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BERRY - ESSEEN BOUND AND CRAMER
MODERATE DEVIATION EXPANSION FOR A
SUPERCRITICAL BRANCHING RANDOM WALK

THI THUY BUL ION GRAMA, AND QUANSHENG LIU

ABSTRACT. We consider a supercritical branching random walk
where each particle gives birth to a random number of particles
of the next generation, which move on the real line, according to
a fixed law. Let Z, be the counting measure which counts the
number of particles of nth generation situated in a given region.
Under suitable conditions, we establish a Berry-Esseen bound and
a Cramér type moderate deviation expansion for Z, with suitable
norming.

1. INTRODUCTION

A branching random walk is a system of particles, in which each par-
ticle gives birth to new particles of the next generation, whose children
move on R. The particles behave independently; the number of chil-
dren and their displacements are governed by the same probability law
for all particles. Important research topics on the model include the
study of the asymptotic properties of the counting measure Z,, which
counts the number of particles of generation n situated in a Borel set
(see e.g. [2, 3, 8,9, 10, 17, 19, 20, 18]), the study of the fundamen-
tal martingale, the norming problem, and the properties of the limit
variable (see e.g. [7, 13, 30, 32, 31, 1, 26, 29]), and the positions of
the extreme particles (which constitute the boundary of the support of
the counting measure Z, (see e.g. [24, 23, 5, 16]), etc. The study of
this model is very interesting especially due to a large number of appli-
cations and its close relation with other important models in applied
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probability settings, such as multiplicative cascades, fractals, perpetu-
ities, branching Brownian motion, the quick sort algorithm and infinite
particle systems. For close relations to Mandelbrot’s cascades, see e.g.
(27, 31, 6, 14, 33]; for relations to other important models, see e.g. the
recent books [36, 15, 25] and many references therein. In this paper,
we consider the asymptotic properties of the counting measure Z,, as
n — 00, by establishing the Berry - Esseen bound and Cramér’s mod-
erate deviation expansion for a suitable norming of Z,. The study
of asymptotic properties of 7, is interesting because it gives a good
description of the configuration of the system at time n.

The branching random walk on the real line can be defined precisely
as follows. The process begins with one initial particle denoted by
the null sequence (), situated at the origin Sy = 0. It gives birth to
N children denoted by (7 = i, with displacements L;, ¢ = 1,---, N.
In general, each particle of generation n, denoted by a sequence u =
uy - - - u, of length n, situated at S, € R, gives birth to N, particles
of the next generation, denoted by wi, which move on the real line
with displacements L,; so that their positions are S,; = Sy, + Ly, i =
1,---, N,. All the random variables (N, Ly1, L2, - - - ), indexed by all
finite sequences u € U := U2 ,(N*)" (by convention (N*)? = {0}), are
independent and identically distributed, defined on some probability
space (2, #,P), with valuesin NXx R xR x ---.

For n > 0, let T,, be the set of particles of n-th generation. Consider
the counting measure

Zn(‘A) = Z ]1{51,,614}7 AcC R?

uGTn

which counts the number of particles of n-th generation situated in A.
Throughout this paper we assume that

m :=EN = E[Z;(R)] € (1, 0),

so that the Galton-Watson process formed by the generation sizes sur-
vives with positive probability, and

F(A) =E[Z:(4)], ACR,

is a finite measure on R with mass m. Let F be the probability mesure
on R defined by

F(A) = —~ AcCR
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Denote its mean and variance by
my = /xf(dm) and of = /(m —mg)?F(dz). (1.1)

We will assume that E(XN, L?) < oo, so that mg and o2 are finite,
with
my = 1]E[§:L} and of = E[i[ﬂ} —mg
0= 2 0= B2k 0
A central limit theorem for the special case where (N,).cy and
(Ly)ueu are two independent families of independent and identically
distributed (i.i.d.) random variables was conjectured by Harris [22].
His conjecture states that under suitable conditions we have, for any
r € R,

(00, zov/i -+ mme]) F W) (1.2

in probability, where ®(z) is the normal distribution function and W
is the a.s. limit of the fundamental martingale (Z;—QLR)) of the Galton-

Watson process (Z,(R)). This conjecture has first been solved by Stam
[37], then improved by Asmussen and Kaplan [2, 3] to L?-convergence
and almost sure (a.s.) convergence. The general case has been consid-
ered by Klebaner [28] and Biggins [10].

In this paper we will study the Berry -Esseen bound about the rate of
convergence in (1.2), and the associated Cramér’s moderate deviation
expansion.

The rate of convergence in (1.2) has been studied in several papers.
Révész [35] considered the special case where the displacements follow
the same Gaussian law and conjectured the exact convergence rate;
his conjecture was solved by Chen [17]. Gao and Liu [19] improved
and extended Chen’s result to the general non-lattice case while the
lattice case has been considered by Griibel and Kabluchko [21]. All the
above mentioned results are about the point-wise convergence without
uniformity in z. In this paper, our first objective is to find a uniform
bound for the rate of convergence in (1.2) of type Berry-Esseen: we
will prove that, under suitable conditions, a.s. for n > 1,

(1.3)

sup
z€R

WanZn((—oo, rogy/n + nmo]) - Wo(z)

<M
\\/ﬁ)

where M is a positive and finite random variable (see Theorem 2.1).
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The problem of large deviations for the counting measure Z,(-) has
been considered by Biggins: he established in [8] a large deviation
principle, which was subsequently improved in [9] to a Bahadur-Rao
large deviation asymptotic. Our second objective in this paper is to
establish a Cramér’s type moderate deviation expansion for Z, (see
Theorem 2.2): we will prove that a.s. for n — 0o and x € [0, 0(y/n)],

Zn((xao\/ﬁ—irnmo,—iroo)) | sgey 41
WL =3 ()] = evn?Un [1+0( NG )] (1.4)

where t — Z(t) is the Cramér series (see (2.7)). Here we use the usual
notation b, = O(a,) to mean that the sequence (b,/a,) is bounded.

(We mention that as (1.4) holds a.s., the bound in O(Ljﬁl) may be

random.)

Let us explain briefly the key ideas in the proofs. To prove the
Berry-Esseen bound (1.3), we use Esseen’s smoothing inequality ([34,
Theorem V.2.2.]). The key point in this proof is the formula of the
characteristic function of #Zn((—oo, zrogy/n + nm0]>, which can be
interpreted as Wn(goi\t/ﬁ) fa(t), t € R, where (W, ())) is Biggins’ mar-
tingale with complexed valued parameter A for the branching random
walk (see [11, 12]), and f,(¢) is the characteristic function of the n-
fold convolution of F'. Using the results of Biggins [11, 12], Griibel and
Kabluchko [21] about the uniform convergence of W,,(\), together with
the approach of Petrov [34] for the proof of the Berry-Esseen bound
for sums of i.i.d. random variables, we are able to establish (1.3). The
Berry-Esseen bound (1.3) is then extended to the changed measure of
type Cramér, Z9(A) = [,e"Z,(dt),A C R, € R. This is an im-
portant step in establishing the moderate deviation expansion (1.4).
Our approach in proving (1.4) is very different from the method of
Biggins [9] on the Bahadur-Rao large deviation asymptotic; instead,
it is inspired by the ideas of the proof of Cramér’s moderate devia-
tion expansion on sums of i.i.d. random variables (see [34]), and the
arguments in [12] for the proof of the local limit theorem with large
deviations for Z,,.

The main results, Theorems 2.1-2.3, are presented in Section 2. The-
orems 2.1 and 2.3 about the Berry-Esseen bound are proved in Section
3, while Theorem 2.2 about the moderate deviation is established in
Section 4.
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2. NOTATION AND RESULTS

We will use the following standard assumptions.
Cl. N >0 a.s. withm =EN € (1,00), and E[Zf\il Lﬂ < 0.
C2. F is non-degenerate, i.e. it is not concentrated on a single point.

The first condition in C1 implies that the underlying Galton -Watson
process is supercritical; the second condition in C1, together with con-
dition C2, implies that the mean mg and the variance o2 defined by
(1.1) are finite with oo > 0.

The Laplace transform of F' will be denoted by

N
m(\) = / MNF(dt) =E[Y ], AecC. (2.1)
R i=1
Denote by int(A) the interior of the set A. Set
D =int{# € R: m(f) < oo}. (2.2)

Throughout, we assume that
C3. D is non-empty.

Denote by Re(A) the real part of A € C. A important role in the proof
of Berry-Esseen bound and moderate deviation expansion is played by
the martingale of Biggins with complex parameter:

1 At A

W) = o /Re Z,(dt) %Tj N
When A = 0, W,, := W,(0) = Z#(LR) is the fundamental martingale of
the Galton -Watson process (Z,,(R)), whose a.s. limit is denoted by W.
The famous Kesten-Stigum theorem states that W is non degenerate if
and only if ENlog, N < oo (see [4]), where log, = max{0,logz} de-
notes the positive part of log . By the martingale convergence theorem
for non-negative martingales, we have for all § € D,

W, (0) "= W(0), as.

Notice that when N > 0 a.s. we have W,(#) > 0 a.s. foralln > 0
and # € D. Biggins [7, Theorem A] gave a necessary and sufficient
condition for the non-degeneracy of W (6): EW(6) > 0 if and only if

E[W1(0)log, Wi(f)] <oco and 6e€ (0-,0,), (2.3)

e

n >0, Re()\) € D.
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where (A_,6,) C D denotes by the open interval on which 2 g)
logm(#), i.e.
om’(0)
_=inf{feD: m(e) < logm(0)},
0 e om(9) 1 7

+—sup{ m(@) < logm( )}

Moreover, when C1 and (2.3) hold,
W) >0as. and EW(f) = 1. (2.4)

We see that 0 € (_,60,), so that this interval is non-empty. The
endpoints of the interval D and the quantities _, 0, are allowed to be
infinite. We will need the following moment condition which is slightly
stronger than (2.3).

C4. There are v > 1 and Ky > 0 with (—Ky, Ko) C (6_,0,) such that
EW;(Q) <oo VOe (—K(), K())

By the argument of the proof of [12, Theorem 2|, we know that under
hypothesis C4, for every compact subset C of V :={A=0+in:0 €
(— Ko, Ko),n € R}, a.s.

sup [W,(\) = W(A)| =30 and W()) is analytic in C.  (2.5)
AeC
Our first result gives the Berry-Esseen bound for Z,,:
Theorem 2.1. Assume conditions C1 -C4. Then, a.s. for alln > 1

Zn((—oo, zog\/n + nmg])

mn

)

M
< —

Nk

sup
FASIN

—Wo(z)

where M is a positive and finite random variable.

To state the result corresponding to the Cramér type moderate devi-
ation expansion for Z,, we need more notation. Consider the measure

69:p

m(6)
We see that Fj is a distribution function with finite mean my and
variance o3, given by

F@(dl‘) =

F(dz), 6¢€D. (2.6)
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moreover, oy > 0 when F' is non-degenerate. Consider the change of
measure of type Cramer for Z,,: for 6 € D,

Z0(dx) = e’ Z,(dx),
namely,

Zz(A) = Z eosu]l{sueA}, ACR.

uGTn

Let X be a random variable with distribution F := £ and

A(0) := log Ee”™ = logm(6) — logm

be its cumulant generating function. Then A(#) is analytic on D, with
AN'(0) = mgy and A”() = o2. Denote by v := A®(0) the cumulant of
order k of the random variable X. We shall use the Cramér series (see
[34, Theorem VIII.2.2]):

— 32 2 — 10,7 153
L) = 7;/2 Y472 ; ’Ygt V572 747;/’22 + 1073 2. (27)
67, 2473 1205

which converges for |t| small enough.

Theorem 2.2. Assume conditions C1 -C4. Then we have, for 0 <
x =o(y/n), as n — oo, a.s.

Zn( (zogy/n + nmy, +OO)) _ 6\%3(%) {1 + 0(37 * 1)], (2.8)

mrW[l — &(z)] vn
and
Znl (=00, —xogy/n + nimyg o3 @ T
(( man)(_\/;)* ) :e\/ﬁ‘f(\/ﬁ){l—l—O( \;%1)] (2.9)

As a by-product in the proof of Theorem 2.2, we obtain a Berry -
Esseen bound for the changed measure Z% with uniformity in 6.

Theorem 2.3. Assume conditions C1 -C4. Then, there exists a con-
stant 0 < K < Ky such that a.s. for alln > 1,

20((~o0, zog /i + nmy))

sup sup <

fe[—K,K] z€R

M
v

where M is a positive and finite random variable.
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3. PROOF OF THEOREMS 2.1 AND 2.3

We first recall some known results in the form of two lemmas which
will be used for the proof of Theorems 2.1 and 2.3.

The first lemma concerns the Cramér change of measure (2.6), see
(34, Theorem VIII.2.2, inequalities (2.31) and (2.32)]).

Lemma 3.1. Let X be a real random wvariable with distribution G.
Suppose that Var(X) > 0 and that there exist strictly positive constants
H, ¢ such that

|logEe?™| < ¢ forall § € (—H, H).
Let Xy be a real random variable with distribution Gy defined by

G (dx

Then there exist strictly positive constants Hy, cy, co with Hy < H, such
that for all 6 € (—Hy, Hy),

Var(Xg) = ¢ and E|Xy —EXy|* < co.

We see that under C2 and C3, the distribution G = F satisfies
the conditions of this lemma. Indeed, if X is a random variable with
distribution F, then by condition C2 about the non-degeneracy of F,
we have Var(X) > 0. By condition C3, the set D defined by (2.2) is an
open interval containing 0. Notice that log Ee?X = log % < oo for all
6 € D. Hence there exist constants H,c > 0 such that |logEe?*| < ¢
forall 0 € (—H, H).

The second lemma is about the exponential convergence rate of
W, (0), see [21, Lemma 3.3]. In fact in [21, Lemma 3.3] the result
is only given for the lattice case, but the proof therein remains valid

for the non-lattice case.

Lemma 3.2. Assume condition C1-C3. There exist two constants
0< K < Ky and ¢ € (0,1) such that a.s. for alln >0,

sup |[W,(0) — W (0)] < Myc",
K]

Pe[-K,
where M, is a positive and finite random variable.
Notice that Theorem 2.1 follows from Theorem 2.3 with 6 = 0, by

the fact that m(0) = m and W(0) = W. So we only proceed to prove
Theorem 2.3.
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Proof of Theorem 2.3. From Lemma 3.2, to prove Theorem 2.3, it is
enough to show that there is a constant 0 < K < K such that

Zg((—oo, Tog\/n + nmg])
m(0)"

M

v
where M is a positive and finite random variable. Consider the random
measure

- Wa(0)()| <

sup sup
e[-K,K] z€R

VA4 (09 VnA + nm9>
m(6)" ’

with the usual notation aA +b = {ax + b : x € A}. Its distribution
function is

V(A) = A CR,

Zg((—oo, Tog\/n + nmg])

(@) = o ,

z € R.

The characteristic function of the random measure ue is

0 = [ i) = o S exp{< )5 i )
W (0 + )f9 t), teR, (3.1)
m(Q + G

where fO(t) = — 9 o \/ﬁ) e “ov™ . Denote by F;™ the n-fold
convolution of Fy. It is not dlfﬁcult to see that

it(x—nmg)

£ty = [ e ey ),

which is the characteristic function of g’;g‘%", where S, is the sum of

independent random variables {X;}"_, with the same law Fj.
By Esseen’s smoothing inequality (see [34, Theorem V.2.2]), we get
for all ' > 0, a.s.

816111; ‘ — Wn(é’)(l)(ac)‘
T W (0 4+ =L=) fO(t) — W, (0)e /2
gl/ (O ) ) = WaO)e ‘dt+Wn(9)C, (3.2)
mJ-T t T

where ¢ is a deterministic positive constant. From Lemma 3.1, there
exist strictly positive constants K, ¢1,co with K < min{H;, Ky} such
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that for all |9| < K
o5 =>c; and E|X —my|’ < co. (3.3)

2
Take T = aoy/n with a = infoe—x K] 4E|Ya+m9|3 >4 >0 ForO<e<

c2

a, we split the integral on the right-hand side of (3.2) into two parts
[t] < eogy/n and eogy/n < |t| < aogy/n to get

1 W, (0
sup sup [4(2) — Wo(0)8(@)| < 2(h+ 1)+~ sup 22)
fe[-K,K] zeR ™ N ocl-K,K] 0o
where
W (04 —22) fO(t) — W, (0)e /2
I, = sup ‘ ( 09ﬁ> t( ) ©) dt,
66[_K’K]\t|<sag\/ﬁ
W 9 0 6—t2/2
I, = sup ( Uef) falt) = Wa(0) dt.
6e[-K,K] t

eog/n<|t|<acg/n
In the following, M; denotes a positive and finite random variable. By
Lemma 3.2 and the lower bound (3.3) of oy, supee[ K.K] W"( ) < M,

. Hence, it remains to show that a.s., I} < \/—% and I, < ]\\/45
For I, we see that

it () — e~/
I € su sup |W,(0 + / dt
P el II?K] pr< ‘ ( ex/ﬁ)‘ t]

[t|<eoov/n
W, (0 + W,.(0
+  sup / ‘ ( Jf) (>’e’t2/2dt. (3.4)
be[—K K] I

[t|<eogv/n
By the uniform convergence (2.5) of W,,(-), we have
it

Wn<0+ —c

sup sup
e[-K K] \t\lﬁ<€

)‘ < M. (3.5)

Recall that ¢ — () is the characteristic function of g’;g_:}%”". Then by
oa\/n
4E| X — my|?’

)
|f2() ! /2| ]E|X my|* £2 —t2/3 C2 2 42,23
Itl opy/n S ayn

[34, Lemma V.2.1], for |t| < we have

(3.6)
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og\/n
4E|Y — My |3 '

From (3.5), (3.6) and the fact that [, [t|2e""/3dt < oo, we see that the
first term in (3.4) is bounded by %

Now we consider the second term in (3.4). Since [p e */2dt = /27,
we need only to show that

Therefore (3.6) holds for [t| < eogy/n since eogy/n <

i y
O’gﬁ \/ﬁ
Notice that W, (A) is a.s. analytic in the strip Re()\) € (=K, Ko). Let

0 < K; < Ky. By the mean value theorem, when 6 € [— K7, K;] and

It]
oo < g, we have

sup  sup 7 “W ) — Wn(e)‘ < (3.7)

e[ K,K] |t| o<e

’ ‘ / .
— Wh(0 ‘ < max |W, (0 +1 3.8

By Cauchy’s formula, when || < K7,

‘W (0+

1 W,(z2)
/(A [ red
Wa() = 20 Jizj=r, (2 — A2 =
By (2.5), a.s. foralln > 1 and all z € C with |z| < Ky, [W,(2)| < Ms.
When |\ < K;/2 and |z| Ky, |z— )\ > Ky — K1/2 = K;/2, so that

| VZV”(A”;)2| 4M8. Therefore for all n > 1, a.s.

W!(N)| < .
amax, WMl < 5
Therefore from (3.8) and (3.3), we see that (3.7) holds when K < K /4

and 5 < K, /4. This concludes that the second term in (3.4) is bounded

by . Therefore from (3.4) we get I; < ]‘\%0

For I, using the constraint in the integral of I», we have - S < 091 NG
so that

I, < sup / ‘W 9—1— 0 ‘dt
? oel— KK] 609\/_ ) 09\/_ f
e<r<a
+  sup Wa(6) / e 24t
be[—K,K] ETg\/ N J
€<a9\/ﬁ<a
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It is shown in the proof of [12, Lemma 5] that as n — oo,

sup Vn 'Wn (9 + 2'77) fg(ag\/ﬁn)’dn —0 as.,

e[-K,K] e<n<a

which can be rewritten as

1
sup  — ‘W 9+ f9 ‘dt—>0 a.s.
bel-K.K] O ) 09\/_
e Bﬁé
Therefore,
su ’W 0 + ‘dt My a.s.

KK] 509\/_ 09\/_ vn

l_<a
0

M
W” 0) < < Mo, implies that I, < 1

This, together with supge;_ g g

i

Thus the proof of Theorem 2.3 is completed.

strictly positive constant

4. PROOF OF THEOREM 2.2

In this section we prove Theorem 2.2, the Cramér type moderate
deviation expansion for Z,.

Proof of Theorem 2.2. We will only prove (2.8), as the proof of (2.9)
is similar.

For x € [0, 1], Theorem 2.8 is a direct consequence of Theorem 2.1,
as we will see in the following. For n > 1,

‘ Zn( (xogy/n + nmg, +00) )

T

mr WL — ®(z))e 77 )
Zn(R) Zn( (—00, zog\/n + nmy) )

_1‘

m" mn
3

—W(1 = ®(x))eva? V7. (4.1)

Since sup,e(o,1 |\%$ (%ﬂ — 0, there exists ng large enough such that

133 €T
for all x € [0,1] and n > ny, eva? () > 1/2. Using this and the fact
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that 1 — ®(z) > c:=1— ®(1) for all z € [0,1], from (4.1) we get for
all n > ny,

‘Zn( (xogy/n + nmy, +oo)) B 1‘

23
mrW[l — @(w)]eﬁg(ﬁ)

] )
w1 - e (1- 7)) (42)

In the last display, by Theorem 2.1, when n — oo, the two first terms
are O<\/15) We will show below that the third term is also O(ﬁ)

In fact, using the inequality |1 — ef| < |t|e! for ¢ € R and the fact that
SUP,efo. £ ()| is bounded for n > no, we obtain for x € [0,1], as
n — 0o,

1—evn? )

This implies that the third term in (4.2) is O(ﬁ) From (4.2) and

the above estimations, we see that for z € [0, 1], as n — oo,

‘Zn((xaox/ﬁ-knmonLOO))) _ 1‘ _ O(\/lﬁ>’

13 X
mrW[1 — (P(x)]eﬁg(ﬁ

which implies

nl (wooy/n + nmyg, +00) 2® e
2l m”W[1+— q»(x)]+ ) :Mg(ﬁ){HO(;ﬁ)]'

This ends the proof of (2.8) in the case where x € [0, 1].
We now deal with the case 1 < x = o(y/n). For u € (N*)" set

S, — NMyg

V, ="
09\/5



14 THI THUY BUI, ION GRAMA, AND QUANSHENG LIU

Recalling that A(f) = log Ee’X = log % and A'(0) = my, we have

1 1
I:= WZTL«:EOO\/E—I- nmo, +OO)) = m"ugT:n ]l{su>zao\/ﬁ+nmo}

0Sy

—1
m(@) " {vu> g (mosants

— N O-AO) 3 oV

b (4.3)

ueTn

Because A(#) is analytic on D with A(0) = 0, it has the Taylor expan-
sion

AB) = %9’“, where v, = A®(0), 6eD, (4.4)
k=1 "
which implies that
N(B) — N'(0) = i Te g1, (4.5)
= (k—1)!

Consider the equation

Vvn(mg —mg) = ogx, namely A'(0) — A'(0) = c\r;g' (4.6)
Set t = 2=, from (4.5) and (4.6), we get
I =
= ) 4.

Since 5 = 02 > 0, the equation (4.7) has the unique solution given by

t Y3 0 YaY2 — 373 5
= _ - =7 ... 4.8
o2 292 e (4.8)

Observe that from (4.4) and (4.5), for any 6 € D,
k-1

' - Vk k OO'Ykk
ON'(0) — A(0) = g% — —0" =
( ) () k,zzjl(k:—l)! =1 k! kZ::Q k!

Choosing 6 to be the unique real root of the equation (4.7), which is
given by (4.8), we obtain (see [34, Theorem VIII.2.2] for details)

t2 2 3

ON'(6) = A(B) = 5 — £.2(t) = ;’;n - 7;/23(%) (4.9)
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where Z(t) is the Cramér series defined in (2.7), which converges for
|t| small enough. Substituting (4.6) into (4.3) and using (4.9), we get

2 .3 0S
o4z o e
J=¢ 2 V7 (ﬁ) e 9o0vnVu Ty -0
u;;n m(é’)” {Vu>0}
22 28 pf x ) oo _
:eQJrﬁz(ﬁ)/ e 0oV ZY (), (4.10)
0

where Zi is the finite measure on R defined by

—0 e@Su
Zn(A) = Z (e)n]l{VuEA}a A C Rv

u€T, m
whose mass satisfies EZZ(R) = 1. From ¢ = = and = = o(y/n), it
follows that ¢t — 0 as n — oo. By the inverse function theorem for an-
alytic functions, the series on the right-hand side of (4.8) is absolutely
convergent for |t| small enough. Moreover, from (4.8), we have § — 0
as n — o0o. Hence, for sufficiently large ny and all n > ngy, we have
10| < K, where K is defined as in Theorem 2.3. Therefore, denoting

—0
from Theorem 2.3 we get for all n > ny,

M
sup |ln,0(y)| < ﬁ» (4-11)

yeR

where M is a positive and finite random variable independent of n and
6. Notice that

o . o W(G) o _ _
0o9+/ny 29 dy) = / bo9v/ny 1 / Oogv/ny—*5 g
| e sy = [ e o)+ [ y

= I, + W(0)I,. (4.12)

FEstimate of I. Using the integration by parts and the bound (4.11),
we get that for n > ny,

1] < lhaoO)] + B0/ [ 0Vl p)ldy < 2 (4.13)
0 Vn

Estimate of I5. The integral I, appears in the proof of Cramér’s
moderate deviation expansion theorem for sums of i.i.d. random vari-
ables (see [34, Theorem VIII.2.2]), where the following results have
been proved:
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(i) there exist some positive constants C, Cy such that for all 6 €
[—K, K] and all n large enough,

Cy < bogy/nly < Cy;

(ii) the integral I admits the following asymptotic expansion :
o x
Ih=e2]1—® 1 O} 4.14
s ==L -2(@)][1+0( ) (414

By the definition of oy, the mapping 6 — oy is strictly positive and
continuous on [—K, K]. Hence, there exist positive constants Cs, Cy
such that for all 0 € [- K, K],

Cs < 0y/nly < Cy. (4.15)

Notice that by (2.4), for all § € [-K, K], W(f) > 0 a.s. Moreover,
W (#) is a.s. continuous in @ by the continuity and uniform convergence
of W,(0) on [-K, K]. Combining this with (4.15), we get

My < 05/nW ()1, < M. (4.16)

We now come back to (4.12), and let 6 be defined by (4.8). Recall
that for n > ng, |0] < K. From (4.12), (4.16) and (4.13), we have, as
n — oo,

/0 T etz (g = W(9)12<1 + ﬁ%> = W(O)L(1+0(0)).
(4.17)

According to the analyticity of W () on [—K, K| and using the mean
value theorem one see that |W () —W| = |W(0)—W(0)| < Ms6. Since

=0 (%) by (4.8), it follows from (4.17) and (4.14) that

[y = o + 00+ 00

— We [1 - B(x)] [1 4 o(fﬁ)} (4.18)

)

Combining this with (4.10) yields

€T

1 - wern? () 1 — ®(x)]

14+ O(

il

which concludes the proof of (2.8).



[1]

LARGE DEVIATIONS FOR BRANCHING RANDOM WALKS 17

REFERENCES

Aidekon, E.; Shi, Z. The Seneta-Heyde scaling for the branching random walk.
Ann. Probab. 42 (2014), 959-993.

Asmussen, S.; Kaplan, N. Branching random walks. I-I1. Stochastic Processes
Appl. 4 (1976), no. 1, 1-13 and 15-31.

Asmussen, S. and Kaplan, N. Branching random walks. II. Stochastic Processes
Appl. 4 (1976), no. 1, 15-31.

Athreya, K. B.; Ney, P. E. Branching processes. Springer-Verlag, New York-
Heidelberg, 1972, xi 4+ 287 pp.

Barral, J.; Hu, Y.; Madaule, T. The minimum of a branching random walk
outside the boundary case. Bernoulli 24 (2018), no. 2, 801-841.

Barral, J.; Jin, X. On exact scaling log-infinitely divisible cascades. Probab.
Theory Related Fields 160 (2014), no. 3-4, 521-565.

Biggins, J. D. Martingale convergence in the branching random walk. J. Appl.
Probability 14 (1977), no. 1, 25-37.

Biggins, J. D. Chernoff’s theorem in the branching random walk. J. Appl.
Probability, 14 (1977), no. 3, 630-636.

Biggins, J. D. Growth rates in the branching random walk. Z. Wahrsch. Verw.
Gebiete 48 (1979), no. 1, 17-34.

Biggins, J. D. The central limit theorem for the supercritical branching random
walk, and related results. Stochastic Process. Appl., 34 (1990), no. 2, 255-274.
Biggins, J. D. Uniform convergence of martingales in the one-dimensional
branching random walk. Selected Proceedings of the Sheffield Symposium on
Applied Probability (Sheffield, 1989), 159-173, IMS Lecture Notes Monogr.
Ser., 18, Inst. Math. Statist., Hayward, CA, 1991.

Biggins, J.D. Uniform convergence of martingales in the branching random
walk. Ann. Probab. 20 (1992), no. 1, 137-151.

Biggins, J. D.; Kyprianou, A. E. Seneta-Heyde norming in the branching ran-
dom walk. Ann. Probab. 25 (1997), no. 1, 337-360.

Buraczewski, D.; Damek, E.; Guivarc’h, Y.; Mentemeier, S. On multidimen-
sional Mandelbrot cascades. J. Difference Equ. Appl. 20 (2014), no. 11, 1523-
1567.

Buraczewski, D.; Damek, E.; Mikosch, T. Stochastic models with power-law
tails: The equation X = AX + B. Springer Series in Operations Research and
Financial Engineering. Springer, 2016. xv+320 pp.

Buraczewski, D.; Maslanka, M. Large deviation estimates for branching ran-
dom walks. ESAIM Probab. Stat. 23 (2019), 823-840.

Chen, X. Exact convergence rates for the distribution of particles in branching
random walks. Ann. Appl. Probab. 11 (2001), no. 4, 1242-1262.

Chen, X.; He, H. On large deviation probabilities for empirical distribution of
supercritical branching random walks with unbounded displacements. Probab.
Theory Related Fields 175 (2019), no. 1-2, 255-307.

Gao, Z.; Liu, Q. Exact convergence rates in central limit theorems for a branch-
ing random walk with a random environment in time. Stoch. Process. Their
Appl 126 (2016), no. 9, 2634-2664.



18

[20]

[21]

THI THUY BUI, ION GRAMA, AND QUANSHENG LIU

Gao, Z.; Liu, Q. Second and third orders asymptotic expansions for the distri-
bution of particles in a branching random walk with a random environment in
time. Bernoulli 24 (2018), no.1, 772-800.

Griibel, R.; Kabluchko, Z. Edgeworth expansions for profiles of lattice branch-
ing random walks. Ann. Inst. Henri Poincaré Probab. Stat., 53 (2017), no. 4,
pp- 2103-2134. Institut Henri Poincaré, 2017.

Harris, T. E. The theory of branching processes. Die Grundlehren der Math-
ematischen Wissenschaften, Bd. 119. Springer-Verlag, Berlin; Prentice-Hall,
Inc., Englewood Cliffs, N.J. 1963 xiv+230 pp.

Hu, Y. How big is the minimum of a branching random walk? Ann. Inst. Henri
Poincaré Probab. Stat. 52 (2016), no. 1, 233-260.

Hu, Y.; Shi, Z. Minimal position and critical martingale convergence in branch-
ing random walks, and directed polymers on disordered trees. Ann. Probab. 37
(2009), no. 2, 742-789.

Iksanov, A. Renewal theory for perturbed random walks and similar processes.
Probability and its Applications. Birkh&user, Springer, 2016. xiv+250 pp.
Tksanova, A.; Kolesko, K.; Meiners, M. Stable-like fluctuations of Biggins’
martingales. Stochastic Process. Appl. 129 (2019), no. 11, 4480-4499.

Kahane, J.P.; Peyriere, J. Sur certaines martingales de Benoit Mandelbrot.
Adv. Math. 22 (1976) 131-145.

Klebaner, C. F. Branching random walk in varying environments. Adv. in Appl.
Probab. 14 (1982), no. 2, 359-367.

Liang, X.; Liu, Q. Regular variation of fixed points of the smoothing transform.
Stochastic Process. Appl. 130 (2020) 4104-4140.

Liu, Q. Sur une équation fonctionnelle et ses applications: une extension du
théoréeme de Kesten -Stigum concernant des processus de branchement. Aduv.
Appl. Probab. 29 (1997), 353-376.

Liu, Q. On generalized multiplicative cascades. Stochastic Process. Appl. 86
(2000), 263 -286.]

Lyons, R. A simple path to Biggins’ martingale convergence for branching
random walk. Classical and modern branching processes (Minneapolis, MN,
1994), 217-221, IMA Vol. Math. Appl., 84, Springer, New York, 1997.
Mentemeier, S. The fixed points of the multivariate smoothing transform.
Probab. Theory Relat. Fields 164 (2016), no. 1-2, 401-458.

Petrov, V. V. Sums of independent random wvariables. Translated from the
Russian by A. A. Brown, Ergebnisse der Mathematik und ihrer Grenzgebiete,
Band 82, Springer-Verlag, New York-Heidelberg, 1975, pp. x+346.

Révész, P. Random walks of infinitely many particles. World Scientific Pub-
lishing Co., Inc., River Edge, NJ, 1994. xvi+191 pp.

Shi, Z. Branching random walks. Lecture notes from the 42nd Probability
Summer School held in Saint Flour, 2012. Lecture Notes in Mathematics 2151.
Springer, Cham, 2015. x+133 pp.

Stam, A. J. On a conjecture by Harris. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete 5 (1966), 202-206.



LARGE DEVIATIONS FOR BRANCHING RANDOM WALKS 19

Current address, Bui, T. T.: Université de Bretagne-Sud, LMBA UMR CNRS
6205, Vannes, France.
Email address: thi-thuy.bui@univ-ubs.fr

Current address, Grama, 1.: Université de Bretagne-Sud, LMBA UMR CNRS
6205, Vannes, France.
Email address: ion.grama@univ-ubs.fr

Current address, Liu, Q.: Université de Bretagne-Sud, LMBA UMR CNRS 6205,
Vannes, France.
Email address: quansheng.liu@univ-ubs.fr



	1. Introduction
	2. Notation and results
	3. Proof of Theorems 2.1 and 2.3
	4. Proof of Theorem 2.2
	References

