N

N

ASYMPTOTIC ANALYSIS OF THE EDGEWORTH
COEFFICIENT FOR A DIFFUSION UNDER THE
INFLUENCE OF AN ACCELERATED
INCOMPRESSIBLE DRIFT
Brice Franke, Adel Ouled Said

» To cite this version:

Brice Franke, Adel Ouled Said. ASYMPTOTIC ANALYSIS OF THE EDGEWORTH COEFFICIENT
FOR A DIFFUSION UNDER THE INFLUENCE OF AN ACCELERATED INCOMPRESSIBLE
DRIFT. 2020. hal-02935424

HAL Id: hal-02935424
https://hal.science/hal-02935424

Preprint submitted on 10 Sep 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche frangais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02935424
https://hal.archives-ouvertes.fr

ASYMPTOTIC ANALYSIS OF THE EDGEWORTH COEFFICIENT
FOR A DIFFUSION UNDER THE INFLUENCE OF AN
ACCELERATED INCOMPRESSIBLE DRIFT

BRICE FRANKE AND ADEL OULED SAID

ABSTRACT. We analyze the asymptotic behavior of the third coefficient of the Edge-
worth expansion of some diffusion under the influence of a drift, which grows to
infinity. To do this analysis, we have to extend some result on Edgeworth expansions
for discrete time Markov chains from Kontoyiannis and Meyn to diffusion.

INTRODUCTION

The Edgeworth expansion is a refinement of the central limit theorem which has played
an important role in many applications. There are numerous works in the literature
investigating the Edgeworth expansion in different situations (see for example [6], [12],
[3]). For instance, it has been investigated under various dependency assumptions.
In particular, Edgeworth expansion for discrete-time Markov chains was studied by
Kontoyiannis and Meyn in [12]. One of the goals of this paper is to extend their result
to continuous time diffusions. Let (X¢);>0 be a diffusion process on R? with invariant
probability mesure 7 and infinitesimal generator L. We are interested in the integrated
long term behavior of an observable f satisfying 7(f) = 0; i.e :

t
St:/o f(Xy)dt

Under some ergodicity condition, it was established by Bhattacharya in [1] that (S)
satisfies a central limit theorem of the form

St d 2
1 — — N(0,0 as t— oo.
(1) N (0,07)
A way to refine this central limit theorem, is to establish an Edgeworth expansion of
the following form:

@ swlp{ <y} - o) - (L0 - Fw) | o),

o'\/ } o'\[ 60

where v is the density of the standard normal distribution and @ is the corresponding
distribution function. In the above formula ¢? and p3 are suitable constants and F is
a suitable function. In a first result, Theorem 1.1, we will establish such an Edgeworth
expansion for strongly non lattice function f : R? — [~1,1] under some V-uniform
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ergodicity condition on the diffusion (X;). We will obtain the following expressions for
the coefficients of the Edgeworth expansion

02:2/ fgdm, p3:6/ fghdr and F:g,
Rd Rd

where ¢ and h are uniques solutions of the two equations Lg = f and L*h = f. Note
that we denote by L* the adjoint of L on £L3(R?, 7).

In the second part of the manuscript, we investigate the asymptotic behavior of the
Edgeworth coefficient of a diffusion subject to growing drift. In this part we will consider
a non-reversible R%valued diffusion of the form

(3) dX} = -VU(X})dt + V2dB; + cb(X})dt,

where (B;);>0 is a Brownian motion, U : RY — R is a given function such that 7 (dz) =
e U@ dz is a probability measure on R? and b is a C' vector field on R? satisfying
div(be™V) = 0. Note that under some mild assumptions on U and b the resulting
diffusion is V-uniformly ergodic and has invariant distribution 7 (see [9] and 77?).

The real number ¢ in front of the vector field b in (3) can be used to tune up the influence
of the incompressible drift generated through b on the diffusion (X?). One can then
study the asymptotic behavior of different quantities associated to the diffusion as the
parameter ¢ goes to infinity. For example the asymptotic behavior of the semigroup
was investigated by Constantin, Kiselev, Ryzhik and Zlatos in [4] in a similar context.
They proved that the operator norm of the associated semigroups converge to zero if
and only if the drift generator has no non-zero eigenfunctions in #!. Again in a similar
context as in equation (3), the limit of the spectral gap of the generator of the diffusions
was computed and it can be obsered that this limit is infinit if and only if the drift
generator has no non-zero eigenfunctions in #!. Note that the equation (3) satisfies
a central limit theorem and that the Hedgeworth expansion that we obtained in the

first part holds under some conditions on U and b. It is then interesting to see how

2
c

is computed in [9], [5], [15] and [7]. In the second part of this manuscript we compute
the limit of the Edgeworth coefficient p. 3 as the constant ¢ goes to infinity. Our proof

the coefficients o2 and p3,c behave as ¢ — oo. The limit of the asymptotic variance o

is based on a method from Bhattacharya, Gupta and Walker which was used in [2] to
compute asymptotic diffusion coefficients in the context of periodic homogenization as
a drift-tuning parameter goes to infinity. We will prove in Theorem 2.1 under suitable
conditions the following result

lim p3.c = (PLy'f, (PLy f)*)3n  and lim F.=—-PLy'f,

where P is the orthogonal projection from H! to Ny = ker(b- V) C H!. This result
is some analogue to the result of Duncan, Lelievre and Pavliotis [5] where they proved
that

lim og,(f) = 2| PL f3,.

|c|—o0

1. EDGEWORTH EXPANSION FOR DIFFUSION PROCESSE

In this section we extend a result on the Edgeworth expansion for Markov chains from
Kontoyiannis and Meyn (see [12]) to continuous time diffusion processes. We essentially
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follow the proof hat they give for the discrete case, but we have to change to a generator
based approach instead of their semi-group based technique at some places in the proof.
A good account of the ergodic theory and spectral theory of diffusion processes that we
will use is given in Huisinga, Meyn and Schiitte (see [10]). We will adopt their setting
for this manuscript. Let (X;)¢>0 be a diffusion processe on R? with generator smooth
coefficients of the form

Laigh(z Zaﬁzzh + 3 ) ij02,00,h(x), h € C*(RY).
i?j

This means that (X;) is a strong solutions to the stochastic differential equation

m
dXZ = ai(Xt)dt + Zo-ij(Xt)nga Xg = 2,
j=1
where (By)¢>0 is standard Brownian motion on R™ and a;; = ;" | 0s0j,. Then the

canonical semi group (P, )¢>0, which is defined for bounded continuous functions as

can

Pinh(@) == Eo[h(X0)]

can

satisfies for all h € C%(R?) with bounded second order derivatives that

|4(PLuh = h) = Lawh]|,,, — 0, as t 1 0.

can

We assume that the coefficient functions a;, a;;;1 < i, j < d are such that the resulting
diffusion is non-explosive. Let B(R?) be the Borel o-field on RY. We will denote by
(P')¢>0 the family of transition probability kernels which are related to (X;) through

Pl(z,A) =P, (X; € A);z € RY, z ¢ Rt >0, A € B(RY).

It is stated in [10] that if the generator Lgg is hypoelliptic, then the resolvent kernel
o
Ry ::/ e~ Ptdt; 6 >0
0

is strong Feller and that the existence of a xy € R? and a tg > 0 such that
P'(x,0) >0 for all t > tg, z € R? and all open neighbourhoods O of x

implies that the Makov process (X;) is ¢-irreducible with ¢ := Rj(xo,.). Note that
this implies that there exists a function s : R? —]0, 00[, a § > 0 and a measure v, which
is equivalent to the measure ), such that

Rg(z,A) > s(z)v(A), z € R, A e B(RY); (see Proposition 5.5.5 in [13]).

Besides the differential generator Lgig we will eventually have to deal with the extended
generator Ley, and the strong generator Ly, which is associated to an i-almost every-
where finite function V : R? — [1,00]. The first one relates two measurable functions
h,g:R? - R as Legh = g if for each starting point « € R% the process

My == h(X:) — h(Xo) — /tg(XS)ds; t>0
0
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is a local martingale with respet to the canonical filtration F; := o(Xs;s < ¢);¢ > 0.
The second one requires the introduction of the space Ljf of measurable, complex
valued functions h satisfying

|7 ()|

|h|ly := sup ——= < 0.
Il = 28 v
Note that the probability kernel function (P!) can be identifieded with a semi groupe
on Lg? through
P'h(z) := / Pl(z,dy)h(y), t >0,z € R%
Rd

Two functions h,g € CV := {g € L : limy o || P'g — g||v = 0} satisfy relation Lyh =g
if

|$(P'h—h)—g|,, =0, ast ] 0.
As is noted in [10], the operator Ly equals Lgig when restricted to C?(R9), the operator
Ly has domain {Rh : h € CV} and it satisfies LyRh = Rh — h for all h € CV. A
major assumption, that is central in [12] and [10], is also assumed to hold for the
rest of this section. It claims the existence of a t-almost everywhere finite function
V :R? — [1,00], a small function s : R — [0, oo[ and two constants § > 0, b € R such
that
(4) LextV(x) < —0V(x) + bs(x).

It is stated in Theorem 2.3 from [10] that if the diffusion (X) is ¢-irreducible and
aperiodic then the previous condition implies that (X;) is V-uniform. This means that
there exists some € > 0 such that the spectrum S(Ly ) of the operator Ly satisfies

Re(z) < —e¢ for all z € S(Ly)\{0}

and moreover that the eigenvalue zero is simple; i.e.: its eigenspace is of dimension one.
This is equivalent to say that the operator P! has simple eigenvalue 1 and the that the
spectrum S(P!) of P! satisfies

|z] <1 —¢ forall € S(PY)\{1}.

Then Theorem 2.2 of [10] ensures the existene of an invariant probability mesure 7 for
the Markov process (X;) and two constants §, K > 0 such that

(P — 1@ 7)h|y < Ke %||h||y, for all h € L and t > 0.

For the rest of this section, as in [12], we will asume that
r(V2) = / V2(2)m(dz) < oo,
R4

Let now f : R? — [~1,1] be an observable with zero mean; i.e.: 7(f) = 0. For a € C,
we define the associated Feynman-Kac semi group

Phg(w) = By [ fo /X0 g(X,)]

Note that this semi groupe is not probabilistic in the sens that P,1is in general not
constant and equal to one. However, as is mentionned in [10], many concepts of semi
groupe theory, as resolvents and generators, can still be defined in this situation. Our
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later arguments are based on the strong generator Ly, of the semi groupe (Pé) The
relation Ly,h = g holds for h,g € CY :={g € L : limyo | PLg — g||y = 0} if

|$(Pih—h) —g||,, =0, as t 0.

Moreover, for 8 > 0 the resolvent is defined through
oo
Rah := / e~ P! .
0

It can be seen that the strong generator of the Feynma-Kac semi groupe factorizes as
follows :

(5) Lavg=Lvg+afg, ge.

In the following we will denote the spectral radius of the operator ]5; on L7 as
. . At L/t 5
pai= lim [ PAIG/ = sup{|zl; = € S(PY)}.

We will say that the semi groupe (pé) is V-uniform, if there exists an eigenvalue A, in
the spectrum S(P1) of P! satisfying |Ao| = fa, having multiplicity one and satisfying
for some € > 0
S(Po\{Aa} € {z € C; 2| < pa — €a}-

In the following we will refer to A, as the generalized principal eigenvalue. The key
to the Edgeworth expansion presented in [12] relies on the fact that for all o in a
neighbourhood of zero the semi group (]f’(';) also satisfies V-uniformity. We will see in
Proposition 1.3 that if the original semi groupe (P*) is V-uniform then (P) is also
V-uniform for all a in some open neighborhood O of zero in the complex plane. For
a € O, let f, be the eigenfunction associated to the unique eigenvalues A, which
satisfies |Aq| = po. It follows

Plf, =M. f, forallt>0.
The function f, is also an eigenfunction for the generator L i.e.:
(6) Layfa = Ala)fo, where A(a)=log\,.

We will see in the proof of Proposition 1.7 that the generalized principal eigenvalue A\,
is an analytic function of a in a neighborhood around zero and so are A(a) and fo ()
for any fixed x € R? Our interest lies in the asymptotic behavior of the integrated
observations

t
St:/o f(XS)dS

We say that (S;) satisfies an Edgeworth expansion if there exist o2 > 0, p3 € R and a
function F: R? — R such that the following asymptotic relation holds

P{%\/;St < y} —P(y) — %(5’2(1 —y?) - F(y)) = o(t1/?),

where v is the density of the standard normal distribution and & is the corresponding

(7) sup

distribution function. It follows from the above relation that

(8) %ﬁst LN N(0,1) as t— oo,
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which implies that the coefficient o2 in (7) equals the asymptotique variance in the
central limit theorem (1). For the following we will restrain our analysis to non-latice
functions f. A function f : RY — R is called lattice if there are A > 0 and 0 < d < h,
such that for all z € R? the quotient #(f(z) — d) is an integer. According to [12] a
function f is called almost lattice if it can be decompose as a sum f = f; + fo, where
f1 is lattice and fj has zero asymptotic variance, which means that

1 t
Var(/ fo(Xs)ds> — 0 ast — oo.
t 0

In the following a function is called strongly non-lattice whenever it is not almost lattice.
The following is a continuous time version of Theorem 5.1 in [12].

Theorem 1.1. Assume that f : RY — [~1,1] is a strongly nonlattice function with
w(f) = 0. Then the family of random wvariables S; = fg f(Xs)ds;t > 0 satisfies the
Edgeworth expansions (7) for all starting point © € R with coefficients

02:2/ fadm, ,03:6/ fhdm and F:g,
Rd Rd
where g and h are the solutions of the two equations Ly g = —f and Lyh = fg—7(fg).

1.1. Proof Theorem 1.1. The following proof is an adaptation of the proof from
Kontoyiannis and Meyn [12] to the cas of a continuous time process. We add it here for
conveniance of the reader. Its starting point is the well known Berry-Esseen inequality
which can be found in Feller’s book (see formula (13.3) on page 538 in [6]). It states
that for any choice m > 0 and C' > 0 and whenever F' and G are distribution functions
satisfying |G’ (y)| < m, then one has
C
(9 Fo) - 6| <5 [ Jxrlw) - xal)[ 1 + s v e R
T Jo lw|  Cm

Here xr and y¢g are the characteristic functions which are associated with F' and G.
In our situation we will choose

Fly) = Fly) = P55 - B8] <y}
P3 2
(y) t(y) W)= o3 ﬁ(y )7 (y)
and C' = Av/t, where A > 24(em)~!|G}(y)| for a given small € > 0. Then (9) becomes

1 [AvE iw dw €
(10) B - < [ G x|+ 5
where
(11) nr, (@) =By [ exp(aSy)] = m(a) exp (— o (St)),

with my(a) = E, [exp(aSt)] and S; = S; —E,[S;]. Note that the characteristic function
associated with the distribution function to Gy(y) is given by

w2

xg,(w) = e 2 (1+p63(£?:2;>.
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To show that the Edgeworth expansion (7) holds, it suffices to show that the integral
I in inequality (10) is of order o(t~*/2). To do this we divide the integration domain in
three parts and show that all of them are o(T~'/2). We use the following decomposition

| - AVt AVt = |- AVt,—BVt U]~ BVt, BVt U]|BVt, AV1|

to decompose the integral of (10) as a sum of three integrals I = I; + Iy 4+ I3. The
constant B is supposed to satisfy B < A and will be fixed later. As a consequence, we
have to analyze the asymptotic behavior of the integrals

1 dw
e s
1 71'/ Ui a\f) XGy (w) ’w‘

Applying the change of variable u = \[, this leads to the following inequality

Alo
wo b
T JB/o
B 1/.4/0'
T JB/o

i) = xe (0|

(i) P51 — g, (o) 22

o Alo Alo

< = mt(z‘u)’du + = / xgt(a\/iu)‘du
Br BJo

— 9 Ao et/\( ) g /A/U e~ 2t02 <1 + patlin)” W) )‘d
Br BJo Br BJo

Using part i) from Proposition 1.5 both integrals in the previous expression converge
toward zero exponentially fast, as long as B stays bounded away from zero and as long
as A stays bounded. Therefore the integral I is of order o(t~/2). The integral I3 can
be treated in the same way. We now have to deal with the integral I5. After the change
of variables u = w/o+/t, we obtain

iw dw
b= et m(w)m

1/B/a
o —B/o

In order to understand the behavior of the integral I as t goes to infinity, we first

nr, (iu) — xgt(ua\f) ‘ §

investigate it’s integrand :
Ky (u ‘771«} i) — xa, (w\f)‘
With the Propositions 1.5 and 1.7 we can see that nr, equals
nE, (iu) = e~ 1St gtAl) [fw(x) + \iu!et} :
Expanding A(iu) in a Taylor series around zero yields.
A(iu) = iuA'(0) — %u2A"(O) + %(iu)g’Am (is), for some suitable s €]0, ul.
By Proposition 1.7, we have A'(0) = 0 and A”(0) = ¢, and it follows that
(i5)) ) fau() + liule):

"

nF, (zu) _ e—quz[St} exp (t( _ %u202 + 1 (zu)3A
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According to the definition of d; (see Proposition 1.8) this can be written as

"

nE, (iu) = e~ d—uI(@) oy (t( — Lu?o? + %(iu)?’A (zs))) [fiu(z) + iue],

where g is the solution of the Poisson equation Lgigg = —f. From this we deduce the
following expression for the integrand K(u) :

*lexp (—iudt—l—é(iu)?’Am (is)+log (fm(:v)—l—iuet)—iug(m)) —l—t%”(iu)3 .

Note that
log (fm(x) + iuet) —iug(z) = log (1 + ?et> + log(ﬁu(m)) —iug(x)

mu

= J(iu) + log (1 + “fét),
fiu
where §(.) is as in Proposition 1.8. The second exponential in the above expression for
K (u) then becomes

Ki(u) = exp <é(z’u)3Am (is) — dud; + iuef’£ (tu) + 5(iu)>,

where

€t

2

mu

1

o .
€/ (tu) := —lo (1 i
7 (iu) i 08 +
Since according to Proposition 1.5 the function ¢; converges to zero as t — oo, it follows
that

(12) \efé(zu)| — 0 as t — oo uniformly for all |u| < B/o.

Therefore, the expression for K;(u) becomes

(13) Ki(u) = =377 exp (—z‘udt+g(iu)3A”’ (is)+5(iu)+z'ue#(iu)) — 1t (1))

To show that this expression is o(t~/ 2) we will apply the following inequality from
Feller’s book (see page 534 in [6]). It states that for arbitrary complex numbers «, /3
and v > max{|al,|5|} one has

(14) e =1 8| < (Ja = 81+ 31812 .
In our case we choose
= —iudy + %(iu)?’Am (is) + iuef7£ (iu) + 6 (iu)
and
B = t’%(iu)?’.
With this choice of a and 5 we obtain the following bound for K; in (14)
Ki(u) < (Jo = 8] + §1812) e,

We now seek bounds for | — S|, |8] and v > max{|«/|,|3|}. By proposition 1.7, A is
analytic in o and AW(O) = p3. Tt follows that A" is continuous. Therefore, we can
choose B small enough such that

(15) |A" (is) — p3| < 6¢, for |s| < B/o.
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Furthermore, we choose B small enough such that

1 " 0'3 BIO3
1 —|A (is)| < — d — <
(16) NG| < T and 0P <

NG

Using Proposition 1.8 and (15) we obtain
t "o, . u
o= Bl < LA Gis) ol + 124
< etu]® + ]tu] + Cu’.

Further, if we use (16), (12) and the fact that |u| < B/o we obtain that for large ¢

/l/

ol < thfs sup |A (i) + [ul (|de] + I€f (iw)]) + 18 (iu)]

6|u|<B/J
G
<t -
< tul 4B+t+2
1
< —t .
< 4ua +e€

On the other hand using again (16) and the fact that |u| < B/o, we obtain

—to“u

t/’33 ‘7122 122
t
8 = up < 2 to*? <

From those bounds for o and 3, we see that the choice v := %tu202 + € satisfies
v > max{|al,|3]}. It now follows from inequality (14) that
3
Ki(u) < e~ rtulo?te (et!u|3 + Cu? + IL;' + %)

This yields that I5 is bounded by

B/O' 1
I < 1/ e A etfuf? + Cu? 4 Bl 4 ) du
—B/o | |

We still have to prove that the integral in the previous formula is of order o(t~1/2).
With the change of variable w = u(ov/t) we obtain

I < /
w2
< \/h/ e T (w +’{g‘;’§)dw+0(t*1).

This shows that the integral I is of order o(t~'/?) and the proof is archived. O

+ O+ e+ 2 ) dw

1.2. Auxillary results for the proof of Theorem 1.1. The following results have
been used in the proof of the previous theorem.

Lemma 1.2. Suppose that the semigroup (P');>o satisfies assumption (4). Then for
all t > 0 the family a — Pl;a € C of bounded operators on LY is analytic in the
complex plane.
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Proof. The analyticity of the exponential function together with the boundedness of
the function f yield the existence of a constant Ky > 0 such that

t
/ FOX)dseo s fxas — 1 (eao JEF(X)ds _ o f(Xs)ds)
0

SKf|Oéo—Oé.
ag —

Note that since f is bounded, the operator
t
P'hz) == Em[ / F(X5)dse frff(XﬁdSh(Xt)}
0

is a bounded operator on Lj?. Using assumption (4), we then have for all h € L{?
satisfying |||y < 1 that

1 . .
P'h(z) — ——— (P! h(z) — PLh
i) [P = g (Phta) — P <x>)‘
Ky
< ——|ag — a|E [V (X,
< V(x)’ao o|Eq [V (Xy)]
Ky t
= ——l|ag— P? Loy V(x)d
Fleo—al [ PLocVi)ds
Kf t t
< ——|ag — -0 | PV(x)ds+b | P? ds) = O —al).
< gihlea—al(=b [ PV@as+ [ Ps(wyis) = Ofag—al)
This shows that
sup HP’hx— P. h(z) — P'h(x H = O(lay — af).
s ([P = o (Pp) = P@)], = O —al)
Thus a +— ]55 is complex differentiable in ag € C. This proves our result. O

Proposition 1.3. Suppose that the semi group (P')i>o is V-uniform and satisfies
assumption (4). Then the Feynman-Kac semi group (Pl)i>o is V-uniform for all o
from an open neighbourhood of zero in the complex plane.

Proof. This follows from the spectral characterization of V-uniformity and spectral
continuity with respect to closed curves as described in Kato’s book (see [11] p.379).
Note that Lemma 1.2 shows that for fixed ¢ > 0 the family of operators (P%) is a type
A holomorphic family of operators. O

The following proposition corresponds to Proposition 4.5 in [12] for the discrete case.
The proof that we present follows the line of arguments presented there with minor
modifications. We add it here for the conveniance of the reader, since its proof intro-
duces many notions, which are used later.

Proposition 1.4. Suppose that the semi group (Pfy)tzo is V-uniform for all o in a
neighborhood of zero and that the semi group (P')¢>o satisfies assumption (4). Then
the generalized principal eigenvalue Ay is an analytic function of a in a neighborhood
of zero and s0 is fa(x) for any fived z € R,

Proof. We know from Lemma 1.2 that the function o — Pal is analytic. For a = 0,
we have A\g = 1 and Ao ¢ S(PO1 — Sp ® 1), where sy ® vy is the linear form, which
corresponds to the projection to the one dimensional eigenspace associated with Ag. It
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follows from spectral continuity that for « in a sufficiently small neighborhood of zero,
we also have A\ ¢ S(PL — sy ® 19). We define the potential operator

Uzya =z - ]5; + 50 ® 1/0)_1

Then, since
ﬁz70 = (IZ — ]501 + 50 ® Vo)fl

is a bounded linear operator for z in a neighborhood of Ag, it follows that Uz,a is a
bounded linear operator for z in a sufficiently small neighbourhood around Ag. Since
a Pal is analytic and since taken the inverse is an analytic operation, it follows
that U, , is analytic for (z,a) in a neighborhood O of (\g,0). One the other hand, by
Proposition 5.2 of [14] we have the following equality

(17) Lz — B = 0, , 4 Uzad0) ® (00z0)

)

1-— VoUZ,aS()
Since the left side of (17) is known to have a singularity in z = A4, it follows that
VQUAQ S0 — 1.

In particular it follows from this that (A])\a so # 0. Applying (Iz — 1501() to (17) from the
left and sg from the right, we obtain

5 ] > Uz Uz
(18> S0 = (IZ - Pal)Uz,aSO + (IZ — Pa1>( ’aSO)(VAO 1a80) )
1- VOUz,chO

Multiplying (18) by (1 — U, a50), it follows that
(19) (1 = U..050)50 = (1 — 19U 050) (T2 — PHYU,. 050 + (T2 — P2 (Us.050) (10Ux.a50)-
Then setting z = A, in (19) we obtain
(INo — PHUy, a50 = 0.
It follows that the eigenfunction f, can be written as
fo = Una a0
By applying v on the left to (17) and doing the same argument we can show that
flo = VOUAa,ou

is a left eigenmeasure to the eigenvalue A\, of Pl. If we define the analytic function

~

J(z,a) = 19(U; a50), 2,0 € C, we have
T (Aay ) = 15(Un, 50) = 1

and by differentiation we obtain

0 N .

92 (Zaa)‘zz,\a = V0<_U>\2a,a30) = —fia(fa)-
Note that ji(fp) is positive by Perron-Frobenius theorem and the irreducibility of P?.
Thus, we can find a small neighborhood such that fio(fs) # 0. It follows from the
implicit function theorem that A, is an analytic function of . From the expansion

o0
fo=Unnaso=>_ A" (Pa— 50 © 10)"50
n=0
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we also can deduce that f, is analytic as a composition of two analytic functions. [

The following proposition corresponds to the statements P1 and P2 in the proof of the
discrete Edgeworth expansion in [12]. In the dicrete case, they rely on Theorem 4.1
and 4.2 from [12]. Continuous counterparts of those two theorems are stated in [12] as
Theorem 4.16 and 4.17.

Proposition 1.5. For z € R? let my(a) := E,[e*], t > 1, € C. i) There exists
an open neighbourhood O of zero in the complex plane and a family of functions €
satisfying

mi(a) = exp(tA(a))(fa(z) + |ale(a)),
and sup,co |er(a)| = 0 exponentially fast as t — oo.
it) If f is strongly nonlattice, there exist 0 < wy < wy < oo, a > 0 and a family of
function e; satisfying

mi(a) = exp(tA(Re(a)))e, (@),

and SUP e [—q,a]  iwo,iw] le; ()| = 0 exponentially fast as t — oc.

Proof. Tt is proved in Theorem 4.16 from [12] that there exist constants By > 0 and
by > 0 such that for all z € R% and ¢ > 0 one has

E, [exp (aS(t) . tA(a))} — ful < Bola] exp(—bot)V (z),

where f, is the eigenvectors of the operator Pal associated to the eigenvalue )\, having

absolute value equal to the spectral radius p,. Multiplying both sides with exp(tA(«))
yields

E,[exp (aS’(t))] — exp(tA(a))fa‘ < |oer (o) exp(tA(a)),

where the function |e;(a)| := Boe 'V (z) converges exponentially fast as t — oo.

It is also proved in Theorem 4.17 from [12] that for any 0 < wp < wy < oo there exist
bp > 0 and By < oo such that for all « satisfying —a < Re(a) < @ and wy < [Im(a)| <
w1.

E, [exp (aS(t) - tA(Re(a)))} ‘ < BoV(x) exp(—bot).
Multiplying both sides with exp(tA(Re(«)) yields

E, [exp (aS(t))] } < BoV () exp(—bot) exp(tA(Re(a))
— exp(tA(Re(@)é) (),

my(a) =

where the function €}(«) = BoV (x) exp(—bot) converges to zero exponentially fast uni-
formly for all « satisfying —a < Re(a) < & and wp < |Im(a)| < wy. O

The following proposition corresponds to Proposition 4.9 in [12]. Note however, that
the proof, given there for the discrete case, relies on some particularity of the discrete
time Feynman-Kac semi group

Prg(z) = E, |e* 2=/ Xg(X,) |,
which has the advantage of factorizing at single time step level; i.e.:

(20) Plg(z) = Eo[e®/ X g(X1)] = P(ge™)).
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To prove the result in the continuous time case, we will use the factorization of the
generator L,y of the Feynman-Kac semi group (P), which was given in (5).

Proposition 1.6. There exist a neighborhood O of zero in R satisfying the following
properties :

i) For all a € O we have d%A(a) = 7t4(f), where 7ty is the invariant probability measure
fOT‘ La,V-
it) For all a € O, the function F, = % log f. is a solution to the equation

(21) Loy Fo =7a(f) — f.
ii1) In particular, for a = 0, we have Ty = m, Lo = L and we obtain the Poisson equation
LyFy=n(f) - f.

Proof. We will see later in Proposition 1.8 that for real a in a small neighborhood of
zero the eigenfunction f, is strictly positive. Therefore, we can define the following
auxiliary operator

Loy = (I5) (Lay — Ma)) I},

where for a given function g we introduce the multiplication operator I,h(x) := g(x)h(z).
The differentiation of the eigenvalue equation (6) gives

ffa + i/a,Vf; = A/(a)fa + Aaf(;'
Dividing this identity by f,, we obtain
F+ i Lavfy = N(@) i fat Ma)fy ' fo

This can be written as

This implies

(22) LayvFy=A(a) - f.

By choice of a suitable norming constant k,, we obtain the probability measure
Ta = Kaftal g,

where [i, is the eigenmeasure associated to ]50} which for all £ > 0 also satisfies :
ftall = Nojta-

We will prove in Proposition 1.8 that f, is strictly positive for real a in small neigh-
borhood of zero. We have

ﬁa(‘ﬁ‘aD = 7vTa( f;/fa‘) = kalaaﬂf;’) <
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and
Folavlge = koflal}, ((Iﬁ)—l(ﬁa - A(a))Ifa)le
= kaftal}, ((Ifa)—lﬁafa) — kaftal, ((Ifa)_lA(CL>fa>

= kaﬂa(ﬁafa) —kaﬂa((A(a)]Ea)
= 0.

It follows that the probability measure 7, is invariant. Since Fa is a solution to the
Poisson equation if follows that the right side of (22) is of m mesure zero. We deduce
from this that A'(a) = #,(f). This proves the points (i) and (ii). The proof of (iii)
follows by considering the special case a = 0. g

The following proposition corresponds to statements P4 and P5 in [12] for the discrete
case. The proof follows the same line of arguments, while substituting the discrete
generator by the continuous time generator. However, instead of expressing the coef-
ficients as series, we express them in terms of integrated solutions of suitable Poisson
equations.

Proposition 1.7. The function o — A(«) is analytic in an open neighbourhood O of
the origin in the complex plane. Furher, one has A(0) = A'(0) = 0 and

1

o = AN (0)=2[ fgdn,

1

ps = A (0)=6 [ fhdm,
where g and h are solutions to the two equations Lyg = —f and Lyh = fg—n(fg).

Proof. We saw in Proposition 1.4 that A\, is analytic in a neighbourhood O of zero in
the complex plane. Since we have A(a) = log(\y), this implies A(«) is analytic in O.
It follows that , o
and A’(a) = W

«
For o« = 0 the operator ]501 = P! is stochastic and it follows that A\g = 1, which
implies A(0) = 0. Further, by Proposition 1.6 we have A'(0) = n(f) = 0. The
following computation is in its spirit the same as the one given in [12] for the time
discrete case. However, instead of using the semi groupe P, we use it’s generator I:ay
in the argument. Since f, is eigenfunction of P, associed to A\, it follows that it is
eigenfunction of lA}ay associated to the eigenvalues A(«); i.e :

(23) Loy fo = M) fa

Without loss of generality, we will suppose that f. is normalized to satisfy 7( fa) =1.
This implies that for H, = A(a)Id — Lo, v + 1 ® 7, we obtain

HocJEa = A(a)foc - za,Vfa + 1Rd7r(f0c) = 1]Rd77(fa) = I,
This yields the equation
fa — H(;lle.
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Moreover, formula (5) for the Feynman-Kac generator [A,ay yields

d / k
aHag =A(a)g— fg and %Hag = A(k)(a)g, for k > 2.
It follows from this that
d / k A
T aZOHag =A(0)g—fg=—fg and T a:OHag = A®(0)g, for k > 2.
Moreover, for all £ > 1 we have
d*foy _ "o d . .
(24) W(dT) = dTT('(fa) = dTl =0, for a in some neighborhood of zero.
« « o'
By differentiation of (23), we obtain
d? 277 \2 71 1y pr—1 1 \2 72
Palogle = Hy*(Ho)"Hy "1ga — Hy Ho Hy “1ga + Hy~ (Hy)“Hy “1ga
= 2H;'HyHy 'HyHy Mga — Hy 'Hy Hy Mga.
Note that we have Hy ' = [~Ly + II]~! where II = 1ga ® 7 is a rank one operator.

Since Hy '1ga = fo = 1ga (see Proposition 1.8), it follows that

d2

2 _
( 5) d?a a=0

m(fa) = 21H;  (FHy ' f) — T(Hy 'A"(0)).
On the other hand, for ¥ € H the equation Ho_l(g) = 1) is equivalent to

9= —Lvy +11(y).
It follows from the invariance of 7 with respect the semi group (P*) that

M) = M(~Lyw) + @) = T~ 5 P) + ()
d

= —STW) +TI(w) = () = T(H;'g).

Therefore, we see from (25) that

d2 ~ 1 ” 1 "
o) = AGHT ) =N'©) = =2 [ fI7!fdn = 0),

The last equality follows from the fact that II(f) = 0 implies H by = —L‘_,1 f- Tt follows
from (24) that

o2 =A"(0) =2 /Rd fLy fdr = 2/Rd fgdm

where ¢ is the solution of the equation Ly g = —f. This finish the proof of i).
Again by differentiation of f, = H;'1 we obtain :

d3 be / / ’ ’ 1
Bl _Jo = - 6Hy 'HyHy ' HyHy ' HyHy '1ga + 3Hy 'HyHy ' Hy Hy ' 1ga

+ 3Hy 'Hy Hy *HyHy Yga — Hy'Hy Hy '1ga.
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Since I(fHy '1ga) = IIf = 7(f) = 0 and TI(H, ' f) = TIf = 0, it follows that

3
d% fa) = —GI(fHy (fHy ' f) + 3A" (0)TI(f Hy M ga)

+ 30" (O)II(Hy ' f) — A" (0)T(1za)
— 6 [ FH (LY dn - 270
R4

— ~6 [ 1H(fo)dn A" (0
Rd

"

= 6/Rdfhd7rA (0),

where we put h := —Hy'(fg). Note that it follows that
fg = —Hoh = Lyh—Th = Lyh+1(Hy'fg) = Lyh+T1(fg).

Thus g and h are the solutions of the equations Lyg = —f and Lyh = fg — n(fg). It
follows from (24) that

PP =A"(0)=6 [ fhdnr.
Rd
The proof is complete. O
The part (i) of the following proposition corresponds to statement P6 in [12]. The
parts (ii) and (iii) corresponds to statement P7 in [12]. Its proof carries over without
difficulties to the continuous case

Proposition 1.8. Let g be the unique solution of the Poisson equation Lyg = —f.
Then the two following statements hold :

i) For dy = E.[Si] — g, we have |di| — 0 exponentially fast as t — oo uniformly in x.
ii) The eigenfunction fa is analytic with respect to a in a neighborhood of zero in
the complex plane. It satisfies fo = 1 and it is strictly positive for all real o in a
neighborhood of zero.

iii) There is some wy > 0 (depending on x) and a constant C' such that
(26) §(iw) = |log fi,(z) — iwg| < Cw?, for all |w| < wy.

Proof. : From the definition of .S; we have

ElS) = B | x| - / B [f(x))ds = / P (s,

0
Also note that we have the following representation of the solution of the Poisson
equation

oo
g :/ P?f(x)ds.
0
When restricted to functions with mean zero with respect to m, the semi group (P;)
has spectral radius p* < oo on L*°. Since f is of m-measure zero and since the absolute
value of f is bounded by one, we have ||P;f|lsup = ||[P!flloo < Ke!'8?" for all ¢ > 0.
This yields

di(a)| = i

Ed(S] -9 < / Pof(a)lds < K / estoer s = _ K

6t log p )
log p*
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Hence sup,, |d¢(x)| — 0 exponentially as ¢t — oco.
In the following we will use the notation (PZ),cn to denote the discrete semigroup,
which results from observing (P!);>o at integer time. For real a € [—a,a] and A >

max(Agz, A_gz), we define the operator G, by
0 —
Ga=)_ X"'Pp.
n=0
Note that if the semi group (P!);>o is t-irreducible then the discrete semi group

(Pf)neN also is. For any 6 > 0 we define the resolvent associated with the discrete
semi group (P}'),en as

(27) Ry := Z(l — e pn,
n=0

It is proved in Proposition 5.5.5 from [13] that for a ¢-irreducible discrete semi group
(PM)pen on can always find a @ > 0, a function s : R? —]0,00] and a signed measures
v on B such that

Ro(z,A) > s(z)v(A),z e R4, AeB.
Since by assumption |f| < 1, this implies for € R% and A € B

R S R 1 & - n
Ga($,A) _ Z)\—n—lpglA _ Xze—n(log)\—&-a)Em [e—afo f(Xs)dslA(Xn)]
n=0 n=0
1 o —n(logS\—I—&)Pnl > IR <1 > 1 A
= ;Z@ ala(x) > 3 Mog Ata al@) = js(ff)’/( )-

n=0

It follows that for all a € [~a,a] and for all z € RY

A=) fal@) = D AN fulw) = D AP fula) = Gafulz) = s(@)v(fa) > 0.
n=0 n=0

We deduce that f,(z) is strictly positive. We know from (i) in Proposition 1.5 that
fo = 1ga. Expanding log f. in a Taylor series around zero yields log f, = iwF —w?F "
This implies that there exist a constant C' such that

|1og fin(z) — iwF| < Cw?,

This finises the proof. O

2. ASYMPTOTIC ANALYSIS OF EDGEWORTH COEFFICIENT

In this section we want to analyze the asymptotic behavior of the Edgeworth coefficient
as some drift enhancement parameter grows to infinity. We first fix the setting for our
study. for this let U : R — R be a given C' function such that 7(dz) := e V@) dz is
a the probability measure on R?. Let (Xt)t>0 be the strong solution of the stochastic
differential equation

(28) dX, = —VU(X;) dt + V2 dB;,
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where (Bi)i>0 is a standard Brownian motion on R?. Under some assumptions on
the fonction U, the diffusion (X¢) has equilibrium distribution 7. The generator of the
diffusion (X) is the differential operator Ly, given by the following differential operator
(29) Lof =Af—-VU - -V{f.
This generator generates a semi group on L?(R?, ) through

P'f(z) = B [f(X(1)]; = € RY, > 0.
Perturbing the reversible diffusion (28) by adding a drift term, which preserves the
measure 7, results in a stochastic equation of the form
(30) dX{ = -VU(X{) dt + V2 dB; + cb(X{)dt,

where b is a C'-vectorfield on R? satisfying div(be=V) = 0. Then under some suitable
assumptions tthe resulting diffusion has equilibrium distribution 7. The generator of
the diffusion (X¥) is the differential operator

(31) Lepf = Lof +cb- V.

Let ‘H be the Hilbert space of mean zero functions given by

H = {w € EQ(Rd,w),/ Ydr = o},
R4
with the inner product
<, >::/ Yodr.
M

Note that the operator Lg is self adjoint in H. In the following we assume that Lg
has discrete spectrum with eigenvalues \p = 0 > —A\; > —X9 > ... and associated
eigenfunctions ¢g, @1, @2, .... It is well known that those functions can be choosen to be
orthonormal with respect to the scalar product on H. For all m € R we introduce the
Hilbert space

o0 o0
H™ = {w = Zaiqbi € H; Z ]a¢|2)\;n < oo}
i=1 i=1

with scalar product

(b, ) um =Y @B\, where ¢ = > aip; and ¢ = Y Bigi.
=1

=1 =1
From the above condition on the spectrum of Lg for all f € H there exists a solution
g € H' to the Poisson equation

Log=—F.
It follows, under suitable conditions on b that for all f € H there exists a solution
g € H' to the Poisson equation

Lepyg = _f-
Suppose that the diffusion (X¢) is V-uniform and that f : RY — [~1,1] is strongly
nonlattice function with zero mean, then it turns out that

Sy = /Otf(Xé’)ds
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satisfies the Edgeworth expansion from Theorem 1.1 for all starting point z € R with

o2 = 2/ fgdm, p3 .= 6/ fghdr and F.=g,
Rd Rd

where Lyg = —f and L_gh = —f.

Remark : The Theorem 1.1 actually states that
P3,c = 6/ fildﬂ—a
R4

where h is the solutions to the equations Lgph = fg — m(fg). Using the relation
(Lep)* = L_p the expression for pz . can be reexpressed as

pre = 6 | FLGMfa=r(a))dx = 6 [ (fo—m(fe) 1 fin

= 6/ fgL~} fdr = 6/ fghdm.
R4 R4
2

Note that p2, 02 and F, depend on c. The behavior of the asymptotic variance o7 as ¢
goes to infinity was studied in [5] and [9]. The next theorem investigates the behavior
of p3. and F, as c goes to infinity.

Theorem 2.1. Suppose that the vector field b is bounded. For all f : R — [—1,1] in
H, we have

lim p3.. = (PLy £, (PLy f)?)n  and lim F.=—-PLj'f
where P is the orthogonal projection from H' to Ny = ker(b- V) C H!.

Proof. We introduce the operator B = Ly 1y . ¥V which turns out to be a compact and
antiself-adjoint operator on H!'. Then B has eigenfunctions {¢;} k>1 and corresponding
eigenvalues iug, k € N where each py is real and limg_,oo . = 0. For all f € H the

Poisson equation L.,g = — f has unique solution g € H'. This implies that the equation
(Lo — cb-V)g = f can be changed to
(32) g+cLy'b-Vg=—L"'f.

We have the following representations in H! :

g=Pg+) B with B, eC
k=1

and

(33) Lo'f = PLy'f + ) awtbn,
k=1

where ay, = <L61f, Yi)r = (f,¥r) for all k € N. If we replace f and Lalf by their
respective representations in (32), this yields

P+ Bk +cBY Bk =— Y awthy — PLy '/,
k=1 k=1 k=1
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which is equivalent to

Pg+> (Bk +icuBi)e = — Y axthy, — PLg ' f.

k=1 k=1
By identification of the coefficients in the series we obtain
_ (677
Pg=—-PLg! d =——
g=—PIg'f and fr=—
It is clear that when ¢ — oo we have B — 0, and it follows that
g=L,'f— Pg=—-PLy'f inH.
The same argument shows also that
g=F.— Pg=—PLy'f inH'asc— oo
if we apply the same argument equation and it follows that
Lfcbh = _fv
we obtian h = —L:ibf — Ph = —PLglf in H!' as ¢ — oco. This implies that
limps. = lim6(f, hg)x
Cc— 00 c— 00
- -1 -1
= m6{f, (LY )Ly Fu
: -1 -1 -1
= 6(Ly'f,(PLy ' f)*)e
= 6(PLy ' f,(PLg" )*)r,

where in the last equality we used the fact that the product of two elements in N is
again in N. The theorem is established. O

2.1. The case of the perturbed Ornstein-Uhlenbeck diffusion. We now want
to study an example, where the conditions of Theorem 2.1 are satisfied. Let U(z) =
—%<£L’,D$> where D is a symmetric and strictly negative definite real d x d-matrix.
Then the measure 7(dz) = Zle~ V() = Zle2(®D7) ig o centered gaussian distribution
with covariance matrix —D~!. We want to study the linear drift b(x) = SDx, where
D is a symmetric and strictly positive-definite real matrix. Note that this vectorfield
is weighted divergence-free with respect e=U®); i.e.: div(e=Ub) = 0. The unperturbed
Ornstein-Uhlenbeck process (X}) has generator

(34) Lof = Af = (Dz,Vf).

and invariant measure w. It is well established, that Lg is a self-adjoint operator on
L*(R? 1) and that it has discrete spectrum. Let

L.f =Af—{(Dz,Vf)+c(SDx,Vf)

be the the generator of the perturbed Ornstein Uhlenbeck process (Xf)i>0. We now
will see that (Xf) is V-uniform, if we choose

V:RY = [1,00[; z+ —(x, Dx) + 1.
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If we denote by v;,1 < i < d the eigenvalues of the matrix D, then we have since they
are all strictly negative that

LaV(z) = AV —(Dz,VV)+ (SDx,VV)

= AV —2(Dz,Dx) +2(SDx, Dx)

= —tr(D)—2(Dx, Dx)

< —tr(D) + 2max(v;)V(x) — 2max(v;)

= by — oV (),
where by = —tr(D) — 2max;(v;) > 0 and § = —2max;(v;) > 0.
Since the generator of the perturbed Ornstein Uhlenbeck semigroupe is elliptic, we
know that for all choice of z € R% and ¢ > 0 the transition density y — p(t,z,%)

is positive and continuous as a function of z and y. Let v be the Lebesgue measure
restricted to [0,1]%. We then have for any z € R? and A € B(R? that

Ri(z,A) = / e 'P(x, A)d / t/ (t,z,y)dydt

> / _t/ p(t,z,y)dydt > s(z)v(A).
An[o, 1]d

with the positive function
o0
s(z) ;= inf / e p(t, x,y)dt.
ye[0.1]% Jo
We now show that the diffusion (Xy) is ¢-irreducible for ¢ = ¢, where ¢ is the Lebesgue

measure on R?. Let u : R? — [0,1] be a function satisfing £(u) = [p. u(x ) > 0.
Then we have

R(z,u) = y R(z,dy)u(y)

= / 0e% P (2, dy)u(y)dt
0

:/Rd/ e 'p(t, x, dy)u(y)dtdz > 0.

This shows that the diffusion process (Xf) is ¢-irreducible. Similarly, we have

P'(z,u) = /RdPt(ﬂ?ady)U@/)

= //p(m,y,t)u(y)da:dy>0,
Re JRA

which implies that (X¥) is aperiodic. It follows that (X7) is V-uniform. This shows that
the perturbed Ornstein Uhlenbeck process (Xf) satisfies all conditions for Theorem 1.1
to hold.
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