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Abstract: Consider a d-type supercritical branching process Z% = (ZZ (1),
-+, Zi(d)), n = 0, in an independent and identically distributed random en-
vironment £ = (&,&1,...), starting with one initial particle of type i. In a
previous paper we have established a Kesten-Stigum type theorem for Z%,
which implies that for any 1 < 4,5 < d, Z}(j)/E¢ Z}(j) — W in probability
as n — +oo, where E¢Z/,(j) is the conditional expectation of Z}(j) given
the environment £, and W is a non-negative and finite random variable. The
goal of this paper is to obtain a necessary and sufficient condition for the con-
vergence in LP of Z(j)/E¢Z%(j), and to prove that the convergence rate is
exponential. To this end, we first establish the corresponding results for the
fundamental martingale (W}.) associated to the branching process (Z).

MSC 2010 subject classifications: Primary 60J80, 60K37; secondary 60J85.
Keywords and phrases: Multitype branching processes, random environ-
ment, LP convergence, products of random matrices, fundamental martingale.

1. Introduction

A significant advancement in the theory of branching processes was made with
the introduction of a random environment such that the offspring distribution of
generation n depends on some random environment &, at time n, in contrast to a
constant distribution assumed in the Galton-Watson process. This allows a more
adequate modeling, and turned out to be very fruitful in theoretical as well as
in practical senses. For the first fundamental results on branching processes in
random environments, see Athreya and Karlin [1, 2]. The importance of the study
of branching processes in random environments is mainly due to its wide application
background, both in theory and in practical problems. For example, Kesten, Kozlov
and Spitzer [20] used such a process to study limit properties of for random walks
in random environments; biologists are currently paying special attention to the
problems of genetic transformation, and such problems can be studied via a multi-
type branching process in a random environment; see Bansaye [4] for application in
cell contamination. Due to huge applications and important technique challenge, in
recent years, there is a great progress in the study of branching processes in random
environments, see e.g. the recent papers [26, 30, 31], the recent book by Kersting and
Vatutin [23] and many references therein. In an earlier work [11], for a supercritical
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multi-type branching process in an independent and identically distributed random
environment, we have studied the convergence of the normalized population size
and the non-degeneracy of its limit. In this paper, we will consider its convergence
in LP.

Let Z, = (Z,(1), ---,Zn(d)), n > 0, be a d-type branching process in an in-
dependent and identically distributed (i.i.d.) random environment § = (&, &1, - ).
For n > 0, denote by M, the matrix of the conditioned means of the offspring
distribution of n-th generation given the environment: the (¢, j)-th entry of M, is

M, (i,7) = E&[ZnJrl(j) | Zn = ei],

where E¢ denotes the conditional expectation given the environment £. Let My ,, =
My - -+ M,, be the product matrix. The process (Z,)n>0 will be denoted (Z!)n>0
when it starts with one initial particle of type i, that is when Zy = e;, where ¢; is the
unit vector whose i-th component is 1 and all the others are 0. In [11] we obtained
an extension of the famous Kesten-Stigum result on the Galton-Watson process to
the multi-type branching process in random environment (MBPRE). Assume that
the MBPRE (Z}),,>0 is in the supercritical regime, in the sense that

1
v:= lim —Elog||My,—1] >0,
n—4oon

where || My n—1]| is the Li-norm of the matrix My ,_1. Under the Furstengerg-
Kesten condition H1 (see Section 2), we proved in [11, Theorem 2.11] that for all
1<14,5 <d,

Zy(3) _ _ Zy0)

(5 —— — W' in probability, 1.1
EeZ}(5)  Mon—1(i,]) (1.1)

where W? is a non-negative random variable independent of j; moreover, W' is
non-degenerate for all ¢ if and only if

Zi(4) Z(j) -
E D dogt ) < 40 Vi j=1,---,d; 1.2
<Mo<w> 8" Mo(i. ) 7 (1-2)

in addition E¢W* = 1 almost surely (a.s.) when (1.2) holds. By Sheffé’s theorem,

it follows that MO#(IJ()”) — W% in L' if and only if (1.2) holds.

The main objective in this paper is to find a necessary and sufficient condition
under which the normalized population size Z¢ (j)/Mo ,—1(i, j) converges to W' in
LP p > 1, and to prove that the convergence rate is exponential, for all 1 < 7,5 < d.
In the single type case, it is known that such kind of results play an important role
in the study of asymptotic properties of large deviations and Berry Esseen bounds
in the central limit theorem on the process (Z!), see [16, 10]. The situation is the
same in the multi-type case, as can be seen in the preprints [12, 13].

For a single type branching process in a random environment (Z,, ), >0, Guivarc’h
and Liu [14, Theorem 1.3] established the (annealed) L? convergence criterion: they
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showed that when d = 1, for each given p > 1, (Z,,/mo,n—1)n>0 converges in LP to
a non negative random variable W if and only if

7 p
E(l) < +4oo and Emy P <1, (1.3)
mo

where mg -1 = mg - - - Mp_1, and my, denotes the conditioned mean of the offspring
distribution at time k given the environment. Huang and Liu [17, Theorem 1.5]
proved that the LP convergence rate is exponential: if (1.3) holds, then

1/p
nll)rfw ] ( pr— ) =0 Vo> d.(p), (1.4)
with
6.5) = (Emg P)M/P it p e (1,2), 0.9
. max{(Eméfp)l/p,(Em&pm)l/?’} ifp>2 ’

For the MBPRE’s case, the only result about the annealed L? convergence is a
claim by Cohn [8] which concerns the L? convergence. Assume that the supercritical
condition v > 0 holds, that each entry of Mj is bounded a.s. from below and
above by two positive constants, and that all the conditional second moments of
the offspring distributions given the environment are bounded a.s. by a constant.
Assume also the integrability condition E|log Z?Zl(l —P(||Z]| = 0))| < oo. Under
these conditions Cohn [8] claimed that for each j =1,--- ,d,

Z,(5)

S W' inL? 1.6
EeZi()) (16)

under the annealed law P, where W? is a non degenerate random variable satis-
fying EW?® = 1. However, the claim of Cohn [8] is false. To see this, it suffices to
notice that when d = 1, (1.6) holds if and only if E(Z- ) < 400 and Emg!' < 1
by the criterion (1.3) of Guivarc’h and Liu [14, Theorem 1. 3]. A quantitative con-
dition (which ensures Emg' < 1 for d = 1) is missing in the claim of Cohn [8].
This shows that the annealed LP convergence is rather delicate even for p = 2.
We mention that Jones [18], Biggins, Cohn and Nerman [5] have studied respec-
tively the L? and LP convergence of multi-type branching processes in varying
environment. Their results give sufficient conditions for quenched LP convergence
for multi-type branching processes in random environments. In this paper, we deal
with the annealed L? convergence, which is in general more delicate because there
is an additional integral operation. Since we will always dear with the annealed L?
convergence, for simplicity we will just say LP convergence in the following.

More precisely, we will find a necessary and sufficient condition for the LP con-
vergence which extends the criterion (1.3) to the multi-type case, and establish the
exponential convergence rate. Let p > 1 be such that EM;(i, )P < +oo for all
1 <i4,7 < d, and define

. _m1
A(l—p)= lim (E[Mona]'~")"".
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It will be shown that the limit exists and is finite. Under the Furstenberg-Kesten

condition H1, we will prove that #%J) — W'in L? for any 1 < i,j < d if and

only if

max E Zi6) <+o0o and k(1-p) <Ll (1.7)
1<4,5<d My (i, j)

(cf. Theorem 2.1); moreover, if (1.7) holds, then there exists § € (0,1) such that
lim 5”<E L)y

p\ 1/p
- -0 1.8
LN Momes (5,7) > (18)

(cf. Theorem 2.2). For a single type branching process in random environment, we
have £(1—p) = Emg ", so (1.7) coincides with (1.3), and (1.8) corresponds to (1.4)
but with less information on the exact exponential rate.

The proof of (1.7) and (1.8) is based on the corresponding results for the as-
sociated fundamental martingale (W) introduced in [11]. Let us recall briefly its
construction. For any n, k > 0, let pj, n41 be the spectral radius of M, ,, 1. Applying
the famous Perron-Frobenius theorem (see e.g. [3]), pnntk is a positive eigenvalue
of My ntk, for which there exist positive right and left eigenvectors U, n41 and
Van+k with the normalizations |Uy, ntil| = 1 and (Vi ik, Unontk) = 1, where ||z]]
denotes the L! norm of the vector z, and (z,y) the scalar product of the vectors
x,y. Then, under certain conditions, by the results of Hennion [15, Lemma 3.3 and
Theorem 1] the limit

Un,oo == lim Upptk (1.9)
k—o0
exists a.s., with U, oo > 0 a.s. and ||Up | = 1; moreover, there exist random

scalars A, > 0 a.s. called the pseudo-spectral radii of the random matrices (M,,),
which satisfy a.s. the relation

MoUntoe = AUn oo (1.10)
The relation (1.10) can be iterated to obtain
Mn,n+kUn+k:+1,oo - )\n,nJrkUn,ooa (111)

where Ay, pyr = H:IS A for n,k > 0. Then, the non-negative martingale (W}) is
defined as follows [11] :

Wy =1, W’;LL = - — )

0 A0,n—1U00,00 (%)

Assume for simplicity that the Furstenberg-Kesten condition H1 is satisfied.
Assume also that p > 1 is such that EMq(i,7)! 7P < +o0 for all 1 <4,j < d. Then

we show that WfL converges in LP to the random variable Wt for any 1 <i<dif
and only if (1.7) holds (cf. Theorem 2.3); moreover, if (1.7) is satisfied, then

n>1. (1.12)

lim 6 (B|W — WiP) P =0 V6> 5.(p), (1.13)

n—-+o00
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with
k(1 —p)l/r if p € (1,2),
5.(p) — (I-p) 1 1 itp (1,2) (1.14)
max{,«;(l—p) P k(—p/2) /p} ifp>2

(cf. Theorem 2.4). In the case of the single type branching process, the martingale
(W) coincides with the normalized population size (Z,,/mg.,—1), so the relations
(1.13) and (1.14) coincide exactly with (1.4) and (1.5). It is known that when d = 1,
the critical value d.(p) is the best possible for (1.13) to hold (see Huang and Liu
[17)).

For the proof, we develop the approach in [17] where the case d = 1 was consid-
ered. In addition to the complexity related to the products of random matrices, the
main difficulty for the multi-dimensional case resides in the fact that W depends
on the whole environment sequence & = (&, &1, - - - ), not just on the environment se-
quence until the present (&g, - -+ ,&,—1), contrary to the one-dimensional case. Let us
give a short description of the approach. For p € (1, 2], we first control the quenched
LP norm of the martingale difference W 11 W, using the branching property and
the Marcinkiewicz-Zygmund inequality on the LP norm of sums of independent ran-
dom variables. This permits us to obtain a bound of E¢|W,; — W}|P in terms of
(M0.n—-1U0.00(1))17P. To overcome the difficulty related to the dependence on the
whole environment sequence, we condition on the future T"¢ = (&,,&nq1,- ) to
obtain Erng(Ao,n—1U0,00(7))* 7P < Ck(1 — p)™, which gives the correct convergence
rate in LP for the martingale (W). For p > 2, we use an argument by induction.
To get the convergence rate of the normalized population size Z7 (5)/Mo n—1(3, j),
we prove that the difference Z¢ (j)/Mo n—1(i,j) — Wi goes to 0 in LP exponentially
fast, using the exponential convergence of the products of stochastic matrices due
to Seneta [28]. For the necessity, we first establish some spectral properties of the
important transfer operator Py for s < 0 (see Section 3).

The main results will be presented in Section 2. In Section 3 we establish the
spectral properties of the transfer operator Ps that we will need. In Section 4 we
prove the criterion for the convergence in LP of the martingales (W), as well as
their exponential convergence rate. Similar results for the normalized population
size Z(j)/Mon-1(i,j) are proved in Section 5.

2. Notation and main results

Let N = {0,1,...} be the set of non-negative integers. The indicator of an event
A is denoted by 1 4. The symbol L denotes the convergence in probability with
respect to the annealed law P. For an integer d > 1, let R? be the d-dimensional
space of vectors with real coordinates, equipped with the scalar product and the
L'-norm respectively defined by

d
(@,y) =) x(i)y(i) and ||| = Z (@), x,y € R

i=1
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Let e; be the d-dimensional vector with 1 in the i-th place and 0 elsewhere. Define
also My(R) the set of d x d matrices with entries in R, and the operator norm on
My (R):

M| == sup [[Mz], M e Ma(R).

llzll=1
For a matrix or a vector X, we write X > 0 to mean that each entry of X is strictly
positive.

Let us define precisely the multi-type branching process in random environment
(MBPRE). Let £ = (&,)n>0 be the random environment, which is an independent
and identically distributed (i.i.d.) sequence with values in an abstract space X. To
each realization of £,,, we associate d probability generating functions : for 1 < r < d,

o0

)= > Ph g (Ga)st sk s = (51,0 sa) € [0, 1),
k1, ,kq=0

A MBPRE (Z,,) in the random environment & is a process with values in N such

that for all n > 0,

Zn (1)

1= Z Nlin’ (21)
r=1 [|=

=

where Z, € N? is fixed, Z,(j) represents the number of particles of type j of
some population in generation n, and Ny, (j) is the offspring of type j at time
n + 1 of the [-th particle of type r in generation n. The random vectors N/, =
(N, (1), -+, N[,,(d)), indexed by [ > 1, n > 0, r € {1,---,d}, are conditionally
independent and have the same probability generating function f;, given the envi-
ronment &. Set f, := (fL,---, f¢). When the process starts with one initial particle
of type 4, that is, when Z = ¢;, we write Z¢ instead of Z,.

Denote by P¢ the underline probability when the environment ¢ is given; it
is called quenched law. Let 7 be the law of the environment £. Then, the total
probability P, called annealed law, is defined by P(dx,df) = P¢(dx)7(d§). The
expectation with respect to P and IP are denoted respectively by E¢ and E. By our
notation the quenched probability generating function of Ny, is

d
N/ (5
) =B (TT™)s o= Goreenss € DAL
=1

We introduce the random mean matrices M,, € My(R) whose entries are defined
by

. oft _ .
Mn(la.]) = a:):n (1) = Ef [Zn+1(.7)|Zn = ei]v 1< 1, < d7 nz Oa
J
where %’:’}(1) is the left derivative at 1 = (1,---,1) € R? of the d-dimensional

probability generating function f; with respect to s;. For each 1 < 4,5 < d, M, (4, j)
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represents the conditioned mean of the number of children of type j produced by a
particle of type ¢ at time n. The sequence of random matrices (M,,) is i.i.d. (because
the sequence (&) is i.i.d.). We define the products of these matrices by

Mk,nZZMk"'Mna O<k<n
Notice that we have

For n,k > 0, denote by py ntr the spectral radius of M,, 4. By the Perron-
Frobenius theorem (see e.g. [3]), pn.n+k is an eigenvalue of M, 4. Let Uy ik
and V,, .4+ be respectively the positive right and left eigenvectors associated to the
eigenvalue py, p+x, with the normalizations || Uy, nik|| = 1 and (Vi ntk; Unont) = 1.

Let GY be the subset of the matrices of Mg(R) with strictly positive entries.
According to the results of Hennion [15, Lemma 3.3 and Theorem 1], if M, is al-
lowable in the sense that every row and column contains a strictly positive element,
and if the positivity condition

]P)(ngo {Mo,, € gi}) >0 (2.3)

holds, then the random vectors U, o, and the random scalars A, are well defined
by (1.9) and (1.10), and satisfy (1.11). Note that the sequences (U, ) and (Ay,)
are stationary ergodic. It is proved in [11, Theorem 1] that the sequence (W} ),>0
defined by (1.12) is a non-negative martingale under P¢ and PP, with respect to the
filtration

Fo=0(), Fa=0(&N30),0<k<n—1,1<r,j<dl>1) forn>1.
Thus P-a.s. for all 1 < < d, the limit

W= lim W} (2.4)

n—-+oo

exists and EgWi < 1 by Fatou’s lemma.
Now we introduce a classification of MBPRE’s. Under the following moment
condition

Elog™ || M| < +o0, (2.5)

by an argument of sub-additivity, the limite

. 1 o1
vi= lim ~Elog|| Mo, 1| = inf - Elog || Mo, 1]l

n—+ocon
exists; it is called Lyapunov exponent of the sequence (M, )n>0. Moreover, Fursten-

berg and Kesten established in [9] a strong law of large numbers for log || Mo ,—1]:

1
lim —log||Mon-1|| =7 P-as.

n—+oon
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We say that a MBPRE is supercritical if v > 0, critical if v = 0, and subcritical if
~ < 0. In this paper, the process (Z,,) will always be supercritical, i.e. v > 0, under
the conditions that we will assume.

The non-degeneracy of the limit variables W has been studied in [11]. In par-
ticular, when v > 0, it has been proved in [11, Theorem 2.6] that the X log X
condition

Zi() 4+ _Zi) -
E <M0(i,j) log Mo(i,j)) <400 V1I<i,j<d (2.6)
is sufficient for the non-degeneracy of each W* in the sense that P(W*® > 0) > 0,
and that this condition is also necessary under the additional condition H1 that
we will introduce below. Moreover, when W* are non-degenerate, then

P(Wi>0)>0 and EW'=1 as, and W!— W'in L. (2.7)

In this paper, for a given p > 1, we study the convergence in L? of the funda-
mental martingale (W ),,>¢ and the normalized population size Z? (j)/E¢ Z¢ (5), for
alli,j=1,---,d.

We first consider the martingale (W}?),>0, 1 < i < d. To formulate our results,
we need to introduce some notation and condition. Set

I={s<0: EMy(i,j)° <400 Vi,j=1,---,d}.

Obviously, by Holder’s inequality, I is an interval, and if there exists s € I with
s < 0, then My > 0 P-a.s., so that condition (2.3) is satisfied. It will be seen in
Proposition 3.1 that for s € I the limit

. s\1/n
A(s):= lim_(E||Moni]|%) / (2.8)

exists, with x(s) < +oo. Notice that & is a log-convex function on I. We will need
the following condition of Furstenberg and Kesten [9]:

H1. There exists a constant D > 1 such that

MG

 max 0(7, ) _
. M . . N

 Jin 0(4,7)

1<

Note that condition H1 implies condition (2.3).
Our first theorem gives sufficient and necessary conditions for the LP convergence
of the martingales (W}!), 1 < i < d.

Theorem 2.1. Letp > 1 be such that 1 —p € 1. If
Zi(j)

E( 21\

1205 (Mo@,j)

then WfL —+> Wi in LP for any 1 < i < d. The converse is also valid when the
n——+00

P
) <400 and k(l1—p)<lI, (2.9)

Furstenberg-Kesten condition H1 holds.
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It is clear that condition (2.9) implies (2.6). Moreover, (2.9) also implies the su-
percritical condition v > 0 when condition (2.5) holds, since by Jensen’s inequality
we have log k(1 — p) > (1 —p)y.

Our second theorem shows that the LP convergence of W} has an exponential
rate.

Theorem 2.2. Let p > 1 be such that 1 —p € I. Assume (2.9).
1. If 1 < p < 2, then denoting 6.(p) = x(1 — p)*/? we have

lim sup d(p) " (E[WE — W|P)"? < +oc. (2.10)

n—-+oo

2. If p> 2, then 0.(p) := max{/f(l —p)l/p,/@(—p/2)1/p} <1, and

lim 6 (E|W — WiP) P =0 V5> 5.(p). (2.11)

n—-+oo

In the proof we shall see that in Part 1 the moment condition E(%)p < 400
for all 1 < 4,5 < d can be relaxed to E(W7)? < +oo for all 1 <i < d.

Note that for p > 2, by applying Holder’s inequality to E||M07n_1\|*p/ 2 and
then letting n — +oo0, it is easy to see that x(—p/2)%/? < k(1 — p)"/®=1, Thus
k(1 —p) < 1 implies k(—p/2) < 1, so that d.(p) < 1.

Now we investigate the convergence in LP of the normalized population size

Z,0)  — __ZuU)__ Recall that under condition (2.5), H1 and the supercriticality
EeZi(5) = Mo,n—1(3,5)
condition v > 0, by the Kesten-Stigum type theorem for a supercritical MBPRE

[11, Theorem 2.11], for all 1 < 4,5 < d,

Zi(4) P ;
n) Py 2.12
Mo,—1(i,j) n—+oo (2.12)

and the convergence holds a.s. if additionally E(Z(j) /Mg (i, j))P < +o0o and E|| Mg |* =P <
+oo for some p > 1 and all 1 < 4,5 < d (see [11, Theorem 2.13]). By [11, The-
orem 2.11] and Sheffé’s theorem, under the supercritical condition v > 0 and the

Furstengerg-Kesten condition H1 B 716) NN Wtin L' if and only if (2.6) holds.

? Mo,n—1(%,5)
From Theorem 2.1 and under condition H1, we obtain a criterion for the conver-
: D Z,,(5)
gence in LP of Mo w i (07)

Theorem 2.3. Assume condition H1. Let p > 1 be such that 1 —p € I. Then
ﬁ — W% in LP for any 1 < i,j < d if and only if (2.9) holds.

i,7) n——+o0o

Finally, from Theorem 2.2, we deduce an exponential rate of the convergence in

Z:L( ‘)
L? of 7Mo,n,f(i,j)'

Theorem 2.4. Assume condition H1. Let p > 1 be such that 1 —p € I and that
(2.9) holds. Then there exists 6 € (0,1) such that

p\ 1/p

) =0. (2.13)

. - Z,(j) :
lim 6 "|El——— —W"
n—r+00 ( MO,nfl(lvj)
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3. Spectral properties of the transfer operator P,

We start this section by giving some notation. Denote by S = {z € R? : » >
0,[z]| = 1}. For z € S and M € G{ (the set of matrices with strictly positive
entries), define the projective action of M on S by M - x := H%—zu Let C(S) be the
space of continuous functions on S with real values. For any ¢ € C(S), set

l[¢lloc = sup [[pz||.
zeS

For s € I, define the transfer operator Py as follows : for all p € C(S),

Pyp(a) = E[||Moz||*o(Mo - z)], z€S. (3.1)
Define also the conjugate operator P¥, such that for s € I and ¢ € C(S),

Pio(z) =E[|Mg z*o(My -2)], z€S. (3-2)

In this section, we investigate the spectral properties of the transfer operator
P, and its conjugate P; for s < 0. These results extend some properties known
in the case s > 0 (see [25, 6]) to the case s < 0. We also give some properties of
k(s). The main result is given by the following proposition. We use the notation
w(y) = [+du to denote the integral of ¢ with respect the measure p.

Proposition 3.1. Assume that s € I. Then k(s) < 400, the spectral radius of
Py is equal to k(s), and there exists a probability measure vs on S and a strictly
positive function ry € C(S) such that

vsPs = k(s)vs and Psrg = K(s)rs,

where vsPs denotes the measure on S such that (vsPs) () = vs(Pstp) for all ¢ €
C(S). Moreover, k(s) is also the spectral radius of P}, and there exists a probability
measure v on S and a strictly positive function r’ € C(S) such that

ViPr = k(s)vy and Plri=k(s)rs.

To prove the above proposition, we will use the following Lemma about the
properties of k(s), s < 0.

Lemma 3.2. Assume that s € I. Then

. s\1/n sy) 1/n
k(s) = lim (E||M0’n,1|| ) / :sgpl) (]E||M07n71” )) m < +00,

n—-+oo
and there exists Cs > 0 such that for all x,y € S andn > 1,
E|[Mopn-1l® < E[|Mop-1]* < E(Mon—12,y)* < CsE| Mo 1.

Proof. Notice that the sequence (E||M07n_1 HS) is super-multiplicative for s € I,

n>1
so the limit £(s) = limy, 00 (E||M0)n_1||3)1/n exists, and

1/n

H(S) = Slili (]E”MOJL—IHS)) S R+ U {+OO}
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Clearly, for all z,y € § and n > 1, we have the inequalities

El|Mopn-1[I* < E[[Mon—12|* < E(Mon-12,y)° < E(lgﬁféd Mo,n-1(i,5)°). (3.3)

Moreover, since the sequence of matrices (M,,) is i.i.d, for all n,k > 1 we have

E max M, r—1(1
1<ij<a ont (i,7)°

o s s
< Elg)ljiﬂd (Mo,n-1(i,0)* My ii—1(1,5)%)

< _ )5,
< Elg%)éd Mo p—1(i,1)° Elg}géd Mo k-1(1,7)

Hence (E maX Mo, -1(4,5)* )

X > 18 sub-multiplicative, so that

: 1/n _ 1/n
i, (B e, Mona(69)7) 70 = I (B, e, Mo (657

Combining this with (3.3), and letting n — +o00, we obtain

: 1/n
< .
W) < L O g, Mona (600 <, e, Molin )" < oo

Furthermore by simple calculations, for all n > 3 it holds that

E max Mon-1(i,5)°

1<i,5<d
= Elgi’éd( > Mo<z,z1)M1,nz(zl,lz)Mnl(lm)
1<l,l2<d

< E( min My (i, 1) m1n<dMn 1(l2,7) Z M2 11752)>

1<, <d 1<l2,5< 1< Te<d
152X

< (]EIQ%X Mo (i, §))” E|| Mo n—s|*-

It follows that for all n > 3,
E max Mon-1(7,7)°

1<,5<d
2 B[ Mo.n—s ||| Mn—2|| Mn—1])*
(E[|Mo][#)?

< (Elga}gdﬂ/fo( 7)°)

(E maxi<ij<d Mo(i,7)°
h E| Mo

2
) ElMonl
This, together with (3.3), proves the inequalities of Lemma 3.2 for n > 3 with

c._ (Emaxlgi,jgd Mo(i,j)s>2
’ E||Moll* ’

which is finite since s € I. It is clear that the inequalities remain valid for 1 < n < 2
by modifying slightly the value of Cy (choosing it large enough). This concludes the
proof of Lemma 3.2. O
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Proof of Proposition 3.1. We shall use an argument similar to that in the proof of
[6, Proposition 4.4] where the case s > 0 is considered. Let M!(S) be the set of all
probability measures on S, and M} (R) the set of all finite signed measures on R
equipped with the total variation norm. Since M!(S) is a compact convex subset
of the Banach space M} (R), by the Schauder-Tychonoff theorem applied to the
continuous map v — vP;/vP; (S), there exists an invariant probability measure
vy € MY(S) of this map. Consequently, v, is an eigenmeasure of Pi:

vs Py = [vsPs (S)] Vs. (3.4)

In the same way there exists an probability eigenmeasure v} of the operator P,
associated to the eigenvalue k(s) = v; P; (S):

VP! = k(s) V] (3.5)

Set

1

rs(x) == o) LE(MOx,y>SV:(dy), z€S.

Since s € I, it is clear that for all z € S,

1 1
——FE min My(i,5)° < rs(z) < max  My(i,5)° < +o0,

0< —FE
k(s) 1<ij<d k(s) 1<ij<d

and that rs € C(S). Moreover, for all x € S we have

B
R)
1 s S1, %
~ 7 [ b1 )1 )
1 S * £
- @ /S <.’L‘,y> (VSPS)(dy)

- / (2, 9)° V2 (dy). (3.6)
S

/ E(z, MTy)*v! (dy)
S

rs(x) =

Using Fubini’s theorem, it follows from the definition of rs and (3.6) that for all
r €S,

ro(z) = %E[HMMHS /S (My - 2, )° 2 (dy)]

1 S
@E[HMWH rs(Mo - )]
1

= P,ry(x). (3.7)

So we have proved that Psrs = k(s)rs. Now we show that
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where p(Ps) is the spectral radius of Ps.

First we have k(s) < p(Ps), since k(s) is a positive eigenvalue of P.

Next, we prove that p(Ps) < k(s). By iteration of the operator Ps (using the
fact that My ,,—1 has the same law as M,,_; --- My) and Lemma 3.2, it holds that
for all p € C(S) and x € S,

Plo(z) = E[|Mon—12°0(Mon-1 - )] < CsllpllcoBl| Mo n1]l°-
This implies that
p(P) = lim sup{||PXlllL" : ol = 1} < lim (B[ Moa]*)"" = #(s).
s n—00 s b ° = n——+oo n

We then prove that x(s) < k(s). Iterating the relation v P¥ = k(s)v¥, we obtain
viPI" = k(s)"v¥, so that

k(s)" = viP{"(S) = /SEIIM(fnflyIISV;‘(dy) > E|| Mg, 4"

This implies k(s) < k(s), since
. s\1/n . s\1/n
Ko = Tim (B Mon )" =t (BIME, )"
So we have proved the equalities k(s) = p(Ps) = x(s). This together with (3.5) and
(3.7) implies

viP; = k(s)v

¥ and  Psrs = K(8)rs.

Changing the roles of P; and P, by the same arguments we can prove that

vsPs = k(s)vs, and  PJri = k(s)r:

for some strictly positive function r¥ € C(S), and that x(s) is also the spectral
radius of P}. This concludes the proof of Proposition 3.1. O

4. Convergence in LP of the martingale W}

In this section, we prove Theorems 2.1 and 2.2 giving sufficient and necessary
conditions for the LP convergence of W/, 1 < i < d, with an exponential speed.
First we formulate the following result.

Theorem 4.1. Let p > 1 be such that 1 —p € I. Consider the assertions:

Wi — W' in LP Vi=1,---,d (4.1)
n—-+4oo
E(W{)P <400 Vi=1,---,d and x(1—p)<Ll. (4.2)
E<m>p<+m Vi,j=1,---,d and k(1-—p)<1 (4.3)
Mo (4, j) ’ o

If 1 < p < 2, then we have the implications: (4.3) = (4.1) <> (4.2). If p > 2, then
we have: (4.3) = (4.1) = (4.2). When the Furstenberg-Kesten condition H1 holds,
then for each p > 1, (4.3) > (4.1) > (4.2).
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It is clear that the assertions of Theorem 2.1 follow from Theorem 4.1. Theorem
4.1 is slightly stronger in the sense that for 1 < p < 2, it gives a sufficient and
necessary condition without assuming the Furstenberg-Kesten condition H1.

The following Lemma will be useful to investigate the convergence in LP, and
it is a direct consequence of the Marcinkiewicz-Zygmund inequality in [7, Theorem
1.5], as stated in [27, Lemma 1.4].

Lemma 4.2. Let (Xj;)r>1 be a sequence of i.i.d. random centered variables. Then
foralln>1andp>1:

v _[BYEX 1<p<,
(B,)PE|Xy[Pn2,  ifp>2,
where By, = 2min{k1/2 keN k> %}

In a last article, we proved the following result [11, Lemma 7.1]. It gives some
properties on the products of random matrices M,, 4, under the Furstenberg-
Kesten condition H1.

Lemma 4.3. Assume condition H1. Then:

1. for alln,k >0 and 1 < i,j5,r < d, P-a.s.,

i<M<D and i<M<D; (4.4)
D = My psi(isr) D " Mpnik(r,j)
2. foralln,k >0 and1<1i,j <d, P-a.s.,
1 < Mo ik (3, J) Un k41,00 () <1 (4.5)

dD? = AnntkUn, oo (1)

Proof of Theorems 4.1 and 2.2. By iterating (2.1), it is easy to see that the process
(Zy)n>o satisfies the relation

Zn(

M.

Z] e m=0k>1, (4.6)

d
n+k Z

HM

where Zl'n () denotes the number of the offspring of type r at time n+£ of the [-th
particle of type J in the generatlon n; conditional on the environment &, the random
vectors Z} . = (Z] (1), Zl]n x(d)) indexed by | € N* and j € {1,---,d}
(for fixed n ’and k) are 1ndependent each has the probability generating function
fiofat10-++0 fryr—1. Combining (4.6), (1.12) and (1.11), we have, for all n,k > 0
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and 1 <7 <d,
d U (r) d ZL3)
Wi, — W= UARLELS Z () — W
Tk TZ:I A0,m+k—1U0,00 (1) j; = bk
Zi (5 j
_ zd: Un, o (7) Gy zd: U""‘kvoo(r)Zl],n,k(r) _wi
j=1 )\O n— 1U() oo( ) =1 r—1 >\n,n+k71Un,oo(j) "
d . Z}(5)
Un oo(j) . j
= — w? o —1), 4.7
;Ao,n—lUO,oo(Z) g ( l,n,k ) ( )
where

<le,n,k’ Un+k,oo>
)\n,nJrkflUn,oo(j) .

J o
Ink "=

Let T be the shift operator of the environment sequence:

T€:(£17£2a"') if 62(507617“')7

and let T™ be its n-fold iteration. It is clear that, given the environment &, the
random variables VVl]nk, [ > 1, are i.i.d.; they are independent of &g,...,&,_1 and
Z!, and have the same distribution as WTJL x> Where (Wg,k)’po is the martingale
associated to a MBPRE starting with one individual of type j,/in the shift random
environment T7¢.

We divide the proof into 5 steps.

Step 1. We first prove that for 1 < p < 2, we have the implications (4.2) = (4.1)
of Theorem 4.1, and (4.2) = (2.10) of Theorem 2.2. We assume that 1 < p < 2 and
(4.2). Applying (4.7), the convexity of the function x — zP (together with the fact
that Z 1Unoo(j) =1), Lemma 4.2 and (1.11), for alln > 0, k > 1 and 1 <14 < d,
P-a.s., we have (for 1 < p<2),

Z,0) P
Z (lefn,k - 1) ‘)

=1
n (9) P
lnk ‘)

d
Unoo(
< k)
Z()\On—lUOoo (
d )
< By gz e, - 1)

i i o (7)
]Ef‘Wn—i-k - Wn|p <Z >\O lUO ( )

j=1 ’ ’
(Ao.n—1U0,00(2))P

MOn 11.7 (])
Bp n,
k(P Z (Aon— lUOoo())
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with

0nk(p) = max Ee[W, —1]". (4.9)

Using again (1.11) and Lemma 3.2 together with the fact that My ,,—; is independent
of T"E¢, we get that forall se I, n>1and 1 <i<d, P-as.

{ET"&/\S,n—l = Erng||[Mon-1Un,|I* < Csk(s)™; (4.10)

Erne(Ao,n—1U0,00(%))° = Epne(Mo n—1Un 00, €;)° < Csk(s)™.
Taking expectation in (4.8), by (4.10) we get that foralln > 0,k > land 1 < i < d,

E[W, = WolP < BYE[07 1 (p)Erne (Ao.n-1U0,00 (1)) 7]
< BYC1-pEoo i (p)k(1 —p)™. (4.11)
From condition (4.2) we have Eog1(p) < 400 and k(1 — p) < 1. So by the tri-

angular inequality of LP, it follows from (4.11) that for all 1 < ¢ < d, with
C = By[C1Ea0.1(p)]"/?,

sup (E(W;)P) 1/p <1+ CZ p)"'P < +o0. (4.12)
n=0
Therefore for all 1 < i < d, (W}) is a martingale bounded in LP, so that it converges

in LP. This proves the 1mphcat10n (4.2) = (4.1) of Theorem 4.1. Furthermore (4.12)
implies that sup.- Eoo 1 (p) < +00. So, by letting & — +oo in (4.11) we get (2.10)
of Theorem 2.2.
Step 2. We next prove the implication (4.3) = (4.2) of Theorem 4.1 for any
p > 1, which, in particular, will conclude the proof of Theorem 4.1 for 1 < p < 2.
y (1.10) we have 0 < Mo®IIb=0) < 1 a5 for all 1 < i,j < d. So by the
triangular inequality of LP, it follows that for p>land 1<i<d,

e (3 )

- (e(S MBSO Y)Y

j=1

< Z (E(A42<(ji>>)/ —

Jj=1

Therefore the implication (4.3) = (4.2) of Theorem 4.1 holds.

Step 3. We now prove that for p > 2, we have the implications (4.3) = (4.1) of
Theorem 4.1, and (4.3) = (2.11) of Theorem 2.2. Assume p > 2 and (4.3). In the
following C' > 0 will be a constant which may depend on p and Wthh may differ

from line to line. Applying (4.7), the inequality (Z Lx)P < dPH Z 7,2 =0
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for any 1 < j < d, and Lemma 4.2, for alln > 0, £k > 1 and 1 < i < d, P-a.s. we
have

E¢|Wpip — Wil?

d . p
< dPBp <> Ee(ZL (7)) *Ee|[W3 ), — 1]
p; A0,n—1U0,00 (1) ¢(Za(5) ¢l |
d /2
Un,0o ()25 (5)\"
< n, noc p/2E —_—— A n— p/2
OU k ; )) <>\On 1UOOQ(Z) ( 0, IUO ())
d
< ConiP) (D2 Unoo () Ee (W) 2 (ono1Uo oo (i) 77
j=1
< Conp(P)Ee(W)P? (Mon—1U0,00(1) 7/, (4.16)

with o, 1 (p) defined as in (4.9) (for p > 2). Set j, € N the unique integer such that
1< <2 Foralln>0,1<i<dand1<j< jp, define

29p

@’ i(p) = (Nowm—1Uo,00 (1))P/% 7P B (Wi)P/? . (4.17)

n,j

Taking expectation in (4.16), we obtain that for alln >0, k > 1 and 1 < i < d,
E|W,. ), — Wal? < CE [0k (p)Erncay, 1 (p)]- (4.18)

To prove (4.1) of Theorem 4.1, and (2.11) of Theorem 2.2, it is enough to show that
there exists a constant C; > 0 (which may depend on p) such that for all n > 0,
1<i<d,1<j<jpandd > d.(p),

5 (Bmeal, ;(p)/? < C1 P-as. (4.19)

In fact, combining (4.18) and (4.19) for j = 1, it follows that for all 1 < < d and
5 > 6C(p)a

sup (E(WE)P)? <14 C(Eoo(p)"" Z 5" (4.20)
n=0

Condition (4.3) implies that Eog 1(p) < 400 and 0.(p) < 1. Therefore, applying
(4.20) with 6 € (8.(p), 1), we deduce that (W) is a martingale bounded in LP, for all
1 <i < d. Hence, (W), 1 <i < d, converge in LP, and we have supy>o Eoox(p) <
+00. This proves the implication (4.3) = (4.1). Moreover, combining again (4.18)
and (4.19), and letting k& — 400, we obtain that for all » > 0, 1 < i < d and
5 € (0.(p),1),

(EW' —wip)'* < com,

which implies (2.11) and ends the proof of Theorem 2.2 in the case p > 2.
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It remains to prove (4.19). We will prove it by iteration on j. First consider
the case j = j,. By definition of j, we have 1 < p/27» < 2. So, by the triangular

inequality in LP/2” under P¢ and (4.8), it follows that forall 1 <i<dandn >0
, P-a.s.,

aj,; (P)27p/p < (Non—1U0,00 (1)) 2

n,Jp

n—1 )
+ (Mo 100,00 (8)) 172 Z E5|Wli+1_Wli|p/2]p)2p/p
1=0

()\On 1UOoc( ))1 2

n—1

+02ﬂ%4ﬁﬂwmwzwmxwwpwﬁf? (4.21)
=0

Taking the LP/ 27 _norm under Prn¢ on both sides, and using the triangular inequal-

ity in L?/ 2% and inequalities (4.10), we obtain that for all 1 <i < dandn > 0,
P-a.s.,

(Epneal, ; (p)" /"

< (Erne(Xo,n—1U0,0 (i))P/2” ) w

3 SN Co g
=0

<on(h ) T oS (s (5 )}

(4.22)

Notice that if 1 < j < jp, then we have 1 —p < 37 —p < —5. Since & is log-convexe
on I, we obtain that

12;_&5;}){/1(2% —p)} max{ (1 7})),/1( - g)} = d.(p)P. (4.23)

We now deal with the second term in (4.22), by calculating first the conditional

expectation Erit1e. By the triangular inequalities of LP/?’ under Pe and Pritag,
and inequalities (4.10), it holds that for all I > 0 and 1 < j < jp, P-a.s.,

{ET1+1§ (0171 (2; ))\p/QJ—p> }2J'/P

j i 2j/p
= {Brvoe (s, Bel Wi, - 1177 N77) )

< {ETz+1§ (11232{01 ]E5 (I/Vlfl)p/y /\f/z-f—p> }zj/p + (ETng)\f/z.y‘,p)gj/p
d . i 2j/ 2j/p
< S Bz )N Y v on(2-0)

r=1
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Therefore, using inequality (4.23), condition (4.3) and again the triangular inequal-
ities of LP/?" under Pe and Priyie, we see that for all [ > 0 and 1 < j < jp,

P-a.s.,
_\\?/p
(IETzHE(Uu(QJ))\p/QJ p))
27 /p
27 p/2’
< @I (B[ A PEe (MW7) }) +C
i1\ 27 /p
< Cféla? (ET1+15[/\ ]Eg()\lWlll{)\lWT gl})p/yD
/2] 2j/p
+011£1aX (ETL+1€|:>\ Ef(AlWlll{AlW’ >1}) }) +C
27 /p AP 27 /p
< Clrél?é{d (ETZ-H& [)\ Eng 1]) +Clr£7?§d (ETL+1§(VI/Z71) ) +C

We know that (V[/[k) k>0 18 the martingale associated to a MBPRE starting with

one individual of type 7, in the shift random environment T'¢. In particular we
have E¢W/'; = 1 a.s. Therefore, applying again (4.10), (4.23) and condition (4.3),
it follows that for all I > 0 and 1 < 7 < jp, P-a.s,,

(ETng(O'l 1 (2J))\p/2jip))2j/p

< Cmax (Epaeh ™)+ max  (Egioe (W7)) N e

1<r< 1<r<d

< Cr(1-p)? /”+Cma§ (Epine(W71)")? "+ ©

< O(1+ max (Erie(WH)) . (4.24)

<r<d

Then, by a similar calculation as in (4.13), for all 1 <r < d and I > 0, P-a.s., we
have

]Vr7 U, P\ 1/p
(ETZ+1€(WZ'T,‘1)P)1/I) = ETl+1€ 7< L l+1700>
>\lUl,oo(T)

(B (3 M) R Y

j=1

<% (o))

J

Ed: ( (Mo ;j)]))p>l/p < +o00. (4.25)

j=1
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Putting together (4.24) and (4.25), we get that for all I > 0 and 1 < j < j,, P-a.s,,
]ETL+1§ (0’[71 (23 ) )\p/ZJ —p) < C (426)

Therefore, for all n > 0 and 0 < I < n—1, P-a.s., (the value of the constant C' may
change from line to line),

p 29p — p 29p — 29p
ETn [Jl1<23 )Af,{t—l p] :ET”g {ETH%(O'[J(QJ ))\p/ p))‘ﬁ/—ln 117}
27p _
< CEmmeN 8
< Clw (2] —p)]" !
C(S( )n 1— l)p

where the last two inequalities hold by (4.10) and (4 23). Combining this with (4.22)
and (4.23), we obtain that for all 1 <i < dandn >0, P-as.,

(Erneay, ;. )" < Cou(p)2”
< C6, n271’ + CZ lpé (n— lfl)p)ij/P

<C(1+ 5c(p>*2“’n)5c(p>"2“.

So (4.19) holds for j = j,.

Now suppose that (4.19) holds for j + 1 < j, with j > 1. We will prove that it
still holds for j. By recurrence this will prove that (4.19) holds for all j = 1,--- , 4,.
Since j + 1 satisfies (4.19), for all n > 0, 1 <@ < d, and 6 > d.(p),

_n i 1
5" (Bmeal, ;41 (p) P <C P-as. (4.27)
By definition of j, we have p/2? > 2. Corresponding to (4.22), with the same

argument as in its proof but applying (4.16) instead of (4.8), we obtain that for all
1<i<dandn >0, P-as.,

. 2j
(Erueal ; ()"
< on(2 )"y
S “(zﬁ‘p) Tox
n—1

{ET”§|:O'Z,1( )]Eg(Wl>2J+l (Mo.—1U0.00 ())2J+1 p)\pfjl }}Qf/p

=0
) n—1 )
p ’I’L2‘7/p 27 _ i 2J/p
= CK/(Q? —p) +CZ (]ETTL§ |:O'l,1( ))\l{,b 1pEngal7]+1(p)}> .
=0

(4.28)
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This enables us to obtain the desired bound of Eznea?, ;(p) from that of Erneal, ;. (p).

In fact, combining this with the recurrence hypothesis (4.27), together with ( 3),
(4.26) and (4.10), we obtain that for all n > 0, 1 <4 < d, and § > d.(p),

(Epneal, ;)77 < Co.(p)" + O

= 127 p/2’—p] \p/2 —p 2/p
25 {ET"§ |:ETZ+1§ |:Ul,1(2 )>\ ])\H—l n— 1] }
=0

(n—1-0)27/p
»)

N

050(17 n2’ +CZ§I2’ (23 —
=0

(5 (p )n2j +n5(n—1)2j)

<C
<O(146 )6, (4.29)
So (4.19) also holds for j. Therefore, by recurrence, we have proved that (4.19)
holds for all j =1,---, jp.

Step 4. For any p > 1, we prove the implication (4.1) = (4.2) of Theorem 4.1.
Assume p > 1 and condition (4.1), that is, the martingale (W),,>¢ converges in
LP, for all 1 < i < d. In particular we have E(W{)P < 400, E(W')P < +o00, and
E(W?%) =1 for all 1 <i < d. It was observed in [11, Theorem 2.6] that E¢(W?) = 1
a.s. when W' are non-degenerate. In fact E¢(W*) = 1 a.s. whenever E(W?) = 1,
because E¢(W?) < 1 by Fatou’s lemma.

Notice that for all 1 < i < d, the limit variables W satisfy

d

Ul oo
Z AoUooo z::Wj (1,TE) P-as.,
where for all 1 < j < d, under the conditional law IP’g, (Wi (l7T§))l>1 is a se-

quence of i.i.d. random variables, also independent of Z7, with common distribution
Pe(WI(l,TE) € -) = Pre(W7 € +). So, by the strict sub-additivity of the function
x +— xP on RY, we get that for all 1 <4 <d,

d
Mol]Uloo J)P ;
ZP J\P ]p_
” >J51 )\OUO Tg(W) a.s.,

using the fact that E¢(W?) = 1 a.s. This, together with (1.10), implies that for all
1 <i<d, P-as.,

v p-1 Mo(3, )U1.00 ()
Ee(W)PUp oo (P > A} ; Wiwer

> AP r<nln (Ere(W7)PUL o ()P 1).

Ere(W7)PUL 00 (5)7
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Therefore we obtain

min (Ee(W)PUp oo (i)P™1) > Ao min (Epe(W)PU; o (i)P7!) P-as.  (4.30)

1<i<d 1<i<d

On the other hand, by (3.1) and (1.10), the transfer operator P;_, satisfies the
following property: for all ¢ € C(S), P-a.s.,

Pr_yp(Uro0) = Ere [[|MoUs oo ||'P0(Mo - Uroo)] = Ere [Ao " 0(Uo,o0)] - (4:31)
Using (4.31) with ¢ = r1_,, and combining this with Proposition 3.1, we get
Ere [N "r1-p(Uo,00)] = 6(1 = p)r1—p(Ur,00) P-ass. (4.32)

Moreover, by Proposition 3.1 we know that r;_, is a strictly positive continuous
function on S. This implies that

0 < E[ min (Be(W ) Uo (i) ™)y (Vo)

< Ir1-plloo min E(W)? < 400, (4.33)

Therefore, putting together (4.30), (4.32) and (4.33), we obtain

]E{ min (Eg(Wi)on,oo(i)p_l)rkp(UO,oo)}

1<i<d

V

E[Ere[A7r1-p(Uo.0o)] min (Ere(W)PU100 ()]

£(1 = P)E[ min (Bre(W)"Usoe(i)"~)r1-p(Us,o0)]

X

A1 = )| min (Ee (W'Y Voo (i)' ~)r1p (Vo)

1<ig

so £(1 — p) < 1. This ends the proof of (4.1) = (4.2).

Step 5. To conclude the proof, it remains to show that under the Furstenberg-
Kesten condition H1 we have (4.2) = (4.3) for all p > 1. By (4.5) in Lemma 4.3,
we know that, under H1, we have for alln > 0and 1 <i,5 <d

L Mopor (i, )Un,co ()
dD? = Xgn—1Upo(i)

<1 P-as.

Therefore we obtain that for all n > 0 and 1 < 4,j < d,

Z’;LL(-]) < dD2MO,n—1(iaj)Un,oo(j) Z’?L(-])
MO,nfl(ivj) )\O,nflUO,oo(i) MO,nfl(ivj)

= dD?n o) < dDPWE 4.34
>\O,7l—1U0,OO(7:) " ( )

The implication (4.2) = (4.3) follows from (4.34) with n = 1.
This ends the proof of Theorems 4.1 and 2.2. O
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Z} (4)

5. Convergence in LP of the normalized population size B 21 ()

In this section we give proof of Theorems 2.3 and 2.4 about the convergence in

LP of Z:L,Ej ) and its exponential convergence rate, under the Furstenberg-Kesten
ke, (5)

condition H1.

5.1. Auxiliary results

We need some preliminary results concerning the products of random matrices
M, n+x- The following proposition was established by Hennion in [15, Theorem 1],
which provides an analog of the Perron-Frobenius theorem for products of random
matrices.

Proposition 5.1. Assume that My > 0 P-a.s. Then for alln >0 and 1 <1i,j < d,
as k — 400, P-a.s.,

Mpnin(i,5)  ~  prntkUn ik (§)Vantn ()
k——+oo
For 1 < i < d, let (IT%),,>0 be the sequence of random matrices in My(R) such
that for all 1 < j,r < d,

MO,n—l(ia T)Mn(ra j)
MO,n(iuj) ’

Hz)(jv T) = 57:,7’7 H}n(.% T) = n 2 1.

By definition all the entries of the i-th column of IT} are equal to 1, the others are

0; each II!, is a stochastic matrix. For n,k > 0 let
H;-‘rk,n = H;-i-k T Hfz

be the products of the matrices II?,. Clearly each Hlﬁ +k,n 1S @ nON-Negative stochastic

random matrix. The following lemma concerns the convergence of the products

I, ., of random matrices and its exponential rate as k& — +oo, which will be

very useful for the study of the LP convergence of the normalized population size

Z,,(7)

BeZl (5)

Lemma 5.2. Assume the Furstenberg-Kesten condition H1. Then for all n > 0

and 1 < i < d, as k — +oo, the sequence (I}, k>0 converges P-a.s. to the

random matriz I such that:

00,n

1) Foralll <j,r<d
( Js ,

MO,nfl (Z7 T)Un,oo(r)
)\O,n—l UO,oo (Z)

(2) There exist C >0 and § € (0,1) such that for all k >0 and 1 < i < d,

Hioo,O(jvr) = Hé(j,?"% Hloo,n(jv T) = n>1.

sup HHiH_km — T, | < C6% P-as. (5.1)

n=0

all
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For the proof of Lemma 5.2, we will use the following result established by Seneta
[28, Theorem 4.19], which gives the convergence of products of stochastic matrices
with an exponential rate.

Lemma 5.3 ([28]). Assume that (Pp),,~ is a sequence of stochastic matrices such
that for some e € (0,1), alln >0 and all 1 < i,j < d,

Pn(Zv.]) > €

Then, for all n = 0 the product Pyyy n = Pnyp--- P, converges as k — +oo to
some matric Ps, ., and there exist two constants C > 0 and § € (0,1) depending
only on € such that

sup ||Pn+k n Poo,n” < 06k

nz=0

Proof of Lemma 5.2. (1) First we show by induction on k that foralln > 1,k >0
and 1 <4,7,r <d,

MO,n—l (i7 T)Mn,n-‘rk(rv .7)

. ' _ 2
ko (J7) Mo k(i 5) o

Obviously, by definition of II%, (5.2) holds for k = 0. Assume that (5.2) holds for
some k > 0. Then, for all n > 1 and 1 < 4,j,r < d we have

Hn+k+1 Wi Zﬂn+k+1 ) nJrk,n(l’T)

_ Z MO n+k i, l n+k+1(l j) MOn 1(1 T)Mn,n—‘rk(rvl)
Mo n+k+1(l J) MO,nJrk(ivl)

MOn 1(i,7)
Mnn k’l“l n+k l
T Monirs1(i,j) Z * +hr1 ()

_ MO,n—l (7’5 T)Mn7n+k+l (T7 .])
Mo, ntk+1(4,7)

So (5.2) holds for k + 1. Therefore by reduction (5.2) holds for all k£ > 0
Combining (5.2) with Proposition 5.1, we deduce that for all n > 1 and 1 <
i,7,r < d, P-a.s. as k — +o0,

i . MO,nfl(iaT)pn,n+kUn,n+k(T)Vn,n+k(j)
Hn—i—k,n(]?T) ~ U . V -
PO,n+k 07n+k(1) O,n+/c(.])
N pn,n+kvn,n+k(j) MO,n—l(iaT)Un,oo(T)
00.n+kVo,n+k(J) Up,00(%)

= (nl_[l Pit 1,4k Vi1, ntk (J )) Mon-1t5:1)0n.7) : (5.3)

Pl Pln+kVintk(J) Uo,00(1)
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By [11, Proposition 2.2] we know that for all [,n > 0and 1 < j < d,

n V n j
M= lim PoneVinekl)
k=400 P11k Vie1n+k(7)
This, together with (5.3), implies that for n > 1 and 1 < j,r < d, as k — +o0,

MO,n—l (Z, T)Un,oo (T)

mikn o) won(3:7) A0,n—1U0,00 (1) e
Hence, as k — oo, P-a.s., H};’O = H};JH% — IIE (11§ =TI ), where
d
Héo,O(jar):ZHéql(jv HO l r ZHool .7, :5i7T? 1<j,’l“<d.
=1

(2) By (4.4) in Lemma 4.3, we have, for alln > 1 and 1 <4, j,r < d,

Z Mo,n— 1 Z’l )M (1, 5) < dD? P-a.s.

Hl ju MOn 1 L, T Mn(ra.j)

or equivalently

o 1
Hn(.]7'l") 2 ﬁ P-a.s. (54)

Since (IT{),>0 is a sequence of positive stochastic matrices satisfying (5.4), by
Lemma 5.3, there exist two constants C' > 0 and ¢ € (0,1) such that for all £ > 0
and 1 <7 <d,

sup HH,H_k n fo nll < < C6F, P-as.

nz=0

This concludes the proof of Lemma 5.2. O
5.2. Proof of Theorems 2.3 and 2./

Foralln>0and 1 <14,5 <d, set

i _ 20 Z0)

First we show that (2.9) is a necessary condition for the convergence in L” of the

normalized population size Z,,(5), 1 < i,5 < d. Assume that (Z,,(j))n>0 converges
in LP for all 1 < 4,j < d. For n > 0 and 1 < i < d we have, by the definition of W}
and (1.11),

d o '
% Mon_l(%])Unoo(])—i ) —
= 2 B < .
" ; X0,n—1U0,00 (1) Zn(J) < max, 0
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This implies that the martingale (W}),>0, 1 < i < d, is bounded in LP, hence
convergences in LP. So by Theorem 2.1, condition (2.9) holds.

Now we prove that (2.9) is sufficient for the convergence in L? of Z, (), 1 < 4, <
d, and establish meanwhile Theorem 2.4 about its convergence rate. Assume (2.9).
By the definition of the branching process (Z%) (cf. (4.6)), we have the following
decomposition: for all 1 < 4,j < dand n,k > 1,

d Z (r)
—t . Mn n+k— 1 lnk )
Zn (i) =
+k(]) ; MO n+k— 1 -1 Mn n+k— 1(T ])
d

nn+k l(ra ) i
—Z r
Mo pyr—1(i,7) n(r)

r=1

( ’I" >
+Z Moy r—1( Z( lnk(]) )_1>. (5.5)

My ntk— 1 =1 nn+k l(r J

Combining (5.5) and (5.2), we get that for all 1 <4,j < dand n,k > 1

n+k ZHn+k 1,n Jv )Z ()

L) v
n+k 1nJ7 Zlnk()
Dk
+Z M()n 1ZT Z:( J)

— nn+k: 1(T
:< n+k—1,n n7ej>+R () (56)
with
LI ()
Z n+k— ln Z ( lnk _1>
Mo,n—1(i,7) = Mo ntr—1(r, J)

Notice that by the definition of W} and that of IT_ ,, (cf. Lemma 5.2 (1)),

Eijnj, () = (I, 70 e;) (5.7)

for any 1 < ¢,j < d. Using (5.6) and (5.7), together with the triangular inequality
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in LP under P, we obtain that for all 1 < 4,7 < d and n,k > 1,

(Z.) - W)

. — . . ) 1/p
(B im0 Zoses) = W+ B 1G]

i i i N N AN
(E|Wn -Ww'+ <(Hn+k—1,n - Hoo,n)va €j> + Rn,k(])| )

N

i ip\1 i i) P
(B = W) 4 (BN (T 0 — T n) 217
i -\ P 1/p
+max (B[R, ()I7)
= Ji(n) + Ji(n, k) + Ji(n, k). (5.8)

In the following C' > 0 will be a constant which may depend on p and which may
differ from line to line.

Control of Ji(n). By condition (2.9) and Theorem 2.2 we get that there exists
01 € (6c(p), 1) such that for alln > 1 and 1 < i < d,

Ji(n) = (EIW; - WP)? < osy. (5.9)

Control of Ji(n, k). Applying the relation (5.1) of Lemma 5.2, we get that there
exists d € (0,1) such that for all n,k > 1 and 1 <7 < d,

; ; P N 44 i 1o\ 1/D ok
T3, k) = (BT, oy — T )Z0 ) < CBIZ,IP) 785 (5.10)

Combining (4.34) and Theorem 2.1, and using condition (2.9), we obtain that, for
all 1 <i<d,

sup (EH?@H”)UZ} < d*D? sup (E(Wé)p)l/p < +o0. (5.11)
n>=0 n>0

This, together with (5.10), implies that for all n,k > 1 and 1 < i < d,
Ji(n, k) < C6%. (5.12)

Control of Ji(n,k) for 1 < p < 2. Assume that 1 < p < 2. Using the convexity
of the function = — aP (together with Zle I ;1 ,(j,7) = 1) and Lemma 4.2,
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forall n,k>1and 1 <14,j < d, P-a.s., we have

Z (r)

U r Z i (J) P
E R E n+k 1,n N A 1
< 5(; Mon—1(4,7) ; My nsk—1(r, J)
d Z(r) .
H'L n Z’r‘ ) P
<E nk—1,n( ( 1,k (J _ 1> )
5(; Mo p—1(i,7)P ; M, pyr—1(r, )
d .
1T, (J,7) k(7) b
< BP n+k—1,n E Zl E ‘ 1 n, -1
P Tz::l M077L—1(7“7 ’I") ¢ ¢ Mn n+k— 1(7' ,])
- 1 1 k P
= B} Hn n(.]a )MO 1 Z T PE ‘ i -1
; i " Mn n+k— 1 r j)
< Bgan,k(p)lmf“xd MO,n—l(i7r)l_pa
where
1 k? P
En,k p e —1
( ) ‘ Mn n+k— 1 T ])

So, by taking expectation and using the independence between @, 1 (p) and My ,,—1,
we get that for all n,k > 1 and 1 <7 < d,

d
J5(n, k)P < BPEG k(p) Y E[Mopn_1(i,r)' 7). (5.13)
r=1
By (5.11) we have
sup E&g 1 (p) < d* max sup E’Zk — 1|p < +o0. (5.14)
k>0 1<rj<d k>0

Therefore, putting together the relations (5.13) and (5.14) with Lemma 3.2, we get
that for n,k > 1 and 1 <14 < d,

d

Jg(n, k)P < Csup Eap 1 (p) ZE[(MO,n,leT,eZ-)l_p]
k=0 r=1
< Cr(1—p)"
< Cé.(p)"™? (5.15)

(recall that the value of C' may change from line to line by our convention).

Control of Ji(n,k) for p > 2. Assume that p 2. Similar to the preceding case,
by the convexity of x — zP (together with Zr:l Hn-l—k—l,n(]? r) = 1) and Lemma
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4.2, forall n,k > 1 and 1 <i,j < d, P-a.s.,

(g,
E R E n+k 1,n
¢ Ry o (J §<Z Mo 1(i7)

)P
n n-]’ ) 1nk(j>
< BP +k 1 IE A p/ZE ‘1
Z ( ( My, 1(7“ .7)

n n+k— 1(T

Z(; ( Zi i) J)_1>

P

r—1 On 1
d _ P
< Byoy,k(p) E I, g1 (d5 ) Ee (Z, ()" Mo 1 (i,r) P/
r=1
_ —i /2 o
< Bygnr(p) lgggd{Eg(Zn(r))p Mo,n—1(i,7) ”2} (5.16)

Notice that (5.14) still holds when p > 2. Therefore, taking expectation in (5.16)
and using (5.14), we obtain that for all n,k > 1 and 1 <i < d,

Ji(n, k) < BUEGo4(p) Y E|Ee(Z, ()" Mon1(i,r) /2]

1<r<d
d .
<CY E[E (7;<r>)p/2Mo,n_1<i,r)*ﬁ/ﬂ. (5.17)
r=1
Using (4.4) in Lemma 4.3 and (1.11), for all n > 1 and 1 < 4,7 < d, P-a.s., we have
Mo-1(i,7) 2 25 |Mo-16:)|
0,n—1\%,T) =2 dD 0,n—1\2,
1
= d7D<MO,n—1(7Jv ) U, oo>
1
@)\O,n—lUO,OO(Z)

Combining this with (5.17) and (4.34), we get that forp > 2, n,k > 1and 1 <i < d,
Ti(n, B < CE[Ee(W3)P/2(Mo,n-1Uo,00(1) /2] = CEai,, (1),

where al, ;(p) is defined in (4.17) with j = 1. This, together with (4.19) (which
holds under condition (2.9)), implies that there exists d3 € (d.(p), 1) such that for
alln,k > 1and 1 <i<d,

Ji(n, k)P < C635P. (5.18)

Combining (5.8), (5.9), (5.12), (5.15) and (5.18), we obtain that for all n,k > 1
and 1 < 14,5 < d,

=t - T 1/ n n
(B Z0en ) — W) " < Oy + 85+ ).
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Applying this inequality with n replaced by |n/2| (the integral part of n/2) and
taking k = n — |n/2], we see that for alln > 1 and 1 <4,j < d,

(B|Z,.6) - Wil”)l/p <O+ 857 + 837 < oom,

with § = max{éim, 5;/2, 5§/2} < 1. Therefore, for any 1 < 4,5 < d the normalized
population size 7; (j) convergences in LP to W* with an exponential speed, which
gives (2.11). This concludes the proof of Theorems 2.3 and 2.4.
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