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Abstract

We study the geometry of horospherical products by providing a description of their distances,
geodesics and visual boundary. These products contains both discrete and continuous examples,
including Cayley graphs of lamplighter groups and solvable Lie groups of the form R x (N7 x Ny),
where N; and N; are two simply connected, nilpotent Lie groups.
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1 Introduction

A horospherical product is a metric space constructed from two Gromov hyperbolic spaces X and Y,
it is included in their Cartesian product X x Y and can be seen as a diagonal in it. Let Sx : X - R and
By Y — R be two Busemann functions. The horospherical product of X and Y, denoted by X =Y, is
defined as the set of points in X x Y such that the two Busemann functions add up to zero, namely

XY i={(z,y) e X xY [ Bx(x) + By (y) = 0}.

The level-lines of the Busemann functions are called horospheres, one can see the horospherical product
X xY as X crossed with an upside down copy of Y in parallel to these horospheres. We will call height
function the opposite of the chosen Busemann function.



Let N be a simply connected, nilpotent Lie group and let A be a derivation of Lie(/N') whose eigenval-
ues have positive real parts. Then R x4 N is called a Heintze group and is Gromov hyperbolic, they
are the only examples of negatively curved Lie groups. Let X and Y are two Heintze groups, we can
choose the Busemann functions to be such that V(¢,n) € Rx 4 N we have 3(¢,n) = —t. Then we obtain

(Rx4y, N1)w(Rxa, No) =R xpiaea,,-a,) (N1 x Na2).

When N = R, the corresponding Heintze group is a hyperbolic plan H?, and as their horospherical
products we obtain the Sol geometries, one of the eight Thurston’s geometries. We can also build
Diestel-Leader graphs and the Cayley 2-complexes of Baumslag-Solitar groups BS(1,n) as the horo-
spherical products of trees or hyperbolic plans. In the second section of [29], the last three sets of
examples are well detailed, and presented as horocyclic products of either regular trees or the hyper-
bolic plan H2. We choose the name horospherical product instead of horocyclic product since in higher
dimension, level-sets according to a Busemann function are not horocycles but horospheres.

As Woess suggested in the end of [[29], we explore here a generalization for horospherical products.
The horospherical product construction can be realized for more than two spaces, see [1]] for a study of
the Brownian motion on a multiple horospherical product of trees. However in this work we will stay
in the setting of two Gromov hyperbolic spaces.

To study the geometry of horospherical products we require that our components X and Y are two
proper, geodesically complete, Gromov hyperbolic, Busemann spaces. A Busemann space is a met-
ric space where the distance between any two geodesics is convex, and a metric space X is geodesi-
cally complete if and only if a geodesic segment v : I — X can be prolonged into a geodesic line
& : R - X. The Busemann hypothesis suits with the definition of horospherical product since we
require the two heights functions to be exactly opposite. Furthermore, adding the assumptions that X
and Y are geodesically complete allows us to prove that the horospherical product X x Y is connected

(see Lemma [3.17).

In the next part of this introduction we present our main results, which hold when X and Y are two
proper, geodesically complete, Gromov hyperbolic, Busemann spaces. It covers the case where X and
Y are solvable Lie groups of the form R x 4 V.

In [12]] and [13], using the horospherical product structure of treebolic space, Farb and Mosher
proved a rigidity results for quasi-isometries of BS(1,n). In [10] and [11]], Eskin, Fisher and Whyte
obtained a similar rigidity results for the Diestel-Leader graphs and the Sol geometries, again using
their horospherical product structure.

Besides being results on their own, the tools we develop in this paper are used in [14] to study the
quasi-isometry classification of the aforementioned horospherical products. In [14] we generalise the
results obtained by Eskin, Fisher and Whyte in [10], and provide new quasi-isometric classifications
for some family of solvable Lie groups.

There are many possible choices for the distance on X » Y in this paper we work with a family of
length path metrics induced by distances on X x Y (see Definition [3.2). We require that the distance
on X Y comes from an admissible norm N on R? (e.g. any ¢, norm). Our first result describes these
distances.

Theorem A. Let d, be an admissible distance on X Y. Then there exists a constant M depending only
on the metric spaces (X nY,d,) such that forallp = (p~,p¥ ), q=(¢%,¢¥) e X nY:

d(p,q) - (dX(pX’qX) +dY(pY’qY) — |h(p) _h(q)|)‘ <M.

Therefore, given two admissible distances d and d’, the horospherical products (X » Y,d) and
(X »Y,d") are roughly isometric, which means that there exists a (1, ¢)-quasi-isometry between them,



Figure 1: Shape of geodesic segments when h(p) < h(q) — x in X » Y. The neighbourhoods’ shapes
are distorted since when going upward, distances are contracted in the "direction” X and expanded in
the "direction" Y.

fora constant ¢ > 0. Le Donne, Pallier and Xie proved in [22] that for the solvable groups Rxpj,q(4, - 4,)
(N7 x N3), changing the left-invariant Riemannian metric results in the identity map being a rough
similarity.

Theorem [Al is one of the tools we use in [14], where we prove a geometric rigidity property of
quasi-isometries between families of horospherical products. This property leads to quasi-isometric in-
variants in such spaces, and a first result in the quasi-isometry classification of some solvable Lie groups.

Throughout this paper we provide a coarse description of geodesics and of the visual boundary of
a broad family of horospherical products.

Following the characterisation of the distances on horospherical products, we describe the shape
of geodesic segments.

Theorem B. Let X and Y be two proper, geodesically complete, §-hyperbolic, Busemann spaces and let
dw be an admissible distance on X xY. Let p = (pX,pY) and q = (qX, qY) be two points of X © Y and
let o be a geodesic segment of (X x Y,d,) linking p to q. There exists a constant M depending only on
(X wY,dy), and there exist two vertical geodesics V, = (VIX, Vly) and Vo = (V2X, V2Y) such that:

1. If h(p) <h(q)—M then o is in the M -neighbourhood of Vi U (Vi*, V5" ) U Va;

2. If h(p) >h(q)+M then  is in the M-neighbourhood of Vi U (V5*, Vi¥') U Va;

3. If |h(p) —h(q)| < M then at least one of the conclusions of 1. or 2. holds.
Specifically Vi and V5 can be chosen such that p is close to V1 and q is close to V5.

An example is illustrated on Figure [l for h(p) < h(q) — k. Coarsely speaking, Theorem [Bl ensures
that any geodesic segment is constructed as the concatenation of three vertical geodesics. This result
is similar to the Gromov hyperbolic case, where a geodesic segment is in the constant neighbourhood
of two vertical geodesics. This result leads us to the existence of unextendable geodesics, which are
called dead-ends. Geodesics shapes was already well-known in lamplighter groups. In the case of Sol,
we recover, up to an additive constant, Troyanov’s description of global geodesics (see [[27])).

The horospherical product between X and R is isometric to X, therefore given any vertical geodesic
VY of Y, X » VY is an embedded copy of X in X x Y. A geodesic line of X » Y looks either like a
geodesic of X or like a geodesic of Y.
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Figure 2: Different types of geodesicsin X « Y.

Corollary C. Let X andY be two proper, geodesically complete, d-hyperbolic, Busemann spaces. Then
there exists M > 0 depending only on § such that for all geodesic line o : R — X «'Y at least one of the
two following statements holds.

1. « is included in a constant M -neighbourhood of a geodesics contained in a embedded copy of X ;
2. « is included in a constant M -neighbourhood of a geodesics contained in a embedded copy of Y.

If a geodesic verifies both conclusions, it is in the M -neighbourhood of a vertical geodesic of X xY".

Let 0 € X x Y, the visual boundary of X » Y with respect to the base point o, denoted by 9,(X x Y'),
stands for the set of equivalence classes of geodesic rays starting at o. Consequently to the description
of geodesic segments, we obtain that for any geodesic ray k of X » Y there exists a vertical geodesic
ray at finite distance of k. Therefore we classify all possible shapes for geodesic rays, then we give a
description of the visual boundary of X x Y.

Theorem D. Let X and Y be two proper, geodesically complete, §-hyperbolic, Busemann spaces. Let
(wX,a®) e X x0X, (w¥,a¥) € Y x OY and let X xY be the horospherical product with respect to
(w™,a™) and (w¥,a""). Then the visual boundary of X w Y with respect to any point o = (0, 0" ) can
be decomposed as:

0o(X % Y) =((0X ~ {a™}) x {a"}) U ({a*} x (9Y < {a"}))
=((0x x {a" U ({a*} x0v) )~ {(a®,a")}
When X := R x4, Nj and Y := R x 4, Ny we obtain that
9 (R Xpiag(a;,-4,) (N1 x N2)) = Ny x N.

In the case of Sol, the last result is similar to Proposition 6.4 of [27]. However, unlike Troyanov in
his work, we are focusing on minimal geodesics and not on local ones. One can see that this visual
boundary neither depends on the chosen admissible distance d nor on the base point o.

Framework

The paper is organized as follows.

e In SectionZ2lwe present the context in which we will construct the horospherical products, namely
Gromov hyperbolic, Busemann spaces.
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Figure 3: Depiction of 0,(X »Y").

o Then in Section[Blwe define horospherical products and give some examples.

e In Sectionfwe present an estimate on the length of paths avoiding horoballs in hyperbolic spaces,
namely Lemma[4.9] which will be central in our control of the distances on X Y. Then we give
an estimate of the distances on X Y through Theorem[4.13]

e Last, in Section 5], we prove our main results, Theorem [A] follows from Corollary £13] The
description of geodesic lines of Theorem [Bl follows from Theorem [Al and gives us the tools to
prove Theorem D
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2 Context

The goal of this section is to present what is a Gromov hyperbolic, Busemann space and what are
vertical geodesics in such a space. Let (H,dy) be a proper, geodesic, metric space.

2.1 Gromov hyperbolic spaces

A geodesic line, respectively ray, segment, of H is the isometric image of a Euclidean line, respectively
half Euclidean line, interval, in H. By slight abuse, we may call geodesic, geodesic ray or geodesic
segment, the map a: [ — H itself, which parametrises our given geodesic by arclength.

Let 6 > 0 be a non-negative number. Let z, y and z be three points of . The geodesic triangle
[z,y] U [y, z] U[z,x] is called d-slim if any of its sides is included in the §-neighbourhood of the re-
maining two. The metric space H is called d-hyperbolic if every geodesic triangle is J-slim. A metric
space H is called Gromov hyperbolic if there exists § > 0 such that H is a §-hyperbolic space.

An important property of Gromov hyperbolic spaces is that they admit a nice compactification thanks
to their Gromov boundary. We call two geodesic rays of H equivalent if their images are at finite Haus-
dorff distance. Let w € H be a base point. We define 0,,H the Gromov boundary of H as the set of
families of equivalent rays starting from w. The boundary 0,, H does not depend on the base point w,
hence we will simply denote it by OH. Both OH and HUOH, are compact endowed with the Hausdorff
topology. For more details, see [16] or chap.IIl H. p.399 of [3].

Let us fix a point a € OH on the boundary. We call vertical geodesic ray, respectively vertical
geodesic line, any geodesic ray in the equivalence class a, respectively with one of its rays in a. The
study of these specific geodesic rays is central in this work.

2.2 Busemann spaces and Busemann functions

A metric space (H,dy) is Busemann if and only if for every pair of geodesic segments parametrized
by arclength v : [a,b] » H and v’ : [a/,b’] — H, the following function is convex:

Dy i [ab] x[d/ 0] > H
(t,t") = du (v(t), 7' ().

It is a weaker assumption than being CAT(0) (Theorem 1.3 of [15]]), however it implies that H is
uniquely geodesic. See Chap.8 and Chap.12 of for more details on Busemann spaces.

This convex assumption removes some technical difficulties in a significant number of proofs in this
work. If H is a Busemann space in addition to being Gromov hyperbolic, for all z € H there exists a
unique vertical geodesic ray, denoted by V,, starting at H. In fact the distance between two vertical
geodesics starting at x is a convex and bounded function, hence decreasing and therefore constant
equal to 0.

The construction of the horospherical product of two Gromov hyperbolic space X and Y requires the
so called Busemann functions. Their definition is simplified by the Busemann assumption. Let us
consider X, the Gromov boundary of X (which, in this setting, is the same as the visual boundary).
Both the boundary 0.X and X u0X, endowed with the natural Hausdorff topology, are compact. Then,
given a € JX a point on the boundary, and w € X a base point, we define a Busemann function 3, .,
with respect to @ and w. Let V,, be the unique vertical geodesic ray starting from w.

VaeX, Bgw(r):=limsup(d(z,Vy(t)) -t)
t—+o0

This function computes the asymptotic delay a point € X has in a race towards a against the vertical
geodesic ray starting at w. The horospheres of X with respect to (a,w) € 0X x X are the level-sets
of B(q,w)- These horospheres depend on the previously chosen couple (a,w) of 90X x X.



2.3 Heights functions and vertical geodesics

In this section we fix § > 0, H a proper, geodesic, 0-hyperbolic space, w € H a base point and a € 0H
a point on the boundary of H. We call height function, denoted by h, the opposite of the Busemann
function, h := =34 )

Let us write Proposition 2 chap.8 p.136 of [16]] with our notations.

Proposition 2.1 ([16], chap.8 p.136). Let H be a hyperbolic proper geodesic metric space. Let a € OH
andw € H, then:

1. im h(a,w) (1‘) =400
2. lirrll)h(mw)(x) = —o0, Vb e OH ~ {a}
3. Va,y,z € H,|By(x,y) + Bu(y, 2) = Ba(z, 2)| < 2000.

Furthermore, a geodesic ray is in a € 9H if and only if its height tends to +oo.

Corollary 2.2. Let H be a hyperbolic proper geodesic metric space. Let a € OH and w € H, and let
a:[0,+00[— H be a geodesic ray. The two following properties are equivalent:

1 tlg—rio h(mw)(a(t)) = +00
2. a([0,+00[) € a.

Proof. As for any geodesic ray « : [0, +oo[— H there exists b € JH such that «([0,+o0[) € b, this
proposition is a particular case of Proposition 211 O

An important property of the height function is to be Lipschitz.
Proposition 2.3. Let a € 0H andw € H. The height function h, := —3,(-,w) is Lipschitz:
Va,ye H, |h(a,w) (.%') - h(a,w)(y)l s d(.%', y)
Proof. By using the triangle inequality we have for all x,y € H:
~Na,w)(T) = Ba(w,w) = sup{liglfotlp(d(x, k(t)) —t) | k vertical rays starting at w}
<d(z,y) +sup{limsup(d(y, k(t)) —t) | k vertical rays starting at w}
t—+o0
< d(I, y) + 5a(ya ’U)) < d(I, y) - h(a,w) (y)
The result follows by exchanging the roles of x and y. O

From now on, we fix a given a € 0H and a given w € H. Therefore we simply denote the height
function by h instead of (4,4,

Proposition 2.4. Let a be a vertical geodesic of H. We have the following control on the height along «:
Vir,ta € R, to -t — 2006 < h(a(t2)) - h(a(ty)) < ta — t1 +200.
Proof. Letty,ts € R, then:
h(a(t2)) - h(a(tr)) = B(a(tr),w) - B(a(tz), w)
= B(a(tr),a(t2)) = (B(alta), w) = Bla(tr), w) + Bla(tr), alt))).
The third point of Proposition 2.1l applied to the last bracket gives:

6(0[@1), O[(tQ)) - 2006 < h(oz(tg)) - h(a(tl)) < 6(0[@1), O[(tg)) + 2000. (1)



Since t — a(t + t3) is a vertical geodesic starting at «(to) we have:
B(a(tr),a(t2)) = sup { limsup (d(a(t1),k(t)) - t)|k vertical rays starting at Oé(tz)}
t—+o0

> lim sup (d(a(tl), alt+t)) - t)

t—+o00
> limsup ([t +to — t1] = t) > to — 1, for t large enough.
t—+o0
Using this last inequality in inequality (@) we get to — 1 — 2005 < h(a(t2)) — h(a(t1)). The result
follows by exchanging the roles of ¢; and ts. O

Using Proposition 24l with ¢; = 0 and 9 = t, the next corollary holds.

Corollary 2.5. Let @ be a vertical geodesic parametrised by arclength and such that h(«(0)) = 0. We
have:
vt e R, [h(a(t)) | < 2000,

From now on, H will be a proper, geodesic, Gromov hyperbolic, Busemann space. Hence the height
function is convex along a vertical geodesic.

Property 2.6 (Prop. 12.1.5 in p.263 of Papadopoulos [23]]). Let § > 0 be a non negative number. Let H
be a proper 6-hyperbolic, Busemann space. For every geodesic «, the functiont — —h(«(t)) is convex.

The Busemann hypothesis implies that the height along geodesic behaves nicely. This means that
we can drop the constant 2006 from Corollary 2.5l It is one of the main reasons why we require our
spaces to be Busemann spaces.

Proposition 2.7. Let H be a d-hyperbolic and Busemann space and let V : R — H be a path of H. Then
V' is a vertical geodesic if and only if 3¢ € R such that Vt e R, h(V (t)) =t +c.

Proof. Let V be a vertical geodesic in H. By Property 2.6 we have that ¢ —» —h(V (t)) is convex.
Furthermore, from Corollary 23] we get |h(V (t)) — t| < 2006. Thereby the bounded convex function
t —t—h(V(t)) is constant. Then there exists a real number ¢ such that V¢t e R, h(V(t)) =t +c.

We now assume that there exists a real number ¢ such that V¢ € R, h(V (t)) = ¢ + ¢. Therefore, for
all real numbers ¢; and ¢ we have d(V (t1),V (t2)) > AR(V (1), V (t2)) = [t1 — to|. By definition V/
is a connected path, hence [t; — to| > d(V (t1), V (t2)) which implies with the previous sentence that
|ti = ta| = d(V(t1),V (t2)), then V is a geodesic. Furthermore tLiglm h(V (t)) = +oc0, which implies by

definition that V' is a vertical geodesic. O

A metric space is called geodesically complete if all its geodesic segments can be prolonged into
geodesic lines. In H is geodesically complete in addition to its other assumptions, then any point of H
is included in a vertical geodesic line.

Property 2.8. Let H be a -hyperbolic Busemann geodesically complete space. Then for all x € H there
exists a vertical geodesic V. : R — H such that V,, contains x

Proof. Let us consider in this proof w € H and a € 0H, from which we constructed the height h of our
space H. Then by definition we have /, ,,) = h. Proposition 12.2.4 of ensures the existence of a
geodesic ray IR, € a starting at . Furthermore as H is geodesically complete R, can be prolonged into
a geodesic V,, : R - H such that V,,([0; +oo[) € a, hence V,, is a vertical geodesic. O

3 Horospherical products

In this part we generalise the definition of horospherical product, as seen in [10] for two trees or two
hyperbolic planes, to any pair of proper, geodesically complete, Gromov hyperbolic, Busemann spaces.
We recall that given a proper, 6-hyperbolic space H with distinguished a € 0H and w € H, we defined
the height function on H in Section[23]from the Busemann functions with respect to @ and w.



3.1 Definitions

Let X and Y be two d—hyperbolic spaces. We fix the base points wx € X, wy € Y and the directions
in the boundaries ax € 0.X, ay € Y. We consider their heights functions hx and hy respectively on
X andV.

Definition 3.1 (Horospherical product). The horospherical product of X and Y, denoted by X nY =
XwnYis
XuY = {(pX7py) e X xY |hx(px)+hy(py) = O}.

From now on, with slight abuse, we omit the base points and fixed points on the boundary in the

construction of the horospherical product. The metric space X » Y refers to a horospherical product of
two Gromov hyperbolic Busemann spaces. We choose to denote X and Y the two components in order
to identify easily which objects are in which component. In order to define a Horospherical product in
a wider settings, one might only a Busemann function on a metric space.
One of our goals is to understand the shape of geodesics in X » Y according to a given distance on it.
In a cartesian product the chosen distance changes the behaviour of geodesics. However we show that
in a horopsherical product the shape of geodesics does not change for a large family of distances, up to
an additive constant.

We will define the distances on X x Y = X x Y as length path metrics induced by distances on
X xY. Alot of natural distances on the cartesian product X x Y come from norms on the vector
space R?. Let N be such a norm and let us denote dy := N (dx,dy ), which means that for all couples

(px.py),(gx.qv) € X x Y we have that dn((px,py ). (ax,qv)) = N(dx(px.ax),dy (py,qv)).
The length [ () of a path v = (7x,7y ) in the metric space (X xY, dN) is defined by:

ng—1
() = sup (sz(fy(e»,v(eM))).

96@([t1 ,tz]) =1
Where O([t1,1t2]) is the set of subdivisions of [¢;,t2]. Then the N-path metrics on X » Y is:

Definition 3.2 (The N-path metrics on X xY). Let N be a norm on the vector space R%. The N-path
metric on X w'Y, denoted by d,, is the length path metric induced by the distance N (dx,dy) on X xY.
Forallp and q in X x'Y we have:

dw(p,q) =inf{in(7)|y path in X »Y linking p to q}. (2)

Any norm N on R? can be normalised such that N(1,1) = 1. We call admissible any such norm
which satisfies an additional condition.

Definition 3.3 (Admissible norm). Let N be a norm on the vector space R? such that N(1,1) = 1. The
norm N is called admissible if and only if for all real a and b we have:

N(a,b) > a;b. 3)

Since all norms are equivalent in R2, there exists a constant C'y > 1 such that:

a+b
5

N(a,b) <Cn (4)

As an example, any [/, norm with p > 1 is admissible.

Property 3.4. Let N be an admissible norm on the vector space R?. Let v = (yx,7y) ¢ X xY be a
connected path. Then we have:

lX(’VX);‘lY(’VY) < (7) SCNZX('YX);‘ZY('YY).



Proof. Let~y := (vx,7y) : [t1,t2] = X x Y be a connected path and 6 a subdivision of [¢1,¢2], then by
the definition of the length:

ng—1 ng-1
In(7) 2 Z; dn (7(0:),7(0is1)) = Z; N(dX('YX(@z’),’Yx(9i+1)),dy(’yy(ﬂi),ryy(eﬂl)))
ng—1
= Z %(dX(VX(ai)’WXw”l)) + dY(WY(ai),VY(HiH))), since N is admissible.
i=1
ng—1 ng—1
> %( ; dx (7x (6:),7x (0i1)) + ; dy(yy(ei),w(em))),

Any couple of subdivision #; and # can be merge into a subdivision ¢ that contains §; and 6. Fur-
thermore the last inequality holds for any subdivision 6, hence by taking the supremum on all the

subdivisions we have:
Ix(vx)+1ly(y)
5 .

Furthermore, we have that Va,b € R, N(a,b) < CN“T”’, hence:

In(y) 2

ng—1 ng—1 ng—1
5 a2 0)) £ L8 dx (@ ABa)) + 5 oy (09w 0

Ix(vx) +Ix(vx)
2

<Cpn

Since last inequality holds for any subdivision #, we have that Iy (v) < C Nw'

The definition of height on X and Y is used to construct a height function on X « Y.

Definition 3.5 (Height on X » Y)). The height h(p) of a point p = (px,py) € X xY is defined as
h(p) = hx(px) = —hy (py).

On Gromov hyperbolic spaces we have that de distance between two points is greater than their
height difference. The same occurs on horospherical products given with an admissible norm. Let =
and y be two points of X Y, and let us denote Ah(p,q) = |h(p) — h(q)| their height difference.

Lemma 3.6. Let N be an admissible norm, and let d,. the distance on X 'Y induced by N. Then the
height function is 1-Lipschitz with respect to the distance d, i.e.,

vp7q€XMY7 dN(pvq) ZAh(pvq) (5)

Proof. Since N is admissible we have:

R dx(px,qx);dy(py,qy) N Ah(pX7QX);-Ah(py7qY)

= Ah(px,qx) = Ah(p, q).

Following Proposition[2.7] we define a notion of vertical paths in a horospherical product.

Definition 3.7 (Vertical paths in X x Y). Let V : R - X x Y be a connected path. We say that V is
vertical if and only if there exists a parametrisation by arclength of V' such that h(V (t)) =t for all t.

Actually, a vertical path of a horospherical product is a geodesic.

10



Lemma 3.8. Let N be an admissible norm. Let V : R — X xY be a vertical path. Then V is a geodesic
of (X 0 Y,d).

Proof. Lett1,t5 € R. The path V is vertical therefore Ah(V (t1), V (t2)) = |t1 —t2|. Since V is connected
and parametrised by arclength, we have that:

lt1 = tal = In (Vi 007) 2 due(V (1), V (£2))
> ARV (t1),V (t2)) = [t1 — ta-
Then dw(V (1), V (t2)) = [t1 — t2|, which ends the proof. O

Such geodesics are called vertical geodesics. Next proposition tells us that vertical geodesics of
X Y are exactly couples of vertical geodesics of X and Y.

Proposition 3.9. Let N be an admissible norm and let V = (Vx,Vy) : R > X xY be a geodesic of
(X wY,dy). The two following properties are equivalent:

1. V is a vertical geodesic of (X Y, dy)
2. Vx and Vi are respectively vertical geodesics of X andY .

Proof. Letus first assume that V be a vertical geodesic, we have for allreal t that h(Vx (¢t)) = h(V (t)) =
t, hence th, to € R:

dx(VX(tl),Vx(tQ)) > Ah(VX(tl),Vx(tQ)) = |t1 —t2|. (6)

Similarly we have that dy (Vy (t1), Vy (t2)) > [t1 — to|. Using that N is admissible and that V is a
geodesic we have:

dX(VX(t1)7VX(t2)) = QdX(VX(tl)’VX(tz)) ; dY(Vy(tl)’VY(tQ))

< QdN(V(tl),V(tz)) - |t1 - t2| = |t1 — t2|.

—dy (V¥ (t1), Vv (t2))

Combine with inequality (&) we have that dX(VX(tl),VX (tg)) = |ty - to
geodesic of X. Similarly, Vy is a vertical geodesic Y.
Let us assume that Vx and Vy- are vertical geodesics of X and Y. Let ¢1,%5 € R, we have:

, hence Vx is a vertical

ng—1
ORI 03 dN(V(en,V(e@-H)))

ng—1
- swp ZN(dX(VX(Hi),VX(9i+1)),dY(VY(Qz‘),VY(9i+1))))
96@([t1,t2]) i=1

ng—1
- sup ZN(Ah(VX(HZ-),VX(HM)),Ah(Vy(Hi),Vy(Qm))))
96@([t1,t2]) =1

ng—1

- N(Ll)zAh(vxwi),vx(eM)))
96@([t1,t2]) i=1

= N(l, 1)Ah(VX(t1),Vx(t2)) = |t1 - t2|, since N(l, 1) =1.

Where ©([t1,12]) is the set of subdivision of [¢;,¢5]. Hence the proposition is proved. O

This previous result is the main reason why we are working with distances which came from ad-
missible norms.

Definition 3.10. A geodesic ray of X 'Y is called vertical if it is a subset of a vertical geodesic.
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A metric space is called geodesically complete if all its geodesic segments can be prolonged into
geodesic lines. If X and Y are proper hyperbolic geodesically complete Busemann spaces, their horo-
spherical product X « Y is connected.

Property 3.11. Let X and Y be two proper, geodesically complete, §-hyperbolic, Busemann spaces. Let
X xY be their horospherical product. Then X xY is connected, furthermore %(dx +dy) < dxwy <
2CN(dx + dy).

Proof. Let p = (px,py) and q = (¢x,qy ) be two points of X » Y. From Property [2.8] there exists a
vertical geodesic V), such that py is in the image of V,,., and there exists a vertical geodesic V. such
that gx is in the image of V.. Let g3 be the point of V,,,, at height h(gy ). Let ax be a geodesic of X
linking px to gx and let o, be a geodesic of Y linking g3 to gy. We will connect z to y with a path
composed with pieces of ax, a4, V,, and V.

We first link (px,py) to (¢x,qy ) with ax and V. It is possible since V,,, is parametrised by its
height. More precisely we construct the following path ¢;:

vt e[0,d(px,ax)], e1(t) = (ax (), Vi (- hlax(1)))).

Since Vj,, is parametrised by its height, we have h(V,, (- h(ax(t)))) = —h(ax(t)) which im-
plies ¢1(t) € X x Y. Furthermore, using the fact that the height is 1-Lipschitz, we have Vt1,ty €
[0,d(px . qx)]:

dy (Vi (= h(ax (t1))), Vy (= hlax (12)))) = [h(ax (81)) = hlax (82))] € dx (ax (h), ax (t2)).

Hence c1y : t = V,, (= h(ax(t))) is a connected path such that [(c1y) < l(ax) < dx(px,qx).
Hence ¢, is a connected path linking (px, py’) to (¢x, g3 ). Using Property B4 on ¢; provides us with:

In(c1) < %(Z(q,y) +1l(ax)) <Cnl(ax)
< Cndx (px,qx)

We recall that by definition ¢ = V},,. (h(qy')). We show similarly thatcy : ¢ — (V;]X (=h(ad (1)), a4 (t))
is a connected path linking (¢x,¢}) to (gx,qy ) such that:

l(c2) < Cndy (gy,qv) < On(dy (ay,py) +dy (py,qv))
= On(Ah(py,qy) +dy (py,qy)), since gy =V, (h(qy))
<20Ndy (py,qy)-

Hence, there exists a connected path ¢ = ¢; U ¢z linking p to ¢ such that:

I(c) < Cndx (px,qx) + 2Cndy (py,qv) < 20N (dx (px,ax) + dy (py,qy)). (7)
O

However if the two components X and Y are not geodesically complete, X » Y may not be con-
nected.

Example 3.12. Let X and Y be two graphs, constructed from an infinite line 7 (indexed by Z) with an
additional vertex glued on the O for X and on the =2 for'Y . Their construction are illustrated in Figure
They are two 0-hyperbolic Busemann spaces which are not geodesically complete. Let wy € X be the
vertex indexed by 0 in X, and let wy € Y be the vertex indexed by —2 in Y. We choose them to be the
base points of X and Y. Since 0X and OY contain two points each, we fix in both cases the point of the
boundary ax or ay to be the one that contains the geodesic ray indexed by N. On figure[d, we denoted the
height of a vertex inside this one. Then the horospherical product X x'Y taken with the {1 path metric is
not connected. Since some vertices of X and Y are not contained in a vertical geodesic, one may not be

able to adapt its height correctly while constructing a path joining (pf(l,pé 1)) to (pfg 71),p{2 1 )
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Figure 4: Example of horospherical product which is not connected. The number in a vertex is the
height of that vertex.

It is not clear that a horospherical product is still connected without the hypothesis that X and
Y are Busemann spaces. In that case we would need a "coarse" definition of horospherical product.
Indeed, the height along geodesics would not be smooth as in Proposition 2.7} therefore the condition
requiring to have two exact opposite heights would not suits.

3.2 Examples

A Heintze group is a Lie group of the form R x 4 N defined by the action on R, ¢ — exp(tA), with
N a simply connected nilpotent Lie group and with A € Lie(A) a derivation whose eigenvalues have
positive real parts. Heintze proved in [20] that any simply connected, negatively curved Lie group is
isomorphic to a Heintze group.

Moreover, a Busemann metric space is simply connected, hence any Gromov hyperbolic, Busemann
Lie group is isomorphic to a Heintze group. Consequently, Heintze groups are natural candidates for
the two components from which a horospherical product is constructed. In his paper [30], Xie classifies
the subfamily of all negatively curved Lie groups R x R" up to quasi-isometry.

Let H; := R x4, Ny and Hy := R x4, Ny be two Heintze groups, then H; x H5 is isomorphic to
R % Diag(a; - Aq) (N1 % N2), where Diag( Ay, —Az) is the block diagonal matrix containing A; and - Az
on its diagonal. In fact, We have that H; x H is the group R? X(4;,45) (N1 x N2) defined by the action
on R?, (t1,t9) = (exp(t1A1),exp(t24s)). Let (0,en,) € N1, (0,en,) € Ny be the two base points,
and lett — (t,en,) and t — (¢,ep,) be there respective vertical geodesic rays corresponding to the
chosen Busemann functions. Then we have that for all (¢,n) € H;, h(t,n) = t. Under this setting we
have that

Hyw Hy = {(t1,t2,n1,n2) € Hy x Hy | t1 = ~ta} = {(t,~t,n1,m2) € H1 x Ha} .

Thanks to this characterisation, we show that H; x Hy is a subgroup of R? X (A1,A0) (N1 % N2). Fur-
thermore the following map is an isomorphism

H1 X H2 g R KDiag(Al,—Ag) (N1 X Ng)

(ta —t,’l’Ll,TLz) ing (tanl’n2),

where R ®pjae(4,,-4,) (N1 x N2) is determined by the action ¢ + (exp(tA1),exp(~tAz)). Therefore,
we have that

(Rxa, Np) o (Rxa, Na) Ziso Rxpjag(a,,-a,) (N1 x N2)

13



The Sol geometries are specific cases of such solvable Lie groups when N; = R for i € {1,2}, and where
the matrices A; are positive reals. In this context, for m > 0 we have that R x,,, R is the Log model of a
real hyperbolic plan, otherwise stated the Riemannian manifold with coordinates (x, z) € R? endowed
with the Riemannian metric ds? = e"™#*dx? + dz2. Then (R x,, R) x (R x,, R) =R X Diag(m,-n) R? is
a Sol geometry, or also the Riemannian manifold with coordinates (z1, x5, 2) € R? endowed with the
Riemannian metric

ds® = e 2™ dx? + 2 dxs + d2°.

A first discrete example of horospherical product is the family of Diestel-Leader graphs defined by
DL(n,m) = T, x T, with n,m > 2 and where T,, and T,,, are regular trees. We see T, and T, as
connected metric spaces with the usual distance on them. By choosing half of the ¢; path metric on
DL(n,m), this horospherical product becomes a graph with the natural distance on it. Indeed, the
set of vertices of DL(n,m) is then defined by the subset of couples of vertices of T, x T}, included in
DL(n,m). Inthis horospherical product, two points (p,,, pr, ) and (¢n, ¢ ) of DL(n,m) are connected
by an edge if and only if p,, and ¢, are connected by an edge in 7}, and if p,,, and ¢,, are connected by
an edge in T),. Furthermore, when n = m, there is a one-to-one correspondence between DL(n,n)
and the Cayley graph of the lamplighter group Zy : Z, see for further details.

A
2
&

Ao U By
B, L2

..... >
>

A

Xy

Figure 5: A portion of the graph T3 »x T3 Figure 6: The Sol geometry and two geodesics
of embedded copies of H?

Depending on the case, we either used the ¢; path metric or the {5 path metric. However, we will
see in Proposition [4.14] that it does not matter, up to an additive uniform constant. Quasi-isometric
rigidity results in the Diestel-Leader graphs and the Sol geometry have been proved using the same
techniques in and [[11]].

The horospherical product of a hyperbolic plane and a regular tree has been studied as the 2-
complex of Baumslag-Solitar groups in [2]], they are called the treebolic spaces. The distance they
choose on the treebolic spaces is similar to ours. In fact our Proposition [£13]and their Proposition 2.8
page 9 (in [2]) tell us they are equal up to an additive constant. Rigidity results on the quasi-isometry
classification of the treebolic spaces were brought up in [12] and [13].

4 Estimates on the length of specific paths

4.1 Geodesics in Gromov hyperbolic Busemann spaces

This section focuses on length estimates in Gromov hyperbolic Busemann spaces. The central result is
Proposition[.9] which presents a lower bound on the length of a path staying between two horospheres.
Before moving to the technical results of this section, let us introduce some notations.

Notation 4.1. Unless otherwise specified, H will be a Gromov hyperbolic Busemann geodesically complete
proper space. Let~y : I — H be a connected path. Let us denote the maximal height and the minimal height
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of this path as follows:
Wt () =sup{h(y(£)} 5 () = inf {h(v(1))}-

Let x and y be two points of H, we denote the height difference between them by:

Ah(z,y) = |h(x) = h(y)]-

We define the relative distance between two points x and y of H as:

dr(x’y) = d(:ﬂ,y) - Ah(:ﬂ,y)

Let us denote V,, a vertical geodesic containing x, we will assume it to be parametrised by arclength.
Thanks to Proposition[2Z2 we choose a parametrisation by arclength such that Vt € R, h(V,(t)) =t +0.

The relative distance between two points quantifies how far a point is from the nearest vertical
geodesic containing the other point.

In the sequel we want to apply the slim triangles property on ideal triangles, hence we need the fol-
lowing result of [5].

Property 4.2 (Proposition 2.2 page 19 of [5]). Let a,b and c be three points of X U 0X. Let v, 3,7 be
three geodesics of X linking respectively b to ¢, c to a, and a to b. Then every point of « is at distance less
than 246 from the union 3 U ~y.

Next lemma tells us that in order to connect two points, a geodesic needs to go sufficiently high.
This height is controlled by the relative distance between these two points.

Lemma 4.3. Let H be a §-hyperbolic and Busemann metric space, let x and y be two elements of H such
that h(x) < h(y), and let o be a geodesic linking = toy. Let us denote z = o (Ah(z,y) + %dr(x,y)),

z1 =V, (h(y) + %dr(x,y)) the point of V. at height h(y) + %dr(x,y) and y1 =V, (h(y) + %dr(x,y))
the point of V,, at the same height h(y) + %dr(:ﬂ, y). Then we have:

1. W™ () > h(y) + %dr(:ﬂ,y) - 960

2 d(z,x1) <1446

3. d(z,y1) <1446

4. d(z1,y1) < 2880.
Proof. The lemma and its proof are illustrated in Figure[7] Following Property[4.2] the triple of geodesics
a, V; and Vj, is a 246-slim triangle. Since the sets {t € [0,d(z,y)]|d(a(t),V;) < 245} and {t €
[0,d(z,y)]|d(c(t),V,) < 245} are closed sets covering [0,d(x,y)], their intersection is non empty.

Hence there exists ty € [0,d(z,y)], z2 € V; and ya € V} such that d(a(to), z2) < 240 and d(a(tg), y2) <
240. Let us first prove that ¢ is close to Ah(x,y) + %dr(x, y). By the triangle inequality we have that:

[to — d(z,22)| = |d(z,a(tg)) — d(x,x2)| < d(x2,a(ty)) < 240.

Let us denote z3 := V,(h(x) +to) the point of V;, at height h(z) + to, and y3 = V;,(h(y) + d(z,y) —to)
the point of V,, at height h(y) + d(x,y) — to. Then by the triangle inequality:

d(a(ty),xz3) <d(a(ty),xz2) + d(x2,x3) = d(a(ty),z2) + |d(x,x2) — d(x, z3)|
< d(a(to),$2) + |d(£ﬂ,£ﬂ2) - t0| < 489. (8)
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Figure 7: Proof of Lemma[4.3]

In the last inequality we used that d(x, x3) = to, which holds by the definition of x3. We show in the
same way that d(a(tp),ys) < 48J. By the triangle inequality we have d(z3,y3) < 96J. As the height
function is Lipschitz we have Ah(x3,y3) < d(z3,y3) < 960, which provides us with:

3 (@9) + M) ~ o] = 5[ (2,) + Ah(a,) + h(y) - ha) - 21
= %|h(y) +d(z,y) —to— (h(x) +to)| = %Ah(xg,yg) < %5 <485. (9)

In particular it gives us that d(z, a(tg)) < 480. We are now ready to prove the first point using inequal-
ities (8) and ():
h*(a) 2h(a(to)) > h(xs) = Ah(a(to),z3) > h(z) +to — 480

2h(2) + 5 (2,9) + A, ) =968 2 h(y) + 5y (2, ) - 963, as we have h(z) < h(y).
The second point of our lemma is proved as follows:
d(z,xz1) <d(z,a(ty)) + d(a(ty), 1) < 480 + d(a(ty), x3) + d(x3,21)
to-+ (@) - (53r (29) + 1) )| = 965 + [t - (Ah(z.p) + 3 (2.0) )

<966 + < 1446.

The proof of 3. is similar, and 4. is obtained from 2. and 3. by the triangle inequality. O

The next lemma shows that in the case where h(z) < h(y) a geodesic linking x to y is almost
vertical until it reaches the height h(y).

Lemma 4.4. Let H be a -hyperbolic and Busemann space. Let x and y be two points of H such that
h(x) < h(y). We define 2" := V,.(h(y)) to be the point of the vertical geodesic V, at the same height as y.
Then:

|y (2,y) - d(z",y)| < 549. (10)

Proof. Since H is §-hyperbolic, the geodesic triangle [z,y] U [y, 2] U [2/,2] is §-slim. Then there
exists p1 € [x,2'], p2 € [2',y] and m € [x,y] such that d(p;,m) < § and d(p2,m) < 0. Hence,
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h™([z',y]) =6 < h(m) < h*([x,2]) + 0. Let R,y and R, be two vertical geodesic rays respectively
contained in V, and V, and respectively starting at 2" and y. Then Property 2] used on the ideal
triangle R, U R, U [z, y] implies that h™([2, y]) > h(y) — 240, therefore we have h* ([z,2']) = h(y).
Then h(y) — 256 < h(m) < h(y) + 0 holds. It follows that m and 2’ are close to each other:

d(m,z") <d(m,p1) +d(p1,2") <6+ Ah(p1,x") <5+ Ah(p1,m) + Ah(m,y) + Ah(y,z")
<6+ d(pr,m) +258 + 0 < 276, (1)

Then we give an estimate on the distance between = and m:
|d(z,m) — Ah(z,y)| = |d(z,m) - d(x,z")| < d(m,z") < 270. (12)
However d,(x,y) = d(x,y) — Ah(z,y) and d(z,y) = d(x,m) + d(m,y), therefore:
dr(,y) = d(x,m) +d(m,y) - Ah(z,y). (13)
Combining inequalities (IZ) and (I3) we have |d,.(z,y) — d(m,y)| < 276. Then:

|d-(z,y) —d(z',y)| <276 + d(x',m) < 540.

We are now able to prove the estimates of the next section.

4.2 Length estimate of paths avoiding horospheres

Consider a path v and a geodesic « sharing the same end-points in a proper, Gromov hyperbolic,
Busemann space. We prove in this section that if the height of v does not reach the maximal height
of the geodesic «, then « is much longer than «. Furthermore, its length increases exponentially with
respect to the difference of maximal height between v and «. To do so, we make use of Proposition 1.6
p400 of [3], which we recall here. Let us denote by I(¢) the length of a path c.

Proposition 4.5 ([3]). Let X be a 6-hyperbolic geodesic space. Let ¢ be a continuous path in X. If [p,q]
is a geodesic segment connecting the endpoints of c, then for every x € [p,q]:

d(z,im(c)) < d|logy l(c)| + 1.

This result implies that a path of X between p and g which avoids the ball of diameter [p, ¢] has
length greater than an exponential of the distance d(p, q).

From now on we will add as convention that § > 1. For all §; < d2 a ;-slim triangle is also d2-slim,
hence all §;-hyperbolic spaces are d2-hyperbolic spaces. That is why we can assume that all Gromov
hyperbolic spaces are d-hyperbolic with § > 1. It allows us to consider % as a well defined term, we
hence avoid the arising of separated cases in some oof the proofs. We also use this assumption to
simplify constants appearing in this document. The next result is a similar control on the length of
path as Proposition [4.5] but we consider that the path is avoiding a horosphere instead of avoiding a
ball in H.

Lemma 4.6. Let 6 > 1 and H be a proper, geodesic, 0-hyperbolic, Busemann space. Let x and y € H
and let V,, respectively Vi, be a vertical geodesic containing x, respectively y. Let us consider tq >
max(h(x),h(y)) and let us denote xq = V,(to) and yo := Vy(to), the respective points of V,, and V,
at the height to. Assume that d(xg,yo) > 7680.

Then for all connected path~ : [0,T] — H such that v(0) = x, v(T) =y and h* () < h(zy) we have:

1(7) = Ah(z, 70) + Ah(y, yo) + 27336225 4x0:v0) _ 945, (14)
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B(y, Ah(yo,y))

Figure 8: Proof of Lemma[4.6]

For trees (when d = 0) this Lemma still makes sense. Indeed, if ¢ tends to 0 then the length of the
path described in this Lemma tends to infinity, which is consistent with the fact that such a path does
not exist in trees. The proof would use the fact that in Proposition @35 we have d(z,im(c)) = 0 when
0 = 0 since 0-hyperbolic spaces are real trees.

Proof. One can follow the idea of the proof on Figure [l We will consider 7 to be parametrised by
arclength. Let B(z, Ah(zg,xz)) ¢ H be the ball of radius h(z() — h(z) centred on x, and let m «
B(x,Ah(xo,)) be a point in this ball. Then:

dy(m,z) =d(m,z) - Ah(m,z) < Ah(z,z9) — Ah(m,x) < Ah(zg,m).
Let us first assume that h(m) > h(z), then:

h(xo) ; h(m) _ h(;O) I h(;n) < h(l’o) (15)

dr(m>x) Ah(:ﬂo,m)
2 2

h(m) + <h(m) + <h(m) +

By Lemma @3] we have:

d(Vx (h(m) N @) W (h(m) N @)) < 2880,

We now assume that h(m) < h(z), then:

h(z) + d(:ﬂm) <h(x)+ (xm)

< h(z) +

M < h(.%'o)

Then Lemma [£3] provides us with:

( (h() d(mx)) (h() d(m )))gzs&s.
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Since H is a Busemann space, the functiont — d(V,(t), V,,,(t)) is convex. Furthermore t — d(V,.(t), Vi (1))
is bounded on [0; +o0[ as H is Gromov hyperbolic, hence t - d(V;(t), V;,,(t)) is a non increasing func-
tion. Therefore both cases h(m) < h(z) and h(x) < h(m) give us that:

d( 20, Vin (1(20)) ) = d(Va (h(20)) , Vin((0)) ) < 2880, (16)

In other words, all points of B(z, Ah(xzg,z)) belong to a vertical geodesic passing nearby x. By the
same reasoning we have Vn € B(y, Ah(yo,y)) :

(0. Vi (h(y0)) ) < 2883 (17)

Then by the triangle inequality:

d(Vin(h(0)), Var(h(90)) ) > =d(00, Vin (h(0)) ) + (0, 90) = (. Vi (o)) )
> 7685 — 2880 — 2888 > 1926. (18)

Specifically d(V,,,(h(x0)), Vo (h(yo))) = d(Vin(h(z0)), Vi(h(x0))) > 0 which implies that m # n.
Then B(xz, Ah(zg,x)) N B(y, Ah(yo,y)) = @. By continuity of v we deduce the existence of the two
following times ¢, < t, such that:

ty =inf{t € [0,T] | d(y(t),z) = Ah(x,x0)},
ty = supt € [0,7] | d(3(£),) = Ah(y,50)}-

In order to have a lower bound on the length of v we will need to split this path into three parts:

Y =N0t] P Nitasty] ¥ Nty T1-

As 7 is parametrised by arclength and d(~v(0),7(t.)) = Ah(x, ) we have that:

L(M[o0,t2]) = Ah(z, 30). (19)

For similar reasons we also have:
L (Y, 1) 2 AR(y, yo)- (20)

We will now focus on proving a lower bound for the length of vz, ¢, -

We want to construct a path 7 joining z1 = V., (h(20)) to y1 = V () (h(x0)), that stays below
h(zo) and such that [, ;] is contained in ". Let 1 := V, ;) (h(z0)) and y1 := Vyy, ) (h(20)). We

construct 7' by gluing paths together:

, Vit,) fromxqtoy(ts)
Y'=1 from (2 ) to y(ty)
Vi@, from v(ty) to y1

Applying inequalities (I6) and (IZ) used on ~y(t;) and (¢, ) we get:

d(zg, 1) < 2880, (21)
d(yo,y1) < 2880. (22)

In order to apply Proposition[@35lto 4" we need to check that there exists a point A of the geodesic
segment [21,y1 ] such that h(A) > h(zg). Applying Lemma[3]to [x1,y; ] and since h(x1) = h(y1) we
get:

W ([21,01]) > M + h(a0) - 960 = M + h(xp) - 960,
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Thanks to the triangle inequality and inequalities (21) and @2):

h+([.’IJ1,y1]) > d(yOaxO) _d(x(]z’xl) _d(yo’yl) n h(.%'o) — 968 > d(:ﬂ(;,yo) + h(.%'o) — 384¢.

Since by hypothesis d(xq,y0) > 7680, there exists a point A of [1,y; ] exactly at the height:
d
h(A) = w + h(zo) — 3844,
We can then apply Proposition @5l to get:

S|logo(L(Y )|+ 1> d(A,~") > Ah(A, ) > W + h(xo) — 3849 — h(xg)
. d(zo,0)

— 3849.

Since ¢ > 1, last inequality implies that I(v") > 273872 2520:40) Now we use this inequality to have a

lower bound on the length of vz, 1,

T Ntarty]) 2 1Y) = AR(Y(ta), x0) = Ah((ty), y0)
> 27383935 420w0) _ AR(v(t,),20) - Ah(1(ty), y0). (23)

We claim that [ (7‘[%%]) > Ah(y(tz),x0) + Ah(y(ty),yo) — 480, hence:

L (Y 1y) 2 27350235 4@0m0) _ 945, (24)

which ends the proof by combining inequality (24) with inequalities (19) and (20).

Proof of the claim. Inequality (I8) with m = v(t,) and n = v(t,) gives d(z1,y1) > 1926. We want to
prove that ™ ([y(tz),v(ty)]) > h(x1)—240. First, by Lemma[@2lwe have that [v(t),v(t,)]uV, 4, U

V. (t,) is @ 246-slim triangle. Then there exist three times to, ¢; and ¢3 such that d (Vw(tz) (t1),7(t0)) <

244 and such that d (V,y(ty)(tg), v(to)) < 246. Then:

[t = ta| = Ah (Vyr,) (1), Vage, ) (82)) < d (Vo) (01), Vige, ) (12))
< d(Va (01,9 (10)) + d ({10, Vi, (12)) < 456 29
We will show by contradiction that either t1 = h(V,(,)(t1)) 2 h(xo) or t2 = h(Vy ) (t2)) > h(z0).
Assume that t1 < h(zg) and t5 < h(z(). Then by the triangle inequality:
A(Vyr) (11)s Vyy) (82)) 2 d(Vaqr,) (t2), Vo) (B2)) = d(Vayany (B2), Vs (1))
> d(Vy(ty)(tQ), Vi(t.)(t2)) — 486, since [t; — t2] < 485 by equation (Z3).

As H is a Busemann space, the function ¢ — d(Vﬁ/(tz)(t), Vﬁ/(ty)(t)) is non increasing (convex and
bounded function). Furthermore, h(xg) > t2 hence:

486 > d(V,Y(tz)(tl), V'y(tz)(tQ)) > d(v,y(tz)(tg), Vﬁ/(ty)(tg)) — 486
> d(V,y(tx)(h(Io)), V,y(ty)(h(xo))) — 486 > d(xl,yl) - 480

> d(wo,y0) — d(zo, 1) — d(yo,y1) — 485 > d(z0, y0) — 6240, by inequalities (ZI) and ([22]),
> 494, since d(z0,yo) > 7686 by assumption,

which is impossible. Therefore t; > h(zg) or ta > h(zp). We assume without loss of generality that
t1 > h(xp), then:
Ah(’}/(to), V’y(tx) (tl)) < d(r)/(t(])’ V’y(tx)(tl)) < 240,
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D

Vo (D — t)
to Va(t2)
i1 Vi(tr)

Figure 9: Proof of Lemma[4.7]

which implies:

R ([ (1), 7 (y)]) 2 h(v(t0)) 2 B Ve, (1)) = Ah(7(t0), Ve, (11)) 2 h(o) — 249,

and gives us:

LVt 1) 2 B ([ (), v (8)]) = B(Y(E2)) + BT ([ (), v (8)]) = (7 (ty))
> h(zo) =246 — h(v(t2)) + h(zo) — 246 = h(v(ty))
> Ah(y(tz), o) + Ah(y(ty), yo) — 486. (26)
O

Next lemma shows that we are able to control the relative distance of a couple of points travelling
along two vertical geodesics. We recall that for all a,b € H, d,-(a,b) = d(a,b) — Ah(a,b).

Lemma 4.7 (Backwards control). Letd > 0 and H be a proper, 6-hyperbolic, Busemann space. Let V| and
Vs be two vertical geodesics of H. Then for all couple of times (t1,t2) and forallt € [0, %dr (Vi(ty), Va(te ))] :

< 2884.

e (Vi (114 30V (02),Valt2)) = 1) Vo (12 + 5 (Va(00), V(1) = 1) ) - 21

Proof. To simplify the computations, we use the following notations, D := t5 + %dr(Vl(tl), Va(ta))
and A = [t; — ta|. The term A is the difference of height between V;(¢1) and Va(t2) since vertical
geodesics are parametrised by their height. Then we have to prove that V¢ € [0, %dr(Vl(tl), Vg(tg))]
|d. (Vi(D-A-t),Vo(D-t))—-2t| < 288J. We can assume without loss of generality that ¢; < t3. Lemma
@3 applied with = = V1 (¢1) and with y = V5(t2) gives us d(V1 (D), V2(D)) < 2884. Furthermore, the
relative distance is smaller than the distance, hence d,. (V1 (D), V2(D)) < 2886. Now, if we move the
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two points backward from V; (D — A) and V2(D) along V; and V5, we have for t € [0, D]:

dr(Vi(D = A=1),Va(D-1t)) =d(Vi(D-A-1),Va(D-1)) - A (27)
<d(Vi(D-A-1),Vi(D-A)) +d(Vi(D-A),Va(D))
+d(Va(D),Va(D ~ 1)) - A,
furthermore V; and V5 are geodesics, then:
<t+d(Vi(D-A),Vi(D))+d(Vi(D),Vo(D)) +t-A
<t+ A +2880 +t— A <2t + 2880. (28)

Let us consider a geodesic « between V7 (¢1) and V5(t2). Since H is a Busemann space, and thanks to
Lemma[3lwe have d (Vi(D - A -t),a(D - A-t;—t)) <1446 and d (Vo(D —t),a(D —t; +t)) <
1444. Then the second part of our inequality follows:
dr(V1(D = A =1),Va(D - 1t)) =d(Vi(D - A-1),Va(D - 1)) - A
>d(a(D - A -ty —t),a(D -ty +1))
-d(Vi(D-A-t),a(D-A-t1-1))
-d(Vo(D-t),a(D -t1 +t)) - A
>d(a(D-A-t;—t),a(D—t; +t)) — 2880 — A
>t + A — 2886 — A > 2t — 2883, (29)

O

The next lemma is a slight generalisation of Lemma[4.6] The difference being that we control the
length of a path with its maximal height instead of the distance between the projection of its extremities
on a horosphere.

Lemma 4.8. Let 0 > 1 and H be a proper, 5-hyperbolic, Busemann space. Let z,y € H such that h(zx) <
h(y). Let v be a path connecting x toy withh* () < h(y) + %dr(:ﬂ, y)—AH and where AH is a positive
number such that AH > 5556. Then:

() > d(z,y) + 2730252 _oAH — 245,

Proof. This proof is illustrated in Figure[[0} Since h* () > h(y) we have that $d,.(z,y) > AH. Apply-
ing Lemma@7lwith Vi = V,,, Vo =V, t1 = h(z), t2 = h(y) and t = AH we have:

< 2889.

d, (vgg (h(x) . %dr(m, y) - AH) v, (h(y) . %dr(m, y) - AH)) C9AH

Then we have:
1 1
d, (vm (h(x) + Sl () - AH) v, (h(y) + Sy (y) - AH)) > 2AH — 2885,
Furthermore, Lemma 4 applied on V, (h(z) + %dr(ﬂv,y) - AH) and V, (h(y) + %dr(x,y) - AH)

gives (notice that the only difference between the two sides of the following inequality is the height in
the vertical geodesic V;):

d, (vm (h(x) N %dr(:ﬂ, )) - AH) v, (h(y) . %d,(x, y) - AH))
<d (vx (h(y) . %dr(m, y) - AH) v, (h(y) . %dr(m, y) - AH)) + 545,
Then:

d(Vx (h(y) . %dr(a:,y) - AH) v, (h(y) . %dr(:ﬂ,y) - AH)) > OAH - 3426 > 685, (30)
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h(y)

h(z)

Figure 10: Proof of Lemma [4.8]

Let us denote ¢ty = h(y) + %dr(ﬁﬂ, y) — A H. Thanks to inequality (30) the hypothesis of Lemmal[4.6 holds
with 29 = V, (h(y) + %dr(m,y) —~AH)and yo = V, (h(y) + %dr(m,y) - AH). Applying this lemma
on « provides:
1(a) > Ah(z,20) + Ah(y, yo) + 27 302259(70:40) _ 245
1 1
> h(y) + 5dr(2,y) = A = h(x) +h(y) + Sdr(x,y) = AH ~ h(y) + 9-386935d(x0.10) _ 945

> Ah(y,z) +dy(y, ) - 2AH +2738693540.u0) _ 945
>d(z,y) —-2AH + 9386935 (2AH-2880) _ 246, by equation (30).
> d(z,y) + 27530252 _9AH - 245,

O

This previous lemma tells us that a path needs to reach a sufficient height for its length not to
increase to much. We give now a generalisation of Lemma [4.8] where the path reaches a given low
height before going to its end point. This proposition will be the central result for the understanding
of the geodesic shapes in a horospherical product.

Proposition 4.9. Let 6§ > 1 and H be a proper, 6-hyperbolic, Busemann space. Let x,y, m € H such that
h(m) < h(x) < h(y) and let o : [0,T] — H be a path connecting x to y such that h™ («) = h(m). With
the notation AH = h(y) + %dr(x,y) - h*(«) we have:

() > 2Ah(z,m) +d(z,y) + 27892557 _ 1 _max(0,2AH) - 17006,

Proof. This proof is illustrated in Figure [[1] We first assume that AH > 8500, we postpone the other
cases to the end of this proof. Let V, and V},, be vertical geodesics respectively containing = and m.
We call 21 = V;(h(y)) and m1 = V,,,(h(y)) the points of V,, and V,,, at height h(y). First, Lemma [44]
provides |d(z1,y) —d,(z,y)| < 546. Then we consider a geodesic triangle between the three points 1,
m1 and y. Lemma[d3 tells us that h* ([z1,y]) > h(y) + %dr(xl,y) -960 > h(y) + %dr(x,y) - 1236.
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Figure 11: Proof of Proposition [£.9]

Since [x1,y] is included in the d-neighbourhood of the two other sides of the geodesic triangle, one of
the two following inequalities holds:

1) b ([21,m1]) > h(y) + %dr(a:,y) 1246
2) 1 ([, ) 2 h(y) + 5 (2,9) - 1245

We first assume 1) that A" ([z1,m1]) > h(y) + %dr(x,y) — 1240, hence:
d(z1,m1) > dy(z,y) — 2486. (31)

Let us denote mg = V;,,(h(x)) the point of V,,, at height hA(x). By considering the 2§-slim quadrilat-
eral between the points z, z1, mg, m; we have that [x1,m1] is in the 2J- neighbourhood of [z, 2] U
[x,mo] U [mg, m]. Furthermore d,(x,y) > 2(h* () = h(y)) + 2AH > 2AH > 17004 by assumption,
then h* ([x1,m1]) > h(y) + %dr(m,y) —1240 > h(y) +7260. Since h* ([z1,x]) = h*([mo,m1]) = h(y)
we have that h* ([xz,mo]) > h* ([z1,m1]) — 2 > h(y) + 7246. Moreover:

d-(x,mg) = d(z,mg) > h*([x,mo]) — h(z) > h(y) — h(z) + 7246 > Ah(z,y) + 7244,

which allows us to use Lemma[d.7lon V. and V,,, with ¢ = %dr(x, mo)—-Ah(z,y) >0and t; = ts = h(z).
It gives:

dr (Vi (1) + AR(,)), Vin (h() + Ah(z,))) = do (,m0) + 280 (x, )| < 2886,

which implies in particular:
dr(Va(h()), Vin(h(»)) ) + 2AR(z, y) - 2885 < d,(x,mo). (32)

Combining inequalities (3I) and (B2) we have d(xz,mq) = d.(x,mg) > d,(x,y) + 2Ah(z,y) — 5360.
LemmalZ4used on x and m then gives:

dy(x,m) > d(z,my) — 546 > d,(x,y) + 2Ah(x,y) — 5900. (33)
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Let us denote a; the part of « linking x to m and a the part of «v linking m to y. We have:

B (1) <h*(a) < h(y) + %dr(a:,y) CAH <h(z) + Ah(z,y) + %dr(az,y) _AH
<h(z) + % (20h(z,y) + dy(2,y)) - A < h(z) + % (d, (2, m) + 5908) — AH, by inequality (G3).
<h(z)+ %dr(x,m) +2056 - AH < h(z) + %dr(x,m) _AH

with AH" = AH - 2950. By assumption AH > 8500, hence AH' > 5556 which allows us to apply
Lemmal4.8 on ;. It follows:

l(ar) >d(z,m) + 27530258 oA — 245
>Ah(z,m) + dy(z,m) + 27525258 _ N[ — 6145, since AH' = AH - 2956.
>Ah(z,m) + dy(z,y) — 5908 + 2755258 _9AF — 6145, by inequality (33)
>AR(z,m) +dy(z,y) + 27525258 _ oA — 12046,

We use in the following inequalities that [(«s) > d(m,y) > Ah(m,y), we have:
() > 1(ar) +1(a2) > Ah(z,m) +dy(z,y) + 27525252 9N — 12045 + Ah(m,y)

> 9Ah(z,m) + Ah(z,y) + dr(2,y) + 275252550 oA H — 12045

> 9Ah(z,m) +d(z,y) + 2525252 _ oA [ — 12045

> 2AR(z,m) +d(z,y) + 2750258 _1 _9AH ~ 17000,

> 9AR(z,m) +d(z,y) + 2750258 1 _max(0,2AH) - 17000, since AH > 8508 > 0,

which ends the proof for case 1).

Now assume that 2) holds, which is h*([m1,y]) > h(y) + 3d,(z,y) — 1246. It implies d(my,y) >
d(x,y) — 2480, then:

B (as) <h*(a) < h(y) + %dr(a:,y) _AH<h(y)+ %dr(ml,y) £ 1245 - AH
<h(y) + 5di(ms,y) - AH",
with AH" = AH - 1244. Lemma[4.4] provides us with:
dy(m,y) >d(mi,y) — 546 > d,(z,y) — 3024. (34)
Since AH > 8500, we have AH"' > 7266 which allows us to apply Lemmal[48 on as. It follows that:
I(as) 2d(y,m) + 27530258 _oA[" — 945

>Ah(y,m) + d(y,m) + 27255 _9AH - 2725, since AH" = AH - 1240,

>Ah(y,m) +d.(z,y) + 96395 A _ 9N T - 5746, by inequality (32).
Hence:

I(a) > 1(ar) +1(az) > Ah(z,m) + Ah(y,m) +dy(z,y) + 274258 _9AH — 5746
> 2AR(z,m) + Ah(y,z) +dy(z,y) + 2754252 _9OAH - 5745
> 2AR(z,m) +d(z,y) + 254258 _9AH — 5745
> 2AR(z,m) +d(z,y) + 2750252 _ 1 _max(0,2AH) - 17006.
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There remains to treat the case when AH < 8508, where AH = h(y)+ %dr(x, y)—h*(a). Let n denote
a point of a such that A(n) = h*(«). If m comes before n, we have [(«) > d(z,m)+d(m,n) +d(n,y).
Otherwise n comes before m and we have [(«) > d(z,n) + d(n,m) + d(m,y). Since h(m) < h(x) <
h(y) < h(n) we always have:

l(a) > Ah(z,m) + Ah(m,n) + Ah(n,y)
> Ah(x,m) + Ah(m,z) + Ah(x,y) + Ah(y,n) + Ah(y,n)
> 2AR(x,m) + Ah(x,y) +2(h* () - h(y))
> 2Ah(x,m) + Ah(x,y) +d(x,y) —2AH > 2Ah(m,x) + d(z,y) — 17006.

Furthermore A H < 8506, then 2’8502%AH < 1. Therefore:
() 2 2AR(m, z) + d(z,y) + 27892550 _ 1~ max(0,2AH) - 17006,

which ends the proof for the remaining case. O

4.3 Length of geodesic segments in horospherical products

From now on, unless otherwise specified, X and Y will always be two proper, geodesically complete,
d-hyperbolic, Busemann spaces with § > 1, and N will always be an admissible norm. Let p and ¢ be
two points of X x Y, and let « be a geodesic of X x Y connecting them. We first prove an upper bound
on the length of o by computing the length of a path v ¢ X » Y linking p to ¢

Lemma 4.10. Let p = (px,py) and q = (¢x,qy) be points of the horospherical product X wY. There
exists a path ~y connecting p to q such that:

IN(y) <dr(py,qy) +dr(px,qx) + Ah(p,q) + 11526C .

Proof. Without loss of generality, we assume h(p) < h(q). One can follow the idea of the proof on
Figure 12 We consider V), and V,,, two vertical geodesics of X containing px and gx respectively.
Similarly let V,,,. and V,,,. be two vertical geodesics of ¥ containing py and gy respectively. We will
use them to construct 7. Let A; be the point of the vertical geodesic (V,,V}, ) ©¢ X =Y at height
h(p)- %dr (py,qy) and A be the point of the vertical geodesic (V},,, Vg, ) € X »Y at the same height
h(p)—%dr (py,qy ). Let Az be the point of the vertical geodesic (V}, , V4, ) atheight h(q)+%dr (px,qx)
and A4 be the point of the vertical geodesic (V. , Vg, ) at the same height h(q) + %dr (px,qx)- Then
Y =71 Uy Uyg U7g U~s is constructed as follows:

- 71 is the part of (V},,, V}, ) linking p to A;.

- 79 is a geodesic linking A; to As. Such a geodesic exists by Property B.111
- 3 is the part of (V},,, V4, ) linking Ay to As.

- 4 is a geodesic linking A3 to Ay4. Such a geodesic exists by Property B.11}
- 5 is the part of (V. Vg, ) linking A4 to g.

In fact A; and A are close to each other. Indeed, the two points A; = (A x,A1y) and Ay =
(A2 x, Ay ) are characterised by the two geodesics (V) ., Vpy ) and (V,, Vi, ). Then, because —h(q) =
Y (gy) <Y (py), Lemma@3lapplied on py and gy in Y gives us dy (A1 y, A2y ) < 2889. Furthermore
Property BTl provides us with d, < 2Cn(dx + dy ), however we have that A; x = Ay x hence:

dN(Al,AQ) <H5766C . (35)
Lemmal4.3]applied on px and ¢x provides similarly:

dw(As, Ay) <5766Cy, (36)
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Figure 12: Construction of the path v when h(p) < h(q) for LemmaZTI0l

which gives us:

IN(Y) =N (1) +In(72) + In(y3) + In(v4) + In(75)
=dw(p, A1) + du (A1, Az) + du (A2, Az) + dw (A3, Ayg) + du (A4, q)

Since 71, 3 and y; are vertical geodesics, we have:

=Ah(p, Ay) +dw(A1, A) + Ah(Ag, A3) + dw (A3, Ag) + Ah(A4,q)
1 1 1
:§dr(pY7QY) +dw (A1, A2) + §dr(pY7QY) + §dr(pX7QX) +Ah(p,q)

1
+dw(As, Ag) + §dr(pX7QX)
<d,(py,qy) +d-(px,qx) + Ah(p,q) + 11526Cy, by inequalities (33) and (B6).
O

We are aiming to use Proposition[4.9on the two components ax ¢ X and ay c Y of « to obtain
lower bounds on their lengths. We hence need the following lemma to ensure us that when « is a
geodesic, the exponential term in the inequality of Proposition[4.9 will be small.

Lemma 4.11. Let C = 28536Cx + 2%°! and let e : R — R be a map defined by ¥t € R, e(t) = %QC_lt -
2max(0,t). Then Vt € R:

1. e(t) > -7C?
2. (e(t) <28536Cx ) = (1 <3C?).
Proof. For all time ¢, we have that e(t) = %207% -2max(0,%) < %2071'5 —2t =: e1(t). The derivative of

episel(t) = 10%#20_12t

Then Vt € R:

— 2, which is non negative Vt > C'log, (ﬁCz) and non positive otherwise.

20 2
C? —4C'1 ——_C
) " 1og(2) OgQ( log(2) )

2 2C 2
el(t) 2 e (logz (10g(2) Cz)) 2 Tog(2) ~ 2C 1082 (10g(2)

20 2 2 )
— 4 Cc“>-4 ce>-7C".
"l Vi@ ° Vie@®
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Since C' > @ we have 3C? > C'log,(C3) > C'log, (@CQ), then e; is non decreasing on
[C'logy(C3); +0o[. We show that e1 (3C?) > 28535C

Clogy(C3)

61(302)261(01og2(c3))%2 E 90 10g,y(CF) = C(C - 6l0gy(C)).

Since C' > 28%1 we have C' - 6log,(C) > 1 and since C' > 28536Cy we have that e;(3C?) > C' x 1 >
285356C which provides Vt € [3C2; +oo[ we have e (t) > 28536Cy. Furthermore Vt € R, e (t) =
e(t), hence Vi € [3C?; +oo[ we have e(t) > 28535Cy which implies point 2. of this lemma. O

The following lemma provides us with a lower bound matching Lemma[4.10] and a first control on
the heights a geodesic segment must reach.

Lemma 4.12. Let p = (px,py) and q = (qx,qy ) be two points of X x Y such that h(p) < h(q). Let
a = (ax,ay) be a geodesic segment of X Y linking p to q. Let C = (28530C x + 2%51)2, we have:

1 () 2 Ah(p,q) +dr(py,qy) +dr(px,qx) — 15C
2. h*(a) > h(q) + 3d,(px,ax) - 3Co
3. h™ (@) <h(p) - 1d,(py,qv) + 3Co.

Proof. Let us denote AH* = h(q) + %dr(px, gx)-h*(a) and AH™ = h™ () = (h(p) - %dr(py, av)).
Let m be a point of « at height h™(«) = h(p) — %dr(py, qy) + AH™, and n be a point of « at height
h*(a) =h(q) + %dr(px, gx)— AH". Then Proposition[£9 used on ax gives us:

lax) 228h(px,mx) + d(px,ax) + 270254 —1 - 2max(0, AH") - 17008
>2h(px) -2 (h(px) - %dr(py,qy) + AH_) +d(px,qx) + 985093 AH" _
- 2max(0,AH") - 17006
>do(py, qy) + dr(px, qx ) + A(p,q) + 2750258 _1 2 max(0, AH*') - 2AH™ — 17000.

Since h(py ) > h(qy) and h(ny ) = h(gqy) — %dr(px, qx )+ AH", Propositiond9used on oy provides
similarly:

lay) > d-(px,qx) +dr(py,qy) + Ah(p,q) + 9 83095 AH” _q _ 2max(0,AH") - 2AH" —17000.

Hence by Property 3.4t

1 ]
In(@) 2 5 (Iax) +U(ay)) 2d(px, ax) + dr(py, av) + Ah(p,q) = 17006 + g-S5lg5 Al
+ 278195 A _ 9 ax(0,AH) - 2max(0,AH*) 1. (37)

Furthermore, we know by Lemma[ 10 that [y («) < Ah(p,q) + d,(px,qx) + dr(py,qy) + 11520C.
Since Cyy > 1 we have:

28520Cy >2 551258 _ 9 1max (0, AH™) + 27812525 _ 9 max (0, AHY) - 1.
Let us denote S := max{AH ™, AH"}. Therefore we have 97851955 _ 2max(0,5) - 1< 28526Cy. By
assumption ¢ > 1 hence 2_8512%5—21118&((0, S) < 28536C . Furthermore, for C' = 28535C y +2%9%, we

have both 2781 > % and % > % Then we have %2% - 2max(0,5) <2853Cy. Lemma 11l provides
S < 3C? = 3Cy which implies points 2. and 3. of our lemma. Lemma &I also provides us with:

~14Cy <2785195 8 _ o pmax (0, AH™) + 27851258 _ omax (0, AH™).

Last inequality is a lower bound of the term we want to remove in inequality (37). The first point of
our lemma hence follows since 17006 + 1 < Cj,. O
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We recall that by definition:

Vpx,ax € X, dr(px,qx) = dx(px,qx) - Ah(px, 4x)
Vpy,qv €Y, dr(py,qv) = dy (py,qv) - Ah(py,qy)
Hence combining Lemma [£.10]and [4.12] we get the following corollary.

Corollary 4.13. Let N be an admissible norm and let Cy = (28536C y +2551)2. The length of a geodesic
segment « connecting p to q in (X x Y, d,,) is controlled as follows:

v (@) = (dx (px,qx) + dy (py, qy) — Ah(p,q))| < 15Co,

which gives us a control on the N -path metric, for all points p and q in X » Y we have:

|dw(p.q) - (dx (px,ax) + dy (py,qv) = Ah(p,q))| < 15Cy.

This result is central as it shows that the shape of geodesics does not depend on the /N-path metric
chosen for the distance on the horospherical product.

Corollary 4.14. Letr > 1. Forallp and q in X Y we have:
|, (P:9) = iy ()| < 30(57066 +2%°)2.

Proof. The ¢, norm inequalities provide us with:

Vdx"+dy" <dx +dy < 2% Vdx" +dy".

Hence we have TTﬂ (dx +dy) < /dx" +dy" < dx + dy. Then the ¢, norms are admissible norms
with Cy, <2, which ends the proof. O

The next corollary tells us that changing this distance does not change the large scale geometry of
XunY.

Corollary 4.15. Let Ny and Ny be two admissible norms. Then the metric spaces (X =Y, dy n,) and
(X mY,dw n,) are roughly isometric.

The control on the distances of Lemma[£.13will help us understand the shape of geodesic segments
and geodesic lines in a horospherical product.

5 Shapes of geodesics and visual boundary of X ~ Y

5.1 Shapes of geodesic segments

In this section we focus on the shape of geodesics. We recall that in all the following X and Y are
assumed to be two proper, geodesically complete, 5-hyperbolic, Busemann spaces with 4 > 1, and IV is
assumed to be an admissible norm.

The next lemma gives a control on the maximal and minimal height of a geodesic segment in a
horospherical product. It is similar to the traveling salesman problem, who needs to walk from z to
y passing by m and n. This result follows from the inequalities on maximal and minimal heights of
Lemma[4.12] combined with Lemma [£.10]

Lemma 5.1. Let p = (px,py) and q = (qx,qy) be two points of X w Y such that h(p) < h(q). Let
N be an admissible norm and let o = (ax,ry') be a geodesic of (X wY,d,) linking p to q. Let Cy =
(28536C N + 2%°1)2, we have:

1. |h~ () = (h(p) - 3dr(py,qv))| < 4Co
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Figure 13: Notations of Lemma[5.2]

2. |n* (@) = (h(q) + 3d,(px,qx))| < 4Co.

Proof. Let us consider a point m of « such that A(m) = h™(«) and a point n of « such that h(n) =
h*(«). Then m comes before n or n comes before m. In both cases, since h(m) < h(p) < h(q) < h(n)
and by Lemma [3.6] we have:

In(a) 2 Ah(p,q) +2(h(p) - 1™ () +2(h" () - h(q))
> Ah(p,q) +2(h(p) —h™ (@) +d.-(px,qx) — 6Cy, by Lemma [£12

Furthermore Lemma 10 provides Iy () < Ah(p,q) + d.(px,qx) + d-(py,qy ) + Co , hence:
Ah(p,q) +dr(px,ax) + dr(py,qy) + Co > Ah(p,q) + 2(h(p) - h™(a)) + dr(px, ax) - 6Co,

which implies (h(p) - %dr (py,qy)) = h™ (@) < 4Cp. In combination with the third point of Lemma
it proves the first point of our Lemma[.]l The second point is proved similarly. O

Lemma 5.2. Let N be an admissible norm and let Cy = (28536Cx +2%°1)2. Let p = (px,py) and
q = (qx,qy) be two points of X Y. Let o = (aux, vy ) be a geodesic of (X wY,d,) linking p to q. Then
there exist two points a = (ax,ay), b = (bx,by) of a such that h(a) = h(p), h(b) = h(q) with the
following properties:

1. If h(p) < h(q) — 7Cy then:

(@) h™ (o) =h™([x,a]) and h* () = K*([b, y])

(b) |d-(py,ay) —d(py,qy)| < 16Cy and d,(px,ax) < 22C)
(¢) |d(gx,bx) — dr(px,qx)| < 16Cy and d,(qy,by ) < 22Cy
(d) |dw(a,b) - Ah(a,b)| < 13Co.

2. If h(q) < h(p)—-T7Cp then (a), (b), (c) and (d) hold by switching the roles of p and q and switching
the roles of a and b.

3. If|h(p) — h(q)| < 7Cy at least one of the two previous conclusions is satisfied.

Lemmal[5.2]is illustrated in Figure [13] Its notations will be used in all section 3
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Proof. Let us consider a point m of « such that A(m) = h™(«) and a point n of « such that h(n) =
h* (). We first assume that m comes before n in « oriented from p to ¢. Let us call a the first point
between m and n at height 2 (p) and b the last point between m and n at height 2 (q). Property (a) of our
Lemma is then satisfied. Let us denote o the part of « linking p to a, g the part of « linking a to b and
a3 the part of a linking b to q. We have that m is a point of o1 and that n is a point of a3. Inequalities 2.
and 3. of Lemmaf12lused on o provide Ix(ay) > d(p,m)+d(m,a) > 2Ah(p,m) > d.(py,qy)-6Co
and similarly Iy (a3) > d,(px,qx) — 6Cp. Furthermore we have Iy (a2) > Ah(p,q). Combining
In(a1) =In(a) = In(a2) — In(a3) and Lemma 10 we have:

In(a1) < Ah(p,q) +dr(px,qx) + dr(py,qy) + Co — Ah(p,q) — d(px,qx) +6Co
<d.(py,qy) + 7Co. (38)

We have similarly that Iy (a3) < d(px,qx) + 7Co and that dy (a,b) = Iny(as) < Ah(p,q) + 13Cy. Tt
gives us |dw(a,b) — Ah(p,q)| < 13Cp, point (d) of our lemma. Furthermore, using Lemma[B.Ilon a and
«q provides:

‘h(a) - (h(P) - %dr(pY,QY))

1@ - (np) = Sy o) )| < 4.

<4C)y,

Since h™ () = h™ (a1 ) we have:
|dr(py, ay) = dr(py, qy)| < 16C0, (39)

which is the first inequality of (b). Using the first point of Lemma [£12] on 1 in combination with
inequality (38) gives us:

dr(py,qY) +7Cy ZZN(Oél) > Ah(p,a) + dr(px,ax) + dr(py,ay) - 15C)
Zdr(px,ax) + dr(py, ay) -15Cy
2dy(px, ax) + dr(py, qy) - 31Co, by inequality (39).
Then d,(px,gx) < 38C) the second inequality of point (b) holds. We prove similarly the inequality

(¢) of this lemma. This ends the proof when m comes before n. If n comes before m, the proof is still
working by orienting « from ¢q to p hence switching the roles between p and gq.

We will now prove that if h(p) < h(q) — 7Cy then m comes before n on « oriented from p to g.
Let us assume that h(p) < h(q) — 7C. We will proceed by contradiction, let us assume that n comes
before m, using h(m) < h(p) < h(q) < h(n) it implies:
In(a) 2dw(p,n) + dw(n,m) +dw(m,q) > Ah(p,n) + Ah(n,m) + Ah(m,q)
>Ah(p,q) + Ah(g,n) + Ah(m,p) + Ah(p, q) + Ah(g,n) + Ah(m, p) + Ah(p, q)
>208h(p,q) + Ah(p, q) + 2Ah(m, p) + 2A(g,n)
>14Co + Ah(p,q) + 2(h(p) = b~ () + 2(h" (a) = h(q))-

However Lemma [4£.12] applied on « provides h*(«) > h(q) + %dr(px, gx) —3Cpand h™ (o) < h(p) -
%dr(py, qy) + 300. Then:

In(a) 214Cy + Ah(p,q) + d,(px,qx ) + dr(py . qy) — 12C)
>Ah(p,q) +d(px,qx) + dr(py, qy) +2Co,

which contradict LemmaI0l Hence, if h(p) < h(gq) — 7Cy, the point m comes before the point n and
by the first part of the proof, 1. holds. Similarly, if h(q) < h(p) — 7C then n comes before m and then
2. holds. Otherwise when |h(p) — h(q)| < 7Cp both cases could happened, then 1. or 2. hold. O
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Figure 14: Theorem[5.3] The neighbourhood’s shapes are distorted since when going upward, distances
are contracted in the "direction” X and expanded in the "direction" Y.

This previous lemma essentially means that if p is sufficiently below ¢, the geodesic « first travels
in a copy of Y in order to "lose" the relative distance between py and gy, then it travels upward using
a vertical geodesic from a to b until it can "lose" the relative distance between px and gx by travelling
in a copy of X. It looks like three successive geodesics of hyperbolic spaces, glued together. The idea
is that the geodesic follows a shape similar to the path v we constructed in Lemmal[4.10l The following
theorem tells us that a geodesic segment is in the constant neighbourhood of three vertical geodesics.
It is similar to the hyperbolic case, where a geodesic segment is in a constant neighbourhood of two
vertical geodesics.

Theorem 5.3. Let N be an admissible norm. Let p = (px,py ) and q = (q¢x,qy ) be two points of X xY’
and let o be a geodesic segment of (X x Y, d,) linking p to q. Let Cy = (28535Cy + 2551)2, there exist
two vertical geodesics Vi = (V1 x,Vi,y) and Vo = (Vo x, Va )y ) such that:

1 If h(p) <h(q)-T7Cy then « isin the 196C,C\n-neighbourhood of Vi U (V1 x,Vay ) U Vs
2. If h(p)>h(q)+7Cy then « is in the 196CyCn-neighbourhood of Vi u (Vo x, Viy ) u Vs
3. If |h(p) —h(q)| <T7Cy then at least one of the conclusions of 1. or 2. holds.

Specifically Vi and V5 can be chosen such that p is close to V1 and q is close to V5.

Figure[I4lpictures the 196CCn-neighbourhood of such vertical geodesics when h(p) < h(q)-7Cp.
When |h(p) — h(q)| < 7Cy, there are two possible shapes for a geodesic segment. In some cases, two
points can be linked by two different geodesics, one of type 1 and one of type 2.

Proof. Let m = (mx,my ) be a point of « such that h(m) = h™(«), and n = (nx,ny ) be a point of «
such that h(n) = h*(«). Then by Lemma 5.1 we have:

1
‘Ah(P,m) - §dr(pYaQY)‘ < 4Cy. (40)

We show similarly that:

1
‘Ah(q,n) - §dr(pX7QX) <4Cp. (41)
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In the first case we assume that h(p) < h(q) — 7C. With notations as in Lemma[5.2} and by inequality
(38), we have that Iy ([p,a]) < d,(py,qy) + 7Co, hence:

In([p,m]) =In([p,a]) - In([a,m]) < dr(py . qy) + 7Co — Ah(a,m)
S%dr (py,qy) + 11Cy, since Ah(p,m) = Ah(a,m). (42)

It follows from this inequality that:

dx(px,mx) =2dxxy (p,m) — dy (py,my) < 2dw(p,m) — dy (py, my)

1
L2In([p,m]) = dy (py,my) < d,(py,qy) +22Cy — Ah(p,m) < §dr(py,qy) +26C).

Then:

1
dr(px,mx) =dx(px,mx) - Ah(p,m) < §dr(pY7QY) +26Co — Ah(p,m)
<30C), by inequality (40]).

Similarly d, (py, my) < 30C). Let us consider the vertical geodesic V,,,, of X containing mx, and the
vertical geodesic V,,,, of Y containing py. Let us denote p'y the point of V},, , at the height h(p). Since
dr(px,mx) < 30Cy, Lemma[d4 applied on px and mx provides dx (px,p'y) < 31Cy. We will then
consider two paths of X. The first one is a1 x = [px,mx], the part of ax linking px to mx. The
second one is [mx, p'y ] a piece of vertical geodesic linking mx to p’y. We show that these two paths
have close length. Using Property 3.4 with inequalities (40) and (42) provides us with:

Ix([px,mx]) <2y ([p,m]) - Iy ([py,my]) <2 (%dr(py,qY) + 1100) - Ah(p,m)
< Ah(p,m) + 30Cy

Furthermore Ix ([px,mx]) > Ah(p, m) and we know that [x ([mx,p’s]) = Ah(p, m), hence:
lix ([px,mx]) - Lx([mx,p'x])| < 30Co

We already proved that their end points are also close to each other d(px,p’y) < 31Cy. Since ¢ < Cy,
the property of hyperbolicity of X gives us that a x isin the (31+30+1)Cj = 62Cy-neighbourhood of
[mx,p's |, apart of the vertical geodesic V;;, .. We show similarly that «; y is in the 62C-neighbourhood
of V.. Since N is an admissible norm, Property[3.11lgives us that a; is in the 124CyCy-neighbourhood
of (Viny,Vpy ). We show similarly that as, the portion of « linking n to ¢, is in the 124C,Cy-
neighbourhood of (V,,V;, ). We now focus on ay, the portion of « linking m to n. Let us denote
[mx,nx] the path ag x and [my,ny | the path az y. Then Lemmal[5dl provides us with:

1 1
‘Ah(m,”) - (Ah(P,Q) + §dr(Py, qy ) + §dr(pX,QX))‘ < 8Cy. (43)
However from Lemma [£10] and since 11520Cy < Cy:

In(ae) =ln(a) —=In(aq) = In(as3)
<Ah(p,q) +dr(px,qx) +dr(py,qy) + Co — Ah(p,m) — Ah(n,q)

1 1
<Ah(p,q) + §dr(pX7QX) + gdr(pYa qy) + 9Cy, by inequalities (A0]) and (EII).

It follows from this inequality and the fact that N is admissible that:

dx (mx,nx) < 2In(a2) = dy (my,ny) <2Ak(p, q) + dr(px, 4x) + dr (py, qy ) + 18Co — Ah(m, n)
< Ah(m,n) + 34Cy, by inequality (43]).
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Thus:
d.(mx,nx) =dx(mx,nx) - Ah(m,n) < 34Cy.

In the same way we have d,(my,ny) < 34Cj. Let us denote n'y the point of V},,  at the height h(nx).
Since d,(px,mx) < 34Cy, Lemma[d4 applied on mx and nx provides:

dx(mx,n'y) <35Co (44)

Hence we have proved that as x and [m X,n'X] have their end points close to each other. Let us
now prove that these paths have close lengths. We have that Ix([mx,n’y]) = Ah(m,n), and from
inequalities (40) and (41) we have:

Ix([mx,nx]) < 2 (aox) = by ([my,ny]) = 2(In (@) = In(a1) = In(a3) ) = Ah(m, n)
<2(15C) + Ah(p,q) + dr(px, ax) + dr(py,av) = Ah(p,m) = Ah(n, q) ) - Ah(m,n)
2(Ah(p,q) + dr(px.ax) +dr(py . ay) = Ah(p,m) = Ah(n,q)) = Ah(m,n)

< Q(Ah(p, q) + Ah(p,m) + Ah(n, q) + 1600) — Ah(m,n) +30Cy < Ah(m,n) +62C,

IA

Aslix([mx,nx]) > Ah(m,n) we obtain:

Ix ([mx,nx]) = lx([mx,nx])| < 62Co (45)

Then by similar arguments as for the path oy, x, inequalities (44) and (@3) show that as x is in the
(35+ 62+ 1)Cy = 98C) neighbourhood of V,,, . Similarly we prove that o y is in the 98C( neigh-
bourhood of V,,,.. Since IV is an admissible norm, Property B.11] gives us that s is in the 196C,C)n-
neighbourhood of (V,,, ., Vi, ).

In the second case, we assume that h(q) < h(p) — 7Cy. Then by switching the role of p and ¢, Lemma
gives us the result identically.

In the third case, we assume that |h(p) — h(q)| < 7Cy. Then Lemma (5.2 tells us that one of the two
previous situations prevail, which proves the result. O

5.2 Coarse monotonicity

We will see that the following definition is related to being close to a vertical geodesic.

Definition 5.4. Let C' be a non negative number. A geodesica: I — X xY of X wY is called C'-coarsely
increasing if Vty,ty € I:

( to >t + C ) = ( h(a(tz)) > h(a(tz)) )
The geodesic « is called C-coarsely decreasing if Vt,ty € I:
( to >t + C ) = ( h(a(tz)) < h(a(tz)) )

The next lemma links the coarse monotonicity and the fact that a geodesic segment is close to
vertical geodesics.

Lemma 5.5. Let N be an admissible norm and let Cy = (28536Cx +2%°1)2. Let p = (px,py) and
q = (gx,qy) be two points of X » Y and let o be a geodesic segment of (X w Y, d,) linking p to q. Let
m € o andn € v be two points in X x'Y such that h™(«) = h(m) and h* («) = h(n). We have:
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1 If h(p) < h(q)—"TCy, then « is 17Cy-coarsely decreasing on [p,m] and 17Cy-coarsely increasing
on [m,n] and 17Cy-coarsely decreasing on [n, q].

2. If h(p) > h(q) + 7Cy, then «v is 17Cy-coarsely increasing on [p,n] and 17Cy-coarsely decreasing
on [n,m] and 17Cy-coarsely increasing on [m, q].

3. If |h(p) —h(q)| <T7Cy then the conclusions of 1. or 2. holds.

Proof. Assume that h(p) < h(q)-7Cp. Then from inequality (@2) in the proof of Theorem[5.3] Iy ([p, m])
%dr(py, qy ) + 11Cy. Furthermore Lemma 5.1l gives us that ‘Ah(p, m)— %dr(py, qy)| <4Cy. Then:

In([p,m]) < Ah(p,m) + 15C. (46)

We will proceed by contradiction, assume that [p, m] is not 15Cy-coarsely decreasing, then there exists
i1 € v, 19 € a such that h(iy) = h(iz) and [([41,i2]) > 15C). Hence:

In([p,m]) 2 In([p,ia]) + In([i1,i2]) + v ([i2,m]) 2 Ah(p,iv) +In([i1,i2]) + Ah(iz, m)
> Ah(p,m) + 15Cy,

which contradicts inequality (#6). Then [p, m] is 15Cy-coarsely decreasing. We show in a similar way
that [m,n] is 17Cy-coarsely increasing and that [n, q] is 15Cp-coarsely decreasing. This proves the
first point of our lemma. The second point is proved by switching the roles of p and q. We now assume
|h(p) — h(q)| < 7Cy, as in the proof of Theorem[5.3] the inequality (@2) or a corresponding inequality
holds, which ends the proof. O

5.3 Shapes of geodesic rays and geodesic lines

In this section we are focusing on using the previous results to get informations on the shapes of
geodesic rays and geodesic lines. We first link the coarse monotonicity of a geodesic ray to the fact
that it is close to a vertical geodesic. Let A > 1 and ¢ > 0, a (\, ¢)-quasigeodesic of the metric space
(X =Y, d,) is the image of a function ¢ : R - X x Y verifying that Vt1,ts € R:

L}\tﬂ—cédm(QS(h),qb(tz)) <At —to| + ¢ W

Lemma 5.6. Let N be an admissible norm and let Cy = (28536Cx + 2891)2. Let o = (ax,y) be a
geodesic ray of (X nY,dy) and let K be a positive number such that « is K -coarsely monotone. Then ax
and ay are (1,26Cy + 8K')-quasigeodesics.

Proof. Let t1 and t5 be two times. Let us denote p = (px,py) = a(t1) and ¢ = (gx,qy) = a(tz). We
apply Lemma[5.2 on the part of « linking p to ¢ denoted by [p, ¢]. By K-coarse monotonicity of o we
have that d(p, a) xwy,n < K and du (b, ¢) < K. Hence using d) of Lemma[b.2}

Ah(p,q) <dwu(p,q) < du(p,a) +dw(a,b) +dw(b,q) < K + Ah(a,b) + 13Cy + K
< Ah(p,q) + Ah(p,a) + Ah(b,q) + 13Cy + 2K < Ah(p,q) + 13Cy + 4K.

Furthermore, dx (px,qx) > Ah(px,qx) = Ah(p,q) and dy (py,qy) > Ah(p,q). Since N is an
admissible norm we have:

Ah(p,q) <dx(px,qx) = 2dxxy (p,q) — dy (py,qy) < 2dw(p,q) - dy (py,qy)
<2Ah(p,q) +13Cy + 4K — Ah(p,q) < Ah(p,q) + 13Cy + 4K.

Hence:
du(p,q) —26C) - 8K < dx(px,qx) < dwu(p,q) +26Cy + 8K,

By definition we have px = ax(t1), ¢x = ax(t2) and du(p, q) = |t1 —t2|- Then ax isa (1,26Cy +8K)-
quasigeodesic ray. We prove similarly that oy is a (1,26Cy + 8K )-quasigeodesic ray. O
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We will now make use of the rigidity property of quasi-geodesics in Gromov hyperbolic spaces,
presented in Theorem 3.1 p.41 of [5]].

Theorem 5.7 ([5]). Let H be a d-hyperbolic geodesic space. If f : R — H is a (\, k)-quasi geodesic, then
there exists a constant k > 0 depending only on d, A and k such that the image of f is in the k-neighbourhood
of a geodesic in H.

Lemma 5.8. Let N be an admissible norm and let Ty and T5 be two real numbers. Let o = (ax,ay) :
[T1,+00[— X wY be a geodesic ray of (X xY,dy). Let K be a positive number such that o is K-

coarsely monotone. Then there exists a constant k > 0 depending only on K, 6 and N such that « is in the
k-neighbourhood of a vertical geodesic ray V : [T; +oo[— X w'Y and such that d, (a(Tl), V(Tg)) < K.

Proof. We assume without loss of generality that tlim h(a(t)) = +oo. Let Cy = (285306Cy + 2%°1)2,
—+00

by Lemma5.g oy is a (1,26C) + 8 K')-quasi geodesic ray. Then Theorem[5.7]says there exists kx > 0

depending only on 26C) + 8 K and ¢ such that ax is in the x x -neighbourhood of a geodesic Vx. Since

C depends only on 0 and N, xkx depends only on K, § and N. Then tlim h(a(t)) = +oo gives us
—+00

tlim h(Vx(t)) = +oo0 which implies that V is a vertical geodesic of X. We will now build the vertical

—+00

geodesic we want in Y. We have tlim h(ay (t)) = —co and by Lemma[5.6t
—+00

Ah(ay (t1), ay (t2)) = 26Co - 8K < dy (ay (1), oy (t2)) < Ah(ay (t1), ay (t2)) +26C + 8K.

Since Y is Busemann, there exists a vertical geodesic ray [ starting at cvy (7} ). Since 3 is parametrised
by its height, ary U B is also a (1,26C + 8 K )-quasi geodesic, hence there exists ky and Vy depending
only on K, 6 and N such that ay U 3 is in the Ky -neighbourhood of V. Since tLimm h(Vy(t)) = +o0,
Vy is a vertical geodesic of Y.

Furthermore, by Property Bl d. < 2Cn(dx + dy ), hence there exists x depending only on K, § and
N such that « is in the k-neighbourhood (for dy) of (Vx, V), a vertical geodesic of (X Y, d, ). Since

h(a(t)) > h(a(Ty)) - 26Cy — 8K =: M, v is in the x-neighbourhood of (VX([M — ks +o0[), Vyr (] -

oo;—M + li])) which is a vertical geodesic ray.

We will now show that the starting points of « and V are close to each other. Let us denote 77 a
time such that dx(«(71), V(TY)) < K, then Ah(a(T1),V(T))) < k, hence [T} — M| < 26Cy + 8K + k.
Then by the triangle inequality:

du(@(T1), V(M = 1)) <du(a(T1), V(T{)) + du(V (T]), V(M - 1))
<k +26C) +8K +k+ Kk =206CH+ 8K + 3k

Let us denote ' := 26Cy + 8K + 3k > k and Ty := M — k. Hence « : [T};+00[— X x Y is in the
1'-neighbourhood of a vertical geodesic ray V : [1% : +oo[— X x Y, we have dy(a(T1),V (T3)) < K
and ' depends only on ¢ and K. O

Lemma 5.9. Let N be an admissible norm and let o : R™ — X w'Y be a geodesic ray of (X x Y, d,).
Then o changes its 17C(-coarse monotonicity at most once.

Proof. Let a : R™ - X x Y be a geodesic ray. Thanks to Lemma 5.5 o changes at most twice of
17Cy-coarse monotonicity. Indeed, assume it changes three times, applying Lemmal[5.5lon the geodesic
segment which includes these three times provides a contradiction. We will show in the following that
it actually only changes once.

Assume « changes twice of 17Cj-coarse monotonicity. Then o must be first 17Cy-coarsely increas-
ing or 17Cp-coarsely decreasing. We assume without loss of generality that « is first 17Cy-coarsely
decreasing. Then there exist ¢,t2,t3 € R such that « is 17Cy-coarsely decreasing on [«(t1), a(t2)]
then 17Cy-coarsely increasing on [a(t2), a(t3)] then 17Cy-coarsely decreasing on [c(t3), a(+00)].
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Figure 15: Different type of geodesics in X Y.

Hence Lemma[5.8lapplied on [«(t3), a(+00)[ implies that there exists k > 0 depending only on ¢ (since
the constant of coarse monotonicity depends only on §) and a vertical geodesic ray V' = (Vx, Vy) such
that [a(t3), a(+00)] is in the x-neighbourhood of V. Since A" ([a(t3), a(+00)[) < +00, we have that
tginoo h(a(t)) = —oco, hence there exists t4 > t3 such that h(a(t4)) < h(a(t1)) = 7Cp. Then Lemma [5.5]

tells us that « is first 17Cy-coarsely increasing, which contradicts what we assumed. O

We have classified the possible shapes of geodesic rays. Since geodesic lines are constructed from
two geodesic rays glued together, we will be able to classify their shapes too.

Definition 5.10. Let N be an admissible norm and let « = (ax,ay) : R - X Y be a path of
(X mY,dy). Let s > 0.

1. « is called X -type at scale  if and only if:

(a) ax isin a k-neighbourhood of a geodesic of X
(b) oy isin a k-neighbourhood of a vertical geodesic of Y .

2. o is called Y -type at scale k if and only if:

(a) ay isin a k-neighbourhood of a geodesic of Y

(b) ax is in a k-neighbourhood of a vertical geodesic of X.

The X -type paths follow geodesics of X, meaning that they are close to a geodesic in a copy of X
inside X x Y. The Y -type paths follow geodesics of Y.

Remark 5.11. In a horospherical product, being close to a vertical geodesic is equivalent to be both X -type
and Y -type.

Theorem 5.12. Let N be an admissible norm. There exists k > 0 depending only on 6 and N such that
forany a: R - X xY geodesic of (X xY,d,) at least one of the two following statements holds.

1. «vis a X -type geodesic at scale k of (X x Y, d.)
2. ais a Y -type geodesic at scale k of (X n Y, d.)

Proof. 1t follows from Lemma [5.9] that o changes its coarse monotonicity at most once. Otherwise
there would exist a geodesic ray included in « that changes at least two times of coarse monotonicity.
We cut « in two coarsely monotone geodesic rays ay : [0,+c0[— X x Y and g : [0, +00[> X x Y
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such that up to a parametrisation a1 (0) = a2(0) and oy U as = a. By Lemma [5.8] there exists #1
and k9 depending only on d such that o is in the x1-neighbourhood of a vertical geodesic ray V; =
(Vix,Viy) : [0;4+00[— X x Y and such that ay is in the kp-neighbourhood of a vertical geodesic
ray Vo = (Va,x,Vay) @ [0;+00[— X w Y. This lemma also gives us dw(c1(0),V1(0)) < k1 and

dw(az(O),Vz(O)) < Ka.
Assume that tlim h(Vi x(t)) = tlim h(Va,x(t)) = +oo, then they are both vertical rays hence are
—+00 —+00

close to a common vertical geodesic ray. Furthermore tlim h(Viy(t)) = tlim h(Vay (t)) = —co in
—+00 —+00
that case. Let Wy be the non continuous path of Y defined as follows.

Viy(-t) Vte]-o0;0]
Wy (t) = { V;i(t) VYt €]0; +oo[

We now prove that Wy : R — Y is a quasigeodesic of Y. Let ¢; and ¢ be two real numbers. Since
V1,y and V5 y are geodesics, dy (Wy (t1), Wy (t2)) = [t1 — t2| if 1 and ¢ are both non positive or both
positive. Thereby we can assume without loss of generality that ¢; is non positive and that 5 is positive.
We also assume without loss of generality that |¢1] > |t2|. The quasi-isometric upper bound is given by:

dy (Wy (t1), Wy (t2)) = dy (Va,y (=t1), Va,y (t2))
< dy(VLy(—tl), VLy(O)) + dy(VLy(O), V27y(0)) + dy(V27y(0), V27y(t2))
< |t1| + K1+ R+ |t2|

< |t — ta] + K1 + Ko, since t1 and t9 have different signs.
It remains to prove the lower bound of the quasi-geodesic definition on Wy-.

dy (Wy (t1), Wy (t2)) = dy (Vi,y (-t1), Vay (£2))

> LNdM(vl(—tl), Va(t2)) - dx (Vi x (=t1), Vo x (12))

20
du(a(t1), a(ty)) - L2

> ﬁ —dX(VLX(—tl),VQ,X(tQ))- (48)

The Busemann assumption on X provides us with:
dx(V17x(—t1),V27x(—t1)) < dx(V17x(0),V27x(0)) < K1+ Ka.

Since « is a geodesic and by using the triangle inequality on (@8)) we have:

t1 -1 +
dy (Wy (t1), Wy (t2)) > It —ta] _ dx (Vi,x (=t1), Vo x (=t1)) = dx (Va,x (1), Va,x (t2)) - e
2CN Cn
|t1 —to] ( 1 )
> —= - Ah(Voy(=t1),Voy(ta) - — +1 .
Yo ( Q,Y( 1), Q,Y( 2) Cn +1) (K1 +K2)

Assume that Ah(VZy(—tl), ‘/273/(752)) < ‘IZTTVQ" then:

dy (Wy (11), Wy (£2)) > %}f' - (CLN v 1) (k1 + ko).

Hence Wy isa (ﬁ, (ﬁ + 1) (k1 + ng)) quasi-geodesic, which was the remaining case. Since x; and
k2 depend only on ¢ and NV, there exists a constant «’ depending only on ¢ and N such that V; y uVa y
is in the x'-neighbourhood of a geodesic of Y. The geodesic « is a Y -type geodesic in this case.

Assume tEI}loo h(V1 x(t)) = tLiglm h(Va,x(t)) = —oo, we prove similarly that a is a X-type geodesic.

O

If a geodesic is both X -type at scale x and Y -type at scale x, then it is in a k-neighbourhood of a
vertical geodesic of X » Y.
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5.4 Visual boundary of X x Y

We will now look at the visual boundary of our horospherical products. This notion is described for the
Sol geometry in the work of Troyanov [27]] through the objects called geodesic horizons. We extend
one of the definitions presented in page 4 of for horospherical products.

Definition 5.13. Two geodesics of a metric space X are called asymptotically equivalent if they are at
finite Hausdorff distance from each other.

Definition 5.14. Let X be a metric space and let o be a base point of X . The visual boundary of X is the
set of asymptotic equivalence classes of geodesic rays o : R* — such that a(0) = o, it is denoted by 0,X .

We will use a result of [23] to describe the visual boundary of horospherical products.

Property 5.15 (Property 10.1.7 p.234 of [23]). Let X be a proper Busemann space, let q be a point in X
and let r : [0, +0o[—> X be a geodesic ray. Then, there exists a unique geodesic ray ' starting at q that is
asymptotic tor.

Theorem 5.16. Let N be an admissible norm. We fix base points and directions (wx,ax) € X x 0X,
(wy,ay) € Y x QY. Let X xY be the horospherical product with respect to (wx,ax) and (wy,ay ).
Then the visual boundary of (X n 'Y, d,) with respect to a base point o = (0x,0y ) is given by:

Dp(X ®Y) :((8X N {aX}) X {ay}) U ({aX} X (8Y N {ay}))
:((aX < {ay ) ({ax} ><[‘)Y)) “{(ax,ay)}

The fact that (ax,ay ) is not allowed as a direction in X Y is understandable since both heights
in X and Y would tend to +oco, which is impossible by the definition of X » Y.

Proof. Let o be a geodesic ray. Lemma implies that there exists £y € R such that « is coarsely
monotone on [fg, +oo[. Then Lemma G538 tells us that a([to, +o0[) is at finite Hausdorff distance from
a vertical geodesic ray V' = (Vx, Vy ), hence « is also at finite Hausdorff distance from V.

Since X is Busemann and proper, Property [5.15] ensure us there exists V¥ a vertical geodesic ray such
that Vx and VY are at finite Hausdorff distance with V7 (0) = ox. Similarly, there exists Vy- a vertical
geodesic ray of Y with V4 (0) = oy such that V4~ and V§. are at finite Hausdorff distance.
Furthermore, there is at least one vertical geodesic ray V' = (V§,Vy) in every asymptotic equiva-
lence class of geodesic rays, hence 0, X x Y is the set of asymptotic equivalence classes of vertical
geodesic rays starting at 0. Therefore, an asymptotic equivalence class can be identified by the couple
of directions of a vertical geodesic ray. Then 0,X Y can be identified to:

((aX <A{ax}) x {ay}) U({ax} x (8Y {ay})).

the union between downward directions and upward directions, which proves the theorem. O

Example 5.17. In the case of Sol, X and Y are hyperbolic planes Hs, hence their boundaries are 0X =
OHy = S and OY = SL. Then 9,50l can be identified to the following set:

(Sl\{aX}) x {ay } | U{ax} x (S1 \{ay}). (49)

It can be seen as two lines at infinity, one upward {ax } x (Sl N {ay}) and the other one downward
(Sl N {aX}) x{ay}.

It is similar to Proposition 6.4 of [27]].
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