (3.2). We write
(11.20) for uy(t,x) using us(s,y) as a constant and integrate over (s,y)

(3.3)
////// (lur — u2|0Zn — divy (Jur — ua|v(61)) =y + sign (w1 — ug) (b(¢1) — flwEy) dzdy dadbdtds

+ ///// [u0(x) — u2|=(0, 5, a,b, ,y)dr dy da dbds
- / / / / / / sign (u1 — ua) uadive (v(¢1)) Epdz dy dadbdt ds,

and we write ([1.20) for ua(s,y) using u;(t,z) as a constant and integrate over (¢, x)

(3.4)
////// (lur = u2|0s=p — divy (Jur — u2lv(¢2)) En — sign (u1 — u2) (b(¢2) — B)uz=y) dzdydadbdtds

+ //// lur — u2,0(y)|ZEn(t,0,a,b, z,y)dr dy dadbdt
> —////// sign (u1 — ug) urdivy, (v(p2)) Epde dy dadbdt ds.

Summing (3.3]) and (3.4) we have

(Jlur — u2| (0= + 0sEp) — divy (Jur — ualv(¢1)) En — divy (Jur — ualv(d2)) En
I

Flu1r — u|(b(d1) — B)Zn + sign (w1 — u2) (b(¢1) — b(d2))u2Ey) dzdy dadbdt ds

+ //// |ur0(x) — u2|=,(0, s,a,b, 2, y)dz dy dadbds
+ //// lur — u2,0(y)|ZEn(t,0,a,b, z,y)dz dy dadbdt
> ////// sign (u1 — ug) uediv, (v(¢1)) Epde dy dadbdtds
- ////// sign (u1 — ug) urdivy, (v(¢2)) Epde dy dadbdt ds.

As n — oo we get (3.2]). O
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Lemma 3.2. For every t > 0, the following inequality holds
(3.5)

t
Jor(t.) =t Mgy + e [ [ O NVa(01 = 00) o s < Ce i = paols ey

Ct/ / / $(p1 — po)? dxdads—f—C’eCt/ / S(uy — ug)? dr ds.
R2 R2
In particular, we have that
(3.6)
¢ 1/2
( |- @)deds) < O o1 -
0 JR

. 1/2 t
+ Cet (/0 (s, ) = pa(s, - )71 ((0.00) xE2) ds) +Ce® (/0 lur (s, ) = ua(s, ) 7r e ds)

Proof. Since ¢, satisfies

at¢5k - HAxQSek'f‘diVx (</0 PEleda) Vi/&(d’ak - R)>

((0,00) xIR2)

1/2

o0
= / per (E6X5 + X5 — Ox2 — P(a, ue, ) x2) da,
0

as k — oo we get the equation of ¢. Then, subtracting the equation for ¢o from the equation for ¢

we obtain
Du(1 — b2) — (1 — b2) + div, (( /0 “on - ,o2>xlda) Valdr — R))
(3.7) +div, (< /0 h p2xlda> v(Yo(o1 — R) — Y(ds — R)))
= /0 (pl _p2) (XIQ — 0x2 _p(avul)XQ) da_/O P2 (p(a’7 ul) _p(a7u2))X2 da.
Then
d
L dew/ V(b1 — )2 da

:/RZ(% — ¢2) </OOO(P1 — p2) (x5 — ox2 — p(a, ur)x2) da) dz
- [ or- @)( [ o2 ptasm) bl u) da) da

< cluy—usz|

_ /R2(¢1 — ¢2)div, ((/Ooo(m - pz)xlda> vYo(h1 — R)> da

_ /RQ(% — ¢2)divy ((/OOO P2X1da> v(Yp(¢r — R) — Ya(¢o — R))> da

< C/ (1 — p2)? da + ceCt/ (u1 — ug)* da + ceCt/ / (p1 — p2)*dzda
R2 R2 0 R2
2 [ 19aor - )
R2

Using Gronwall Lemma we get

t
161(t,) — dalt, )2 sy + e / / €5 |V (61 — o) da ds

t
/// dxdads—l—ced// e (uy — ug)? dx ds.
R2 R2

<e|pr0—
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Finally, we obtain (3.5)) and (3.6) from the definition of ¢ and ¢s. O

We are now ready to complete the proof of Theorem
Proof. Our goal is to prove the inequality (1.21). We rewrite (3.1)) and (3.2) as
(o] o0
/ / /2 (Io1 = p2| (Oekn + Bakn) — |p1 — p2lx1(Yo(p1 — R) + Yg(d2 — R))v - Vip
o Jo Jr

+ulpr = p2|Azén — |p1 — p20&n — |1 — p2|p(a, u1)én
—sign (p1 — p2) (p(a,ur) — p(a, u2))p2§n)d$ dadt

(38) +/ ‘pl(t50+’$) _pZ(ta 0+7$)|£n(t, 07$)dxdt
0 JR?

+/ /2 lp10(a, ) — p2o(a,2)|6,(0,a,x) dzda
0 R

/Ooo /OOO /R2 (|U1 - U2‘at§n + |’LL1 — u2|(7/(¢1) + IJ(QSQ)) . vxfn + |u1 _ u2‘(b(¢l) . B)gn

+ sign (u1 — uz) (b(¢1) — b(¢2))ué,) dodadt
(3.9)

+ /000 /R2 lu1.0(z) — ug,0()|€0(0, a, ) dz da
> /0 /0 /R sign (w1 — ug) (ug divy (v(¢1)) — w1 dive (v(¢2))) &, da da dt,

where {£,}n is a sequence of nonnegative test functions approximating the characteristic function of

the strip (—o00,t) x R x R2. Sending n — oo, we have that
i (t,-) = wa(t, )l L1 (re)

t
< s = wnoll ey = [ sion s = ) (aadivs (v(1)) = v (+(62))) drds

+/ / |ur — ua| (1) +sign (u; — uz) (b(p1) — b(p2)) ug dzds
0 Jr2 —— —_—

<c <clp1—p2|

t
< Jluro — gl s ey + /0 /R s — wfdiv, (v(9n)) dds

t
— / / sign (ug — ug) uy divy, (v(¢1) — v(¢2)) deds
0 JR2 ~

t t
—|—c/ ]ul—uQ]d:Uds—i—ceCt/ / |p1 — do| dxds
0o JRr2 o JRr2

t
< [luro — uzoll 1 ey + ceCt/ /2 |ug — ug|dz ds
0 Jr

deet [ t ([ taiva 060 - toa dx)m s

t t
~|—c/ / |ug —qudxd8+ceCt/ / |1 — po| dx ds
0 JR2 0 JR2

t
< Jur,o — w20l 1 ey +c(1+ eCt)/O l[u1(s, ) = ua(s, )|l 1 g2y ds
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t
+ CeCt/O Hp1(87 "y ) - p2(87 ) .)HLI((O7OO)XR2) ds,

and
[p1(t, -, -) — pal(t, -, ')||L1((0,oo)><]R2)

t
<llpro = P2l ooy = [ [ 101(5.0%2) = pa(s.07 )l s
t o)
[ sten o= 2 xa(a) (v (vYa(or = R)) = prdiv (vYi(6y ~ R)) dedads
0 JO R
t 00
/ / / sign (p1 — p2) (p(a,u1) — p(a,u))p2 drdads
0 JO R2
t 00
< [lp1,0 = P20l 1((0,00)xR2) +/0 /0 o |A(¢1)p1 — A(d2)p2|xsw dz ds
t 0
= [ sienton = 2 xa(a) (v (vYa(or — R)) — v (vYi(6s ~ R)) dedads
0 JO R
t 0
[ [ sien (o~ o) (e ) — pla wa))pa o dads
0 JO R2
t (o)
<lpso= ol = [ [ [ A @010 = palxawdedads
t o0
w7140 - A prxawdadads
0 JO R2
t o0
+/ / /2 lp1 — p2|x1(a)div, (VYy(p1 — R)) dxdads
0 JoO R
t o0
— / / /2 sign (p1 — p2) x1(a)p1divy (v) (Ye(p1 — R) — Yy(¢p2 — R)) dz dads
0 JO R
t 0
[ siento = e i@y - Valolor - B) - Yatén — B) de dads
0 JO R
t
+cect/ et (s, ) — (5, )l 1 ey s
0
t
< 10— ,02,0HL1((o,oo)xR2) + C/O [p1(s,+,) = pa(s, -, ')HLI((o,oo)xR'Z) ds
t
et [ 1A - A()|drds
0 JR2
t
+ ceCt/ / [Yy(¢1 — R) — Yp(¢o — R)|dx ds
0 JR2
t 1/2
+ ce (/ /2 IVa(Yy(¢1 — R) — Yy(¢o — R))|* da ds)
0 JR
t
+cect/ et (s, ) — (5, )l 1 ey s
0
t
<lp10— /02,0HL1((0700)><R2) +c(1+ eCt) /(; lp1(s,-,) = pa(s,, ')HLl((O,oo)XRQ) ds
¢ 1/2 ¢
+ ce® </ / |Va(p1 — qﬁg)]deds) + ceCt/ [ui(s, ) = ua(s, )|l 1 (g2) ds.
0 JR2 0

Using (3.6)), we have

||U1(t, ) - Uz(t, )H%l(RQ) + le (t7 ) ) - PQ(t, "y ')||%1((07oo)><R2)
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2 t 2
< v s ea) + oL+ ¢) [ ua(s,) = s, )| ey d
0

t
2 2
+ c(l + eCt) HpLO - p270HL1((0700)><R2) + C(l + €Ct) /O le(sv K ) - 102(87 "y ')”Ll((o,oo)xR?) ds.
Finally, we use the Gronwall Lemma to obtain the result (1.21)). O

4. Proof of Lemma [1.1]

Proof. This lemma is similar to [4, Lemma 4.1], in particular, (1.13)) and ((1.16]) already appeared

there. For completeness we sketch the proof of the other estimates.
(1.14]). directly comes from the definition of v in ([1.2)) and the expression of div, (v(¢)) in (2.27).
(1.15). We compute Vv (¢) by using the fact that V,(fr) = fVar +v @V, f

V:UV(¢) =R ! 1/2 vx(‘b * vazn) + f?((b * vmn) & Va; 1 172
(1+ e Vo) (14 llé = 7))
. ¢+ Vin (V) ® (¢ Vin)(¢ * Van)

(1+ 6+ Vonl?) (1+ 0+ Tar?)””

then (notice that to shorten the notations we write L> for L>°(R?;R2*?))

IV:2(@)l]
¢ % V| oo iy ¢ * Vg ¢ * Van ¢+ Van
= 9\ 1/2 2\ 1/2 2\ 1/2 2\ 1/2
(1+ ll6 + 7)) (116 + Vonl?) " (1 llox Vanl?) T (1 o Tanl?) |
¢ * Van ¢ * Van

< k|6 * V20| + 5 |6 % Van|

(14 o« venl®) )| (14 1o an?) |

<2k Hgb * ViﬁHLoo < 2k vanHLoo ||¢||L1(]R2;]R) :

(1.17)). We compute gradient of ([2.27)
¢ * VA ¢+ Vin ¢ * Van

Vdivy (V(¢)) =K 2 3,%(¢ * Amn) P}
(14165 Vom?)” (1410 Vo) (14 16« VanlP?)

J2°

then

IVadive (V(9))]] 12 (r2;r2)
< Kl * VA L2 (mepey + 35 16 % Aunll p2ge re) || ¢ * VfanLw(RQ;RQM)

<k HqﬁHLl(Rz;R) (HVAH?HLQ(RQ;RQ) +3 HA;UUHLz(W;R) HVJQIEWHLOO(R2;R2><2) H¢HL1(R2;R)> .
. We have that
div, (v(¢1) — v(42))

— * Ay 1 1
<¢1 ¢2) 2773/2 + K«(¢2 * Axn) 9 3/2 - 5 3/2
(1+ llén = Van|?) (1+ller s Vanl®) ™ (14 llg2 % VarlP)

Using the inequality |(1 + 22)73/2 — (1 +¢?)73/?| < 2;—8\/5]3: — yl|, we obtain

[dive (v(d1) — v(92))l 2 (r2;R)
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48
< kll(f1 — d2) * Danl 2m2r) + YA 162 % Aenl| oo (r2;my 1(D1 — @2) * Vanll 2 (ro r2y

48
< kg1 — b2l prrer) (”ACﬂUHLQ(RQ;R) bYW IVanll L2 w2 2y 1827l oo (r2;R) H¢2||L1(R2,R)) ~

O
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