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ABSTRACT

Context. The Lagrangian point L3 of the Sun–Earth system, and its Lyapunov orbits, have been proposed to perform station-keeping,
although L3 is only rigorously defined for the extremely simplified model represented by the reduced Sun–Earth–spacecraft system.
As in L3 the planetary perturbations (mainly from Jupiter and Venus) are stronger than Earth’s attraction, it is necessary to understand
whether or not the dynamics close to L3 persist under such a strong perturbation, allowing for a definition of dynamical substitutes
for models that are more realistic than the circular restricted three-body problem.
Aims. In this paper we address the problem of the existence of motions that remain close to L3 for a time-span which is relevant for
space missions in a model of the Solar System compatible with the precision of JPL digital ephemerides.
Methods. First, we computed analytically the main short-period effects of planetary perturbations in a simplified model of the Solar
System with the orbits of all the planets co-planar and circular. We then applied the Fast Lyapunov Indicator method in order to find
dynamical substitutes that exist for time-spans of hundreds of years in the model of the Solar System that is used to produce the
modern ephemerides.
Results. We find that the original system is conjugate by a canonical transformation to an averaged system that has an equilibrium
close to L3: even if Venus and Jupiter each move the position of this equilibrium by about 218 and 176 km, respectively, in opposite
directions, in the model where both the planets are included, their effects almost perfectly compensate for one another, leaving a
displacement of about 40 km only. This equilibrium is then mapped in the original system to a quasi-periodic dynamical substitute;
the contributions of each planet to the amplitude of this quasi-periodic libration around L3 do not compensate for one another, and
sum to about 10 000 km. The Fast Lyapunov Indicator method allowed us to find orbits of any amplitude bigger than this one (up to
0.03 AU) for time-spans of hundreds of years in the model of the Solar System that is used to produce the modern ephemerides.
Conclusions. Using a combination of the Hamiltonian averaging method with a new implementation of the Fast Lyapunov Indicator
method we find orbits useful for astrodynamics originating at the Sun–Earth Lagrangian point L3 for a realistic model of the Solar Sys-
tem. In particular, this usage of the chaos indicator provides an innovative application of dynamical systems theory to astrodynamics,
where the short-period perturbations represent a relevant part of the model.

Key words. celestial mechanics

1. Introduction

The dynamics close to the Lagrangian points L1 and L2 of the
Sun–Earth circular restricted three-body problem (CR3BP) have
been extensively discussed in recent decades in connection with
space-mission design (the reader is referred to Martin et al. 2010;
van Damme et al. 2010; Koon et al. 2006; Parker & Anderson
2013; Gómez et al. 2004, and references therein for further
information). ISEE-3, SOHO, WMAP, Genesis, Herschel and
Planck are just few examples of missions in which the space-
craft reached the vicinity of the L1 and L2 Lagrangian points of
the Sun–Earth system during its journey. While L3 is also poten-
tially useful for astrodynamics (Gómez et al. 2001; Gómez &
Mondelo 2001; Barrabés & Ollè 2006; Terra et al. 2014; Pàez
& Efthymiopoulos 2015; Jorba & Nicolás 2020), no signifi-
cant attention has been paid to the Sun–Earth L3 point even if
its Lyapunov orbits have been proposed as an ideal place for
spacecraft because of the possibility to obtain data for the Sun,

the inner planets, and the main belt from a new perspective
(Hou et al. 2007; Tantardini et al. 2010). The aim of this study is
to find orbits close to the Sun–Earth L3 point that are useful for
applications of astrodynamics. In particular, this refers to orbits
that remain close to L3 within useful distances at least for sev-
eral decades in a model of the Solar System whose ephemerides
are comparable with those provided by the JPL computation
service. Because the planetary perturbations on the Sun–Earth
Lagrangian point L3 are stronger than Earth’s attraction itself,
the CR3BP is not a realistic approximation of the dynamics close
to L3. The main differences between the real Solar System and
the Sun–Earth circular restricted problem are caused by the plan-
etary perturbations (mainly from Venus and Jupiter) and in the
elliptic orbit of the Earth. To quantify the effects of planetary
perturbations, we first consider a multicircular restricted prob-
lem (MCR8BP), where the eight planets of our Solar System
(from Mercury to Neptune) perform circular motions around
the Sun. Using Hamiltonian perturbation theory we find that
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Table 1. Displacement XL3 − XL3 , differences between the eigenvalues of L3 and L3, and amplitude of the dynamical substitute (DS) along the Y
axis for each planet.

Body XL3 − XL3

η−ηL3
ηL3

σ−σL3
σL3

DS amplitude

Mercury −6.26 × 10−8 AU ∼ −9 km −2.53 × 10−8 9.18 × 10−9 6.28 × 10−8 AU ∼ 9 km
Venus −1.46 × 10−6 AU ∼ −218 km −3.93 × 10−6 4.66 × 10−6 4.42 × 10−5 AU ∼ 6612 km
Mars 2.85 × 10−8 AU ∼ 4 km −1.99 × 10−7 2.77 × 10−7 1.07 × 10−5 AU ∼ 1595 km
Jupiter 1.18 × 10−6 AU ∼ 176 km −5.45 × 10−6 7.73 × 10−6 4.17 × 10−5 AU ∼ 6245 km
Saturn 5.56 × 10−8 AU ∼ 8 km −2.52 × 10−7 3.58 × 10−7 2.26 × 10−6 AU ∼ 338 km
Uranus 1.03 × 10−9 AU ∼ 0.2 km −4.66 × 10−9 6.61 × 10−9 5.47 × 10−8 AU ∼ 8 km
Neptune 3.16 × 10−10 AU ∼ 0.05 km −1.42 × 10−9 2.02 × 10−9 2.04 × 10−8 AU ∼ 3 km

Notes. We use the Mathematica package AstronomicalData for the choice of the parameters.

the Hamiltonian of the MCR8BP is conjugate by a canonical
transformation to an averaged Hamiltonian system that still has
an equilibrium point close to L3 (within terms of second order
in the planetary masses and fourth order in eccentricity). This
equilibrium, which we denote by L3, is aligned in the Sun–
Earth direction. The individual contribution of each planet to
the displacement of L3 from L3 is reported in the first column
of Table 1. It is remarkable that while Venus and Jupiter each
move the position of this equilibrium by about 218 and 176 km,
respectively, in opposite directions, in the model where both
planets are included, their effects almost perfectly compensate
for one another, leaving a displacement of about 40 km only
(the contributions of the other planets being smaller by about
two orders of magnitude). The equilibrium L3 is then mapped
in the original system to a quasi-periodic dynamical substitute;
the contributions of each planet to the amplitude of this quasi-
periodic libration around L3, which are reported in the second
column of Table 1, are quite large and sum to about d = 10−4 AU
∼15 000 km. Since the linear stability of L3 is the same as that
of L3, the averaged Hamiltonian, approximated within terms of
second order in the planetary masses, has close to L3 a dynam-
ics similar to that of L3 in the CR3BP; this means that in the
vicinity of L3 there are periodic and quasi-periodic orbits. The
image of these orbits in the original MCR8BP provides orbits
librating around L3 of amplitudes larger than the amplitude of
the dynamical substitute, which we denote hereafter by d. Since
the MCR8BP is still a rough approximation of the real Solar Sys-
tem, we use fast Lyapunov indicators (FLI) to look for orbits of
this kind in a model of the Solar System that is compatible with
the precision of JPL digital ephemerides. In the last decade, the
FLI have been used to find orbits related to the dynamics close
to the Lagrangian points of the restricted three-body problem
(Lega et al. 2011; Guzzo & Lega 2013, 2014, 2018) and to close
encounters in cometary dynamics (Guzzo & Lega 2013, 2017).
The method provides orbits that remain, within a given time-
span, in a neighborhood B of the dynamical substitute obtained
from an approximated model. In order to construct the neighbor-
hood B, we must also consider the differences between the real
Solar System and the Sun–Earth CR3BP caused by the elliptic
orbit of the Earth. The CR3BP is traditionally compared to the
elliptic restricted three-body problem (ER3BP) by introducing
a rotating-pulsating Cartesian reference frame OX̂ŶẐ in which
the primary and the secondary bodies remain in fixed locations
of the X̂ axis (see e.g., Szebehely 1967). More precisely how-
ever, in the rotating-pulsating reference frame the ER3BP still
has the Lagrange equilibria in the same positions as the circular
problem. We therefore proceed as follows: for any given libra-
tion amplitude α > d, we first compute a Lyapunov orbit of the

CR3BP of amplitude α, hereafter referred to as the planar Lya-
punov orbit. We use this orbit as an input of the FLI method
to find orbits of the ER3BP that, in the pulsating frame, remain
close to the previous Lyapunov orbit for up to 200 years. We
then consider the motions of the Sun and the Earth in the realis-
tic model of the Solar System, and we introduce a new rotating-
pulsating reference frame OXYZ in which the Sun and the Earth
remain in fixed locations of the X axis, and we map the pre-
vious orbit to this reference frame. Finally, since the planetary
perturbations introduce oscillations of amplitude d, we define
the set B as a neighborhood of the previous orbit of amplitude
ρ ∈ (d, α/10), and we find orbits of the realistic model of the
Solar System which remain in the set B for a minimum of 200
years. For α < 10d, we apply the method using a ball B centered
at L3 of radius α. For the minimum value of α = 2d we find
an orbit stable up to 250 years in a neighborhood of L3. As an
illustration of our method, we reproduce a sample of these orbits
in Figs. 4 and 7.

The paper is organized as follows: in Sect. 2 we introduce
the MCR8BP and we study the system obtained by averaging
the mean anomalies of the planets (except for the Earth); in par-
ticular, we introduceL3 and compute the dynamical substitute in
the original system conjugate to such equilibrium. In Sect. 3 we
define the FLI method allowing us to recover orbits that remain
in the neighborhood of L3 for at least 200 years in a model of the
Solar System that is compatible with the JPL ephemerides.

2. The planar multicircular restricted planetary
problem

2.1. Equations of motion

Let us consider the simplified planar model MCR8BP of our
Solar System, where the eight planets from Mercury to Neptune
perform circular motions around a fixed Sun in the same
orbital plane. Our aim is to study the dynamics of a spacecraft
gravitationally attracted by the planets close to the Sun–Earth
Lagrangian equilibrium point L3. We use µ and ε j to denote the
gravitational parameters of the Sun and of the j-th planet, respec-
tively, and n j the mean motion of the j-th planet. In an inertial
reference frame Oxy centered at the Sun, the j-th planet position
is identified by r j(t) = d j (cos (n jt + φ j), sin (n jt + φ j)), where
d j and φ j denote the orbital radius and the initial value of the
mean anomalies respectively. In order to compare the dynamics
of the system with the dynamics of the Sun–Earth CR3BP we
define the Hamiltonian of the system in a reference frame OXY
centered at the Sun and such that the Earth position is (d3, 0):
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H(PX , PY , X,Y; t) = H0(PX , PY , X,Y) + ε3H3(X,Y)

+
∑
j,3

ε jH j(X,Y; t) (1)

where

H0 :=
P2

X + P2
Y

2
− n3(XPY − YPX) − µ√

X2 + Y2
,

H3 :=
X
d2

3

− 1√
(X − d3)2 + Y2

,

H j :=
X cos(n jt + φ j) + Y sin(n jt + φ j)

d2
j

−

− 1√
(X − d j cos (n jt + φ j))2 + (Y − d j sin (n jt + φ j))2

,

with j , 3, where PX and PY denote the momenta conjugate to
X and Y , and n j := n j − n3, φ j := φ j − φ3. We note that if ε j = 0
for j, 3, the Hamilton function (1) reduces to the Hamiltonian
of the CR3BP; for this reason we treat

∑
j,3 ε jH j(X,Y; t) as

a quasi-periodic time-dependent perturbation of the Sun–Earth
CR3BP.

2.2. Averaging the planetary anomalies

In this section we introduce a time-dependent near to the identity
canonical transformation

(PX , PY , X,Y) = C(P̃X , P̃Y , X̃, Ỹ; t),

conjugating the Hamiltonian (1) to a Hamiltonian of the form

H̃(P̃X , P̃Y , X̃, Ỹ; t) = H(P̃X , P̃Y , X̃, Ỹ) +
∑
j,3

R′j(P̃X , P̃Y , X̃, Ỹ)

+ R′′(P̃X , P̃Y , X̃, Ỹ; t),

where R′j is of first order in the planetary masses, fourth order
in the eccentricity, and of order ε j∆

36
j where ∆36

j is defined as

1
a

( d j

a

)36
for j < 3 and 1

d j

(
a
d j

)36
for j > 3; R′′ is of second order

in the planetary masses and

H(P̃X , P̃Y , X̃, Ỹ) :=
P̃2

X + P̃2
Y

2
− µ√

X̃2 + Ỹ2
− n3(X̃P̃Y − Ỹ P̃X)

+ ε3

 X̃
d2

3

− 1√
(X̃ − d3)2 + Ỹ2


−

∑
j,3

2ε j

π |
√

X̃2 + Ỹ2 − d j |

× K
− 4d j

√
X̃2 + Ỹ2

(
√

X̃2 + Ỹ2 − d j)2

 ,
(2)

where K(x) =
∫ π

2

0
dξ√

1−x sin2(ξ)
is the elliptic function of first

kind. In the following paragraph we show how the averaging
Hamiltonian method allows us to compute the transformation
C explicitly. We note that R′j and also R′′ are negligible with
respect to H for the time intervals of interest for astrodynamics.
The dynamics of (2) are studied in Sect. 2.3.

The Hamiltonian averaging method. The starting point to
average from the Hamiltonian (1) the dependence on the plane-
tary anomalies θ j = n jt +φ j ( j , 3) with a canonical transforma-
tion is to introduce the canonical modified Delaunay variables

(PX , PY , X,Y) = D (Λ,Φ, λ, ϕ), (3)

as usual from the Delaunay variables L, G, l, g by

Λ = L, Φ = L −G, λ = l + g, ϕ = −g, (4)

where

L =
√
µa, G =

√
µa (1 − e2), l = M, g = ω, (5)

where a, e, M, and ω represent the osculating semi-major axis,
eccentricity, mean anomaly, and argument of perihelion, and
then we extend the phase-space by introducing the planetary
mean anomalies θ j and their conjugate momenta Θ j. We obtain
the Hamilton function

W (Λ,Φ,Θ, λ, ϕ, θ) =W0 (Λ,Φ) +
∑
j,3

n jΘ j

+ ε3W3 (Λ,Φ, λ, ϕ)

+
∑
j,3

ε jW j (Λ,Φ, λ, ϕ, θ j), (6)

where

W0 := − µ2

2Λ2 − n3(Λ − Φ), (7)

whileW3 (Λ,Φ, λ, ϕ) andW j (Λ,Φ, λ, ϕ, θ j) are respectively H3
and H j represented in the modified Delaunay variables. Because
we are interested in the study of the dynamics close to L3, we
expand the perturbing functionW j in power series of the eccen-
tricity up to order 3 and of d j

a or a
d j

up to order 35 for j < 3 and
j > 3, respectively. In this way, W j can be represented as the
Fourier series

W j =
∑

|i2 |≤3,|i3 |≤35

Ŵ j
i2,i3

(Λ,Φ) cos
(
(i2 + i3) λ + i2ϕ + i3θ j

)
+ O

(
e4

)
+ O

(
∆36

j

)
. (8)

As the semi-major axis associated to L3 is close to 1, when we
represent the planetary perturbations we need to include terms
up to ∆35

j to provide a sufficiently precise approximation: for
example, with lower order approximations, the initial conditions
provided by this theory would produce orbits that do not close
to a periodic orbit like the ones represented in the top panels of
Fig. 1.

In this context, it is natural to construct canonical trans-
formations using the Lie method: given a generating function
χ(Λ,Φ, λ, ϕ, θ), the Hamiltonian flow generated by χ at time
t = 1 is a canonical transformation:

φ1
χ : (Λ̃, Φ̃, Θ̃, λ̃, ϕ̃, θ̃) 7→ (Λ,Φ,Θ, λ, ϕ, θ),

which can be represented by the Lie series:
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U
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Sun-Earth-Venus system

Y
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U
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Sun-Earth-Jupiter system
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(A
U
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Y
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U
)
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Fig. 1. Dynamical substitutes of L3 in the Sun–Earth–Venus, Sun–Earth–Jupiter, Sun–Earth–Venus–Jupiter and complete systems obtained by
integration. For the Sun–Earth–Venus–Jupiter and in the complete system the time-span is about 50 years. For all these cases we assume that
φ j = 0 for j , 3. The red point indicates the position of L3.

Λ = Λ̃ + {Λ̃, χ} + 1
2
{{Λ̃, χ}, χ} + . . .

Φ = Φ̃ + {Φ̃, χ} + 1
2
{{Φ̃, χ}, χ} + . . .

Θ = Θ̃ + {Θ̃, χ} + 1
2
{{Θ̃, χ}, χ} + . . .

λ = λ̃ + {λ̃, χ} + 1
2
{{λ̃, χ}, χ} + . . .

ϕ = ϕ̃ + {ϕ̃, χ} + 1
2
{{ϕ̃, χ}, χ} + . . .

θ j = θ̃ j, (9)

where { , } denote the Poisson brackets, and conjugates the
HamiltonianW to

W̃ =W◦ φ1
χ

(
Λ̃, Φ̃, Θ̃, λ̃, ϕ̃, θ̃

)
=W + {W, χ} + 1

2
{{W, χ} , χ} + . . .

The normal formW does not depend on the planetary anomalies
at first order in the planetary masses if we define the generating
function by

χ :=
∑
j,3

ε jχ j, χ j =
∑

i2,i3∈Z
χ̂

j
i2,i3

(
Λ̃, Φ̃

)
sin

(
(i2 + i3) λ̃ + i2ϕ̃ + i3θ̃ j

)
,

(10)

with

χ̂
j
i2,i3

:= δi3

Ŵ j
i2,i3

(i2 + i3)ωλ + i2ωϕ + i3ωθ j

,

where δ0 = 0, δi = 1 if i , 0, and ωλ =
∂W0

∂L̃ , ωϕ =
∂W0

∂Φ̃
,

and ωθ j = n j. Precisely, the normal form corresponding to this
generating function can be represented by:

W◦ φ1
χ

(
Λ̃, Φ̃, Θ̃, λ̃, ϕ̃, θ̃

)
=W

(
Λ̃, Φ̃, λ̃, ϕ̃

)
+

∑
j,3

n jΘ̃ j +O
(
ε2

)
,

with ε2 =
∑

j,3 ε3ε j and

W =W0

(
Λ̃, Φ̃

)
+ ε3W3

(
Λ̃, Φ̃, λ̃, ϕ̃

)
+

∑
j,3

∑
i2∈Z

ε jŴ j
i2,0

(
Λ̃, Φ̃

)
cos

(
i2

(
λ̃ + ϕ̃

))
.

By introducing the averaged Cartesian coordinates (P̃X , P̃Y ,
X̃, Ỹ) from the averaged modified Delaunay variables (see
Eq. (3)):(
P̃X , P̃Y , X̃, Ỹ

)
= D

(
Λ̃, Φ̃, λ̃, ϕ̃,

)
,

we have H =W◦D−1 and
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W0 ◦ D−1 =
P̃2

X + P̃2
Y

2
− µ√

X̃2 + Ỹ2
− n3(X̃P̃Y − Ỹ P̃X),

ε3W3 ◦ D−1 = ε3

 X̃
d2

3

− 1√
(X̃ − d3)2 + Ỹ2

 ·
Finally, by representing (X̃, Ỹ) =

√
X̃2 + Ỹ2(cos f , sin f ) and

introducing β j = ( f − θ̃ j)/2, we have

∑
i2∈Z

ε jŴ j
i2,0

cos
(
i2

(
λ̃ + ϕ̃

))
◦ D−1 =

ε j

2π

∫ 2π

0

 X̃ cos θ̃ j

d2
j

+
Ỹ sin θ̃ j

d2
j

− 1√(
X̃ − d j cos θ̃ j

)2
+

(
Ỹ − d j sin θ̃ j

)2

 dθ̃ j

= −2ε j

π

∫ π
2

0

dβ j√
(
√

X̃2 + Ỹ2 − d j)2 + 4d j

√
X̃2 + Ỹ2 sin2 β j

= − 2ε j

π |
√

X̃2 + Ỹ2 − d j |
K

− 4d j

√
X̃2 + Ỹ2(√

X̃2 + Ỹ2 − d j

)2

 .
2.3. Dynamics of the averaged Hamiltonian (2) close to L3

The Hamiltonian (2) admits an equilibrium point on the axis
Ỹ = 0 close to the Lagrangian point L3 of the CR3BP, which we
denote by L3. More precisely, Hamiltonian (2) is a small pertur-
bation of the Hamiltonian of the Sun–Earth CR3BP depending
on Ỹ2. Therefore, on the one hand the equation:

∂H
∂Ỹ

(P̃X , P̃Y , X̃, Ỹ) = 0

is satisfied by any (P̃X , P̃Y , X̃, Ỹ) with Ỹ = 0, P̃X = 0; on the
other hand the equation

∂H
∂X̃

(0, P̃Y , X̃, 0) = 0

has a solution XL3 , P̃Y = n3XL3 with XL3 close to XL3 . By includ-
ing in the model all the planets from Mercury to Neptune we
find XL3 − XL3 ∼ −2.58 10−7 AU ∼ −39 km. More precisely,
by computing the individual contribution of each planet to the
displacement of L3 from L3 (see Table 1, where the individ-
ual contribution of a planet is computed by setting to zero the
masses of all other planets, except for the Earth) we find that
Venus and Jupiter each move the position of this equilibrium by
about 218 and 176 km, respectively, in opposite directions; in the
model where both the planets are included, their effects almost
perfectly compensate for one another, leaving a displacement of
about 40 km only. Table 1 shows that the individual contributions
of the planets to the eigenvalues of the linearization matrix at L3
are very small, and do not affect the nature of the equilibrium,
which remains partially hyperbolic. As a consequence, around
L3 we find a family of periodic orbits, namely the Lyapunov
orbits of L3.

2.4. The dynamical substitute: mapping L3 back to the
original Cartesian variables

The equilibrium point L3 is finally mapped back to the original
Cartesian variables PX , PY , X,Y using the canonical transforma-
tion defined by the Hamiltonian flow at “time 1” of the gener-
ating function χ(Λ̃, Φ̃, λ̃, ϕ̃, θ̃) introduced in Eq. (10). Since the

orbital elements of L3 are characterized by a very small eccen-
tricity (about 10−6), it is mandatory to represent the generating
function χ using the Poincaré variables Λ̃, p̃, λ̃, q̃, where p̃, q̃ are
related to Φ̃, ϕ̃ by

p̃ =
√

2Φ̃ cos ϕ̃, q̃ =
√

2Φ̃ sin ϕ̃.

Moreover, since for the times required by astrodynamics we are
allowed to neglect in the transformation the terms proportional
to the product of two planetary masses, we approximate the Lie
series generated by χ with

Λ = Λ̃ + {Λ̃, χ}, p = p̃ + { p̃, χ}
λ = λ̃ + {λ̃, χ}, q = q̃ + {q̃, χ}. (11)

Taking advantage of the small value of the eccentricity ofL3, the
numerical computation of the right-hand sides of Eq. (11) can be
done by neglecting the terms depending on p̃, q̃ at orders equal
to or higher than four and for θ̃ = (n1t+φ1, . . . , n8t+φ8). Finally,
we transform back to the Cartesian variables and we obtain the
dynamical substitute of L3 as a quasi-periodic function of time:(

PX,L3 (t), PY,L3 (t), XL3 (t),YL3 (t)
)

:=
(
PX

(
θ̃
)
, PY

(
θ̃
)
, X

(
θ̃
)
,Y

(
θ̃
))
. (12)

In the simpler bi-circular four-body problems,
Sun–Earth–( j-th planet), the dynamical substitute
(PX,L3 (t), PY,L3 (t), XL3 (t),YL3 (t)) is a periodic function of
time with frequency n j. In order to verify that there is a
real orbit for the restricted problem that remains close to the
dynamical substitute (XL3 (t),YL3 (t)) for times that are of interest
for astrodynamics, we numerically integrate the equations
of motion of the restricted problem with initial conditions
(PX(0), PY (0), X(0),Y(0)) = (PX,L3 (0), PY,L3 (0), XL3 (0),YL3 (0)).
In Fig. 1 we present the dynamical substitutes of L3 computed
by integrating the initial datum for four cases: the Sun–Earth–
Venus, Sun–Earth–Jupiter, Sun–Earth–Venus–Jupiter, and
the complete system (namely the system containing all eight
planets) with φ j = 0 for all j , 3. In Table 1 we also present the
libration amplitudes for each restricted Sun–Earth–( j-th planet)
problem. We find that in the MCR8BP, the orbit is a quasi-
periodic oscillation around L3 with amplitude d ∼ 10−4 AU.
Each orbit in a neighborhood of L3 can be mapped back to the
original Cartesian variables using the canonical transformations
(11) and D; for example, the periodic Lyapunov orbits will be
mapped back to quasi-periodic orbits of amplitudes larger than
d. Therefore, in the MCR8BP we have a family of quasi-periodic
oscillations around L3 of amplitudes α > d.

3. The fast Lyapunov indicator method and the
computation of the librations in a realistic model
of the Solar System

As the restricted multicircular model represents just a simpli-
fied model of our Solar System, we must investigate whether
or not orbits close to L3 still exist when the trajectories of the
planets are realistic. Furthermore, as the effects of Mercury on
both the dynamical substitute and in the change of the other
planets ephemerides are negligible for the short time intervals
that we are taking into account, we consider a model of the
Solar System that includes the planets from Venus to Neptune.
We use r = (x, y, z) and u = (vx, vy, vz) to denote the position
and velocity vectors of the spacecraft, and r j = (x j, y j, z j) and
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u j = (vx, j, vy, j, vz, j) the position and velocity vector of the j-th
planet in the Heliocentric reference frame. To identify a con-
figuration generalizing the Lagrangian point L3 of the CR3BP
in this more realistic system, we first introduce a Heliocentric
rotating-pulsating reference frame OXYZ, whose Cartesian axes
are parallel, at any time t, to the unit vectors

er =
r3

‖r3‖ , en =
u3 × r3

‖u3 × r3‖ , et =
r3 × en

‖r3 × en‖ ·

In a such reference frame, the Earth state vector is (1, 0, 0, 0, 0, 0)
at any time t. We apply the FLI method in order to find orbits
staying close to L3 in the realistic model for centuries; this
method provides initial conditions of trajectories remaining in
a given neighborhood B of a libration orbit found in an approx-
imated model. For the definition of B we have to consider both
the amplitude of the libration orbit and the differences between
the realistic model and the CR3BP due to Earth’s elliptic orbit.
Hence, for the application of the FLI method we first compute
a planar Lyapunov orbit of the CR3BP with amplitude α and
then we use this orbit to find librations in the ER3BP remaining
close to it. We denote these librations by `(α) and the details
of their computation are explained in Sect. 3.2. By assuming
that the planetary perturbations introduce additional oscillations
of amplitude d comparable to those found in the MCR8BP, we
finally look for hyperbolic orbits of the realistic model which
remain in a neighborhood of radius 2d of the reference orbit `(α)
for centuries (Sect. 3.3). We compute both `(α) of the ER3BP
for different orders of the amplitude and the libration orbits in
the realistic model of the Solar System using the recent version
of the modified FLI method.

3.1. The FLI method

The FLI method was originally introduced by Froeschlé et al.
(1997a,b) to numerically distinguish between regular and
chaotic orbits. In recent years, the method has been modified in
order to compute hyperbolic orbits of dynamical systems and
their asymptotic solutions: Guzzo & Lega (2014, 2018), and
Lega & Guzzo (2016) provide a detailed theoretical justifica-
tion of the method, with a focus on the computation of transit
orbits of the Sun-Jupiter system in the circular restricted three-
body problem; in Guzzo & Lega (2015, 2017) the method has
been adapted to compute the collision manifold of the comet
67P/Churyumov-Gerasimenko in a model of the Solar System
that is compatible with the JPL ephemerides. In this paper, for
the first time, the modified version of the FLI method is used to
investigate the dynamics originating at a Lagrangian equilibrium
point in a realistic model of the Solar System. Moreover, since
we are considering the point L3 of the Sun–Earth system, the
CR3BP provides only a very crude approximation. The exten-
sion from the CR3BP problem to the realistic one required a new
strategy based on the preliminary study of intermediate mod-
els to include the planetary perturbations and the eccentricity of
Earth’s orbit. In this way we first find the orbits `(α) of the Sun–
Earth ER3BP, and then the libration orbits of the realistic model
of the Solar System. In particular, this usage of the chaos indi-
cator provides an innovative and novel application of dynamical
systems theory to astrodynamics, where the short-period pertur-
bations represent a relevant part of the model.

The modified FLI is introduced as follows. We first consider
the spacecraft equations of motion written as a system of first-
order differential equations:

ξ̇ = F(ξ, t), (13)

where ξ denotes the state vector of the spacecraft in a given ref-
erence frame. For simplicity, we choose as epoch t = 0 the time
of an Earth passage to the perihelion. The variational equations
of (13) are

Ξ̇ =

[
∂F
∂ξ

(ξ, t)
]
Ξ, Ξ ∈ R6, (14)

where ∂F
∂ξ denotes the Jacobian matrix of F. If we aim to find

the hyperbolic orbits that remain in a neighborhood B of a given
target orbit γ for as long as possible, we introduce the window
function w(R) and the modified FLI defined as

w(R) =

{
1 if R ∈ B
0 otherwise

mFLI(ξ0,Ξ0; T ) := max
t∈[0,T ]

∫ t

0
max

(
0, w(R(s))

Ξ(s) · Ξ̇(s)
‖Ξ(s)‖2

)
ds,

(15)

respectively, where R(s) is the position vector of the spacecraft
in the rotating-pulsating reference frame computed by integrat-
ing the differential equations (13) with initial conditions ξ0, and
Ξ(s) is the solution of the variational equations (14) with Ξ0 as
initial tangent vector. When the target orbit γ is partially hyper-
bolic and B is suitably small, the only possibility for an orbit
to increase the modified FLI to the highest possible values is
to remain very close to the target over the whole time interval
[0,T ]. Here, we have the two possible cases: (i) a large mea-
sure set BI ⊂ B of initial conditions corresponds to solutions
that exit from B in short times T0 and whose mFLI does not
increase for T > T0; (ii) a small measure set BII ⊂ B cor-
responds to solutions which do not exit from B, remain close
to a partially hyperbolic orbit of B, and whose mFLI increases
linearly with time T (Guzzo & Lega 2014). Orbits that come
back to (or enter) the set B, but do not stay close to the tar-
get over the time interval of interest [0,T ] necessarily enter the
set BI and exit from B in a short time T0. Therefore, the mod-
ified FLI sharply identifies the orbits (II) when it is computed
on grids of initial conditions that are transverse to BII. The key
factor for the success of the method is the suitable choice of the
set B and of the grid of initial conditions, which is suggested
by the application of perturbation theories and approximated
models.

3.2. Computation of libration orbits in the ER3BP

The Sun–Earth ER3BP deals with the study of the spacecraft
dynamics gravitationally attracted by the Sun and the Earth
while the latter performs an elliptic motion around the barycenter
of the Sun–Earth system; in order to compare the ER3BP with
the CR3BP, the equations of motion of the ER3BP are typically
described in the rotating-pulsating reference frame (Szebehely
1967). In order to find the orbits `(α) of the ER3BP, we use the
modified FLI (15) using a planar Lyapunov orbit of the CR3BP
of libration amplitude α as target orbit γ. The setB is a neighbor-
hood of γ with amplitude d̃; if (X0, 0, 0, 0,VY,0, 0) is a point of the
target Lyapunov orbit, we choose the grid of initial data as the set
(X0, 0, 0, 0,VY , 0), where VY is evenly spaced over some interval.
The extrema of this latter interval are chosen such that it contains
a strict maximum of the modified FLI. We then restrict this inter-
val around the maximum and repeat the computation of the FLI
for the new grid and for a longer integration time. The procedure
is iterated until we achieve a sufficiently long integration time.
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Fig. 2. Representation of `(α) orbits (gray lines) of the ER3BP in the rotating-pulsating reference frame with α = 3× 10−2, 10−3, 10−4 AU for 1000
years. The values of d̃ in the three different cases are 10−3, 7 × 10−5, and 10−5 AU. The representation of `(α) in the time-span of 1 year (black
curves) emphasizes the small drifts of the librations along the Y axis. The red point indicates the position of L3.
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Fig. 3. Profile of the modified FLI
for the time-span of 1000 years in the
case of the research of the libration with
amplitude 3 × 10−2 AU in the realistic
model. The blue point denotes the loca-
tion of V∗Y , namely the velocity com-
ponent along Y characterized by the
maximum mFLI value, and the trajec-
tory associated to the initial condition
(X0, 0, 0, 0,V∗Y , 0) is shown in the first
two panels of Fig. 4. We also show the
locations of another two initial condi-
tions (the magenta and brown point) with
a different value of the chaos indicator
whose trajectories are plotted in Fig. 5.

In Fig. 2 we show the results of the method for a time-span of
1000 years and for values of α equal to 3 × 10−2, 10−3, and
10−4 AU, correspondingly to d̃ equal to 10−3, 7 × 10−5, and
10−5 AU. We note that such orbits are slowly drifting along the Y
axis (at a speed of about 2×10−6, 5×10−8 and 4.5×10−9 AU yr−1

for `(3 × 10−2 AU), `(10−3 AU), and `(10−4 AU), respectively):
these drifts can be reduced by further refining the interval of the
initial data.

3.3. Computation of the libration orbits in the realistic model
of the Solar System

In order to study the spacecraft dynamics in a model whose
ephemerides are comparable with those provided by the JPL
computation service, we consider the spacecraft equations of
motion in the barycentric reference frame in a model com-
posed of the Sun and seven planets whose initial conditions are
provided by JPL (for the Earth we consider the Earth–Moon
barycenter). To illustrate how to find libration orbits in such
a realistic model, we apply the FLI method and we consider
`(3 × 10−2 AU) and `(10−3 AU) as target orbits and take B as
a neighborhood of `(3 × 10−2 AU) and `(10−3 AU) of amplitude

d̃ equal to 10−3 and 2 × 10−4 AU, respectively. The computa-
tion of the modified FLI is stopped once we have restricted the
set of initial data such that the interval along the VY is smaller
than 5 × 10−9 AU day−1 and once we achieve an integration time
of centuries (in the cases of the librations with amplitudes of
3 × 10−2 and 10−3 AU the time-spans for the modified FLI com-
putation are 1000 and 400 years respectively). When we con-
clude this iterative method, we obtain the modified FLI profile,
in which the maximum is sharply identified by the initial datum
(X0, 0, 0, 0,V∗Y , 0). For example, the modified FLI profile for the
research of the libration with amplitude 3 × 10−2 AU is repre-
sented in Fig. 3. The trajectory associated to the initial datum
with the maximum mFLI value (blue point in Fig. 3) represents
the orbit that remains the closest to the target one. Moreover, this
trajectory (see the first two panels in Fig. 4) is librating around L3
with an amplitude of 3× 10−2 AU. To appreciate the precision of
the method, we also considered the orbits associated to another
two initial data with values of the modified FLI that are different
from the maximum (the magenta and brown points in Fig. 3).
Such orbits, shown in Fig. 5, are not librations around L3, even
if the variation of the initial velocity VY −V∗Y is very small (about
3×10−12 and −3×10−11 AU day−1, respectively). Now, we focus
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Fig. 7. Representation of the librations around L3 in the realistic model obtained assuming a neighborhood of L3 with amplitude d̃ equal to 10−3

and 2 × 10−4 AU, respectively. The time-spans of the two orbits are 700 and 250 years respectively. The black lines represent the restriction of the
trajectories to 20 years. The red point indicates the position of L3 in the rotating-pulsating reference frame.

our attention on the orbits associated to the maximum value of
mFLI for both the case of `(3 × 10−2 AU) and `(10−3 AU) as
target orbits. These trajectories are shown in Fig. 4 in the time-
spans of 650 and 200 years respectively. In the same figure we
also show the representations of such trajectories restricted to a
time-span of 20 years (black curves) which highlight the drift
along the Y axis (about 4 × 10−6 AU yr−1) caused by the plan-
etary perturbations. The relative drift is greater for the libration

with amplitude 10−3 AU and is smaller for the orbit with greater
amplitude. Hence, the orbit with the greater amplitude remains
closer to its target orbit. Moreover, the value of d̃ for the orbit
with smaller amplitude is close to the amplitude of the oscil-
lation introduced by the planetary perturbations (last panel in
Fig. 1): this implies that values of d̃ < 2d are too small and for
such a choice of d̃, the FLI method does not converge to a libra-
tion orbit around L3. Therefore, to find oscillations around L3
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with amplitudes smaller than 2d it is necessary to apply the FLI
method by using a sphere in (X,Y,Z) centered at L3 with radius
d̃ ≤ 2d as B. We note also that the application of the modified
FLI method with a one-dimensional grid of initial data is not
sufficient for the research of librations because of the degrees
of freedom of the problem: we have to use a two-dimensional
grid of initial data (X, 0, 0, 0,VY , 0) centered at L3. Therefore,
we applied this method with d̃ = 10−3 and d̃ = 2 × 10−4 AU
and found (see e.g., Fig. 6) that the bigger values of the mFLI
lie on a line not parallel to the X and VY axis. This complicates
the procedure of refining the initial data, which is summarized
in the caption of the figure. Finally, Fig. 7 shows the librations
obtained using the two-dimensional grid with d̃ = 10−3 and
d̃ = 2 × 10−4 AU: the time-spans of these two orbits are 700
and 250 years respectively. Hence, the FLI method allows us to
find libration orbits of the realistic models with amplitudes big-
ger than d (up to 0.03 AU) for time-spans of centuries.

4. Conclusions

Since close to the Sun–Earth Lagrangian point L3 the planetary
perturbations (mainly from Jupiter and Venus) are stronger than
Earth’s attraction, it is not evident that the dynamics close to
L3 defined within the circular restricted three-body problem can
be continued to a realistic model of the Solar System. We ana-
lyze in particular the effects of the planetary perturbations and of
the eccentricity of the Earth. The planetary perturbations provide
oscillations of about 15 000 km, while the effect of the eccen-
tricity of the Earth, apart from a small oscillation, is absorbed
by considering a rotating-pulsating frame. Using a combination
of the Hamiltonian averaging method with the FLI method we
find orbits that remain close to L3 for at least 200 years in a
model of the Solar System whose dynamics are compatible with
JPL digital ephemerides, with libration amplitudes ranging from
2.5 × 10−4 to 3 × 10−2 AU.
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