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KAHLER SPACES WITH ZERO FIRST CHERN CLASS:
BOCHNER PRINCIPLE, FUNDAMENTAL GROUPS, AND THE
KODAIRA PROBLEM

BENOIT CLAUDON, PATRICK GRAF, HENRI GUENANCIA, AND PHILIPP NAUMANN

ABsTRACT. Let X be a compact Kahler space with klt singularities and van-
ishing first Chern class. We prove the Bochner principle for holomorphic ten-
sors on the smooth locus of X: any such tensor is parallel with respect to
the singular Ricci-flat metrics. As a consequence, after a finite quasi-étale
cover X splits off a complex torus of the maximum possible dimension. We
then proceed to decompose the tangent sheaf of X according to its holonomy
representation. In particular, we classify those X which have strongly sta-
ble tangent sheaf: up to quasi-étale covers, these are either Calabi—Yau or
irreducible holomorphic symplectic.

Several applications of these results are given, the strongest ones of which
apply in dimension four. In this case, we prove Campana’s Abelianity Con-
jecture for X. If in addition X has only algebraic singularities then a cover
of X admits small projective deformations and the Beauville-Bogomolov De-
composition Theorem holds for X.
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1. INTRODUCTION

Let X be a compact Kihler manifold such that ¢;(X) = 0 € H?(X,R). The
celebrated Beauville-Bogomolov Decomposition Theorem states that X admits an
étale cover that splits as a product of a complex torus, Calabi—Yau manifolds and
irreducible holomorphic symplectic manifolds, cf. [Bea83]. The proof relies in a
crucial way on Yau's solution of the Calabi conjecture [Yau78] that enables one to
equip X with a Kéhler, Ricci-flat metric w. From there, one can use the power-
ful tools of differential geometry (de Rham’s splitting theorem, Cheeger—Gromoll
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core theorem, Berger—Simons holonomy classification and Bieberbach theorem) to
exhibit the sought cover.

Over the last few decades, the tremendous advances of the (algebraic) Minimal
Model Program in birational geometry have highlighted the importance to under-
stand and classify varieties with mild singularities. By variety, we mean here either
a complex projective variety or a compact Kéhler space.

It is in this context that a lot of attention has been drawn in recent years towards
generalizing the Beauville-Bogomolov Decomposition Theorem to compact Kéahler
spaces X with kit singularities and trivial first Chern class. A first important step in
that direction was made by [EGZ09] who generalized Yau’s theorem and constructed
singular Kahler—Einstein metrics w on such varieties X. Unfortunately, these met-
rics viewed on X,z are geodesically incomplete, preventing most of the classical
results in differential geometry from applying. However, breakthroughs relying on
the algebraic MMP (e.g. [GKKP11, Xul4, GKP16a]) and the theory of algebraic
foliations [Drul8] allowed for a better understanding of projective varieties with klt
singularities and trivial first Chern class. Down the line, this enabled [GGK19] to
compute the holonomy of the singular Ricci-flat metrics w and shortly after, Horing
and Peternell gave a proof of the decomposition theorem in the projective setting,
based on an algebraic integrability result for vector bundles [HP19].

Unfortunately, these spectacular results leave the K&hler case of the decomposi-
tion theorem largely open, which may sound odd in light of the fact that the proof
in the smooth case relies entirely on transcendental methods! In this paper, we
prove the Kéhler version of several building blocks that underly the proof of the
decomposition theorem in the projective case.

Bochner principle and Albanese map. As a first step towards the above goal,
we prove the so-called Bochner principle.

Theorem A (Bochner principle, Theorem 3.4). Let (X,wx) be a normal compact
Kihler space with klt singularities such that c1(X) = 0 € H?(X,R) and letw € {wx}
be the singular Ricci-flat metric. Let p,q > 0 be non-negative integers. Then any
holomorphic tensor

7 € H (Xreg, 77 © OF)
is parallel with respect to w on Xieg.

Quite generally, a sacrilegious bottleneck of the theory in its current state is
that if X is klt, we have no way of comparing the fundamental group of the smooth
locus 71 (X eg) to the whole 71 (X). This is important because differential-geometric
methods only control the former group. The issue is that the algebraic results
of [GKP16a| about mazimally quasi-étale covers are not yet available for complex
spaces. See Remark 6.10 for an in-depth discussion. Note also that the problem
does not occur for locally algebraic complex spaces (Proposition 5.9) and hence
Conjecture K below yields an alternative approach to the bottleneck in the special
case ¢1(X) = 0.

In fact, a large part of the present work is devoted to finding ways to bypass
the above-mentioned lamentable limitation of the literature. This can already be
seen in Theorem A: even though its statement is a straightforward generalization
of [GGK19, Theorem A], the proof is quite different because it needs to avoid the
use of maximally quasi-étale covers. We refer to Remark 3.5 for a more thorough
comparison of the two results.

Our next theorem is about the Albanese map of K#hler spaces X as above:
albx is surjective and after a finite étale base change, it becomes globally trivial
(Theorem 4.1). This generalizes [Kaw85, Theorem 8.3] from the projective case,



KAHLER SPACES WITH ZERO FIRST CHERN CLASS 3

but the proof relies on the Bochner principle. An important consequence is the
existence of so-called torus covers.

Theorem B (Torus covers, Corollary 4.2). Let X be a normal compact Kdhler
space with kit singularities such that c1(X) = 0 € H*(X,R). Then there eist
normal compact Kdhler spaces T and Z with canonical singularities together with
a quast-étale cover v: T x Z — X such that:

o T is a complex torus of dimension q(X).
o The canonical sheaf of Z is trivial, wy = 0.
o The augmented irreqularity of Z vanishes, ¢(Z) = 0.

For the definition of the augmented irregularity g(X), see Definition 2.1. Also, we
remark that the torus cover is essentially unique by Proposition 4.4.

Direct applications of Theorem B include an alternative proof of the Abundance
Conjecture in the setting of compact Kéhler spaces with canonical singularities and
trivial first Chern class (Corollary 4.5) and a characterization of torus quotients in
terms of the augmented irregularity (Corollary 4.6). Concerning the further study
of kit Kahler spaces with trivial first Chern class, Theorem B enables us to reduce
most questions to the case of canonical singularities, trivial canonical bundle and,
most importantly, vanishing augmented irregularity.

Holonomy and the flat factor. The natural next step is to understand the holo-
nomy of the Ricci-flat metrics on X¢,. This leads to a decomposition of the tangent
sheaf of X that already reflects the conjectural Beauville-Bogomolov decomposi-
tion on an infinitesimal level. The missing last steps are the algebraic integrability
of the summands and a splitting theorem for such foliations.

Theorem C (Holonomy covers, p. 23). Let (X,wx) be as in Theorem A. Then after
replacing X by a finite quasi-étale cover, there exists a direct sum decomposition of
the tangent sheaf of X,
Ix =F D @ &y
kEK
where the reflexive sheaves & and &) satisfy the following:

o The sheaves F and & are foliations with trivial determinant.

o The sheaf ﬁ’xmg is flat. More precisely, it is given by a special unitary repre-
sentation of m1(Xyeg)-

o FEach factor gk‘Xreg

Sp(nk/2), with respect to the pullback of the singular Ricci-flat metric w. Here,
ng = rk(&;). Moreover, &, is strongly stable with respect to any Kdhler class.

is parallel and has full holonomy group either SU(ny) or

o After passing to a torus cover v: T x Z — X as in Theorem B, the tangent sheaf
of T becomes a direct summand of v*\.Z . If X is locally algebraic, then we have
equality prin Ty = yH.7.

As far as the flat factor .% is concerned, Theorem C only provides partial infor-
mation. We do however have a complete understanding of X in the case where the
other summands &} vanish. In particular, in this case we know that pri.. 7 = Az
without making any algebraicity assumptions:

Theorem D (Characterization of torus quotients, Theorem 5.2 and Proposition 6.8).
Let X be a normal complex space with kit singularities. If Tx._. is flat, then X has
only finite quotient singularities.

Moreover, if X is compact and Kdihler, then it is a quotient of a complex torus by
a finite group acting freely in codimension one.

reg
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Theorem D would follow directly from Theorem C as soon as the maximally
quasi-étale covers of [GKP16a] are available. In our non-algebraic setting, we cannot
rely on that result, but capitalizing on the classical fact that isolated singularities
are algebraic, we are able to prove a “generic” version of [GKP16al, cf. Proposi-
tion 5.8. Coupling this with the resolution of the (log canonical) Lipman—Zariski
conjecture due to Kovéacs and the second author [GK14], this weaker statement
turns out to be sufficient to obtain Theorem D.

Varieties with strongly stable tangent sheaf. Theorems A-D, together with
some standard representation theory, imply Corollary E below. This result charac-
terizes the conjectural building blocks of compact Kéhler spaces with klt singular-
ities and trivial first Chern class via stability properties of their tangent sheaf. We
refer to Section 6.D for the relevant definitions.

Corollary E (Spaces with strongly stable tangent sheaf, Corollary 6.14). Let X be
as in Theorem B. If Tx is strongly stable, then X admits a quasi-étale cover that
is either a Calabi—Yau variety or an irreducible holomorphic symplectic variety.

Corollary E is the Kahler version of [GGK19, Theorem EJ. Its proof bypasses the
use of Druel’s splitting result for flat summands [Drul8| as well as the existence of
maximally quasi-étale covers.

Fundamental groups. According to Campana’s Abelianity Conjecture [Cam04b,
Conjecture 7.3], the fundamental group of the regular locus X,y of a compact
Kihler space with klt singularities such that ¢, (X) = 0 should be virtually abelian,
and finite if the augmented irregularity of X vanishes. Unfortunately, this result
seems out of reach for the moment, even in the projective case. It is yet crucial
to control m1(Xyeg), for instance by relating it to m1(X), in order to trivialize
flat subsheaves of the tangent sheaf or to clear the difference between restricted
holonomy groups (which are classified by Berger—Simons) and holonomy groups
(which govern the geometry of X via the Bochner principle).

The fundamental group of the whole space 71 (X) is in general easier to under-
stand but it might be much smaller that 71 (X,eg), as the standard Example 6.2
shows. Nevertheless, the following results about 71 (X) are useful and assuming the
existence of maximally quasi-étale covers, they also help in understanding m1 (Xyeg)-

Theorem F (Fundamental groups, Theorems 7.2 and 7.3). Let X be as in Theo-
rem B.
o Ifdim X is even and T is strongly stable, then w1 (X) is finite.

o If X 1is irreducible holomorphic symplectic or an even-dimensional Calabi-Yau
variety, then X is simply connected.

o Ifq(X) = 0, then any flat vector bundle defined on the whole of X becomes trivial
after a finite étale cover.

o If X is locally algebraic and g(X) = 0, then any flat vector bundle on Xieq
becomes trivial after a finite quasi-étale cover.

If we restrict our attention to low dimensions, we arrive at much stronger state-
ments.

Theorem G (Fundamental groups in dimension four, Theorem 7.4). Let X be as
in Theorem B and of dimension < 4. Then:

o m1(X) is virtually abelian.

o If g(X) =0, then m1(X) is finite.
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Assuming the MMP for Kéhler fourfolds, this implies Campana’s Abelianity
Conjecture in Kodaira dimension zero (Corollary 7.5). Note also that since every
finitely generated abelian group (of even rank) is projective, the above result in
particular sheds some new light on the long-standing open problem of whether
every Kihler group is projective [ABCT96, (1.26)].

Kodaira problem and Beauville-Bogomolov decomposition. The Kodaira
problem asked whether every compact Kéhler manifold admits an algebraic ap-
proximation, i.e. whether it can be deformed (over a small germ) to a projec-
tive algebraic variety. As counterexamples were given by Voisin [Voi04], Peter-
nell and independently Campana have proposed a refined “bimeromorphic” ver-
sion of the original question: here one only tries to approximate minimal Kéhler
spaces [Gral8, Conjecture 1.2]. This has recently been settled affirmatively in di-
mension three [Gral8, CHL19], but the higher-dimensional case remains largely
open.

Using our main results, we can draw some consequences about the above ques-
tions in Kodaira dimension zero. From Corollary E it follows that spaces with
strongly stable tangent sheaf indeed admit an algebraic approximation, at least up
to a quasi-étale cover. More generally, we show that the singular BB (= Beauville—
Bogomolov) decomposition would imply approximability, again up to a cover (The-
orem 8.3).

At least in dimension four, Kodaira problem and BB decomposition are actually
equivalent and we can (almost) prove both statements. Unfortunately, here we
are unable to completely circumvent the use of maximally quasi-étale covers and
therefore we have to make the technical assumption that X is locally algebraic.
We refer to Section 2.D for the precise notion of strong locally trivial algebraic
approximation.

Theorem H (Kodaira problem in dimension four, Theorem 8.4). Let X be as in
Theorem B and of dimension < 4. If X is locally algebraic, then:

o Up to a quasi-étale Galois cover, X admits a strong locally trivial algebraic ap-
proximation.

o The variety X admits a Beauville—Bogomolov decomposition: some quasi-étale
cover of X splits as a product of a complex torus, Calabi—Yau and irreducible
holomorphic symplectic varieties.

We stress that there is no deformation-theoretic reason for the algebraicity as-
sumption in Theorem H. Quite the opposite: we expect the theorem to hold without
that assumption and this would then imply a posteriori that the singularities of X
are algebraic. More precisely, we make the following conjecture.

Conjecture K. Let X be as in Theorem B. Then X admits a strong locally trivial
algebraic approximation. In particular, X is locally algebraic.

Note that by [GS20, Theorem 1.2], to prove Conjecture K it is sufficient to show
smoothness of the semiuniversal locally trivial deformation space Def!t(X).

Acknowledgements. H.G. and B.C. would like to thank Stéphane Druel and
Matei Toma for several enlightening discussions. P.G. and P.N. would like to thank
Mihai Pdun and Thomas Peternell for sharing their insight with them.

2. PRELIMINARIES

In this section we gather some basic material to be used in the rest of the article.
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2.A. Global conventions. Unless otherwise stated, complex spaces are assumed
to be countable at infinity, separated, reduced and connected. Algebraic varieties
and schemes are always assumed to be defined over the complex numbers.

2.B. General definitions. As a courtesy to the reader, we recall the following
standard definitions.

Definition 2.1 (Irregularity). The irregularity of a compact complex space X is
q(X) == h'(Y, Oy), where Y — X is any resolution of singularities. The augmented
irreqularity of X is

¢(X) := max {q()?) ‘ X — X quasi-étale cover} € No U {oo}.

Remark 2.2. If X has rational (e.g. klt) singularities, one has ¢(X) = h*(X, Ox).
If additionally X is Kéhler, then it follows from [KS19, Corollary 1.8] that

a(x) = n0(v, ) = n°(x,0F).

Definition 2.3 (Flat sheaves). Let X be an irreducible and reduced complex space
and let X — X be its universal cover. We say that a rank r vector bundle £ — X
is flat if there exists a linear representation p: m1(X) — GL(r,C) such that E is

isomorphic to the bundle X x C” / T (X) X, where 71 (X) acts diagonally.

Definition 2.4. Let X be a complex space. We say that X is locally algebraic, or
that X has algebraic singularities, if there exists an open cover {U;};er of X such
that for every ¢ € I, there is a quasi-projective scheme Y;, an open subset V; C Y*"
and a biholomorphic map ¢;: U; == V.

Ezample 2.5. Here are some (non-)examples of algebraic singularities.

(2.5.1) Every complex manifold, and more generally every complex space with
quotient singularities, is locally algebraic [Car57].

(2.5.2) Every complex space with only isolated singularities is locally algebraic
by [Art69, Theorem 3.8] or [Tou68, corollaire 1, §3, chapitre II].

(2.5.3) If the complex space X admits a locally trivial algebraic approximation,
then it is locally algebraic (for notation cf. Section 2.D below).

(2.5.4) Take a non-isotrivial family of elliptic curves over the unit disc A. Restrict
it to the punctured disc A* and pull it back along the universal cover
A — A*. Now take a cone over this family fibrewise. We obtain a log
canonical threefold with one-dimensional singular locus which is not locally
algebraic, because the j-function associated to the exceptional divisor is not
algebraic.

2.C. Coverings of complex spaces. We consistently use the following notation.

Definition 2.6 (Covering maps). A cover or covering map is a finite, surjective
morphism v: Y — X of normal, connected complex spaces. The covering map -~y
is called Galois if there exists a finite group G C Aut(Y) such that ¥ — X is
isomorphic to the quotient map ¥ — Y / G.

Definition 2.7 (Quasi-étale maps). A morphism v: Y — X between normal com-
plex spaces is called quasi-étale if -y is of relative dimension zero and étale in codi-
mension one. In other words, v is quasi-étale if dim Y = dim X and if there exists a
closed subset Z C Y of codimension codimy (Z) > 2 such that 'y‘Y\Z: Y\Z—-X

is étale.
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By purity of branch locus and the extension theorem of [DG94, Theorem 3.4],
we get an equivalence of categories between the quasi-étale covers of X and the
étale covers of X,.;. We emphasize that with our definitions, an étale or quasi-étale
cover is automatically finite.

We will use several times the fact that taking Galois closure also works in the
analytic context. Compare [GK20, Lemma 7.4].

Lemma 2.8 (Galois closure). Let v: Y — X be a covering map between normal
complex spaces. Then there exists a Galois cover g:' Y =Y (with Y normal) such

that the composed map f = yog: Y — X is also Galois and we have an equality
of branch loci Br(f) = Br(v). In particular, if v is quasi-étale, then so is f.

Proof. The morphism ~ is étale over a Zariski open set X° C X and then it corre-
sponds to a finite index subgroup H C 71(X°). This subgroup has a finite number
of conjugates in 71 (X°) and the intersection of these conjugates is a normal finite
index subgroup H° in 71 (X°). This subgroup H® gives rise to a Galois cover

Yo — V=7 (X0) L X°.
The finite morphisms Ye — X° and Y° —Yy®° can be extended over the whole of
X and Y to finite morphisms f:Y — X and g: Y — Y [DG94, Theorem 3.4].

The factorization f = yog exists (by construction) over X° and it extends naturally.
The equality of the branch loci is obvious. ([

As a consequence, quotient singularities can be characterized in terms of smooth-
ness of quasi-étale covers.

Lemma 2.9 (Quotient singularities). A germ of normal singularity (X,z) is a
quotient singularity if and only if it admits a smooth quasi-étale cover.

Proof. It (X, z) is isomorphic to (Cn / G, 0)7 we may assume that G contains no
quasi-reflections [ST54, Che55| and then the quotient map C* — C" / G is quasi-
étale.

Conversely, if v: Y — X is quasi-étale with Y smooth, then we can take a
Galois closure as in Lemma 2.8, i.e. a map g: Y — Y with f=~vo0g: Y = X
Galois. Since f = o g is quasi-étale, the map g does not branch over any divisor
in Y and since Y is smooth we deduce that the map g is étale by purity of the
branch locus. This implies that Y is smooth as well and hence (X, ) is a quotient
singularity [Car57]". O

2.D. Deformation theory. In Section 8, the following notions from deformation
theory will appear. Compare [GS20].

Definition 2.10 (Deformations of complex spaces). A deformation of a (reduced)
compact complex space X is a proper flat morphism 7: X — (5,0) from a (not
necessarily reduced) complex space X to a complex space germ (5,0), equipped
with a fixed isomorphism X :== 771(0) & X.

Definition 2.11 (Algebraic approximations). Let X be a compact complex space
and 7: X — S a deformation of X. Consider the set of projective fibres

Sals .— {s es | X is projective} cS
and its closure Sal8 C S. We say that X — S is an algebraic approzimation of X if

0 € Sals. We say that X — S is a strong algebraic approzimation of X if Sals = §
as germs, i.e. S*'2 is dense near 0 € S.

IThe reference [Car57] is also available at http://www.numdam.org/article/SHC_1953-1954__6__A12_0.pdf.
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Definition 2.12 (Locally trivial deformations). A deformation 7: X — S is called
locally trivial if for every x € X( there exist open subsets 0 € S° C S and x € U C
771(5°) and an isomorphism

~

U

(XoNU) x 5°

2.E. Stratifications of complex spaces. Here we just set up some notation to
be used when dealing with stratifications of singular spaces. We first recall that
a Whitney stratification of a closed subspace X of a smooth real manifold M is
a locally finite partition . of X into smooth, connected, locally closed subsets
(X3)rea:
() X=|]x
AEA

satisfying certain incidence conditions. The pair (X, .%) is called a stratified space
and the X, are called the strata of (X,.). We refer to [GMS88, Part I, § 1.2
and 1.3] or to [Mat12] for more background on this classical topic, in particular the
existence of Whitney stratifications.

We will mostly be interested in the situation where X is an irreducible and re-
duced complex space. In this case, the strata are asked to be smooth and connected
locally closed analytic subsets. In particular, by dimension we will always mean
the dimension as a complex space.

A stratification can alternatively be encapsulated in a filtration of X by closed
analytic subsets:

Sk = |_| X)\.

{A1dim(Xx)<k}

So defined, Sj has dimension at most & and if n := dim X we have:
SocCcSiC---CS,=X.
We will be mainly interested in what we call mazimal strata.

Definition 2.13 (Maximal strata). Let . := (X )xea be a Whitney stratification
of X and (Sk)o<k<n be the corresponding filtration. We let d < n be the maximum
index such that S; C X. The strata indexed by

Apmax = {X € A| dim(X)) = d}
are called the mazimal (dimensional) strata.

This definition is meaningful in particular when the stratification . satisfies
Sqg = Xgg.

Definition 2.14 (Refining stratifications). Let . and .’ be two Whitney strati-
fications of X. We say that .’ is a refinement of . if the strata of . are unions
of strata of .. In this case we write ./ < ..

Since strata are irreducible by definition, in the above situation each .#-stratum
contains exactly one .#’/-stratum as an open subset.

Definition 2.15 (Stratified maps). A smooth map f: X — Y is called stratified
(with respect to Whitney stratifications #x and #y of X and Y, respectively) if
for each H-stratum A C Y, the preimage f~(A) is a union of .x-strata and
f takes each of these strata submersively to A.
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Theorem 2.16 (Stratifications of maps, cf. [GM88, Part I, §1.7]). Let f: X = Y be
a holomorphic map, X andY being endowed with Whitney stratifications as above.
Then there exist refinements Sy < Sx and Sy < Sy such that f: (X,.7%) —
(Y, A) is a stratified map. O

We finally recall that the transverse structure of a given stratum is topologically
locally trivial in a rather strong sense. In the following statement, a normal (or
transverse) slice N to a stratum X is a smooth submanifold of the ambient space
M which is transverse to each stratum of X, intersects X in a single point and
satisfies dim(NVy) = codimps (X).

Theorem 2.17 (¢f. Part I, §1.4 in [GM88]). Let Xy be any stratum of (X,.7).
Then there exists a stratified set L C S* for some integer k such that any point
xg € X\ has a neighborhood U in X endowed with a homeomorphism

h: U — (UNXy) xc(L)

where ¢(L) is the cone over L. The space L is called the link of the stratum X
and is denoted Link(X, X).

The space ¢(L) is endowed with a natural stratification whose strata are the
vertex of the cone and subspaces of the form Ax]0,1], with A a stratum of L. The
homeomorphism h sends the strata of U into those of (UNX\)xc(L). In particular,
if N is any transverse slice to X at xg then (UNN)\{xzo} has the homotopy type
of the link Link(X, X). O

This local picture can be turned into a global one.

Theorem 2.18 (Existence of tubular neighborhoods, [Mat12]). Let X be any
stratum of (X,.). Then there exists a closed neighborhood Uy of X in X and a
continuous retraction

fA5 U,\ *)X,\

that is locally topologically trivial with fibre c(Link(X, Xy)). The natural inclusion
X = Uy being a section of fx, the punctured open neighborhood US \ X is also
locally topologically trivial over X with fibre homotopy equivalent to Link(X, X3).

This topological stability will be used through the following corollary.

Corollary 2.19. Let v: Y — X be a quasi-étale cover between normal complex
spaces, and let .~ be a Whitney stratification of X such that Xss is a union of
strata. Then for any maximal stratum Xy, the following dichotomy holds: either
X C Br(y) or XxNBr(y) =0.

Proof. This is a direct application of [GKP16a, Corollary 3.12|, where A = Xj,.
Let A € Amax be any index. If X C A, then X, equals an irreducible component of
A by maximality. Hence we may apply said result. Otherwise, X must be disjoint
from A, i.e. contained in X,es. So we are in the second case of the dichotomy. [

Remark 2.20. The notion of stratum and thus of its normal topological type depends
on a given stratification. We will not need it in the sequel, but it has to be noted that
any irreducible reduced complex space X has a canonical Whitney stratification
Fean- This means that if . is any other Whitney stratification of X, the strata of
Zean are unions of strata of .. The construction of #.,, is explained in [Mat73,
Theorem 4.9] (see also [TT81, corollaire 6.1.7] where the canonical stratification is
defined in terms of polar varieties).
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3. BOCHNER PRINCIPLE FOR REFLEXIVE TENSORS

In this section, we prove the Bochner principle, Theorem A. For generalities
about Kéhler metrics or currents on normal complex spaces, we refer to [Dem85,
A1), [EGZ09, §5.2], [BEG13, §4.6.1] or [GK20, § 3]. We work in the following
setting.

Setup 3.1. Let X be an n-dimensional complex, compact Kéahler space with klt
singularities such that Kx is numerically trivial.

We choose a Kéhler resolution 7: Y — X such that Exc(r) is an snc divisor
F =, Fj, and we fix holomorphic sections s; € HO(Y, Oy (F;)) cutting out the
smooth component F;. We set sp == ®;s; and Y° :=Y \ F.

Fix two integers p,q > 0. We set & = (ﬂ)?p@(l?}q)w, where (—)"" denotes the
double dual, and &y := 93@ P ®Q§q. One has a natural inclusion of coherent sheaves
m&y C &x and the quotient sheaf @@X/ﬁ*gy is torsion, being supported on Xgg.
Thanks to Riickert’s Nullstellensatz [GR84, Ch. 3, §2], there exists an integer k& > 1

such that for any reflexive tensor 7 € H°(X, &), the section w‘;o (T|X ) extends
reg

to an element o € H(Y, & ® Oy (kF)).

Thanks to [EGZ09] and [Pau08], there exists in each Kihler class o € H?(X, R)
a unique closed, positive current w, € a with bounded potentials, smooth on X;eg
and satisfying Ricw, = 0 on this locus, cf. Remark 3.2 below.

The Kéhler metric w, on X,¢g induces a smooth, hermitian metric on Jx,., and

in turn on &x , with Chern connection Dg, .

’chg

Remark 3.2. Given a Kédhler metric wx on X, it is proved in [EGZ09] that there ex-
ists a unique Kéhler—Einstein current in the cohomology class {wx} € H!(X, PHx)
under the connecting map H°(X, LX /p,) — H'(X,PHx). This cohomology
group identifies two (1, 1)-currents with local (bounded) dd°-potentials if and only if
they differ by the dd° of a global (bounded) function. It is however more convenient
to view w, in the more familiar cohomology space H?(X,R) using the connecting
map arising from the natural exact sequence

0— Ry — Ox —2 PHy — 0.

It was recently proved in [GK20, Proposition 3.5 that the map H!(X,PHy) —
H2(X,R) is injective whenever X has rational singularities. Therefore, a Kihler
class @ € H?(X,R) is associated to a unique class of a Kéhler metric {wx} €
H'(X,PHx). This allows us to consider without any ambiguity the unique singular
Ricci-flat metric w, in o € H?(X,R) as stated a few lines above.

Remark 3.3. In Setup 3.1 above, the Abundance Conjecture has been proved
in [CGP19, Corollary 1.18] as an application of results of B. Wang [Wanl6]. So
there exists a quasi-étale cover X’ — X such that K/ is trivial and, in particular,
X’ has canonical singularities. We do not rely on this fact to prove the Bochner
principle.

Quite the opposite is true: one may use the Bochner principle to prove Abun-
dance in Setup 3.1, at least under the slightly stronger assumption that X has
canonical (as opposed to klt) singularities. The details of the argument can be
found in Corollary 4.5.

Theorem 3.4 (Bochner principle). Let X be a compact Kdihler space with kit sin-
gularities such that Kx is numerically trivial and let o be a Kdahler class. With the
notation of Setup 3.1 above, any holomorphic tensor 7 € H°(X,eq, Ex) is parallel
with respect to wWq, i.e. Dey™ =10 on Xieg.
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Remark 3.5 (Comparison with earlier results). In [GGK19], the Bochner principle
is proved under the assumption that X is projective. The proof goes as follows:
along the lines of [Guel6], one can prove the Bochner principle for bundles [GGK19,
Theorem 8.1], stating that a saturated subsheaf of slope zero of a tensor bundle
ZF C &x is automatically parallel with respect to the Kdhler—Einstein metric on
the smooth locus. This does not rely on the projectivity assumption.

To go from bundles to tensors, one considers the line bundle generated by a
given tensor 7 on X,eg. As it is parallel, the holonomy group G acts on it, yielding
a character of G. The classification of the holonomy [GGK19, Theorem B] shows
that up to passing to a quasi-étale cover, G is semi-simple, hence the character is
trivial and 7 itself is parallel. The above classification result relies on the projec-
tivity assumption through the existence of a maximally quasi-étale cover [GKP16a,
Theorem 1.5] and Druel’s integrability result [Drul8, Theorem 1.4].

Proof of Theorem 8.4. We first need to set up some notation.
Hermitian metrics. We choose some smooth hermitian metrics h; on Oy (Fj).
We denote by ; the curvature form of that metric, i.e 9; := iOp,(F;). Next, we
define for any € > 0 another smooth metric h;. on Oy (F};) by
1
hje =775 N
|5j|hj +e
The curvature form 9. of that metric, i.e. ¥;. := 1Oy, (F}), is given by
2 2
€ — €
————5 - Ds; ADs; +
(s a2 Do

::ﬂj,s =j,e

Vje =

The symbol D above refers to the Chern connection induced by h; on Oy (F}).
Finally, we set

1
hp =Tk and hpe=[[hj.==——"— hp
1;[ ’ : 1:I P T (s 2 +€2)

they define smooth metrics on Oy (F).

Approximate Kihler-Einstein metrics. We introduce the rational coefficients
a; > —1 such that Ky = 7*Kx + > a;F;. We fix a Kéhler reference metric wy on
Y, and consider, for each ¢,¢ > 0, the unique Kéhler metric w; . € 7*a + t{wy}
solution of

RijLE = — E 0,j19j1€
J

Its existence is guaranteed by Yau’s solution of the Calabi conjecture [Yau7§|. In
terms of Monge-Ampére equations, if wx is a smooth representative of «, then
wr e = Trwx + twy + dd®p; . is solution of

e tedV
[I(ls;[? +e2)%
where dV is a fixed smooth volume form such that RicdV = > a;9; and ¢ € R
is a normalizing constant defined by e‘t:c = (ﬂ'*oz-l-tl{wy})" Iy H(Isj-ii;jrsz)“

(T"wx + twy +ddp )" =

7.

Curvature formula. We set 8y (kF) := 8y ® Oy (kF) and we choose o €
HO(Y, & (kF)) some meromorphic tensor on Y. The Kéhler metric w; . induces a
smooth hermitian metric h,,, . on & . We consider the metric

hte = hy,. @hE"  on & (kF)
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with Chern connection D and set |o| := |o]|p, .. We have the following Poincaré-
Lelong type formula

(Do, o)?

1
5.1) dd°1 +1)=——|I|Do]* -
(3.5.1) ddlos(lof? + 1) (1pop2 - L2221

o2+ 1 — (iOn,. (& (kF))o, o>>

Wedging this last inequality with wfgl and integrating it on X yields:
10 &y (kF))o,o 1 D 2
/ < ht,a( )2/( )) > /\W?E—l:/ : |Do_|2_ |< gaa>| /\W?;l
Y o +1 ’ y lo]? +1 lof> +1 ’
As [(Do,o)| < |Do|-|o|, we obtain

AS] &y (kF 2
[ GOt 00)  yor s [ D
v loP+1 * (o + 12 "%

(3.5.2)

Now, one has
i@hm (&y (kF)) = iehwt,a (&y)® Idﬁy(kp) +Idg, ® i@hgz (Oy (kF)).
First let us introduce a notation: let V' be a complex vector space of dimension n,

let p > 1 be an integer, and let f € End(V). We denote by f®? the endomorphism
of V®P defined by

P
fEP (01 @+ @ vp) ::Z'Ul®""Ui—1®f(vi)®vi+1®"'®'Up
i=1

Let us add that if V has an hermitian structure and if f is hermitian semipositive,
then so is f®P with the induced metric, and we have tr(f®?) = pnP~! tr(f). Now
we can easily check the following identity:

m’@(T?p, Pus,..) A w?;l = (fRicw; . )®P Wi'e

where # Ricw is the endomorphism of 7y induced by Ricw; . via w .. As Ricw =
— Y- a;9;., we deduce that

(B) = = 3 ay [(80,0°7 @ g0 — Wgyer © 7,0

J

try, . 19y,

Wi, e

while
10y (O (KF)) A witl =k Z Bje Nt
J

Locally, one can choose a trivialization e of Oy (kF) and write o0 = u ® e where u
is a local section of & . Then

(353) (1O, (& (kF))o.0) = (1., (& )u,u)lelon + (kY 0je) - |of

(M) o

Computation of Term (I).
This part is entirely similar to [GGK19, §9]. We have the decomposition

(#95,)F = (485,6)°7 + (t15,6) 7

along with the inequalities

(3.5.4) 0 < (88.2)%7 < (trena(865,e)%) Idper < P~ tre, . Bje - Idpes
and
®p Ce’ ®p p—1 e?
(3.5.5) =+ (#75,.)°" < SPr (fwy)*? < CpnP~" - SPTe “try, Wy - ldgper

as soon as C' > 0 is large enough so that £v9; < Cwy for any j.
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From (3.5.4), one deduces

((881,6)%7 @ Idgy eau, u)le[2 on

F,e p—1
0< o+ <pnPT 1y, Bie

while from (3.5.5), one deduces

((#;, e>®p®IdT*®qu U>|€|h®k 2

* oF 1 2L < CpnPt-

so in conclusion, one gets

<(ﬁ19j s)®p & IdT* ®qU, u>|e|h®k

* lo]2 +1 ~=<C {trwtsﬁj,

2

€

— Iy, W
]

for some C large enough. Performing the same computations with Idp, er ®

o ® .
(#9;.¢) ?, one eventually obtains

(iOn,,  (éy)u, u>|e|i%k ) 22 .
(356) + |O’|2+1 - /\(,dzE <C |:(6j,g+m : )/\wfg :|
Computation of Term (II).
By the same token as before, one can decompose
|o|? G e |o|? .
e a1 Mk T T e N e e

(111) (Iv)

and write 0 < (III) < Bj Aw'z" and £(IV) < wy AwpZ" to obtain

2
D=
2
— AWt <O |(B; R ) Awp?
e = J,€ |5j|2+€2 Y t,e

Putting (3.5.6) and (3.5.7) together, one sees from (3.5.3) that

(3.5.7) 0.

<’L®h yE (gy(kF))(T’ U) n— 62 n
(3.5.8) 4 o1 rpst < C Z(@-,#W.w )/\wtgl
J

Finally, one has

n—1 __ . n—1 i n—1
/ /Bjaa /\wt,s - / 19]75 /\wt,s _/ Yie /\wt,s
Y Y Y
2

SF]"(W*OéﬁLtCUY)nilﬁLC/ 76 wy/\wfel
v Isil® +

so that (3.5.8) combined with Lemma 3.6 show that

(3.5.9) i [ (19h. (v (kF))o, o)

n—1
=0.
t0e—0 Jy lo|?2 +1 “

t,e

Conclusion.

When ¢,¢ go to zero, wy . converge weakly to m*w,, and the convergence is smooth
on Y°. Inequality (3.5.2) combined with Fatou lemma ensure that o has zero
covariant derivative on Y° with respect to the smooth hermitian metric fy«,, ®h?’8
on &y (kI')|y.. Now, it follows from the definition of hp that |sp|p., =1 onY so
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that sp is parallel with respect to hpo on Y°. This implies that o/s%k is parallel
with respect to hr=.,, on Y°, hence 7 is parallel with respect to h,,k on X;ee. U

We used the following lemma in the proof above; it can be found e.g. in [GGK19,
Claim 9.5].

Lemma 3.6. For every fized t > 0, and every j, one has that

converges to 0 when € goes to 0. (I

Remark 3.7. In Theorem 3.4 above, if & = Jx or & = Q[)’;] for some 1 < p <
n, then one can choose the resolution 7 such that the tensor 7 pulls back to a
holomorphic tensor on the resolution (i.e. it does not acquire any poles along F).
This follows from the existence of a functorial resolution of singularities in the first
case (see e.g. [Kol07, Proposition 3.9.1]) and from [KS19] in the second one. In
such a case, the term (II) in the proof above disappears and the proof reduces to
the computations of [Guel6]. We do, however, need the Bochner principle also for
more general tensors.

4. STRUCTURE OF THE ALBANESE MAP

For generalities on the Albanese map for singular spaces, see [Gral8, §3]. We
prove here the exact analogue of [Kaw85, Theorem 8.3| in the Kéihler setting. See
also [Gral8, Theorem 1.10] for the three-dimensional case. We then proceed to
prove the existence of torus covers (Theorem B) and some immediate corollaries.

Theorem 4.1 (Albanese splits after base change). Let X be a normal compact
Kabhler space with canonical singularities such that c1(X) = 0. Let

a: X — A:=Alb(X)

be the Albanese map of X. Then there exists a finite étale cover Ay — A such that
X x4 Ay is isomorphic to F x Ay over Ay, where F' is connected. In particular, o
is a surjective analytic fibre bundle with connected fibres, and ¢(X) < dim X.

Remark. Under the stronger assumption that Kx is torsion, the fact that « is
surjective with connected fibres has already been shown in [Kaw81, Theorem 24|
and [Cam04b, Theorem 5.1 and Proposition 5.3]. Since these results are stated
for manifolds, one needs to apply them to a smooth model Y — X. This is
possible since Ky is a Q-effective exceptional divisor and so Y has vanishing Kodaira
dimension.

On the other hand, we can use Theorem 4.1 to prove that Kx is torsion under
the assumptions of that theorem. See Corollary 4.5.

Proof of Theorem 4.1. By the universal property of the Albanese torus, for every
g € Aut(X) there exists a unique ¢, : A — A such that p, 0 = aog. If
g € Aut®°(X), the identity component, then g acts trivially on H!(X,C) and in

particular on H° (X , Q[)lg) . Consequently, the linear part of ¢, is the identity.

That is, ¢4 is a translation by some element ¢(g) € A. We have thus defined a
homomorphism of complex Lie groups ¢: Aut®(X) — A, which we will now show
to be the desired cover Ay — A. First of all, since X has canonical singularities,
it is not uniruled. Hence Aut®(X) is a complex torus by [Fuj78, Proposition 5.10].
It is thus sufficient to show that the induced Lie algebra map dy: H°(X, Z7x) —



KAHLER SPACES WITH ZERO FIRST CHERN CLASS 15

HO (X , Q[;]) is an isomorphism. One checks easily that dyp is given by the natural

contraction pairing
(4.1.1) HO(X, Jx) x HO (X, Q[)l(]) — H(X, Oyx) = C.

Fix a Kéhler class a € H?(X,R) and consider the associated Ricci-flat metric wq
as in Section 3. Let 0 # ¥ € H(X, Zx) be a nonzero holomorphic vector field.
Due to the Bochner principle, Theorem 3.4, ¥ is parallel with respect to the Chern
connection D induced by w,. Dualizing using this metric, ¥ gives rise to a parallel
(hence holomorphic, as D%! = 9) 1-form a on X. Clearly the contraction tya # 0.
The argument can also be read backwards, hence (4.1.1) is a perfect pairing and
dep is an isomorphism.

Next, we show that the family f1: X x4 A1 — A is trivial. To this end, let
g € A1 = Aut°(X) be any point. Since ¢, 0 & = a o g, the automorphism g
restricts to an isomorphism a1 (0) =5 a7 (¢,(0)) = a~(p(g)). This is the same
thing as an isomorphism f;(0) == f; *(g), independent of any choices. We have
constructed a section of Isoma, (X x4 A1, F X A1) — A;. The claimed triviality
follows.

What we have observed so far already implies that X — A is a surjective analytic
fibre bundle, because the base change to A; has these properties. It remains to see

that the fibre F' is connected. For this, consider the Stein factorization X i>
B -5 A of . We claim that ~ is étale. The question is local on A4, so we may pass
to a small open subset U C A such that a=1(U) = U x F over U. Then there is an
isomorphism o, Oy -1(y) = ﬁf?N in the category of finitely presented &y -algebras,
where N is the number of connected components of F. By construction of the
Stein factorization, it follows that v~(U) is a disjoint union of N copies of U. In
particular, v is étale.

Consequently, B is a complex torus too. By the universal property of A, the
map X %, B factors via A and we get a section A — B of 7. This means that ~ is
an isomorphism, i.e. B = A. By the definition of Stein factorization, X — A =B
has connected fibres.

The last statement, ¢(X) < dim X, follows from the surjectivity of « as follows:

q(X)=h'(Y,0y) = h°(Y,Q}) = dimAlb(Y) = dim A < dim X,
where Y — X is a resolution of singularities. (I

Corollary 4.2 (Torus covers). Let X be a normal compact Kihler space with kit
singularities such that c1(X) = 0. Then:

(4.2.1) The augmented irregularity ¢(X) < dim X. In particular, it is finite.

Furthermore, there exist normal compact Kdhler spaces T and Z with canonical
singularities together with a quasi-étale cover v: T x Z — X such that:

(4.2.2) T is a complex torus of dimension g(X).

(4.2.8) The canonical sheaf of Z is trivial, wy = 0.

(4.2.4) The augmented irregularity of Z vanishes, g(Z) = 0.

Any cover v as above will be called a torus cover of X.

Proof. The proof closely follows along the lines of [GGK19, Proposition 7.5], but
with different references. For later reference, and also as a courtesy to the reader,
we give the argument here.

To begin with, note that by [CGP19, Corollary 1.18], the canonical divisor Kx
is torsion. We may thus consider an index one cover X; — X. This has the
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additional property that K, is trivial (in particular, Cartier) and hence X; has
canonical singularities. That is, X satisfies the assumptions of Theorem 4.1.

For (4.2.1), note that g(X) = g(X;) by Lemma 4.3. It is therefore sufficient to
prove ¢(X;) < dim X; = dim X. But any quasi-étale cover X’ — X; reproduces
the assumptions of Theorem 4.1, hence ¢(X’) < dim X’ = dim X; by that result.
The claim follows by taking the supremum over all quasi-étale covers of X;.

Next, we construct a torus cover 7y as a sequence of quasi-étale covers as follows:

TXZ:X3—>X2—>X1 — X.

The first map, X; — X, is still the index one cover. We have already seen that
¢(X1) is finite. Choose now a quasi-étale cover X5 — X; that realizes this aug-
mented irregularity, ¢(X2) = ¢(X1). Finally, apply Theorem 4.1 to X in order to
obtain a further cover X3 — X5 that splits off a torus as X3 =T x Z. We need to
show that (4.2.2)—(4.2.4) hold.

By construction, dim(T") = ¢(X3) = ¢(X2) = ¢(X1) = ¢(X), which proves (4.2.2).
For (4.2.3), since wy, is already trivial, the same is true of wrxz and hence also of
wz. Finally, if there was a cover Z’ — Z with ¢(Z’) > 0, then T' x Z’ — X would
be a cover with irregularity dim T + ¢(Z’) > q(X), which contradicts the definition
of ¢(X). This shows (4.2.4). O

Lemma 4.3 (Invariance of §). Let Y — X be a quasi-étale cover of normal compact
complex spaces. Then ¢(Y) = ¢(X).

Proof. Every quasi-étale cover Y’ — Y is, by composition, also a quasi-étale cover
of X. The inequality ¢(Y") < g(X) is therefore obvious. For the other direction, let
X’ — X be any quasi-étale cover of X, and consider the normalized fibre product
diagram

L ———Y

l |

X ——=X.
Since all the maps in this diagram are quasi-étale covers, we obtain
qY) = q(2) = q(X").
The claim follows by taking the supremum over all quasi-étale X’ — X. (I
Proposition 4.4 (Uniqueness of torus cover). In the setting of Corollary 4.2, the

spaces T and Z are unique up to quasi-étale cover, in the following sense: Suppose
that v': T x Z' — X is another torus cover of X. Then:

(4.4.1) The complex tori T and T’ are isogeneous.
(4.4.2) There is a common quasi-étale cover Z + Z'" — Z', where Z" is likewise

compact, connected and has canonical singularities.

Proof. Consider the normalized fibre product diagram

Yy — " 17

T

Txz7—" X

Since ¢(T x Z) is already maximal, ¢(Y) = ¢(T x Z) and hence
alb(p): Alb(Y) — AIb(T' x 2)=T
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is finite, i.e. an isogeny. The same argument applies to T’ x Z’. So both T and T’
are isogeneous to Alb(Y). This implies (4.4.1) because isogeny is an equivalence
relation.

We turn to (4.4.2). Consider an arbitrary s € Alb(Y"). Set ¢ := alb(p)(s) € T and
Zy = {t}x Z C T x Z. We claim that we can take Z” = alby' (s). By Theorem 4.1,
Z" is connected and has canonical singularities. It is clear that p(Z”) C Z;. Then
they are equal, because they have the same dimension and Z; is irreducible. Hence
the restriction of p is a quasi-étale cover Z” — Z; = Z. The same argument also
shows that p’ restricts to a quasi-étale cover Z” — Z’. This proves the claim. [

Corollary 4.5 (Special case of Abundance). Let X be a normal compact Kihler
(m] ~

space with canonical singularities and c1(X) = 0. Then wx is torsion, i.e. wy
Ox for some m > 0.

Proof. Tt follows from Theorem 4.1 that ¢(X) < dim X is finite (cf. the proof of
Corollary 4.2). Choose a quasi-étale cover X; — X such that ¢(X;) = ¢(X),
and apply Theorem 4.1 to X;. This yields an étale cover Xo — X7 that splits as
Xo =T x Z, where T is a complex torus of dimension ¢(X1). As q(T) +q(Z) =
q(X2) = q(X1) = q(T'), we see that ¢(Z) = 0.

Now note that h'(Z,07) < q(Z) by the Leray spectral sequence. (In fact,
equality holds because Z has rational singularities.) Thus ¢(Z) = 0 implies, via
the exponential sequence, that any line bundle on Z with vanishing integral first
Chern class is trivial. Consequently, for any Q-Cartier reflexive rank one sheaf .
on Z with vanishing real first Chern class, there is m > 0 such that «7/[™ >~ ¢,.
We may apply this observation to &/ = wyz and combine it with the fact that wrp
is trivial. The conclusion is that wx, = wrxz is torsion as well. Then the same is
true of wx. O

Corollary 4.6 (Characterization of torus quotients via q). Let X be a normal
compact Kdhler space with kit singularities such that ¢c1(X) = 0. Then the following
conditions are equivalent:

(4.6.1) The augmented irregularity attains its maximum possible value, namely
¢d(X)=dimX.

(4.6.2) There exists a complex torus T and a holomorphic action of a finite group
G G T, free in codimension one, such that X = T/G.

Proof. “(4.6.1) = (4.6.2)”: Consider a torus cover v: T'x Z — X. The dimension
of Z equals dim X —dim7 = dim X — ¢(X) =0, so Z is a point. This means that
v is a finite quasi-étale cover of X by the complex torus 7. The claim follows by
taking Galois closure, cf. Lemma 2.8 and [GK20, Lemma 7.4].

“(4.6.2) = (4.6.1)”: Obvious, as ¢(X) > ¢(T) =dimT = dim X. O

5. SPACES WITH FLAT TANGENT SHEAF ON THE SMOOTH LOCUS

The aim of this section is to prove the following result, which comes in a local
as well as a global version. This is an important step towards Theorem D.

Theorem 5.1 (Compact spaces with flat tangent sheaf). Let X be a normal com-
pact complex space with klt singularities. Assume that the tangent sheaf of the
smooth locus Jx,,, is flat in the sense of Definition 2.3. Then X admits a quasi-

étale Galois cover X — X with X smooth.

Theorem 5.2 (Germs with flat tangent sheaf). Let (X,x) be a germ of a kit
singularity such that Ix,._ is flat. Then (X,x) is a quotient singularity.

reg

The notion of maximally quasi-étale covers, defined next, is central to the proof.
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Definition 5.3. Let X be a normal complex space. A mazimally quasi-étale cover
of X is a quasi-étale Galois cover v: X — X satisfying the following equivalent
conditions:

(5.3.1) Any étale cover of )Zreg extends to an étale cover of X.

(5.3.2) Any quasi-étale cover of X is étale.

(5.3.3) The natural map of étale fundamental groups 71 (Xreg) — 71 (X) induced
by the inclusion X,¢; — X is an isomorphism.

The equivalence of conditions (5.3.1)—(5.3.3) is discussed in [GKP16a, Theorem 1.5]
and its proof.

In general, a normal space X will not admit a maximally quasi-étale cover (for an
easy example, take a cone over an elliptic curve). It was shown in [GKP16a, Theo-
rem 1.1] that such a cover exists if X is an algebraic variety with klt singularities.
Also, it is relatively easy to see that existence of the cover would imply Theorem 5.1,
cf. Proposition 5.4 below. Our Proposition 5.8 is a weaker version of [GKP16a] for
complex spaces: we construct a maximally quasi-étale cover “generically”, i.e. only
over general points of the singular locus X,. This, however, is sufficient to prove
the main result.

5.A. Technical preparations. As mentioned above, Theorem 5.1 is easy to prove
if a maximally quasi-étale cover is already known to exist.

Proposition 5.4. Let X be a normal complex space with log canonical singularities,
and assume that the tangent sheaf of the smooth locus Jx,,, is flat. Then any
mazimally quasi-étale cover of X is smooth (if it exists).

Proof. Let ~: X = X bea maximally quasi-étale cover. The pullback v*Jx,, is
a flat sheaf on 77!(X,eg), which satisfies 77 (Xyeg) C )Zreg and the complement
has codimension at least two. Hence v* ﬂxreg extends to a flat sheaf on )N(reg. The
arguments in the proof of [GKP16a, Theorem 1.14] show that we can extend this
sheaf further, to a flat sheaf . on all of X. By reflexivity, # = 7% and in particular

T% is locally free. The solution of the Lipman-Zariski conjecture for log canonical
spaces [GK14, Corollary 1.3] then shows that X is smooth. O

The following lemma describes the étale fundamental group of the link of maxi-
mal dimensional strata of a klt space.

Lemma 5.5. Let X be a kit complex space and let us choose a Whitney stratification
< of X. The maximum dimensional strata are denoted by Xx, X\ € Apnax, as in
Definition 2.18. For any A € Amax, the group 71 (Link(X, X)) is finite.

Proof. Pick a normal slice N of X, cutting the stratum in the unique point p. Set
Nx =NnNX and N* := Nx \ {p}. From Theorem 2.17 we know that N* has the
homotopy type of Link(X, X)) and in particular 71 (Link(X, X)) = #1(N*). But
now according to [KM98, Lemma 5.12], (Nx, p) is an isolated klt singularity, hence
algebraic (2.5.2). We can now appeal to [Xul4, Theorem 1] and conclude that the
algebraic local fundamental group 71 (Nx \ {p}) is finite. O

Remark 5.6. The lemma above should apply to any stratum, not only to the max-
imal dimensional ones. Unfortunately, Xu’s result is only available in the algebraic
setting, see also Remark 6.10. This is why we stick to maximal dimensional strata:
they are the ones whose slices have only isolated singularities.

We now observe that quasi-étale covers are well understood over the maximal
dimensional strata.
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Lemma 5.7. Let v:' Y — X be a quasi-étale Galois cover between kit complex
spaces, X being endowed with a Whitney stratification .. Fiz an index X € Ampax
with respect to .. Then:

(5.7.1) The cover v naturally induces a subgroup Gx(v) C 71(Link(X, X)), well-
defined up to conjugation.

(5.7.2) If g: Z — Y is any further quasi-étale cover such that the composition
vyog: Z — X is also Galois, then Gx(y o g) C Ga(y).

Furthermore, there is a dense open subset Uy C Xy, which depends on ~ but not

on g, such that Xy \ Ux is analytic and the following holds:

(5.7.8) We have equality G\(yo g) = GA(7) if and only if g is étale over y~1(Uy).

Proof. By Theorem 2.16, we can choose Whitney stratifications .’ < . and %y
of X and Y, respectively, such that v: (Y, %) — (X,.”) is a stratified map. We
denote by X{ C X, the unique stratum of .’ contained in X as an open subset.

The map v being stratified, v~!(X}) is a union of strata of .3 that are of
maximum dimension. Let us fix a normal slice N of X} such that y~!(V) is still
a union of normal slices. We pick a component 7" of v~!(X}) and denote by Nr
the corresponding slice. The map induced on the punctured slices (cut with X
and Y, respectively) Nj — N* is finite étale and thus corresponds to a finite index
subgroup

GA(7) € w1 (N*) = 7 (Link(X, X})) = 71 (Link(X, X))).

The morphism « being Galois, this subgroup is independent of the choice of the
component 1. It does however depend on the choice of a basepoint in NJ., which as
usual we have suppressed. This is why G5 (7y) is only well-defined up to conjugation.
This proves the first assertion, and the second one is then clear by construction.
Concerning the third assertion, we claim that we can take Uy = X}. Indeed, it is
clear that the groups in question are equal if g is étale over y~1(Uy). For the other
direction, pick stratifications .z of Z and .4 of Y such that .#5, is a refinement
of A and g becomes stratified, as above. Write v~1(U,) as a union of .#y-strata,

7 HUN) = U Yo,
neM
and let Y be the unique .#y.-stratum that is open in Y),. It follows from Corol-
lary 3.16 in the preprint version of [GKP16a] that g is étale over Y};, for each p € M.
But then g is even étale over all of Y,,, by Corollary 2.19 applied to the original
stratification .#y. In other words, g is étale over v~ (U, ), as desired. O

With the previous results at hand, we can prove the existence of maximally
quasi-étale covers, at least after discarding a sufficiently small analytic subset.

Proposition 5.8. Let X be a kIt complex space. Assume that X is either compact
or a germ. Then there exists an analytic subset Z C Xqp with dim Z < dim X — 1
such that X° = X \ Z admits a mazimally quasi-étale cover.

If X is compact with only isolated klt singularities, then we have dim Z = —1
in the above statement, which means Z = ). Hence X itself admits a maximally
quasi-étale cover. In fact, more is true:

Proposition 5.9. Let X be a compact klt complex space which is locally algebraic
in the sense of Definition 2.4. Then X admits a mazimally quasi-étale cover.

Proof of Proposition 5.8. Fix a Whitney stratification .# of X such that Sq = X,,.
If X is compact, then A and in particular A, are finite sets. If X is a germ, we
may assume A to be finite after shrinking X, by the local finiteness of .. First we
show the following.
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Claim 5.10. There exists a quasi-étale Galois cover v: Y — X such that for every
further cover g: Z — X with vy o g Galois and any A € Ayax, we have Gy(yog) =

GA (7).

Proof. Assuming that the claim is false, we can construct an infinite tower of quasi-
étale covers

X =Yy« vy 2 vy ¢ ...

such that for each ¢ > 1, the map n; =~ 0---07;: ¥Y; = X is Galois and for some
index (i) € Apax, the inclusion Gy (7i41) C Ga)(n:) is strict. Because Apax is
finite, some \g € Apax has to appear as A(4) for infinitely many values of ¢. This
yields a contradiction to the finiteness of 7 (Link(X, X)) given by Lemma 5.5. O

Applying (5.7.3) to the cover 7 given by Claim 5.10 and to all A € Apax, we
obtain dense open subsets Uy C X, with the following property: any quasi-étale
cover W — Y such that W — X is Galois is étale over each y~1(U,). If W — X
is not Galois, the conclusion still holds because we may replace W by its Galois
closure, cf. Lemma 2.8. We now consider X° = X \ Z, with

Z =5S4_1 U U (X/\ \ U)\),
A€Amax

and claim that Y° := v~}(X°) — X° is a maximally quasi-étale cover. Noting that
Z C Xgg has dimension less than dim X, this will finish the proof.

We aim to verify condition (5.3.2) for Y°. That is, we need to show that any
quasi-étale cover g°: W° — Y° is in fact étale. Given such a cover, we may extend
it to a quasi-étale cover g: W — Y. As we have seen above, g is étale over each
v~ 1(U,). But we can write Y as a disjoint union

Y = ’Y_l(Z) U U 7_1(U>\) U V_I(Xreg)
A€Amax

and hence also Y° = [J, 77 H(Ux) Uy *(Xreg). Recalling from purity of branch
locus that 7_1(Xreg) C Yiee and that g is étale over Yies, we conclude that g is
étale over all of Y°. In other words, ¢g° is étale. This ends the proof. O

Proof of Proposition 5.9. Consider an infinite tower of quasi-étale covers
X =Yy« vy 2 vy ¢ ..

such that for each 4 > 1, the map 17, =1 0---0~;: Y; — X is Galois. We need to
show that almost all v; are étale.

For any point = € X, the regional fundamental group 7,°%(X, z) is finite thanks
to [Bra20, Theorem 1| and the local algebraicity assumption. In particular, the
image of the natural map 7°%(X,z) — m1(Xyeg) is finite. Let U, C X be a
sufficiently small open neighborhood of x. The above finiteness implies that if we
restrict the given tower to (Uz)reg7 then almost all maps v; will become trivial, i.e. a
disjoint union of copies of n;_ L ((Uz)reg)- Equivalently, if we restrict the tower to
U, then almost all v; will become étale. Since X is compact, we can cover it by
finitely many open sets U, and hence there exists a uniform bound M such that ;
is étale for ¢ > M, as desired. O

5.B. Proof of Theorem 5.1. We proceed by induction on the dimension of the
singular locus Xge. If dim X, = —1, i.e. X is empty, then we may simply take
X = X. Otherwise we apply Proposition 5.8 to obtain an open subset X,¢x C
X° C X which has a maximally quasi-étale cover v°: X° — X° and satisfies
dim(X \ X°) < dim X, — 1. We may restrict v° to an étale cover 7' of X,
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and then in turn extend 7’ to a quasi-étale cover of X, say ~: X - X. By the
uniqueness part of [DG94, Theorem 3.4], the map v will be an extension of °.

X' c Xoc X
’Y/l ’Yol l’y
Xreg € Xec X

The space X° is smooth thanks to Proposition 5.4. Thus we see that dim ng <
dim Xz — 1. Since J5 , is still flat, the induction hypothesis applied to X yields

a quasi-étale cover X — X with X smooth. We arrive at the desired smooth cover
of X by taking the Galois closure of the composed map X — X. O

5.C. Proof of Theorem 5.2. We still argue by induction on dim((X,ac)Sg) as
above. If (X, x) is smooth, there is nothing to show. We just have to check that
we can apply the induction hypothesis: to start with, we choose X as a small
neighborhood of x with a finite Whitney stratification. We can then find a quasi-
étale cover f: X — X with dim()?sg) < dim(Xgg). It is enough to pick a point
e f ) C X: this 7 has a neighborhood U that is a quotient singularity. The
open neighborhood U := f(ﬁ) of z has a smooth quasi-étale cover and (X, x) is
then a quotient singularity according to Lemma 2.9. (I

6. HOLONOMY OF SINGULAR RICCI-FLAT METRICS

The goal of this section is to prove Theorem C, which combined with the Bochner
principle leads to Corollary E.

6.A. A vanishing lemma. The following lemma will be used repeatedly. The
upshot is that a vanishing assumption on X implies a certain vanishing result
on X eg.

Lemma 6.1 (Vanishing lemma). Let X be a compact Kihler space with kit singu-
larities such that ¢(X) = 0. Then one has

H' (X eq, C) = 0.

If X additionally satisfies ¢(X) = 0, then any representation p: m1(Xreg) — G with
virtually abelian image actually has finite image.

Ezample 6.2. The example of the (simply connected) singular Kummer surface
x=T / +1 where T is a complex 2-torus shows that one can have ¢(X) = 0 while
71 (Xreg) is virtually abelian, yet infinite. Indeed, there is a short exact sequence

0— Z* — m1(Xreg) — £/27,— 0.
Of course, in this example ¢(X) =2 > 0.

Remark 6.3. The proof of the Lemma combined with [KS19] shows more generally
that if X is compact K&hler with kit singularities and X — X is a resolution, then
one has a (non-canonical) isomorphism

H! (Xyeg, C) = H! ()? \ E,(C) =~ HO (X, Q@) @ HY(X, Ox).
On the other hand, since X has only rational singularities, one also has

H!(X,C) = H! ()?,(C) - HO()?Q%) o H' ()? ﬁ)?)
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canonically. Hence the restriction map H!(X, C) — H'(X,eg, C) is an isomorphism.
Equivalently, the abelianization of the natural surjection m(Xyeg) — m1(X) has
finite kernel. Cf. Example 6.2 above.

Proof of Lemma 6.1. Let X = X bea strong projective log resolution of X, and
let E =), E; be the exceptional divisor. In what follows, one will identify Xcg

with X \ E. One has
(6.3.1) Hl(f(, ﬁf() =0

since ¢(X) = 0, cf. Definition 2.1. Since Xisa compact Kahler manifold, one also

has H° ()A(, Q%) = 0. From [GK14, Theorem 3.1], it then follows that even

(6.3.2) o (f( QL (log E)) =0.

Note that one could also have invoked Remark 2.2 to derive the same conclusion.
By Deligne’s theorem [Voi02, Theorem 8.35(b)], there is a short exact sequence

0 —s HO ()? QL (log E)) S H! ()2 \ E,C) . H! (f( ﬁg) 0,
so that (6.3.1) and (6.3.2) yield the requested vanishing
(6.3.3) HY (Xyep, C) = H! (}? \ B, <c) = 0.

Using the universal coefficient theorem, this implies that the finitely generated
abelian group Hi (X e, Z) has rank zero, hence is finite.

Let us now move on to the second part of the lemma. Without loss of generality,
one can assume that p is surjective, i.e. p(m (Xreg)) = (. Under the assumptions,
there exists a finite index normal subgroup H < m1(X,eg) such that p(H) C G is
abelian. The group H is realized as the fundamental group of a Kéhler manifold
Y equipped with an étale cover f°: Y° — Xieq, ie. f7 (7r1 (YO)) = H. One can
extend f° to a quasi-étale cover f: Y — X with Y a compact Kéhler space with kit
singularities. The inclusion Y° C Y}, induces an isomorphism 71 (Y°) = 11 (Yieg)
since Yieg \ Y° C f71(Xy) has codimension at least two in Yieg.

Now, one has ¢(Y) = q(X) = 0, hence H! (Y;cg, Z) is finite by the first part of the
lemma. Since the image of the representation 7 := po f2 of m(Y°) = m1(Yieg) is
abelian, it factors through H! (Yeg, Z) and is therefore finite. The following diagram
visualizes the argument.

7T1(Yo)

| \

1 (Xreg) P

G

The lemma follows since f?2 (7r1 (Yo)) < 71 (Xreg) has finite index. O

6.B. Holonomy of the non-flat factors. We fix the following setup.

Setup 6.4. Let X be a n-dimensional complex, compact Kéhler space with canonical
singularities and trivial canonical sheaf, Kx ~ 0. Next, we fix a Kéhler class
a € H?(X,R) and consider the unique singular Ricci-flat metric w, € « as in
Setup 3.1.

It follows from [Guel6, Theorem A] (see also [GGK19, Theorem 8.1], where the
assumption on the projectivity of X is not used, cf. Remark 3.5) that one can
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decompose the tangent sheaf as
(6.4.1) Tx =Pe
iel
where the &; are stable bundles with slope zero (with respect to «) and are such that
é"i’X is a parallel subbundle of Jx,,, with respect to w,. We set n; = rk(&;). The
reg
holonomy group G = Hol(ﬂxreg,wa) can be decomposed as a product G =[], G;
where G; = Hol(@@i‘x ,wa) is irreducible.
reg

By [GGK19, Proposition 7.3|, there exists a quasi-étale cover f: Y — X such
that the decomposition induced by the standard representation of the holonomy
group Gy = Hol(fymg, f*wa) is a refinement of the one of the identity compo-
nent G5,. Note that the construction of this so-called weak holonomy cover above
is independent of the projectivity assumption in [GGK19]. From now on, we will
replace X by Y and work with the following

Additional Assumption 6.5. The restricted holonomy GY of each factor &; in (6.4.1)
is either trivial or irreducible.

By [GGK19, Proposition 5.3|, there are only three possibilities for G7: one has

{1} or
G; = ¢ SU(n,), n; > 3, or

Sp(ni/2), mn; > 2 even.
We set J := {iel | Gy ={1}}, K :=1\J and .7 = ®D,cs &j- In other words,
one has
(6.5.1) Tx =T o &
keK
with Hol® (35|X ,wa) = {1} while the full holonomy group G;, = Hol(é"k|X ,Wa)
reg rog

satisfies Gf, = SU(ng) or G, = Sp(ni/2). In either case, one has
(6.5.2) Gk/GZ cUu(1)

by the proof of [GGK19, Lemma 7.8]. Consider a torus cover v: T X Z — X; then
pri»Jr is a direct summand of y¥.Z | so that 41*1&, is canonically identified with
a direct summand of pri;.7z. Hence one can realize G}, as an irreducible factor of
the holonomy group of Z,es. Since ¢(Z) = 0, the canonical surjection

p: 1 (Zreg) — Gk/GZ

combined with Lemma 6.1 leads to the following
Proposition 6.6. For any k € K, the group Gk/GZ is finite. (]

Corollary 6.7. In Setup 6.4 and up to performing a quasi-étale cover, the full
holonomy group of a non-flat, irreducible factor & in the decomposition (6.5.1) is
either SU(ny) or Sp(ni/2). O

We can now move on to the

Proof of Theorem C. Starting from Setup 6.4, we pass to an additional cover of X
so that the conclusion of Corollary 6.7 holds.

First item. Recall that the sheaves & from (6.4.1) are such that &; Xy A€
parallel with respect to w. Since the Chern connection D is torsion-free, we have
[u,v] = Dyv — Dyu for any local smooth vector fields u,v on X,es. Applying this
formula to local sections of z?l| Xre and keeping in mind that the latter subbundle
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is parallel, we see that é‘;| . is preserved under Lie bracket. Moreover, &; is
reg

saturated in J, being a direct summand of . Combining those two facts, we
get that the image of the Lie bracket [—, —]: A\* & — Ix /&, is a torsion-free sheaf
supported on X, hence it vanishes. This shows that &; defines indeed a foliation
on X. Although a direct sum of foliations needs not be integrable in general, the
argument above still applies and shows that # = @ jed & is a foliation as well.

Next, we know that Kx is a trivial line bundle and that for any k € K, one has
det &), = Ox since the holonomy of &} lies in SU(ny) by Corollary 6.7. This implies
that det ¥ = Ox.

Second item. This is clear from the definition of .%# and the first item.

Third item. The statement on the holonomy groups is contained in Corollary 6.7.
Now, we claim that &) is strongly stable with respect to a. Since restricted ho-
lonomy does not change after passing to a quasi-étale cover, it is enough to show
that &% is stable with respect to «. But if it were not the case, any saturated
destabilizing subsheaf would be parallel with respect to w, on X;c; by Bochner’s
principle for bundles, cf. Remark 3.5. Therefore, the group Hol(é%|x,.,,wa) would
not act irreducibly on C™*, which is a contradiction.

Now, let 3 € H2(X,R) be a Kihler class and let us show that & is strongly
stable with respect to 5. As before, it is enough to show stability. Let wg €
be the singular Ricci-flat metric. Since ¢;(8;) = 0, a (saturated) S-destabilizing
subsheaf 0 # & C &, satisfies ¢1(¢) - "~ = 0. By Bochner’s principle, ¢|x,.,
is parallel with respect to ws and we have a holomorphic splitting Ix = 4 © ¥+
over X;eg which extends over X by reflexivity. Here, L is meant with respect to
wg. Since Jy is semistable with respect to «, we have necessarily ¢;(¢)-a"~! = 0.
This contradicts the a-stability of & established earlier.

Fourth item. Assume that X =T x Z, where T is a complex torus and ¢(Z) = 0.
We need to show that the decomposition Ix = pri I @ pri Iz is such that pr. I
is a direct summand of .#. The Bochner principle for bundles (cf. Remark 3.5)
shows that over X,¢s = T X Z¢g, both summands are parallel subbundles and, in
particular, w can be decomposed as w, = priwr @ pri wz where wy (resp. wz)
is a Kéhler Ricci-flat metric on T' (resp. Zyeg). Since a Ricci-flat Kéhler metric
on a torus is necessarily flat, we have Hol® (pr*‘TﬂT‘Xrc ,wa) = Hol®(T,wr) = {1}.
The first part of the statement now follows easily. Tfle second part follows from
Proposition 6.9 below. O

6.C. On the flat factor. Since J7 is a direct summand of .%, it is clear that
4(X) <1k #. We conjecture that equality always holds. In particular, if g(X) =0
then the flat factor .% in the decomposition (6.5.1) should be zero. In the projective
case, the conjecture was established by [GGK19, Corollary 7.2] as a consequence of
Druel’s algebraic integrability result for flat sheaves [Drul8]. We are able to prove
two partial results in this direction:

(6.7.1) If rk # = n = dim X, then also g(X) = n. This is a direct consequence of
Proposition 6.8 below, since rk.# = n means that Jx, , is flat and torus
quotients obviously have g(X) = n.

(6.7.2) The conjecture can be derived from the complex space version of [GKP16a],
cf. Proposition 6.9 and Remark 6.10.

Proposition 6.8. Let X be a normal compact Kdhler space that has only kit sin-
gularities. If T, is flat, then X is a torus quotient.

reg
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Proof. According to Theorem 5.1, X has a smooth quasi-étale cover X. This com-
pact space X is still Kéhler [Var89, Corollary 3.2.2] and, by construction, the
tangent bundle of X is flat. We can then apply the classical characterization of
torus quotients derived from Yau’s theorem [Yau78| and the uniformization theo-

rem, cf. e.g. [Tia00, Theorem 2.13], to conclude that X is a torus quotient. Hence,
so is X. (I

Proposition 6.9. In Setup 6.4, assume that X admits a mazimally quasi-étale
cover. Then the equality tk F = q(X) holds.

Proof. After replacing X with a maximally quasi-étale cover, we can assume that
71 (Xreg) = 711(X). We may furthermore replace X by a torus cover T'x Z — X.
It is then sufficient to show that .77 has no flat factor. In other words, we may
replace X by Z and we need to show that ¢(X) = 0 implies rk.% = 0.

The flat factor % is given by a finite dimensional representation p: m (Xyeg) —
SU(r), with r :== rk #. This representation factors thus through the fundamental
group of X and it yields py : 71(X) — SU(r). Let us consider X — X a desingular-
ization of X: this compact Kéhler manifold has vanishing Kodaira dimension and
is thus special (in the sense of [Cam04b]). Since X has canonical singularities, we
know that its fundamental group is unchanged? when passing to a smooth model
by [Tak03, Theorem 1.1] hence we can interpret the representation px as a repre-
sentation pg: m (X) — SU(r). The manifold X being special, we know that none
of its étale covers dominate a variety of general type and [CCEL5, Theorem 6.5]
implies that the image of p ¢ is virtually abelian and, in particular, im p is virtually
abelian as well. By Lemma 6.1, p has finite image. This means that one can con-
struct a quasi-étale cover f: Y — X such that the direct summand fI*l.% of %
satisfies fl*.7 =~ OF". As q(Y) = 0, this can only occur if r = 0. O

Remark 6.10. The existence of maximally quasi-étale covers should be true for
any compact complex space with klt singularities (or even for Zariski open subsets
of such spaces). In [GKP16a], the algebraicity assumption is mainly used when
appealing to [Xul4| where it is shown that 7 (Link(X, x)) is finite for (X, z) klt.
In that article, it is proven that it is possible to extract a Kolldr component, i.e. a
birational morphism p: Y — X such that the fiber ;4~!(z) has a natural structure
of Q-Fano variety. This is achieved by considering a (projective) desingularization
i X - X and running a well-chosen MMP X --> Y over X. It is thus an
urgent task to generalize the known results [BCHM10] to obtain a relative MMP
for projective morphisms between normal complex spaces.

6.D. Varieties with strongly stable tangent sheaf. The following definition
originates in the projective setting from [GKP16b].

Definition 6.11 (CY and IHS varieties). Let X be a compact Kéhler space of
dimension n > 2 with canonical singularities and wy = Ox.

(6.11.1) We call X Calabi-Yau (CY) if HO (Y, Q@) = 0 for all integers 0 < p < n
and all quasi-étale covers Y — X, in particular for X itself.

(6.11.2) We call X irreducible holomorphic symplectic (IHS) if there exists a holo-

morphic symplectic two-form ¢ € H° (X , Q[;]) such that for all quasi-étale

2[Tak037 Theorem 1.1] is only stated for projective varieties but it holds in the complex analytic
setting, its proof being completely local (in the Euclidean topology). It can also be noted that the
corresponding result for the étale fundamental group is [Kol93, Theorem 7.5| and that this result
is explicitly stated for normal analytic spaces.
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covers v: Y — X, the exterior algebra of global reflexive differential forms
is generated by v[*o.

Definition 6.12 (Strong stability). Let X be a compact Kahler space of dimension
n > 2 with klt singularities and trivial first Chern class. We say that I is strongly
stable if for any quasi-étale cover f: Y — X, the tangent sheaf Z3 is stable with
respect to any Kéhler class a € H3(Y,R).

The following lemma shows that the notion of (strong) stability can be tested
on a single Kéhler class.

Lemma 6.13 (Independence of polarization). Let X be a compact Kdihler space
with dimension n > 2 with kit singularities and trivial first Chern class. If Ix
s stable with respect to a given Kdahler class, then it is stable with respect to any
Kahler class.

In particular, Jx is strongly stable if and only if there exists a Kdihler class
a € H3(X,R) such that for any quasi-étale cover f: Y — X, the tangent sheaf Fy
is stable with respect to f*a.

Proof. Assume that Jx is stable with respect to a Kéahler class a but not stable
with respect to another Kahler class a’. By polystability of Zx with respect to
the class a’, one can decompose Ix = F1 ® F» where %; have zero slope with
respect to a’. Since 0 = ¢1(Tx) = c1(F1) +c¢1(F2), there exists i € {1,2} such that
c1(F) -a™ ! > 0. Such a subsheaf .#; C Jx then destabilizes Zx with respect
to a, contradiction. The lemma is proved. [l

Putting together Theorem 3.4, Corollary 6.7 and Proposition 6.8, we get the
following result.

Corollary 6.14 (Spaces with strongly stable tangent sheaf). Let X be a compact
Kihler space with klt singularities and trivial first Chern class of dimension n > 2.
If Tx is strongly stable, then X admits a quasi-étale cover that is either a CY or
an THS variety.

Proof. By the Abundance Conjecture (cf. Remark 3.3), one can assume that X
has trivial canonical bundle and canonical singularities. Given that J is strongly
stable, the decomposition (6.5.1) on a cover Y — X reduces to a single factor.
If that factor is the flat factor .#, then X is a torus quotient by Proposition 6.8,
which is impossible since Jx is strongly stable and dim X > 2. Therefore, we can
apply Corollary 6.7 to see that the holonomy of Y, is either SU(n) or Sp(n/2). By
standard results of representation theory of the latter groups, the statement follows
from the Bochner principle, i.e. Theorem 3.4. (I

Remark 6.15. For the proof of Corollary 6.14 above, we do not need the full
Bochner principle since we only need to understand reflexive differential forms,
cf. Remark 3.7. The Bochner principle for more general tensors will however be
applied in the proof of Proposition 7.1.

7. FUNDAMENTAL GROUPS

This section is devoted to obtaining consequences about the fundamental groups
of X and of X,c;, where X has vanishing first Chern class. In a first step, we
provide a sufficient criterion for 71 (X) to be finite. This is the analogue of [GKP16b,
Proposition 8.23] for Kéhler spaces, and as in the projective case the proof is an
application of [Cam95, Corollary 5.3]. However, instead of using Miyaoka’s Generic
Semipositivity Theorem, we rely on the Bochner principle, Theorem 3.4. This idea
has already appeared in the proof of [Cam20, Theorem 3.5] (for X projective).
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Proposition 7.1 (Finiteness criterion for 71). Let X be a compact Kdhler space
of dimension n > 1 with kit singularities and c1(X) = 0. Assume moreover that
X(X,O0x) #0. Then m(X) is finite, of cardinality
2n71
m(X)| < ——.
Ol < Rz
In terms of spaces with strongly stable tangent sheaf (Corollary 6.14), this cri-

terion already applies to all even-dimensional spaces.
Theorem 7.2 (Fundamental groups in even dimensions). Let X be a compact
Kahler space with klt singularities and ¢1(X) = 0.
(7.2.1) If dim X is even and Tx is strongly stable, then w1 (X) is finite.

(7.2.2) If X is IHS or an even-dimensional CY, then X is simply connected.

For odd-dimensional CYs, we have no results about 71 (X) itself, but only about
its representation theory. These results are actually valid for all spaces with van-
ishing augmented irregularity. In addition, assuming the existence of maximally
quasi-étale covers we also obtain information about 71 (Xyeg).

Theorem 7.3 (Fundamental groups if ¢ = 0). Let X be a compact Kdihler space
with kit singularities, ¢1(X) =0 and ¢(X) = 0. Then:

(7.8.1) Any complex linear representation m (X ) — GL(r,C) has finite image.
Assume moreover that X admits a mazimally quasi-étale cover. Then:

(7.8.2) For each r € N, there are only finitely many r-dimensional complex linear
representations of w1 (X), up to conjugation.

(7.8.8) The above claims (7.3.1) and (7.3.2) remain true if one replaces m (X) by
1 (Xreg), the fundamental group of the smooth locus of X.

Restricting ourselves to dimension four, we have a completely unconditional
result:

Theorem 7.4 (Fundamental groups in dimension four, I). Let X be a compact
Kahler space of dimension < 4 with kit singularities and c1(X) =0. Then:

(7.4.1) m(X) is virtually abelian, i.e. it contains an abelian (normal) subgroup
I' S (X) of finite index.

(7.4.2) All finite index abelian subgroups of w1 (X) have even rank at most 2g(X) <
8. In particular, if ¢(X) =0 then m(X) is finite.

This in turn has the following consequence for Campana’s Abelianity Conjecture.

Corollary 7.5 (Fundamental groups in dimension four, II). Let X be a compact
Kahler manifold of dimension 4 and Kodaira dimension zero, admitting a good
minimal model. Then w1 (X) is virtually abelian.

7.A. Non-vanishing Euler characteristic. Recall the following notion, which
was introduced by Campana.

Definition 7.6 (Refined Kodaira dimension). Let X be a normal compact complex
space. The refined Kodaira dimension £¥(X) of X is defined to be

KT(X) = max{n(detﬂ) ’ dp: F C Q[;] coherent} € {—00,0,...,dim X},
where det .Z = (/\7035)W with r» = rk Z.
The proof of the following lemma is standard, and hence omitted.

Lemma 7.7. Let f: Y — X be a proper bimeromorphic map of normal compact
complex spaces. Then (V) < kT (X). O
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Proof of Proposition 7.1. Let f: Y — X be a projective resolution of singularities.
Then x(Y, Oy) = x(X, Ox) # 0 because X has rational singularities. Under this
assumption, Campana has shown in [Cam95, Corollary 5.1, 5.3] that 71 (Y") is finite,
of cardinality at most 271 - |X(Y, ﬁy)|_1 if we additionally have xT(Y) < 0. As f
has connected fibers, the natural map 71 (Y) — 71 (X) is surjective, so the finiteness
statement (and the bound) for m1(Y) will imply the sought result for 71 (X). By
Lemma 7.7, it is therefore sufficient to show that £*(X) < 0.

So let 0 < p < n be any integer and let & C Q[;] be a coherent subsheaf, say
of rank » > 1. As a subsheaf of a torsion-free sheaf, .% itself is torsion-free and
therefore locally free in codimension one. Recall that Q[)]?] C ((Q}()®p)vv. Hence
outside a closed subvariety of codimension > 2, we have an inclusion of locally free
sheaves "

det.# C (F)" C ((Q%)%)
which remains valid on X by Hartogs’ theorem. This gives an inclusion
(det 7)) C ((Q4)=mP)™

for every m > 1. Hence by the Bochner principle, Theorem 3.4, any global section
of (det &# )[m] is parallel with respect to the Ricci-flat Kéhler metric wq on Xieg.
Thus evaluating sections at a point x € X, gives an inclusion

HO (X, (det 9‘)[’"]) < (det F)E™.
Since the right-hand side is one-dimensional, we infer that x(det %) < 0. O

7.B. Even and odd dimensions. Theorem 7.2 is a more or less direct conse-
quence of Proposition 7.1, hence the proof is omitted. The incredulous reader
wishing to verify the details is advised to digest [GGK19, Theorem 13.1 and Corol-
lary 13.3].

Proof of Theorem 7.3. We may assume that X has canonical singularities. Let
X — X be a projective resolution of singularities. Then X has Kodaira dimen-
sion zero, hence is special in the sense of Campana and thus every complex linear
representation of 71 (X) = 1 (X) has virtually abelian image (cf. the proof of Propo-
sition 6.9). By Lemma 6.1 and the assumption ¢(X) = 0, every such representation
actually has finite image, proving (7.3.1).

Assume that X admits a maximally quasi-étale cover. Then (after a cover), the
full holonomy group of X is a product of SU(ny) and Sp(nk/2), for various values
of ng. It is well-known that these groups do not have any nonzero polynomial
invariants, see e.g. [GGK19, Lemma 11.6]. By the Bochner principle, Theorem 3.4,

we conclude that H° ()?, Sym™ Q%) =0 for all m > 0. We can deduce (7.3.2) from

this in the same way as in the proof of [GGK19, (13.6.2)].

The 7 (Xyeg) version of (7.3.1) can be derived from (7.3.1) as in the proof
of [GGK19, (13.10.1)], because we assume the existence of a maximally quasi-étale
cover. Ditto for (7.3.2), using the argument of [GGK19, (13.10.2)]. O

7.C. Dimension four. The statements remaining to be proven concern Ké&hler
fourfolds.

Proof of Theorem 17.4. Recall from [Gral8, Corollary 1.8] that all statements are
well-known if dim X < 3. We can therefore assume for the remainder that X is of
dimension four. Let v: T'x Z — X be a torus cover (Corollary 4.2). By e.g. [Cam91,
Proposition 1.3], the image of 71 (T' x Z) = 71 (T') x 71(Z) in 71 (X) has finite index,
and 71(T) is free abelian of rank 2¢(X). It is therefore sufficient to show that
m1(Z) is finite.
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If dim Z < 3, this holds by [Gral8, Corollary 1.8] again. It remains to consider
the case where dim Z = 4, i.e. where X = Z and wx = Ox and ¢(X) = 0. By
Remark 2.2, the last property implies H! (X, Ox) = 0 and then also H?(X, Ox) =
H3(X,wx) = HY(X, Ox) = 0 by Serre duality [BS76, Chapter VII, Theorem 3.10].
So

X(X,0x) =1+ 1*(X,0x) + h*(X, Ox) > 2.
=1
By Proposition 7.1, m1(X) is finite (of cardinality at most 4). This settles (7.4.1).

We have already exhibited a finite index abelian subgroup of m1(X) of rank at
most 2g(X), namely the image of 71 (T") — 71(X). It is well-known that all such
subgroups have the same rank. Claim (7.4.2) follows easily. O

Proof of Corollary 7.5. By [Tak03], the fundamental group is unchanged when pass-
ing to a minimal model X --+ X;,. We can apply Theorem 7.4 to Xpnin, since a
good minimal model in Kodaira dimension zero satisfies ¢1(Xmin) = 0. O

8. KODAIRA PROBLEM AND DECOMPOSITION THEOREM

In this last section, we apply the results obtained so far to the study of the
Kodaira problem, i.e. the question of finding small deformations of a given K&h-
ler space that are algebraic varieties. Since most of our results only work after
performing a finite cover, we introduce the following notation.

Notation 8.1. Let X be a normal compact complex space. We say that X is
approximable up to a cover if there exists a quasi-étale Galois cover X — X such
that X admits a strong locally trivial algebraic approximation.

We also fix the following setup:

Setup 8.2. Let X be a compact Kahler space with klt singularities and trivial first
Chern class. Let v: T'x Z — X be a torus cover of X, as given by Corollary 4.2.

A closely related question is whether X admits a BB (= Beauville-Bogomolov)
decomposition, that is, whether the splitting (6.5.1) of Jx actually comes from a
splitting of X. We prove that having the BB decomposition settles the Kodaira
problem in the above sense. Of course, this applies in particular if Jx itself is
already strongly stable.

Theorem 8.3 (BB decomposition implies Kodaira problem). Assume that Z de-
composes (possibly after a further quasi-étale cover) into a product [, Z;, where
each Z; has strongly stable tangent sheaf. Then X is approximable up to a cover.

In dimension four, we obtain a much stronger statement: assuming only that X
has algebraic singularities, we can solve the Kodaira problem for X and this in turn
implies the BB decomposition.

Theorem 8.4 (Kodaira problem in dimension four). Assume that dim X < 4 and
X has algebraic singularities (or more generally, assume that X admits a mazimally
quasi-étale cover). Then:

(8.4.1) X is approzimable up to a cover.
(8.4.2) X admits a Beauville-Bogomolov decomposition.

In the special case of isolated singularities, we have the following more precise
structural result.

Proposition 8.5 (Isolated singularities). In Setup 8.2, assume additionally that
X has only isolated singularities and that X is approximable up to a cover. Then
either X admits a smooth quasi-étale cover or Tx is strongly stable in the sense of

Definition 6.12.
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Remark 8.6. As a corollary of Theorem 8.4, the conclusion of Proposition 8.5 above
holds as soon as dim X < 4 and X has isolated singularities.

8.A. A sufficient criterion. All results in this section are based on the following
criterion for approximability.

Proposition 8.7 (Approximation criterion). In Setup 8.2, assume that for some
smooth subgerm S C Def'*(Z) and some Kdihler class [wz] € H'(Z,Q},) on Z, the
map

ToS —5 5 H'Y(Z, 77) 242" w2(7, 0)

is surjective. Here K is the restriction of the Kodaira—Spencer map of Z. Then X
18 approximable up to a cover.

Proof. For any complex torus T, the semiuniversal deformation space Def(T) is a
smooth germ [Voi03, Chapter 5, Example 1]. (Of course, this also follows from the
much more general Bogomolov—Tian-Todorov theorem, since 7" is smooth.) Hence
also B := Def(T) x S is smooth, with tangent space

ToB = HY(T, I7) © T,S.

Consider a Kahler class [wr] on T" and the induced Kahler class [w] := prijwr] +
prifwz] on T x Z, where pry and pr, are the projections. We know that [wp] U
—: HY(T, 7r) — H%(T, Or) is surjective [Voi03, Chapter 5, Example 1]. Also, since
q(Z) = 0 the Kiinneth formula yields

(8.7.1) H*(T x Z,0rxz) = (T, 07) © H*(Z,07) .

Consider now the product deformation of T' x Z over B, i.e. the fibre over a point
(t,s) € B is Ty x Zs. Letting x be Kodaira—Spencer map of this deformation,
from (8.7.1) we see that

ToB —" s HNT x Z, Tryy) " HA(T x Z, 01 )
is surjective. By [GS20, Theorem 3.1], it follows that T x Z has a locally trivial
algebraic approximation. We conclude by taking the Galois closure of «, using
Lemma 8.8 below. O

Lemma 8.8. Let X be a normal compact complex space and ~: X—>Xa quasi-
étale cover. If X admits a locally trivial algebraic approximation, then so does X.

Proof. Let X — S be a locally trivial algebraic approximation of X over a smooth
germ S. Fix a Whitney stratification ./ of X such that the open stratum equals
Xieg- By Thom'’s first isotopy lemma, X is homeomorphic to X x S over S via a
stratum-preserving homeomorphism [GM88, Part I, Theorem in §1.5]. In particu-
lar, X;¢g is homeomorphic to X,¢s x S. Since S is contractible, this implies that
71 (Xreg) = ™1 (Xreg). Using the classification of étale covers via (conjugacy classes
of) finite index subgroups of the fundamental group, we see that v extends to an
étale cover of X,cq, and then also to a quasi-étale cover X — X of X itself. The
composed map X Sisa locally trivial deformation of its central fibre, which of
course is X. O

8.B. Proof of Theorem 8.3. Consider any factor Z;. We will define a smooth
subgerm S; C Def!*(Z;). By Corollary 6.14, we may assume that Z; is either CY
or THS.

o If Z; is CY, we set S; = {0}.

o If Z; is THS, we set S; = Def!*(Z;). This makes sense because Def'*(Z;) is smooth
by [BL20, Theorem 4.7].



KAHLER SPACES WITH ZERO FIRST CHERN CLASS 31

We now set

S =[] c [[Def'(Z:) c Def'(2)

and we take a Kahler class [wz] on Z of the form )", prf[wz,], where the [wz,] are
Kahler classes on Z;. By the Kiinneth formula,

H*(Z,605) = PH(Z:,02) = @ H*(Z:,02,)
i Z; THS
and ToS; — H%(Z;, Oz,) is surjective for each value of 4, by [GS20, Theorem 4.1].
It follows that we can apply Proposition 8.7 with our choice of S and [wz]. O

8.C. Proof of Theorem 8.4. By [Gral8, Theorem 1.4], we may assume that
dimX = 4 and ¢(X) = 0. After performing a quasi-étale cover, consider the
decomposition of Jx given by (6.5.1). By Propositions 5.9 and 6.9, the flat factor
Z is trivial. Furthermore, by Theorem 8.3 we may assume that Jx is not strongly
stable. The only possibility we are left with is

yX - @ﬂl @(532’

where both & have SU(2) = Sp(1) holonomy. Therefore X carries a holomorphic
symplectic form and Def!®(X) is smooth by [BL20, Theorem 4.7].> We conclude by
Proposition 8.7 that X is approximable up to a cover.

Concerning the existence of a BB decomposition, let X; be a small projective de-
formation of X. Clearly, X; likewise carries a symplectic form, which is non-unique.
Therefore X, splits as S} x S5, where the S, are (possibly singular) projective K3
surfaces, by the BB decomposition for projective varieties [HP19]. As klt surface
singularities are quotient singularities, it follows that X; has only quotient singu-
larities [KM98, Proposition 4.18]. Then the same is true of X, by local triviality
of the deformation. But the BB decomposition for orbifolds is known by [Cam04a,
Theorem 6.4]. Hence X = S; x S5 splits into a product of singular K3 surfaces. O

8.D. Proof of Proposition 8.5. If a quasi-étale cover Y — X splits, then any
factor of Y has to be smooth since it would otherwise yield a positive dimensional
singular locus for Y, hence for X too. In particular, Y is smooth.

From now on, we assume that no quasi-étale cover of X splits. By Corollary 4.2,
this implies that ¢(X) = 0. Since X admits a maximally quasi-étale cover by Propo-
sition 5.9, there is no flat factor in the decomposition of Jx by Proposition 6.9.
Now, Corollary 6.7 implies that up to performing a quasi-étale cover Y — X the
full holonomy of Y is a product of SU and Sp of maximal rank. We claim that only
one factor occurs, which is the content of the corollary.

First of all, consider an algebraic approximation Z = Y; of Y. That is, Z is a
projective variety with klt singularities and ¢1(Z) = 0 arising as a fiber of a locally
trivial deformation of Y. In particular, Z has non-empty isolated singularities and
no quasi-étale cover of Z splits, since it would otherwise admit a smooth quasi-étale
cover, hence Y would too. By [HP19], this implies that J7 is strongly stable; hence
by [GGK19, Theorem EJ, it admits a quasi-étale cover that is either a CY variety
or an IHS variety. In particular, the proof of Lemma 8.8 shows that a quasi-étale
cover of Y can be deformed locally trivially to a CY or IHS variety. In such a
family, the number of holomorphic p-forms is constant for any p (as one can see

3Note that strictly speaking, that result is not applicable because X is not primitive symplectic
(using their terminology). Indeed, H® (X, QE?]) is two-dimensional and so the symplectic form is
not unique. An inspection of the proof, however, reveals that primitivity is in fact not needed: all

(1l

that matters is the existence of an isomorphism Jx = Q4 given by a symplectic form.
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e.g. by performing a simultaneous resolution and using [KS19]). Now one can check
easily that the algebra of invariants
n p G
4,G) = [EPAC
p=0
for a group G = [[,; Gi such that G; = SU(n;) or G; = Sp(n;/2) with Y ;. ;n; =n
satisfies A,(G) = A,(SU(n)) (resp. An(G) = An(Sp(n/2))) if and only if G =
SU(n) (resp. G = Sp(n/2)). By the Bochner principle, this implies that the holo-
nomy of (a quasi-étale cover of) Y is either SU(n) or Sp(n/2), hence Jx is strongly
stable. 0
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