
HAL Id: hal-02930958
https://hal.science/hal-02930958

Submitted on 4 Sep 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Investigation of the noise figure in degenerate dual-pump
phase sensitive amplifier using a multi-wave model

Yousra Bouasria, Debanuj Chatterjee, Weilin Xie, Ihsan Fsaifes, Fabienne
Goldfarb, Yassine Hassouni, Fabien Bretenaker

To cite this version:
Yousra Bouasria, Debanuj Chatterjee, Weilin Xie, Ihsan Fsaifes, Fabienne Goldfarb, et al.. Investiga-
tion of the noise figure in degenerate dual-pump phase sensitive amplifier using a multi-wave model.
Journal of the Optical Society of America B, 2020, �10.1364/JOSAB.400604�. �hal-02930958�

https://hal.science/hal-02930958
https://hal.archives-ouvertes.fr


Research Article Journal of the Optical Society of America B 1

Investigation of the noise figure in degenerate
dual-pump phase sensitive amplifier using a
multi-wave model
YOUSRA BOUASRIA1, DEBANUJ CHATTERJEE2, WEILIN XIE3, IHSAN FSAIFES4, FABIENNE GOLDFARB2,
YASSINE HASSOUNI1, AND FABIEN BRETENAKER2,5,*

1Equipe Sciences de la Matière et du Rayonnement (ESMaR), Faculty of Sciences, Mohammed V University, Rabat, Morocco
2Université Paris-Saclay, CNRS, ENS Paris-Saclay, CentraleSupélec, LuMIn, Gif-sur-Yvette, France
3Key Laboratory of Photonics Information Technology, Ministry of Industry and Information Technology, School of Optics and Photonics, Beijing Institute of
Technology, Beijing 100081, China
4Ecole Polytechnique, Université Paris-Saclay, Palaiseau, France
5Light and Matter Physics Group, Raman Research Institute, Bangalore 560080, India
*Corresponding author: fabien.bretenaker@universite-paris-saclay.fr

Compiled June 18, 2020

A semi-classical 7-wave model is developed to investigate the noise performances of a degenerate dual-
pump phase sensitive amplifier. This approach takes into account the transfer to the signal, through
multiple four-wave mixing processes, of the vacuum fluctuations injected in the high-order waves. This
effect leads to a degradation of the noise figure of the amplifier with respect to the 0 dB value predicted
by the usual 3-wave model. However, it is proved that a careful choice of the fiber dispersion allows to
use the high-order waves to enhance the signal gain without degrading the noise figure above 1 dB. ©

2020 Optical Society of America

http://dx.doi.org/10.1364/ao.XX.XXXXXX

1. INTRODUCTION

Phase-sensitive fiber-optic parametric amplifiers (PS-FOPAs) [1],
relying on four-wave mixing (FWM) [2] in highly nonlinear
fibers (HNLFs), have attracted a lot of attention due to their
broad gain spectrum [3], their potentially noiseless amplification
capability [4], and their compatibility with fiber communication
systems [5]. Such optical amplifiers are capable of amplifying
a shot-noise limited input signal without degrading the signal-
to-noise (SNR) ratio, and can thus exhibit a quantum limited
noise figure (NF) of 0 dB, much smaller than the 3 dB limit of
conventional phase insensitive amplifiers (PIAs) [6, 7]. This
unique capability of phase sensitive amplifiers (PSAs) has led to
recent demonstrations of phase and amplitude regeneration of
complex encoded signals [8], noise reduction [9], and mitigation
of nonlinear phase impairments [10].

Different types of theoretical approaches have been devel-
oped to predict the noise performances of PSAs. Some of them
rely on a semi-classical treatment of the optical fields [11–15],
some others on a fully quantum mechanical treatment [16–20].
In the current literature, most of these works have been based
on 3-wave degenerate FWM or 4-wave non-degenerate FWM
schemes. However, when the nonlinearity becomes large, new
frequencies are created by extra FWM processes, thus making

the 3- or 4-wave approach irrelevant. For example, in the case of
the dual-pump configuration with degenerate signal and idler,
some situations require the development of a 7-wave model
involving 22 FWM processes occurring simultaneously along
the fiber [21, 22]. Some further generalizations have even con-
sidered up to 27 modes [23]. In the case of the 7-wave model,
the fact that more than three waves are involved in the process
has led to the prediction of possible gain enhancements [21] and
applications to signal regeneration [24], which are very attrac-
tive for applications. The question then arises to know whether
such gain enhancements are accompanied with enhancements
of the PSA noise or not.

The calculation of the NF in such a multi-wave situation
is a topic of active investigation. Several attempts have been
initiated [25, 26], but until recently none of them provided a
complete theoretical description of the signal NF when multi-
ple waves are accounted for. Recently, a remarkable quantum
mechanical approach has been developed to calculate the noise
performances of a degenerate dual-pump PSA in the framework
of a 7-wave model [27]. This study reported the influence on the
PSA NF of some of the FWM processes among the ones involved
in the interaction between the seven waves. However, according
to the phase matching condition [28], the 7-wave model may
involve up to 22 FWM processes occurring simultaneously along
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the fiber [21, 22]. We can thus expect some situations to occur, in
which all the possible mechanisms should be taken into account
in the NF calculation, in order to get more accurate results.

Therefore, our aim here is to investigate the impact of high-
order waves on the noise limit of a 7-wave PSA, in terms of
phase matching condition and pump wavelength allocation.
Since it is difficult to theoretically assess the influence of all the
22 FWM processes following the quantum mechanical proce-
dure of Ref. [27], we choose a semi-classical approach and rely
on numerical simulations along those of Ref. [21]. The method
investigated here takes into account all the 22 FWM processes
occurring among the considered 7 waves, contrary to the quan-
tum model presented in Ref. [27], which restricts to only some
of them. Furthermore, we calculate here the amount of vacuum
noise transferred from each of the empty input modes to the sig-
nal, thus predicting which of the input waves mostly contributed
to the degradation of the PSA NF for the signal.

The paper is organized as follows: In Section 2, we compare
the gain spectra predicted by different approaches in the do-
mains of parameters we are interested in, in order to choose
which approach is better adapted to our situation. Then, Sec-
tion 3 is devoted to the semi-classical derivation of the noise
figure in the framework of our 7-wave semi-numerical approach.
Finally, Section 4 applies this model to different situations in
order to determine how strongly the presence of high-order
waves is detrimental to the PSA noise figure, and we discuss the
underlying physical mechanisms.

2. COMPARISON BETWEEN DIFFERENT GAIN MOD-
ELS

In this section, we describe the different models used to calculate
the gain and the NF of a dual-pump PSA with degenerate signal
and idler, and we compare the gains that they predict in different
situations.

A. 3-wave model with undepleted pumps

We consider in this paper the PSA architecture schematized in
Fig. 1, in which a degenerate signal and idler is amplified by
FWM interaction with two symmetrically located pumps in a
highly nonlinear fiber (HNLF). The complex amplitudes of the
electric fields of the three co-polarized waves are labeled Aj with
j = 1..3, as shown in Fig. 1.

Pump 1 Pump 2

Signal
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&

Fig. 1. Schematic representation of the PSA in the 3-wave
model. ∆λPP is the pump-pump wavelength separation.

A.1. Gain

In the small signal regime, i. e., when depletion of the pumps
can be neglected, and neglecting fiber attenuation, the phase

sensitive gain for the signal power is given by [28]:

GPSA = 1+
{

1+
κ2 + 16γ2P1P2 + 8γκ

√
P1P2 cos Θ

4g2

}
sinh2 (gL)

+
2γ
√

P1P2 sin Θ
g

sinh (2gL) , (1)

where γ is the nonlinear Kerr coefficient of the fiber, P1 and P2
are the incident pump powers, and L is the fiber length. The
relative phase Θ between the waves is given by:

Θ = 2φ3 − φ1 − φ2 , (2)

where φj is the input phase of field Aj (j = 1..3). The total phase
mismatch κ is defined as:

κ = ∆β + γ(P1 + P2) , (3)

where the first term ∆β represents the linear phase mismatch
between the interacting waves and the second term represents
the nonlinear phase mismatch, assuming that the pumps power
are much stronger than the signal power. Finally, the parametric
gain coefficient g is given by:

g =

√
(2γ)2P1P2 −

( κ

2

)2
. (4)

From Eq. (1), we see that the gain maximum Gmax and minimum
Gmin are reached when the relative phase Θ is equal to 2kπ or
(2k + 1)π, respectively, with k an integer [1].

A.2. Noise figure

The NF is a measure of how much excess noise is added to the
signal by the amplifier. It is defined as the ratio between the
signal-to-noise ratio (SNR) at the input of the amplifier SNRin
and the SNR at the output SNRout:

NF =
SNRin
SNRout

. (5)

The SNR is defined as the ratio of the electrical signal power
to the electrical noise power measured using an ideal photo-
detector [5]:

NF =
〈Is,in〉2/〈∆I2

s,in〉
〈Is,out〉2/〈∆I2

s,out〉
, (6)

Where 〈Is〉 denotes the mean photo-current after square law-
detection and 〈∆I2

s 〉 = 〈(Is − 〈Is〉)2〉 its variance.
If the detector is ideal, the NF can be also expressed in terms

of light power as:

NF =
Ps,in/Pnoise,in

Ps,out/Pnoise,out

=
Ps,in(GPnoise,in + Pnoise,extra)

Pnoise,in(GPs,in)

=
GPnoise,in + Pnoise,extra

GPnoise,in
,

(7)

where Ps,in and Ps,out are the input and output signal powers,
respectively, Pnoise,in and Pnoise,out are the input and output sig-
nal noise powers, respectively, and Pnoise,extra is the extra noise
power induced by the amplifier itself.

For the three-wave model mentioned here, the NF associated
with the gain of Eq. (1) reads [29]:

NF =
Gmax + Gmin

GPSA
. (8)
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In particular, at gain maximum (Θ = 0), this expression becomes

NF = 1 +
Gmin
Gmax

, (9)

which, in the case of the three-wave model for which Gmin =
1/Gmax, becomes

NF = 1 +
1

G2
max

. (10)

Thus, in the limit of high gain values (Gmax � 1), the signal NF
for a 3-wave PSA takes the quantum limited value of 1 (0 dB).

B. 7-wave numerical model
Launching two intense pump fields in a HNLF, as shown in
Fig. 1, can lead to the creation of many extra tones by cascaded
FWM interactions [30–33]. Ultimately, such cascaded interac-
tions can lead to the creation of a whole frequency comb [34–36].
Without reaching such extremities, the 7-wave model considers
the case, schematized in Fig. 2, where four more waves are cre-
ated: two so-called high-order pumps, labeled 4 and 5, which
are chiefly generated by FWM between the two incident pumps,
and two so-called high-order idlers, labeled 6 and 7, which are
mainly generated by FWM with the signal and one of the two
pumps.

Pump 1 Pump 2

Signal

Idler 1 Idler 2

 !  "  #  $  %  &  '

()**

)

Fig. 2. Schematic representation of the 7-wave model. ∆λPP
is the pump-pump wavelength separation. Aj and λj are the
complex field amplitude and wavelength of the jth wave.

In this model, the evolution of the amplitudes of the seven
waves along the fiber is described by a set of seven coupled
equations [22, 28]. For brevity, we give here only the equation
regarding the signal wave evolution:

dA3
dz

= −α

2
A3 + iγ


|A3|2 +

7

∑
j=1,j 6=3

|Aj|2
 A3

+ A1 A1 A∗6e−i∆β3611 + A2 A2 A∗7e−i∆β3722 + 2A1 A2 A∗3e−i∆β3312

+ 2A1 A5 A∗7e−i∆β3715 + 2A1 A6 A∗4e−i∆β3416 + 2A1 A7 A∗2e−i∆β3217

+ 2A2 A4 A∗6e−i∆β3624 + 2A2 A6 A∗1ei∆β2631 + 2A2 A7 A∗5ei∆β2735

+ 2A7 A4 A∗1ei∆β7431 + 2A4 A5 A∗3ei∆β4533 + 2A6 A7 A∗3ei∆β6733

+2A5 A6 A∗2ei∆β6532
}

. (11)

Here α is the fiber attenuation coefficient and ∆βmnkl = β(ωm) +
β(ωn)− β(ωk)− β(ωl) is the linear phase mismatch of the inter-
acting waves, with β(ωj), (j = 1, .., 7) the propagation constant
at frequency ωj [28].

The first term on the right-hand side of Eq. (11) represents
the fiber attenuation and the second term gives rise to nonlinear
phase-shifts due to self- and cross-phase modulation. The last
terms hold for the different FWM mechanisms involving the

signal A3 and depend on ∆βmnkl , which in turn depends on the
fiber dispersion.

In practice, the efficiency of the FWM process involving the
waves m, n, k, and l in Eq. (11) is governed by the total phase
mismatch:

κmnkl = ∆βmnkl + γPmnkl , (12)

where γPmnkl = γ(Pk + Pl − Pm − Pn) represents the nonlinear
phase mismatch with Pj the power of wave j.

The 7-wave model involves 22 FWM processes, divided into
13 non-degenerate and 9 degenerate processes. Numerical meth-
ods are used to solve this model and extract for example the
signal gain spectrum [21, 22].

C. 7-wave semi-quantum model
Recently, Inoue introduced a new approach [27] to calculate the
NF of a dual-pump PSA, taking into account the existence of the
7 waves of Fig. 2. This very nice approach is based on two sets of
propagation equations. In the first set, the coupled evolution of
the pumps labeled 1 and 2 and the so-called high-order pumps
labeled 4 and 5 is treated classically:

dA1
dz

= iγ
[(
|A1|2 + 2|A2|2

)
A1

+2A4 A2 A∗1e−i∆β2411 + A2 A2 A∗5ei∆β1522
]

, (13)

dA2
dz

= iγ
[(

2|A1|2 + |A2|2
)

A2

+2A5 A1 A∗2e−i∆β1522 + A1 A1 A∗4ei∆β2411
]

, (14)

dA4
dz

= iγ
[(

2|A1|2 + 2|A2|2
)

A4 + A1 A1 A∗2ei∆β2411
]

,(15)

dA5
dz

= iγ
[(

2|A1|2 + 2|A2|2
)

A5 + A2 A2 A∗1ei∆β1522
]

.(16)

Equations (13-16) permit to take into account the depletion of
the pumps induced by the creation of fields 4 and 5, resulting in
a calculation of the evolution of the powers of the pumps along
the fiber.

Second, the result obtained for the evolution of the pump
powers is used as an input in another set of equations describing
the evolution of the quantum signal field labeled 3 coupled to the
quantum fields labeled 6 and 7, namely:

dâ3
dz

= 2iγâ1 â2 â†
3e−i∆β3312 + iγâ1 â1 â†

6e−i∆β3611

+iγâ2 â2 â†
7e−i∆β3722 , (17)

dâ6
dz

= iγâ1 â1 â†
3e−i∆β3611 , (18)

dâ7
dz

= iγâ2 â2 â†
3e−i∆β3722 . (19)

The approach of Ref. [27] relies on dividing the fiber length into
small segments in which the pump powers are supposed to be
constant, leading to the derivation of transfer matrices between
the input and output operators for fields 3, 6, and 7 for each
segment. Finally, the total transfer matrix of the whole fiber
length is obtained by multiplying all the transfer matrices from
the fiber input to the output ends.

In summary, this model takes into account, on the one hand,
saturation of the gain due to the high-order pumps 4 and 5, but
not by the signal 3 and the high-order idlers 6 and 7. On the
other hand, it considers the transfer of vacuum fluctuations from
fields 6 and 7 to the signal, using only 3 processes out of the 13
processes of Eq. (11).
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D. Comparison between the models
It has been clearly established that the three-wave model of
Section A is not sufficient to give an accurate description of the
PSA gain when the frequency separation between the pumps is
small and/or the pump powers are large, because it neglects the
creation of the extra waves shown in Fig. 2 [21]. The intermediate
model of Section C is thus an attractive alternative. But before
using it to calculate the PSA NF, we check whether the range of
parameters lies within the domain of applicability of this model.
To this aim, we compare the gain spectra obtained from the three
models for two different sets of parameters.

Parameters (a) (b)

P1,in 0.2 W 0.1 W

P2,in 0.2 W 0.1 W

Ps,in 1 µW 1 µW

L 340 m 1011 m

γ 12 W−1.km−1 11.3 W−1.km−1

α 0 dB/km 0 dB/km

Dλ 0.02 ps.km−1.nm−2 0.017 ps.km−1.nm−2

δλofs −2 nm −2 nm

Table 1. Values of the parameters used in the plots of Fig. 3.
Pj,in: input power of wave labeled j in Fig. 2; L: fiber length; γ:
nonlinear coefficient; α: fiber attenuation; Dλ: dispersion slope;
δλofs: wavelength offset of the signal with respect to the fiber
zero-dispersion wavelength λZDW . The propagation constant
β(ωj) is expanded at 2nd order around the signal frequency
ωs.

The two sets of parameters labeled (a) and (b) in Table 1 corre-
spond respectively to the ones used by Inoue in Ref. [27] (except
the value of δλofs, which is fixed in the present example) and
the ones of Ref. [21]. In this latter case the fiber parameters are
those of one of our experiments [37]. These two sets of parame-
ters are used to compute the PSA gain spectra of Figs. 3(a) and
3(b), respectively. In each of these plots, the PSA maximum
gain, obtained by choosing for each set of parameter values the
relative phase that maximizes the signal gain, is plotted for the
three models as a function of the pump-pump separation ∆λPP.
One can see that in both cases, when ∆λPP becomes large, the
three models end up giving the same results. But this situation
is not very interesting because it corresponds to small gains in a
region where the phase mismatch is important. On the contrary,
when ∆λPP is small and the gain is larger, we can observe strong
discrepancies between the three models. In particular, as already
stressed in Ref. [21], the numerical 7-wave model shows a very
strong degradation of the gain with respect to the 3-wave model.
This feature has been shown to be related to the emergence of
strong extra tones beyond the two pumps and the signal, such
as those labeled 4-7 in Fig. 2 [21]. Moreover, in this region and
for the two sets of parameters, we can see that the 7-wave semi-
quantum model (dotted black line in Fig. 3) gives predictions
very close to the ones of the 3-wave model. This shows that the
7-wave semi-quantum model is not valid in this region. Since
the values of the gain calculated by this model are not reliable,
we thus conclude that we cannot rely on the predictions of this
model to calculate the PSA noise figure in the parameter re-

gions where the 3-wave model fails. However, this region had
led to the prediction of possible gain enhancements permitted
by the extra interactions involving the high-order pumps and
high-order idlers [21]. We thus develop in the following a semi-
classical noise model based on the numerical 7-wave model in
order to calculate the NF of the PSA in such situations.
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Fig. 3. Maximum signal gain spectra versus pump-pump
wavelength separation ∆λPP for two different sets of param-
eters given in Table 1. Dashed black line: 3-wave model; full
red line: 7-wave numerical model; dotted black line: 7-wave
semi-quantum model of Ref. [27]

3. SEMI-CLASSICAL TREATMENT OF THE NOISE FIG-
URE

In this section, we evaluate the noise characteristics of a dual-
pump PSA using a semi-classical approach. Following Ref. [15],
this approach consists in describing the interacting waves classi-
cally with their complex amplitudes, while the quantum noise
contributions are taken as an additive Gaussian noises that have
a zero mean value and a variance of half photon energy. This
quantity hν/2 is interpreted as being the minimum value for the
quantized electromagnetic field energy of an harmonic oscillator
and is called zero-point energy or vacuum fluctuation energy
[38]. As a consequence of the presence of such a zero-point en-
ergy, it is shown that for a PIA with gain GPIA, and in order to
respect the Heisenberg inequalities, the minimum output noise
power, or the amplified spontaneous emission (ASE) power gen-
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erated by a PIA, is PN = hνB0(GPIA − 1)/2. It corresponds to
the amplification of the vacuum noises power δP = hνB0/2
present at the amplifier input, where B0 is the bandwidth of the
detection [39, 40]. In the present paper, the extra quantum noise
falling into the signal due to its interaction with the high-order
idlers and pumps, which are fed with vacuum fluctuations only
at the input of the fiber, is treated by including a vacuum noise
power at the input of these high-order waves. The interaction
between these incident vacuum noises and the pumps and sig-
nal along the fiber, and its impact on the output signal power
and noise, is evaluated by carrying out numerical simulations of
the seven-wave coupled equations. By solving the whole set of
equations, and by calculating semi-classically the intensity noise
of the signal, a value of the noise figure is deduced.

A. Impact of high-order waves on signal power evolution

As discussed previously, the presence of high-order waves gives
rise to an extra noise, generated from the coupling of their input
vacuum fluctuations. To better understand the impact of these
high-order waves on the signal power during the amplification
process, we plot the evolution of the output signal power versus
the fiber length, with and without adding a small amount of
power, mimicking vacuum noise, at the input of high-order
waves.

In the following of the paper, all simulations are performed
with the values of the parameters given in Table 2. The prop-
agation constant β is expanded at 4th order around the signal
frequency ωs.

Parameters Values

Pump 1 power P1,in 0.1 W

Pump 2 power P2,in 0.1 W

Signal power Ps,in 1 µW

L 1011 m

γ 11.3 W−1.km−1

α 0.9 dB/km

Dλ 0.017 ps.km−1.nm−2

Table 2. Values of the parameters used in the plots of Section 3.
These parameters are similar to the ones of the second column
of Table 1, except the non zero fiber attenuation.

Figure 4 shows that the output signal power is much more
sensitive to the injection of a small input power (1 nW in the
case of this figure) in the high-order idlers than in the high-order
pumps. This result can be attributed to the fact that the high-
order idlers A6 and A7 (see Fig. 2) are directly coupled to the
signal through the FWM processes involving the pumps, while
the high-order pumps A4 and A5 are not directly coupled to the
signal (see Eq. 11).

Consequently, in the following, we neglect the contribution of
the high-order pumps 4 and 5 to the signal noise and we consider
only the contribution of the vacuum fluctuations entering the
modes of the high-order idlers labeled 6 and 7 in Fig. 2.
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Fig. 4. Signal power evolution versus fiber length z. Full black
line: input powers Pj,in = 0 for j = 4..7. Filled circles: P4,in =
P5,in = 1 nW and P6,in = P7,in = 0. Full red line: P4,in = P5,in =
0 and P6,in = P7,in = 1 nW. Open squares: Pj,in = 1 nW for j =
4..7. The other parameters are given in Table 2 with δλofs = 0
and a separation between the pumps ∆λPP = 0.32 nm.

B. Calculation of the excess noise induced by the high-order
idlers

We thus consider the 7-wave situation of Fig. 2, and, following
the semi-classical approach of Ref. [15], we model the signal
amplitude at the output of the PSA of gain G as:

As,out =
√

G(As,in + δAs,in) + α6 δA6,in + α7 δA7,in , (20)

where, in agreement with the discussion of Section A and Fig. 4,
the coefficients α6 and α7 hold for the transfer of the input vac-
uum fluctuations δA6,in and δA7,in injected in the high-order
idlers to the signal. In Eq. (20), we suppose that all field ampli-
tudes, such as As,out or As,in, are normalized in such a way that
their square modulus has the units of an energy, i. e., a power
per Hertz. We take As,in as real, and the input fluctuations δPi
are treated classically. For an input coherent state or standard
input vacuum fluctuations, we have:

〈δAj〉 = 0 (21)

〈δA2
j 〉 = 0 (22)

〈|δAj|2〉 =
hνj

2
. (23)

After detection with a perfect photodetector in a bandwidth B,
the output signal leads to the following photocurrent:

Is,out = R0B |As,out|2

= R0B
{

GA2
s,in + GAs,in(δAs,in + δA∗s,in)

+
√

GAs,in(α6δA6,in + α∗6δA∗6,in)

+
√

GAs,in(α7δA7,in + α∗7δA∗7,in)
}

, (24)

with R0 = e/hν. The average value and the variance of this
photocurrent are found to be given by

〈Is,out〉 = R0BGA2
s,in , (25)

〈∆I2
s,out〉 = 2R2

0B2 A2
s,in

[
G2〈|δAs,in|2〉

+G|α6|2〈|δA6,in|2〉+ G|α7|2〈|δA7,in|2〉
]

(26)
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Similarly, the photocurrent that would be obtained by detecting
the input signal would have the following average value and
variance:

〈Is,in〉 = R0BA2
s,in , (27)

〈∆I2
s,in〉 = 2R2

0B2 A2
s,in〈|δAs,in|2〉. (28)

The contribution of the high-order idlers labeled 6 and 7 in Fig. 2
to the PSA noise figure is thus given by:

NF6,7 =
〈Is,in〉2/〈∆I2

s,in〉
〈Is,out〉2/〈∆I2

s,out〉

= 1 +
1
G
|α6|2〈|δA6,in|2〉+ |α7|2〈|δA7,in|2〉

〈|δAs,in|2〉
. (29)

Using Eq. (23), Eq. (29) finally becomes:

NF6,7 = 1 +
|α6|2 + |α7|2

G
. (30)

In order to determine |α6|2 and |α7|2, we notice that the result
of Eq. (29) is based on Eq. (20), which supposes that the signal
power at the output of the PSA is proportional to the square root
of the high-order idler input powers. Indeed, if one injects small
powers P6,in and P7,in in high-order idler modes 6 and 7 at the
input of the fiber, Eq. (20) leads, at the limit where P6,in, P7,in �
Ps,in, to:

Ps,out = GPs,in + 2
√

G
√

Ps,in

(
|α6|

√
P6,in + |α7|

√
P7,in

)
. (31)

This behavior can be checked by simulating the evolution of
Ps,out as a function of P6,in and P7,in. The result of such simula-
tions is reproduced in Fig. 5, which was obtained with the same
parameters as those used to obtain Fig. 4 and for the value of
the relative phase that maximizes the signal gain. This figure
reproduces the evolution of the increase in signal output power
Ps,out − GPs,in as a function of

√
P6,in and

√
P7,in.
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Fig. 5. Signal output power increase versus
√

δP6,in (dashed
line) and

√
δP7,in (full line). Same parameters as in Fig. 4 ex-

cept ∆λPP = 28 nm.

This figure confirms that Ps,out evolves linearly with
√

P6,in
and

√
P7,in, as expected from Eq. (31). We can thus take the

slopes ∂Ps,out/∂
√

P6,in and ∂Ps,out/∂
√

P7,in as constants. This
permits to rewrite Eq. (30) in the following form:

NF6,7 = 1 +
1

4G2Ps,in

( ∂Ps,out

∂
√

P6,in

)2

+

(
∂Ps,out

∂
√

P7,in

)2
 (32)

Finally combining this expression with Eq. (9) leads to the fol-
lowing expression:

NF = 1 +
Gmin
Gmax

+
1

4G2Ps,in

( ∂Ps,out

∂
√

P6,in

)2

+

(
∂Ps,out

∂
√

P7,in

)2
 .

(33)
This expression permits to deduce the value of the noise figure
from the slopes of the plots like those of Fig. 5, which are easily
obtained from the simulations.

4. APPLICATION AND DISCUSSION

We now apply the formalism developed in the preceding section
to the calculation of the noise figure in two different situations.
Indeed, depending on the dispersion characteristics of the fiber
and the spectral distribution of the waves, it has been shown
[21] that the emergence of the high-order pumps and idlers can
lead either to a decrease or an increase of the maximum signal
gain compared to what is expected from the three-wave model.
We thus investigate in the two following subsections whether
the interplay with the high-order idlers and pumps gives rise to
a degradation of the noise figure in these two situations.

A. Case where the high-order idlers decrease the gain
The situation considered here corresponds to the values of the
parameters summarized in Table 2. The wavelength of the sig-
nal coincides in this case with the zero-dispersion wavelength:
δλofs = 0. Figure 6(a) shows a comparison between the maxi-
mum gain of the PSA according to the 3-wave model (Equation
1, dashed line) and the numerical 7-wave model (full line), as a
function of the separation ∆λPP between the two pumps. As al-
ready observed in Ref. [21], the 7-wave model predicts a strong
reduction of the gain for values of ∆λPP smaller than 30 nm.
Since this gain decrease is associated with the emergence of the
high-order idlers and pumps, we expect the model of Section
3.B to lead to a degradation of the NF of the PSA. This is indeed
what is observed in Figure 6(b), which compares three different
expressions for the noise figure at the maximum gain of the PSA:
i) the one based on the three-wave model (Eq. 10, dashed black
line); ii) the one that just takes into account the values of the
minimum and maximum gains predicted by the 7-wave model
and injects them into Eq. (9) (dotted blue line); iii) the one based
on Eq. (33) that takes into account the transfer to the signal of
the vacuum fluctuations injected in the high-order idlers (full
red line).

One can see that when the two models predict the same gain,
i.e., for ∆λPP > 30 nm (see Fig. 6(a)), the three expressions con-
verge to the same value of the NF. This is consistent with the
fact that the high-order idlers and pumps are negligible in this
parameter region. However, for small values of ∆λPP . 10 nm,
Eq. (33) predicts a strong increase of the noise figure (up to 4.5 dB)
with respect to the two other expressions. This increase of the
noise figure comes from the high-order idlers, as confirmed
by the plots of Fig. 6(c). This figure reproduces the evolution
versus ∆λPP of the total phase mismatches of the different four-
wave mixing processes that participate to the output signal noise.
These phase mismatches are given by κmnkl L, where the coeffi-
cients κmnkl are calculated using Eq. (12) at the output of the fiber.
We have selected only the processes present in the equation of
evolution of the signal (Eq. 11) that involve the two pumps, one
of the high-order idlers, and the signal. Indeed, the processes
that involve only one of the pumps or no pump at all are much
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Fig. 6. Case where δλofs = 0. (a) Signal maximum gain ver-
sus pump-pump wavelength separation ∆λPP for the 3-wave
(dashed black line) and 7-wave (full red line) models. (b)
Signal noise figure versus ∆λPP based on three different ex-
pressions (see text), with the inset showing a zoom on the
40 nm ≤ ∆λPP ≤ 60 nm region. (c) Phase mismatch of several
FWM processes versus ∆λPP.

weaker than the ones we take into account. Moreover, we have
seen in Section A (see Fig. 4) that the high-order pumps do not
significantly contribute to the output signal noise.

The plots of Fig. 6(c) confirm that the processes that contribute
to the increase of the signal power are those that involve the
high-order idlers (waves labeled 6 and 7 in Fig. (2)). Indeed, one
can see that the bandwidth (∆λPP . 10 nm) of the increase of the
noise figure in Fig. 6(b) corresponds to the domain in which the
phase mismatch coefficients for the FWM processes involving
the high-order idlers are in the interval [−π, π], showing that
these processes are efficient. As soon as those processes are no
longer phase matched, i. e., |κmnkl L| > π, the noises of the high-
order idlers stop contaminating the signal and the noise figure
retrieves its values predicted by the three-wave model.

B. Case where the high-order idlers increase the gain
We now turn to a situation in which the interplay between the
high-order idlers and pumps and the signal is a priori favorable,
in the sense that it permits to increase the maximum signal gain.
As can be seen in Fig. (7), this can be obtained by shifting the
wavelengths of the signal and the pump by δλofs = 10 nm with
respect to the zero-dispersion wavelength. Then, for ∆λPP =
7.1 nm, the 7-wave model predicts a maximum gain equal to
16.6 dB, larger than the gain predicted by the 3-wave model for
this pump-pump separation (12.8 dB), and even larger than the
15.7 dB gain predicted by the 3-wave model for ∆λPP = 0.

The corresponding evolution of the noise figure is plotted in
Fig. 7(b), according to the same three expressions as in Fig. 6(b).
Here also, a signal excess noise is observed for small values of
∆λPP when one takes into account the noise transfer from the
high-order idlers (full red line in Fig. 7(b)). Figure 7(c) confirms
that this noise increase is due to the transfer of the noise from the
high-order idlers, because the bandwidth of this noise increase
∆λPP . 10 nm corresponds to the range in which the corre-
sponding FWM processes are phase matched (|κmnkl L| < π).

However, here, contrary to the case δλofs = 0 of Fig. (6), two
of these processes get phase matched again for larger values of
∆λPP thanks to the fact that the linear and nonlinear parts of
their phase mismatches have opposite signs. This is the case
of the process involving the pump 1 with the signal and the
high-order idler 6 (κ3611 in Fig. 7(c)), which gets perfectly phase
matched again for ∆λPP ' 17.5 nm, leading to another increase
of the noise figure according to the 7-wave model compared
with the 3-wave model.

The same type of phenomenon occurs around ∆λPP '
41.5 nm. Around this value of the pump-pump separation, the
gain predicted by the 7-wave model exhibits a strong narrow
dip (see the red full line in Fig. 7(a)), which is accompanied by
a strong increase of the noise figure (see Fig. 7(b)). Figure 7(c)
shows that this phenomenon is due to the fact that the FWM
process involving the high-order idler labeled 6 with the two
pumps and the signal (κ2613 in Fig. 7(c)) gets phase matched
again around this value of ∆λPP, leading to an efficient noise
transfer from idler number 6 to the signal.

Coming back to the behavior of the PSA according to the
7-wave model in the vicinity of the gain maximum, i. e., around
∆λPP = 7.1 nm, the detailed observation of Figs. 7(a) and 7(b)
permits to conclude that this situation is a good trade-off be-
tween the gain increase and the NF degradation due to the high-
order idlers. Indeed, the few dB gain increase is accompanied
by a relatively modest degradation of the noise figure (equal
to 0.95 dB for ∆λPP = 7.1 nm), which remains much below the
3-dB limit encountered in the case of a PIA. The presence of the
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Fig. 7. (a-c) Same as Fig. 6 for δλofs = 10 nm

high-order idlers can thus be helpful for the gain without being
too detrimental to the noise figure.

5. CONCLUSION

In conclusion, the noise performance of degenerate dual-pump
phase sensitive amplifier was investigated thanks to a semi-
classical approach based on a 7-wave model. This approach was
adopted after having observed that other approaches based on
analytical calculations did not always predict the correct value
for the gain in the range of parameters we are interested in.

In our approach, no assumptions were made on which FWM
processes among the 7 waves should be neglected, as compared
with the semi-quantum approach. Numerical simulations of the
7-wave coupled equations were carried out, leading to accurate
results for the noise figure.

In the range of parameters we considered here, compared
with the standard 3-wave PSA, we have seen that the high-order
idlers can degrade the noise figure of the amplifier when the
four-wave mixing processes that transfer the vacuum fluctua-
tions injected in these modes into the signal become efficient.
Conversely, the presence of the high order pumps does not lead
to any significant degradation of the signal noise. For stronger
nonlinearities (longer fiber, larger value of the nonlinear co-
efficient, and/or higher pump powers), more general models
involving more waves and more nonlinear processes should be
considered [23], at the cost of an severely increased complexity.

In spite of this degradation of the noise figure, we have seen
that by adjusting the dispersion of the fiber and the frequency
distribution of the signal and pumps, one can take advantage
of the emergence of the extra waves to enhance the signal gain,
while maintaining the noise figure of the amplifier below 1 dB.
This interesting results opens interesting perspectives of appli-
cation and is promising in view of optimizing the noise in PSA
systems. For example, this could be done by coupling our model
with a genetic algorithm, as was already performed to optimize
the gain of a PSA [41].
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