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Second-order topological expansion with respect
to the insertion of small coated inclusion
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Université de Tunis El Manar, Ecole Nationale d’Ingénieurs de Tunis,
ENIT-LAMSIN, B.P. 37, 1002 Tunis, Tunisia lamsin@enit.utm.tn

Abstract. In this paper, we consider the inverse problem of recover-
ing coated inclusions from boundary measurements. To solve the inverse
problem numerically, we propose a Kohn-Vogelius type functional and
we perform its first as well as its second-order topological gradient.
The first-order topological gradient usually involves the state and the
adjoint solutions and their gradients estimated at the point where the
topological perturbation is performed. In the case of second-order topo-
logical gradient, non-local terms which have a higher computational cost
appear. In this work, we aime at determining the relevance of these non-
local terms from the numerical point of view.

Keywords: Inverse problem,Topological optimization, Second-order asymptotic
analysis, Coated inclusion

1 Introduction

In this work, we consider the inverse problem of locating coated inclusions
from boundary measurements. The main motivations of this problem are non-
destructive testing of a conductor bodies in order to reconstruct electric conduc-
tivity inside a hidden objects, geophysical and medical applications.

A widely used solution approach to solve the inverse problem from given
measurement data is the topological gradient method. The main idea in this
approach is to perform a sensitivity analysis of a given shape functional with
respect to the insertion of a small hole inside the domain. More precisely, we
consider a domain 2 C R? and a cost functional j(2) = J(ug), were ug is the
state variable, i.e. a solution of a given partial differential equation in 2. For
e > 0,let 2. = 2\ (xo+eB) be the domain obtained by removing a small
part (xg + eB) from 2, at a location zy € {2, and B is a fixed bounded domain
containing the origin (e.g. the unit ball in R?). Then, the first order asymptotic
expansion of the functional j with respect to ¢, takes the form

J($2) = j(12) = f(e)Drj(wo) + o(f(€)), (1)

where f(e) is a positive function going to zero with € and Drj is the so called
topological gradient. Therefore, to minimize the cost functional j, one has to
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create small holes at the locations x where Drj(z) is the most negative. For de-
tailed description of this approach we refer the reader to [1I2/3] and the references
therein.

If we assume that the shape functional j admits the following topological
asymptotic expansion

3(92) = §(2) = fi(e) Drij(wo) + f2(e) D7 (o) + ol fa(e)), (2)

where f1(g) and fa(e) are positive and smooth functions that decreases mono-
tonically such that fi(¢) — 0 when ¢ — 04 and

lim 26 _ g g 22E)
e—0 fl (E) e—0 fg(g)
then, Drj and D32j are the first and second order topological derivatives of j,

respectively.

The topological asymptotic expansion has been derived for various operators
and has been applied for many applications[4/5]. The numerical algorithms for
the reconstruction procedure are in general based on the first-order topological
derivative which is only valid for infinitesimal geometry perturbation. When
dealing with perturbation of finite size, the second-order topological derivate
may be decisive to improve the numerical algorithms and avoid being trapped
in a local minima.

In this work, we derive the second-order topological asymptotic expansion of
a Kohn-Vogelius type functional with respect to the insertion of small circular
coated inclusion.

The case of the insertion of simple inclusion was considered by Moskow and
Vogelius[6l7]. It consists in perturbing the domain by inserting a small inclusion
with a different material property from the background medium.

In this work, the discontinuous conductivity in the inclusion itself prevents
from such methods and results based on a local perturbation of the material
properties. Therefore, we extend the sensitivity analysis to the problem under
consideration and we perform the scond-order asymptotic expansion of the pro-
posed shape functionals using non-standard perturbation techniques.

2 The model problem

Let 2 be a bounded domain in R? with Lipschitz boundary 942 and let w be
an open subset of {2 composed of two different subdomains {2; and {25 where
the subset {25 is surrounded by the subset £2,. We denote by I := 9§25 and
I UT, := 0827 as depicted in Figureand we set 29 := 2\ 21 U 2. Throughout
the article, we consider piecewise constant conductivity

o =o0olg, +o1lg, +o02lg,,

where 0g,01,02 € R} and 1g denotes the indicator function of the set E. We
assume further that there exists two constants cg, ¢; such that

0<co<o09,01,02< 1
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For a given current density g € H~/2(942) verifying the compatibility condition

Fig.l. ThedomainQ:QOU.(ZlUFlUFgUQQ.

(9, D) r-1/2(80),1172(00) =0,

the potential u,, generated by the Neumann data g (in the presence of the coated
inclusion w) satisfy the following problem:

div(cVu,) =0 in 2o U2 U s,
[u,] =0 on I;,i=1,2,

[cO,u,] =0 on I;,i=1,2,
000U, =g on 082,

where, v is the outward unit normal vector to 92 and

[u] :=ut —u™, with u™ =

Q,;,l(u)’ U = ’70|_Qi (U),

[0,u] == 8, u™ — d,u~, with d,u’ = 71‘(21-,1(“)’ ou- = 71|Qi (u).

Here vo|, : H'(£2;) — HY*(I}), m|,, : H(§2) — H~'/2(I}) are trace opera-
tors and H(§2;) is a subspace of H'(§2;) defined by

H(.QZ) = {’LL € Hl(Qz) Au e L2(QZ)} .
From the Riesz representation theorem, we can prove that problem has a
unique solution v € H'(£2). The inverse problem we consider here is is the fol-

lowing.

Given the Neumann data g and the potential ulgq = f measured on 012,
find the location of the coated inclusion w C (2.
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A typical approach to solve the inverse problem in practice is to consider the
so-called Kohn-Vogelius functional. The corresponding minimization problem is:

1
minimize j(w) := J(ul},ul) := 5/ o|V(ul —ul)?dx
7

(5)
subject to w € O,
where
O = {w C 2, w open Lipschitz and dist(w, d12) > ¢y, for some ¢y > 0}.
Here u} is the solution of the Neumann problem
div(eVul) =0 in 25U 2y U 2,
[uN]=0 on I3,
[oo,ul] =0 on I3, (6)

aoayui}/ =g on 02,

/ ul ds =0,
o

and u is the solution of the Dirichlet problem

div(eVul) =0 in 02U 2, U 2y,
[uP] =0 on I;,i=1,2,
[co,uP]=0 onI;i=1,2

uP =f onon.

w

The weak formulations of the problems @ and read respectively

a™(uj,v) = 1" (v), veV", (®)
a?(ug,v) =1P(v), VP, 9)
where
a¥ (ul ,v) :/ oVul - Vv dr, lN(v)/ gvds,
Q Gle)
aP (ul,v) :/ oVul -Vudr, 17 (v) :/ (uP — £)0,v ds,
Q G1e)
V() = {v c H' () :/ vda::O},
2
and

VP(2)={ve H}(2):div(eVv) € L*(12)}.

We denote by ul’, uf, the background solutions:
Aull =0in 2, opdul =g in 092, / ud dx =0, (10)
2

Aud =0in 2, u = fin 00. (11)
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3 Topological derivatives

Now, we assume that the domain (25 := xg+aeB and {27 is such that 2, U2y =

1o +eB, where B is the unit ball in R?, ¢ > 0 and 0 < a < 1. We rewrite 2§ and

25 instead of (21 and (25. This allows to perform an asymptotic expansion of

the shape functional J,(w.) where w, := £25 U £25. We also introduce I'§ := 025

and I§ the outer boundary of 5. In the perturbed domain, the state uY and
D

uz are respectively solutions of the following problems:

div(e.Vul) =0in 2, oed,ul =gin 90, / ulN ds =0, (12)
fo)

div(o.VuP) =0in 2, u? = fin 00, (13)

where
0e = 02lgg + o1l + o0l g\ Gegas,

The weak formulations to the problems and are given by:

a (ulf,v) =1 (v), ve VN (), (14)
aP (WP v) =12 ), veVvP(), (15)
where
aly (ul¥,v) :/ o Vul -Vodz, 1Y (v) z/ guds, (16)
Ie; a0

aPupP v) = / o.Vul - Vudz, 1P () :/ (uP — f)ood,vds, (17)
Q le)
and
VP(02) = {v e Hj(2):div(c-Vv) € L*(22)}. (18)
The adjoint states v and v are characterized by

a (¢, o)) = =0, J(uX ul)g, ¢ VN (1),

IS €

al (¢, vP) = 0,0 J(ul ,ul)p, ¢ € VP ().

€

Or equivalently
div(e.Vol¥) =0, in 2, 9,0 = —g on 91,

div(e.VoP) =0, in 2, v? =0 on 9.

This imply that v = —u® and v? = 0. We introduce the following proposition
which describes a method for the computation of the second-order variation of
a given shape functional.
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Proposition 1. Let V be a Hilbert space. For ¢ € [0,€),§ > 0, consider a
function u. €V solving a variational problem of the form

ac(ug,v) =l (v) Yv eV, (19)

where a. and l. are a bilinear form and a linear form on V, respectively. For
all e € [0,€), consider a functional j(e) = J.(ue) where Jo : ¥V — R is Fréchet
differentiable at the point ug. Suppose that the following hypotheses hold.

Hy There exist numbers da, 6%a, 61,0%1 and functions f1(g), f2(¢) > 0 such that

(ac — ao)(uo, ve) = f1(€)da + fa(e)d%a + o(f2(e)), (20)
(I = o) (ve) = f1(2)dL + f2(2)8%1 + o f2(2)), (21)
lim f1() =0, i LIO N o200) _ (22)

slg(l) f1(5) gg)% fz(g)

where ve € V is an adjoint state satisfying
ac(p,ve) = =DJe(uo)p, Vo V. (23)

Hy There exist numbers §J;,06%.J;, i = 1,2, such that
Je(ue) = Je(uo) = DJo(uo)(ue —uo) = f1(e)dJ1 + fa(€)0° T + o(fa(e)), (24)
Je(ug) — Jo(uo) = f1(e)0J2 + f2(€)6% T2 + o(f2(e)). (25)
Then the second-order variation of the cost function with respect to € is given by

j(e) = J(0) =fi(e)(ba — 61 + 6]y + 6.J2)

+ foe)(0%a — 821+ 62Ty + 021) + o fa(e)).

Theorem 1. The first order topological asymptotic expansion of the functional
J with respect to the insertion of small coated inclusion we is given by

Je(ul u?) = Jo(up',ug’) = €2G(xo) + o(e?),

(26)

where
Gl20) = (5a — 61+ 6.1 + 5.J5). (27)

such that

da = m|Vug' (20)* (00 — 01)(1 = @) (B + 1) + a®(00 — 02) (B + 7+ 1)) (28)
and

81 = mud (zo) ((fo — f1)(1 — &®) +?(fo — f2)) =0 due to fo = fi = f> (29)
and
8.1 = 51V (ud (w0) — uf (20))” (a?02(8 +7) + o1(1 = a?)(8” + (@7)?) + 00(8 + 72*)?)
and finally 0

5Jy = ga (1= a®)(o1 — 00) + (02 — 00)) [V (ud (w0) — ul (x0))*  (31)
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Theorem 2. The second topological asymptotic expansion of the functional J
with respect to the insertion of small coated inclusion we is given by

Je(ul ,u?) = Jo(ug ug’) — €2G(zo) = 'G*(x0,€) + o(e). (32)

where
G*(w0) = ay — b1y + 6.J11 + 022 (33)
with

day = %HVQU(])V(»TO)H% (00 —a1) (X —a)(B1 + 1) + (00 — 02) (B1 + 1 + 1) a?)
™ 'LLN X 2 g2
- 51200 (0 )1 - o) (51 - 22T o = ) (1 + ) o)

o1(1 + a?)
— < (1 =a") (o0 = 01)B2 + a’ (g0 — 2) (B2 +72)) Vg (x0) - (A(Vug (w0) + 2V (Au (x0))

)

(00 — 01)ye’(1 = a®)V(Aug (z0)) - Vg (o)

oo\ﬁoo

+ gA(VUéV(ﬂfo)) Vg (z0) ((8+7)at (00 — 02) + (B(1 — a*) + ya?(1 — a?)) (o0 — 01))
+ (B + )|Vl (20))? (o0 —o1)(1 — o) + (o9 — 02)042)

with B,7, 1 and vy, are defined respectively in , , , .

(014 02)(00g —01) — a?(01 — 02) (09 — 01)
6._ (O'1+O'2)(O'1+0'0)+042(01—0'2)(0'0—01)’ (35)

L 20’0(0’1 —0'2)
7= (01+02)(01+00)+a2(01—02)(00—01)' (36)

By = (01 + 02)(00 — 01) — a*(01 — 02) (00 — 01)
' (0'1+O'2)(0'1+O'0)+OL4(0'170’2)(00701),
20’0(01 702)

(o1 4 02)(01 + 09) + a*(01 — 02) (00 — 01)

For the expansion of the cost function we have

M=

Jo(uN uly — T (ud ,ub) — DI (ud), ul )l —ull,ul —ul) = 6011 + 2007 + o(e?)
(39)
with
0Ju = g (IV2(ug (o) — ug (xo)) I x Q1 + [A(ug (w0) — ug (x0))[* x Qo)
( (V(ug (x0) — ug (20)) +2V(A(ug (z0) — ug(20))) - V(g (20) — ug (x0)) x P
5(5 +a®7)200| V (ug (20) — ug (o))

+7(B+a?y) (0202(B +7) + 01(1 = a®)B) (IVup (x0)* — [Vug (x0))I?) )
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with 0J1 defined in (30) Q1, Q2 and P defined in , and respectively
and Ba2,72 defined in (41) and respectively.

(01 +02)(00g — 01) — a*(o1 — 02)(00 — 01)

Pr = (o1 4 02)(01 + 00) + a?(01 — 02) (09 — 01)’ (41)
(o0 —o01)(01 —02) + a?(og + o1)(01 — 02)

V2= (01 +02)(01+00)+a2(01—02)(00—01)' (42)

P = (00(B2 + &) (B + o) + 01 [(1 — o?)(BB2 + a*yy2)] + 02(B2 + 72)(5( +)7)042) .
43
Q1 = 00(B1 + a*n)* +o1(1 — o) (8] +40™7) + 02 (* (B +m)%)  (44)

2 2
Q2 = %Uo(ﬂl +a*y1)? + o2 (B + )2 <W>

3 _ _
ron (1= eI 41— a0 (P + ot logla) s — (2227 )
(45)
In addition we have
Jo(uévmf) Jo(uo , UG ) = e26J90 + %005 + o(e ) (46)

with
8122 = 5 (o1 = 00) (1~ 0)" + (2 = 00)0") [V (u (20) — u (wo)) I}~ (47)

and §Jo defined in .

4 Numerical results

In this section, we present some numerical results using the first and the second
order toplogical derivative expansion expressed in and (33). We aim to
obtain a similtaneous suitable approximation of the size and the position of the
coated inclusion.

The direct and the adjoint problems are solved using the finite element method.
In order to find the size and the position of the coated inclusion, we follow the
idea in [§] and we associate it to the algorithm used in[9].

Remark 1. The toplogical asymptotic expansion takes the following quadratic
form with respect to ¢ the size of the inclusion:

T(02.) = (@) + Cola) + SH@C-C+ EG). (15)

where ¢ = &2 and £(e) = o(e?).
To find an optimal ¢ we differenciate with respect to ¢ to obtain the first
order optimality condition

H(x)¢ = —g(x) (49)
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The quantity ¢ solving becomes a function of the locations x, { = {(x).
Therefore, the optimal locations x can be obtained from a combinatorial search
over the domain {2 as solutions to the following minimization problem:

5= arginin {C(z) =— 2((?) } (50)

Finally the optimal size of the inclusion is ( = ( (;ﬁ) and the optimal radius

*
R* = \[g
In order to approximate a global search procedure we follow the author in [9]

who considered that the optimal J m’”(%) is valid only at sampling points a
where g(z) < 0 and H(z) > 0. Henc we present the following algorithm.

(i) Solve the direct problems (6] and in the unperturbed domain (w. = 0).
(ii) Compute the first and second topological derivatives G defined in and

(33)
(iii) Solve the system(T]) on the sampling set
A={zx € 2,9(x) <0and H(z) >0}

g(z)
H(z)

(iv) Determine the point # minimum of ¢(z) = —

Remark 2. In the following examples we can choose conductivities and the flux
as polynomials with low degrees.

The reconstructed radius and center depend essentianly of conductivities values.
This reconstruction is available for a large choice of values to enable the detection
of a general global minimum more than to a local one.

4.1 Example

We first present results of four inclusions with the same size but situated at
different distance from the center and the boundary of the domain and with the
same with radius r; = 0.2 and ro = 0.1.

In this example we choose the flux gs(x,y) = 2 4+ 3® and almost the same con-
ductivities oo = 12,01 = 9.6, 09 = 19.2. In this example we vanished the source
term to observe its impact on the shape reconstruction.

We aim to get the best location where our method attempt the best detection
of the inclusion.

Figure [2| represents the distribution the topological of order one and the topo-
logical derivative of order two for inclusion centred (0.5,0.5).

We present in the error of reconstruction of the center and the radius.
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conductiity distribution for the inttial configuration The tapological gradient

o
v

-
y 05 0 05 1 y 04 0 04 1

Fig. 2. On the left the first order expansion of the topological derivative and on the
right the second order expansion with respcet to an inclusion centered at (0.5,0.5).

Parameters| g 71 r11 |x—center|y—center J Error
Real = +1° 02 [ 01 0.5 0.5 [5.34e7 %] 0 %
Estimated |z® + 4°(0.1999]0.0999] 0.4 0.46 [4.91e=*%|5.38%
Table 1. Table of the reconstruction of the center and the radius of the coated
inclusions.

Remark 3. In the last exemple we remark that in the abscence of source term
the reconstruction remains possible. The reconstruction is possible when the sec-
ond order derivative is positive almost everywhere[9] to allow the search of the
minimum everywhere and without restriction.
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5 Conclusion

In this paper, we have developed the asymptotic expansion of cost functionals
with respect to the insertion of small coated inclusion in order to minimize an
energy-like functional. The implementation of the obtained first order topolog-
ical derivative in a numerical algorithm doesn’t lead to an interesting location
of the shape, so we pushed the asymptotic expansion to the second order. We
expressed the radius in fonction of the first and the second order topological
derivative and we implemented it in a numerical algorithm which is effective
and able to approximate the localisation and the size of the unknown coated
inclusions.

A necessary condition of the existence of the global minimimum is the posi-
tivity of second order topological derivative but numerical tests show that this
derivative is mostly negative on the outline of the inclusion. We can start from
the detection of zones where the existence of the minumum is not insured and
which correspond a priori to the outline of the inlcusion and then we can have
a good approximation of the center and the radius. Certainly this result lacks
theoretical justification but it remains an interesting challenge.
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