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Abstract

In a modal logic L, a unifier of a formula ¢ is a substitution o such that o(y) is
in L. When unifiable formulas have no minimal complete sets of unifiers, they are
nullary. Otherwise, they are either infinitary, or finitary, or unitary depending on the
cardinality of their minimal complete sets of unifiers. The fusion L; ® Ly of modal
logics L; and Ls respectively based on the modal connectives Oy and O is the least
modal logic based on these modal connectives and containing both Ly and Ls. In this
paper, we prove that if L; ® Lo is unitary then L; and Ly are unitary and if L; ® Lo
is finitary then L; and Ly are either unitary, or finitary. We also prove that the fusion
of arbitrary consistent extensions of S5 is nullary when these extensions are different
from Triv'.
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'Dzik conjectured that the fusion S5 ® S5 of S5 with itself is either nullary, or infinitary [11, Chapter 6].
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1 Introduction

The unification problem in a modal logic L is to determine, given a formula (, whether
there exists a substitution ¢ such that o(¢) is in L [1]%. In that case, o is a unifier of ¢.
We shall say that a set of unifiers of a unifiable formula ¢ is complete if for all unifiers
o of ¢, there exists a unifier 7 of ¢ in that set such that 7 is more general than . When
unifiable formulas have no minimal complete sets of unifiers, they are nullary. Otherwise,
they are either infinitary, or finitary, or unitary depending on the cardinality of their mini-
mal complete sets of unifiers [11]. To be nullary is considered to be the worst situation for
a unifiable formula whereas to be unitary is considered to be better than to be finitary which
is itself considered to be better than to be infinitary. The unification type of a modal logic is
the worst unification type of its unifiable formulas?.

The fusion L; ® Ly of modal logics Li; and Ly respectively based on the modal connectives
0O, and Oy is the least modal logic based on these modal connectives and containing both
L; and Ls. A first immediate result is that L; ® Lo is a conservative extension of the modal
logics L; and Ly when Ly and Lo are consistent. A number of other results — transfer
results — have been obtained as well. They concern properties preserved under the ope-
ration of forming fusions: the fusion of decidable modal logics is decidable, the fusion of
modal logics having uniform interpolation property has uniform interpolation property, etc.
See [15, Chapter 4] and [23, 24, 31]. To the best of our knowledge, the preservation of
properties related to the unification problem has not been studied yet.

Owing to its strong connections with the admissibility problem [29], the unification pro-
blem is an important problem in Applied Non-Classical Logics [1], a domain of investiga-
tions where fusions of modal logics are omnipresent [24]. It is therefore natural to ask how
the unification types of modal logics are related to the unification type of their fusion. In
this paper, we prove that if Ly ® Lo is unitary then L; and Lo are unitary and if L; ® Lo
is finitary then L; and Ly are either unitary, or finitary. In other respects, Dzik conjectured
that the fusion S5 ® S5 of S5 with itself is either nullary, or infinitary [11, Chapter 6]. Cla-

2We assume that the reader is at home with tools and techniques in modal logics. In particular, we follow
the standard conventions for talking about modal logics: S5 is the least modal logic containing the formulas
usually denoted ('T'), (4) and (B), KT is the least modal logic containing the formula usually denoted (T), etc.
For more on this, see [7, 8, 22]. As a result, in the main body of the paper, we will present neither the algebraic
semantics of modal logics, nor the relational semantics of modal logics, prefering to introduce semantic tools
and techniques when they are needed.

3 About the unification type of modal logics, it is known that KB, KD, KDB, KT and KTB are
nullary [3, 4, 5], S5 and S4.3 are unitary [10, 12], some transitive modal logics like K4 and S4 are finitary [18,
19], K is nullary [20] and K4D1 is unitary [21], the nullariness of KB, KD, KDB, KT and KTB having
only been obtained within the context of unification with parameters. No modal logic is known to be infinitary.
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rifying Dzik’s conjecture, we prove that the fusion of arbitrary consistent extensions of S5
is nullary when these extensions are different from Triv. An Appendix includes the proofs
of some of our results.

Jetfabek has proved that K is nullary by showing that the K-unifiable formula z — Oz
has no minimal complete sets of unifiers [20]. In Jefdbek’s line of reasoning, the fact that
forall d > 0, 0911 — 091 ¢ K plays an important role. Unfortunately, for all d > 0,
0% is either equivalent to L, or equivalent to 0| in KB, KD, KDB, KT and KTB. It
follows that Jefabek’s line of reasoning has to be seriously adapted if one wants to apply it
to KB, KD, KDB, KT and KTB. This has been done in [3, 4, 5] by using parameters
and by considering much more complicated formulas than x — Oz. For the fusion of arbi-
trary consistent extensions of Sb different from Triv, a new adaptation of Jefabek’s line of
reasoning is described in the course of Lemmas 14-29 and Propositions 7, 8 and 9.

2 Syntax

2.1 Formulas and substitutions

Let VAR be a countably infinite set of propositional variables (with typical members de-
noted x, y, etc). Let PAR be a countably infinite set of propositional parameters (with
typical members denoted p, ¢, etc). Atoms (denoted «, 3, etc) are either variables, or pa-
rameters. Let I be a non-empty subset of {1,2}. The set FOR[ of I-formulas (with typical
members denoted ¢, v, etc) is inductively defined as follows:

e ppu=all|-p|(pVY)]|Ogp

where ¢ ranges over I. We adopt the standard rules for omission of the parentheses. For
all I-formulas ¢, we write “©"” to mean “—¢” and we write “p'” to mean “¢”. For all
I-formulas ¢, let var(p) be the set of all variables occurring in ¢. For all I-formulas
@, the degree of ¢ (denoted deg(y)) is defined as usual. An [-substitution is a function
o associating to each variable = an I-formula o(z)*. We shall say that an I-substitution
o moves a variable z if o(x) # z. Following the standard assumption considered in the
literature [1], we will always assume that [-substitutions move at most finitely many vari-
ables. For all {1, 2}-formulas ¢(x1, ..., xm), let o(p(x1,...,2,)) be the {1, 2}-formula
o(o(z1),...,0(xm)). The composition o o T of the I-substitutions o and 7 is the I-
substitution associating to each variable x the /-formula 7(o(z)). Obviously, for all {1, 2}-
formulas @(x1,...,2Zm), (0 o T)(@(z1,...,2y)) is the {1, 2}-formula (7(o(x1)),. ..,
T(0(xm))).

*Occasionally, we will slightly abuse notation by considering that {1}-substitutions and {2}-substitutions
are also {1, 2}-substitutions.
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2.2 Abbreviations and translation functions

The Boolean connectives T, A, — and <> are defined by the usual abbreviations. For all
finite sets X of variables, we will use T x as a shorthand for A{z V T : =z € X}. Asitis
traditionally done, in the extreme case when the finite set X of variables is empty, T x will
be a shorthand for T. The role of the finite set X of variables in the definition of T x will
become clear in Propositions 3 and 6. Nevertheless, we can already mention that this role
is connected to the fact that for all finite sets X of variables, T x is a tautology such that
var(T x) = X. The modal connectives <1 and <4 are defined as follows:

o O = =01,
o Ogp ii= g,

From now on in this paper,

let p, ¢, r be fixed distinct parameters. \

Now, let us define modal connectives that will be useful in Section 6 for proving Proposi-
tion 9 saying that the fusion of arbitrary consistent extensions of S5 is nullary when these
extensions are different from Triv. The modal connectives HH and B are defined as follows:

o Hpu=p' A Art = O (P AP AT = Oa(P° AP APt = O1(° A gt AP0 —
Oo(PP A gt Art — O1(pr AP Ar? = Ta(pt A At — ),

e Hpu=p' AP Art = Os(p! AP ATY = O (P° At APt — TOo(P° A gt AP0 —
Dl(po AP AT — Dg(po AP A0 — Dl(p1 AP ATt — ©))))))-

For all £ > 0, the modal connectives F* and B* are inductively defined as follows:
o B0y = o,
o H0p = o,
o BFtlp = HE" ¢,
o BFtly =88 .
For all & > 0, the modal connectives < and 5<* are inductively defined as follows:
o B<Vp =T,
e B<0p =T,

o M<ktly = B<kp A By,
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o Bkt = E<Fkp A BFp.

Now, let us define translation functions that will be useful in Section 5 for proving Propo-
sitions 4 and 5 saying that if the fusion of arbitrary consistent modal logics is unitary then
both of them are unitary and if the fusion of arbitrary consistent modal logics is finitary
then both of them are either unitary, or finitary. We inductively define for all finite sets X
of variables and for all i € {1, 2}, the translation functions tr; : FORyy 9y — FORy
and tr}/(ﬂ- : FORyy 2y —> FORy; as follows:

e trl(a) = q,

o tri;(-p) = —trk (o),

o trl(p V) =trl () v erl (v),

o trl (0 V) =trk (o) verk, (),
e tr! (0jp) = O;tr! (p) wheni = j,

° tr}/(,z‘(DjCP) = Djtr}/(ﬂ-(w) when i = j,
o tr] (Ojp) = tr] () wheni # j,

o try;(0;¢) = Tx wheni # j.

As the reader can see from the above definition, the translation function tr} does not de-
pend on X. The reader is invited to appreciate the use of the abbreviation T x in the defini-
tion of the translation function tr}/m».

Lemma 1. Let X be a finite set of variables and i € {1,2}. For all {i}-formulas o,
o tr](p) = ¢,
o tri,(p) =

Lemma 2. Let i € {1,2}. For all {1,2}-formulas ¢,
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o var(erT()) = var(p),
. var(tr},/,‘lr(cp)7i(<p)) = var(p).

For all finite sets X of variables, for all i € {1,2} and for all {1, 2}-substitutions o, let
o] and o ; be the {i}-substitutions defined as follows:
e for all variables z, o/ (z) = tr! (0(x)),

)

e for all variables z, a}?’i(x) = tr}/w(a(:c)).

3 Fusions of modal logics

From now on in this paper,

] we write “1” to mean “2” and we write ‘2’ to mean “1”.

3.1 Modal logics
Let I be a non-empty subset of {1,2}. An I-logic is a set L of /-formulas such that
e L contains all /-tautologies
e foralli € I, L contains all /-formulas of the form O;(¢ — ¢) — (T — T;90),
e L is closed under modus ponens (if ¢ € L and ¢ — ¥ € L then ¢ € L),
e L is closed under /-generalization (if ¢ € L then for all ¢ € I, O;p € L).

As is well-known, the intersection of /-logics is an I-logic. Hence, for every set of I-
formulas, there exists a least I-logic containing it. We shall say that an /-logic L is consis-
tent if L # FOR]. In this paper, it will be useful to remember that for all 7 € {1,2},

e if an {i}-logic L is consistent then either L is contained in the least {i}-logic Triv;
containing all {i}-formulas of the form O;¢ <> ¢, or L is contained in the least
{i}-logic Verum, containing all {7 }-formulas of the form O;¢.

See [25]. For all i € {1,2}, we shall say that an {i}-logic L is a non-trivial extension of
S5 if L contains the least {i}-logic S5; containing all {i}-formulas of the form O;x — ¥,
O;,x — 0;0;x and x — 0;<;x and L is strictly contained in Triv;. In this paper, it will
be useful to remember that for all ¢ € {1, 2}, if an {i}-logic L is a non-trivial extension of
S5 then one of the following conditions holds:
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e there exists kk > 2 such that L is equal to the least extension S5¥X of S5, containing

all {i}-formulas of the form A{<C;pm @ 0 < m < kk} — V{Ci(pm Appn) : 0 <
m < n < kk},

o L= S5i-
See [26, 27]. It will also be useful to remember that for all ¢ € {1, 2},

o forall kk > 2, S5§‘k is a Kripke complete modal logic characterized by the class of
all Kripke frames (W, R;) where R; is an equivalence relation on W for which each
equivalence class is a finite set of exactly kk possible worlds,

e for all kk > 2, S5KK is a Kripke complete modal logic characterized by the class of
all Kripke frames (W, R;) where R; is an equivalence relation on W for which each
equivalence class is a finite set of at most kk possible worlds,

e S5, is a Kripke complete modal logic characterized by the class of all Kripke frames
(W, R;) where R; is an equivalence relation on ¥ for which each equivalence class
is a countably infinite set of possible worlds.

3.2 Fusions

Let L; be a {1}-logic and Lo be a {2}-logic. The fusion of L; and Ly is the least {1,2}-
logic (denoted L; ® L) containing Ly and Ly>. As is well-known, if L; is consistent and
L, is consistent then L; ® L, is a conservative extension of Ly and Lo [14, 30]°. A number
of other results — transfer results — have been obtained as well. They concern properties
preserved under the operation of forming fusions [15, Chapter 4]: the fusion of decidable
modal logics is decidable, the fusion of modal logics having uniform interpolation property
has uniform interpolation property, etc. We shall say that Ly ® Ly is tensed if L1 ® Lo
contains all {1, 2}-formulas of the form ¢ — O;<C1p and ¢ — Oa<Oop. We shall say
that Ly ® Ly is smooth if for all k,1 > 0, if k > [ then B* 1 — B!l ¢ L; ® Ly and
Bl - B8l ¢ L; ® Lo,

SGeneralized to logics formulated in languages with an arbitrary number of modal connectives, the opera-
tion of forming fusions is associative. Therefore it makes sense to define the fusion of an arbitrary number of
logics Ly, . .., L, respectively formulated in languages with the modal connectives Oy, ..., O, as being the
least logic formulated in the language with the modal connectives Oy, . . ., 0,, and containing L1, ..., L,. For
instance, the multimodal logics considered in [9, 13] are fusions of finitely many logics of knowledge. In this
paper, we will only consider the operation of forming fusions of two unimodal logics.

®That is to say, when L and Lo are consistent, for all i € {1, 2} and for all {4 }-formulas ¢, if ¢ € L; ®Lo
then ¢ € L;. Obviously, if either L, is inconsistent, or Lo is inconsistent then L; ® Lo is inconsistent. In
actual fact, as noticed by Kracht and Wolter [23], L; ® Ly is a conservative extension of L, and L if and only
if either L is consistent and Lo is consistent, or L is inconsistent and L is inconsistent.
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Lemma 3. If L and Ls are non-trivial extensions of S5 then Liy ® Lis is tensed and smooth.

Within the context of this paper, it is relevant to investigate the properties of the trans-
lation functions tr} : FOR{ 3y — FORy; and tr}/(ﬂ- : FOR{1 3y — FORy; in
L; ® Ly for each finite set X of variables and for each i € {1,2}. The following results
will be used in Section 5.

Lemma 4. Let X, Y be finite sets of variables and i € {1,2}. For all {1,2}-formulas ¢,
tri;(p) <> try,(p) € L.

Lemma 5. Let X be a finite set of variables, i € {1,2} and o be a {1, 2}-substitution. For
all {1,2}-formulas o,

o ol (trl(¢)) <> trl(o(p)) € Ly,
o oy i(trk (p)) < tri (o(p)) € L

Lemma 6. Let X be a finite set of variables, i € {1,2} and o be an {i}-substitution. For
all {1, 2}-formulas o,

o o(tr{ () ¢ tr] (o(y)) € Ly,
o o(try,(p)) ¢ tri,(o(y)) € L.
Lemma 7. Let X be a finite set of variables. For all {1,2}-formulas ,
o trl(p) & ¢ € Ly ® Trivy,
° tr}fm((p) + ¢ € Lj ® Verumy,
o tr5 (¢) ¢ ¢ € Trivy ® Ly,
) tr}/(’Q(go) < ¢ € Verum; ® Lo.

Lemma 8. Let X be a finite set of variables, i € {1,2} and ¢ be a {1,2}-formula. If
p € L; ® Lg then

1. if L; C Triv; then tr! (p) € Ly,
2. ifL; C Verum; then tr}/(ﬂ-(cp) € L;.

Within the context of this paper, it is relevant to investigate the properties of the modal
connectives HH and H in L; ® Ly. The following results will be used in Section 6.

Lemma9. ]. L; ® Ly contains all {1, 2}-formulas of the form B(¢p — ¢) — (B —
Bﬂw))
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2. Ly ® Ly contains all {1,2}-formulas of the form B(¢ — 1) — (Be — Bv),
3. L1 ® Ly is closed under the rule EE%),

4. L1 ® Ly is closed under the rule E%o’

—p—HY
—p—Hep’

5. if Ly ® Ly is tensed then Ly ® Lg is closed under the rule

6. if L1 ® Lg is tensed then Ly ® Ls is closed under the rule :z:gzﬁ.
Lemma 10. Forall k > 0,

1. BFT € L1 @ Ly,

2. BFT e Ly @ Ly,

3. B<FT € Ly ® Ly,

4. B*T € L1 @ Ly.
Lemma 11. Let k > 0. For all {1, 2}-formulas ¢,

1. Bkl o o ABB<F p e Ly @ Lo,

2. Bkl o o ABB<* ¢ e L @ L.
Lemma 12. Let k > 0. If L1 ® Lg is smooth then

1. B L ¢ L; ® Lo,

2. BF1L ¢L; ® L.

Lemma 13. Let k > 0. If Ly ® Ls is tensed and smooth then for all | > 0, Bkl vEL ¢
L; ® Lo.

In anticipation of our results about the unification type of fusions in Sections 5 and 6,
we complete this section by defining the families (0%)r>0, (Tk)k>0, (Ak)k>0 and (1x)k>0
of {1, 2}-substitutions and by proving some of their properties. From now on in this paper,

] let x be a fixed variable. ‘

For all k > 0, let o, and 71 be the {1, 2}-substitutions inductively defined as follows:
e op(z) =1,

e for all variables y distinct from z, oo (y) = v,



BALBIANI, GENCER AND ROSTAMIGIV

o To(x)=T,

e for all variables y distinct from z, 79(y) = v,

o 0p11(x) =z ABog(z),

e for all variables y distinct from z, o411 (y) = ¥,

o Tiy1(x) = —(—x AB-1(2)),

e for all variables y distinct from z, 741 (y) = y.
For all & > 0, let A\ and pu be the {1, 2}-substitutions defined as follows:

o \p(z) =z nEFL,

e for all variables y distinct from z, \;(y) = v,

o ilw) = (o ABFL),

e for all variables y distinct from z, ux(y) = y.

Lemma 14. Let k > 0. We have B<Fz ANBF | — o4 (2) € L1 @ Ly and B<F-z ABF L —
—|Tk(.%') € L1 ® Lo.

Lemma 15. Let k > 0. We have oy (z) — x € Ly ® Lo and —1(z) — -~z € L; ® Lo.

Lemma 16. Let k > 0. We have oy (x) — Hoy(x) € Ly ® Ly and —1(z) — B-7x(x) €
L; ® Lo.

Lemma 17. Letr k > 0. Foralll > 0, if k < [ then op(z) — Bl € L ® Ly and
—|Tk(w) e € L; ® Lo.

Lemma 18. Let k > 0. Foralll > 0, if k < [ then B* 1 A 0y(x) <> op(x) € Ly ® Lo and
BE 1A —\Tl(iL') 4 —|Tk(x) € L; ® Lo.

Lemma 19. Let k > 0. Foralll > 0, if k < [ then \j(ok(z)) <> ox(x) € L; ® Ly and
Ml(Tk(CU)) S Tk(x) € L; ® Lo.

Lemma 20. Let k > 0. Foralll > 0, if k > [ then \j(ox(z)) <> o1(z) € L ® Lo and
pu(Ti(2)) <> () € Ly @ Lo.

Lemma 21. Let k > 0. If Ly ® Ly is smooth then for all | > 0, if k > [ then oi(x) —
B!l ¢ Ly ® Ly and —7(z) — B'L ¢ Ly ® Lo.

Lemma 22. Let k > 0. If Ly ® Lo is smooth then for all | > 0, B* L v —7(z) ¢ L; ® Ly
and BF 1L V 0y(z) ¢ Ly ® Lo.

10
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4 Unification

4.1 Unifiable formulas and unification types

Let I be a non-empty subset of {1,2}. Let L be an I-logic. We shall say that an I-
substitution ¢ is equivalent in L to an [-substitution 7 with respect to a set X of variables
(in symbols o ~ 7) if for all variables y € X, o(y) > 7(y) € L. We shall say that
an [-substitution o is more general in L than an I-substitution 7 with respect to a set X
of variables (in symbols o jf T) if there exists an [-substitution v such that o o v zf
7. Obviously, for all sets X of variables and for all /-substitutions o, 7, if o zf 7 then
o jf 7. Moreover, for all sets X of variables, on the set of all J-substitutions, the binary
relation :f is reflexive, symmetric and transitive and the binary relation jf is reflexive and
transitive. We shall say that an /-formula ¢ is L-unifiable if there exists an /-substitution
o such that o(¢) € L. In that case, o is an L-unifier of p. We shall say that a set 3 of
L-unifiers of an L-unifiable /-formula ¢ is L-complete if for all L-unifiers o of ¢, there
exists 7 € X such that 7 j‘ﬁar(@) o. As is well-known, if an L-unifiable /-formula has
minimal L-complete sets of L-unifiers then these sets have the same cardinality’. About

the type of L-unifiable /-formulas, we shall say that an L-unifiable /-formula

e o is L-nullary (or of type 0) if there exists no minimal L-complete set of L-unifiers
of ¢,

o o is L-infinitary (or of type co) if there exists a minimal L-complete set of L-unifiers
of  but there exists no finite one,

o o is L-finitary (or of type w) if there exists a finite minimal L-complete set of L-
unifiers of ¢ but there exists no with cardinality 1,

e is L-unitary (or of type 1) if there exists a minimal L-complete set of L-unifiers of
o with cardinality 1.

LR T3 LR I3

Obviously, the types “L-nullary”, “L-infinitary”, “L-finitary” and “L-unitary” constitute a
set of jointly exhaustive and pairwise distinct situations. To be of type 0 is considered to
be the worst situation whereas to be of type 1 is considered to be better than to be of type
w which is itself considered to be better than to be of type co. As for the type of L, we
traditionally distinguish between elementary unification and unification with parameters:

"Suppose 3 and A are minimal L-complete sets of L-unifiers of the same L-unifiable /-formula ¢. By
the L-completeness of 3 and A, one can readily define functions f : ¥ — Aand g : A — X such that
f(o) j;‘ar(w) o for each o € ¥ and g(9) j;‘ar(w) § for each § € A. By the minimality of 3 and A, it follows
that f and g are injective. Hence, 3 and A have the same cardinality.

11
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e clementary unification in L is the problem of asking whether a given parameter-free
I-formula is L-unifiable,

e unification with parameters in L is the problem of asking whether a given I-formula
is L-unifiable.

We shall say that

o L is nullary (or of type 0) for elementary unification if there exists an L-nullary L-
unifiable parameter-free /-formula,

o L is infinitary (or of type o) for elementary unification if every L-unifiable parame-
ter-free /-formula is either L-unitary, or L-finitary, or L-infinitary and there exists an
L-infinitary L-unifiable parameter-free /-formula,

o L is finitary (or of type w) for elementary unification if every L-unifiable parameter-
free [-formula is either L-unitary, or L-finitary and there exists an L-finitary L-
unifiable parameter-free /-formula,

o L is unitary (or of type 1) for elementary unification if every L-unifiable parameter-
free /-formula is L-unitary.

We shall say that

o L is nullary (or of type 0) for unification with parameters if there exists an L-nullary
L-unifiable /-formula,

o L is infinitary (or of type o) for unification with parameters if every L-unifiable
I-formula is either L-unitary, or L-finitary, or L-infinitary and there exists an L-
infinitary L-unifiable /-formula,

o L is finitary (or of type w) for unification with parameters if every L-unifiable -
formula is either L-unitary, or L-finitary and there exists an L-finitary L-unifiable
I-formula,

o L is unitary (or of type 1) for unification with parameters if every L-unifiable I-
formula is L-unitary.

Obviously, both for elementary unification and for unification with parameters, the types
“nullary”, “infinitary”, “finitary” and “unitary” constitute a set of jointly exhaustive and
pairwise distinct situations. In other respects, the unification type of L for elementary uni-
fication is at least better than the unification type of L for unification with parameters and

there is a priori no guarantee that the unification type for elementary unification and the

12
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unification type for unification with parameters are equal. For instance, the implication
fragment of Boolean logic is unitary for elementary unification and finitary for unification
with parameters [6]8. To the extent that in cases such as KB, KD, KDB, KT and KTB,
the unification type for unification with parameters is known whereas the unification type
for elementary unification is still a mystery”. Of course, seeing that the unification type of
an equational theory depends not only on the equational theory itself but also on the set of
symbols that can occur in the considered unification problems, this phenomenon is already
well-known from the theory of unification [2]. Finally, as already noticed by several authors
within the context of unimodal logics, there is no /-logic L that is known to be infinitary
either for elementary unification, or for unification with parameters. See [11].

4.2 Playing with formulas and substitutions

Let L; be a consistent {1}-logic and Ly be a consistent {2}-logic.

Lemma 23. Let k > 0. Foralll > 0, ifk <l then a0 A, ~t"0 1 oy and 70y, =1 1

Th-
Lemma 24. Let k > 0. Foralll > 0, if k < [ then oy jgﬁng o and T jixl}éh Th.
Lemma 25. Let k > 0. If Ly ® Ly is smooth then for all | > 0, if k < [ then oy, ﬁg’i}@h oy
and Tk ﬁéxj}@Lg TI.

Lem?l? 26. Let k > 0. If Ly ® Lo is smooth then for all | > 0, oy ﬁﬁ}éh T, and
Tk fL€®L2 oy.

From now on in this paper,

] let © be the {1, 2}-formula = — Hz and ¢ be the {1, 2}-formula -x — H-z.

The {1,2}-formulas ¢ and 1 will be the keys in Section 6 to the determination of the
unification type of the fusion of arbitrary consistent extensions of S5. In the meantime, by
Lemma 9, if Lj ® Lo is tensed then ¢ and v have the same unifiers in L; ® L. Hence, in
that case, as long as we only consider  and v through their unifiers in L; ® Lo, it does not
matter if we are talking about either ¢, or .

Lemma 27. Let k > 0. For all unifiers o of ¢ in L1 ® Ly, o(z) — B<Fo(x) € L1 ® Ly
and for all unifiers T of 1 in Ly @ Ly, =7 (x) — B<F-7(2) € L; ® La.

8For all parameter-free formulas ¢ with — as its sole connective, ¢ is unifiable in Boolean logic and the
so-called Lowenheim substitution € defined by €¢(y) = ¢ — y for each y € var(y) constitutes a minimal
complete set of unifiers of it.

KB, KD, KDB, KT and KTB are nullary for unification with parameters [3, 4, 5].

13
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Lemma 28. Forall k > 0, oy, is a unifier of ¢ in Ly ® Ly and T, is a unifier of ¢ in Lij ® Lo.

Lemma 29. Let v be a {1,2}-substitution. If v is a unifier of ¢ in Ly ® Lo then for all
k > 0, the following conditions are equivalent:

(a) o ov =~y

Ok OV =L,gL, U
() ok X{rhr, v
(c) v(z) = BFL € Ly ® Ly

and if v is a unifier of ¥ in Ly ® Lo then for all k > 0, the following conditions are
equivalent:

(d) Tpov SE}@)LZ v,

() 7 < 0,

(f) —v(z) - BFL € Ly ® Ly.

5 General results about the unification type of fusions

Let L; be a consistent {1}-logic and Ly be a consistent {2}-logic.

Proposition 1. Leri € {1,2} and x be an {i}-formula. If x is unifiable in Ly @ Lq then x
is L;-unifiable.

Proof. Suppose Y is unifiable in L; ® Lo. Hence, there exists a {1, 2}-substitution o such
that o(x) € L1 ® Ly. Without loss of generality, suppose ¢ = 1. Since Ly is consistent,
either Ly C Trivs, or Ly C Verums. In the former case, L; @ Ly C L ® Trivy!C. Since
o(x) € L1 ® Ly, 0(x) € L; ® Trivs. Thus, by Lemma 7, tr? (0(x)) € L1 ® Trivs.
Since L; ® Trivy is a conservative extension of Ly, it follows that tr? (o(x)) € Ly.
Consequently, by Lemma 5, o7 (tr? (x)) € Ly. Hence, by Lemma 1, o{ (x) € L. Thus,
x is Li-unifiable. O

Proposition 2. Leti € {1,2} and x be an {i}-formula. For all complete sets 3. of unifiers
of x in Ly ® Lo,

1. if L; C Triv; then {0} : o € X} is an L;-complete set of L;-unifiers of ¥,

2. if L; C Verum; then {aq‘)/i . 0 € X} is an Lj-complete set of Lj-unifiers of x.

1In the latter case, the proof can be similarly done.
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Proof. Let ¥ be a complete set of unifiers of y in L; ® Lg. The proof of Item (1) can be
done as follows!!.

Suppose ¢ = 1 and Ly C Trivs.
Claim {07 : o € ¥} is a set of L-unifiers of .

Proof: Tt suffices to prove that for all o € ¥, of (x) € Ly. Let ¢ € X. The proof that
ol(x) € Lj is essentially the one described in the body of the proof of Proposition 1.
We include it here for the sake of the completeness. Since 3 is a set of unifiers of x in
L; ® Ly, we obtain U(X) € L; ® L. Since Ly C Trivy, L1 ® Ly C L; ® Trivs. Since
o(x) € L1 ® Ly, o(x) € Ly ® Trivy. Hence, by Lemma 7, tr! (o(x)) € L1 ® Triva.
Since L1 ® Trivs is a conservative extension of Ly, tr? (o(x)) € Ly. Thus, by Lemma 5,

ol (trT(x)) € Ly. Hence, by Lemma 1, o7 (x) € L;.
Claim {07 : o € ¥} is an L;-complete set of Lj-unifiers of x.

Proof: By the previous Claim, it suffices to prove that for all {1}-substitutions o, if o(x) €

L; then there exists 7 € ¥ such that 7 jﬁr(X) o. Let o be a {1}-substitution. Suppose

o(x) € L1. Hence, o(x) € L; ® La. Since ¥ is a complete set of unifiers of y in L; ® Lo,

there exists 7 € X such that 7 jﬁg{l o. Thus, there exists a {1, 2}-substitution v such that

Tow :Er@é{)g o. Hence, for all variables y € var(x), v(7(y)) <> o(y) € L1 ® Lo. Since

Lo C Trivy, Li®Ly C Li®Triva. Since for all variables y € var(x), v(7(y)) <> o(y) €
L; ® Ly, for all variables y € var(x), v(7(y)) <> o(y) € L; ® Triv,. Thus, by Lemma 7,
for all variables y € var(x), tr! (v(7(y)) < o(y)) € L1 ® Trivy. Since L; ® Triv, is
a conservative extension of Ly, for all variables y € var(x), tr! (v(r(y)) <> o(y)) € L.
Thus, for all variables y € var(x), tr! (v(7(y))) + tri(o(y)) € L;. Consequently,
by Lemma 5, for all variables y € var(x), v{ (r{ (y)) + trl(o(y)) € L;. Hence, by
Lemma 1, for all variables y € var(x), v{ (1{ (y)) +> o(y) € Ly. Thus, 7{ ovf gialr(X) o
Consequently, 7{ j}fir(x) o

This ends the proof of Proposition 2. O
Proposition 3. Leri € {1,2} and x be a {1, 2}-formula.

1. For all minimal L;-complete sets % of L;-unifiers oftr?(x), if L; = Triv; then ¥ is
a minimal complete set of unifiers of x in L1 ® Lo,

""The proof of Items (2)—(4) can be similarly done.
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2. for all minimal L;-complete sets Y of L;-unifiers of tr\‘,/ar(x) ;(x), if L; = Verum;

then 3. is a minimal complete set of unifiers of x in L1 ® Lo.

Proof. The proof of Item (1) can be done as follows'2.

Let X be a minimal L;-complete set of L;-unifiers of tr; (x). Suppose i = 1 and Ly =
'I‘I‘iVQ.

Claim X is a set of unifiers of y in L; ® Lo.

Proof: Tt suffices to prove that for all o € ¥, o(x) € L; ® Lo. Let 0 € X. Since &
is a set of L;-unifiers of tr! (), o(tr! (x)) € L;. Hence, by Lemma 6, tr! (o(x)) € L.
Since i = 1 and Ly = Trivs, then by Lemma 7, o(x) € L ® L.

Claim X is a complete set of unifiers of x in L; ® Ls.

Proof: By the previous Claim, it suffices to prove that for all {1, 2}-substitutions o, if

o(x) € Lj ® Ly then there exists 7 € X such that 7 jﬁgﬁ o. Let o be a {1,2}-
substitution. Suppose o(x) € L; ® Lo. Since i = 1 and Ly = Trivy, then by Lemma 7,
tr! (o(x)) € L1 ® Lo. Since Ly ® Ly is a conservative extension of L;, tr? (o(x)) € L.
Hence, by Lemma 5, o (tr? ()) € L;. Thus, o} is an L;-unifier of tr? (). Since ¥ is an

T
L;-complete set of L;-unifiers of tr? (), there exists 7 € ¥ such that 7 jﬁr(tri 00) ol.

T
Consequently, there exists an {7 }-substitution v such that 7 ov :Er(tri 00) ol Hence, for

all variables y € var(tr! (x)), v(7(y)) <> o} (y) € L;. Thus, by Lemma 1, for all vari-
ables y € var(tr! (x)), tr! (v(7(y))) > trl (o(y)) € L;. Consequently, for all variables
y € var(tr! (x)), tr! (v(7(y))) <> trl (o(y)) € L1 ® Ly. Since i = 1 and Ly = Triva,
then by Lemma 7, for all variables y € var(tr! (x)), v(7(y)) < o(y) € L; ® Lo.

Hence, by Lemma 2, for all variables y € var(x), v(7(y)) <> o(y) € Li ® Ly. Thus,

var(x) var(x)
Tov >~y o1, 0. Consequently, 7 <y 07" o

Claim X is a minimal complete set of unifiers of x in L; ® Ls.

Proof: By the previous Claim, it suffices to prove that for all o, 7 € X, if o jﬁgﬁ T then
o = 7. Leto,7 € ¥. Suppose ¢ jﬁg)ﬁl 7. Hence, there exists an {1,2}-substitution v

such that o ov 2&%{)2 7. Thus, for all variables y € var(y), v(o(y)) +> 7(y) € L1 ® Lo.

Hence, by Lemma 2, for all variables y € var(tr? (x)), v(o(y)) < 7(y) € L1 ® Lo.

"2The proof of Item (2) can be similarly done.
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Since i = 1 and Ly = Trivy, then by Lemma 7, for all variables y € var(tr! (x)),
tr! (v(o(y))) < trl(r(y)) € Li ® La. Since L; ® Ly is a conservative extension of
L;, for all variables y € var(tr? (x)), tr! (v(o(y))) < tr! (7(y)) € L;. Consequently,
by Lemmas 1 and 5, for all variables y € var(tr! (x)), v} (o(y)) <> 7(y) € L;. Thus,
var I'T . . o . .
<1 (2 09) . Since 3 is a minimal L;-complete set of L;-unifiers of tr! (), o = 7.

This ends the proof of Proposition 3. O
In the above proof, the reader is invited to appreciate the uses of Lemma 2.

Proposition 4. Both for elementary unification and for unification with parameters, if L1 ®
Lo is of type 1 then for all i € {1,2}, L; is of type 1.

Proof. Suppose L1 ® Lg is of type 1. Suppose 7 = 1.

It suffices to prove that for all Lj-unifiable {1}-formulas x, x is Lj-unitary. Let x be
an L;-unifiable {1}-formula. Hence, there exists a {1}-substitution o such that o(x) € L.
Thus, o(x) € L1 ® Lg. Hence,  is unifiable in L; ® Lo. Since L; ® Ly is of type 1, there
exists a minimal complete set 3 of unifiers of y in L; ® Lo with cardinality 1. Since Lo
is consistent, either Ly C Trivy, or Ly C Verumsy. In the former case, by Proposition 2,
{o] : 0 € X} is an Ly-complete set of Ly-unifiers of x'. Since the cardinality of ¥ is 1,
the cardinality of {o{ : o € X} is 1. Consequently,  is Li-unitary. O

Notice that the converse of the statement established in Proposition 4 is not always true.
For instance, as proved in Section 6, S5 ® S5 is of type 0.

Proposition 5. Both for elementary unification and for unification with parameters, if L1 ®
Lo is of type w then for all i € {1,2}, L; is either of type 1, or of type w.

Proof. Suppose L ® Lg is of type w. Suppose 7 = 1.

It suffices to prove that for all L;-unifiable {1}-formulas y, x is either Lj-unitary, or L;-
finitary. Let y be an Lj-unifiable {1}-formula. The proof that x is either L;-unitary, or
L;-finitary is essentially the one described in the body of the proof of Proposition 4. We
include it here for the sake of the completeness. Since x is an Lj-unifiable {1}-formula,
there exists a {1}-substitution ¢ such that o(x) € Ly. Thus, o(x) € L; ® La. Hence, x is
unifiable in L; ® Lo. Since Ly ® L is of type w, there exists a finite minimal complete set >
of unifiers of x in Li; ® Ls. Since Ly is consistent, either Lo C Trive, or Ly C Verums.
In the former case, by Proposition 2, {o7 : ¢ € £} is an L;-complete set of L;-unifiers

1n the latter case, the proof can be similarly done.
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of x'4. Since X is finite, {o7 : o € X} is finite. Consequently, ¥ is either L-unitary, or
L -finitary. O

Notice that the converse of the statement established in Proposition 5 is not always true.
For instance, as proved in [28, Chapter 6], K4 ® K4 and S4 ® S4 are of type 0. After
Propositions 4 and 5, it is natural to ask whether both for elementary unification and for
unification with parameters, if Ly ® Ly is of type oo then for all i € {1,2}, L; is either
of type 1, or of type w, or of type co. Unfortunately, we have not been able to answer this
question, seeing that in Proposition 2, it is not clear that if the set 3 considered there is an
infinite minimal complete set of unifiers then, when either L; C Triv;, or L; € Verum;,
the corresponding set among {o} : o € ¥} and {O'[X ;, © 0 € X} is minimal complete too.

Proposition 6. Both for elementary unification and for unification with parameters, for all
i € {1,2}, if either L; = Triv;, or L; = Verum,; then the type of L1 ® Ly and the type of
L; are equal.

Proof. Suppose 7 = 1.

Suppose either L; = Trivy, or L; = Verum;. In the former case, for the sake of the
contradiction, suppose that the type of L; ® Lo and the type of Lo are not equal’>. We
consider the following cases.

Case L is of type 0: Hence, there exists an Lo-unifiable {2}-formula x of type 0. Thus,
there exists an Lo-unifier v of x. Hence, v is a unifier of x in L; ® Ls. Since L; ® Lo
is not of type 0, there exists a minimal complete set 3 of unifiers of y in L; ® Ls. Since
L; = Triv,, then by Proposition 2, {02T : o € X} is an Lo-complete set of Ly-unifiers
of x. Since y is of type 0, {04 : o € ¥} is not a minimal Lo- complete set of Lo-unifiers

of x. Consequently, there exists o, 7 € ¥ such that o jf;r(X) 74 and 0 # 1. Thus,
o # 7. Since 0 <Var( X) 74, it follows that there exists a {2}-substitution \ such that

for all variables y € var( ), AMo¥(y)) <+ 74 (y) € La. Consequently, for all variables
y € var(x), AM(tri(o(y))) « trg( (y)) € La. Thus, by Lemma 6, for all variables
y € var(x), tri () ( (v))) < trl(7(y)) € La. Hence, for all variables y € var(y),
trl (A(o(y))) < tri(r(y)) € L1 ® Ly. Since Ly = Trivy, then by Lemma 7, for all
variables y € var(x), A(o(y)) <> 7(y) € L1 ® La. Consequently, o o A :}:alréL)Q 7. Thus,

o %{ig{) 7. Since ¥ is a minimal complete set of unifiers of y in Ly ® Lo, 0 = 7: a

contradiction.

'“In the latter case, the proof can be similarly done.
15Tn the latter case, the proof can be similarly done.
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Case L, is of type co: Hence, by Propositions 4 and 5, neither L; @ Ly is of type 1,
nor Ly ® Lo is of type w. Since L; ® L is not of type oo, Ly ® Lo is of type 0. Thus,
there exists a unifiable {1, 2}-formula x of type 0 in L; ® L. Hence, there exists a uni-
fier v of x in L1 ® Ly. Consequently, v(x) € Ly ® Ly. Since Ly = Trivy, then by
Lemma 7, trd (v(x)) € Li ® La. Thus, by Lemma 5, vd (trd(x)) € L; ® L. Since
L; ® Ly is a conservative extension of Ly, it follows that v (trd (x)) € L. Consequently,
vd'is an Lo-unifier of trd (x). Since Lo is of type oo, there exists a minimal Ly-complete
set X of Lo-unifiers of trg(x). Since L; = Trivy, then by Proposition 3, X is a minimal
complete set of unifiers of y in Ly ® L. Thus, x is not of type 0 in L; ® Lo: a contradiction.

Case Ls is of type w: Thus, by Proposition 4, L; ® Lo is not of type 1. Since L; ® Ls is
not of type w, either L; ® Ly is of type 0, or L; ® Ly is of type co. Consequently, there
exists a unifiable {1, 2}-formula y either of type 0, or of type co in L; ® Ls. Hence, there
exists a unifier v of x in L; ® Lo. Consequently, v(x) € Ly ® Lo. Since L; = Trivy,
then by Lemma 7, tr3 (v(x)) € L1 ® Lo. Thus, by Lemma 5, vd (trd (x)) € L; ® L.
Since L1 ® Ly is a conservative extension of Ly, we obtain v3 (trd (x)) € Lo. Hence, v
is an Lo-unifier of trl (). Since Ly is of type w, there exists a finite minimal Lo-complete
set 2 of Lo-unifiers of trg(x). Since L; = Trivy, then by Proposition 3, ¥ is a minimal
complete set of unifiers of x in L; ® Lg. Consequently, neither x is of type 0 in L; ® Lo,

nor Y is of type oo in L; ® Lo: a contradiction.

Case Ly is of type 1: Since L; ® Ly is not of type 1, there exists a unifiable {1,2}-
formula x either of type 0, or of type oo, or of type w in Ly ® Ly. Thus, there exists a
unifier v of y in L; ® Lo. Hence, v(x) € L1 ® Lo. Since L; = Trivy, then by Lemma 7,
trd (v(x)) € L1 ®La. Consequently, by Lemma 5, v (trl(x)) € L1 ® La. Since L1 ® Ly
is a conservative extension of Lo, v3 (trd (x)) € L. Thus, v3 is an Ly-unifier of trJ (x).
Since Lo is of type 1, there exists a finite minimal Lo-complete set 3 of Lo-unifiers of
trl (x) with cardinality 1. Since L; = Trivy, then by Proposition 3, ¥ is a minimal com-
plete set of unifiers of y in L; ® Lo. Hence, neither x is of type 0 in L; ® Lo, nor x is of
type oo in Ly ® Lo, nor  is of type w in L; ® Ls: a contradiction. O

In the above proof, the reader is invited to appreciate the uses of Proposition 3.

6 Specific results about the unification type of fusions
Let L; be a consistent {1}-logic and Lo be a consistent {2}-logic. In Propositions 7 and 8,

for all m > 0, 0,,, and 7,,, are the {1, 2}-substitutions defined in Section 3 and ¢ and v are
the {1, 2}-formulas defined in Section 4.
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Proposition 7. If L, and Ls are non-trivial extensions of Sb then for all unifiers v of p AV
in L1 ® Loy, there exists m > 0 such that either o, =Li®L, U OF Tm =L, oL, U-

Proof. Suppose L; and Ly are non-trivial extensions of S5. Let v be a unifier of ¢ A ¥
in L; ® Ly. Hence, v is a unifier of ¢ in L; ® Lo and v is a unifier of ¢ in L; ® Lo.
Let m > 0 be such that deg(v(xz)) < 6m. Suppose o, ﬁgng v and T, ﬁﬁgh v.
Since v is a unifier of ¢ in L; ® Ly and v is a unifier of ¢ in L; ® Lsg, then by Lemma 29,
v(z) > H"L ¢ L1 ®Lyand ~v(zr) - B™ L ¢ L; ® La. Since L; and Ly are non-trivial
extensions of S5, either there exists kk > 2 such that L; = S5¥K, or L; = S5; and either
there exists 11 > 2 such that Ly = S5121, or Lo = S5,. Consequently, we have to consider
the following cases:

1. there exists kk > 2 such that L; = S51fk and there exists 11 > 2 such that Lo = S54,
2. there exists kk > 2 such that Ly = S51fk and Lo = S5,
3. L; = S5; and there exists 11 > 2 such that Ly = S5,

4. L1 = S51 and L2 = S52.

The proof in Case (1) can be done as follows'S.

Remind that

o S5XK is a Kripke complete {1}-logic characterized by the class of all Kripke frames
(W, Ry) where R; is an equivalence relation on W for which each equivalence class
is a finite set of exactly kk possible worlds,

° 855l is a Kripke complete {2}-logic characterized by the class of all Kripke frames
(W, Ry) where R is an equivalence relation on W for which each equivalence class
is a finite set of exactly 11 possible worlds,

e S5k is characterized by the class of all Kripke frames (W, R1) where R; is an equi-
valence relation on W for which each equivalence class is a finite set of at most kk
possible worlds,

e S5Y is also characterized by the class of all Kripke frames (W, Ry) where Ry is an
equivalence relation on W for which each equivalence class is a finite set of at most
11 possible worlds.

Since these classes of Kripke frames are closed under the formation of disjoint unions and
isomorphic copies, then by [15, Theorem 4.1],

'®The proof of Cases (2)—(4) can be similarly done.
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e L; ® Ly is a Kripke complete {1, 2}-logic characterized both by the class C~ of all
Kripke frames (W, Ry, R2) where R; is an equivalence relation on W for which each
equivalence class is a finite set of exactly kk possible worlds and R; is an equivalence
relation on W for which each equivalence class is a finite set of exactly 11 possible
worlds,

e L; ® Ly is a Kripke complete {1,2}-logic characterized both by the class C= of all
Kripke frames (W, R, R2) where R; is an equivalence relation on W for which each
equivalence class is a finite set of at most kk possible worlds and R» is an equivalence
relation on W for which each equivalence class is a finite set of at most 11 possible
worlds.

Since v(z) - H™ L ¢ L1 ® Ly and —v(z) - H™L ¢ L; ® Lo,

e there exists a Kripke frame F = (W, Ry, R2) in C=, there exists a model M =
(W, Ry, Ry, V) based on F and there exists to € W such that M, ¢y = v(z) A—H™
J—7

e there exists a Kripke frame ' = (W', R}, RS) in C=, there exists a model M’ =
(W', R}, Ry, V') based on F and there exists t(, € W’ such that M’, t{, = —v(z) A
8™ L.

Now, let us transform M and M’ into kinds of tree-like models without affecting satis-
fiability. An adaptation of the transformation called unravelling [7, Definition 4.51] will
enable us to do this. We describe the transformation of M as follows!”. A to-tip in M is
a tuple of the form (ug, a1, u1, ..., ax,ux) where ug = to, k > 0, a1,...,ar € {1,2} and
uy,...,ur € W are such that

e foralli € {1, ceey k?}, UiflRaiui,
o foralli € {1,... .k}, uji—1 # w;,
o foralli € {2,... ,k}, ai_1 # a;.

Let W be the set of all to-tips in M. Notice that (to) € W”. For all i € {1,2}, let R} be
the equivalence relation on W such that for all (ug, a1, u1, ..., ag, ug), (vo, b1, v1,. .., by,
v) € W, (ug,a1,u1, . .., ak, ug) R (vo, b1, v1, ..., by, v;) iff one of the following condi-
tions holds:

o (ug,ay,uy,...,ax,ux) = (vo,b1,v1,...,b1,01),

o k>1,(up,a1,uiy...,ap_1,ux—1) = (vo,b1,v1,...,b;,v;) and ag, = 1,

"The description of the transformation of M’ can be similarly done.
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o | >1, (up,a1,u1,...,ak ug) = (vo,b1,v1,...,b0—1,v—1) and b; = 1,

o k>1,1>1,(up,a1,u1,...,ax1,ux—1) = (vo,b1,v1,...,b1—1,v1-1), ax = i, and
by = 1.
Notice that for all (ug, a1, uq,...,ax, ux) € W”, the equivalence class of (ug, ai,uq, ...,

ak, ur) modulo RY contains exactly kk elements and the equivalence class of (ug, a1, u1,
..., ak,ur) modulo Ry contains exactly 1l elements. Moreover, the intersection of these
equivalence classes is the singleton {(ug, a1, u1,...,ax,ug)}. Let V" be the valuation on
W" such that for all atoms o, V"' (a) = {(up,a1,u1,...,ax,up) € W": u, € V(a)}.
Let the unravelling of M around tq be the structure

° M// — (W//, /1/’ /2/’ V//).
Similarly, let the unravelling of M’ around t;, be the structure
° M/// — (W///7 /1//’ /2//7 V///)‘

Let f” be the function defined from W to W and associating to each to-tip (ug, a1, uq, - . .,
ak, ug) in W the possible world u in W. Similarly, let /" be the function defined from
W" to W' and associating to each t(-tip (ug, a’, u}, . .., aj, u)) in W the possible world
u), in W’'. Obviously, f” is a bounded morphism from M" to M such that f”((t9)) = to'S.
Similarly, obviously, /" is a bounded morphism from M"” to M’ such that f"'((t{,)) = t{.
Since M, ty = v(xz) A = B™ L, then by [7, Proposition 2.14], M” | (ty) = v(x) and
M (tg) = B™L. Similarly, since M’ t;, = —v(z) A = B™ L, then by [7, Proposi-
tion 2.14], M" (t) = v(z) and M" (t;) = B™L. Since M”,(ty) ¥~ BH™L, there
exists t1,1,t1,2,t1,3, 61,4, 81,5, €165+ - - 5 T, 15 B2y Em 35 tm 4y tn 55 timyg € W such that

o toR1t11Rot1 o Rty 3Rot1 s Rt 5Rot1 6. .. Rty 1 Rotin o Rit, 3Rty 4Rt 5 R
tm,67

137To see this, notice that

e by the definition of the valuation V" on W', for all to-tips (uo,a1,u1,...,ak,ug) in W",
(uo, a1, u1,...,ak,ur) and uy satisfy the same atoms,

e forall ¢ € {1,2}, by the definition of the equivalence relation R; on W, knowing that R; is an
equivalence relation on W, for all to-tips (uo, a1, u1,...,ak, ur), (vo,b1,v1,...,b,v) in W”, if
('LL(), a1, Uty ..., ak,uk)Ré'(vo, b1, Vi, bl, ’Ul) then ukRivl,

e for all i € {1,2}, by the definition of the equivalence relation R; on W', knowing
that R; is an equivalence relaton on W, for all to-tips (uo,ai,us,...,ak,ux) in W’ and
for all v in W, if uxR;v then there exists a to-tip (vo,b1,v1,...,b;,v;) in W' such that
(uo,at,u1,- .., ak, uk) R (vo,b1,v1, ..., b, v) and v, = v.
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o M, tg|=pt /\qo/\rl,M,tl,l }:po/\qo/\ro,/\/l,tl,g Izpo/\qo/\Tl,M,tLg =
pO/\ql/\ro,M,tlA ):po/\ql/\rl,/\/l,tm |:p1/\q0/\7“0,/\/l,t1,6 E=plAgUArt,
s Mt E p° A q® A Y, Mt = p° A g® At M tms = P° A gt A O,
M, tma EpYAqt /\rl,./\/l,tm,5 =ptAq° /\’I“O,M,tm’ﬁ EptAgd Art.

This implies that W contains the ¢o-tip tt = (to, 1,¢1.1,2,t12, 1, t13,2,t14,1,¢15,2, 1,6,
v Lt 1,2, tm2, Lt 3,2, tima, Lot 5, 2, tim ). Similarly, since M”, (t) = B™L,
there exists ] 1,1t} 5,11 3,11 4,11 5,165+ -+t 15 Ern.2s b3 b s T 5 trn6 € W such that

[ ] tbRgt,l’lR1tll’2Rgt/173R1t/174R2t,175R1t,1’6 e th;n,lth;n,Qthgn,fiRlt;nARQt;nﬁRl
tm.6s

o Mty =pt A" ATt Mt AP AT M P A AT M =
PONG AT, M pO/\qé/\rl, Mt 5 EPPAEP AT M 6 = pt AP A
oMt E D AP AT, Mt E P A A M s O A gt A,
Mt E AP AP M L s =P AP A, Mt Pt A AT

Similarly, this implies that " contains the t-tip tt' = (¢4, 2, ] 1, 1,] 5,2, 1] 3,1, 1] 4,2,
s Lty 20, 1, Lt 0, 2,8, 3, 1,80 4, 2,80 5, 1,8, ). Let MY = (WY, RY, R,
V") be the model obtained from the disjoint union of M” and M"’ by deleting all possible
worlds in R} (tt) but tt and by deleting all possible worlds in R5'(tt’) but tt’. Notice
that consequently, Ry (tt) = {tt} and Ry (tt') = {tt'}. Obviously, the Kripke frame
(WY, RY, RY) is in C=. Moreover, notice that in this frame, the length of the shortest path
from (tp) to tt is equal to 6/ and the length of the shortest path from () to tt’ is equal to
6m. Since deg(v(z)) < 6m, M", (to) E v(x) and M", (1) £ v(z), MY, (to) E v(z)
and MY, (t,) £ v(z). Let M¥ = (WY RY, RY, V¥) be the least model model obtained
from MY = (WY, RY, Ry, V") by adding new states u1, uz, ug, u4 and uz such that

(x) ttRYu; RS ugs RYus RS uq RY us RS tt/,
(%) RY and RY are reflexive and symmetric'®,

(kxk) MPup = p° Ag® A7l MY us = pP A O Art, MY us = p? A gt ATY,
MY ug =0 A gt Artand MY us = pt A g0 A0,

Notice that consequently, R} (tt) = {tt,u1} and RS (tt') = {tt’,us}. Obviously, the
Kripke frame (WY, RY, RY) is in C=. Moreover, notice that in this frame, the length of
the shortest path from (tp) to tt is still equal to 6m and the length of the shortest path
from (#() to tt’ is still equal to 6m. Since deg(v(z)) < 6m, M", (ty) E v(z) and
MY (t)) F~ v(z), we obtain MY, (to) = v(z) and MY, (¢})) ¥ v(zx). Since v is a unifier

The transitivity of R} and RY is a consequence of the definition of MY,
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of ¢ and v is a unifier of ¢, v(z) — Bv(z) € L1 ® Ly and ~v(z) — B-o(z) € L1 ® Lo.
Since the Kripke frame (WY, RY, RY) is in C=, MY, (t9) |= v(z) and MY, () [~ v(),
it follows that MY tt = v(z) and MY, tt’ }= v(x). Since v(z) — BHu(x) € Ly ® Lo,
—v(z) — B-o(x) € L1 ® Ly and the Kripke frame (WY, RY, RY) is in C<, then by (x),
(%) and (* * %), MY, tt = v(z) and M"Y, tt' |= v(z): a contradiction.

This ends the proof of Proposition 7. O

Proposition 8. If Ly and Lo are non-trivial extensions of S5 then ¢ N v is of type 0 in
L; ® Lo.

Proof. Suppose L; and Lo are non-trivial extensions of S5. Suppose ¢ A % is not of type
0 in L; ® Lo. Consequently, there exists a minimal complete set 3 of unifiers of ¢ A ¢
in L1 ® Ls. By Lemma 28, o¢ is a unifier of ¢ A ¢ in L1 ® Lo. Since ¥ is a minimal
complete set of unifiers of ¢ A in L ® Lo, let v € X be such that v jgng 0¢. Thus, by

Proposition 7, let & > 0 be such that either o7, jggLQ v, Or T}, jg]éLz v. In the former

case, by Lemma 28, 041 is a unifier of ¢ A1) in L; ® Ly. Since ¥ is a minimal complete set

of unifiers of A1) in Ly ®Lo, let v’ € ¥ be such that v’ jg}éh Ok+1- Since oy, fﬁ@m v,

then by Lemma 24, v/ jg}éLQ v. Since X is a minimal complete set of unifiers of ¢ A 9

. . x x x
in L; ® La, v/ = v. Since oy, j]{;l}é[Q v and v/ <£1](;§L2 Oki1, O jélgh Okt1: a

contradiction with Lemmas 3 and 25. In the latter case, since v jgng 00, Tk jg}ém 0o:

a contradiction with Lemmas 3 and 26.

Proposition 9. If L and Ls are non-trivial extensions of S5 then Ly ® Lo is of type 0 for
unification with parameters.

Proof. By Proposition 8. O

7 Conclusion

After Propositions 4 and 5, it is natural to ask whether if L; ® Ls is of type oo then for all
i € {1,2}, L; is either of type 1, or of type w, or of type co. Unfortunately, we have not
been able to answer this question, seeing that in Proposition 2, it is not clear that if the set
3} considered there is an infinite minimal complete set of unifiers then, when L; C Triv;,
or L; C Verum;, the corresponding set among {0} : o € ¥} and {aq‘f ;1 0 € X}is

minimal complete too%’.

2By the way, no modal logic (either unimodal, or multimodal) is known to be infinitary and it is also an
open problem to determine if such modal logic exists.
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Following the same line of reasoning as the one used in Section 6, other fusions such as
K4 ® K4 and S4 ® S4 can also be proved to be nullary. See [28, Chapter 6]. The results
obtained there as well as the results obtained in Section 6 lead us to the conjecture that
every non-trivial fusion is of type 0, that is to say: if L; ® Ly is not of type 0 then either
L; = Trivy, or Ly = Verumy, or Ly = Trivy, or Ly = Verums,. These results also
lead us to the conjecture that if either L; is of type 0, or Ly is of type 0 then L; ® Lg is
of type 0?!. By Propositions 4 and 5, this conjecture is equivalent to the one saying that if
L; ®Ls is of type oo then for all i € {1,2}, L; is either of type 1, or of type w, or of type co.

Finally, Proposition 9 only constitutes a partial answer to Dzik’s conjecture that the fu-
sion S5 ® S5 of S5 with itself is either nullary, or infinitary [11, Chapter 6], seeing that it is
still unknown when Lj and L are non-trivial extensions of S5 whether L; ® Lo is of type
0 for elementary unification. In the case of elementary unification, what will play the role
of the parameters p, ¢ and r used in the formulas ¢ and ¥? What will play the role of the
formulas ¢ and 9? Is S5 ® S5 itself of type 0 for elementary unification?
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Appendix

This Appendix includes the proofs of some of our results. Most of these proofs are rela-
tively simple and we have included them here just for the sake of the completeness.

Proof of Lemma 1: The proof is done by induction on ¢.
Proof of Lemma 2: The proof is done by induction on .
Proof of Lemma 3: Suppose L; and Ly are non-trivial extensions of S5.

Firstly, we prove that L; ® Ly is tensed. Since S5; contains all {1}-formulas of the form
¢ — 07019 and S5 contains all {2}-formulas of the form ¢ — OOop, Ly contains
all {1}-formulas of the form ¢ — 0;<;¢ and Ly contains all {2}-formulas of the form
@ — 09099, Hence, L ® Lo contains all {1, 2}-formulas of the form ¢ — 0;<1¢ and
(p — 09O, Thus, Ly ® Lo is tensed.

Secondly, we prove that Ly ® Lo is smooth. More precisely, we prove that for all k£,1 > 0,
if & > [ then B*1L — B'L ¢ L; ® Ly?2. Let k,I > 0. Suppose k > . Let M =
(W, Ry, R2, V) be a model such that

e W={i>0:0<i<6l},

foralli,j € W,iRyjiff | j — ¢ |< 1 and either ¢ = j, or max{4, j} is odd,

foralli,j € W, iRyjiff | j — ¢ |< 1 and either ¢ = j, or max{i, j} is even,

V(p)={i>0: 0<i<6landeitheri mod 6 =0,0ri mod 6 =5},

V(g)={i>0: 0<i<6landeitheri mod 6 =3,0ri mod 6 =4},

Vir)=4{i >0: 0 < i < 6l and either i mod 6 = 0, or i mod 6 = 2, or i
mod 6 = 4}.

Obviously, M, 0 = B* L and M, 0 |= —@’ L. Consequently, the Kripke frame (W, Ry, R2)
does not validate B* | — H’L. In other respects, each equivalence class modulo R; con-
tains exactly two possible worlds and each equivalence class modulo Ry contains exactly
two possible worlds. Hence, the Kripke frame (W, Ry, Ry) validates S57 ® S53. Since the
Kripke frame (W, Ry, R2) does not validate B | — @' 1, B*1 — @'l ¢ S5? ® S52.
Since L; and Lo are non-trivial extensions of S5, Ly ® Ly C S5? ® S52. Since AF 1 —

2The proof that for all k,1 > 0, if k > [ then B* L — B'L ¢ L; ® Ly can be similarly done.
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AL ¢ S52 ®853, B¢ — Bl ¢ L; ® L.

Proof of Lemma 4: The proof is done by induction on ¢.

Proof of Lemma 5: The proof is done by induction on .

Proof of Lemma 6: The proof is done by induction on .

Proof of Lemma 7: The proof is done by induction on .

Proof of Lemma 8: The proof of Item (1) can be done as follows?3.

Suppose i = 1.

Suppose ¢ € L; ®Ly and Ly C Trive. Hence, L; @ Ly C L; @ Trivy. Since ¢ € L @ Lo,
¢ € L; ® Trivy. Thus, by Lemma 7, tr? (¢) € L; ® Trivs. Since L; ® Triv, is a con-
servative extension of Ly, tr! () € L.

Proof of Lemma 9: The proofs of Items (1)—(4) are left to the reader. The proofs of

Items (5) and (6) are done by using the well-known fact that if L; ® Lo is tensed then

: ——019 —p—0s1)
L; ® Ly is closed under the rules 5 SOe and =T

Proof of Lemma 10: The proof is done by induction on k.
Proof of Lemma 11: The proof is done by induction on k.

Proof of Lemma 12: Suppose L; ® L» is smooth. Hence, mhtl] @k ¢ Li ® Ly and
B+ - B8F L ¢ L; @ Ly. Thus, B* 1 ¢ Ly @ Lo and 8% | ¢ L; ® Lo.

Proof of Lemma 13: The proof is done by induction on k. Suppose for all £’ > 0, if
k' < k then if L1 ® Ly is tensed and smooth then forall { > 0, 8% 1 v B'1 ¢ Ly ® L.

Case £k = 0: Suppose L; ® Ly is tensed and smooth. Let [ > 0. Since L; ® Lo is
smooth, then by Lemma 12, 5/ 1 ¢ L; ® Ly. Hence, B* 1 v E'1l ¢ L; ® Lo.

Case k£ > 1: Suppose L; ® Ly is tensed and smooth. Let [ > 0. Since L; ® L is
tensed and smooth, then by induction hypothesis, (*~' L v B+ 1) ¢ L; ® La. Thus,

“The proof of Item (2) can be similarly done.
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(-@81 1L - 88 1) ¢ L; ® Ly. Since L; ® Ly is tensed, then by Lemma 9,
(-B8' L - B@E! 1) ¢ L; ® Ly. Consequently, (¥ L vE'1) ¢ L ® L.

Proof of Lemma 14: The proof is done by induction on k. Suppose for all £’ > 0, if
k' < kthen B<F 2z ABF L — op(2) € Li®Ly and B<F —2ABF | — —7(2) € L1 ®Lo.

Case & = 0: This case is left to the reader.

Case k > 1: By induction hypothesis, B<*~1z A B 11 — 03 1(x) € L; ® Lo and
B<klogzAaBF1L - —7_1(2) € Ly ® Ly. Hence, BA<F1 oz a@B@E- L —
Bor_1(xr) € L1 @ Ly and BE<F! =2 ABBF! | — B-7,_1(z) € L1 ® Lo. Thus,
e ABE<F I ABEF L — 2ABog_1(z) € Li®Ly and ~2ABE<F1-zABEF 1L —
-z A B-7,_1(z) € Ly ® La. Consequently, by Lemma 11, B<Fz A BF L — o4(2) €
L, ® Ls and B<kaxnBFl — -7 (x) € L1 ® Lo.

Proof of Lemma 15: The proof is left to the reader.

Proof of Lemma 16: The proof is done by induction on k. Suppose for all £’ > 0, if
k' < k then O'k/(:L‘) — EE‘O‘k/(l‘) € L; ® Ly and —|Tk/($) — E’ﬁTk/(x) € L; ® Lo.

Case & = 0: This case is left to the reader.

Case k > 1: By induction hypothesis, oy _1(x) — Hoy_1(x) € L1 ® Ly and —75_1(z) —
B-7t_1(x) € L; ® Ly. Hence, by Lemma 15, oy_1(x) — x A HBog_1(z) € L1 ® Lo
and -7_1(x) = - AB-7,_1(x) € L; ® L. Thus, o_1(x) — ox(x) € L; ® Ly and
—Tg—1(x) = —7(z) € L; ® Ly. Consequently, BHoy_1(x) — Hog(x) € L1 ® Lo and
BH-1i_1(x) = B-7i(2) € Ly ® Ly. Since o (z) — Bog_1(x) € L1 @ Lo and —7(z) —
B-7k_1(x) € L1 ® Lo, ok (x) — Bog(z) € Ly ® Ly and -7 (z) — B-7(z) € Ly @ L.

Proof of Lemma 17: The proof is done by induction on k. Suppose for all ¥’ > 0, if ¥’ < k
then for all [ > 0, if ¥’ < I then oy () — B' L € Ly ® Lg and -7 (7) — B! L € Ly ® Lo.

Letl > 0. Suppose k < [.
Case k£ = 0: This case is left to the reader.
Case k > 1: Since k < I, k— 1 < [ — 1 and by induction hypothesis, o, _1(z) — B~ L €

L; ® Ly and =71 (z) — B-11 € L; ® L. Hence, Hok_1(z) — H -1 1 eL; ®Ls
and B-7,_ () - BB L € L; ® Ly. Thus, z A Boy_(z) —» BE"! L € Ly ® Ly
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and —~z A B-7,_1 () - BB~ L € L; ® Ly. Consequently, oy, (z) — B' L € L1 ® Ly
and —|Tk(x) -8l e L; ® Lo.

Proof of Lemma 18: The proof is done by induction on k. Suppose for all £’ > 0, if
k' < k then for all [ > 0, if k¥ < [ then B* 1 A oi(z) + op(x) € L; ® Ly and
B L A =7y(z) <~ (x) € Ly @ L. Let I > 0. Suppose k < [.

Case k& = 0: This case is left to the reader.

Case k > 1: Since ¥ < [, Kk —1 < [ — 1 and by induction hypothesis, Bl A
0171(1‘) > O’k,1<l‘) € L1 ® Ly and Bk-11 A —|Tl,1(.%') <~ —|Tk,1(x) € L1 ® L. Hence,
BEF! LAzABo 1 (2) < 2 ABog_1(2) € Li®@Ly and BEF ! L A2 AB-7_1 (z) <
—xAB-7,_1(x) € L1 ® L. Thus, B* L Aoy(z) <+ op(r) € Li®Lo and B* L A—7y(z) <
-7 (x) € L1 ® Lo.

Proof of Lemma 19: The proof is done by induction on k. Suppose for all & > 0,
if ¥ < k then for all I > 0, if ¥ < [ then \j(op/(z)) + ow(x) € L; ® Ly and
pi (e () <> T (x) € Ly ® Lg. Letl > 0. Suppose k < [.

Case & = 0: This case is left to the reader.

Case k > 1: Since k < I, k — 1 < [ and by induction hypothesis, \;(ox_1(z)) <
op—1(xz) € L; ® Ly and py(mp_1(z)) < 7p_1(x) € L; ® Lo. Hence, z A B/ L A
B\ (op—1(z)) < B' L A2z ABop_1(z) € Ly ® Lo and =z A B' L A B-py(1p—1(2)) <
B L A=z AB-7,_1(2) € Ly @ La. Thus, \j(x ABog_1 (7)) < B L Aop(z) € Ly ® Lo
and py(—x A B-7p_1(2)) < B'L A -7(2) € Ly ® Ly. Since k& < I, by Lemma 17,
/\l(O'k(CIZ)) > O'k(:li) € Li ® Ly and ,ul(Tk(a:)) > Tk(l’) € L; ® Ls.

Proof of Lemma 20: The proof is done by induction on k. Suppose for all ¥’ > 0,
if ¥ < k then for all [ > 0, if & > [ then \(op(z)) < oy(x) € L; ® Ly and
pi (e () <> 1(x) € Ly @ Lg. Let! > 0. Suppose k > 1.

Case k = [: This case is left to the reader.

Case k > | + 1: Hence, k — 1 > [ and by induction hypothesis, \;(cx_1(x)) <> oy(x) €
L; ® Ly and py(73,_1(2)) < 7(z) € Ly ® La. Thus, z A B L A BN (041 (2)) ¢ BLLA
wAHo(z) € L1 ®Lg and ~z AB' LAB-py (1p—1(2)) + Bl LA-2AB-7(z) € L; ®Lo.
Consequently, \;(x ABoy_1(z)) <> B' L Aoy, 1 (2) € Li®@Lg and py (-2 AB-71_1 (7)) <
5L A —741(x) € L; ® Ly. Hence, by Lemma 18, \(04(z)) < oy(z) € Ly ® Ly and
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m(Tk(x)) > Tl(x) € L ® Ls.

Proof of Lemma 21: Suppose L; ® Ly is smooth. Let ! > 0. Suppose & > [. Let v
and 6 be the {1, 2}-substitutions defined as follows:

o v(x)=T,
e for all variables y distinct from z, v(y) = ¥,
o (z) =1,
e for all variables y distinct from z, 0(y) = y.

By Lemma 14, B<F2ABF | — o4 (2) € Li®@Lg and B<F—2ABF L — -7 (2) € Li®Lo.
Hence, B<Fv(z) ABF L — v(op(x)) € Ly ® Lg and B<¥-0(z) AB*¥ L — —0(7(2)) €
L; ® Lo. Since v(x) = T and #(x) = L, then by Lemma 10, B* L — v(o(z)) € Li ® Ly
and 8% | — —0(7(z)) € L; ® Ly. Since L; ® Ly is smooth and k > [, B¥ | — @' L ¢
L1 ®Lyand B* L — 81 ¢ L; ® Ly. Since B 1 — v(oy(x)) € Ly ® Ly and BF 1L —
—0(1(7)) € L1 ® Lo, v(og(z)) — B' L ¢ Ly ® Ly and —0(7y,(x)) — B' L ¢ Ly ® L.
Thus, o (z) — B'L ¢ Ly ® Ly and =7 (2) — B'L ¢ Ly ® Ly.

Proof of Lemma 22: Suppose L; ® Ly is smooth. Let [ > 0. Let v and 6 be the {1, 2}-
substitutions defined as follows:

e v(x)=T,
e for all variables y distinct from z, v(y) = v,
e O(x) =1,
e for all variables y distinct from z, 0(y) = y.

Since L; ® Lo is smooth, then by Lemma 12, Mk | ¢ L1 ® Ly and =LE ¢ L1 ® L. Since
v(z) = Tand O(x) = L, B* LV -w(z) € Ly ® Lyand B L v 0(x) ¢ L; ® L. Hence,
BFLV-2¢Li®Lyand B¥ L Vo ¢ Ly ® Lo. By Lemma 15, -73,(2) — -2 € L; ® Ly
and oy(z) — = € Ly ® Lo. Since "1 Vv -2 ¢ Ly ®@Lyand B¥1L Va2 ¢ L; ® Ly,
mk v —\Tk(m') ¢ L1 ® Ly and =LAV Jl(x) ¢ L1 ® Lo.

Proof of Lemma 23: By Lemma 20.

Proof of Lemma 24: By Lemma 23.
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Proof of Lemma 25: Suppose L; ® Lo is smooth. Let [ > 0. Suppose & < [. Suppose
either oy, jg}(@h oy, Or T jggh 7;. In the former case, let A be a {1,2}-substitution
such that o, o A ~1*} ;. Hence, A(o4(z)) < oy(x) € Ly ® Lo. Since L; ® Ly is
smooth and k£ < [, then by Lemma 21, oy(z) — B*l ¢ L; ® Ly. By Lemma 17,
or(xz) — BF L € Ly ® L. Thus, A(ox(z)) — B* L € L; ® Lo. Since oy(z) — B¥ L ¢
L; ® La, A(ok(z)) ¢ oi(x) € L1 ® La: a contradiction. In the latter case, let 1 be a
{1, 2}-substitution such that 7, o p ~{*} 7. Consequently, p(74(z)) <+ 7(x) € L ® L.
Since L; ® Ly is smooth and k& < [, by Lemma 21, -7;(z) — B¢l ¢ Li ® Ly. By
Lemma 17, =7 (z) — B¥L € L; ® Lo. Hence, ~u(7(2)) — B* L € Ly ® Ly. Since
—7(x) — BF L ¢ Ly ® Lo, u(1p(x)) ¢ 7(x) € L1 ® Lo: a contradiction.

Proof of Lemma 26: Suppose Li; ® Ly is smooth. Let [ > 0. Suppose either oy, ngLQ T,

or T, ngLz ;. In the former case, let A be a {1, 2}-substitution such that oy, o A ~{z} 7.
Hence, A\(oy(z)) <+ 7(z) € L1 ® Lo. By Lemma 17, o (z) — B*L € L; ® Lo. Since
L;®Ls is smooth, then by Lemma 22, B 1 V—7y(2) ¢ L1®La. Since A(og(z)) <> 7(x) €
L ® Ly, then \(o(z)) — B* L & L; ® Ly. Thus, oy () — B* L ¢ L; ® Ly: a contradic-
tion. In the latter case, let 1 be a {1, 2}-substitution such that 75 o ©t ~{7} 5,. Consequently,
(1 () < oy(x) € Li®Ly. By Lemma 17, -7, (z) — B L € L; ®Ly. Since L1 ® Ly is
smooth, then by Lemma 22, 5 | V 0y(z) € L; ® La. Since uu(71,(x)) ¢ 01(7) € L1 ® Lo,
(1 (z)) = BF L ¢ Ly ® Ly. Hence, —73,(2z) — B* L ¢ L1 ® Ly: a contradiction.

Proof of Lemma 27: The proof is done by induction on k. Suppose for all ¥’ > 0, if
k' < k then for all L; ® Lo-unifiers o of ¢, o(z) — B<¥o(z) € L; ® Ly and for all
L; ® Ly-unifiers 7 of ¢, ~7(z) — B<¥ =7 (z) € L ® Ly.

Case & = 0: This case is left to the reader.

Case k > 1: Let o be an L; ® Ly-unifier of ¢ and 7 be an Ly ® Lis-unifier of 1. By induction
hypothesis, o(z) — B<*1g(x) € L1 ® Ly and -7 (x) — B<F¥~!=7(2) € L; ® Lo. Since
o is an L ® Lo-unifier of ¢ and 7 is an Ly ® Lo-unifier of ¢, o () — B lo(z) € Li® Lo
and -7(z) — B 1=r(z) € Ly ® La. Since () — B<*"lo(z) € L; ® Ly and
-7(z) — Bk lar(z) € Ly ® Lo, o(x) — B lo(z) ABlo(z) € Ly ® Ly and
—7(x) — B<F 1o (2) ABF1o7(2) € Ly ® La. Hence, o(z) — B<Fo(z) € L1 @ Ly
and -7 (z) — B<F=7(z) € L1 ® Lo.

Proof of Lemma 28: By Lemma 16.

Proof of Lemma 29: Suppose v is an L; ® Lo-unifier of ¢. Let £ > 0.
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(a) = (b): Suppose oy o v :Egh v. Hence, oy, jgﬁm& v.

(b) = (¢): Suppose oy, jg}ém v. Let v/ be a {1, 2}-substitution such that o, o v/ :ggh
v. Thus, v'(o%(z)) < v(z) € L; ® Ly. By Lemma 17, oy(z) — B*L € L; ® Lo.
Consequently, v'(0y(z)) — B¥L € L; ® La. Since v'(0x(z)) + v(z) € L; ® Lo,
U(SU) — @k € L; ®Ls.

(¢) = (a): Suppose v(z) — BFL € L; ® Ly. Since v is an L; ® Lo-unifier of ¢,
by Lemma 27, v(z) — B<Fv(z) € Ly ® Lo. Since v(z) — B* L € Ly ® Lg, v(z) —
B<Fu(z) ANBFL € Ly ® L. By Lemma 14, B<Fz AB* L — o4(2) € L1 ® Ly. Hence,
B<Fu(z) NBF L — v(op(x)) € Ly ® Ly. Since v(z) — B<Fu(z) ABFL € L ® Lo,
v(z) = v(ok(z)) € Ly ® Lo. By Lemma 15, 0 (z) — « € Ly ® Lg. Thus, v(og(z)) —
v(z) € L1 ® Ly. Since v(z) — v(og(z)) € L1 ® Lo, v(ok(x)) +» v(z) € L; ® Lo.
Consequently, o3, 0 v >0 1 .

Suppose v is an Li; ® Lo-unifier of ¢. Let k£ > 0.

(d) = (e): Suppose 73, 0 v :EELQ v. Hence, 73, jg}éh .

(e) = (f): Suppose 7% jg}éh v. Let v’ be a {1, 2}-substitution such that 75 o v/ gggh
v. Thus, v/(14(x)) < v(z) € L1 ® Lo. By Lemma 17, -7(2) — BF L € L; ® Lo.
Consequently, v/ (-7 (z)) — B¥L € L; ® La. Since v/(7x(z)) « v(z) € L ® Lo,
-w(z) — Bkl e L; ® Ls.

(f) = (d): Suppose ~v(z) — B*L € L; ® Lo. Since v is an Ly ® Lo-unifier of ¢, by
Lemma 27, —v(z) — B<¥-w(z) € Li ® Ls. Since ~v(z) — BF L € L; ® Lg, ~v(x) —
B<*—w(z)ABF L € L1 ®Ly. By Lemma 14, 3<F-zAB* | — —7;(2) € L1 ®Ls. Hence,
B<k—w(z)ABF L — v(-7k(z)) € Li®Ls. Since ~v(x) — B<*—w(2)ABFL € L1 ®Lo,
—w(x) = v(-7x(z)) € L1 ® Ly. By Lemma 15, -7 (z) — -2 € L; ® Lo. Thus,
v(—7k(z)) = —w(z) € L1 ® La. Since —v(z) — v(—-1,(x)) € Li ® Lo, v(mi(z)) <
v(x) € Ly ® Lg. Consequently, 74 o v :Egh v.
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