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Collatz conjecture

Demonstration of the relationship between the numbers of even
and odd steps before reaching 1, and the initial odd value of a
Collatz sequence that converges

Farid Baleh - farid.baleh@gmail.com
2020/09/11

Summary

The relationship between the numbers of even steps (P), the number of odd steps (I) and the odd
initial value u, of a compressed Collatz sequence that converges is as follows:

I1+P= E(log,(3"*uy)) +1

This relation is equivalent to the expression below:

I1+P = E(I+log;(3)) + E(log,(uy)) + 1
or
I+ P = E(I*1og,(3)) + E(log; (uy)) + 2
Where:
- E(x) is the integer part of the real number x;
- log,(x) is the base two logarithm of the real number x;
- E(log;(uyp)) is the exponent of the biggest power of 2 that is strictly less than the odd natural
number u;
- I+P is the total stopping time of the compressed sequence.



1- Introduction

The Collatz conjecture (or Syracuse conjecture, Ulam conjecture or 3x+1 problem) claims that the
following sequence of natural numbers reaches the value 1 after a certain rank (or that the sequence

of its odd numbers tends to 1).
For a natural number s, = 1 and for all natural number n:
S‘l’l . .
5 :{?, if s, iseven
3s, + 1,if s, isodd

3p+1 being even if the natural number p is odd, the compressed sequence (c,) of the sequence (s,)

is defined as follows:

For a natural number ¢, = 1 and for all natural number n:

C: . .
?", if ¢, iseven
Cp =

3cp+l . .
’; ,if ¢, isodd

An uncompressed (or compressed) sequence that converges continues, after a certain rank, with the
trivial cycle 1-4-2 (or 1-2) that is infinitely repeated.

2- General expression of an odd element of a compressed Collatz sequence

Considering the extracted sequence (u,,) composed of the odd elements of the sequence (s,,), two
successive elements have the following relationship:

_ Bupg+1

Uy, ki

Where k', is the number of divisions by 2 that occur between u,,_; and u,,.

By developing the previous expression:

3nu0 3n—1 311—2 30
= Tk ouk T gEe T g

Un

Then:

3"y, N 30
tn = 2= K/} * Z 2Lkl

Page?2/7



After factorization of the uy, multiplier and simplification of the second term:

n
+Z (3- iy 2% J)]

i=1

Uy =

Moreover, for allj: k'; = 1 + k;, because the successor of an odd element of (s,,) is always even; k; is

then the number of divisions by 2 between two successive odd elements of sequence (cy,).
Therefore: ¥.7_; k'; = n + X7_, kj and 23;11 Kj=@0—-1)+ Zl 1k
Notice also that:

3up_1+1

Un = 21+kn

Z}‘zl k; is the number of the even elements, at the rank j, of the compressed sequence (c,,) that follow

Up.
By introducing k; and after a new factorization, the expression of u, becomes:

O A (G|

After a shift on the index i, the expression of u,, depending on an initial value u,, of n and of the

tirst n elements of the sequence (k,,), we have that:

And hence:
vn =20, wu,= ai(uo + x—") (1)

With:
5= 2 ((3) 2808) @

a,=(3) «2¥h @
vn =1, x, and a, are strictly positive. Therefore (k,,) is strictly increasing.
Moreover:
an = Xp+1 = Xn and  x, =X a;

a, is the general term of serie (x;,).
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We also can write that, for all natural number n:
n
a,=(3) +2"™ @

And:

n-1

i
oSy

1=

With: Vi € [1,n], P(i) = ¥j_1 k;

P(i) is the number of even elements, at rank i, of the compressed sequence (c,) that follow u,, the

corresponding number of odd elements being of course i.

Note also that: x, =0 and a, = x; = 1.

3- Relation between the numbers of even steps, odd steps and u,

a. Expression of I+P as a function of I and a;

Considering Collatz sequence (u,) composed of the odd elements of the sequence (s,), that

converges to 1, i.e. liT (u,) = 1.
n-+oo
This sequence being digital, it exists a rank I for which u; = 1.

Xy

Therefore, the formula (1) gives: u; = ai,(uo + ?) = 1; then:
a = u+ 3 )
I
According to (4): a; = G) x 2P(D

We can note P=P(I); I and P are respectively the odd and even steps of the sequence (c,) before

reaching 1, I+P being then its total stopping time.

By applying the base two logarithms of the two terms of the previous equation, we have that:

I+ P =log,(3' * a;) =log, [31 * (uo + %)] =1 xlog,(3) + log, (uo + %)

I+P is an integer that is the sum of the two last terms of this equality, each of them being non integer

real numbers. Consequently, by using E(x) as the integer part of the real number x:

E(I+P)=1+P =E(I+logy(3)) + E (log; (u + Z)) +1 ©6)
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b. Expression of E(log,(a;)) as a function of ny = E(log,(ug))

We have: uy, = 2™ + 1y, 1y being a natural number ; n, is the exponent of the biggest power of 2

that is strictly less than the odd natural number u,.

We can apply the two following inequalities:

- 2™ <y < 2™t o ng < log,(ug) <ng + 1 =>ny = E(log,(uy)) by definition of the integer
part function of a real number ;
- 0<r1ry< 2™,

Notice that, uy being odd, the two above inequalities are strict.

According to (5), a; > uq because x; > 0 ; therefore: log, (u,) < log,(a;) ; then ng < E(log,(ay)), the

logarithm and integer part functions being increasing.

Moreover, it is obvious that, according to (4):
I+n I+n n
20 0= (720 = ()22
Because P(I +n) = P(I) + P(n) = P + n, P(n) being incremented by 1 from a;,, to a;;,41.
4
Then: Vn > 0, log,(a;;,,) = n * log, (§)+log2 (ap) (7)

(ar+n) is an increasing sequence, with the integer part of the base two logarithm of its first term a;

being greater or equal to n,.
We have that: log, (g) ~ 0,415.

Consequently, a maximum of 3 consecutive terms of the increasing sequence (E(log,(a;+,))) may

be equal.

If we consider the first natural number n; for which:
E(logy(atn,)) =no + 1

According to (7): logz(a;1n,) = 1y * log, (§)+log2 (a;) = Ny+og,(a,)

By noting: N; = n; * log, G) .

By deduction, we get:

E(log, (a1+n1)) = E(N1) + E(logz(a;))
or

E(Ing (al+n1)) = E(N;) + E(log,(a;)) +1
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And then:

or

{ ny +1=E(N,) + E(logz(a,))
ng+1=E(N;) + E(log,(a;)) +1

By taking account the inequality ny < E(log,(a;)), we obtain the two possible following inequalities:

or

{ ng + 1= E(N,) + n,

Then:

E(N,)) <1
or

E(N) <0=E(N,) =0

The integer part of a positive real number being positive or equal to 0, but not negative, we have:
E(N;) = 0 or E(N;) = 1. Therefore, the possible values of n; are : 0, 1, 2, 3 or 4 (see table below).

nl |N1=n1*log2(4/3) | E(N1)

0,00
0,42
0,83
1,25
1,66
2,08

Q| WIN |~ |O
N R |R O O O

Investigate the different cases:

Case 1:if n; = 0, then E(log,(a;)) = ng + 1 by hypothesis.

Case 2: if n; =1, then E(log,(a;)) = ng, because ny < E(log,(a;)) and a;4; is the first term of

sequence (ay;,) for which E(log,(aj4+1)) = no + 1.

Case 3. if n; =2 , then E(logy(a;;2)) =no+1; then E(logy(a;)) =E(log,(a;4q1)) =
ny ,because n, < E(log,(a;)) and a,,, is the first term of sequence (a;,,) for which E(log,(aj;+2)) =
ng + 1.

Case 4: if n; =3,then E(log,(a;;3)) = ny + 1; therefore, like for case 3, E(logy(a;)) =
E(log,(a;+1)) = E(log;(ay2)) = ny.

Case 5: if n; = 4, then E(log,(a;4+4)) = no + 1; this case is impossible because that would imply
that E(log,(a;)) = E(logz(a;41)) = E(logz(ar42)) = E(logz(a;43)) = ng, and then that 4 consecutive
terms of the sequence (E(log,(a;+,))) would be equal, the maximum being 3 like precised above (a

maximum of 3 consecutive terms of the increasing sequence (E (log;(a;;+))) can be equal).

Page6/7



Therefore:

E(log,(a;)) = ny
or
E(logz(a;)) =ny+1
4- Conclusion

The relations (5) and (6) imply that:
I1+P = E(I*log;(3)) + E(log,(uy)) + 1
I1+P= E( *log, (g;) + E(log, (ug)) + 2
Which is equivalent to:
I1+P= E(log,(3"xug)) +1
I+P is then the « ceiling » function of the real number log, (3’ * u,).

This last formula it the same that in Ruggiero[2] related to sequence (s,), if we add I at each of the

two terms of the equation above.
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