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Abstract: Let Z% = (Zi(1),---,Z%L(d)), n > 0, be a supercritical d-type
branching process in an independent and identically distributed random en-
vironment £ = (&, &1, ), starting with one initial particle of type i. We
establish a Cramér type moderate deviation expansion for log || ZZ||. To this
end, we first prove uniform results for the existence of harmonic moments and
Berry-Esseen type bound under suitably changed measure, using the spectral
gap theory on products of random matrices and the fundamental martingale
that we found in an earlier paper.
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1. Introduction

Let Z,, = (Z,(1),--- ,Zn(d)), n = 0, be a d-type branching process (d > 1) in an in-
dependent and identically distributed (i.i.d.) random environment & = (&, &1, - ).
Denote by M,, be the d x d random matrix whose components are

Mn(zaj):Ef[Zn+l(]) |Zn:el]a 1<17]<d7

where E¢ is the conditional expectation given the environment &, e; is the vector
with component 1 in the i-th place and 0 elsewhere. So M, (i, 7) is the conditional
mean of the number of particles of type j produced by a particle of type i of n-
th generation, given the environment. We define the Lyapunov exponent of the
sequence (M) as

. 1
= hmooﬁ]ElogHMO,n71||’

n—+

where My ,—1 = Mg --- M,,_1 is the product matrix, ||Mo 1| denotes its its op-
erator norm with respect to the L!-vectorial norm (see (2.2) and (2.1)).
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The study of the asymptotic behaviour of the branching process (Z,,) is a complex
problem which attracts a lot of attention during the last decades. Concerning the
critical case v = 0 and subcritical case v < 0, see for example the works of Peigné,
Le Page and Pham [16] , Vatutin and Dyakonova [22], and Vatutin and Wachtel
[23], who studied the convergence rate of the survival probability of the branching
process. For the supercritical case v > 0, in [11], [12] and [13] we established
asymptotic properties of Z,, such as Kesten-Stigum type theorem, LP convergence,
harmonic moments and Berry-Esseen type theorem.

In this paper, we continue to consider the supercritical case v > 0, for which we
will give more results on the asymptotic behaviour of (Z,,). In the sequel, we always
assume 7 > 0. Denote by (Z!) the branching process (Z,) which starts with one
initial particle of type 4, that is when Zy = e;. In [11], under suitable conditions,
we established a strong law of large numbers for log || Z¢||: on the explosion event
{II1Z5]] = +o0}, it holds that

1 ,
lim ~log|Zi| =7 as. 1.1
Jim —logllZy | =7 as (1.1)

Then, under additional assumptions, we proved in [13] a central limit theorem
(CLT) for log || Z¢ ||: there exists o > 0 such that for each 1 < i < d,

log || Z},|| — ny
n

where N(0,0?) denotes the normal law with mean 0 and variance o2. We have also
established in [13], under further moment conditions, a Berry-Esseen type theorem
for log || Z% ||, which gives the rate of convergence in the CLT: we showed that for
alln > 1,

— N(0,0%) in law, (1.2)

log | Z% || —
D ]p(OgHHH”'V < x) —a(2)| < ¢ (1.3)

zeR J\/E ﬁ7

where 0% = limy—, 00 ~E[(log |[M{,,_12|| — ny)?] is the asymptotic variance inde-
—t2/2

pendent of x, ®(x) = \/% ffoc e dt is the standard normal distribution func-
tion, and C' > 0 is a constant.

The objective of this paper is to establish a Cramér type moderate deviation
expansion for log || Z%||. We will prove (cf. Theorem 2.1) that uniformly in 0 < o <

o(y/n), as n — +oo,

p(loalZillny o )
a\/n Z_ —Z_ 1
( vn >:eﬁ<(ﬁ) 110 220, (1.4)
1—®(x) vn

where ¢ is the Cramér series (for the precise definition see (2.12)). Notice that a
version of this result has been proved by Grama, Liu and Miqueu in [10, Theorem
1.1] for the single type case d = 1. The expansion (1.4) is totally new for d > 2.
Now we explain briefly our approach for the proof of (1.4). For any s € (—n,7)
with 77 > 0 small, we define a transfer operator Ps (see (2.10)) naturally occurring
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in the products of random matrices. Using the spectral theory on P, (see e.g.
Buraczewski, Damek, Guivarc’h and Mentemeier [3], Guivarc’h and Le Page [9],
Xiao, Grama and Liu [24]), we define the changed measure P¢ (see section 3) for
the branching process (Z!). To prove (1.4), we extend the Berry-Esseen bound (1.3)
for the changed measure P¢ uniformly in s € (—n,n) (cf. Theorem 4.1 in Section
4): for all n > 1 and x € R,

(REIZE ) _ N o | C
PS( - <) o) < (15)

where A(s) = log k(s), k(s) is the spectral radius of Py, 02 = A”(s), and C > 0 is
a constant. Then, we combine (1.5) with the standard techniques from Petrov [20]
to obtain (1.4).

The Berry-Esseen bound (1.5) plays an important role in our approach. Let us
explain its proof. Our method is an adaptation of the arguments that we used in the
proof of (1.3) in [13]. The fundamental martingale (W) associated to the process
(Z%), defined in [11], will play a central role. For each n,k > 0, let p, n1 be the
spectral radius of the product matrix My, 1 = My, - - - My, 4. It is well known that,
by the Perron-Frobenius theorem, p, ,t; is an eigenvalue of M, ,, 1%, and there
exists U, ,+r a non negative eigenvector associated to pp nik, With |Uy ikl =
1. Using the results of Hennion [14, Lemma 3.3 and Theorem 1], under suitable
conditions, for each n > 0 the limit

C

sup
s€(—n,m)

Un,oo == lim Up pik (1.6)
k—o0

exists a.s., with U, o > 0 (for a vector or matrix U we write U > 0 to mean that
each of the components of U is strictly positive) and ||U, o || = 1; in addition, it
holds that

MnUn+1,oo = >\nUn,ooa (17)

where \,,,n > 0 are positive random scalars called the pseudo-spectral radii of the
random matrices (M,). Iterating (1.7), we get

Mn,n+kU7L+k+1,oo = >\n,n+kUn,ooa n, k P 0, (18)

where Ao, := Ao - - - Ap. Then, the martingale (W) is defined by (see [11]):

; ; Zt Up oo
W(;L:l, W’L _ < n?’ 3 >

= Ewneo) 5 1.9
" Xon—1U0,00(7) (19)

We get from (1.9) the two following relations which make the link between log || Z¢ ||
and log || Mo.n—1(%,)|:

log||Z,| < 1og [[Mo,n-1(i, )| +log W, — min logUnco(f),  (1.10)
log | ;|| > log | Mo,n-1(i, )| +log Wy, + min logUnso(j).  (1.11)
SYAS
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We recall that (U, ) is a stationary sequence of random variables, and since (W})
is a non-negative martingale, the limit W* = lim,,_, . W} exists a.s.. It follows
that, when W* is non degenerate, the terms log W, and log Uy, «(j) in (1.10) and
(1.11) will be negligible in the limit properties that we consider. More precisely, we
will use the Berry-Esseen bound under the changed measure P¢ proved in Xiao,
Grama and Liu [24] to control log || Mo ,—1(%,-)||; then, by giving a tight control
of the quantities log W and log U, (j) under P%, we will obtain (1.5) from the
two inequalities (1.10) and (1.11). For the term log W, we will establish a sufficient
condition for the existence of harmonic moments of the limit W* under P¢: uniformly

in s € (—n,n): we will show that there exists a > 0 such that for all 1 < i < d,

sup E&(W')™* < +oo, (1.12)
56(777177)

(cf. Theorem 3.3). The proof of (1.12) is one of the key arguments to prove (1.5)
and (1.4).

The rest of the paper is organized as follows. In Section 2, we introduce some
necessary notation and we formulate the Cramér type moderate deviation expansion
for log || Z?||. We define in Section 3 the changed measure P¢ and we study under
P¢ the harmonic moments of W*. Section 4 is devoted to proof of the Berry-Esseen
type theorem for log || Z% || under P¢. Finally we prove in Section 5 the Cramér type
moderate deviation expansion for log || Z¢ ||.

2. Notation, preliminaries and main results

For d > 1, let My(R) be the set of d x d matrices with entries in R. The d-
dimensional space of vectors R? will be equipped with the scalar product and the
L'-norm respectively defined by

d
(z,y) := Zm(i) y(i) and |zl := Z l2()l, 2,y €R% (2.1)

i=1

We equip the space My(R) with the operator norm with respect to the L' vectoriel
norm:

[ M| := sup |[Mz]], (22)
zeS

where S = {z € R? : 2 > 0, |lz|| = 1} is the intersection of the unit sphere with
the positive quadrant. Let 0 = (0,---,0) € R? be the vector with all coordinates
equal to 0, and 1 = (1,---,1) € R? the vector with all coordinates equal to 1. Let
N ={0,1,...} be the set of non-negative integers. Set 14 for the indicator function
of an event A. We denote by ¢, C strictly positive constants which may differ from
line to line.

Now we define precisely a multi-type branching process in a random environment
(MBPRE). The random environment & = (&,),>0 is an independent and identically
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distributed (i.i.d.) sequence of random variables with values in an abstract space
X; each realization of &, is associated to d probability generating functions

oo

w) = D DhewaG)st st s = (s1,000,80) €[0,1)7,
ki, ,kqg=0

1<r<d AMBPRE Z, = (Z,(1), -+, Zn(d)), n > 0 in the random environment
¢ is a sequence of random vectors in N? such that

d Zn(T)
Zy € N is fixed, and Zn41 =Y Y N/, for n>0, (2.3)
r=1 [=1

where, given the environment &, N/, = (N/, (1),---, N/, (d)) indexed by [ > 1,
n > 0 and 1 < r < d are independent random vectors with probability generating
function f;. The random variable N/ (j) represents the offspring of type j at time
n+1 of the l-th particle of type r in generation n, and Z, (j) denotes the number of
particles of type j in generation n. As explained in the introduction, when Zy = e;,
we write Z! for Z,, i.e. (Z%) is the MBPRE which starts with one initial particle
of type 1.

Given the environment &, the underlying probability will be dented by P¢, which
is called the quenched law. Denote by 7 the law of the environment £. The total
probability PP, called annealed law, can be defined as P(dx, d§) = P¢(dx)7(d). The
expectation with respect to P and [P are denoted respectively by E¢ and E. With
our notation,

pito) = e d

j=1

NI (5
8; l'”(])>, s=(s1,...,84) € [0,1],

are the quenched probability generating function of N/, , which represent the off-
spring distributions for particles of generation n. For all n > 0, the mean matrix
M,, can be expressed in terms of f,, = (fL,---, f9):

ofn
6Sj

where g—fj(l) denotes the left derivative at 1 of a d-dimensional probability gen-
erating function f with respect to s;. M, is the matrix of means of the offspring
distributions in the sense that M,(i,j) represents the conditioned mean of the
number of children of type j produced by a particle of type ¢ at time n. The hy-
pothesis that the environment (&) is i.i.d. implies that (M,),>0 is a sequence of
i.i.d. random matrices. We will use the products of these matrices:

Mk,n::Mk"'Mna nggn
Notice that

EcZ!,1(j) = Mon(i,j), n>0,1<4,j<d. (2.4)
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Throughout the paper, we assume that the matrix M satisfies the first moment
condition

Elog™ ||My| < +oo. (2.5)
When (2.5) holds, the limit

. 1
v:= lim —Elog||Myn-1]
n—+oon

exists and is called the Lyapunov exponent of the sequence of matrices (M,,)n>0;
moreover, a strong law of large numbers has been established in [8]:

1
lim —log||Mon—1|| =7 P-as.
n—+oon

The Lyapunov exponent « permits a classification of MBPRE’s (see e.g. [11]): a
MBPRE is subcritical if v < 0, critical if v = 0, and supercritical if v > 0. We
always consider the supercritical case, which means v > 0.

The goal of the present paper is to establish a Cramér type moderate deviation
expansion for log || Z% || in the supercritical case. The asymptotic behaviour of the
MBPRE (Z?), when it is supercritical, is determined by that of the product of ran-
dom matrices My ,,—1 and the fundamental martingale (W) that we mentioned in
the introduction. Set py, n41 the spectral radius of M,, 4. By the Perron-Frobenius
theorem (see e.g. [1]), we know that py, 4k is a positive eigenvalue of M,, 4k, and
there exist positive right and left eigenvectors U, ,1r and V,, 4 associated to
Ptk with the normalizations |Uy, nyx|| =1 and (Vi nik, Unntk) = 1. Let GS be
the set of matrices whose entries are strictly positive. Assuming that M is a.s. al-
lowable in the sense that every row and column contains a strictly positive element,
and that

IP’< U {Mo.n € gi}) >0, (2.6)

n>0

Hennion [14, Lemma 3.3 and Theorem 1] proved that the random vectors U, o
and the random scalars A, defined by (1.6) and (1.7) exist. It is easily seen that
the relation (1.8) holds and that the sequences (U, o) and (A,) are stationary and
ergodic. Under the same conditions, we proved in [11, Theorem 1] that the sequence
(W}) defined by (1.9) is a non-negative martingale under the probability measures
P¢ and P, w.r.t. the filtration

Fo=0(8), Fn=0(&N3(),0<k<n—-1,1<rj<dl>1)forn>1

Define W' := lim,,_, 1 o W}, the a.s. limit of the martingale (W}).
Under the supercritical condition v > 0, we proved in [11, Theorem 2.6 and
Corollary 2.8] that the condition

Zi(j) Zi(5) .
E L Jogt (S <400 V1<i,j<d 2.7
(Mou,y) 8 Moing) y @7
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is sufficient for the non-degeneracy of each W in the sense that P(W? > 0) > 0,
with

EW'=1 and P¢(W'>0)="P¢(||Z} || e +o0) =1-¢'(§) > 0as., (2.8)

where ¢(£) is the probability of extinction of the process (Z7).

Now we introduce some conditions to formulate the Cramér type moderate devi-
ation expansion for log || Z? ||. For n > 0, define the vector py(&,) whose components
are

po(6n)(@) == f1(0) = Pe(| Z1]| = 0), 1<i<d.

Throughout the paper, we will assume that each individual of the population gives
birth to at least one child :

H1. The vector po(&o) = (f2(0),. .., f3(0)) satisfies
po=0 P-as. (2.9)
Notice that when H1 and (2.7) hold, we have ¢‘(£) = 0 a.s. and ||Z}] — +oo
a.s. as n — oo by (2.8). For all n > 0 and p > 1 denote by
NiLG) P

= Ee| ———=
ne) = 0% e 3,6, )

We need the following moment conditions on the offspring distributions :

H2. There exist two constants p € (1,2] and no € (0,1) such that

E|| Mo||™ < +o0,  ax EMy(i,5)"™ < 400 and Efy(p)™ < +o0.
ILIX
Clearly, H2 implies that M is a.s. allowable and (2.6) holds. We proved in [13,
Lemma 3.11] that H2 implies (2.7). Therefore when v > 0 and H2 holds, each W*
is non-degenerate. By [24, Proposition 3.14], we know that under the condition H2,
the asymptotic variance

.1
o? = lim —E[(log||Mg,_ x| —n7)’]

n—+o0o N

exists uniformly in z € S, with 0 < 62 < +o00. We will need the assumption
H3. The asymptotic variance o2 satisfies

a2 >0.

For z € S and M € gi, define the projective action of M on S by M -z :=
”%75”. Denote by p the law of My, and '), = [supp p] the semi-group generated
by the support of . Under H2, each M € I', is strictly positive, hence by the

Perron-Frobenius theorem the spectral radius pp; of M is the unique eigenvalue
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with the largest modulus, and it is simple. Denote by uj; the associated unique
right eigenvector with unit norm. Set V(I',) = {£un, M € T}, where A denotes
the closure of the set A. We say that p is arithmetic if there exist ¢ > 0, 6 € [0, 27)
and a function h : & — R such that for all M € T',, and « € V(T',,),

explitlog || Mz| — i0 + ih(M - z) — ih(x)] = 1.

By [4, Lemma 7.2], condition H3 holds when the probability measure p is non-
arithmetic.

We need some additional notation. Let C(S) be the space of continuous functions
on S with real values. We equip C(S) with the L*°-norm

ll¢lloo := sup [loz|, © € C(S).
€S

Under condition H2, for any s € [—ng, 1], define the transfer operator P; as follows
: for all ¢ € C(S),

Pyp(z) :=E[|Moz||*¢(My - z)], z€S. (2.10)

By [3, Proposition 3.1] and [12, Proposition 3.1], under H2, for s € [—no, o] the
limit

1/m (2.11)

k(s) == nEIJIrloo(]E”MOv"_lHS)
exists, with 0 < k(s) < +oo, and is the spectral radius of Ps. Moreover, by |2,
Lemma 10.17] the function s — x(s) is analytic in (=7, n), for > 0 small enough.
Set A(s) := logx(s) and 5, := A®)(0), k > 1. Then v, = v and 2 = 0?2 (see [4,
Corollary 7.3]).

Denote by ¢ the Cramér series associated to A (see [5] and [20]):

()= B W2~ 393, , 7573 — 10747372 + 1593

= 2t (2.12)
6ys/ 2473 12075/

which converges for |t| small enough.
The following theorem gives a Cramér 2type moderate deviation expansion for
log || Z¢ ||. Recall that ®(z) := \/% [f e t/2dt,x e R

Theorem 2.1. Assume conditions H1, H2, H3 and v > 0. Then, for 0 < x <
o(yv/n) and any 1 < i < d, as n — +oo,

P(log 12, | —nv

> 3
=evntvi) |1 - 2.1
= 5() e +0 vl (2.13)

and

P(logl\zlll\*m <7m) s
avn —z2(—z) 1+
= v vn/ |1 — . 2.14

a(—) ‘ 1+o( .
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In the single type case d = 1, Grama, Liu and Miqueu established a version of
this result in [10, Theorem 1.3]. Notice that when d = 1, we have v = Elogmy,
0? = E(logmo — 7)?, where mg = E¢Z;, and the condition H2 reduces to the
following: there exist two constants p € (1,2] and 79 € (0, 1) such that

Z P
Em® < +00 and Efy(p)™ < +o0, where y(p) = Eg‘—l - 1‘ .
mo

From Theorem 2.1, we obtain the moderate deviation expansion for log || Z || for
z = o(n'/%), as n — 4o0:

Corollary 2.2. Assume the conditions of Theorem 2.1. Then, for all 0 < x <
0(n1/6) and 1 <i1<d, asn — +oo,

log || Z,, || —n~
P > ) _ 1ot (2.15)
1—®(x) N
and
log||ZL||l-ny _
P < x)=1+0 Loy, (2.16)
®(—z) Vn

3. Harmonic moments of W*

In this section, we prove the existence of harmonic moments of W under a new
measure P¢, uniformly in s € (—n,n) for a n > 0 small enough.

3.1. Definition of the change of measure P%

We define a new probability measure called P%, for x € S, s € (—n,n) with n > 0
small enough. The construction of P? is based on several properties of the transfer
operator Py defined by (2.10). For s € [—ng, ng], we introduce the conjugate operator
P¥ on C(S) defined by:

Plo(x) = E[|Mgz|*o(Mg -2)], z€S, VYpeCl(S). (3.1)

A lot of results have been established on these operators P and P; in recent years;
in the following proposition, we list some of them established in [3, Proposition
3.1], [9, Corollary 3.20], [12, Proposition 3.1] and [24, Proposition 3.1], which will
be used in the proofs of our results.

Proposition 3.1. Assume condition H2. Then, for n > 0 small enough and s €
(—=n,m), the following assertions hold:

(1) the spectral radii of Ps and PX are both equal to k(s);
(2) there exists a unique strictly positive function rs € C(S) with norm ||rs]|e =1

such that

Piry = k(8)rs;
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(8) there exists a unique strictly positive function ri € C(S) with norm ||| =1
such that

Prri=k(s)r:

ER)

(4) k(0) =1 and ro = r§ = 1, where 1 denotes the constant function equal to 1
on S;

(5) the function s — k(s) is analytic on (—n,n);

(6) the mappings s — rs and s — i are analytic on (—n,n).

For s € (—n,n), z € S and A € G, set
_ JlAa]ry(A - 2)
K(s)rs(z)

Notice that the family (¢f) satisfies the following cocycle property: for any n,m > 1
and A1, As € gi,

4 (z, A): (3.2)

05 (7, A1)gp, (A1 - 2, A2) = g (7, A2 Ay). (3.3)

Denote by p the law of the environment &y on X. It is clear that for any « € S,
by the assertion (2) of Proposition 3.1 and since x(s) and rg are strictly posi-
tive, g5 (@, Mg, _1)u(do) - -~ p(dén—1), n > 1, is a sequence of probability mea-
sures which forms a projective system on XN. Therefore, by the Kolmogorov ex-
tension theorem, there is a unique probability measure 77 on XN with marginals
a5, (2, Mg, 1)p(d€o) - - - pi(d€n—1). Denote by PE(dy, d€) = Pe(dy)7s (d€) the corre-
sponding annealed probability, and by E? the expectation with respect to PZ. For
x € S define the process

T T T
Xg=wz, and X;=M;, -z, n=l1,

which forms a Markov chain on S. Then, by definition of P?, for n > 1 and any
bounded measurable function h on X", we have

1M 17 (X57)

w(s)"rs ()

h(va"' ;fn—l) :E;:[h(fo, 7£n—1)]~ (34)

3.2. Existence of harmonic moments of W under Pe

It is clear that, under the new measure P the sequence (W}) is a non negative
martingale w.r.t. the filtration (F,,), hence converges P¢-a.s. to a non negative and
finite random variable W*. Denote by ¢; the quenched Laplace transform of W*
, and by ¢’ its annealed Laplace transform under P%: for all t > 0, s € (—n,n),
7n >0 small, and 1 <7 < d,

(bé (t) = EE e*tWi and (;5; (t) — Eiz‘ (Z% (t) _ E? eftW"’ )

In a last article [13, Theorem 3.10] we established the following result which
gives a bound for ¢, and the existence of the harmonic moments E(W?%)~¢ for all
1 <7< dand a > 0 small enough.
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Lemma 3.2. Assume conditions H1, H2 and~y > 0. Then there exist two constants
a >0 and C > 0 such that for allt >0, all x > 0 and 1 < i < d,

4 c
$o(t) < 52 (3.5)

P(W' < z) < Cz® and E(W) *<C. (3.6)

Now, we prove the corresponding results of Lemma 3.2 under the probability
measure P¢. The following theorem gives a control of ¢! uniformly in s € (—n,n),
and that the harmonic moments E¢ (W) =% are uniformly bounded in s € (—n,n),
for small n > 0 and a > 0.

Theorem 3.3. Assume conditions H1, H2 and v > 0. Then, for n > 0 small
enough, there exist two constants a > 0 and C' > 0 such that for allt >0, allz > 0
and 1 < i <d,

; C
sup  @(t) < o, (3.7)
s€(=n,m) ¢
sup PY(W'<z) < Cx® and sup ES(WH™* < C. (3.8)
s€(=n.n) s€(=mn,m)

3.3. Preliminaries to the proof of Theorem 3.3

To prove Theorem 3.3, we need some preliminary results. The first lemma below
combines two results of a previous article [13, Lemmata 3.1 and 3.11]. It gives a
link between the expectation of ¢(W}) and that of (W) under P and P¢, where
© is a positive convex function on R.

Lemma 3.4. Assume~y > 0 and ether condition H2 or (2.7). Then for all1 <i < d
and any convex function ¢ : Ry — R,

lim E¢p(Wy) = sup E¢p(Wy) = E¢p(W?), (3.9)
and
lim Ep(W)) = sup Ep(W}) = Ep(W?). (3.10)
n—-4o0o n>0

The second lemma is a direct consequence of the Marcinkiewicz-Zygmund in-
equality in [6, Theorem 1.5], as stated in [19, Lemma 1.4]. It allows us to control
the LP-moments of the martingale (W) under P¢.

Lemma 3.5. Let (Xg)ren- be a sequence of i.i.d. random centered variables. Then
foralln e N* andp>1:

S
k=1

where B, = 2min{k'/? : k € N,k > £}.

E

" J(B)PEXk[Pn, if1<p<2
T (BYPEIXPRE,  ifp>2,
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The following result gives the convergence in L* of W} to W* under P% with an
exponential speed, uniformly in s € (—n, 7).

Proposition 3.6. Assume conditions H1, H2 and ~y > 0. Then, for n > 0 small
enough, there exist constants C > 0, § € (0,1) and € > 0 such that for alln > 0
and 1 <i<d,

sup E% [(Edwg - Wi|p)j < oo, (3.11)
36(*’7’71)
Moreover, with o = pe, W} DT Wt in L® under P% uniformly in s € (—n,1n),
such that for alln > 0 and 1 z < d,

sup ES W — Wi~ < O™, (3.12)

56(*7”7)

Proof. By (2.3) and (1.9), for all n > 0 and 1 < i < d, we have

- Wi = ZA;;(;;; BY > NG -

Un+1,oo(])Nl7;n(J)
AnUn,o0(T)

— Wi

N Unslr) -
_Z::)\o Do) 2 W/, —1), (3.13)

where

e N Unn o)
bn MUnoo(r)

Clearly, given the environment £, the random variables W/", ;I > 1, are i.i.d., and
they are independent of &, . .., &,_1 and Z¢. Therefore, applying (3.13), the convex-

ity of the function z — 2? on Ry (together with the fact that 37_, MOX;’lfj’giU“kjo)(r) =
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1 a.s. by (1.8)) and Lemma 3.5, we get that for all n > 0 and 1 < i < d, P-a.s.,

Z (r) P
Ee| W, <E n.ool (W[, D
Wiy - g(zm it >
d . Z,,(r)
Mo -1, 7)Up 00 (1) 1 - - P
r—1 0,n—1Y0,00 Z) 0,n—1(27r) =1
d Mo n—103,7)Up,00(T) 1 Zn(n) , P
= Z . ]EE (Wl n 1)
= Aon-1Uoeo(i)  Mop-1(i,r)? 7| = ’
EeZE (r) :
< BP {57711@ w1 p}
p lIgai( MOn 1(i 7‘) §| Ln |
= Bp max, Eg\Wl n— 1P max (MO ne1(i, )P, (3.14)
1<j<d

Using again the convexity of z — 2P, the same argument yields, for all n > 0 and
1 < r <d, P-a.s., we have

., (M s Ungi,00) P
Ee|W7,, — 1P = EE‘AU(?“) -1

4 Mn(raj)Un 100( ) Nln( )
¢ Z AnUn,o:( ) <Mn(rvj) - 1>

N ()
1<ig<d ° M, (i,7)

P
=E

—1| =6,(p). (3.15)

This, together with (3.14), implies that for all n > 0 and 1 < r < d, P-a.s.,

% o i|p < BP : \1—p
B Wiy — WilP < B (p) masx, Moo (i)' (3.16)
Let € > 0, and n > 0 small enough. Taking the moment of order ¢ under P¢ in
(3.16), by (3.4) and the fact that 6,,(p) and Mg ,,—1 depend only on the environments
&, for k < n, we obtain that for n > 0, s € (—n,n) and 1 < i < d,

Eg [(E£|WZ+1 - WHP)E}

< (B,)PES [Gn(p)slglangon 1 (4, §)°0 ”)}

SVAS

= (By)E |G (e MT,) 00 (p)° max Monoa(i, )" ). (3.7)

<Jj<d

By Proposition 3.1 we know that s — r, is a continuous map on (—n,7), and that
rs is a strictly positive function in C(S) with norm ||rs||e = 1. This implies that

D:= sup {W}: sup supr; '(z) < 4o, (3.18)
se(—n,m) (11 zes Ts() se(—n,n) TES
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where ;! (z) := [rs(x)] " for z € S. Moreover, we know by H1 that ||M{,, | > 1
a.s., and k is a strictly positive increasing function on (—7,7), so that x(s) >
k(—=m) > 0 for all s € (—n,n). This, together with (3.18) and the definition of
q;(z, A) (see (3.2)), implies that for all z € S and s € (—n,n),

D . D d"D
— || Mg z||* < — || Mg ||" <
K(=n) K(=n) k(=)

Therefore, combining the relations (3.17), (3.3), (3.4) and (3.18), we get that for
n>2s€(—nmn)and 1 <i<d,

@ (z, MJ) < [ Mo||” P-as.  (3.19)

ES [ (BelWipy —~ WaP)']
< (BP)EPE |:qu1 (€i7 Mg:an)ql (Xrez7 1 Mrjzll)qf (Xrezl ’ Mg) X

0(p)® max M1 (i, )77 | Mo s (i, )07

1<j<d

d"D
< ep 2 n & n i )e(1—p)
< (By) (H(—n)) E [[|Mol|"60(p) ]]E{HMO” 1g%§dMo(%J) } X

[Mo,n-2(6, )0 77)). (3.20)

ES |
Now we control the three expectations in the right side of (3.20). For the two first

expectations, by Cauchy Schwarz’s inequality and condition H2, for n > 0 and
€ > 0 both sufficiently small such that < %4> and € < I, we have

E[|[Mo|"00(p)°] < (B[ Mo]l*)? (Ebo(p)*)? < +o0, (3.21)

and

Nl

E[|Moll" max Mo(i, /)"0 < (B|Mol™")* (B max Mo(i, j)>0-7)

\7\ ILIX

< 400. (3.22)

For the third expectation, using again (3.4) and (3.18), we get that for all n > 2
and s € (_77777)7

B [l Mo,n—a (i, )07

E{HMM 2, )|+, (Xzzl>]
K(s)" g (eq)
< D2<(8+6(1—>>>n EPMO” 201, )Ty (X
b K(s) (s +2(1= )" rare—p(ei)
— D2 D[AGste(1-p)=A()] (3.23)

where A(s) = logk(s) (and the last equality follows from (3.4) with A = 1). By
Proposition 3.1, for > 0 small enough, the function A is analytic on (—7,n), with
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A(0) = 0 and A’(0) = v by [4, Corollary 7.3]. By hypothesis we have v > 0, so
A is strictly increasing on [—n, ] for n > 0 small enough. Therefore, taking n > 0
and ¢ > 0 both sufficiently small, since A is continuous and strictly increasing on
[—n,n], we obtain

’Es[Ep ]{A(S +e(l—p))—A(s)} <0. (3.24)

It follows that § := eS'Pse(—nn {ALsFeU=P)=AE} € (1), and we deduce from (3.23)
that for all n > 2 and s € (—n,7n),

S 1Mo (i, )| P] < D5 (3.25)

Now, combining the inequalities (3.20), (3.21), (3.22) and (3.25), there exists a
constant C' > 0 such that for alln > 2 and 1 <7 < d,

sup B[ (Be| Wi,y — Wal?)°] < com. (3.26)
s€(=n,m)

Moreover, by similar calculation as in (3.20), for all s € (—n,n) and 1 < i < d we
have

d"D
k(=)

EZl [(EdW{ — W3|P)5} < (Bp)sp ]E[HMOHUQ(J(Z))E], (3.27)

and

Bg [(Belw3 — WiPP)]

LIS

ep d"D ’ n € n ; \e(l—p
< (B, (0 ) Bl 60 E[IMol" s Mo(i, 0] .29

Therefore, putting together the inequalities (3.21), (3.22), (3.29), (3.27) and (3.28),
by taking C' > 0 sufficiently large, it holds that for all n > 0 and 1 < i < d,
sup B[ (Be| Wi,y — Wil?)°] < oo (3.29)
56(777177)

By the triangular inequality and the sub-additivity of the function z — 2 on R,
it follows that for all n,k > 0 and 1 < i < d,

n+k—1
sup B[ (BelWi — Wil < 30 sup BS[(BelWiy, - WiP)]
s€(—n,n) r=—n SE€(-nm)

n+k—1

<67§: 5"

C
< —— 9"
\1—65
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So, by letting k — +oo, (3.11) holds. Let a = pe > 0. Using Holder’s inequality
with € € (0,1), we obtain from (3.11) that for all n > 0 and 1 <7 < d,

. , , . C
sup ES|Wi—Wi*< sup ES [(E5|Wl - W;|P)1 e
s€(=n,n) se(—n,n) 1-6
Therefore, (3.12) holds. This concludes the proof of Proposition 3.6. O

3.4. Proof of Theorem 3.3

Now we proceed to prove Theorem 3.3.

Proof of Theorem 3.3. First, we prove the implication (3.7) = (3.8). Assume that
17 > 0 and a > 0 are constants such that (3.7) holds. Let b € (0,a). We know that
for all s € (—n,n) and 1 < i < d,

L e
] s

where T" is the Gamma function. So, by (3.7) we get that for all 1 < < d,

B (W)~ =

) C +oo
sup ES(WH™b < o / t77 07 ldt < foo. (3.30)
s€(—n,m) ( ) 0

Moreover, by Markov’s inequality we have that for all 1 <17 < d,

sup PE(Wi<z)<az™® sup ES(WH™ (3.31)
s€(=n:n) s€(=n:n)

It is clear that (3.30) and (3.31) imply (3.8).

Now we prove (3.7), which will conclude the proof of Theorem 3.3. Let 7 > 0 be
small enough, and € € (0,1). For alln > 0, s € (—n,n), t > 0and 1 < i < d, we
have

5 0) = E5 [ Tgwi—wijcem ] + B [T Lywyowipsen)]
< ES [eft(Wfﬁsn) } + E% [1{\W7§—Wi\>s”ﬂ
= e ES [emWn ] 4 PY([W) — W] > ™). (3.32)

By Markov’s inequality and Proposition 3.6, for > 0 small enough, there exist
constants dg € (0,1) and a > 0 such that for alln > 0, s € (—n,n) and 1 < < d,

, ) , . do\"
Py (W5 - W > &) < W - Wit <o )

Taking ¢ € (0,1) such that ¢ > 63/O‘7 we get that for all n > 0 and 1 <17 < d,

sup PO (W) — W' >e™) < C6Y. (3.33)

s€(—n,m)
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where 01 := 2 € (0,1).
We now give a bound of Ei[e
n>1and 1 < i< dwe have

_thil] uniformly in s. By definition of W}, for all

12l : 12| 1
T i U () < Wi < 3.34
8o s G, ] 220 T ) (IO e o
Moreover, by (1.7) we get that for all n > 0,
M (7, ), Ung1,00) . M, (r,7)
12 n,00 = 7 P Az n .
0 Unoo(r) = min g =5 2 i ||M I (8:35)
Combining (3.34) and (3.35), it holds that for all n > 1 and 1 <4 < d,
. VA M,, .
wis Nzl i nd) . yi (3.36)

— " min —— %
[Mo,n—1(3, ) || 1<ri<d || M|
The interesting point here is that Y,! is independent of the future (£,,41, Enta, -+ )-
Set 8 > 0. Recall that A(s) = log /1( ). By (3.36), (3.4) and (3.18), we obtain that
foralln >0,s€ (—n,n),t >0and 1 <i<d,
i[o—tWn i[otYn ) )
ES [ ] SES [ (L tog ) y06, <0410} + Litog Mo, 60 1>50n+1))

o g Mon(i)I*rs (X5ia) ovi g ‘
< K5 () C {10 || Mo, (i- | <A(n+1)}

+P¢ (log || Mo,n (i, )| > B(n + 1))
< DN E [0 ] P (log [ Mo,u (i )] > B(n +1)).

(3.37)

We have to control all the terms on the right side of (3.37).
First, we give a suitable bound of E[e=*¥»]. For all n > 0, ¢ > 0 and 1 < i < d,

we have
1 1

i . 1

Efe~t4] = / P(e™™2 > u)du = / P(Y; < - Og“)du. (3.38)
u=0 u=0 t

We will give a suitable bound of P(Y; < z) for any > 0, to obtain the decay
rate of E[e~*¥»]. To this end we will estimate the harmonic moments of Y. By [13,
Lemma 3.11], condition H2 implies (2.7). Therefore, applying Lemma 3.4 with the
convex function x — 7% on Ry and Lemma 3.2, there exists a constant a > 0 such
that for all 1 < i <d,
sup E(W/)™* = E(W")™* < +oo0. (3.39)
n>0
Using (3.34), (3.35) and Holder’s inequality, we obtain that for all b > 0, n > 0 and
1<i<d,
E(Y,) ™ <E[(Wh) UMl max Ma(r,j)~"]

1<

ol

(IE b)%(]EHMOH?”’)%(]E max Mo(r, )" 3”) . (3.40)

1<r,j<d
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Applying (3.40) with b = 1 min{a, 7} > 0, by (3.39) and condition H2 we get that
forall 1 <i<d,

sup E(Y) "l < C.
n>=0

By Markov’s inequality, this implies that for all z > 0 and 1 < i < d,

sup P(Y,! < z) < 2P sup B(Y,)) 70 < Ca®. (3.41)
n>0 n>0

Combining the inequalities (3.38) and (3.41), we deduce that for all ¢ > 0 and
1<i<d,

v 1
sup Efe™¥7] < Ct_b/ (—logu)’du < Ct~°. (3.42)
n>=0 u=0

We next control the probability term in (3.37). Let ¢ > 0 be a small constant.
By Markov’s inequality, (3.18) and (3.4), for alln > 1, s € (—n,7n) and 1 < i < d,
we have

g (log [|Mo,n (i, )| > B(n +1))

< e PATD RS Mo (4, )|
o Ban+1) | ([ Mo, (4, ) [I°+7rs (X:;—H)
K(s)"Trs(e;)
< DQL(SjLLnH o Ban+1) g [ Moun (i, )" Trssq (X3 1)
K(s)n ! k(s + @) T regq(ed)

— D2+ D(A(s+a9)—A(s)—Ba) (3.43)

We know by Proposition 3.1 that A is analytic on (—n,7) for n > 0 small. From
now, we choose 8 > supy¢(_y ) A'(s). Then, by the mean value theorem, it holds
that for all s,q € (—1/2,7n/2),

A(s+q) = A(s) = Bg = (A'(c) = B)a < q S {A'(s) =B} <0, (3.44)

where ¢ is a point between s and s+ ¢. Combining this with (3.43), we get that for
1 > 0 small enough (half of the previous value), there exists a constant dz € (0,1)
such that foralln > 1 and 1 < i < d,

sup P% (log || Mo (i,)| > B(n+1)) < C85. (3.45)
56(—%77)

We then deal with the term e("*+DIFs—AG)] in (3.37). Using the mean value the-
orem with A(0) = 0, we get that for all s € (—n,n), |A(s)] = |A(s) — A(0)] <
SUPee(—n.m N (c)[s| < B|s], so that Bs — A(s) < 28|s|. It follows that for all n > 1
and s € (—n,7),

(DB =A@ ¢ (2Blsl(n+1) ¢ (2Bn(n+1) (3.46)
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Putting together the inequalities (3.32), (3.33), (3.42), (3.45) and (3.46), we
obtain that for alln > 1,¢t > 0 and 1 < i < d,

sup g (1) < Cete” (0D 470 4 gy} 1 O
s€(—=n,n)
Taking 6 = max{ew” €b§1,52,61}, this implies that for all n > 1, ¢t > ™" and
1<i<d,

sup  @L(t) < C", (3.47)
s€(=mn,m)

with ¢ € (0,1) for > 0 small enough. Define

log ¢ 1
N(t)::{—lzggJH, t> -

It is clear that when ¢ > 1, we have N(t) > 1,¢t > e V® and N(t) > —logt/ loge.

e
Therefore, using the inequality (3.47) with n = N(t), we get that for all ¢ > 1 and
1<i<d,

sup  GL(1) < O8N < Co e = Ot ke
s€(=m,m)
where 162 > (0. So (3.7) holds. This concludes the proof of Theorem 3.3. O

loge

4. Berry-Esseen bound for log || Z} || under P

In this section, we establish a Berry-Esseen bound for log || Z¢ ||, the logarithm of
the population size ||Z}| = Z&(1) + --- + Z!(d), under the changed measure P%
uniformly in s € (—n, 7).

Recall that by Proposition 3.1, under condition H2, the function s — A(s) =
log k(s) is analytic on (—n,n), hence A’(s) and os := A”(s) are well defined and
analytic on s € (=7, n). From [24, Proposition 3.12], we have a strong law of large
numbers for log||Mg,, ;x| under the changed measure PZ: for s € (—n,7), and
T €S,

1
—log || M{, — A(s) Plas.
Dlog | MT, ol o N(s) Pras
Moreover, by [24, Proposition 3.14], uniformly in s € (—n,n) and = € S, we have

N
or = lim —EZ[(log||Mg,,_ 2| —nv)?] € [0, 00).

n—+oco n

When condition H3 holds, since the function s — o is continuous on (—7,n) and
oo = o > 0, it follows that for n > 0 small enough,

inf o, >0. (4.1)
Se(*nﬂl)

Now, we formulate a Berry-Esseen bound for log || Z! || under the changed mea-
sure P%  uniformly in s € (—n,n).
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Theorem 4.1. Assume conditions H1, H2, H3 and v > 0. Then, for n > 0 small
enough, there exists a constant C' > 0 such that for alln > 1 and x € R,

oo, (108 11Z5]) — n'(s) <
° osv/n vn

Notice that when s = 0, Theorem 4.1 reduces to the Berry-Essen bound (1.3) un-
der the initial measure P, which has been proved in a previous article [13, Theorem
2.4].

For the proof of Theorem 4.1, we need several preliminary results. We start by
the following lemma which gives the convergence in L' of log W to log W under
P¢% with an exponential rate, uniformly in s.

sup <

s€(=mn,n)

< x) — ¥(z)

Lemma 4.2. Assume conditions H1, H2 and v > 0. Then, forn > 0 small enough,
there exist two constants C > 0 and § € (0,1) such that for alln >0 and 1 < i < d,

log W —log W*| < C6".

sup EZ
s€(—nm)

Proof. For allmn > 0 and 1 < i < d, we have

log W —log W* = log(1 + R%), (4.2)
where
. We
R! = =2 —1.
n Wl

Let n > 0 small, and K € (0,1). Then, taking the L'-norm under the changed
measure P¢ in (4.2), we get that for alln >0, s € (—n,n) and 1 <1 < d,

(=2
ES

log W —log W’|
=ES | log(1 + R)) 1 Ri >— x| + ES

log(1 4 R})1ri <— 3| (4.3)

Let € € (0, 1] be small enough. Notice that z — x~¢log(1+4x) is a bounded function
on [—K,+0). So, foralln >0, s € (—n,n) and 1 < < d,

E¢ | log(1 +R;)1{R3L>_K}| < CE%|R! . (4.4)

On the other hand, by Theorem 3.3 there exist constants 7 > 0 and a > 0 such
that E¢ (W%~ < C for any 1 < i < d and uniformly in s € (-, 7). Therefore,
using H2 and Lemma 3.4 with the convex function x — x~%, we obtain that for all
s€(-n,n)and 1 <1< d,

sup E& (Wi)~@ < E% [Sup Eg(wg)*a} —ES (W)~ < C. (4.5)
n=0 n=0
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We know that |logz|? < C(z +27?) for all x > 0. So from (4.2), Fatou’s lemma
and (4.5), we get that for all s € (—n,n) and 1 < i < d,

sup (IE§ log(1 + Rfl)|2)% < sup (Ei log WZP)% + (Ei log Wi|2)%
n>=0 n>=0
< 2sup (Ei longL|2)%
n=0
< Csup (BSW; +ES (W) )
n>=0
<C. (4.6)

Therefore, by Cauchy-Schwarz’s inequality, (4.6) and Markov’s inequality, we obtain
that for all m > 0, s € (—n,n) and 1 < i < d,

o
ES’L

. 1 1
log(1+ R.,)[*)? (BS Lipi<—xy)?
log(1+ RY)1%) ¥ Pe (IR > K)*

log(1 + RiL)]l{R;<7K}| < (EY

< [sup (ES
k>0

< C(ES|RL)?. (4.7)

Putting together the relations (4.3), (4.4) and (4.7), we get that for all n > 0,
s€(—n,n)and 1 <1< d,

E% | log Wi — log W'| < CES || + C/(ES|RL[7) 2. (4.8)

By the definition of R, and Cauchy-Schwarz’s inequality, for all n > 0, s € (—n,7)
and 1 < 7 < d, we have

R = B (W) 75 W - W] < (Bg () 7) (B W - W)

Therefore, by (4.5) and (3.12) in Proposition 3.6, for € > 0 and 7 > 0 small enough,
there exists a constant § € (0, 1) such that for all n > 0 and 1 < i < d,

sup E%|RL|E < C6*". (4.9)
s€(—=n,m)

Combining (4.8) and (4.9), we obtain that for all n > 0 and 1 <14 < d,

log W —log W*| < C6".

sup EY
s€(—nm)

This concludes the proof of Lemma 4.2. O

Now we formulate the Berry-Esseen bound for log || M{,, ;|| under the changed
measure PY, for any y € S and uniformly in s € (—n,n). This result was estab-
lished by Xiao, Grama and Liu in [24, Theorem 5.1], and will play a crucial role in
—t2/2

proving Theorem 4.1. Recall that ®(z) = \/% ffoo e dt is the standard normal

distribution function.
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Lemma 4.3. Assume conditions H2 and H3. Then, for n > 0 small enough, there
exists a constant C' > 0 such that for alln >1, y€ S and x € R,

log || MT —nA(s C
o fpr(EMaatl =) )y g €
s€(—n,m) 08\/5 \/ﬁ

The next lemma gives, for any 1 < i < d, a control of the joint law (log || Z}||,1og || Mo n—1(i,-)|)
under P¢% | uniformly in s € (—n,n).

Lemma 4.4. Assume conditions H1, H2, H3 and v > 0. Then, for n > 0 small
enough, there exists a constant C' > 0 such that for allm > 1, s € (—n,n) and
r €R,

i / N /
e (108120~ n(s) _ | log [Munms () =) _ Y _ €y 0
‘ os\/1 os\/n Vn
and
|| / P _ /
e (10812 = n(s) _ | log [Munms ()] =) _ Y _ €y
os\/n os\/n vn

Proof. Since the proof of (4.11) is similar to that of (4.10), we will only prove
(4.10).

Let s € (—n,n), where n > 0 is small enough such that (4.1) holds. For all n > 1,
r€Rand 1 <i<d, set

il / - _ ,
Fi(z) = P <log 1Z5]l = nA'(s) 2 o [Mon—1(, )l = nA'(s) m)
os/n oo/

As before, we write that C' > 0 for a constant independent of s and n, which may
differ from line to line. For 0 < m <n, y € S and 1 < i < d, set

_ log |[|My,, yyll — (n—m)A'(s) _ log Wy,

SY = ’ d Li ., = : 4.12
m,n as\/ﬁ an m,n O’s\/ﬁ ( )
By (3.34), foralln > 1, z € R and 1 < ¢ < d, we have
. . , ’ . logU, o (1) _
I < Pei e; i ) < e; ) )
F(x) <P <So,n + Ly + e ST Soin > (4.13)

Set m :=m(n) = |/n], where |z] is the integer part of . By Markov’s inequality
and Lemma 4.2, for n > 0 small enough, there exists a constant ¢ € (0, 1) such that
forallm>1and 1 <7 <d,

. . 1
Pei<Lz _ I} 7)
s | n,n m7n| > \/ﬁ
< \/E]E? L’;L,n - L’;n,n‘
1 , ,
= —E{[logW; —log Wy, |
Os
1 . . . .
< 7(1@3 log Wi — log Wi + E%|log Wi — log WZ|>
Os
< Yomgom. (4.14)

Os
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Notice that §"™ 4+ 6™ = o(ﬁ) as n — +o00. Combining this with (4.1) and (4.14),
we get that foralln>1and 1 <7 <d

)

, , 1 c
P?(w;n ~ Lyl > =) <
s N \/> \/>

This, together with (4.13), implies that for alln > 1, x € R and 1 < i < d,

: v v log Uy, o0 (T)
i < Pei e; i ) <
Fn(‘r)\]P)s (SO,n+L +1r<nr12d Us\/ﬁ ST+ f SOn>‘T
€ 7 7 1
+ Psl (|Ln,n - Lm,n| > 7)

, . log Up oo () 1 .
< e; €; i s < €;
< P (So,n +L, ., + 1r<nTl£1d 7%\/5 <z+ 771’ SO,n >x )+

=30

For any n > 1 and 1 < ¢ < d, we have the following decomposition:

o ORI ()] o
Om ™ osv/n
_ IOg ||Mg:mel|| + 10g ||Mg71,+1,n—1(M(’)1:m :
gsv/n

m+1 . XCi
=\ S0+t T St (4.16)

By (3.34) and (3.35), for alln > 1 and 1 <

el —ny

7 < d we have

i 1 1Z;, | m(r.7)
Linan < 577 198 T 56T — 7 nin log Tl @1n
i [E24] m (7,5) '
Linn 2 5277 198 T35, 257 asflé?lfzdbg Tl -
Therefore, combining the relations (4.15)-(4.17), we obtain that for alln > 1,2 € R
and 1 <7 <d,
7 €; m+1 e m+1 % 1
Fn('x)gps <~/ n SOm—&-l_FSm—Q—_an_'_an\m—i_ﬁ?
m+1_, C
o S0imar Smiirln > 37) + Nk (4.18)
where
: 1 125 1 My (r, j)
By = log = + min log ————=
osvn 7 [|Mom—1(is o)l osv/nisri<d 7 || M|
M(r, 5)
log ————. 4.19
o/ 1o a8 T | (4.19)



I. Grama, Q. Liu, E. Pin/Supercritical multi-type branching processes 24

Since SG', 11 Siﬁfln and B}, ,, depend only on the environments &o,&1,- -, &n
(but not on &,4+1,&u+2, ), by (4.18) and (3.4) we get that for alln > 1, x € R

and 1 <7 <d,

Fl(z) <

s T
E Qn+1(ei7M0,n)]]' e Xf,f+1 ) 1 e Xfrf+1
{ n SO,'m,+1+S7n,+1,n+B':n,n<m+ﬁ7 n SO,m,+1+Sm,+1,n>w}
C
+—. (4.20)

vn
Foralln > 1,y € S and x € R, set
Ghn(z) =PE (S < ).

For each n > 1, denote by h,, the function on S X R x R defined as follows: for all
yeS,zeR, and t € R,

1
haly, 2,t) == PY (S,%LH,” PRI s St e > o). (4.21)
Notice that X, Sg°,,,; and B, ,, are independent of the environments &pi1 - n—1,

so they are independent of S}, ., ,, for any y € S. Therefore, by (4.20) and (3.3),
we see that foralln > 1,z € Rand 1 <17 < d,

Fy()
< IE S (e' MT ) S (Xei MT ) S(Xei MT)
A quz+1 (3 0,m Qn—m—1 m+1r m+1n—1 q n o n
| e
(VIS bSO A Bl <ot e VTS5, bS5} ] VR
] m+1 . ;
< E [q;mei, MG ) 50} (ot M Yo (X540 7= St 1 — B:n,n)]
ue
C
+—. (4.22)

NG

Now we give a bound of the function h,,. It is clear that for alln > 1, y € S,
z€R,and t € R,

0< ha(y, 2,t) = [Ggm,n(% - t) - G%H’n(—z)] ooy (42)

Since the matrices M,,, n > 0, are i.i.d., foralln > 1, y € S and = € R we have

log || M —(n—m-—-1A
st = (Bt~ ) )
: gsv/n

= Gg,n—m—l (a’nm)7
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where a,, =,/ —2%—. It is clear that a, = (1— )~ 12 — =1+0(% )—1—1—0(%)

as n — +o00. Therefore, using Lemma 4.3 we obtain that, for n > 0 small enough
andalln > 1,y €S and z € R,

|G§’n+17n(x) b (a,x | = |G0n 1 (anx) — <I>(an:c)|
C
n—m-—1
_ Cay, < C
= ST

Moreover, applying the mean value theorem on ¢ — ®(tz), for alln > 1 and z € R,
we have

<

(4.24)

|®(anz) — P(2)| < |an — 1] sup [2®' (tz)|
t>1

C
< —=sup [28'(2)]
N 2eR

<<
~ \/ﬁ’
where we have used the fact that z — |2®’(2)| is a bounded function on R. Com-

bining the relations (4.23)-(4.25), we get that for alln > 1, y € S, z € R, and
t eR,

(4.25)

C

ha(y, 2,1) < ‘@(% —z —t) - @(—z)‘]l{tgﬁ} +—=. (4.26)

Using again the mean value theorem, since sup,p |®'(x)| < 1, for all z,z € R we
have

|D(z 4 2) — ()| < |2]. (4.27)
This, together with (4.26), implies that foralln > 1,y € S, z € R, and t € R,

C C
‘f+t‘+%<‘t|+ﬁ- (4'28)

By (4.22) and (4.28), we obtain that for allm > 1, x € R and 1 < i < d,

hn(y, z,t) <

Fl() E|:Qm+1(el7MOm)Supql(UM (|an‘+\cf>] T

=K |:an+1(e’i’ MO,m) Stelg qf (u’ Mn )|B;n,n|]

C

+ LIE{sup qi (u, Mg)} + N (4.29)

\/ﬁ ueS



I. Grama, Q. Liu, E. Pin/Supercritical multi-type branching processes 26

Then, combining (4.29), (3. 19) and the definition of B’

o (see (4.19)), we get that
foralln>1,z € Rand 1 <i<d,

, c Zunl H
Fi(x) < ——=E|q5, ., (es, ML, )| M, ||| log ———10 ——
() as\/ﬁ[ t1(€i Mo ) [ M| g||Moml ||
c
v . M, M, ||" 1
e {q’”“@ o) IV 1r<d o5 T HM || H
c
v n
+ o E |:qm+1(el’M0m)”lM I, max | o8 IM i H
LG
Vi

By condition H2, (4.1) and (4.17), this implies that for all n > 1, z € R and
1<i<d,

, M (i
Fite) < | os gy e s i
- B ol logWH 7
< %Ei log W,’n| + %Eg Lémr%}éd log WH
- \CfE[HMoH  fax log Aﬁj\%ﬁ H + ;’% (4.30)

Now we give a bound of the three expectations in (4.30). First, by Lemma 4.2 we
get that, for > 0 small enough and alln > 1 and 1 < i < d,

€4
ES

log W,,| < C. (4.31)

Next, using (3.3) and (3.19), we obtain that for alln > 1 and 1 <i < d,

e |, e i
= E[qfn(emM(fm_l)qf(Mgfm_l : ei,Mﬁ)lg?f;d 1ogwu
< B[ en M M7 1o 2
- CIE{HMoH" max IOgMJ\Z)H])H (4.32)

Then, by the inequality |logz| < C(z" + =) for z > 0 and Cauchy-Schwarz’s
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inequality, we have

Mo(r, 5)
|| Mo ||” | Inax log —————=
{ 1<nj<d ([ Mo|
< 2n n}
CE[ max Mo(r,j)"] +0E[||Mo|\ s Mo(r,j)”
1
< CBIM + C(EIM ™) (B max Moy ) . (439
\ 7]
Taking 1 > 0 small enough, by H2 it follows that
Mo (r, j)
IE{HMOH” max |[log —>—=|| < C. (4.34)
1<rj<d ([ Mo

Therefore, combining the ineqalities (4.30)-(4.34), we get (4.10). This concludes the
proof of Lemma 4.4. O

Now we shall prove Theorem 4.1.

Proof of Theorem 4.1. Let nn > 0 be sufficiently small such that (4.1) holds. For all
nz1l se€(—nmn),z>0and 1 <i<d, we have

|l /
ey (LEIZL ) )

osv/n
| _ / _ !
_ P6i<10an|| nA’(s) <z 10g||M0n 104, )| — nA'(s) <z>
s os\/n os\/n

il _ / _ 4
+P§i<log||zn| nA'(s) <z 10g||MOn 1(4, ) || = nA'(s) >x>
osv/n osv/n

— e IOgHMO,nflu?')H _nAI(S) <z
s osv/n =
]p?<10g||ZfL| —nA'(s) S ’10g||M0n 1(4, ) || = nA'(s) <I>
: osvn osvn
il l 0 /
oy (VLI Voa s =) )
osv/n osv/n

Therefore, using the Berry-Essen bound in lemma 4.3 and Lemma 4.4, by taking
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n > 0 small enough, we get that for allm > 1, s € (—n,7), > 0 and 1 < i < d,

s <1Og 1Z ]| — nA'(s)
P
os\/n

< x) — ®(z)

N
< Pji(log”MO,n—l(Za )” nA (S) < l’) o (D(x)
‘ osv/n
il / ;L _ /
+P§i<10gzn|| nA'(s) _— log [ Mo.n—1(i, )|l = nA’(s) m)
osv/n osv/n
| _ / ;o _ /
o (BB | g i) )
os\v/n osv/n
<
v
This concludes the proof of Theorem 4.1. O

5. Proof of Cramér’s moderate deviation expansion

In this section, we prove Theorem 2.1. The proof is based on a control of the
joint law of (log||Z}||,1og || Mo,n—1(3,-)||) under P$, uniformly in s € (—n, 7). We
already have a control in Lemma 4.4. Unfortunately this is not sufficient, and we
need additional information. For 0 < z < y, set ®([z,y]) = ®(y) — ®(x). The first
result below about the convergence to the normal distribution is a consequence of

Theorem 4.1 and Lemma 4.4.

Lemma 5.1. Assume conditions H1, H2, H3 and v > 0. Then, for n > 0 small
enough, there exists a constant C > 0 such that for alln > 1, s € (—n,n), x > 0
and 1 < i < d,

L (Tog | Zi] = nN(s) - log[[ Mo (i, )]l — nA(s)
7 k) < _
IPS( — > 0, i <z O([0,x])
C
<7a 1
VoSS
and
e, (1og]|Z}, | — nA'(s) log || Mo,n—1(i,)|| — nA'(s)
i ) >_
PS( L <0 o -
C
— oz, 0)| < =, (5.2
(~e.0)| < & 62)

Proof. Let i > 0 be small enough such that (4.1) holds. For all n > 1, s € (—n,n),
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x> 0and 1 <i<d, we have

pes (log [ Z ] = nA'(s) log [ Mo.n—1(i, )| = nA’(s) x)

>0
s gs\/n ’ os\/n

— po (0< log |2, ]| — nA'(s) <z log || Mo,n—1 (i, -) || — nA(s) <x>
¢ osv/n os\/n
log || Z% || = nA’ log [| My n—1(3,-)|| — nA’
o (ALK, g Mol ) )
osv/n osv/n
|l /
s 221 ni) )
os\/n
r (0 S MG =) )
osv/n osv/n

il _ / L _ /
o (SN, lglMoons )1 = nD) )

os\v/n os\v/n
Then, applying the Berry-Essen bound in Theorem 4.1 and the inequalities in

Lemma 4.4, when 1 > 0 is sufficiently small, we obtain that foralln > 1, s € (—n,n),
z>0and 1 <i<d,

e <1Og||ZZ|| — nh'(s)
Pe:
osv/n

= IP’?(O<

log || Mo,n—1(i,-)|| — nA'(s)

osyv/n
|| /
]P)ii (10g ||Zn|| TLA (S) < ZC) _ @([(L.TD
os\v/n
A, SN A
oy (B o)1 =) )
osyv/n osv/n
|| / ;o _ /
" Pgi(bgHZnH nA'(s) .. log || Mo,n—1(i,-)[| — nA’(s) < w)
osv/n osv/n

>0,

<a) - a(0.4)

<

C

< —.

Vn
Therefore, (5.1) holds. Tt is clear that (5.2) can be proved by similar calculations.
This conclude the proof of Lemma 5.1. O

The second result gives a control of the probabilities in Lemma 5.1 when x < 0,
uniformly in s € (—n, 7).

Lemma 5.2. Assume conditions H1, H2, H3 and v > 0. Then, for n > 0 small
enough, there exist constants C >0, a >0, > 0 and ¢ € (0,1) such that for all
nxzl,se(-nmn),z>0andl<i<d,

>0, log || Mo n—1(i,-)|| — nA'(s)

< —x
os\/n osv/n )
C
< N e~ V" L C'min { e~ PV x_%n_%é‘/ﬁ}, (5.3)

P (1 124 - n(s)

S
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and

i / _ /

o (RELZL ) g gl )l 2 )
os\/n osv/n

C

% e~ V" 4. C'min { e Pavn, x_%n_%é‘/ﬁ}.

Proof. We only prove (5.3), since the second assertion (5.4) can be proved in the

same way.
We use the same notation as in the proof of Lemma 5.1. Let n > 0 be small

enough such that (4.1) holds. Let s € (—n,n). As before, C' > 0 will be a constant
independent of s and n, which may differ from line to line.
By (3.34), we get that foralln > 1, 2 > 0and 1 < i < d,

il _ l _ 4
P§i<logllZn|| nA'(s) 0. log || Mo,n—1.(i, )| = nA’(s) _x>
o’s\/'ﬁ O'S\/’FL

<

_ , logUp,00
< B (S Lho = in BT 0, 5, < o)
) ) 1<r<d Usf
) ) ; log U, 00( ) z
< € €4 g — i _— - = -
s B (SO’"+Lm’” 1ergd os\/n ) Som < =2

) ) T
€; [ e
+P5 (Lo = Ll > 5)
=: Aj(z,n)+ Ai(z,n). (5.5)

Now, we give a bound for the two terms A% (z,n) and A%(z,n).
Control of A% (z,n). Using the relations (4.16) and (4.17), we obtain that for all
n>1l,x>0and 1 <7<d,

i P m+1 e o i €T
Al(x7n) < IP)sz (\) SOIm-&-l + Sm-l—fln + Km,n > _5?
/m +1 .
SO7m+1 + Sm+1r1n A —!17),

; 1Z7] 1 . M (1, )
K = lo UL min lo
" oo Mo ouv/migrasa Mol
S N lo Mol j)
Tsy/M1<r,j<d & 1M -
For each n > 1 and = > 0, let h,, , be the function on & x R x R defined by: for all
y€S,zeR, and t € R,

where

_E, Sgﬁlm +z< —a:). (5.6)

e (9, 28) = PY (S + 248> =3
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By an argument similar to the proof of (4.20) and (4.22), we obtain that for all
n>1l,x>0and 1 <i<d,

Aﬁ (x,n)

3 T 3 i T 5 i T
< E |:q:n+1(e757 MO,m)q:Lfmfl(XrenJrh ]\4-m+1,n71)(f15 (X:L 7Mn )
{ m+1 So m+1+sm$1+711+K71n n>"% m+150 m+1+smiﬁl+:1.< a:}:|
o [mE1 ;
< E qm+1(€Z7MO m) Supql(u M )h Xm+17 TSO m+1’K .
u€eS

(5.7)

Using (4.24), (4.25) and (4.27), we have that for alln > 1,2 >0,y € S, z € R,
and t € R,

Combining this with (5.7), we get that for alln > 1, > 0 and 1 < i < d,

; C
A4 () < B [dh s ess MT ) 5030 M) (R 4 2 Ly | 59

We will slightly change the expression of the above expectation in order to facilitate
the passage to the expectation with respect to the new measure P¢. For any n > 1
and 1 <7< d, set

125 1 , My (r, 5)
Kfn n = log = min log ———=
oo O My ()] oon/m2ka Ml
1 Mm ) ‘
- min log 7+1(r ‘7).
O'S\/ﬁl<r Jj<d HMerIH

Notice that the expectation in (5.8) remains the same if the environment &, is
replaced by &,,+1 due to the independence structure. So in (5.8) we can replace
(M, K& )by (My,41, K n)- This, together with (3.18), yields that for all n > 1,
x>0 and 1<i<d,

i C
A (:E TL) E |:qm+1(617 MO m) Slelp ql (U’ Merl) (Km,n + f> ]]'{Km 7L2§}]
. C
< DQE |:qm+1(ei7 ngm)ql (X§;+17 MgLJrl) (Km,n + ) ]]'{K;n 7L2“2"’}:|

e; | i C e; [ 11 €z
< CES Kl Vi, say| + ok (R > 5). (5.9)
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Let € € (0,1) be arbitrary fixed. By Markov’s inequality and (3.19), for all n > 1,
z>0and 1 <7< dwe have

= P ( o VK 0 > es?wf)

E0s

N
o

xfE{Qm(ezyMO m— 1)q1(Xf,;,MT) (X:;Z+17 MZ’:-{-l) eEUSﬁKm,n

Z €
< Ce 2 s e',MT 3 <”|)]x
R (e
E|: ”meH77+€ :|E[ ”]Mm-‘rlH?7+€ :|
miny <, j<d M (7,7)% ] | mini<r j<d M1 (7, )¢
< Ce_s;sx\/ﬁEei( H :n” )8(E[||MO?7+ min M()(?“ ]) a})Q-
h * \ [ Mom—1(i )l 1<r,j<d
(5.10)
Notice that E¢ [%] = 1. Therefore, using Jensen’s and Cauchy-Shwartz’s

inequalities and condition H2, by taking n > 0 and ¢ € (0, 1) sufficiently small, we
get from (5.10) that for alln > 1, 2 > 0 and 1 < i < d,

1907 (5], M0<r,j>*ﬂ)

1<r,j<d

< Ce Fovn, (5.11)

P (K}nn > E) <Ce™

2

[N

Then, using again Cauchy-Shwartz’s inequality and (5.11), for alln > 1, z > 0 and
1 <7 < d we have

1 1
Rinal") # (R > 3)°
n e; | ot %
(IES Km7n|) . (5.12)

Then, by the triangular inequality in L? under P¢ and (4.17), we obtain that for
alln>1and 1 <7 <d,

E? [Kfn,n]l{mmn>;;}} < (E?

gog
<(Ce 1

1 1 ] 2 z
o~ 2\ 2 1 ) 22\ 2 ) Mm<7" 7) 2
518l < (e o) (o, s
(B2 R as\/a{ D A S S A
1
Mm+1(r7j)2 2
Ee: log “m+1(7s7) , 5.13
( 18055 M| o

Notice that we have proved in (4.6) that for alln > 1 and 1 <4 < d,

e

1

log Wg|2) e (5.14)
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By an argument similar to the proof of (4.32)-(4.34) with the inequality |logz|? <
C(x" +27") for x > 0, we get that foralln > 1 and 1 < i < d,

My (r, )

1 NI
TTA

2\ 3
(IE;Z max ) <C. (5.15)

1<r,j<d

Therefore, combining the inequalities (5.12)-(5.15) and (4.1), we see that for all
n>l,x>0and 1<i<d,
e; | i C — s x\/n
E, [Kmm]l{f%zn,p%}} Sme T (5.16)
Putting together (5.9), (5.11), (5.16) and (4.1), we obtain that, with a = § infe(_; ) 05 >
O,foralln>1,z>0and 1 <7 <d,

Al (z,n) < 55 emanVn, (5.17)

Control of A4(z,n). First, by Markov’s and Jensen’s inequalities, and using (4.1)
and Lemma 4.2, we see that for 7 > 0 small enough, there exists a constant Jy €
(0,1) such that forallm > 1, x >0and 1 < ¢ < d,

Os

Al (x,n) =P% < log W — longnﬁ > (2)233571}1)

Nl

1
< (%) 2 03 (ES | log Wi — log W |)

<Cripi (]E?'\ log W — log W'| + E%|log Wi — log Wi|>

Nl=

1 _1.m
<Cx2n" 14y .

Taking § = (50% € (0,1), since m = [/n], it follows that for all n > 1, z > 0 and
1<i<d,
Ab(x,n) < Ca~in 56V™, (5.18)

On the other hand, by Markov’s inequality we have that for any a € (0,1), and for
alln>1,z>0and 1 <17 <d,

. ) i i aos
Aé(m,n) — P? (ea\loan log W, | >e"2 zﬁ)

aocs . i _ i
e THEVR 1% (ea| log Wy, —log W, | )

Wi\ Wi \®
e TV RS Eé (== |. 1
oo le () cm (i) | 6w

m

By Cauchy-Schwarz’s and Jensen’s inequalities, and using (4.5), for n > 0 and
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a€ (O7 %) small enough we get that for all n,k > 1and 1 <i <d,
Wi\ 1 . 1
= () < (S (W)™) * (BF (W) ™)

< (EngZ) (E€7 WZ) )%
<C

This, together with (5.19) and (4.1), implies that with 3 = §inf,c(_,, .y 05 > 0, for
alln>1,z>0and 1 <7 <d,

Al(z,n) < Ce PovVm, (5.20)
Combining (5.5), (5.17) and (5.20), we get (5.3). This concludes the proof of
Lemma 5.2. O

Now we proceed to the proof of Theorem 2.1. It is based on the control of the
joint law of (log||Z||,log ||Mon—1(i,-)||) in Lemmas 5.1 and 5.2, together with
standard techniques from Petrov [20)].

Proof of Theorem 2.1. Notice that, when x € (0, 1], Theorem 2.1 is a direct conse-
quence of the Berry-Esseen bound for log || Z%|| (Theorem 4.1 with s = 0). So, it
remains to prove Theorem 2.1 for z > 1 such that x = o(y/n), as n — +oo.

We first prove (2.13). Let 7 > 0 be a small constant. Using the changed measure
P forallm > 1, s € (—n,n) and 1 < ¢ < d we have

(el )
ov/n
= rs(ei)ﬁ(s)nE? |:7ns_1(X7?) e~ 2108 1Mo.n -1 (&)l ]l{log |Zi || —ny>cxz/n} |+ (5.21)

Since A = log k, we get from (5.21), (4.12) and (4.1) that, for n > 0 small enough
andalln >1,s € (—n,n) and 1 <7< d,

ov/n

ei|,.—1 e; —sas\/ﬁseﬁ7
ES [7"5 (Xp)e O l{wg [EAEIYON
Ev

P(log 1Z5]] — ny x) — (o) eI ()=

(5.22)

"r’ A/( )]+dz}

Recall that, by Proposition 3.1, the function A is analytic on (—n,n) for n > 0 small
enough, so that A(s) = 3,5 sk for s € (—n,n), where v, == A®(0), k > 1.
From [20], we know that for z = o(y/n) as n — +oo, z > 1, and n > 1 sufficiently
large, the equation

Vn[A'(s) — 7] = o, (5.23)
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has a unique root s(z,n) € (0,7) which has the expression

t Y3 0 Y42 — 373

x
s(z,n) = ——= — =5t — 7t3+~-~, with t = —. 5.24
( ) \/’72 2'72 677/2 Vn ( )
From now, let s = s(z,n). Again from [20], we have the equality:
2 3
/ 7 2
SN () = A(s) = 5 — = /Qg( \/ﬁ), (5.25)

where ((t) is the Cramér series defined in (2.12) (entirely determined by the function
A), which converges for |¢| small enough. Therefore, combining (5.22), (5.23) and
(5.25), we get that for n > 1 large enough and 1 < i < d,

P<10g|zz |l =y m)
ovn

u@mw+w“wmmp<mwawﬁﬁa%

log 112}, =nA’ () }
PElZL D 0}

22 23 x .
= ¢ TSR Jin), (5.26)

where
Jl(n) i=rs(e) EY [Ts_l(Xff) o7V Soun ﬂ{wg 1122 | —nA/ (s) 0}]
elZalonh (o)
By Proposition 3.1, for n > 0 small enough the map s — ry is analytic on (—7,7),

with ro = 1. Since s = O(%) as n — +oo by (5.24), we obtain

C
s = Uloe < Cls| < .

This, together with (3.18), implies that for all y;,y2 € S,

—4<@%mwuw—u+mwﬂ—m
< 2D|rs — 1|0

(5.27)

Therefore, using (5.27) and the definition of J%(n), we deduce that for all 1 < i < d,
as n — +00,

Ji(n) = Ji(n) [1 +0 (fa)} : (5.28)

where

i . Te; —s05/nS5t
Ji(n) :=Eg [e O.m l{log IZ I —nA’ (s >>0}}
osvn
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Then, using Fubini’s theorem and the integration by parts, we obtain the following
decomposition for Jj(n):

J1 (TL) =E% |: . SJS\/56780S Vinu ]1{ log || ZZ | —n A/ (s) >O,S§fn<u}du]

osvn
) (log|Z4]| — nA'(s)
_ < 50sV/nu e n
so \/ﬁ/Re c < —

+oo 1 Zz —nN
- sgs\/ﬁ/ e sos VU IP{?’( 08 [|Zull = nA'(s) 0,55 < u)du
0 osy/n '

o )
_ (log || ZL]| — nA(s)
s0sv/nu Pei g n
Jrsos\/ﬁ/ﬂwe c ( —
=: Ji(n) + Ji(n). (5.29)

> 0,557, < u) du

>0, ngn < u) du

Control of Ji(n). For any n > 1, set
+oo
I(n) = sas\/ﬁ/ e ™57V ([0, u))du. (5.30)
0
By (5.1) in Lemma 5.1, we get that for all n > 1 and 1 <4 < d,

i +oo
|J5(n) —I(n)| < Sgs\/ﬁ/ o 50sV/Tu
0

e (log |1 Z3 ]| — nA'(s) e
x ]}D;( - > 0,55, <u) — &[0, u))|du
C i [ s
< —=so, n/ e TV dy
Vn 0
C
= _ . 1
NG (5.31)

So, it remains to estimate I(n). Applying an integration by parts, for all n > 1 we
have

1 [t 2
I(n)=— e ST VIUT T . 5.32
==/ (5:32)
Since A is analytic on (—n,n) with A’(0) = v and 2 = A”(s) > 0 by (4.1), by
).

Taylor’s formula we have A’(s) —y = so? +O(s?) and 02 = 02 + O(s). Using (5.23)

and the fact that s = O(%), we obtain

s0y = ——— +o(s) = % + o(jﬁ) (5.33)

Using standard methods from Petrov [20], from (5.32) and (5.33) we get

I(n) = \/%7 /0+OO eI du + o(\/lﬁ)
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By a simple calculation,

1 too L2 J o [T
— e T du = — e~
\/27r/0 \/271'/:,:

So we deduce that, as n — +o0,

<
N‘N
&

du =e7 (1 — ®(z)).

I(n) = e% (1 — &(x)) + o(&%). (5.34)
Therefore, from (5.31), we get that, as n — +oo,
Ji(n) = e (1 — ®(x)) + o(l\jﬁ”) (5.35)

Control of Ji(n). By the definition of Ji(n) (see (5.29)) and the bound (5.3) in
Lemma 5.2, there exist some constants a > 0, 8 > 0 and § € (0,1) such that for all
n>1and1<i<d,

0
Ji(n) < CSO’S/ elsrs—e)vnlul gy,

0
—i—C’sas\/ﬁ/ e”sﬁlu‘min{efﬁ‘/ﬁl“‘,|u|7%n7%5‘/ﬁ}du

0 1
< Csoy / elsos—a)vnlul gy 4 Csas\/ﬁ/ elsos=B)vnlul gy,

0 _sosv/nlul
+ Csognt/igvrn / ¢ (5.36)
-1

Vul

Let € € (0,min{e, 8}). By (5.33) we have sos — 0 as n — 400, hence so, < ¢ for
n large enough. Implementing this in (5.36), we obtain that for n sufficiently large,

0 -1
Ji(n) < C/ e(s—a)\/ﬁluldquC\/ﬁ/ ole=BValul g,
es\/ﬁlu‘

VIl

1 ele=B)vn du
< c( ¥ ) |
(a—e)vn  (B—¢) Vul
Taking € small enough such that §e® < 1, it follows that for n sufficiently large,
<
v

Now, combining (5.29), (5.35) and (5.37) we get that, as n — +o0,

0
+ Cnt/4gvn / du
-1

0
+n1/4(5e6)ﬁ/
-1

Jin) < (5.37)

Ji(n) = e% (1 — ®(z)) + o(lj{)
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Therefore, using (5.26) and (5.28), we obtain that, as n — +o0,

IP)<log II?:;/IH— ny x)

L ) [ef(l — ®(z)) + 0(1;;7” (1 + 0(\%))

— T - () [1 + 0<1jﬁx)} .

This concludes the proof of (2.13).

The proof of (2.14) is very similar to that of (2.13). We just need to consider
the unique root of the equation \/n[A’(s) — v] = —ox instead of (5.23), and apply
the inequality (5.2) instead of (5.1), and (5.4) instead of (5.3). This ends the proof
of Theorem 2.1. O
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