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Abstract

We describe the asymptotic behaviour of the quantum propagator
generated by a Berezin-Toeplitz operator with real-valued principal
symbol. We also give precise asymptotics for smoothed spectral projec-
tors associated with the operator in the autonomous case; this leads us
to introducting quantum states associated with immersed Lagrangian
submanifolds. These descriptions involve geometric quantities of two
origins, coming from lifts of the Hamiltonian flow to the prequantum
bundle and the canonical bundle respectively. The latter are the main
contribution of this article and are connected to the Maslov indices ap-
pearing in trace formulas, as will be explained in a forthcoming paper.

1 Introduction

Let M™ be a compact complex manifold endowed with two Hermitian holo-
morphic line bundles L and L’. We assume that L is positive, meaning that
the curvature of its Chern connection is 1w with w € Q2(M,R) N QLD (M)

i
positive. For any positive integer k, let Hj be the space of holomorphic
sections of LF @ L'. The scalar product of sections of L*¥ ® L’ is defined

as the integral of the pointwise scalar product against the Liouville volume

n
form p = 5.

Given a function f € C°(M), the Berezin-Toeplitz operator Tj(f) is the
endomorphism of Hj such that

<Tk(f)u7 U> = <f’LL, U>7 V’LL, v € Hy.
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We are interested in the semi-classical limit & — 400 and the techniques
we use allow to consider more general families T' := (Tx(f(-,k))) where
the multiplicator itself depends on k& and has an expansion of the form
f(, k) = fo+ kL f1+... with coefficients f, € C*°(M). We will also consider
time-dependent sequences f(-,t, k) with an expansion with time-dependent
coefficients.

We call the family T a Toeplitz operator, fy its principal symbol and
fi+ %A fo its subprincipal symbol. Here A is the holomorphic Laplacian
associated with the Kéhler form w, so A = 3~ 1" 9,,0;, when w = i}~ hjjdz; \
dzj. The reason why we introduce this subprincipal symbol is merely that
it simplifies the subleading calculus.

Typically, if T and S are two Toeplitz operators with principal symbols
f and g, then T'S and k[T, S] are Toeplitz operators with principal symbols
fg and the Poisson bracket {f,g} with respect to w [3, 1]. If now T and
S have identically zero subprincipal symbols, then the subprincipal symbols
of TS and k[T, S] are %{f,g} and —w;i(X,Y) respectively [8], where X,
Y are the Hamiltonian vector fields of f and g and w; is the real two-form
given by wy; = (0O — %@K), with O/, © the curvatures of the Chern
connections of L’ and the canonical bundle K.

1.1 The quantum propagator

It is a well-known result that the solution of the Schrédinger equation for
a pseudo-differential operator is a Fourier integral operator associated with
the Hamiltonian flow of its principal symbol. Our first result is the Toeplitz
analogue of this fact. Consider a time-dependent Toeplitz operator (T} ;)
with principal symbol (H;) and subprincipal symbol (H§"). The quantum
propagator generated by T} ; is the smooth path (Uyy, t € R) of (unitary in
case T}, is self-adjoint) maps of H;, satisfying the Schrédinger equation

1 d )
(ik) 1EUk,t + Tk Uk = 0, Uk =1id. (1)

Our goal is to describe the Schwartz kernel of Uy, ;, which by definition is

di
Uri(z,y) = > (Upsti) () @ i(y) € (X 0 L), @ (TF 0 T),

i=1

where dj, = dim Hj, and (v);) is any orthonormal basis of Hy. In the sequel,
we will view Uy 4(x,y) as a map from (LF @ L'), to (LF @ L), using the
scalar product of (L¥ ® L'),,.



As we will see, when the principal symbol (H;) is real, this Schwartz
kernel is concentrated on the graph of the Hamiltonian flow ¢; of H;. Here
the symplectic form w is ¢ times the curvature of L, and the Hamiltonian
vector field X; is such that

w(Xt, ) + dHt =0. (2)

To describe the asymptotic behavior of Uy, 1(¢¢(x), x), we need to introduce
two lifts of ¢¢, the first one to L and the second one to the canonical bundle
K of M. The relevant structures on L will be its metric and its connection,
which is generally called the prequantum structure.

Parallel transport and prequantum lift

If A - M is a Hermitian line bundle endowed with a connection V, the
parallel transport in A along a path « : [0,7] — M is a unitary map

T(A, )+ Ayo) = Ay

which can be computed as follows: if u is a frame of y* A, then T (A, v)u(0) =
exp(i [, a)u(r), where a € QL([0,7],R) is the connection one-form defined
in terms of the covariant derivative of u by Vu = —ia ® u. In particular
we can lift by parallel transport the Hamiltonian flow ¢;. We set T;4(z) :=
T(A; Go(2)) : Ax = Agy(a).

The prequantum lift of the Hamiltonian flow ¢; to L is defined by

OF(x) = e Jo T O @) ATl () (3)

This lift has an interest independently of Toeplitz operators: by the Kostant-
Souriau theory, ¢ is the unique (up to a phase) lift of ¢; which preserves the
metric and the connection of L. Furthermore, if x belongs to a contractible
periodic trajectory with period 7', so that we can define the action A(x,T) €
R, then ¢f(x): L, — L, is the multiplication by exp(iA(z,T)).

In our results, qStL will appear to the power k with some corrections
involving the subprincipal data L' and H"™, more precisely we will see

t rrsu Rk ,
e%fo HW (¢ (2)) dr [qth(ﬂj)} ®7;L (z) : (Lk ® L/)m N (Lk ® L,)qbt(:c)' (4)

So we merely replace L by LF @ L' and H; by kH; + H"™ in (3).



Holomorphic determinant and lift to the canonical bundle

The second ingredient we need is an invariant of the complex and symplectic
structures together. If g : S — S’ is a linear symplectomorphism between
two 2n-dimensional symplectic vector spaces both endowed with linear com-
plex structures, we define an isomorphism K(g) : K(S) — K(S’) between
the canonical lines K (S) = A™08* | K(S") = A™9(S")* characterized by

K(g)(a)(gsu) = a(u), Va € K(S),u e A\"S. (5)

Equivalently, if £ and E’ are the (1,0)-spaces of S and S’ respectively, we
have decompositions

_ _ 1,0
SC=E®E, SeC=EaF, g®id<c:<g* :)

with g0 : E — E’. Then K(g) is the dual map of det g'* : A"E — A"E' in
the sense that K (g)(a)((det g1%)u) = a(u) for any o € K(S) and u € A"E.

This holomorphic determinant has a nice structure in terms of the polar
decomposition of linear symplectic maps. When S = S’ = R?" with its
usual complex structure j, g = g192 where g; and go are both symplectic,
g1 commutes with j, and g, is symmetric positive definite. Then K (g) is a
complex number whose inverse is

detc gl,O = <H T) detc g1 (6)
=1

with0 <A\ <...< )\, <1< )\,_Ll <... < )\1_1 the eigenvalues of g9, and
detc g1 the determinant of gy viewed as a C-linear endomorphism of C™.
Indeed, detc ¢'° = detc g%’o detc g1 and one readily computes detc g% 0 using
the diagonalization of go in an orthonormal basis (e1,...,en,j€1,...,j€n)
with goey = Apey and goje, = )\Z_ljeg. This formula generalizes for (S, j) #
(S’,7"), with now linear symplectic maps ¢; : S — S" and g : S — S,
where g1 0 j = j' 0 g1, and g is positive definite for the Euclidean structure
w(+,7-) of S. The complex determinant of g; may be viewed as a map from
detc(S, j) to detc(S’,4') or equivalently from A'PE to A*PE’.

This definition provides us with a lift D, of the Hamiltonian flow ¢; to
the canonical bundle K = A™OT*)M | defined by

We have another lift of ¢; to the canonical bundle which is the parallel trans-
port T,%. Define the complex number p;(z) such that D (z) = ps(z)T,% (z).



The result

Theorem 1.1. Let (Uy,) be the quantum propagator of a time-dependent
Toeplitz operator (Ty ;) with real principal symbol. Then for any t € R and
reM,

Upt(d4(2), ) = (%)n[m(x)]% e%fot H (¢ (2)) dr [¢f(:1:)}®k®7;y($)

+O(k" 1)

(8)

where ¢y is the Hamiltonian flow of the principal symbol Hy, ¢F and 7;L/ are
its prequantum and parallel transport lifts, Hfub is the subprincipal symbol
and (plt)l/2 is the continuous square root equal to 1 at t = 0 of the function
pt such that Dy = p, ;X with Dy(z) = K(Tyehy).

If y € M s different from ¢¢(z), then Uy 4(y,z) = O(k=N) for all N.

The first part of the result has an alternative formulation when M has
a half-form bundle, that is a line bundle § and an isomorphism between
62 and the canonical bundle K. Introducing the line bundle L; such that
L' = L ® § and using that T2 = T* @ T, we obtain

Uk(de(w),x) ~ (%)”e% Jo et o a4k )] 9T (2) @ [Dy()]

where [Dt(x)]1/2 : 0z — Jg,(z) is the continuous square root of Dy(z) equal
to 1 at t = 0. Observe that to write this equation, it is sufficient to define §
on the trajectory t — ¢¢(x), which is always possible.

In the above statement, we focused on the geometrical description of
the leading order term, because it is the real novelty. The complete result,
Theorem 6.3, too long for the introduction, is that Uy +(¢¢(z),«) has a full
asymptotic expansion in integral powers of k! and we also have a uniform
description with respect to x, ¥ and ¢ on compact regions. Such a uniform
description is not obvious because the asymptotic behavior of Uy (y, ) is
completely different whether y = ¢;(x) or not. We actually show that the
Schwartz kernel of Uy, is a Lagrangian state in the sense of [6], associated
with the graph of ¢;.

1.2 Smoothed spectral projector

Our second result is the asymptotic description of the Schwartz kernel of
f(kE(Ty, — E)) where (Ty) is a self-adjoint Toeplitz operator, E is a regular
value of the principal symbol H of (T;) and f € C®(R,R) is a smooth



function having a compactly supported Fourier transform. For a function
g : R = R, g(T}) is merely defined as }°\cq (1) 9(A)ILy where for each
eigenvalue \ of Ty, Il is the orthogonal projector onto the corresponding
eigenspace. For g smooth, g(T}) is itself a Toeplitz operator with principal
symbol g o H and so its Schwartz kernel is concentrated on the diagonal;
more precisely

9(T)(@,2) = (52) 9(H (@) + Ok"),
g(Tp)(z,y) = Ok™™), VYN when x # y.

In the rest of the paper we will work with a function g depending on k in the
very specific way ¢g(7) = f(k(7 — E)), which we interpret as a focus at scale
k! around E. For instance, for f the characteristic function of a subset A
of R, f(k(- — E)) is the characteristic function of E + k~!'A. However, we
will only consider very regular functions f, having a compactly supported
Fourier transform f .

Our result is that the Schwartz kernel of f(k(T} — E)) is a Lagrangian
state associated with the Lagrangian immersion

jg:Rx HY(E) — M?, (t,x) — (¢¢(z), x). (9)

Here ¢; is the flow of the autonomous Hamiltonian H. It is important to
note that jg is not injective and not proper in general. However only the
times t in the support of the Fourier transform of f matter, so we will work
with the restriction of jg to a compact subset. Still, it is possible for jg to
have multiple points because of the periodic trajectories.

The description of the Schwartz kernel on the image of jg will be in
terms of the parallel transport lift of ¢; to L and L’ as introduced above
and a lift D} to the canonical bundle of the restriction of ¢; to the energy
level set H~'(E), defined as follows.

First since E is regular, for any # € H~(E), the Hamiltonian vector
field X of H is not zero at x. Second, H being time-independent, T, ¢; sends
X, into Xy, (,), so it induces a symplectic map from T, H~!(E)/RX, into
Td)t(m)H_l(E)/RXd)t(m). In the case x is periodic with period ¢, this map is
the tangent linear map to the Poincaré section map.

For any z € H™'(E), write T,M = F, ® G, where F, is the subspace
spanned by X, and j, X, and G, is its symplectic orthogonal. Observe that
T.H Y (E) = G, ®RX, so that G, = T, H '(FE)/RX,. Furthermore, both
F, and G, are symplectic subspaces preserved by j,, so K, ~ K(F,) ®



K (Gz). Then we define
'Dé($) K, — K(bt(m) (10)
as the tensor product of the following maps:

1. K(F,) = K(Fy, ), A = 2|| X[ 72X where A, X are normalised by
AXy) = )‘,(X@(:c)) =1,

2. K(¢): K(Gz) = K(Gg,(z)) with ¢ the symplectomorphism

_ T _
Vi Gy~ T, H Y (E)/RXy =5 Ty, H ' (E)/RX () =~ G, (a)-

In the particular case where T,¢; sends (jX), into (jX)g, (), one checks
that Dy(x) = || X||72D.(z). Otherwise, there does not seem to be any
simple relation between D;(z) and Dj(x).

Exactly as we did for Dy, we define p}(x) as the complex number such
that

Dy(z) = py(x)T," ().
We denote by [pg(x)]l/z the continuous square root equal to v/2|| X, ||~ at
t=0.
Theorem 1.2. For any self-adjoint Toeplitz operator (T)) and regular value
E of its principal symbol H, we have for any x,y € H 1(E),
PR, — E))(ga) = ()"
k Y, - o
N 11 tpsu T r ®k / n—s
<Y f@ @) et T @ [Tl )] T (2) + o).

teSupp f,

é1(z)=y
Furthermore, for any (x,y) € M? not belonging to jg(Supp f x H-1(E)),
we have f(k(Ty — E))(x,y) = O(k~).

As in Theorem 1.1, in the case M has a half-form bundle §, we can write
L' = L; ® ¢ and replace the sum above by

S Fwyer e (1) P erhi @) @ (D))

teSupp f,

#t(z)=y
where [Dj(z)]
t=0.

Furthermore, we will give a uniform description with respect to (x,y) of
the Schwartz kernel of f(k~!(Ty — E)) by showing it is a Lagrangian state
associated with the Lagrangian immersion jg.

vz, 0z — g, (s is continuous and equal to || X, | ~'idz, at



1.3 Discussion

Let us explain more the structure of the Lagrangian states appearing in
the previous results. Roughly, a Lagrangian state of M is a family (¥ €
Hy, k € N) which is O(k~°) outside a Lagrangian submanifold I" of M and
which has an asymptotic expansion at any point € I' of the form

Uy (z) = k™ [t(x)])®" (ao(x) +Eay(2) +..)

where m is some nonnegative integer, t(z) € L, has norm one, and the
coefficients ag(z), ai(z), ... belong to L’,. We can think of [t(z)]* as an
oscillatory factor and k™ 3" k~‘a,(z) as an amplitude. Furthermore, t(x)
and the ay(z) all depend smoothly on x so that they define sections of L and
L' respectively over I'. The section ¢ has the important property to be flat.
Regarding the leading order term ag(x) of the amplitude, it is often useful to
think about it as a product ¢;(z) ® v(x) where ¢;(z) € (L1), and v(z) € 0,.
Here 6 is a half-form bundle, which can be introduced at least locally, and
L' = L1 ®§. Then [t(z)]®* ® t1(x) may be viewed as a deformation of
[t(z)]®F, whereas v(z) is a square root of a volume element of I'. Indeed, T
being Lagrangian, there is a natural pairing between the restriction of the
canonical bundle to I' and the determinant bundle det TT ® C.

In our results, the Lagrangian states, which are Schwartz kernels of op-
erators, are defined on M?, with the prequantum bundle L X L. Here, the
symplectic and prequantum structures are such that the graphs of sym-
plectomorphisms are Lagrangian submanifolds and their prequantum lifts
define flat sections. In Theorem 1.1, the Schwartz kernel of the quantum
propagator is defined as a Lagrangian state associated with the graph of
the Hamiltonian flow and its prequantum lift. As was already noticed, the
prequantum lift appears with correction terms exp(i fy HE"™(¢,(z))dr) and

’7;L1 (x), which are the contributions of the corrections H*"? to H and L,

to L. Then the last term Dt% is merely the square root of the image of the
Liouville volume form by the map M — graph ¢; sending z into (¢¢(x), ).

The relation between Theorems 1.1 and 1.2 relies on the time/energy
duality. Roughly, for a time-independent operator H , we pass from the
quantum propagator (exp(—z'h_lt]fl ), t € R) to the smoothed spectral pro-
jector (f(hi~Y(H — E)), E € R), by multiplying by f(¢) and then doing a
partial A-Fourier transform with respect to the variables t, E (here k plays
the part of A~1). In the microlocal point of view, the variables t and F
are equivalent and we can view the quantum propagator and the spectral
projector as two facets of the same object.



In our results, this duality is expressed by the fact that the graph of ¢;
and the Lagrangian immersion jg are obtained in a symmetric way from the
Lagrangian submanifold

I ={(t H(),¢(x),2)/x € M,t € R} (11)

of T*"R x M x M~. Indeed, the graph of ¢; and the image of jr are the
projections onto M? of the slices

T,=TN{t} xRxM?), TP=TnRx{E}xM?).

The prequantum lifts and the volume elements can also be incorporated in
this picture. In particular, we pass from D; to D; by canonical isomorphisms
between volume elements of f, ft and T'F.

As we will see in a next paper, the quantum propagator viewed as a func-
tion of time is actually a Lagrangian state associated with I. This statement
is delicate because here we mix real and complex variables, cotangent bun-
dles and Kéhler manifolds, and the description of Lagrangian states is rather
different in these two settings. To give a sense to this, we will perform a
Bargmann transform so that the quantum propagator will become a holo-
morphic function of the complex variable ¢ 4 i¢F. This point of view will be
interesting, even for the proof of Theorem 1.1, to understand the transport
equation satisfied by the leading order term of the amplitude.

1.4 Comparison with earlier results

The introduction of Fourier integral operators with application to the Schro-
dinger equation and spectral properties of pseudodifferential operators has
its origin in the seminal Hormander [13] and Duistermaat-Guillemin [10]
papers, cf. the survey [11]. In these first developments, the operator under
study is the Laplace-Beltrami operator and the corresponding classical flow
is the geodesic flow.

The transcription of these results to Berezin-Toeplitz operators has been
done in the paper [2] by Bothwick-Paul-Uribe, by applying the Boutet de
Monvel-Guillemin approach of [3]. Similar results have been proved in a
recent paper [18] by Zelditch-Zhou where the application to spectral den-
sities has been pushed further. These papers both rely on the Boutet de
Monvel-Guillemin book [3]. In particular the properties of Berezin-Toeplitz
operators are deduced from the pseudodifferential calculus, and the quantum
propagator is viewed as a Fourier integral operator. From this is deduced
the asymptotics of the smoothed spectral projector on the diagonal, [2, The-
orem 1.1] and [18, Theorem 2.2]. The leading order term is computed in



terms of the symbolic calculus of Fourier integral operator of Hermite type
in [2], or with a non-linear problem in Bargmann space in [18]. It would
be interesting to compare these results to ours; unfortunately, we have not
been able to do so.

The techniques that we use come from the work of the first author where
a direct definition of Lagrangian states on a Kéhler manifold is used [6] and
the half-form bundles are developped for Berezin-Toeplitz operators [7]. The
isomorphisms (5) have been introduced in [8], [9] where their square roots are
called half-form bundle morphisms. A similar invariant appears in [18] under
the form (6). The main novelty in our results is the precise computation of
the coefficients p;(x) and p}(x) appearing in Theorems 1.1, 1.2.

Whereas the relation between the quantum propagator and the Hamilto-
nian flow is a classical result, the similar statement for the smoothed spectral
projector and the Lagrangian immersion (9) seems to be new. In [2] and
[18], only the diagonal behavior of the Schwartz kernel is described. To state
our result, we will introduce a general class of Lagrangian states associated
with Lagrangian immersions.

1.5 Outline of the paper

Section 2 is devoted to time-dependent Lagrangian states, that we call La-
grangian state families. The main result is that these states provide solutions
to the Schrédinger equation with quantum Hamiltonian a Toeplitz operator
and initial data a Lagrangian state, cf. Theorem 2.4. The principal symbol
of these solutions satisfies a transport equation, that is solved in Section 2.3,
while in Section 3, we give an elegant expression in the context of metaplec-
tic quantization. These results will be applied in Section 4 to the quantum
propagator, where Theorem 1.1 is proved.

In Section 5, we prove that the Fourier transform of a time-dependent La-
grangian state is a Lagrangian state as well, with an underlying Lagrangian
manifold which is in general only immersed and not embedded, cf. Theorem
5.4. The needed adaptations in the Lagrangian state definition for immersed
manifolds are given in Section 5.2. In Section 6, we deduce Theorem 1.2 on
the smoothed spectral projector.
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2 Propagation of Lagrangian states

2.1 Families of Lagrangian states

To define a Lagrangian state, we need a Lagrangian submanifold of M
equipped with a flat unitary section of the prequantum bundle L. Let us
consider a one-parameter family of such pairs. More precisely, let I C R be
an open interval, C; be the trivial complex line bundle over I, I" be a closed
submanifold of I x M and s € C*°(I',C; X L) be such that

1. the map ¢ : I' — I, ¢q(t,z) = t is a proper submersion. So for any
t € I, the fiber I'y :=T' N ({t} x M) is a submanifold of M,

2. for any t € I, I'; is a Lagrangian submanifold of M and the restriction
of s to I'; is flat and unitary.

Remark 2.1. a. Since ¢ is a proper submersion, by Ehresmann’s lemma,
I" is diffeomorphic to I x N for some manifold NV in such a way that ¢
becomes the projection onto I.

b. Given a proper submersion ¢ : I' — [ and a map f : ' — M, it is
equivalent that the map I' — I x M, z — (q(x), f(z)) is a proper
embedding and that for any t, f(¢,-) : I't — M is an embedding. We
decided to start from a closed submanifold of I x M to be more efficient
in the definition of Lagrangian states below. O

We will consider states ¥y in H; depending smoothly on ¢ € I, so Uy
belongs to C®(I,Hy,). Equivalently ¥}, is a smooth section of C; X (L* ® L)
such that 0¥, = 0. Here the 0 operator only acts on the M factor. Similarly,
it makes sense to differentiate with respect to t € I a section of C;X A, where
A is any vector bundle over M.

A Lagrangian state family associated with (T, s) is a family (¥ € C*°(1, Hy),
k € N) such that for any N,

n N
Wilt,7) = (o) L0 Sk e ) + Ryt k) (12)
=0

where

- F is a section of C; ¥ L such that F|p = s, OF vanishes to infinite
order along I" and |F'| < 1 outside of T,

- (ay) is a sequence of sections of C; X L’ such that da, vanishes to
infinite order along T,

11



- for any p and N, oY Ry = O(kP~N~1) in pointwise norm uniformly on
any compact subset of I x M.

It is not difficult to adapt the arguing of [6, Section 2] and to prove the
following facts. First, the section F exists. Second, we can specify arbitrarily
the coefficients ay of the asymptotic expansion along I and this determines
(Px) up to O(k~°°). More precisely, for any sequence (by) € C*(I',C; XK L"),
there exists a Lagrangian state (V) satisfying for any y € I’

n N
(o) = (55) 5 ) SR hly) + O .
=0

Furthermore, (¥y) is unique up to a family (®, € C*(I,Hy), k € N) sat-
isfying [|(£)P®x(t)|| = O(k~N) for any p and N uniformly on any compact
subset of 1.

We will call the formal series 3 hby the full symbol of (¥}). The first
coefficient by will be called the principal symbol.

It could be interesting to define Lagrangian state families with a different
regularity with respect to t. Here, our ultimate goal is to solve a Cauchy
problem, so we will differentiate with respect to ¢ and in a later proof, we
will use that (k~10,¥y) is still a Lagrangian state family. So we need to
consider states which are smooth in ¢. Observe that in the estimate satisfied
by Ry we lose one power of k for each derivative; this is consistent with the
fact that 0;(F*) = kF* f where f is the logarithmic derivative of F, that is
oF = fF.

A last result which is an easy adaptation of [6, section 2.4] is the action
of Toeplitz operators on Lagrangian state families. Let (T.) be a time-
dependent Toeplitz operator and (¥j,) be a Lagrangian state as above.
Then (T} W) is a Lagrangian state family associated with (I', s) as well.
Furthermore, its full symbol is equal to > A"Q,,(b,) where S h‘b, is
the full symbol of (¥;) and the @, are differential operators acting on
C*(T',C; ® L') and depending only on (T} ,). In particular, Qg is the mul-
tiplication by the restriction to I' of the principal symbol of (7}).

2.2 Propagation

Consider the same data I' C I x M and s € C*°(I", C; X L) as in the previous
section. We claim that the covariant derivative of s has the form

Vs =1irdt®s with T € C(I',R). (13)

12



Here the covariant derivative is induced by the trivial derivative of C; and
the connection of L. To prove (13), use that the restriction of s to each I'; is
flat. So Vs = ia ® s, with a € Q!(I', R) vanishing in the vertical directions
of g: ' = I. So a = 7dt for some function 7 € C>*(I",R).

In the following two propositions, (V) is a Lagrangian state family
associated with (T, s) with full symbol b(h) = 3 h’by.

Proposition 2.2. ((ik)~10,¥}) is a Lagrangian state family associated with
(T, s) with full symbol (T + hP)b(h), where P is a differential operator of
C®([,C; X L.

Proof. Differentiating the formula (12) with respect to ¢, we obtain on a
neighborhood of I" that

AN
oy = (5-) " F* ; K~k fag + Oyay)

where f € C*°(I x M) is the logarithmic derivative of F' with respect to time,
so O,F = fF. Using that 0 and the derivative with respect to ¢ commute,
we easily prove that df and 9(0;as) both vanish to infinite order along T'.
This shows that (k~10,¥}) is a Lagrangian state associated with (T, s).

Its full symbol is the restriction to I' of the series 3_ h*(fay + hdsap). We
claim that f|r = i7. Indeed, at any point of I, V F vanishes in the directions
tangent to M, because it vanishes in the directions of type (0,1) and in the
directions tangent to I'; as well. So VF = fdt ® F' along I'. The restriction
of F to I" being s, (13) implies that f|p = i7.

Using similarly that at any z € Ty, (1,1} ® C) ®T>'M = T, M ® C, and
Oay = 0 along T, it comes that diay = V zay along T', where Z(t,x) € Tl
is the projection of 9/0t onto Ty ,)I" parallel to T M. This concludes the
proof with P the operator %VZ. O

We now assume that (I',s) is obtained by propagating a Lagrangian
submanifold I'g of M and a flat section sy of L — I'g by a Hamiltonian
flow and its prequantum lift. Let (H;) be the time-dependent Hamiltonian
generating our flow (¢;) and denote by ¢! its prequantum lift defined as in
the introduction by (3). So we set

Iy=¢i(To),  si(de(x)) = of (x)s0(2).

Let Y be the vector field of R x M given by Y (t,x) = % + X¢(z) where X
is the Hamiltonian vector field of H;.

Introduce a time-dependent Toeplitz operator (T} ;) with principal sym-
bol (Ht)
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Proposition 2.3. (i@t\llk +T},+Vy) is a Lagrangian state family associated
with (T, s) with full symbol h(+Vy + )by + O(h?) for some ¢ € C>=(T).

Proof. By Proposition 2.2 and the last paragraph of section 2.1, we already
know that ( %at\lfk + T}, +Vy) is a Lagrangian state with full symbol

(7(t,z) 4+ Hy(z))(bg + hb1) + hQby + O(1?), (14)

where @ is a differential operator acting on C*°(T", C;®L’). By differentiating
(3) in the definition of s; and by the fact that Vs = i7dt ® s, it comes that

7(t, ¢e(x)) + Hi(de(x)) = 0, (15)

so the leading order term in (14) is zero. Consider f € C*°(R x M) and
compute the commutator
[0+ Tioes Te(f)] = 35 (Te(0uf) + Ti({Hy, f}) + O(K2)
= %Tk(Yf) + O(k72).
Letting this act on our Lagrangian state family Wy, it comes that [Q, f|r] =

(Y f)|r. Since this holds for any f, this proves that iQ is a derivation in
the direction of Y so iQQ = Vy + i¢ for some function (. O

Theorem 2.4. For any Lagrangian state (Vg 1, € Hy) associated with (T, sg),
the solution of the Schridinger equation

20Uy, + Ty 1y = 0, U(0,-) = Yo (16)

is a Lagrangian state family associated with (I',s) with symbol by + O(h)
where by satisfies the transport equation %Vybo + by = 0.

Since the integral curves of Y are t — (t,¢¢(z)), the solution of the
transport equation is

bo(t, g () = et Jo SO I L 1y o0 ). (17)

In the next section, we will give a geometric formula for ¢ in terms of the
canonical bundle.

Proof. The proof is the same as for differential operators (see the proof of
Theorem 20.1 in [17] for instance), so we only sketch it. We successively
construct the coefficients b, to solve %@\Pk + T3 Vg = O(k~N=1) with
initial condition Wy (0,-) = ¥gx+ O(k~). At each step, we have to solve a
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transport equation Vyby + dby = ry with initial condition by (0,-) = bo v,
which has a unique solution. This provides us with a Lagrangian state
() such that both equations of (16) are satisfied up to a O(k~°°). Then,
applying Duhamel’s principle, we show that the difference between 0;Vy
and the actual solution of (16) is a O(k~°°) uniformly on any bounded
interval. O

2.3 Transport equation

We will now give a formula for the function ¢ and solve the above transport
equation. Essential to our presentation are line bundle isomorphisms involv-
ing the canonical bundle K of M and the determinant bundles A" T*T"; and
/\n+1 T*T.

First, for any ¢ € I, let K; be the restriction of K to I'y. Then we have
an isomorphism

K; ~det(T"T',) @ C (18)

defined by sending Q2 € (K}), = /\”’0 T*M to its restriction to T,,I'y C T, M.
This is an isomorphism because (T,.I'y ® C) N TO'M = {0}, which follows
from the fact that I'y is Lagrangian.

Second, I'y being a fiber of I' — I, the linear tangent maps to the injection
I'y — I and the projection I' — R give an exact sequence

0— Tl = Tyl = R=T71T— 0.
Since R has a canonical volume element, we obtain an isomorphism
det(T*T;) ~ det(T”T)|r, (19)
defined in the usual way: for any a € A" T(’; I)F, one sends dt A a €
/\"Jrl T(’; I)F into the restriction of o to T, T%.
Gathering these two isomorphisms , we get a third one:

Kr = (C; X K)|p = det(T*T") ® C, (1R a)|p — j*(dt Aa)  (20)

for any a € Q™°(M) with j the embedding I' — I x M. On the one hand,
Kt has a natural connection induced by the Chern connection of K, which
gives us a derivation Vy acting on sections of K. On the other hand, the
Lie derivative Ly acts on the differential forms of I', and in particular on
the sections of det(T*T"). Under the isomorphism (20),

Ly =Vy + 10

where 6 € C*°(I") since Ly and Vy are derivatives in the same direction Y.
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Theorem 2.5. The function ¢ defined in Proposition 2.3 satisfies the equal-
ity ¢ = 10 + HP|p.

The proof is postponed to Section 7 since it does not help to understand
what follows and it is quite technical. On the one hand, we can compute 6
in terms of second derivatives of H;, cf. Proposition 7.1. On the other hand,
we directly compute the function (, cf. Proposition 7.2.

We will now give an explicit expression for the term involving ( in the
solution (17) of the transport equation in light of Theorem 2.5. For any
t € I, the tangent map to ¢; restricts to an isomorphism from TTy to TT}.
By the identification (18), we get an isomorphism & from K|p, to K|r,
lifting ¢¢. More precisely, for any x € T'g, u € K, and v € det(T,Iy), we
define & (r)u € Kgy,(,) so that

(Ex(@)u) ((Todr)v) = u(v). (21)

The parallel transport 7,/ restricts as well to an isomorphism K|r, — K]|r,.
Define the complex number Cy(x) by &(x) = Cy(z)T,5 ().

Proposition 2.6. The solution of the transport equation %Vyb +¢b =0
with b € C>(T, L") is

b(t, ¢4 (x)) = Cy(w)} e Jo HF@r @) dr ! 1y (0, ) (22)

with the square root of Cy(x) chosen continuously and Cy = 1.

Proof. In view of Equation (17) and Theorem 2.5, it suffices to deal with
the case H*"P|r = 0. Moreover, observe that if b satisfies Vyb = 0, then
b = fb solves %Vyb + ¢b = 0 if and only if %Y.f + (f = 0. So it suffices to
prove that f : (t, ¢ (x)) — Cy(z)'/? is a solution of the latter equation.

First the isomorphism I x I'y ~ T', (t,x2) — (¢, ¢(x)) sends the vector
field 9; to Y. The solutions of Ly, = 0 with 8 € Q"F(I x I'g) have the
form 8 = dt A By with By € Q"(Ty). So the solutions of Lya = 0 with
a € Q"H(I") are parametrised by ag € Q"(I'g) and given by

(6, (@)) = dt A (¢7) o

Now, identify K1 and det(T*T")®C through (20). Then by (21), the previous
equation becomes

(1,64 (2)) = Et(@) Al (0.2)-
Second, the solutions of Vya' = 0 with now o € C*°(T", K1) are given by

N tgu(ey) = T (2) 0,0
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Assume that o[ ) = al(z); then we have a = Ca/ with C € C*(T)
defined by C(t, ¢¢(z)) = Ci(x). Therefore

0=~Lya=Ly(Cd)=(Y.C)d + CLyd = (Y.C)d' + C Vyd +2i(Cd/
=0

so Y.C 4 2i(C = 0, hence %Y.C’l/2 +c¢c? =o. O

3 Metaplectic correction

It is useful to reformulate the previous results with a half-form bundle.

3.1 Definitions

Recall first some definitions. A square root (B, ) of a complex line bundle
A — N is a complex line bundle B — N with an isomorphism ¢ : B®2 — A.
A half-form bundle of a complex manifold is a square root of its canonical
bundle. Since the group of isomorphism classes of complex line bundles of a
manifold N is isomorphic to H?(IN), the isomorphism being the Chern class,
a sufficient condition for a complex manifold to have a half-form bundle is
that its second cohomology group is trivial. This condition will be sufficient
for our purposes. Before we discuss the uniqueness, let us explain how
derivatives and connections can be transferred from a bundle to its square
roots.

Assume that (B, ) is a square root of A. Then any derivative Dp acting
on sections of B induces a derivative D4 acting on sections of A such that
the Leibniz rule is satisfied

Dy(u®v) =Dp(u) @ v+ u® Dp(v), Vu,v e C*(B)

The converse is true as well: any derivative D4 of A determines a derivative
Dp of B such that the above identity is satisfied. Similarly a covariant
derivative VB of B induces a covariant derivative V4 of A such that V4 (u®
v) = VB(u) ® v+ u ® VB(v), and the converse holds as well.

Two square roots (B, ¢) and (B’,¢’) of A are isomorphic if there exists a
line bundle isomorphism ¢ : B — B’ such that ¢/0t)?> = . The isomorphism
classes of square root of the trivial line bundle Cy of N are in bijection with
HY(N,Zs). Indeed, each square root of Cy has a natural flat structure with
holonomy in {—1,1} € U(1), induced by the flat structure of Cn. We easily
check this determines the square root up to isomorphism. Furthermore, the
tensor product of line bundles defines an action of square roots of Cn on
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the space of square roots of a given line bundle A. This makes the set of
isomorphism classes of square root of A a homogeneous space for the group

HY(N,Zy).

3.2 Propagation in terms of half-form bundle

When M has a half-form bundle §, we can reformulate the previous results
by introducing a new line bundle Lq such that L' = L; ® §. The relevant
structures of Ly and ¢ have a different nature:

e [ has a natural connection, its Chern connection,

e the restriction of § to a Lagrangian submanifold N of M is a square
root of det(T*N)® C, through the isomorphism K|y ~ det(T*N)®C.

For instance, in our propagation results, on the one hand, the tangent map
to the flow defines a map from det(77Ty) to det(T™*T';), which gives the map
&+ K|r, — K|r,. We then introduce the square root of &

[E:(2)]7 : 60 = 6p(), @ €Ty

which is equal to the identity at ¢ = 0. On the other hand, we can define
the parallel transport 7;%* from the connection of Li. Then (22) writes
equivalently

b(t, go(x) = et Jo NS EN I TI 0y @ g (]E b0, ) (23)

The transport equation (Vy +i¢)b = 0 has a similar formulation in terms
of the decomposition L' = L1 ® §. Here it is convenient to lift everything to
I'. So we consider C; X L' — T" as the tensor product of C; X L; — I' and
or :==(C; X0 — I'). Then the transport equation is

(VE @id +id @Ly) + iH**P)b =0 (24)

On the one hand, V%! is the Chern connection of L; with derivative V)L}
acting on C®(I',C; X Ly). On the other hand, £J is the derivative of
C> (T, or) induced by the Lie derivative Ly of I" through the isomorphism

62 ~ Kp ~ det(T*T") @ C

defined by (20). More precisely, Eg/ is the unique derivative such that
Ly (s?) = 25 ® Ls for any section s € C®(T,dr). Then Formula (24)
follows from the relation between ¢ and § and the fact that V&b = (Vi ®
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id +id ®V$ )b where V? is the connection on & induced by the one on K,
which satisfies V9§ = £4 — 6.

Interestingly, these formulations can be used even when M has no half-
form bundle. To give a meaning to Equation (23), we need a square root § of
the restriction of K to the trajectory ¢g(z) of = on the interval [0,¢]. This
trajectory being an arc or a circle, such a square root exists. In the circle
case, there are two square roots up to isomorphism, but it is easy to see
that the right-hand side of (23) does not depend on the choice. Similarly
we can give a meaning to the transport equation (24) even when M has
no half-form bundle. Indeed a differential operator of I' is determined by
its restriction to the open sets of any covering of I'. And we can always
introduce a half-form bundle on the neighborhood of each point of M.

3.3 Norm estimates

The introduction of half-form bundles is also useful when we estimate the
norm of a Lagrangian state. For instance, consider a Lagrangian state Wy(t)
as in (12). Then, by [7, Theorem 3.2],

1@, = [ 9+ 06 (25)

where (; is a density on I'y, which is given in terms of the principal symbol
bo(-,t) of Wy(t) as follows. We assume that L' = L; ® § with § a half-form
bundle. Again we treat § and Lj in completely different ways. On the one
hand, L; has a natural metric so Ly ® L; ~ C. On the other hand, d|r,
being a square root of det(T*T;) ® C, the identity 2z = |22| induces an
isomorphism between &|r, ® d|r, and the bundle | A |T*T; ® C of densities.
So we have an isomorphism

L/|1"t ®Fr‘t ~ |/\|T*Ft ® C. (26)

Then Q; is the image of bg(-,t) ® by(-,t) by (26). When M does not have a
half-form bundle, we can still define the isomorphism (26) by working locally
and the global estimate (25) still holds. The normalization (k/ 271)% in the
definition (12) has been chosen to obtain this formula.

Interestingly the isomorphism (20) is also meaningful for our norm esti-
mates. Indeed, consider now by as a section of C; X L' — T'; repeating the
previous considerations to (C; X d)|r and (C; X Ly)|p, we define a density
Q on I such that

SO M@l b= [(reao+onT.  viecEm. @)
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where ¢ is the projection I' — I. This follows from (25), because ); is the
restriction of 15,2 to I'y and a geometric version of Fubini’s theorem tells us

that [ f(t) Jr, % = Jp(foq) Q.

4 The quantum propagator

In this section, we prove Theorem 1.1. We will apply the previous con-
siderations to M x M, LR L and L' X T instead of M, L and L'. The
holomorphic sections of (LK L)* @ (L'KL') are the Schwartz kernels of the
endomorphisms of Hy,.

The symplectic structure of M being the opposite of w, the diagonal
Ay is a Lagrangian submanifold of M x M. There is a canonical flat
section s : Ayy — L X L defined by s(z,z) = u ® U where u € L, is any
vector of norm 1. The Lagrangian states corresponding to (A, s) are the
Toeplitz operators up to a factor (%)% More precisely, the Schwartz kernel
of (%)_%Tk( f) is a Lagrangian state associated with (Ajy, s) with principal
symbol f, where we identify the restriction of L' X T’ to the diagonal with
the trivial line bundle Cpy = L' ® T’ by using the Hermitian metric of
L’. This applies in particular to the identity of #j, which is the Toeplitz
operator Ty (1) and is actually a reformulation of a theorem by Boutet de
Monvel-Sjostrand [4, 5].

By Theorem 2.4, the Schwartz kernel of the quantum propagator (U ;)
multiplied by (%)_% is a Lagrangian state family, associated with the graph
of ¢y and its prequantum lift. Indeed, in the Schrodinger equation (1), we
can interpret the product T} .Uy as the action of the Toeplitz operator
T}, Wid on Ug,. Its principal symbol is H; X 1, so its Hamiltonian flow is
¢+ Wid. There is no difficulty to deduce Formula (8) from Proposition 2.6
except for the relation between & and D.

Lemma 4.1. &(z,z)(idk,) = Di(z).

Everything relies on the identification (18) which in our case is an iso-
morphism between Ky, () ® K, and the space of volume forms on the graph
of T;¢¢. On the one hand, the elements of Ky, ) ® K, will be viewed as
morphisms from K, to Kg,(). On the other hand, the graph of T,¢; is
naturally isomorphic with 7, M through the map § — (Tx¢:(§),€). So (18)
becomes an isomorphism

Mor (K, Ky, () = det(T; M) ® C (28)
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Now the tangent map to the flow ¢; K id sends the graph of T,.¢y to the
graph of T,.¢;, and with our identifications, it becomes the identity of T, M.
So the map & (z,x) is the isomorphism

Mor (K, K;) ~ Mor(Ky, Ky, (2))
otained by applying (28) with ¢ = 0 and then the inverse of (28).

Proof of Lemma 4.1, technical part. First we claim that (28) sends a mor-
phism ¢ : Ky — Kg,(z) to

(Tege) v()) N

where « € K, is any vector with norm 1. Indeed, 9 is first identified with
V(@)@ € Ky, ()@ K. Then it is viewed as the 2n-form of T, M&T, M given
by piv(a) A psa where p; and po are the projections T,M & T, M — T, M
onto the first and the second factor respectively. Then it is restricted to the
graph of T, ¢; which is identified with T, M via the map h(§) = (T, ¢+(£), &),
so we obtain

W (p1p(e) Apsa) = ((Tege) P(a)) N
because p1 o h = T,¢; and ps o h = id.
For t = 0 and ¢ = id, we have ((Ty¢)* () AN@ = a A@. So we have
to prove that for 5 = Di(z)(«)

(Te¢e)*P) Aol = ana (29)

This is equivalent to j*(T,¢:)*8 = a where j is the injection T}OM —
T, M ® C. Since 8 € Kg,(y), we have 7*3 = 3 where 7 is the projection of
Ty, (z)M @ C onto the (1,0)-subspace with kernel the (0, 1)-subspace. So we
have to show that (7 o (Ty¢:) 0 §)*B = a. But mo (Tpdy) 0j = (Tueps)™?,
s0 (29) is equivalent to ((T¢¢)*?)*8 = a. And this last equality is actually
the definition of § = Dy(z)(«) . O

Theorem 4.2. Let (Tj, 4, t € I) be a smooth family of Toeplitz operators with
real principal symbol Hy and subprincipal symbol Htsub. Then the Schwartz
kernel of the quantum propagator of (Tj.) multiplied by (%)_% is a La-
grangian state family associated with (I, s,0) given by T' = {(t, ¢¢(z),x)/ t €
I, x € M} and

S(t, ¢t($)7x) = ¢1{/($) i Ly — Lqﬁt(x)y

o(t,e(@),2) = [py(a)] et o @ drpLiey gy
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where (¢¢) is the Hamiltonian flow of Hy, ¢ its prequantum lift, 7;L/ its
parallel transport lift to L' and Dy(x) = ps(x)T,5 (z) with Dy(z) = K(Tpdy) -
Kx — K(i?t(x)'

As explained in the introduction, it is very natural to express the symbol
by using a half-form bundle:

N

o(t, ¢u(x), z) = et Jo HEV @) dr L 4y g (D, (2)]

N[

where L' = L1 ® § and [Dy(z)]
of Dy(x) equal to 1 at t = 0.

: 0g — 0g,(z) 1s the continuous square root

Remark 4.3. In our next paper on trace formulas, we will use the following
expression for p;(z). Denote by v : R — M, t — ¢(x) the trajectory of x.
Choose a unitary frame s of v*K and write Vsg = %det ® sg. Then

pi(x) = e Jo T@dr Ghere Qe (&u) = Qo(Eou). (30)

Here u is any generator of AYPT, M, & is the linear map T, M — oMo
T, M sending X into (T,¢¢(X), X), and € is the 2n-form of T,y M © T, M
equal to € = pisk(t) A p35k(0), p1 and pz being the projection on T’ M
and T, M respectively.

The proof of (30) is that on the one hand &(x,z)Qy = ¢ ¢ and on the

— . rt
other hand T,X%K (2, 2)Qy = €' Jo fr(mydrqy, O

5 Fourier Transform of Lagrangian state families

5.1 Symplectic preliminaries

Consider the same data I' C I x M and s € C*°(I',C; X L) as in Section 2.1.
So we assume that I' — I, (¢t,x) — t is a proper submersion and that for
any t € I, I'; is a Lagrangian submanifold of M and the restriction of s to
I'; is flat and unitary. Recall that Vs = itdt ® s for a function 7 € C*°(T"),
cf (13). For any E in R, introduce

It = {(t,z)eT | 7(t,z) + E=0}. (31)
Proposition 5.1. Let E be a regular value of —7. Then

1. TF is a submanifold of T and jg : T¥ — M, (t,2) — x is a Lagrangian
immersion,
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2. j: T =>Rx M, (t,z) — (7(t,z),z) is an immersion at any (to,xo) €
¥,

3. the section s¥ of (FE)*L given by s¥(t,x) = e*Fs(t,x) is flat.

Proof. For any tangent vectors Y1 = (a1,£1), Y2 = (a2,&2) in Ty, 20 C
R & T,,M, we have

w(é1,82) = ardr(Ya) — agdr(Y7) (32)

To prove this, we extend Y] and Y5 to vector fields of I' on a neighborhood
of (to, o) so that [Y7, Y] = 0. Then, the curvature of V being 1w, we have
that

[VY17 VYz] = %w(fly 52)

Furthermore, since dt(Y;) = a;, we have that Vy,s = ia;7®s so Vy, Vy,s =
i((Y1.a2)T + a(Y1.7))s — ajasr?s. Using that Yj.as — Ya.a1 = [Y1, Ya].t =0,
it comes that

[Vyl, VYQ]S = i(ag(Yl.T) — CLl(YQ.T))S.

Comparing with the previous expression for the curvature, we obtain (32).

We prove the second assertion. Assume Y] = (a1,&;) is in the kernel of
the tangent map of j : I' — R x M, that is d7(Y7) = 0 and & = 0. Then
(32) writes 0 = a1d7(Y2). If a3 # 0, this implies that d7(Y2) = 0 for any
Y3 € T4y 00)1's which contradicts the assumption that —FE is a regular value
of 7.

This implies that jg is an immersion. It is Lagrangian by (32) again
because if Y7, Y3 are tangent to I'?, then dr (Y1) = dr(Y2) = 0, so w(£1, &) =
0. Finally, V(e?E's) = (iEdt + itdt) ® s = 0 on I'E. O

5.2 Immersed Lagrangian states

We will adapt the definition of Lagrangian states for immersed manifolds.
Suppose we have a Lagrangian immersion j : N — M, a flat unitary section
s of j*L and a formal series 3 hb; with coefficients by € C*(5*L’).

First, for any y € N, we will define a germ of Lagrangian state at j(y),
uniquely defined up to O(k~>°) as follows. Let us assume temporarily that
there exists an open set V in M such that j : N — V is a proper embedding,
so that j(N) is a closed submanifold of V. Then we can introduce sections
F:V — Land a;:V — L' such that F and Ja, vanish to infinite order
along j(N), j*F = s and j*ay = by and |F| < 1 on V' \ j(N). These sections
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are not unique but if (F”, aj, ¢ € N) satisfy the same condition, then for any
N,

N N
F*> kay = (F)* Y ke, + Ok ) (33)
=0 (=0

the O being uniform on any compact set of V. This follows on one hand
from the fact that |F| and |F’'| are < 1 on V' \ j(IV), so that both sides of
(33) are in O(k~N~1) uniformly on any compact set of V \ j(N). On the
other hand, the sections F', I and ay, aj have the same Taylor expansions
along j(N) which implies (33) on a neighborhood of j(N), (see [6, Section
2.2] for details).

Back to a general immersion N — M, for any y € N, by the local normal
form for immersions, there exists open neighborhoods U and V of y and j(y)
respectively such that j(U) C V and j restricts to a closed embedding from
U into V. Then we can introduce the sections F' and ay, £ € N as above on
V', which extend the restrictions of s and by to U. This defines the expansion

N

\I’NJg = Fka_ZCLg (34)
/=0

on V. If we have another set of data (U',V’,F’,a}), we obtain another
sequence W'y = (FY*e SN o k~ta), on V',

Lemma 5.2. For any N, ¥y = Wiy, + O(k=N=1) on a neighborhood of
J(y).

So we have a well defined germ of Lagrangian states at j(y).

Proof. Choose open sets W and W’ of V and V' respectively such that
JUNUYY = (U)W = §(U)AW". Set U” = UNU’ and V" = WNW'. Then
Jj restricts to an embedding from U” into V" and j(U") = j(U")NV". So the
restriction of F, ay to V" gives us a new set of data (U", V", F|yn,aplyn).
The fact that j(U"”) = j(U')NV" is used to see that |F| < 1 on V" \ j(U").
Similarly, we can restricts F”, aj to V" and get (U", V", F'|yn,a)|y»). The
final result follows from our initial remark (33). O

Now assume that there exists a compact subset K of N such that for
each ¢, ay is supported in K. Our goal is to construct a Lagrangian state
which, on a neighborhood of each x € M, is equal to the sum of the local
Lagrangian states defined previously for each y € j7!(x) N K. An essential
observation is that j~!(z) is discrete in N, so j7!(x) N K is finite since K
is compact.
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Lemma 5.3. There exists a family (Vi € Hy) such that for any x € M and
any N:

1. ifx ¢ j(K), ¥ = O(k™) on a neighborhood of x,

2. if 7 @) N K = {y;, i € I}, then ¥y = lellﬁvk + O™) on a
neighborhood of x, where each ‘Ijﬁwg is defined as in (34) with y = y;.

We will call (Uy) a Lagrangian state associated with the Lagrangian
immersion j : N — M, the flat unitary section s of j*L and the formal
series 3 h'by with coefficients in C>°(N, j*L'). (W) is unique up to O(k~>).
But unlike the case of a Lagrangian submanifold, we can not recover the
symbol 3 Ab, from the state by taking the restriction to j(N) because of
the possible multiple points.

Proof. Consider an open set V of M and a finite family (U;);c; of disjoint
open sets of N such that for any 7 € I, j restricts to a proper embedding
from U; into V and K N j~1(V) C JU;. Then introduce sections Fj, a; ¢ on
V' as above associated with each submanifold j(U;). Consider the sum

n N
() SR aw), e 3)
£=0

iel

Then for any x € V, each y € j~!(x) N K belongs to one of the U;, so
on a neighborhood of z, (35) is equal to the sum of the Lagrangian state
germs associated with the y € j7!(2) N K. So by the previous discussion,
the state defined by (35) on a neighborhood of x does not depend, up to
O(k~*°), on the choice of (V,U;, Fj,a;4,i € I,¢ € N). It is not difficult
to prove that any point x of M has an open neighborhood V admitting
a family (U;) as above. Indeed, if we set I = j7'(x) N K, then for any
y € I, there exists a pair (U, 3 y,V,) such that j restricts to a proper
embedding from Uy, into V,. Then we choose for V' a sufficiently small
neighborhood of z in N, V}, such that j=1(V)NK c U,U, and we restrict the
U, accordingly. So with a partition of unity, we can construct global states
Uy, € C°(M,L*F ® L"),k € N, such that for any data (V,U;,i € I) as above,
Uy is equal to (35) on V up to a O(k~°°), uniform on any compact subset
of V. Since Oy, is in O(k~>°), we can replace ¥y by its projection onto
H}, which only modifies it by a O(k~*°) by Kodaira-Hérmander estimates
[15, 12]. O

25



5.3 Fourier transform

Introduce the A-Fourier transform and its inverse with parameter k = !

k

R0 = (m)! [ e pman, 7w = (£) [ ey ar

o
We are now ready to state the main result of this section.

Theorem 5.4. Let (¥, € C°(I,Hy), k € N) be a Lagrangian state family
associated with (T',s) and such that the ¥y are supported in a compact set
of I independent of k. Let —E be a regular value of T and T'F := 771 (—E).

Then F;, '(U1)(E) is a Lagrangian state associated with the Lagrangian
immersion jg : T¥ — M, (t,z) = =, the section s¥ € C°(I'F jLL) given
by sP(t,z) = e®Fs(t,z) and the principal symbol

oF(t,z) = B(t,z) %0(t,x),  (t,z) eTF

where o is the principal symbol of (Vi) and B(t,z) is such that dT N o =
iB(t,z)dt N on Ty )" for any a € K, the square root B(t,z)'/? having
a non negative real part.

We already explained that for a non-zero o € K,, dt A a is nonzero
on T ). By the second assertion of Proposition 5.1, the same argument
shows that dr A a is non zero on T{; ,)I" when (t,2) € I'E. This proves that
B(t, z) is uniquely determined and nonzero as well.

Proof. Introduce a local unitary frame u of L and write F(t,z) = e/ (:®)y(z),
where F' is the section appearing in the definition (12) of Uy. Then

k

ngl )
FoU (W) (B)(z) = (2_)4 Zuk(x)/ ekt ot 2 k)dt  (36)
us R
with ¢(t,x) = tE + f(t,x). The imaginary part of ¢ is nonnegative. It

vanishes when |F(¢,z)| = 1, that is when (¢,z) € I'. We have

Here g — g; means differentiation with respect to ¢.

We claim that the function f; is an extension of 7 such that df/ vanishes
to infinite order along I'. Indeed, by taking the restriction of VF to I', we
obtain that f/ = 7 on T' (see also the argument in the proof of Proposition
2.2). Then since OF vanishes to infinite order along T, the same holds for
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of + %, and by taking the derivative with respect to t, the same holds for
afy.

Sofor (t,x) € I, #,(t,z) = 0if and only if (¢,2) € I'!. So by Lemma 7.7.1
in [14], if (tg, 2¢) ¢ T'F, then the integral in (36) restricted to a neighborhood
of typ is in O(k~°) on a neighborhood of zy. So to estimate (36) on a
neighborhood of a point zg, it suffices to integrate on a neighborhood of
jgl(:no). Let V, U be neighborhoods of zy and tg € jgl(xo) respectively
such that W =T N (U x V) is a graph {(t(x),2), z € jg(W)NnV}.

Since f; = 7 and 0f/ = 0 on I, we have f//dt+0f/ = dr on T'. Mutiplying
by a € Q"O(M), we get f/idt N = dr A a on T'. As explained before the
proof, dr A o does not vanish on T; T, so f/; does not vanish on I'? and
we can apply the stationary phase lemma for a complex valued phase, see
[16, Theorem 2.3] or [14, Theorem 7.7.12]. This theorem implies that on a
neighborhood of jg (W)

KNz [ kot  ikbp(a) S ~N-1
(5) /Ue alt, k) dt = ¢FoF g)k ap@) + OENY)  (37)

for any N, where

ou(r) = ¢(T(2),2),  apo(x) = (=idl(t,z) 2ag(T(x), ),

the square root having a non negative real part. Here T' : U — C is an
extension of  — t(z), that is (T'(z),z) € I'Y when = € jg(W). The
extension is chosen so that ¢}(T'(z),x) = 0, where ¢ itself has been extended
almost analytically to a neighborhood of R x M in C x M. We claim that
F(x) = 2@y(z) is adapted to (jp(W), s¥|w). First if € jg(W), then

ey (z) = t@EFIFH@2) (1) = D Eg(4(2), 2) = sP(t(2), )

It remains to show that OF vanishes to infinite order along jz(W). Assume
first that we can choose the section F' to be holomorphic, so that ¢} depends
holomorphically on z. If furthermore we can extend ¢} so that it depends
holomorphically on ¢, then by the holomorphic version of the implicit func-
tion theorem 7' is holomorphic and F' is holomorphic as well. In general,
we only know that OF vanishes to infinite order along I' and by adapting
the previous argument, we conclude that OF vanishes to infinite order along
Je(W).

With a similar proof, we can also show that the same holds for the
coefficients: da £ = 0 along jp (W) to infinite order. However, it is actually
easier to use the following fact: F*¥ 32 k~‘b, = O(k~°°) if and only if all
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the coefficients by vanish to infinite order along jz(W). And here we know
that O(F* Y k~‘ap ) = O(k~>) by differentiating (37) under the integral
sign. ]

6 Spectral projector

Consider a self-adjoint operator H acting on a finite dimensional Hilbert
space £. Here it is important that H is time-independent. Introduce a
smooth function f : R — C with compactly supported Fourier transform f.
We will work with the unitary Fourier transform, so

f) = —= [P rEyar. 1B = o= [ i)

The second formula directly gives

ith zt)\ A

FNE = N) en e m f(t)dt

-7

with A and A\ two real parameters. Doing a spectral decomposition H =
S>> A, where the A and IIy are the eigenvalues and spectral prOJectors
and introducing the quantum propagator U; = exp(— itH SE)=>e i ), We
obtain

itE

f(hYE - H)) en Up f(t)dt

-7 .

We can apply this to our Toeplitz operator (T : Hyr — Hj) with quantum
propagator Uy, ;, which gives

FR(E = Ty)) = k™27 (F (1) Ur,) (B) (38)

If F is a regular value of the principal symbol H of T}, we deduce by Theorem
5.4 that the Schwartz kernel of this operator is a Lagrangian state. This will
be done in Section 6.2 and will prove Theorem 1.2 of the introduction. Before
that, we will consider the simpler case of a state (¥ € Hy):

F(R(E = Ty) ¥y = k2 F (F(8) 50 (B) (39)

where W}, ; is the solution of (%&t + T})¥y + = 0 with initial condition Wy
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6.1 Lagrangian state spectral decomposition

Let I'g be Lagrangian submanifold of M and let H be an autonomous Hamil-
tonian with flow ¢;. Set I'y = ¢¢(I'0) and I' = {(t,z) | v € I';}. Let E € R
be a regular value of the restriction of H to Iy and define

I ={(t,z) |z ey nH Y(E)}.

This submanifold is the same as the submanifold T'* defined in (31) from
a (local) flat section sg of L — Ty, because the corresponding function 7 is
the restriction of —H to I', see (15). Furthermore our assumption on F is
equivalent to the fact that —F is regular value of 7.

The computation of the symbol of f(k(E—T}))Vy in terms of the symbol
of Wy will amount to transform a volume element of I'g into a volume
element of T'F. Let us explain this. We denote by X the Hamiltonian vector
field of H and by X1« the symplectic orthogonal of RX, in T, M. For any
(t,z) € I'”, the Lagrangian space

Lo =RX, @ (T,Ty N X;) (40)

is the image of T(; ,yjr with jg : 'Y — M the projection (t,z) ~ z. Observe
that X, does not belong to T,I'; because E is a regular value of H|r,, so it
a regular value of H|p, as well.

Assume now t = 0 and (0,z) € T'*. Choose n € T,I'g such that
w(X,,n) = 1. Then we have

T,To =Ry @® (T, N X)), Lo = RX, & (T,To N X;~).

Starting from v € det T,,.I'g, we write v = n Aw with w € det((T,To) N X;+)
and we set v(0, 7) := XyAw € det £g ;). This definition makes sense because
7 is unique modulo (7, N X;+) so that w is unique. More generally, if
t is any real and (0,2) € T'¥, we set v(t,z) := (Tp¢)«v(0,2) € det Lt (z)>
viewing T3¢y as a map from £y ) to L ¢,(2))- Equivalently

’U(t,l‘) = X¢t(x) A (quﬁt)*w (41)
We now define a map &/(z) : Ky — Kg, () for any z € Do N H™'(E) by
(&l(z)a)(v(t,x)) = —ia(v), Vv € det T, I'y. (42)

We define the function C; by the equality &/ (z) = C}(z)T,X ().
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Proposition 6.1. Let (V) be a Lagrangian state of M associated with
(To, so) with symbol og € C>®(Ty, L"), (T}) a self-adjoint Toeplitz operator
with principal and subprincipal symbol H, H"P, and f € C*®(R) having a
compactly supported Fourier transform.

If E is a regular value of H|r,, then V) = k:%f((k:(E —Ty)) Vg is a
Lagrangian state associated with the Lagrangian immersion jg : TP — M,
the flat section s of j5 L given by s(t, ¢(x)) = T;E(z)so(x) and the symbol
of € C®(j5 L) defined as

B (t, iu(x)) = F(t) Cla)t et Jo T @@ @ L (1 5 (),

where the square root is chosen so as to be continuous and to have a positive
real part at t = 0.

Proof. The solution of the Schrodinger equation with initial condition Wy
is described as a Lagrangian state associated with (T, s(t,z) = ¢F(z)so(x))
in Theorem 2.4. Then ¥} is the k-Fourier transform of this solution (39),
so by Theorem 5.4, it is a Lagrangian state associated with the immersion
jg : TP — M and the section s¥(t,z) = eFs(t,z) = T, (x)so(x) because
for an autonomous Hamiltonian, ¢f = e T see (3).

It remains to check the formula for the principal symbol. By Proposition
2.6, we have to prove that Cj(z) = Bg;fi)x)), that is &/(z) = B(itﬁ()x)), with
B the function of Theorem 5.4. Comparing the definitions (21) and (42) of
() and &{(x), we have to show that for any 8 € Ky, (5) and v € det(T,To),

where v(t,z) is as in Equation (41). Let us first explain the proof at ¢ = 0.
Recall that v(0,2) = X, Aw and v = nAw. Now B is defined by the relation
dr N =1BdtA B onl for every § € K. We have

T0.0T = R(1, X,) @ R(0,n) @ {(0,), £ € (T,To) N X;+}

and dr(1,X;) = 0 so that d7(0,n) = 1 and d7(0,£) = 0 for any § € T,T'o N
X2« by (32). So evaluating the relation dr A 3 = iBdt A B on (1,X,) A
(0,7) A (0,&2) A... A(0,&,) where w =& A ... A&, we get

_6(Xx A w) = iB(Ov :E)ﬁ(’l’} A w)’ (44)

which gives (43). The proof for ¢t # 0 is exactly the same where all the
symplectic data X,, n, w, ['g are replaced by their image under ¢;.
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The last point is the determination of the square root: we have (Ci(z))'/? =
Cy(z)'/2/B(t, ¢(x))'/?, with Cy(x)'/? = 1 and the square root B(t, z)"/? has
a non negative real part by Theorem 5.4. It is even positive as explained in
Remark 6.2. O

Remark 6.2. The quantity C}(z) = B(0,z)~! can be computed explicitly
as follows. For x € H~1(E) N Ty,

B(0,2) = || X1]] + iw(X1, X2) (45)

where X, = X + Xo with X; € j,(TT9) and Xs € T,I'g. Recall that
X, ¢ T,Tg, so || X1]|? # 0.

Proof of (45). We set n = || X1 72j.X1 and compute B(0,z) from (44).
On the one hand, 3 being a (n,0) form, (X1 A w) = —if(j X1 Aw) =
—i|| X1?8(n Aw). On the other hand, X5 = w(X7, X2)n plus a linear com-
bination of the &;, so Xo A w = w(X71, X2)n A w. Gathering these equalities
we get

B(Xe Aw) = (w(X1, Xa) = il X1 |?) By A w)

and the conclusion follows. O

6.2 Smoothed spectral projector

Recall that (7}) is a self-adjoint Toeplitz operator with principal symbol
H and subprincipal symbol H*"® and that f € C*®(R) has a compactly
supported Fourier transform.

Theorem 6.3. Let E be a regular value of H. Then the Schwartz ker-
nel of f(k(E — Ty)) is a Lagrangian section associated with the Lagrangian
immersion jg : TP — M?, the flat section s¥ € C®(j*T'F) and the sym-
bol o¥ € C®(jLL') given by TP = R x H-YE), jr(t,x) = (¢:(z),2),
sP(t,x) = TF(z) and

1 t su !
or(t,2) = [p(a)) et Jo IO ST )
where the function p}(x) is defined below.

Recall from the introduction the decomposition in symplectic subspaces
T,M = F, ® G, where F, = Vect(X,, j,X,) and G, = Fj*». F, and G, are
both preserved by j, and we denote by K(F,), K(G,) their canonical lines.
We define

Qp: K(Fy) = K(Fy,2)) Dp(As) = 2/ Xa | 72N, () (46)
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where A\, € K(F,) is normalised by A\;(X,) = 1. Furthermore ®¢ is the
map K(G;) = K(Gg,()) such that

O (a)(Yu) = a(u), Va € K(Gy), Yu € N"T, M (47)

where 1 is the symplectic map G, — Gg,(,) induced by T,¢; and the iso-
morphism G, ~ T, H Y(E)/RX,.

Then we set Dj(z) := @ @ ®¢ : K, — Ky, and we denote by pj(x)
the complex number such that

Di(z) = py(2) T, ().

NI

We denote by [p)()]
t=0.

the continuous square root equal to v/2|| X[ ~*

Proof. This is a particular case of Proposition 6.1 just as Theorem 6.3 on the
quantum propagator was a particular case of Theorem 2.4. Let us compute
the coefficient &;(z)(idg, ). We first describe the image (40) of T{; z)jE:

Lio =R(X,,0) & {(Tuhe(€),6), £ € T,H ' (E)}

and its volume (41). Set n = || X,|72j. X, so that (X,,n) is a symplectic
basis of F,. Let (§) be a symplectic basis of G,. Then if the volume of
diag T, M is v = vp A vg with

vp = (X, Xz) A (n,m), v = (§1, &) Ao A (&ms Em)s
then we have v(0,2) = —(Xz,0) A (Xz, Xo) A (€1, &) A - A (&m, &m) so that
’U(t,l‘) (X¢t(x ) (qut( ac) (ngbt(gl)vgl) ARERRA (Tx¢t(5m)7£m)
(X¢t(x ) (O’X ) ( (51) gl) JARTRWA (¢(£m)7£m)
)

because T,¢(§) = () modulo RXy, ;). Then &(z)(idk,) = Pr ® g
where ®p : K(F;) — K(Fy,()) is such that

0) A
0) A

<q)F7 (qut(x)’O) N (07Xm)> = Z.<idK(Fgc)7’UF>7 (48)
and ®¢ : K(Gy) — K(Gg,(y)) is such that
(Pa, (Y(€1),61) A v o A (W(Em), &m)) = (Idk(G,)s va), (49)

Here the pairings are based on the identifications Mor(K(S), K(S")) =~
K(S") ® K(S) ~ K(S"® S). Now ®g is the application satisfying (47)
by Lemma 4.1. And ®p is the application (46) by a straightforward com-
putation. O
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7 Proof of theorem 2.5

We choose complex normal coordinates (z;) of M centered at zo € M. So
Gij(xo) = 65 and 0,,Gji(x0) = 05,Gji(x0) = 0. We may assume that T, T,
is spanned by the vectors 0,, + 05,, ¢ = 1,...,n. Recall that Y is the vector
field (0, X¢) of I x M where X; is the Hamiltonian vector field of H;. Since
W=1Y g Grdz? A dzF, we have

Xt—zz (—GI*H.,05, + G'*Hz,0.,) (50)

where we use the notation H,, = 0., H; and Hz, = 05 H; (and below we
will use similar notation for higher order derivatives). As explained before
the statement of Theorem 2.5, we have two derivatives Vy and Ly acting
on (C; X K)|p in the same direction Y, so 6 := 2(Ly — Vy) is a function in
c>(I).

Proposition 7.1. 0(xo) = >, (H.,z,(z0) + Hz,z,(w0))

Proof. Let o = dz1 \...Ndz,. First we have the section 1X« of (C; X K)|p
and we compute its covariant derivative with respect to Y. We claim that
this derivative vanishes at xg. This follows from the fact that |a|™? =
det Gy, so the Chern connection of K (given near z( by the one-form a(‘f[L ))
is zero at xg because the coordinates are normal at xy. Second we have
to compute the Lie derivative with respect to Y of j*(dt A ) with j the
embedding I' — I x M. We have Ly j*(dtAa) = 7*(Ly (dtAa)). Furthermore

Lo, dt = Lg,dz; = 0 and by (50), we have

Lx,dz; = d(X;.25) = ’LZ Hz, ., dz, + Hzz,dZy)

at zp because the coordinates are normal. Furthermore j*(dtAdzy) = 7% (dtA
dzy) at xo by the assumption on T,,I';,. Collecting all these informations,
we deduce that

Ly (*(dt A @) —ZZ 257, (0) + Hzz; (20)) 77 (dt A )
at xg. The conclusion follows. O

Introduce the Szegd projector Il which is the orthogonal projector of
C®(M,LF @ L") onto Hy.
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Proposition 7.2. For any Lagrangian state (¥y) associated with T'y, with
symbol o and any function f € C*°(M), lIx(f¥y) is a Lagrangian state with
symbol

flry, 0+ h(AVE +0f) 0 + O(h?) (51)

where U is the vector field of Ty, such that U(z) = X;(z) mod TO'M, X
being the Hamiltonian vector field of f, and Of =37, (f.;z, + %fzjzj) at xg.

Proof. We already know that II;(f¥y) is a Lagrangian state associated with
I't,. We compute its symbol up to O(h?) at zg. It suffices to prove that this
symbol has the form

(co + Tier) f (o) o (zo) + R(AVE +0Of)o(z0) + O(R?) (52)

where ¢y and ¢; are independent of f. Since for f = 1, we have to recover
o(xg), co =1 and ¢; = 0 necessarily.

Besides our normal coordinates (z;) and our assumption on 75, I';,, let us
introduce two holomorphic normal frames v and v" of L and L’ respectively.
So |v| = e~ % with ¢ a real function such that

@(w0) = 0;¢(w0) = 0,02, 0(x0) = 0, Vi, k.
Similarly |v| = e™ T with ¢ satisfying the same conditions. Notice that the
curvature of L is equal to both 00¢ and —iw, so 0,0z, = Gy for every i, j.
We can assume that v(zg) = s(x¢) where s is the section over I'y, associated
with our Lagrangian state. In the rest of the proof we write all the sections
of LF @ L' in the frame v* ® v'.

More details on the computations to come can be found in [6, Sections
2.4, 2.5]. We have

_ (FN @y @) ~o0
(w0, 0) = (5-) e p(a,k) + O(k™)
where ¢ has the following Taylor expansion at zo: ¥(z) = > genn 4,00,5%—‘?
with the notations ¢, g = 82‘85 ©(x0), ¥’ has the same Taylor expansion in
terms of ¢’ and p(x, k) = 1+ k™ 1pi(x) + k2p2(z) + .. ..
We have a similar expression for Wy:

k

%) Lekr@) gz, k) + O(k™)

Uy (x) = (
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where p has the Taylor expansion p(z) = %2222 + 2 lalz3 Pa,o%(?. This
follows from the fact that the section F' entering in the definition (12) of Wy,
satisfies F'(x¢) = s(zp) so that we can assume that p(z9) =0, VF|;, = 0 so
that the first derivatives of p all vanish at zy and finally the second order
derivatives of F' at z¢ depend only on the linear data at x [6, Proposition
2.2] which leads to the expression above.
So it comes that
k % —k = —00
W) = (52) [ e F@hala. pla. b)Dix) dedz + O(k~)
(53)

where
o) = —p(z) + p(a) — p(z) = |2]* = 3D 27 + R(z
with R having the Taylor expansion at xg

«

Ro= Y papt Y ~Pa + Pa0)

76 /8
a#0,8#£0 a:pt || =3
o] 418123

Furthermore D(z) = %' ®)=¢'(®) det(Gy;) = 1 + O(|2?).
By applying the stationary phase method, we obtain the asymptotic
expansion of (53). At first order:

k

L (20 o) = O (o) (Flan)ateo. k) +OG))

where C can be computed in terms of the Hessian determinant of ¢ at xg.
Actually it is shorter to compare with (52), which gives C' = ¢y = 1. We
now compute the second order term,

0, (f¥y,) (o) = (%)_ (f(@o)alwo, k) + K~ ek + O(k™?))
with

3
Z NLPY(—R) " fa(-, k)D) ()

where P = (0,05, + 05,05,

Recall that we do not try to compute the terms ¢y and ¢; in (52), which
means that we do not take into account the terms without derivative on
a(x, k). Considering the form of the Taylor expansions of R and D given
above and the fact that 0.,0z,¢ = Gj; so that v, 5 = 0 when (|af, [8]) =
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(1,2) or (2,1), we deduce after some investigations that we only have a single
term to consider which is k™' P(f(z)a(z, k)). Now a(z, k) = ag(x) +O(k™1)
and ag has the Taylor expansion of a holomorphic function at xg because

J(apv’) vanishes to infinite order along I'y, and the frame v’ is holomorphic.
So

P(fao) = (Pf)ao + Y (9=, f)(9:,a0). (54)
i

The Hamiltonian vector field of f at x¢ being >°;(—if.; 0z, +ifz;0;) (see
(50)), and by using again that dag = 0 at z, we obtain that the sum in (54)

is %X fag = %U ag. Now the frame v’ being normal, its covariant derivative
is 0 at zg, so Vy(agv') = (U.agp)v'. O

Proof of Theorem 2.5. It suffices to consider the case where T}, ; = T}, (H; +
k~1H}) for some Hy;, H, € C®(M). But the symbol of k= T} (H})¥} is
hH]o + O(h?), so in fact we only need to consider the case H; = 0.

By Proposition 7.2 and the proof of Proposition 2.2, the symbol of
20Uy, + Ty (Hy) Wy, is

hMi(Vz + V) +OH) o + O(R?), (55)

where Z and U are the vector fields of I' such that Z(t,z) = 9; mod T>:* M
and U(t,z) = Xy(x) mod T2'M. Since here Y (t,z) = (0, X;) is tangent
toI', we have Z+U =Y on I'. By Proposition 7.1, OH; = %04— %AHt with
A= Zi,j G"0,,05; (indeed, recall that the coordinates are normal at zp so
AH(zg) =>; H.z,(x0)). So the symbol in (55) is

hM3Vy + 360 + LAH) o + O(R?)

which concludes the proof. O
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