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Abstract

Horospherical products of two hyperbolic spaces unify the construction of metric spaces such

as the Diestel-Leader graphs, the SOL geometry or the treebolic spaces. Given two proper, geodesi-
cally complete, Gromov hyperbolic, Busemann spaces H,, and H,, we study the geometry of their
horospherical product H := H), » H, through a description of its geodesics.
Specifically we introduce a large family of distances on H,, x H,. We show that all these distances
produce the same large scale geometry. This description allows us to depict the shape of geodesic
segments and geodesic lines. The understanding of the geodesics’ behaviour leads us to the char-
acterization of the visual boundary of the horospherical products. Our results are based on metric
estimates on paths avoiding horospheres in a Gromov hyperbolic space.
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A horospherical product is a metric space constructed from two Gromov hyperbolic spaces H, and H,.
It is included in their cartesian product H, x H, and can be seen as a diagonal in it. The definition of
this horospherical product makes use of the so-called Busemann functions. Let us assume that there
exists a unique geodesic ray k in H,, starting at a given base point w), € H,, and leading in the direction
of a given point on the boundary a, € 0H). Then the Busemann function with respect to a, and w),



associates to a point x;,, € H), the delay it has in a race towards a, against k. Given a base point and
a point on the boundary on H,, and H, we have two respective Busemann functions. We define the
height functions of these spaces H, and H, to be the opposite of the Busemann functions. Hence
the level-lines of the Busemann functions, which are called horospheres, are also the level-lines of the
height functions. Then the horospherical product H = H, x H, is built by gluing H,, with an upside
down copy of H, along their respective horospheres. More precisely with a given height h, on H,
(Definition 2.1) and a given height h,; on H,, the horospherical product H = H, x H, is defined as
follows.
H = {(zp,zq) € Hyx Hy | hp(xp) + hg(zq) = 0}.

Since we are considering only couples of points with opposite heights in this set, we define the height
on the horospherical product H as the height on the first component H,,. This notion of horospherical
product generalizes the description of the Diestel-Leader graphs, the SOL geometry and the Cayley
2-complexes of Baumslag-Solitar groups BS(1,n). In the second chapter of [14, Woess], the last three
exemples are presented as horocyclic products of metric spaces. We choose the name horospherical
product instead of horocyclic product since in higher dimension, level-lines according to a Busemann
function are not horocycles but horospheres. As Woess suggested in [14, W], we explore here a gener-
alization for horospherical products.

The Diestel-Leader graphs are horospherical products of two regular trees. If the two trees’ degree
are equal, their horospherical product is the Cayley graph of a lamplighter group, see [13, Woess] for
further details. A motivation to study this construction are the results from [4, Eskin, Fisher, Whyte],
[5, E,FW] and [6, E,F,W]. They state that the Diestel-Leader graphs constructed from two regular trees
with no common divisor in their degree are vertex-transitive graphs which are not quasi-isometric to
any Cayley Graphs. The existence of such a graph was a long open problem.

The SOL geometry, one of the eight Thurston geometries, is presented in [14, Woess] as the horospher-
ical product of two hyperbolic planes. In [6, Eskin, Fisher, Whyte], they also prove rigidity results
on lattices of the SOL geometry. A third example is related to the family of Baumslag-Solitar groups
BS(1,n), their Cayley 2-complex are described in [1, Bendikov, Saloff-Coste, Salvatori, Woess] as the
horospherical product of a hyperbolic plane and a homogeneous tree. Similar rigidity results as in [4,
Eskin, Fisher, Whyte] are presented in [7, Farb, Mosher] and [8, F,M] for Baumslag-Solitar groups.

For our generalization, we require that our components H,, and H, are two proper geodesically com-
plete Gromov hyperbolic Busemann spaces. A Busemann space is a metric space where the distance
between any two geodesics is convex, and metric space X is geodesically complete if and only if a
geodesic segment « : I — X can be prolonged into a geodesic line & : R - X. The Busemann hypoth-
esis suits with the definition of horospherical product since we require that the opposite heights are
exactly equal. Furthermore, adding the hypothesis that /1, and H, are geodesically complete allows us
to prove that the horospherical product H = H, » H, is connected.

There are many possible choices for the distance on H), x H,. In this paper we work with a family
of length path metrics induced by distances on H), x H, (see precise definition 4.2). We require that
the distance on H, x H, comes from a norm N on R? that is greater than the normalized ¢; norm.
Such norms are called admissible norms. A description of the distances on horospherical products is
given by Corollary 4.17. This corollary shows that any distance we described earlier provides the same
geodesic shapes, up to an additive constant depending only on H,,, H, and on the norm N. To do so
we introduce a notion of vertical geodesics, which are geodesics heuristically "normal" to horospheres
(see precise definition 4.7). The shapes of geodesic segments are described in the following theorem.

Theorem 1.1. Let d > 1 and let N be an admissible norm. Let H,, and H, be two proper, geodesically
complete, 6-hyperbolic, Busemann spaces. Let x = (x, x4) andy = (yp,yq) be two points of H = Hy,x H,
and let a be a geodesic segment of (H,dy ') linking = toy. There exists a constant « depending only on
d and N, and there exist two vertical geodesics Vi = (V1 5, V1 4) and Vo = (Vap,, Va 4) such that:



Figure 1: Shape of geodesic segments when h(z) < h(y)—rinH = H,xH,. The neighbourhoods’ shape
are distorted since when going upward, distances are contracted in the "direction" H,, and expanded in
the "direction" H,.

L If h(z)<h(y)-kK thena isin the k-neighbourhood of Vi U (Vi , V2 4) U Vo

2. If h(z)>h(y)+~K then« isin the k-neighbourhood of Vi U (Va,, Vi 4) U Vs

3. If |h(z)-h(y)| <Kk then at least one of the conclusions of 1. or 2. holds.
Specifically, Vi and V3 can be chosen such that x is close to V| andy is close to V5.

This behaviour is illustrated on Figure 1 for h(z) < h(y) — x. This result is similar to the hyperbolic
case, where a geodesic segment is in the constant neighbourhood of two vertical geodesics. The heuris-
tic comprehension of Theorem 1.1 is, say in the case h(z) < h(y) — K, that a geodesic segment travels
first along a copy of the component H, (which is upside down) as a geodesic in it, and last travels along
a copy of the component I}, as a geodesic in it.

To prove Theorem 1.1 we need to control the lengths of the geodesics’ projections on H, and H,,.
This work is done in section 3. The relative distance is defined as the distance minus the difference
of height, it can be understood as the distance on horospheres. We first exhibit that in a hyperbolic
space the maximal height of a geodesic segment and the relative distance between the end points of
that geodesic segment are tightly related. We also have a lower bound on the length of paths avoiding
horoballs as in Proposition 1.6 p400 of [2, Bridson, Haefliger]. Then we refine this last result into a con-
trol on the length of paths which avoid horoballs and which reach a given point. Since the projections
on Hy, and H, of geodesics in H are such paths, Theorem 1.1 follows.

This result leads us to show the existence of unextendabled geodesics, which are called dead-ends. This
was well known for lamplighter groups. This description of geodesic segments also allows us to prove
that for any geodesic ray k£ of H = H), x H, there exists a vertical geodesic ray at finite Hausdorff
distance. Therefore we classify all possible shapes for geodesic lines and then give a description of the
visual boundary of H. The notion of H),-type and H,-type geodesics at scale « are described in Defini-
tion 5.10 and illustrated on Figure 2. They are essentially geodesics of 7 in a constant x-neighbourhood
of geodesics in a copy of H), or in a copy of H, in H. We show that the geodesic lines of H,, » H, are
either H,-type, H,-type or both.

Theorem 1.2. Let § > 1 and let N be an admissible norm. Let H,, and H, be two proper, geodesically
complete, d-hyperbolic, Busemann spaces. Let H = H,, « H, be the horospherical product of Hy, and H,.
Then there exists k > 0 depending only on 6 and N such that for all geodesic o : R — H of (H,dy n) at
least one of the two following statements holds.
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Figure 2: Different type of geodesics in H = H, x H,,.

1. ais a Hy-type geodesic at scale k of H

2. ais a Hy-type geodesic at scale k of H

If a geodesic is both H)-type and H,-type at scale x, it is in the x-neighbourhood of a vertical
geodesic of H,, x H,,.

The notion of visual boundary of H? » H? is presented in the work of Troyanov in [12, Troyanov]
through several definitions of horizons. We expand the definition and the description of the visual
boundary in the general case of horospherical products as follows. Two geodesics are called asymptotic
if they are at finite Hausdorff distance from each other. Let o € H, the visual boundary of H is then
denoted by 9,(H) and stands for the set of families of asymptotic geodesic rays starting at 0. We have:

Theorem 1.3. Let 6 > 1 and let H, and H, be two proper, geodesically complete, d-hyperbolic, Busemann
spaces. We fix base points and directions on Hy, and H, as follows, (wp,a,) € Hy, x 0H)p, (wq,aq) €
H,x0H,. Let H = H,, » H, be the horospherical product with respect to (wp, a,) and (wg, ay). Then the
visual boundary of H with respect to a given point o = (0p,04) is:

doH =((0H, ~ {ap}) x {ag}) U ({ap)} x (2H, ~ {a,}))
=((0H, x {ag}) U ({ap} x 9Hy) ) ~ {(ap, a0)}

This last result is similar to the Proposition 6.4 of [12, Troyanov]. However, unlike Troyanov in
his work, we are focusing on minimal geodesics and not on local ones. One can see that this visual
boundary neither depends on the chosen admissible norm /N nor the base point o.

The figures of this paper depict lemmas and theorems when the two components H), and H, are hy-
perbolic planes H?, hence when H = H, x H, is the SOL geometry. In the 2 dimensional figures, we
picture the vertical geodesics as getting closer when going upward since the distance contracts in this
direction. In the 3 dimensional case we picture the vertical geodesics as straight lines in order to match
with their shapes in the SOL geometry.

The paper is organised with first Section 2 which presents Gromov hyperbolic spaces, the notion of
vertical geodesics in them and the impact of the Busemann hypothesis on the vertical geodesics. Then
Section 3 provides us with an estimate on the length of paths avoiding horoballs in hyperbolic spaces,
namely Lemma 3.8, which will be central in our control of the distances in H. In Section 4 we define
the horospherical products and give an estimate of their distance through Corollary 4.17. We hence
discuss the fact that an entire family of distances are close to each others in H. Last, in Section 5, we
prove our three main results. Theorem 1.1 follows from the estimates of Corollary 4.17 on the length
of geodesic segments. The description of geodesic lines of Theorem 1.2 follows from Theorem 1.1 and
gives us the tools to prove Theorem 1.3.



2 Context

2.1 Gromov hyperbolic spaces

The goal of this section is to recall what is a Gromov hyperbolic space and what are vertical geodesics
in such a space. Let H be a proper geodesic metric space, and d be a distance on H. A geodesic line of
H is the isometric image of an Euclidean line in H. A geodesic ray of a metric space H is the isometric
image of a half Fuclidean line in H. A geodesic segment of a metric space H is the isometric image of
an Fuclidean interval in H. By slight abuse, we will call geodesic, geodesic ray or geodesic segment, a
map « : [ - H which parametrises our given geodesic by arclength.

Let 6 > 0 be a non-negative number. Let x, y and z be three points of H. The geodesic triangle
[z,y] U [y, z] U [z, x] is called 0-slim if any of its sides is included in the §-neighbourhood of the re-
maining two. The metric space H is called é-hyperbolic if every geodesic triangle is d-slim. A metric
space H is called Gromov hyperbolic if there exists § > 0 such that H is a d-hyperbolic space.

An important property of Gromov hyperbolic spaces is that they admit a nice compactification. In-
deed the Gromov boundary allows that. We call two geodesic rays of H equivalent if their images are
at finite Hausdorff distance. Let 0 € H be a base point. We define 0,H the Gromov boundary of H as
the set of families of equivalent rays starting from o. In fact, the boundary 0, H does not depend on the
base point o, hence we will simply denote it by 0H. For more details, see [10, Ghys, De La Harpe] or
chapIII H p.399 of [2, Bridson, Haefliger].

2.2 Vertical geodesics with respect to a boundary point

In this section we fix § > 0, H a proper geodesic -hyperbolic space, w € H a base point and a € 0H
a point on the boundary of H. We recall the definition of Busemann function firstly presented in the
introduction.

VaeH, Bu(x,w) =sup{limsup(d(z, k(t)) —t) | k € a, starting from w}.
t—+o00

We want a notion of height on our hyperbolic spaces, a number tending to +oco when following a
selected direction. It is the reason why we define the height on H as the opposite of the Busemann
function.

Definition 2.1 (height with respect to a € OH and w € H). Let a € OH be a direction in H and let
w € H be a base point. Then we define:

Ve eH, hguw(r)=-PFu(r,w).
Let us write Proposition 2 chap.8 p.136 of [10, Ghys, De La Harpe] with our notations.

Proposition 2.2 ([10], chap.8 p.136). Let H be a hyperbolic proper geodesic metric space. Let a € OH
and w € H, then:

1. lim h(a,w)(x) = +00
2. lirrih(a’w)(x) =—o0, Vbe OH \ {a}
3. Va,y,z € H,|Ba(x,y) + Ba(y, 2) - Ba(z, 2)| < 2000.

Furthermore, a geodesic ray is in @ € OH if and only if its height tends to +oo.

Corollary 2.3. Let H be a hyperbolic proper geodesic metric space. Let a € OH and w € H, and let
a:[0,+00[— H be a geodesic ray. The two following properties are equivalent:



1 tkgio h(a,w)(a(t)) = +00
2. a([0,+00]) € a.

Proof. As for any geodesic ray « : [0, +oo[— H there exists b € H such that a([0,+o0[) € b, this
proposition is a particular case of Proposition 2.2. O

We will picture our hyperbolic spaces in a way similar to the Log model for the hyperbolic plane.
We send a € 0H upward to infinity and 0H \ {a} downward to infinity. We then call vertical the
geodesic rays that are in the equivalence class a.

Definition 2.4 (Vertical geodesics with repsect to a € 9H). A geodesic of H which satisfies one of the
properties of Corollary 2.3 is called a vertical geodesic relatively to the point a.

An important property of the height is to be Lipschitz.
Proposition 2.5. Leta € OH and w € H. The height function hg, := —,(-, w) is Lipschitz:
Va,y € H, |haw)(2) = haw) ()] < d(z,y).
Proof. By using the triangular inequality we have for all x,y € H:
~h(aw)(7) = Ba(w,w) = sup{ligfolip(d(x, k(t)) —t) | k vertical rays starting at w}

<d(z,y)+ sup{litmfup(d(y, k(t)) —t) | k vertical rays starting at w}
<d(w,y) + Ba(y, w) <d(,y) = hauw)(Y)-

The result follows by exchanging the roles of x and y. O

From now on, we fix a given a € 9H and a given w € H. Therefore we simply denote the height by
h instead of /(g ).

Proposition 2.6. Let o be a vertical geodesic of H. We have the following control on the height along o:
Vi1, tg € R, ty =t — 2006 < h(a(t2)) - h(a(t1)) < tg — t1 +2008.
Proof. Lett,ts € R, then:
h(a(t2)) - h(a(t)) = B(a(t),w) - Ba(tz), w)
= Ba(tr), a(t2) = (B(a(t2). w) - Ba(tr),w) + B(a(h). a(t2)))-

The third point of Proposition 2.2 applied to the last bracket gives:

B(a(tr), a(ts)) —2006 < h(a(ta)) — h(a(t)) < B(a(tr), a(t2)) +2000. (1)
Since t — «a(t + to) is a vertical geodesic starting at a(t2) we have:

ﬁ(a(tl), oz(tg)) = sup { ligfotip (d(a(tr),k(t)) - t)’k vertical rays starting at oz(tg)}
> htrililop (d(a(tl), alt+ts)) - t)

> limsup (|t +t2 — t1] = ) > to — t1, for t large enough.
t—+o00

Using this last inequality in inequality (1) we get to — t1 — 2000 < h(a(t2)) — h(a(t1)). The result
follows by exchanging the roles of ¢; and t. O



Using Proposition 2.6 with ¢; = 0 and ¢, = ¢, the next corollary holds.

Corollary 2.7. Let « be a vertical geodesic parametrised by arclength and such that h(«(0)) = 0. We
have:
Vte R, |h(a(t)) -t < 2000.

In the sequel we want to apply the slim triangles property on ideal triangles, hence we need the
following result of [3, Coornaert, Delzant, Papadopoulos].

Property 2.8 (Proposition 2.2 page 19 of [3]). Let a,b and c be three points of X U 0X. Let o, 3,7 be
three geodesics of X linking respectively b to c, c to a, and a to b. Then every point of « is at distance less
than 246 from the union 3 U ~y.

2.3 Busemann spaces

We recall here some material from Chap.8 and Chap.12 of [11, Papadopoulos] about Busemann spaces.
Busemann spaces are metric spaces where the distance between geodesics are convex functions. To
make it more precise, a metric space X is called Busemann if it is geodesic, and if for every pair of
geodesics parametrized by arclength v : [a,b] — X and 7' : [a/,0'] - X, the following function is
convex:

Dy :[a,b] x [a',b'] = X
(t,t") = dx (v(1),7'(")).

As an example, all C AT'(0) spaces are Busemann spaces. However, being C AT'(0) is stronger than
being Busemann convex by Theorem 1.3 of [9, Foertsch, Lytchak, Schroeder]. As an example, strictly
convex Banach spaces are all Busemann spaces, but they are C AT'(0) if and only if they are Hilbert
spaces. Something interesting in Busemann spaces is that two points are always linked by a unique
geodesic (see 8.1.4 p.203 of Papadopoulos [11, Papadopoulos] for further details). The next proposition
gives us informations on the height functions.

Property 2.9 (Prop. 12.1.5 in p.263 of Papadopoulos [11]). Let § > O be a non negative number. Let H
be a proper 6-hyperbolic, Busemann space. For every geodesic o, the functiont — —h(«a(t)) is convex.

From now on, H will be a proper, Gromov hyperbolic, Busemann space. The Busemann hypothesis
implies that the height along geodesic behaves nicely. This means that we can drop the constant 200§
from Corollary 2.7. It is the main reason why we require our spaces to be Busemann spaces.

Proposition 2.10. Let H be a -hyperbolic and Busemann space and let V be a path of H. Then 'V is a
vertical geodesic if and only if 3c € R such that Vt e R, h(V(t)) =t +c.

Proof. Let V be a vertical geodesic in H. By Property 2.9 we have that ¢ » —h(V (¢)) is convex.
Furthermore, from Corollary 2.7, we get |h(V (t)) — t| < 2006. Thereby the bounded convex function
t — t —h(V(t)) is constant. Then there exists a real number ¢ such that V¢ e R, h(V (t)) =t +ec.
We now assume that there exists a real number ¢ such that V¢ € R, h(V(t)) = ¢ + c. Therefore, for
all real numbers ¢; and ¢ we have d(V (t1),V (t2)) > Ah(V (1), V(t2)) = [t1 — to|. By definition V/
is a connected path, hence |t; — t3| > d(V(tl), V(tg)) which implies with the previous sentence that
|ty = ta| = d(V(t1),V (t2)), then V is a geodesic. Furthermore tLiinm h(V(t)) = +oc0, which implies by
definition that V' is a vertical geodesic. O
A metric space is called geodesically complete if all its geodesic segments can be prolonged into

geodesic lines. By adding the hypothesis of geodesically completeness on a hyperbolic Busemann space
H we get that any point of H is included in a vertical geodesic line.

Property 2.11. Let H be a 5-hyperbolic Busemann geodesically complete space. Then for all x € H there
exists a vertical geodesic V;; : R — H such that V, contains x



Proof. Let us consider in this proof w € H and a € OH, from which we constructed the height h of our
space H. Then by definition we have h(, ) = h. Proposition 12.2.4 of [11, Papadopoulos] ensures the
existence of a geodesic ray R, € a starting at x. Furthermore as H is geodesically complete R, can be
prolonged into a geodesic V,, : R — H such that V,,([0; +oo[) € a. Hence V, is a vertical geodesic from
Definition 2.4. O

In this section we defined all the objects we will use in hyperbolic spaces. We will now focus on
proving length estimates on specific paths. They will appear in Section 4 as the projection of geodesics
in a horospherical product.

3 Metric estimates in Gromov hyperbolic Busemann spaces

3.1 Metric description of geodesics

This section focuses on length estimates in Gromov hyperbolic Busemann spaces. The central result
is Lemma 3.8, which present a lower bound on the length of a path staying between two horospheres.
Before moving to the technical results of this section, let us introduce some notations.

Notation 3.1. Unless otherwise specified, H will be a Gromov hyperbolic Busemann geodesically complete
proper space. Lety : I — H be a connected path. Let us denote the maximal height and the minimal height
of this path as follows:

h*(7) = sup {h(v(£)},
W™ () = inf {n(y(t))}.
Let x and y be two points of H, we denote the height difference between them by:

Ah(z,y) = [h(z) - h(y)]

We define the relative distance between two points x and y of H as:

dr(x,y) = d('r7y) - Ah(x7y)

Let us denote V,, a vertical geodesic containing x, we will consider it to be parametrised by arclength.
Thanks to Proposition 2.10 we choose a parametrisation by arclength such that Vt € R, h(V,(t)) =t +0.

The relative distance between two points quantifies how far a point is from the nearest vertical
geodesic containing the other point. Next lemma tells us that in order to connect two points a geodesic
needs to go sufficiently high. This height is controlled by the relative distance between those two
points.

Lemma 3.2. Let H be a d-hyperbolic and Busemann metric space, let z and y be two elements of H such
that h(x) < h(y), and let o« be a geodesic linking = to y. Let us denote z = a (Ah(z,y) + %dr(x,y)),

w1 := Ve (h(y) + 3d,(x,y)) the point of V. at height h(y) + 3d,(x,y) and y1 =V, (h(y) + 3dv(2,y))
the point of V,, at the same height h(y) + %dr(:z:, y). Then we have:

1. h*(a) > h(y) + 3d.(z,y) — 960
2. d(z,x1) <1449
3. d(z,y1) <1446

4. d(x1,y1) < 2880.
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Figure 3: Proof of Lemma 3.2

Proof. The lemma and its proof are illustrated on Figure 3. Following Property 2.8, the triple of geodesics
a, V; and Vj, is a 246-slim triangle. Since the sets {t € [0,d(x,y)]|d(a(t),V,) < 245} and {t €
[0,d(z,y)]|d(a(t), V) < 240} are closed sets covering [0, d(z,y)], their intersection is non empty.
Hence there exists tg € [0,d(x,y)], 2 € V, and y2 € V,, such that d(a(tg), x2) < 240 and d( (o), y2) <
240. Let us first prove that ¢ is close to Ah(z,y) + %dr(x, y). By the triangular inequality we have
that:

[to — d(x,x2)| = |d(z, a(to)) — d(z,x2)| < d(w2, a(tp)) < 246.
Let us denote z3 := V,(h(x) +to) the point of V. at height h(x) +to, and y3 = V,,(h(y) + d(x,y) —to)
the point of V}, at height h(y) + d(z,y) — to. Then by the triangular inequality:
d(a(tp),z3) < d(a(ty),x2) + d(za,x3) = d(a(ty), z2) + |d(x, x2) — d(z, x3)|
<d(a(to),x2) +|d(z, x2) —to| < 480. (2)

In the last inequality we used that d(x, 23) = to, which holds by the definition of x3. We show in the
same way that d(«(tp),y3) < 489. By the triangular inequality we have d(x3, y3) < 965. As the height
function is Lipschitz we have Ah(x3,y3) < d(x3,y3) < 966, which provides us with:

1 1
Edr(‘/E?y) + Ah($7y) —to| = §|d'f‘(xay) + Ah(l‘,y) + h(y) - h($) - 2t0‘

= %\h(y) +d(z,y) —to— (h(z) +to)| = %Ah(xg,,yg) < 9—26 <485. (3)

In particular it gives us that d(z, a(tp)) < 480. We are now ready to prove the first point using inequal-
ities (2) and (3):

h*(a) 2h(a(ty)) > h(xz3) = Ah(a(ty),z3) > h(x) +to — 485
Sh(z) + %dr(x,y) + Ah(z,y) 965 > h(y) + %dr(x,y) ~ 965, as we have h(z) < h(y).
The second point of our lemma is proved by the sequel:
d(z,x1) <d(z,a(ty)) +d(a(ty),x1) <486 + d(a(to), z3) + d(x3, 1)
to-+ (@) = (5e () + 1) )| = 965 + - (Ah(a) + 3, ()

The proof of 3. is similar, and 4. is obtained from 2. and 3. by the triangular inequality. O

<966 + < 1449.




The next lemma shows that in the case where h(z) < h(y) a geodesic linking x to y is almost
vertical until it reaches the height h(y).

Lemma 3.3. Let H be a 6-hyperbolic and Busemann space. Let x and y be two points of H such that
h(x) < h(y). We define x' := V. (h(y)) to be the point of the vertical geodesic V. at the same height as y.
Then:

|dy(2,y) - d(z",y)| < 540. (4)

Proof. Since H is §-hyperbolic, the geodesic triangle [z,y] U [y,2'] U [2/,z] is §-slim. Then there
exists p1 € [x,2'], po € [2',y] and m € [x,y] such that d(p;,m) < & and d(p2,m) < 6. Hence,
h™([z',y]) = 6 < h(m) < h*([x,2"]) + 0. Let R, and R, be two vertical geodesic rays respectively
contained in V, and Vj, and respectively starting at =’ and y. Then Property 2.8 used on the ideal
triangle R, U Ry U [z, y] implies that h™([2', y]) > h(y) — 240, therefore we have h*([x,z']) = h(y).
Then h(y) — 256 < h(m) < h(y) + 0 holds. It follows that m and z’ are close to each other:

d(m,z") <d(m,p1) +d(p1,2") <6+ Ah(p1,2") <6+ Ah(p1,m) + Ah(m,y) + Ah(y,z")
<d+d(p1,m)+250 +0 < 276. (5)

Then we give an estimate on the distance between x and m:
|d(z,m) — Ah(x,y)| = |d(z,m) —d(z,2")| < d(m,z") <270. (6)
However d,(x,y) = d(x,y) — Ah(z,y) and d(z,y) = d(x,m) + d(m,y), therefore:
dr(z,y) = d(z,m) +d(m,y) - Ah(z,y). (7)
Combining inequalities (6) and (7) we have |d,(z,y) — d(m,y)| < 276. Then:

|d(z,y) —d(z',y)| < 275 + d(z',m) < 540.

The lemmas of this last section allow us to prove the estimate lemmas of the next one.

3.2 Length estimate of paths avoiding horospheres

Consider a path v and a geodesic « that links the two same points of a proper, Gromov hyperbolic,
Busemann space. We prove in this section that if the height of v does not reach the maximal height of
the geodesic a, then v is much longer than «. Furthermore, its length increases exponentially on the
difference of maximal height between v and a. To do so we need Proposition 1.6 p400 of [2, Bridson,
Haefliger]. We denote by /(c¢) the length of a path c.

Proposition 3.4 ([2]). Let X be a 6-hyperbolic geodesic space. Let ¢ be a continuous path in X. If [p, q]
is a geodesic segment connecting the endpoints of c, then for every x € [p, q]:

d(z,im(c)) < d|logyl(c)| + 1.

This result implies that a path of H between x and y which avoids the ball centred in the middle of
a geodesic [, y] has length greater than an exponential in the distance d(x,y). From now on we will
add as convention that 4 > 1. For all 4; < 2 a d;-slim triangle is also d2-slim, hence all d;-hyperbolic
spaces are da-hyperbolic spaces. That is why we can assume that all Gromov hyperbolic spaces are J-
hyperbolic with § > 1. It allows us to consider % as a well defined term, we hence avoid different cases
in the proof of the following lemma. We also use this assumption to simplify constants appearing in
the proof. The next result is a similar control on the length of path as Proposition 3.4, but we consider
that the path is avoiding a horosphere instead of avoiding a ball in H.

10



B(y, Ah(yo,v))

/
\J

Figure 4: Proof of Lemma 3.5

Lemma 3.5. Let d > 1 and H be a proper, 0-hyperbolic, Busemann space. Let x and y € H and let V,
(respt. V) be a vertical geodesic containing x (respt. y). Let us consider ty > max(h(z),h(y)) and let us
denote xq := V;(to) and yo := Vy(to). Assume that d(zo,yo) > 7686.

Then for all connected path ~ : [0,T] - H such that v(0) = x, y(T) =y and h* () < h(xo) we have:

1(7) > Ah(z, 20) + Ah(y, yo) + 2 3362254w0v0) _ 945, (8)

For trees when § = 0 this Lemma still makes sense. Indeed, if  tends to 0 then the length of the
path described in this Lemma tends to infinity, which is consistent with the fact that such a path does
not exist in trees. The proof would use the fact that in Proposition 3.4 we have d(z,im(c)) = 0 when
0 = 0 since 0-hyperbolic spaces are real trees.

Proof. One can follow the idea of the proof on Figure 4. We will consider « to be parametrised by
arclength. Let B(xz, Ah(xo,z)) c¢ H be the ball of radius h(xzg) — h(x) centred on x, and let m €
B(x,Ah(xp,x)) be a point in this ball. Then:

dy(m,x) =d(m,z) - Ah(m,z) < Ah(x,x0) — Ah(m,z) < Ah(zg,m).
Let us first assume that h(m) > h(z), then:

gh@@+hm@;hW”:h%®+hf”sh@@. 9)

h(m) +

—dr(rg, z) <h(m) +

Ah(xg,m)
2

By Lemma 3.2 we have:

d(Vx (h(m) N @) Vi (h(m) + W)) < 2885,

We now assume that 2(m) < h(x), then:

d(x,m) h(

h(z) + < h(z) + w < h(z) + A+’x0) < h(z0).

11



Then Lemma 3.2 provides:

dT’ I d'/‘ )
d (Vx (h(:r) + W) Vin (h(m) + (%x))) < 2880.
Since H is a Busemann space, the functiont — d(V,(t), V,,(t)) is convex. Furthermore t — d(V,.(t), V;,(t))

is bounded on [0; +oco[ as H is Gromov hyperbolic, hence t - d(V,(t), V;,(¢)) is a non increasing func-
tion. Therefore both cases h(m) < h(z) and h(z) < h(m) give us that:

d( 0, Vin (h(0)) ) = (Vi (h(20)) , Vin((0)) ) < 2886, (10)

In other words, all points of B(z, Ah(xg,x)) belong to a vertical geodesic passing nearby x. By the
same reasoning we have VYn € B(y, Ah(yo,y)) :

d(yo. Vi (h(0)) ) < 2885. (1)

Then by the triangular inequality:

d(Vin(h(20)), Vi (h(y0)) ) > =d(0, Vim ((0)) ) + d(0,90) = (o, Vi (h(0)) )
> 7685 — 2885 — 2885 > 1920. (12)

Specifically d(V,,(h(x0)), Va(h(y0))) = d(Vi(h(x0)), Va(h(xg))) > 0 which implies that m # n.
Then B(z, Ah(zo,x)) n B(y, Ah(yo,y)) = @. By continuity of v we deduce the existence of the two
following times ¢, <, such that:

ty = inf{t € [0,T] | d((t),z) = Ah(x,x0)},
ty =sup{t € [0,T] | d(v(t),y) = Ah(y,y0)}-

In order to have a lower bound on the length of v we will need to split this path into three parts:

Y =N0,te] Y Nlte ty] Y N[y, TT-

As 7y is parametrised by arclength and d(~(0),~v(t;)) = Ah(z,z¢) we have that:

L(Y[0.t.]) 2 Ah(z, 20). (13)

For similar reasons we also have:

L (e, 1) 2 ARy, o). (14)
We will now focus on proving a lower bound for the length of vz, +,]-
We want to construct a path 7" joining 1 = V) (h(0)) to y1 = Vi, )(h(20)), that stays below

h(xo) and such that 7, ;,] is contained in '. Let 21 := V4, y(h(w0)) and y1 := V) (h(20)). We
construct 7' by gluing paths together:

~y from () to y(ty)

, Vit,) fromzytoy(t,)
")/ =
Vi@, from~y(ty)toys

Applying inequalities (10) and (11) used on (t,) and y(t,) we get:

d(xo,z1) < 2889, (15)
Ao, 1) < 2886, (16)
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In order to apply Proposition 3.4 to 7" we need to check that there exists a point A of the geodesic
segment [z1,y1 | such that h(A) > h(xzg). Applying Lemma 3.2 to [21,y:1 ] and since h(z1) = h(y1) we
get:

W ([z1,1]) > M + h(zo) — 960 = w + h(2) — 960.

Thanks to the triangular inequality and inequalities (15) and (16):

W (g ]) > 2H0:20) = d(xf;’ 2) 2 Ao v1) Ly Zo6s > M T h(zo) — 3840.

Since by hypothesis d(z,yo) > 7680, there exists a point A of [x1, y1 ] exactly at the height:
d
h(A) = % + h(zo) — 3844.
We can then apply Proposition 3.4 to get:

S|logo(L(y' )|+ 1> d(A,~") > Ah(A, x0) > d(on,yo) + h(xo) — 3849 — h(xg)

> M — 3846,

Since 0 > 1, last inequality implies that I(y") > 9-38593254(70.%0) Now we use this inequality to have a
lower bound on the length of vz, ¢,

I Vtat,1) 2 1Y) = AR(y(t2), m0) = AR(v(ty), v0)
> 273899354@0.00) _ AR(y(t,), 20) ~ Ah(7(ty), yo). (17)

We claim that { ('y‘[tmty]) > Ah(y(tz), o) + Ah(y(ty), yo) — 480, hence:

l(’Y\[tz,ty]) > 973869 35d(x0.00) _ 249, (18)

which ends the proof by combining inequality (18) with inequalities (13) and (14).

Proof of the claim. Inequality (12) with m = y(t,) and n = y(t,) gives d(x1,y1) > 1920. We want to
prove that A" ([y(t2),7(t,)]) > h(x1)—246. First, by Lemma 2.8 we have that [(t),v(ty)]u V¢, U

V.(t,) is a 246-slim triangle. Then there exist three times ¢, {1 and {3 such that d (Vv(tz) (t1),7(to)) <

240 and such that d (Vy(ty) (t2),7(to)) < 246. Then:

[t = b2l = AR (Va0 (01), Ve (2)) < d (Vo) (1), Vi) (22))
<d (Vi) (t01):7(t0)) + d (7(t0), Vyqa, ) (2)) < 486. (19)
We will show by contradiction that either t1 = h(V,(;,)(t1)) 2 h(z0) or t2 = h(Vy ) (t2)) > h(z0).
Assume that t1 < h(xg) and t < h(x). Then by the triangular inequality:
(V) (1), Vo) (12)) 2 d(Var,) (82), Vi) (82)) = d(Via,) (12), Vi) (81))
> d(VW(ty)(tg), Vv(tx)(tZ)) — 484, since |t1 — to| < 486 by equation (19).

As H is a Busemann space, the function ¢ ~ d(V,Y
h(xo) > t2 hence:

486 > d(Voy(1,) (1), Vaea) (12)) 2 d(Vyaa) (2), Vage, ) (t2)) — 486
> d(V, 1,y (h(0)), Vaa,) ((0)) ) = 485 > d(w1,31) — 486
> d(zo,y0) — d(zo,x1) — d(yo,y1) — 480 > d(x0,y0) — 6244, by inequalities (15) and (16),
> 490, since d(xo,yo) > 7689 by hypothesis,

(t) (1), Vw(ty)(t)) is non increasing. Furthermore,

13



D

VQ(D — t)
to Va(t2)
1 Vi(t1)

Figure 5: Proof of Lemma 3.6

which is impossible. Therefore ¢; > h(xzg) or t2 > h(xzg). We assume without loss of generality that
t1 > h(xo), then:

Ah(v(t0), Vi) (t1)) < d(v(t0), Vye,) (1)) < 246,
which implies:
R ([(t) v (8)]) 2 h(v(t0)) 2 b (Vage,y (11)) = Ab((t0), Vage,y (11)) 2 B(wo) — 246,
and gives us:
LVt 1) 2 B ([ (), v (8)]) = B(Y(E2)) + AT ([ (), v (8)]) = B(v(ty))
> h(o) — 240 — h(y(t2)) + h(zo) - 246 — h(~(t,))
> Ah(y(tz), w0) + Ah(v(ty), yo) — 484. (20)
O

Next lemma shows that we are able to control the relative distance of a couple of points travelling
along two vertical geodesics.

Lemma 3.6 (Backwards control). Letd > 0 and H be a proper, 6-hyperbolic, Busemann space. Let Vi and
Vo be two vertical geodesics of H. Then for all couple of times (t1,t2) and forallt € [0, %dr (Vi(t1), Va(te ))]

d, (v1 (t1 . %dr(Vl(tl), Va(ts)) - t) W (t2 N %dr(Vl(tl), Va(ts)) - t)) ~ot] < 2886,

Proof. To simplify the computations, we use the following notation, D := t9 + %d,.(Vl(tl), Va(t2))
and A = |t; — t3|. The term A is the difference of height between V;(t1) and Va2(t2) since vertical
geodesics are parametrised by their height. Then we have to prove that V¢ € [0, %dr(Vl(tl), Va(t2))],
|d (Vi(D-A-t),Va(D-t))—2t| < 2880. We can assume without loss of generality that ¢; < 2. Lemma
3.2 applied with x = Vj(t1) and with y = V5 (t3) gives us d(V1(D), V(D)) < 2884. Furthermore, the
relative distance is smaller than the distance, hence d,.(V1 (D), V2(D)) < 288). Now if we move the
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h A

h(y) + 5dr(z,y) — AH| 7

h(y)

L

h(x)

Figure 6: Proof of Lemma 3.7

two points backward from V; (D — A) and V2(D) along V; and V5, we have for ¢ € [0, D]:

dr(Vi(D-A=1),Va(D-t)) =d(Vi(D-A-1),Va(D-1))-A (21)
<d(Vi(D-A-1),Vi(D-A))+d(Vi(D - A),Va(D))
+d(Va(D),Va(D -t)) - A,
furthermore V; and V5 are geodesics, then:
<t+d(Vi(D - A),Vi(D)) +d(Vi(D), Va(D)) +t - A
<t+ A +2880 +t— A <2t +2884. (22)

Let us consider a geodesic « between V7 (¢1) and Va(t2). Since H is a Busemann space, and thanks to
Lemma 3.2 we have d (Vi(D - A -t),a(D-A -t —t)) <1445 and d (Va(D —t),a(D —t1 + 1)) <
1444. Then the second part of our inequality follows:

dr(Vi(D = A=1),Va(D -1)) =d(Vi(D - A-1),Va(D-1)) - A
>d(a(D-A -ty —t),a(D -ty +1))
—dWVi(D-A-t),a(D-A-t;-t))
-d(Vo(D-t),a(D-t1 +1t)) - A
>d(a(D-A-t;—t),a(D—-t; +t)) — 2886 — A
2t + A — 2885 — A > 21 — 2880. (23)

O

The next lemma is a slight generalisation of Lemma 3.5. The difference is we control the length of
a path with its maximal height instead of the distance between the projection of its extremities on a
horosphere.

Lemma 3.7. Letd > 1 and H be a proper, §-hyperbolic, Busemann space. Let x,y € H such that h(x) <
h(y). Let v be a path connecting x toy withh* () < h(y) + %dr(:p, y) —AH and where AH is a positive
number such that AH > 5556. Then:

() > d(z,y) + 2730252 _ oA [T — 245,
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Proof. This proof is illustrated on Figure 6. Since h*(a) > h(y) we have that 3d,(z,y) > AH. Apply-
ing Lemma 3.6 with V} = V,,, Vo =V}, t1 = h(x), t2 = h(y) and t = AH we have:

< 2880.

d, (vm (h(x) : %d,(x, y) - AH) v, (h(y) : %dT(x, y) - AH)) _9AH

Then we have:
d, (vx (h(x) ; %dr(:c, y) - AH) v, (h(y) . %dr(x, y) - AH)) > 2AH — 2883,

Furthermore, Lemma 3.3 applied on V, (h(z) + 3d.(z,y) - AH) and V, (h(y) + 1d,(2,y) - AH)
gives (notice that the only difference between the two sides of the following inequality is the height in
the vertical geodesic V;):

d, (vi (h(x) b S (2,y) - AH) v, (h(y) b () - AH))
<d (vx (h(y) . %dr(x, y) - AH) v, (h(y) ; %dr(x,y) - AH)) + 545,
Then:
d (vx (h(y) . %dr(:c, y) - AH) v, (h(y) . %dr(x,y) _ AH)) S ONH — 3425 > 7680, (24)

Let us denote ¢ty = h(y) + %dT (z,y) — AH. Thanks to inequality (24) the hypothesis of Lemma 3.5 holds
with g =V, (h(y) + %dr(:v, y) - AH) and yo = Vy (h(y) + %dr(az, y) - AH). Applying this lemma
on « provides:
I(a) > Ah(z,z0) + Ah(y, yo) + 273862359(0w0) _ 945
1 1
> h(y) + Sdn(w,y) = AH = h(x) + h(y) + Sdr(2,9) = A = h(y) + 9-3869554(z0.u0) _ 945

> Ah(y,x) +dp(y, ) - 2AH + 27309254 0w0) _ 945
>d(z,y) -2AH + 9386925 (2AH-2880) _ 945, by equation (24).
> d(z,y) + 2750258 _9AH 24,

O

This previous lemma tells us that a path needs to reach a sufficient height for its length not to
increase to much. We give now a generalization of Lemma 3.7, where the path reaches a given low
height before going to its end point. This lemma will be the central result for the understanding of the
geodesic shapes in a horospherical product.

Lemma 3.8. Let § > 1 and H be a proper, §-hyperbolic, Busemann space. Let x,y,m € H such that
h(m) < h(x) < h(y) and let o« : [0,T] — H be a path connecting x toy such that h™(«) = h(m). With
the notation AH = h(y) + %dr(x,y) — h*(a) we have:

I(a) > 2Ah(z,m) + d(z,y) + 2789258 _ 1 _max(0,2AH) - 17006.

Proof. This proof is illustrated on Figure 7. We first assume that AH > 8506, we postpone the other
cases to the end of this proof. Let V,, and V,,, be vertical geodesics respectively containing x and m.
We call 1 = V;(h(y)) and m; = Vi, (h(y)) the points of V, and V;,, at height h(y). First, Lemma 3.3
provides |d(x1,y) — d,(z,y)| < 540. Then we consider a geodesic triangle between the three points 1,
my and y. Lemma 3.2 tells us that h*([x1,y]) > h(y) + %dr(azl,y) -966 > h(y) + %dr(x,y) - 1234.
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Figure 7: Proof of Lemma 3.8

Since [21,y] is included in the §-neighbourhood of the two other sides of the geodesic triangle, one of
the two following inequalities holds:

D) b ([er,ma]) = h(y) + %dr(x, y) - 1245

2) h*([m1,y]) = h(y) + %dr(x, y) — 1246.

We first assume 1) that h* ([z1,m1]) > h(y) + %dr(:):, y) — 1246, hence:
d(z1,m1) > dr(x,y) — 2480. (25)

Let us denote mg = V;,,(h(x)) the point of V,,, at height h(x). By considering the 2J-slim quadrilat-
eral between the points z, z1,mg, m; we have that [x;,m1] is in the 20- neighbourhood of [z1,z] U
[, mo] U [mg, m]. Furthermore d,(z,y) > 2(h*(«) — h(y)) + 2AH > 2AH > 17000 by assumption,
then h* ([z1,m1]) > h(y) + %dr(x, y)—1246 > h(y) +7266. Since h* ([x1,z]) = h* ([mo,m1]) = h(y)
we have that h* ([x,mq]) > h* ([x1,m1]) — 26 > h(y) + 7246. Moreover:

d-(z,mg) =d(z,mo) > h*([x,mp]) — h(z) > h(y) — h(z) + 7248 > Ah(z,y) + 7249,

which allows us to use Lemma 3.6 on V,, and V,,, with ¢ = %dr(x, mo)—Ah(z,y) >0andt; = ta = h(z).
It gives:

d, (Vi (h(z) + Ah(z,)), Vin(h(w) + Ah(z,3))) = dr(2,m0) + 2Ah(z, )| < 2885,
which implies in particular:
de(Va(h()), Vin(h(y)) ) + 2Ah(z, y) - 2886 < d,(x,mo). (26)

Combining inequalities (25) and (26) we have d(xz,mq) = d-(z,mgp) > d(x,y) + 2Ah(z,y) — 5369.
Lemma 3.3 used on x and m then gives:

dy(z,m) > d(z,mg) — 546 > d,(z,y) + 2Ah(z,y) — 5904. (27)
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Let us denote «; the part of « linking = to m and «y the part of « linking m to y. We have:

B (1) <h* () < h(y) + %dr(x, y)— AH < h(z) + Ah(z,y) + %dr(:c, y) - AH
<h(z) + % (2Ah(z,y) +dy(2,y)) - AH < h(z) + % (d,(,m) + 5908) — AH, by inequality (27).
<h(z) + %dr(w, m) + 2950 - AH < h(z) + édr(;v, m) - AH,

with AH' = AH - 2950. By assumption AH > 8500, hence AH' > 5556 which allows us to apply
Lemma 3.7 on «;. It follows:

I(ar) >d(z,m) + 275302528 _oAH' — 245
>Ah(z,m) +dy(z,m) + 27525258 _ AT — 6145, since AH' = AH — 2950.
>Ah(z,m) +d,(z,y) - 5908 + 9 82595 M _ 9N F — 6140, by inequality (27)
>Ah(z,m) +dy(z,y) + 27525258 _ oA I — 12045,

We use in the following inequalities that [(a2) > d(m,y) > Ah(m,y), we have:
l(a) 21(a1) +(a2) 2 Ah(z,m) + d,(z,y) + 9782595 A0 9 N — 12045 + Ah(m,y)

> 2AR(z,m) + Ah(z,y) +dy (2, y) + 27825252 _9AH — 12045

> 2AR(z,m) +d(z,y) + 275255 oA H — 12046

> 2AR(z,m) +d(z,y) + 27502525 _1 _9AH - 17004,

> 2Ah(x,m) +d(z,y) + 9 85095 AH _ 1 _ max(0,2AH) - 17004, since AH > 8508 > 0,

which ends the proof for case 1).

Now assume that 2) holds, which is h*([m1,y]) > h(y) + %dr(aj,y) - 1244. Tt implies d(mq,y) >
dr(x,y) — 2480, then:

1 1
W (az) <h™(@) <h(y) + 5dr(z,y) - AH < h(y) + 5dr(ma1,y) +1246 - AH
1
< h(y) + §d7'(m17 y) - AH”a

with AH" = AH — 1244. Lemma 3.3 provides us with:
dr(m,y) >d(my,y) — 549 > d,(z,y) — 3026. (28)
Since AH > 8504, we have AH" > 7266 which allows us to apply Lemma 3.7 on . It follows that:
I(as) 2d(y,m) + 275302580 _oA[" — 245
>Ah(y,m) +d, (y,m) + 27542555 oA — 2726, since AH" = AH — 1245,
>Ah(y,m) +d,(z,y) + 9 65495 A0 _ 9 A FJ — 5745, by inequality (26).
Hence:
() > 1(a1) +1(az) > Ah(z,m) + Ah(y,m) + dr(z,y) + 27542555 _9AH — 5746
> 9AR(z,m) + Ah(y, ) + dy(2,y) + 2754252 _ oA [ — 5745
> 2Ah(z,m) +d(z,y) + 254252 _9AH - 5745
> 2Ah(z,m) +d(z,y) + 2750252 _ 1 _max(0,2AH) - 17006.
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There remains to treat the case when AH < 8500, where AH = h(y)+ %dr(x, y)—h*(a). Let n denote
a point of v such that h(n) = A" («). If m comes before n, we have [(a) > d(xz,m)+d(m,n)+d(n,y).
Otherwise n comes before m and we have [(«) > d(z,n) + d(n,m) + d(m,y). Since h(m) < h(x) <
h(y) < h(n) we always have:

I(a) > Ah(z,m) + Ah(m,n) + Ah(n,y)
> Ah(x,m) + Ah(m,z) + Ah(z,y) + Ah(y,n) + Ah(y,n) > 2Ah(z,m) + Ah(x,y) + 2(h" () - h(y))
> 2Ah(xz,m) + Ah(z,y) +d(x,y) - 2AH > 2Ah(m,x) + d(z,y) — 17000.

Furthermore A H < 8506, then 2’8502%AH < 1. Therefore:
() 22Ah(m, ) +d(x,y) + 985095 AH _ 1 _ max(0,2AH) — 17000,

which ends the proof for the remaining case. O

4 Horospherical products

4.1 Definitions

In this part we generalize the definition of horospherical product, as seen in [5, Eskin, Fisher, Whyte] for
two trees or two hyperbolic planes, to any pair of proper, geodesically complete, Gromov hyperbolic,
Busemann spaces. We recall that given a proper, d-hyperbolic space H with distinguished a € O0H
and w € H, we defined the height function on H in Definition 2.1 from the Busemann functions with
respect to a and w.

Definition 4.1 (Horospherical product). Let H), and H, be two d—hyperbolic spaces. We fix the base
points wy, € H,,, wy € Hy and the directions in the boundaries a, € 0H,, a, € OH,. We consider their
heights functions h,, and hq respectively on H, and H,. We define the horospherical product of H, and
H,, denoted H,, x Hy, = H, by:

H = {(xpvxq) € Hyx Hy [ hy(xp) + hy(xg) = 0}-

From now on, with slight abuse, we omit the base points and fixed points on the boundary in the

construction of the horospherical product. The metric space H refers to a horospherical product of two
Gromov hyperbolic Busemann spaces. We choose to denote H,, and H, the two components in order
to identify easily which objects are in which component.
One of our goals is to understand the shape of geodesics in H according to a given distance on it. In a
cartesian product the chosen distance changes the behaviour of geodesics. However we show that in a
horopsherical product the shape of geodesics does not change for a large family of distances, up to an
additive constant.

We will define the distances on H,, x H,; = H as length path metrics induced by distances on H), x H,.
A lot of natural distances on the cartesian product H, x H,; come from norms on the vector space R2,
Let N be such a norm and let us denote dy := N(dp,,dp,), the length [y () of a path v = (75, 74) in

the metric space (Hp x Hg, dN) is defined by:

ng—1

In(y)= sup (Zdw(v(ﬁi)m(%l)))-

0eO([t1,t2]) \ =1
Where O([t1,%2]) is the set of subdivisions of [¢1,?2]. Then the N-path metrics on H is:

Definition 4.2 (The N-path metrics on ). Let N be a norm on the vector space R?. The N -path metric
on H = Hy, w H,, denoted by dy n, is the length path metric induced by the distance N (dg,,dm,) on
H, x H,. For all x and y in H we have:

dy N (x,y) = inf{{x(v)|y path in H linking x to y}. (29)
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Any norm N on R? can be normalized such that N(1,1) = 1. We call admissible any such norm
which satisfies an additional condition.

Definition 4.3 (Admissible norm). Let N be a norm on the vector space R? such that N(1,1) = 1. The
norm N is called admissible if and only if for all real a and b we have:

N(a,b)za;b. (30)

Since all norms are equivalent in R2, there exists a constant C '~ > 1 such that:

a+b
5

N(a, b) <Cn (31)

As an example, any [/, norm with p > 1 is admissible.

Property 4.4. Let N be an admissible norm on the vector space R?. Let v := (Yp,7q) € Hp x Hy be a
connected path. Then we have:

al ('Yp) + lHq ('Yq)
2

al (Vp) + lHq (Vq)
5 .

<In(v)<Cn

Proof. Let vy := (7Vp,7q) : [t1,t2] = Hp x Hy be a connected path and 6 a subdivision of [#1, t2], then by
the definition of the length:

ng—1 ng—1
In(v) 2 ; dn(7(0:),7(0is1)) = ; N(de(’Yp(9i),’Yp(9i+1))7qu(’Yq(9i),’Yq(9i+1)))
ng—1
> Z; %(de (fyp(éi),fyp(HiJrl)) +dg, (’yq(Gi),’yq(HiJrl))), since N is admissible.

ng-1 ng—1
> %( Z; drr, (p(0:): 1 (041)) + Z; qu(’yq(Hi)/yq(QHl)))'

Any couple of subdivision #; and €2 can be merge into a subdivision 6 that contains §; and 5. Fur-
thermore the last inequality holds for any subdivision 6, hence by taking the supremum on all the

subdivisions we have:

la, () + ln, (7q)

In(y) 2 5 .

Furthermore, we have that Ya,b e R, N(a,b) <Cx ‘%b, hence:

ng—1 ng—1 ng—1
; dn(7(6:),7(0i41)) < CQ—N( Z; da, (Vp(0:),7(0i+1)) + Z; qu(vq(Gi),vq(9i+1)))
al('Yp) + al (Vp)

<C
N 2

+al('Yp)

Since last inequality holds for any subdivision 6, we have that [y (7) < Cn by (i )2

The definition of height on H,, and H| is used to construct a height function on H, » H,.

Definition 4.5 (Height on H). The height h(x) of a point x = (x,z4) € Hy, x Hy is defined as h(x) =
hp(p) = —hq(zq).
On Gromov hyperbolic spaces we have that de distance between two points is greater than their

height difference. The same occurs on horospherical products given with an admissible norm. Let x
and y be two points of H, and let us denote Ah(x,y) := |h(z) — h(y)| their height difference.
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Lemma 4.6. Let N be a admissible norm, and let dy n the distance on H = Hy, w H, induced by N. Let
x = (xp,xq) and y = (yp, yq) be two points of H, we have:

Vo,yeH, dun(z,y) > Ah(z,y). (32)
Proof. Since N is admissible we have:

dyn(z,y) > dm, (Tp, Yp) ;‘ drr, (Yp, Yq) 5 Ah(zp,yp) ;— Ah(zq,Yq)

2 Ah(xpayp) = Ah(l’,y)

Following Proposition 2.10, we define a notion of vertical paths in a horospherical product.

Definition 4.7 (Vertical paths in H). Let V' : R — H be a connected path. We say that V' is vertical if
and only if there exists a parametrisation by arclength of V' such that h(V (t)) =t for all t.

Actually, a vertical path of a horospherical product is a geodesic.

Lemma 4.8. Let N be an admissible norm. Let V : R — H be a vertical path. Then V is a geodesic of
(H, d’H,N)~

Proof. Letty,t; € R. The path V is vertical therefore Ah(V (t1), V (t2)) = [t1 —t2|. Since V is connected
and parametrised by arclength, we have that:

[t1 = t2| = In (Vi ta)) 2 daen (V(11), V (£2))
> Ah(V(tl), V(tg)) = |t1 - t2|.

Then dy, v (V (t1), V (2)) = [t1 — t2

, which ends the proof. O

Such geodesics are called vertical geodesics. Next proposition tells us that vertical geodesics of
H, » H, are exactly couples of vertical geodesics of H}, and H,.

Proposition 4.9. Let N be an admissible norm and let V = (V,,, V) : R — H be a geodesic of (H, dy n ).
The two following properties are equivalent:

1. 'V is a vertical geodesic of (M, dy, n)
2. 'V}, and V;; are respectively vertical geodesics of H, and H,.

Proof. Let us first assume that V' be a vertical geodesic, we have for all real ¢ that h(V,,(t)) = h(V (1)) =
t, hence Vtq,ts € R:

i, (Vi(t1), Vp(t2)) 2 Ah(Vp(t), Vp(ta)) = |t — ta- (33)

Similarly we have that dp, (Vy(t1),Vy(t2)) > [t1 — to|. Using that N is admissible and that V' is a
geodesic we have:

_ 2de(V;)(t1), ‘/P(t2)) + qu<Vq(t1)7 VZI(tQ))
2
< QdH’N(V(tl), V(tg)) - |t1 - t2| = |t1 - t2|.

de(Vp(tl)ﬂ V}?(tQ))

—dy, (Vo(t1), Va(t2))
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Combine with inequality (33) we have that dp, (V,,(t1), Vp(t2)) = |t1 -t
of Hy,. Similarly, V; is a vertical geodesic H,.
Let us assume that V}, and Vj, are vertical geodesics of H, and H,. Let t1,t5 € R, we have:

,hence V), is a vertical geodesic

ng—1
G (V) V() = swp [ 3 dN<v<9i>,v<ez»+1>>)
96@([t1,t2]) =1

ng—1
= sup zN(de(V;a(ez-),Vp(em),qu(w(ei),vqwm))))
0eO([t1,t2]) \ i=1

ng—1
- (8 V(A0 5,000). 8010, Vi 00)))
96@([t1,t2]) =1

ng—1
= sup N(L,1) Y Ah(‘/,,(ei),%(@m)))
96@([t1,t2]) i=1

= N(1,1)AR(Vp(t1), Vp(t2)) =|t1 - to|, since N(1,1) = 1.
Where O([t1,t2]) is the set of subdivision of [¢1, t2]. Hence the proposition is proved. O

This previous result is the main reason why we are working with distances which came from ad-
missible norms.

Definition 4.10. A geodesic ray of H = Hy, w H, is called vertical if it is a subset of a vertical geodesic.

A metric space is called geodesically complete if all its geodesic segments can be prolonged into
geodesic lines. If H),, and H, are proper hyperbolic geodesically complete Busemann spaces, their
horospherical product H is connected.

Property 4.11. Let H,, and H, be two proper, geodesically complete, §-hyperbolic, Busemann spaces. Let
‘H = Hp x H, be their horospherical product. Then H is connected, furthermore %(de +dp,) < dy <
QCN(de + qu).

Proof. Let x = (z},24) and y = (yp, yq) be two points of 7. From Property 2.11, there exists a vertical
geodesic V,,, such that z, is in the image of V, , and there exists a vertical geodesic V;,, such that y;, is
in the image of V. Let y{z be the point of V;_ at height h(y,). Let oy, be a geodesic of H), linking x, to
yp and let a; be a geodesic of H, linking y(’z to y,. We will connect x to y with a path composed with
pieces of oy, 04('1, Ve, and V.

We first link (2, 24) to (yp,y,) with a;, and V. It is possible since V., is parametrised by its height.
More precisely we construct the following path c;:

vt € [0, d(wp, )], e1(t) = (ap(t), Vi, (= h(ap(1))))-

Since V;, is parametrised by its height, we have h (Vy, (- h(ap(t)))) = —h(cy(t)) which implies
c1(t) € H. Furthermore, using the fact that the height is 1-Lipschitz, we have V1,2 € [0, d(xp, yp)]:

A, (Ve (= hap(t1))), Vi, (= Bl (£2)))) = [h(p(t1)) = h(ap(t2))] € i, (ap (1), ap(t2)).

Hencecyq:t qu( - h(ap(t))) is a connected path such that I(c1,4) < 1(ay) < dg, (7p, ). Hence
c1 is a connected path linking (2, z4) to (Y, y;). Using Property 4.4 on ¢; provides us with:

ZN(Cl) < %(l(cl,q) + Z(Oép)) < CNZ(Ozp)

< CNde (xp’ yp)

22



x?&—l) x?m)
(2”3, xs)(l’-y%) (2 17 q) (370 350) (117 1)(12 %) (w5, 2%5)
H,xH,:

(@21, 2(5,1)) (#(o-1y, 1)

(x(o, 1)@ (21))

Figure 8: Example of horospherical product which is not connected. The number in a vertex is the
height of that vertex.

We recall that by definition y; = V.., (h(y,)). We show similarly that ¢y : ¢ ~ ( Vy, (—h(a q(t))) f](t))
is a connected path linking (y;,y;) to (¢,y,) such that:

1(02) < CNqu(y(Ipyq) < CN(qu(yéaxq) + qu (-Ttpyq))
= CN(Ah(xqa Yq) +du, (T4, yq))’ since y; = Vz, (h(yq))
< QCNqu(xq,yq).

Hence, there exists a connected path ¢ = ¢; U ¢y linking = to y such that:

I(c) < CNde (xzn yp) + 2C’Nqu (xzp yq) < 2CN(de(x}vv yp) + qu (wtb yq))- (34)
O]
However if the two components H, and H, are not geodesically complete, # may not be connected.

Example 4.12. Let H), and H, be two graphs, constructed from an infinite line Z (indexed by 7.) with an
additional vertex glued on the O for H, and on the -2 for H,. Their construction are illustrated on figure
8. They are two 0-hyperbolic Busemann spaces which are not geodesically complete. Let w,, € H, be the
vertex indexed by 0 in H,, and let wy € H, be the vertex indexed by —2 in H,. We choose them to be the
base points of H,, and H,. Since 0H,, and OH, contain two points each, we fix in both cases the point of
the boundary a,, or a4 to be the one that contains the geodesic ray indexed by N. On figure 8, we denoted
the height of a vertex inside this one. Then the horospherical product H = Hy, w H, taken with the {1 path
metric is not connected. Since some vertices of H,, and H, are not contained in a vertical geodesic, one may

(o,—l)’x?zl))'

It is not clear that a horospherical product is still connected without the hypothesis that H,, and
H, are Busemann spaces. In that case we would need a "coarse" definition of horospherical product.
Indeed, the height along geodesics would not be smooth as in Proposition 2.10, therefore the condition
requiring to have two exact opposite heights would not suits.

not be able to adapt its height correctly while constructing a path joining (x{’l, x[(JQ,l)) to (xp

4.2 Examples

A first example of horospherical product is the family of Diestel-Leader graphs. They are by construc-
tion horospherical products of two trees.
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Definition 4.13 (Diestel-Leader graph DL(p, q)). Let p > 2 and q > 2 be two integers. Let T}, be the
p-homogeneous tree and T}, be the q-homogeneous tree. The two graphs T}, and T;, are O-hyperbolic proper
geodesically complete Busemann spaces. The Diestel-Leader graph DL(p,q) is defined by DL(p,q) =
T, x T,

We see T}, and Tj, as connected metric spaces with the usual distance on them. By choosing half of
the /1 path metric on DL(p, q), this horospherical product becomes a graph with the usual distance on
it. Indeed, the set of vertices of DL(p, ¢) is then defined by the subset of couples of vertices of T}, x T
included in DL(p, ¢). In this horospherical product, two points (zp,z4) and (yp, yq) of DL(p,q) are
connected by an edge if and only if z,, and y, are connected by an edge in 7}, and if z, and y, are
connected by an edge in T},. Furthermore, when p = g, there is a one-to-one correspondance between
DL(q,q) and the Cayley graph of the lamplighter group Z, : Z, see [13, Woess] for further details.

The SOL geometry is the Riemannian manifold with coordinates (%, z) € R? and with the Rieman-
nian metric ds? = dz? + e?*da? + e **dy?. It is the horospherical product of two hyperbolic planes, it is
described in [14, Woess]. Let us consider H? the Log model of the hyperbolic plane, defined as the Rie-
mannian manifold with coordinates (z, z) € R? and with the Riemannian metric ds? = dz* + e **dx?.
We fix w = (0,0) as the base point of H and the "upward" direction a as the point on the boundary. In
that case the height function in regards to (a,w) taken on a point (x, z) € H is h(q ) (7, 2) = 2. We
now look at the horospherical product H? x H? := {(x1,21,m2,29) € R2 x ]R2|z1 = —29} taken with the
¢ path metric. Since the second and the fourth variable are exactly opposite, we merge them into one.
Hence we have that H? w H? is isometric to the space {(1,x2, 21) € R®} with the metric

ds® = dz3 + e 2 dx? + d2? + 2 dal = 2d27 + e 2P dat + P da.
Changing the coordinates by dividing x; and x5 by two tells us that this space is isometric to SOL.

Depending on the case, we either used the ¢ path metric or the {5 path metric. Proposition 4.18 tells
us that it does not matter, up to an additive uniform constant. Quasi-isometric rigidity results have
been proved in the Diestel-Leader graphs and the SOL geometry with the same techniques in [5, Eskin,
Fisher, Whyte] and [6, E,F;W].

The horospherical product of a hyperbolic plane and a regular tree has been studied as the 2-complex of
Baumslag-Solitar groups in [1, Bendikov, Saloff-Coste, Salvatori, Woess]. They are called the treebolic
spaces. The distance they choose on the treebolic spaces is similar to ours. In fact our Proposition 4.17
and their Proposition 2.8 page 9 (in [1]) tell us they are equal up to an additive constant. Rigidity results
on the treebolic spaces were brought up in [7, Farb, Mosher] and [8, F,M].

The previous examples were already known, however our construction still works for many other
spaces. As an example, a geodesically complete manifold with a curvature lower than a negative con-
stant could be used as the component Hy, or H,; in the horospherical product.

4.3 Length of geodesic segments in H

From now on, unless otherwise specified, H,, and H, will always be two proper, geodesically complete,
d-hyperbolic, Busemann spaces with ¢ > 1, and /N will always be an admissible norm. Let x and y be
two points of H := Hj, x H,, and let o be a geodesic of H connecting them. We first prove an upper
bound on the length of o by computing the length of a path v c H linking = to y

Lemma 4.14. Let x and y be points of the horospherical product H = H,, x H,. There exists a path -y
connecting x = (xp, zq) toy = (Yp, yq) such that:

IN(7) <dr(2q,yq) + dr(xp,yp) + Ah(x,y) + 11526C.
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Proof. Without loss of generality, we assume h(x) < h(y). One can follow the idea of the proof on Fig-
ure 9. We consider V;,, and V,,, two vertical geodesics of H), containing x;, and y,, respectively. Similarly
let V, and V. be two vertical geodesics of H, containing z, and y, respectively. We will use them to
construct . Let Ay be the point of the vertical geodesic (V,,Vz,) c H at height h(ac) - %dr(xq, Yq)
and Aj be the point of the vertical geodesic (Vy,,V,,) c H at the same height h(z) - 5d, (x4, yq). Let
A3 be the point of the vertical geodesic (V,,V,,) at helght h(y) + = d (zp,yp) and A4 be the point of
the vertical geodesic (V,,, V), ) at the same height h(y) + d (zp, yp) Then v :=v1 Uy Uy3 Uy U"s
is constructed as follows:

- 71 is the part of (V,, V,,) linking z to A;.

- 79 is a geodesic linking A1 to As. Such a geodesic exists by Property 4.11.
- 73 is the part of (V,,V,, ) linking A3 to As.

- 74 is a geodesic linking A3 to Ay4. Such a geodesic exists by Property 4.11.
- 5 is the part of (V,,,, V) linking A4 to y.

In fact A; and A; are close to each other. Indeed, the two points A; = (A1, A1 ) and Ay = (A2, A2 4)
are characterised by the two geodesics (V;,,Vz,) and (V;,,V},). Then, because —h(y) = hq(y,) <
hq(x4), Lemma 3.2 applied on x, and y, in H, gives us dy,(A1,4, A24) < 2886. Furthermore Property
4.11 provides us with dy n < QC’N(de +dg, ). however we have that A; ;, = A3, hence:

dy . N(A1, A2) <5766CN. (35)
Lemma 3.2 applied on x,, and y,, provides similarly:

dy . N(As, Ay) <5766CN, (36)
which gives us:

In(y) =ln () +Inv(v2) +In(v3) + In(74) + In(75)
=dy N(z, A1) +dy N (A1, A2) + dy N (A2, A3) +dy N (A3, Ag) + dy N (Ag,y)

Since 71, 3 and 5 are vertical geodesics, we have:
=Ah(x, A1) +dy,n (A1, A2) + Ah(Az, A3) + dyy N (As, Ag) + Ah(As,y)
1 1 1 1
=§d7»($q, yq) + dH,N(Ala AZ) + Edr(xqa yq) + §dr(xp7 yp) + Ah(x’ y) + d'H,N(A?n A4) + §d7’(xp7 yp)
<d,(xq,Yq) + dr(p,yp) + Ah(z,y) + 11526Cy, by inequalities (35) and (36).
O

We are aiming to use Lemma 3.8 on the two components oy, ¢ H}, and oy ¢ H, of o to obtain lower
bounds on their lengths. We hence need the following lemma to ensure us that when « is a geodesic,
the exponential term in the inequality of Lemma 3.8 will be small.

Lemma 4.15. Let C' = 28535Cy + 2%°! and let e : R — R be a map defined by Vt € R, e(t) = %20_1'5 -
2max(0,t). Then Vt € R:

1. e(t) > -7C?
2. (e(t) <28530CN ) = (t<3C?).
Proof. For all time ¢, we have that e(t) = %20_1’5 -2max(0,t) < %2C_It -2t =: e1(t). The derivative of

erisej(t) = 10g(2) 207" _ 2, which is non negative V¢ > C'log, (@C’Z) and non positive otherwise.
Then Vi € R:
2 2C 2 2C 2
t)>er(l )= -2C1 C?) > ~4C1 ——C
i)z e ( 082 ( (2) )) log(2) 2 (log(2) ) log(2) ( log(2) )
> -4
log(Z) 10g(2 log(2)
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Al < 1446 A2
Y2

Figure 9: Construction of the path v when h(x) < h(y) for Lemma 4.14.

Since C' > ﬁ we have 3C? > Clog,(C3) > Clog, (@02), then e is non decreasing on
[Clogy(C?); +0o[. We show that e1 (3C?) > 28536Cy:

logg(C3)

61(302)zel(c1og2(c3))%2c 2 90 10gy(CP) = C(C - 6logy(C)).

Since C' > 28°! we have C' - 6log,(C) > 1 and since C > 28535Cy we have that e; (3C?) > C'x 1 >
28530C y which provides Vt € [3C?; +0o[ we have e1(t) > 28536Cy. Furthermore Vt € R*, e1(t) =
e(t), hence Vt € [3C?; +oo[ we have e(t) > 28535Cy which implies point 2. of this lemma. O

The following lemma provides us with a lower bound matching Lemma 4.14, and a first control on
the heights a geodesic segment must reach.

Lemma 4.16. Let x = (zp,24) and y = (yp, yq) be two points of H = Hy, w Hy such that h(x) < h(y).
Let a = (ayp, o) be a geodesic segment of H linking x toy. Let Co = (28535Cy + 2%51)2, we have:

L () > Ah(z,y) + dr(24,Yq) + dr(@p, yp) = 15Co
2. h"(a) > h(y) + %dT(wp, yp) —3Co
3. h(a) <h(z) - %dr(xq,yq) +3C).

Proof. Let us denote AH* = h(y) + 3d,(zp,yp) — h* (@) and AH™ = h™ () - (h(z) - 3d, (4, Y4))-
Let m be a point of « at height h™(«) = h(x) - %dr(acq,yq) + AH™, and n be a point of « at height
h(a) = h(y) + %dr(xp, Yp) — AH". Then Lemma 3.8 used on «, gives us:

(o) 220k (zp,my) + d(@p, yp) + 2755025277 _ 1 _ 2max(0, AH") - 17008
1 +
22h(zp) -2 (h(xp) - er(xq,yq) + AHf) +d(zp,yp) + 985095 AH" _q

—2max(0, AH") - 17008
>dy (24,9q) + dr(2p, yp) + Ah(z,y) + 273025807 _ 1 _ 9max(0, AH") = 2AH™ - 17000.
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Since h(z4) > h(yq) and h(ng) = h(y,) - %dr(mp, yp)+AH", Lemma 3.8 used on ¢y, provides similarly:

Wog) 2 dr(xp,yp) + dr(zq,Yq) + Ah(z,y) + 9 83095 AH” _ 1 _ 2max(0,AH ) -2AH" - 17000.

Hence by Property 4.4:

1 _
(@) 2 5 (o) +1(0q)) 2dr(2p.yp) + dr (g ) + Ah(z,y) = 17008 + 9851935 AH
+ 27851958 9 ax(0,AH ™) - 2max(0,AHY) - 1. (37)

Furthermore, we know by Lemma 4.14 that [y (a) < Ah(x,y) + dr(xp, yp) + dr (24, yq) + 11520Cy.
Since Cy > 1 we have:

28520Cy >27 851252 _ 9 max (0, AH™) + 27812525 _ 9 max(0, AHY) - 1.

Let us denote S := max{AH~, AH"}. Therefore we have 97851955 _ 2max(0,5) -1 <28525Cy. By
assumption ¢ > 1 hence 2_8512%S—21rnax(07 S) < 28530Cy. Furthermore, for C' = 28536Cy +25°1, we

have both 278! > % and % > % Then we have %2% -2max(0,5) < 28530Cy. Lemma 4.15 provides
S < 3C? = 3Cy which implies points 2. and 3. of our lemma. Lemma 4.15 also provides us with:

~14Cy <278125 8 _ 9 1ax (0, AH ™) + 27851252 _ 9 max(0, AH™).

Last inequality is a lower bound of the term we want to remove in inequality (37). The first point of
our lemma hence follows since 17006 + 1 < Cj. O

Combining Lemma 4.14 and 4.16 we get the following corollary.

Corollary 4.17. Let N be an admissible norm and let Co = (28535C )y +28%1)2. The length of a geodesic
segment o connecting x toy in (M, dy ) is controlled as follows:

‘ZN(OZ) - (Ah(xa y) + dr(Tp, yp) + dr (24, yq))| < 15C,

which gives us a control on the N -path metric, for all points x andy in H we have:

‘dH,N(xa y) - (Ah(x, y) + dr(xpayp) + dr(ﬁqa ?/q))| < 15C%.

This result is central as it shows that the shape of geodesics does not depend on the /N-path metric
chosen for the distance on the horospherical product.

Corollary 4.18. Letr > 1. Forallx andy inH = Hy, » Hy we have:
\dae, (x,9) = dage, (2,y)] < 30(57066 + 2%1)2.

Proof. The ¢, norm inequalities provide us with:

\T/deT + qur < de + qu < 2% \/ deT + quT.

Hence we have TT\@ (de + qu) </ deT + qur < dpg,+dg,. Then the ¢, norms are admissible norms
with Cy, <2, which ends the proof. O

The next corollary tells us that changing this distance does not change the large scale geometry of

H.

Corollary 4.19. Let Ny and Ny be two admissible norms. Then the metric spaces (H,dy n,) and
(H, drH’NQ) are quasi-isometric.

The control on the distances of Lemma 4.17 will help us understand the shape of geodesic segments
and geodesic lines in a horospherical product.
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5 Shapes of geodesics and visual boundary of H

5.1 Shapes of geodesic segments

In this section we focus on the shape of geodesics. We recall that in all the following H,, and H, are
assumed to be two proper, geodesically complete, J-hyperbolic, Busemann spaces with § > 1, and NV is
assumed to be an admissible norm.

The next lemma gives a control on the maximal and minimal height of a geodesic segment in a
horospherical product. It is similar to a traveller problem, who needs to walk from « to y passing by
m and n. This result follows from the inequalities on maximal and minimal heights of Lemma 4.16
combined with Lemma 4.14.

Lemma 5.1. Let x = (zp,24) and y = (yp,yq) be two points of H = Hy, » H, such that h(x) < h(y).
Let N be an admissible norm and let o = (o, 0g) be a geodesic of (H,dy ) linking x toy. Let Cy =
(28530C\ + 2%°1)2, we have:

L. |h (@) - (h(x) - 3d-(2q,y4))| < 4Co
2. ‘h*(a) - (h(y) + %dr(a:p, yp))‘ <4Cy.

Proof. Let us consider a point m of « such that h(m) = h™(«) and a point n of « such that A(n) =
h*(«). Then m comes before n or n comes before m. In both cases, since h(m) < h(z) < h(y) < h(n)
and by Lemma 4.6 we have:

In(a) 2 Ah(z,y) + 2(h(z) = b~ (a)) + 2(h"(a) = h(y))
> Ah(z,y) +2(h(z) - h™ (a)) + dy(zp, yp) — 6Cp, by Lemma 4.16.
Furthermore Lemma 4.14 provides [n () < Ah(z,y) + dr(2p, Yp) + dr(24,yq) + Co , hence:

Ah(z,y) + dr(mpa yp) + dr(mqv yq) +Co 2 Ah(z,y) +2(h(x) —h (o)) + dr(xp73/p) - 6C,

which implies (h(x) - %dr (zq, yq)) —-h™ () < 4C). In combination with the third point of Lemma 4.16
it proves the first point of our Lemma 5.1. The second point is proved similarly. O

Lemma 5.2. Let N be an admissible norm and let Cy = (28536Cy + 2%°1)2. Letr = (v,,7,) and
Y = (Yp,Yq) be two points of H = H, x Hy. Let o = (v, 0tg) be a geodesic of (H,dy n) linking x toy.
Then there exist two points a = (ap,aq), b = (bp,by) of a such that h(a) = h(x), h(b) = h(y) with the
following properties:

1 Ifh(z) < h(y) — 7Cy then:

(@) h™(a) = h™([z,a]) and h™ () = h*([b,y])

() |dr(xq,aq) — dr(z4,Y4)| < 16Cy and d,(xp, ap) < 22C)
() 1dr(yp,bp) — dr(xp, yp)| < 16Cy and d,(yq, by) < 22Cy
(@) |dzn (a,) ~ Ah(a,b)| < 13C.

2. If h(y) < h(z)-TCy then (a), (b), (¢) and (d) hold by switching the roles of v and y and switching
the roles of a and b.

3. If|h(z) = h(y)| < 7Cy at least one of the two previous conclusions is satisfied.

Lemma 5.2 is illustrated on Figure 10. Its notations will be used in all section 5.
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Figure 10: Notations of Lemma 5.2.

Proof. Let us consider a point m of « such that h(m) = h™(«) and a point n of « such that A(n) =
h* (). We first assume that m comes before n in « oriented from z to y. Let us call a the first point
between m and n at height h(z) and b the last point between m and n at height h(y). Property (a)
of our Lemma is then satisfied. Let us denote «; the part of « linking x to a, g the part of « linking
a to b and a3 the part of « linking b to y. We have that m is a point of ;; and that n is a point of as.
Inequalities 2. and 3. of Lemma 4.16 used on oy provide Iy (1) > d(xz,m) +d(m,a) > 2Ah(z,m) >
d,(z4,Yq) — 6Cp and similarly {x(as3) > dy(zp,yp) — 6Co. Furthermore we have [x(a2) > Ah(z,y).
Combining Iy (aq) =In(a) — In(a2) — In(a3) and Lemma 4.14 we have:

lN(al) < Ah(m,y) + dr(xpv yp) + dr(quyq) +Cp - Ah(m,y) - dr(xpv yp) +6C)
<dy(zq,yq) + 7C0. (38)

We have similarly that [y (a3) < dy(zp,yp) + 7Co and that dy v (a,b) = Iy (a2) < Ah(z,y) +13Co. It
gives us |dy n(a,b) — Ah(z,y)| < 13Cy, point (d) of our lemma. Furthermore, using Lemma 5.1 on «
and o provides:

1) - (1) = ) ) < 4,
’h_(oq) - (h(x) - %dr(xq, aq)) <4Cy.
Since h™(a) = h™ (o) we have:
|dr (g, aq) — dr(24,yq)| < 16C, (39)

which is the first inequality of (b). Using the first point of Lemma 4.16 on «; in combination with
inequality (38) gives us:

dr(2q,yq) + 7Co 2ln () > Ah(x,a) + d,(2p, ap) + dr(24,aq) — 15CyH
>d, (xp, ap) + dr(24,aq) — 15CyH
>d,(xp, ap) + dr(xq,yq) — 31C0, by inequality (39).

Then d,(xp,y,) < 38C) the second inequality of point (b) holds. We prove similarly the inequality
(¢) of this lemma. This ends the proof when m comes before n. If n comes before m, the proof is still
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working by orienting o from y to x hence switching the roles between = and y.

We will now prove that if h(xz) < h(y) — 7Cp then m comes before n on « oriented from z to y.
Let us assume that h(x) < h(y) — 7Cy. We will proceed by contradiction, let us assume that n comes
before m, using h(m) < h(z) < h(y) < h(n) it implies:

IN(@) 2dy n(z,n) +dy N (n,m) +dy n(m,y) > Ah(z,n) + Ah(n,m) + Ah(m,y)
>Ah(z,y) + Ah(y,n) + Ah(m,z) + Ah(x,y) + Ah(y,n) + Ah(m,x) + Ah(z,y)
>2Ah(z,y) + Ah(z,y) + 2Ah(m, ) + 2A(y,n)
>14Cy + Ah(z,y) + 2(h(z) = h™ () + 2(h" () = h(y)).

However Lemma 4.16 applied on o provides h* (o) > h(y) + 5d: (2p, ) ~3Co and h™(a) < h(x) -
%df(xquq) + 3Cy. Then:

In(a) 214Cy + Ah(z,y) + dr(zp, yp) + dr (24, yq) — 12C
>Ah(x,y) + dr(2p, Yp) + dr (24, Yq) + 2C0,

which contradict Lemma 4.14. Hence, if h(x) < h(y) — 7Cp, the point m comes before the point n and
by the first part of the proof, 1. holds. Similarly, if h(y) < h(z) — 7Cy then n comes before m and then
2. holds. Otherwise when |h(z) — h(y)| < 7Cj both cases could happened, then 1. or 2. hold. O

This previous lemma essentially means that if « is sufficiently below y, the geodesic « first travels
in a copy of H, in order to "loose" the relative distance between x4 and y,, then it travels upward using
a vertical geodesic from a to b until it can "lose" the relative distance between x,, and y,, by travelling
in a copy of H,. It looks like three successive geodesics of hyperbolic spaces, glued together. The idea
is that the geodesic follows a shape similar to the path v we constructed in Lemma 4.14. We formalize
this in the following theorem, which tells us that a geodesic segment is in the constant neighbourhood
of three vertical geodesics. It can be understood as an extension of the fact that in a hyperbolic space,
a geodesic segment is in a constant neighbourhood of two vertical geodesics.

Theorem 5.3. Let N be an admissible norm. Let x = (x,24) and y = (yp, yq) be two points of H =
H,x H, and let o be a geodesic segment of (H,dy n) linking x toy. Let Cy = (285306C y +2%°1)2, there
exist two vertical geodesics Vi = (V1 p, Vi 4) and Va = (Vo ,, Vo 4) such that:

1L If h(x) <h(y)-T7Co then v is in the 196CyCy-neighbourhood of Vi U (Vi p, Vaq) U Vs
2. If h(z)>h(y)+T7Cy then « isin the 196CyC\n-neighbourhood of Vi U (Vo , Vi 4) U Va
3. If |h(z)—-h(y)| <7Cy then at least one of the conclusions of 1. or 2. holds.

Specifically Vi and V can be chosen such that x is close to V and y is close to Vs.

Figure 11 pictures the 196CCy-neighbourhood of such vertical geodesics when h(x) < h(y)-7Cp.
When |h(z) — h(y)| £ 7Co, there are two possible shapes for a geodesic segment. In some cases, two
points can be linked by two different geodesics, one of type 1 and one of type 2.

Proof. Let m = (my, mq) be a point of « such that h(m) = h™(«), and n = (ny,nq) be a point of «
such that h(n) = h*(«). Then by Lemma 5.1 we have:

’Ah(m, m) - %dr(aﬁq, Yq)| < 4Co. (40)

We show similarly that:

1
Ay n) = Sy )| < 4Co. ()
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Figure 11: Theorem 5.3. The neighbourhood’s shapes are distorted since when going upward, distances
are contracted in the "direction" H,, and expanded in the "direction" H,,.

In the first case we assume that A (x) < h(y) — 7Cy. With notations as in Lemma 5.2, and by inequality
(38), we have that [x([z,a]) < dr (x4, yq) + 7Co, hence:

In([z,m]) =ln([z,a]) - In([a,m]) < dr(xq,yq) + TCo — Ah(a,m)

1
Sidr(xq,yq) +11Cy, since Ah(z,m) = Ah(a,m). (42)

It follows from this inequality that:

dm, (xp, mp) =2dp, g, (x,m) = dp, (24, mg) < 2d3, N (2, m) — dpr, (24, Mq)
<y ([, 1) = dir, (4, mg) <y (4,15) + 22C0 - Az, m) < S (4, 5) + 26C0,
Then:
dr(2p, mp) =dp, (xp,mp) — Ah(z,m) < %dr(xq, Yq) +26Co — Ah(z,m)
<30C), by inequality (40).

Similarly d, (x4, m4) < 30Co. Let us consider the vertical geodesic V;,,, of H), containing m,, and the
vertical geodesic V,,, of H, containing z,. Let us denote x;, the point of V},,, at the height h(z). Since
dr(xp,mp) < 30Co, Lemma 3.3 applied on x;, and m,, provides dg, (), x,) < 31Co. We will then
consider two paths of H),. The first one is a1 ;, = [z, my], the part of o, linking x,, to m,,. The second
one is [m, x;] a piece of vertical geodesic linking m,, to x]'g. We show that these two paths have close
length. Using Property 4.4 with inequalities (40) and (42) provides us with:

1
I, ([zp,mp]) < 2In([z,m]) = 11, ([14,mq]) <2 (§d7«(:vq,yq) + 1100) - Ah(x,m)
< Ah(xz,m) +30C
Furthermore Iy, ([7), mp]) > Ah(x,m) and we know that I, ([my, ;,]) = Ah(z,m), hence:

1, ([, mp)) = Uz, ([, 2 ])] < 30C0
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We already proved that their end points are also close to each other d(z), x;,) < 31Cj. Since ¢ < Cp, the
property of hyperbolicity of H,, gives us that a1 ;, is in the (31 + 30 + 1)Cy = 62Cy-neighbourhood of
[mp, 7, ], a part of the vertical geodesic V. We show similarly that oy  is in the 62Cp-neighbourhood

of V. Since N is an admissible norm, Property 4.11 gives us that a1 is in the 124CyCy-neighbourhood

of (Vmp Vi, ). We show similarly that a3, the portion of « linking 7 to y, is in the 124C Cy-neighbourhood
of (Vy,, Vi, ). We now focus on aw, the portion of « linking m to n. Let us denote [m,n,] the path
as , and [mg, ng] the path o 4. Then Lemma 5.1 provides us with:

1 1
‘Ah(m,n) - (Ah(x,y) + §dr(xqayq) + §dr(mp7yp))

< 8C). (43)
However from Lemma 4.14 and since 11526C'y < Cy:

lN(OzQ) =lN(a) - lN(Oél) - ZN(Oég)
<Ah(z,y) +dr(zp,yp) + dr(xq,yq) + Co — Ah(x,m) — Ah(n,y)

1 1
<Ah(z,y) + idr(xp,yp) + §dr(:nq, Yq) + 9C0, by inequalities (40) and (41).
It follows from this inequality and the fact that N is admissible that:

dm,(mp,nyp) <2INn(a2) —dp,(mg,ng) < 28R(2,y) + dr(2p, Yp) + dr (24, y4) + 18Co — Ah(m, n)
< Ah(m,n) + 34C), by inequality (43).

Thus:
dr(myp,np) =dp, (Mp,np) = Ah(m,n) < 34Cy.

In the same way we have d,.(mg,n,) < 34Co. Let us denote n,, the point of V,, at the height h(n,).
Since d,(xp, my) < 34Cy, Lemma 3.3 applied on m,, and n,, provides:

de(mp, n;) < 35CH (44)

Hence we have proved that o , and [m,, n;] have their end points close to each other. Let us now prove
that these paths have close lengths. We have that I, ([m,n,,]) = Ah(m,n), and from inequalities
(40) and (41) we have:

Lz, ([, mp]) < 20 (0) = Ui, ([mg,mg]) = 2(In (@) = L) = L (a5) ) = Ah(m, n)

< 2(1500 + Ah(z,y) + dr(zp,yp) + dr(2q,yq) — Ah(x,m) — Ah(n, y)) - Ah(m,n)

IN

2(Ah($, y) + dp(zp, yp) + dr(2q,Yq) — Ah(z,m) — Ah(n, y)) - Ah(m,n)

IN

2(Ah(z,y) + Ah(w,m) + Ah(n,y) +16Co ) = Ah(m,n) +30Co < Ah(m,n) +62Co
As Iy, ([mp,np]) 2 Ah(m,n) we obtain:

L1, ([mp, 1p]) = L, ([, . ])| < 62C0 (45)

Then by similar arguments as for the path oy p, inequalities (44) and (45) show that ay ), is in the
(35 + 62 + 1)Cy = 98Cy neighbourhood of V;;,,. Similarly we prove that a4 is in the 98Cy neigh-
bourhood of V;,,. Since N is an admissible norm, Property 4.11 gives us that s is in the 196CoC-
neighbourhood of (V;,,, Vi, ).

In the second case, we assume that h(y) < h(x) — 7Cy. Then by switching the role of = and y, Lemma
5.2 gives us the result identically.

In the third case, we assume that |h(z) — h(y)| < 7Cp. Then Lemma 5.2 tells us that on of the two
previous situations prevails, which proves the result. O
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5.2 Coarse monotonicity

The fact that a geodesic is following a vertical geodesic is related to the next definition.

Definition 5.4. Let C be a non negative number. A geodesic v : I — H of H = H, w Hy is called
C'-coarsely increasing if Vt1,tz € I:

( ta>t1+C ) = ( h(a(tz)) > h(Oé(tQ)) )
The geodesic « is called C-coarsely decreasing if Vt1,to € I:
( ta>t1+C ) = ( h(a(tg)) < h(oz(tQ)) )

The next lemma links the coarse monotonicity and the fact that a geodesic segment is close to
vertical geodesics.

Lemma 5.5. Let N be an admissible norm and let Cy = (28536Cy + 2%1)2. Let x = (xp,74) and
Y = (Yp,yq) be two points of H = H,, » H, and let o be a geodesic segment of (H,dy n) linking  toy.
Let m € o and n € v be two points in H such that h™ () = h(m) and h*(«) = h(n). We have:

L If h(x) < h(y)-"TCy, then a is 17Cy-coarsely decreasing on [z, m] and 17Cy-coarsely increasing
on [m,n] and 17Cy-coarsely decreasing on [n,y].

2. If h(x) > h(y) +7Co, then o is 17Cy-coarsely increasing on [z, n] and 17Cy-coarsely decreasing
on [n,m] and 17Cy-coarsely increasing on [m,n].

3. If |h(z)—-h(y)| <7Cy then the conclusions of 1. or 2. holds.

Proof. Assume that h(z) < h(y) — 7Cy. Then from inequality (42) in the proof of Theorem 5.3,
In([z,m]) < 2d,(2q,yq) + 11Cy. Furthermore Lemma 5.1 gives us that |Ah(z,m) - 3d,(24,y)]| <
4CYy. Then:

IN([z,m]) < Ah(z,m) + 15C. (46)

We will proceed by contradiction, assume that [z, m] is not 15C-coarsely decreasing, then there exists
i1 € , i9 € o such that h(i1) = h(i2) and I([i1,42]) > 15C). Hence:

lN([m,m]) > lN([w,il]) + lN([il,iQ]) + lN(l:’iQ,m]) > Ah(a:,z'l) +lN([i1,i2]) + Ah(ig,m)
> Ah(z,m) + 15Cy,

which contradicts inequality (46). Then [z, m] is 15C)-coarsely decreasing. We show in a similar way
that [m,n] is 17Cp-coarsely increasing and that [n,y] is 15Cp-coarsely decreasing. This proves the
first point of our lemma. The second point is proved by switching the roles of = and y. We now assume
|h(z) - h(y)| < 7Cy, as in the proof of Theorem 5.3 the inequality (42) or a corresponding inequality
holds, which ends the proof. O

5.3 Shapes of geodesic rays and geodesic lines

In this section we are focusing on using the previous results to get informations on the shapes of
geodesic rays and geodesic lines. We first link the coarse monotonicity of a geodesic ray to the fact
that it is close to a vertical geodesic. Let A > 1 and ¢ > 0, a (A, ¢)-quasigeodesic of the metric space
(#H,dy, n) is the image of a function ¢ : R — H verifying that V1, € R:

|t1 - t2

N ¢S da, N (D(t1), d(t2)) < Aty —ta| + ¢ (47)
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Lemma 5.6. Let N be an admissible norm and let Cy = (28536Cy + 2%°1)2. Let a = (p, ) be a
geodesic ray of (H,dy, ) and let K be a positive number such that o is K -coarsely monotone. Then c,
and o are (1,26C) + 8K')-quasigeodesics.

Proof. Let t; and ty be two times. Let us denote = = (z,24) = a(t1) and y = (yp,yq) = a(t2). We
apply Lemma 5.2 on the part of « linking x to y denoted by [z, y]. By K-coarse monotonicity of o we
have that d(z,a)y v < K and dy v (b,y) < K. Hence using d) of Lemma 5.2:

Ah(z,y) <dyn(z,y) <dyn(z,a)+dyn(a,b)+dyn(by) < K+ Ah(a,b) +13C) + K
<Ah(x,y) + Ah(z,a) + Ah(b,y) + 13Cy + 2K < Ah(zx,y) + 13Cy + 4K.

Furthermore, dg, (7p, yp) 2 Ah(zp,yp) = Ah(x,y) and dy, (24,y4) 2 Ah(z,y). Since N is an admis-
sible norm we have:

Ah(.’ﬂ, y) S de (‘Tp7yp) = 2de><Hq (x7y) - qu(.qu, yq) S 2d'H,N(x7y) - qu (xly yq)
<2Ah(z,y) +13C) + 4K — Ah(z,y) < Ah(z,y) + 13C) + 4K.

Hence:
dHJ\f(:E,y) -26C)—-8K < de (a:p7yp) < dH’N(fL‘, y) +26CH + 8K,

By definition we have =, = a,)(t1), yp = ap(t2) and dyy N (2, y) = |t1 —t2|- Then oy is a (1,26CH +8K)-
quasigeodesic ray. We prove similarly that o is a (1,26C) + 8 K')-quasigeodesic ray. O

We will now make use of the rigidity property of quasi-geodesics in Gromov hyperbolic spaces,
presented in Theorem 3.1 p.41 of [3, Coornaert, Delzant, Papadopoulos].

Theorem 5.7 ([3]). Let H be a §-hyperbolic geodesic space. If f : R — H is a (\, k)-quasi geodesic, then
there exists a constant k > 0 depending only on 0, A and k such that the image of f is in the k-neighbourhood
of a geodesic in H.

Lemma 5.8. Let N be an admissible norm and let T\ and T be two real numbers. Let o = (o, aq)

[T1,+0o[— H be a geodesic ray of (H,dy n). Let K be a positive number such that « is K -coarsely

monotone. Then there exists a constant k > O depending only on K, § and N such that « is in the k-

neighbourhood of a vertical geodesic ray V : [Ty; +oo[— H and such that dH,N(oz(Tl), V(TQ)) < K.

Proof. We assume without loss of generality that tlim h(a(t)) = +oo. Let Cp = (28530C y + 2851)2,
—>+o00

by Lemma 5.6, v, is a (1,26C) + 8K )-quasi geodesic ray. Then Theorem 5.7 says there exists ), > 0

depending only on 26Cy + 8K and ¢ such that «, is in the k,-neighbourhood of a geodesic V),. Since

Cy depends only on ¢ and N, x, depends only on K, § and N. Then tlim h(a(t)) = +oo gives us
—+00

tlim h(Vp(t)) = +oco which implies that V}, is a vertical geodesic of H,,. We will now build the vertical
—+00

geodesic we want in H,. We have tlim h(a4(t)) = —oo and by Lemma 5.6:
—+00

Ah(ag(tr), aq(ta)) = 26Co — 8K < dpr, (aq(tr), aq(ta)) < Ah(ag(t1), ag(ta)) +26Cq + 8K.

Since H, is Busemann, there exists a vertical geodesic ray /3 starting at o, (77 ). Since 3 is parametrised
by its height, a,; U 3 is also a (1,26C) + 8K')-quasi geodesic, hence there exists £, and V; depending
only on K, § and IV such that o, U3 is in the x4-neighbourhood of V. Since tlim h(V4(t)) = +00, Vy is

a vertical geodesic of H,,. Furthermore, by Property 4.11, dy n < 2Cn(d o, +dm, ), hence there exists x
depending only on K, § and N such that « is in the k-neighbourhood (for dy n) of (V}, V), a vertical
geodesic of (H,dy n). Since h(a(t)) > h(a(T1)) — 26Cy — 8K =: M, « is in the k-neighbourhood of

(V})([M - K; +oo[), th(] —o0;—M + n])) which is a vertical geodesic ray.

We will now show that the starting points of « and V' are close to each other. Let us denote 77 a time
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such that dy n (o(T3), V(T})) < &, then Ah(a(T1),V(T})) < &, hence [T] - M| < 26Cy + 8K + k.
Then by the triangular inequality:

dag, v ((Th), V(M = k) ) <dag n((T1), V(TY)) + dpe,n (V (), V(M - )
<k +26C0+8K +k+ Kk =26C) + 8K + 3k

Let us denote v’ := 26Cy + 8K + 3k >  and Ty := M — k. Hence « : [T};+oo[— H is in the x'-
neighbourhood of a vertical geodesic ray V : [T} : +oo[— H, we have dy n(a(T1),V (T2)) < +’ and
' depends only on ¢ and K. O

Lemma 5.9. Let N be an admissible norm and let o : R* — H be a geodesic ray of (H,dy n). Then a
changes its 17Cy-coarse monotonicity at most once.

Proof. Let a: R* — 7 be a geodesic ray. Thanks to Lemma 5.5 o changes at most twice of 17Cj-coarse
monotonicity. Indeed, assume it changes three times, applying Lemma 5.5 on the geodesic segment
which includes these three times provides a contradiction. We will show in the following that it actu-
ally only changes once.

Assume o changes twice of 17Cy-coarse monotonicity. Then e must be first 17Cy-coarsely increas-
ing or 17Cp-coarsely decreasing. We assume without loss of generality that « is first 17Cp-coarsely
decreasing. Then there exist ¢1,t2,t3 € R such that « is 17Cy-coarsely decreasing on [«(t1), a(t2)]
then 17Cy-coarsely increasing on [«(t2), a(t3)] then 17Cy-coarsely decreasing on [« (t3), a(+00)][.
Hence Lemma 5.8 applied on [«(t3), a(+00)[ implies that there exists x > 0 depending only on 4 (since
the constant of coarse monotonicity depends only on §) and a vertical geodesic ray V' = (V}, V) such
that [a(t3), a(+00)[ is in the k-neighbourhood of V. Since A* ([a(t3), a(+00)[) < +00, we have that
tLiinw h(a(t)) = —oo, hence there exists t4 > t3 such that h(a(t4)) < h(a(t1)) — 7Co. Then Lemma 5.5

tells us that « is first 17Cp-coarsely increasing, which contradicts what we assumed. O

We have classified the possible shapes of geodesic rays. Since geodesics lines are two geodesic rays
glued together, we will be able to classify their shapes too.

Definition 5.10. Let N be an admissible norm and let o = (o, o) : R - H be a path of (H,dy n).
Let k > 0.

1. « is called H),-type at scale k if and only if:

(a) « is in a k-neighbourhood of a geodesic of H,,

(b) g is in a k-neighbourhood of a vertical geodesic of H,.
2. ais called H,-type at scale r if and only if:

(a) oy is in a k-neighbourhood of a geodesic of H,

(b) o, is in a k-neighbourhood of a vertical geodesic of H,.

The H),-type paths follow geodesics of H,,, meaning that they are close to a geodesic in a copy of
H,, inside ‘H. The H,-type paths follow geodesics of H,,.

Remark 5.11. In a horospherical product, being close to a vertical geodesic is equivalent to be both H,,-
type and H ,-type.

Theorem 5.12. Let N be an admissible norm. There exists k > 0 depending only on § and N such that
forany a.: R — H geodesic of (H,dy ) at least one of the two following statements holds.

1. o is a Hy-type geodesic at scale r of (H, dy, N)

2. ais a Hy-type geodesic at scale k of (H,dy n)
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Figure 12: Different type of geodesics in H = Hy, » H,.

Proof. 1t follows from Lemma 5.9 that « changes its coarse monotonicity at most once. Otherwise there
would exist a geodesic ray included in « that changes at least two times of coarse monotonicity. We
cut v in two coarsely monotone geodesic rays a; : [0, +oo[ - H and as : [0, +0o[— H such that up to a
parametrization a1 (0) = a2(0) and a3 U as = . By Lemma 5.8 there exists k1 and k2 depending only
on ¢ such that o is in the x1-neighbourhood of a vertical geodesic ray Vi = (Vi 5, Vi 4) & [0; +o00[—> H
and such that o is in the k2-neighbourhood of a vertical geodesic ray Vo = (Vap, Vo 4) ¢ [0; +00[— H.
This lemma also gives us dy v (a1(0),V1(0)) < k1 and dyy, n (a2(0), V2(0)) < Ko.

Assume that tgirio h(Vip(t)) = tE]Jrrnoo h(Va,(t)) = +o0, then they are both vertical rays hence are close
to a common vertical geodesic ray. Furthermore tEErnoo h(Viq(t)) = tEE—noo h(Va,4(t)) = —co in that case.

Let W, be the non continuous path of H, defined as follows.

Vig(—t) Vte]—o0;0]
Wa(t) = { V;q(t) Vt €]0; +oo]

We now prove that W, : R — H, is a quasigeodesic of H,. Let t; and ¢3 be two real numbers. Since
Vi,q and V3 4 are geodesics, dr, (W, (t1), Wy (t2)) = |t1 — ta] if t1 and t5 are both non positive or both
positive. Thereby we can assume without loss of generality that ¢; is non positive and that ¢ is positive.
We also assume without loss of generality that |¢1| > |t2]. The quasi-isometric upper bound is given by:

A, (Wo(t1), We(t2)) = du,(Viq(—t1), Vaq(t2))
<dp,(Vig(=t1),V1,4(0)) + dir, (V1,4(0), Vg (0)) + dir, (Vo4 (0), Vay(t2))
< [t1| + k1 + Ko + o]

< |t1 — ta] + K1 + K2, since t1 and t9 have different signs.
It remains to prove the lower bound of the quasi-geodesic definition on W,.

A, (Wo(t1), Wy(t2)) = di,(Vig(=t1), Va,u(t2))

> %dH,N(Vl(—tl)a Va(t2)) = du, (Vi p(=t1), Vap(t2))
N

> ﬁd}hN(a(tl))a(t?))

SELEE g (Vip(—t1), Vay(12)).  (48)

The Busemann assumption on H,, provides us with:

dir, (Vip(—t1), Vap(—t1)) <dp, (Vi(0),V2,,(0)) < k1 + ko.

36



Since « is a geodesic and by using the triangular inequality on (48) we have:

t1 -1 K1+ K
dr, (Wy(t), Wq(t2)) 2 | ;CNQ‘ = dn, (Vip(=11), Vap(=t1)) = di, (Vap(=t1), Vap(t2)) - 1CN 2
|t1 — taf 1
> L A (Vi (1), Vagto) - (_CN N 1) (1 + F2).

Assume that Ah(VZq(—tl), ngﬂ?ﬁg)) < |115;2|, then:

A, (Wy(t1), Wy(t2)) 2 ti—ta] ( 1

4CN C—N+1) (K1+K2).

Hence W, is a (ﬁ, (% + 1) (k1 + /{2)) quasi-geodesic, which was the remaining case. Since x; and
k2 depend only on 0 and NV, there exists a constant x" depending only on ¢ and N such that V; ;u Va4
is in the x’-neighbourhood of a geodesic of H,. The geodesic « is a H,-type geodesic in this case.

Assume tlim h(Vip(t)) = tlim h(Va,(t)) = —oo, we prove similarly that o is a H)-type geodesic. [
—+00 —>+0o0

If a geodesic is both H),-type at scale x and H,-type at scale «, then it is in a k-neighbourhood of
a vertical geodesic of H.

5.4 Visual boundary of H

We will now look at the visual boundary of our horospherical products. This notion is described for the
SOL geometry in the work of Troyanov [12, Troyanov] through the objects called geodesic horizons.
We extend one of the definitions presented in page 4 of [12, Troyanov] for horospherical products.

Definition 5.13. Two geodesic of a metric space X are called asymptotically equivalent if they are at
finite Hausdorf{f distance from each other.

Definition 5.14. Let X be a metric space and let o be a base point of X. The visual boundary of X is the
set of asymptotic equivalence classes of geodesic rays o : R* — such that «(0) = o. It is denoted 0, X .

We will use a result of [11, Papadopoulos] to describe the visual boundary of horospherical products.

Property 5.15 (Property 10.1.7 p.234 of [11]). Let X be a proper Busemann space, let q be a point in X
and letr : [0, +oo[— X be a geodesic ray. Then, there exists a unique geodesic ray 1’ starting at q that is
asymptotic tor.

Theorem 5.16. Let N be an admissible norm. We fix base points and directions (wp, a,) € Hy, x OHp,
(wq,aq) € HyxOH,. Let H = Hy,» H, be the horospherical product with respect to (wp, ap) and (wq, aq).
Then the visual boundary of (H,dy ) with respect to a base point o = (0p,04) is given by:

0uH =((9H, ~ {ap}) % {ag} ) U ({ap} x (0H, ~ {ag}))
=((0H, x {ag}) U ({ap} x 0Hy) )~ {(ap, aq))

The fact that (ay, aq) is not allowed as a direction in H is understandable since both heights in H,,
and H, would tend to +oo, which is impossible by the definition of H.

Proof. Let o be a geodesic ray. Lemma 5.9 implies that there exists g € R such that « is coarsely
monotone on [g, +oo[. Then Lemma 5.8 tells us that «([tg, +oo[) is at finite Hausdorff distance from
a vertical geodesic ray V' = (V},, V), hence « is also at finite Hausdorff distance from V. Since H),
is Busemann and proper, Property 5.15 ensure us there exists V) a vertical geodesic ray such that V},
and V,, are at finite Hausdorff distance with V,;(0) = o0,. Similarly, there exists V a vertical geodesic
ray of H, with Vq’(O) = 0g4 such that V;; and V,/ are at finite Hausdorff distance. Since there is at least
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one vertical geodesic ray V' = (V,/, V) in every asymptotic equivalence class of geodesic rays, 9, H is

the set of asymptotic equivalence classes of vertical geodesic rays starting at 0. Hence an asymptotic
equivalence class can be identified by the couple of directions of a vertical geodesic ray. Then 0, can

be identified to:
((9H, ~ {ap}) x {ag} ) U ({ap} x (0Hq, ~ {ay}))-
the union between downward directions and upward directions, which proves the theorem. O

Example 5.17. In the case of SOL, H, and H, are hyperbolic planes Hy, hence their boundaries are
OH, = 0Hs = S* and 9H, = S*. Then 0,SOL can be identified to the following set:

(Sl N {ap}) x {aq} U{ap} X (Sl N {aq})- (49)

It can be seen as two lines at infinity, one upward {a,} x (Sl \ {aq}) and the other one downward (Sl N
{ap}) x {aq} .

It is similar to Proposition 6.4 of [12, Troyanov], however it is not the same result.

A possible way of generalising Theorems 5.3, 5.12 and 5.16 is looking at what happens when the Buse-
mann hypothesis of our components H), and H, is removed. However in that case it is already unclear
how to make a relevant definition for the horospherical product.
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